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ABBÉ AUTOCOLLL\IATING E1EPIECE-ALDIS bPHERO)IETER 


-A 


ABBÉ AUTOCOLLnIATI
G EYEPIECE. See 
,. Goniometry," 
 (1). 
ABBÉ REFRACTO:\IETER: an instrument for 
the rapid determinatiun of refractive in- 
dices, principally of liquids. See" Spectro- 
scopes and Refractometers," 
 (1-1). 
ÀBBÉ SPHERO:\IETER. See" Spherometry," 

 (3). 
ABBÉ THEORY OF )IICROSCOPIC VISION. See 
" )Iicroscope, Optics of the," 
 (23). 
ABBÉ'S AUTOCOLLDIATIXG 
PECTROSCOPE: a 
spectroscope for the determination of re- 
fractive indices of soJids requiring the usp 
of a minimum of material. See" Spectro- 
scopes and Refractometers," 
 (12). 
dBBÉ'S CRYSTAL REFRACTO:\IETER: an instru- 
ment primarily intended for the measure- 
ment of refractive indices of crystals, but 
suitable also for other substances. See 
" Spectroscopes and Refractometers," 
 (1.3). 
ABBÉ's :METHOD OF ADJrSTIXG RAXGE- 
FIXDERS. See" Rangefinder, Short-base," 

 (1-1). 
ABERRATIOX, SPHERICAL, stated by Lord Ray- 
leigh to be unimportant when it nowhere 
exceeds a small fraction of the wa ve- 
length. See" Optical Parts, The \Y orkincr 
of," 
 (3). 0 
General Theory of, for Lenses. See" Op- 
tical Calculations," 

 (8), (21), (22); also 
"Lens Systems, Aberrations of," 
 (5) (iv.). 
ABERRATIO
 OF (\UIERA LEXSEs, SPHERICAL 
AXD CHRO:\IATIC. See "Camera Lenses, 
Testing of," 

 (2). (3), and (II). 
ABERRATIO
 OF LEXSEs. See" Optical Cal- 
culations," 
 (8); al
o "Telescope," 
 (3) ; 
" Lens Systems. Aberrations of," 
 (.3); also 
"Photographic Lensps," 
 (8). 
ABERRATIOXS, :\IEASURE:\IEXT OF. See" Ob- 
jectives, Testing of Compound," 
 (3). 
Hartmann's method. See ibid. 
 (3) (iü.
. 


VOL. IV 


)Iicroscope method. See ibid, 
 (3) (i.). 
Shadow method. See ibid. 
 (3) (ii.). 
ABERRATIOXS OF OBLIQUE PEXCILS I
 )IrCRO- 
SCOPE SnnF.:\ls. See" .:\licroscope, Optics 
vf the," 
 (19). 
....\BERRATIOXS OF TELESCOPES, PRACTICAL 
TREAT:\IEXT OF. See.' Telescope," 
 (4). 
Von Seiders Five Abprrations. See ibid. 

 (3). 
ABRASIOX, CHARACTERISTIC FEATURES OF. 
See" Optical Parts, The \Yorking of," 
 (6). 
ABSORPTIOK COEFFICIEXTS OF X-RAYS. See 
" Radiology," 
 (17). 
ACCO:\DIODATIOX: the process by which the 
eye adapts its focus to ,.arying distances. 
See " E:ve," 
 (20). 
ACHRO:\IATIS:\I OF TELESCOPE LEXSEs. See 
" Telescope," S (9). 
ACOUSTICS, ARCHITECTCRAL: Jaeger's Treat- 
ment. See" Sound," 
 (22) (iii,). 
l\Iarage's \Y ork on halls in Paris. See 
ibid. 
 (22) (i.). 
Sabine's \York. See ibid. 
 (22) (i.). 
\Yatson's Investigations. See ibid. 
 (22) 
(iv.). 
ACTIYE DEPOSIT: a term used in radio- 
activity to denote the deposit of active 
matter on the surface of bodies which have 
been exposed for some time to the emana- 
tions from radio-elements. See "Radio- 
activity," 
 (I8). 
_\crITY, VISUAL, the clearness with which 
the eye can see detail. See" Eye," 
 (28). 
ADAPTATIOX, DARK: the highly sensith.e 
condition of the eye when kept in darkness 
for some time. See" Eye," 
 (15). 
AIR, DUST-FREE, EXPERDIEXTAL OBSERYATIO:X 
OF SCATTERIXG OF LIGHT BY. See" Scatter- 
ing of Light by Gases, etc.," 
 (3). 
ALDIS SPHERO:\IETER See "Spherometry," 

 (4). 


E 


B 



2, 


. 
LCFHB.\[C 
IETHOr}S-.\ZI
lrTH. OETER
I[XAT[OX OF 
. :.. .. .. 


_\L{;'E
3-A.IO 
,IETllQl)S ap.pliE"d to thf' tracing of 
. !o...' S lirV"'I
h, 0,. 
(>fi{>. of coa
ial 
phf'rical 
rdr,tCting surfaces. See" Optical CaJcula- 
tions," 
 (2), 
.\LID_\DE OR 
IGIiT-RrLE, THE. 
ee" Survf'Y- 
ing allfl Snrn>ying Instrumf'nts," 
 (IS). 
_-\1.11.. -\.LIXE CARBOXATES, ACTIOX OY GL\

. 
St'P "G lass, C'hf'mical l)ecom position of," 
* (2) (i\.). 
ALK-\.LIS USED IY GL-\..SS :\IANCFACTURE. See 
., Gla",,,,,." 
 (3). 
ALTER
 \TIXtö CrRRExT, EFFEC'T OF, O:!ll LIFE 
OF ELECTRIC IA"ps. SE'C" Photometry and 
Illuminatiun," 
 (92). 
.-\.Lr)IIXA, U.SE OF, IS GLASS )IA
CFACTURE. 
:-\('(' .. G la!-.
," 
 (10). 
ALfT
II'.\ I X G L.\SS, prf'sf'nce rf'nders it resistant 
to watf'r attack. S('e "Glass, Chemical 
Decomposition of," 
 (1). 
A'IPLITLDE, :\h
DIU
1 ArDIBLE, of a sound. 

('(' " 
ound." 
 (,j7) (i v.). 
.-\XG LE OF n I
 \\1 projectf'c! by practically 
useful searchlights for long-range work. 


e " Projection Apparatus." 
 (8). 
ASGLES {OF PRIS'IS), )IEASUREMEYT OF. See 
" Gonionwtry." 
ÅXGSTRÙ
I: publishpr, in I
I)H, of a map of 
the Xormal Sular Spectrum, in "hich the 
wave-length measurf'mf'nts were e
pressed 
in tf'n-millionths of a millimf'tre. This 
unit of length, 1 x 10- 10 mctrp, the" Áng- 
BtrÜm Unit," is now almost universally 
URPd in measurf'mf'nts of the wa,"e-Iength 
of light. Sef''' \'"ave-Iengths, The :\Ieasure- 
ll1ent of," 
 (1). 
APERTLRE OF STOPS, EFFECTIVE. Sec" Camera. 
.u.nseR, Tf'sting of," 
 (8), 
APLAX -\TIC' n I
F'R.-\('TIOX: refraction by an 
optical surface under such condition
 that 
sphf'rical aberration is com pktdy ahsf'nt. 

l'P " 
Ii('roRcol)(', Optics of the," 
 (;j). 
Used hy Ahhé to imply abRPnpe of both 
sph('rical abprration and coma. Spp 
"Uptical Calculations," * (ll). 
AQrrEoC"s fIt :\IOUH, one of tbe fluids containf'd 
in the {,Yf'hall. Sf'P" Eyp," 
 (2). 
ARC, DCDDELL'S RI'EAKI"lO, a!'l sound repro- 
dUf'('r. 
ee" Sound," 
 (3R) 
ARSE
I(" USE OF, IX CLASS 
IA ....UFAC'TDRE 
See " Gla3
," 
 (13). 
ARTIFH'IAL 1I00uzo'l. N,..c" Xavigation and 
Xavigational InRtruments," 
 (22). 
Diffif'ultif's in use on hoard Rhip. Rp(, 
ibid. 

 (ß), (21). 
.\'iTIO'I\TIS'1 (of e) e). Rf'f''' Eye," 
 (2;'). 
One of the nhf'rrations from \\ hi('h th1' 
perf0rmances of an optical instrument 


ma,- sufTer. Rf'e "TelescopE'," 
 (3); 
"L
nsf's, Thpory of Simplp," 
 (11). 
::\Ieasurcuwnt of, in camcra lenses. See 
" Camera Lenses, Testing of," 
 (ß). 
ASTRONO:\UCAL :\IETHODS, used in na,-igation. 
See "Xa,"igation and Xavigational Instru- 
mcnt.
," 
 (3), 
AT:\IOSPHERIC ABSORPTION OF LIGHT, See 
" Photometry and Illumination," 
 (117). 
AT::\IOSPHERIC DrST, EFFECT ON GLASS SUR- 
F.\CE
. Sf'e" Glass, Chemical Decomposi- 
tion of," 
 (1). 
ATO:\UC DIA:\IETERS, LAW OF: a law, deduced 
by Prof. ,Yo L. Bragg, which states that 
t he atoms of each chemical element possess 
the same diamf'tf'r in all the compounds 
yet studied by X-ray analyses, thE"se 
diameters being related in a manner 
imilar 
to the relations of thpir atomic volumes. 
See" Crystallography," 
 (18). 
AUBERT A
D FORSTER, constructurs in 1847 
of a perimeter upon "hich most of the 
subsequf'nt instruments have becn hased. 
See" Ophthalmic Optical Apparatu
," 
 (5). 
AUDITlO
, LUIITS OF. See" Sound," 
 (57) 
(iii. ). 
A UTOCOLLIM -\ TI
O EYEPIECE: an eyepiece 
with which is associated a device for throwing 
light on the cross-lines in such a way that 
if the telescope is pla.ced normal to a plane 
reflecting surface a reflected image of t.he 
cross-lines \\ ill be seen in the field of vif'w. 
See" Goniomctry," 
 (1). 
AUTO\IOBILE HEADLIGHTS, PHOTOMETRY OF. 
See" Photometry and Illumination," 
 (113). 
A VERAGE CA]I;"DLJ
-rowER. Synonymous with 
Mean Sphf'rical Canùle- power. See" Photo- 
metry and Illumination," 
 (2) and 
 (42) 
et seq. 
AVERAGE LIFE OF AN ATOM, PERIOD OF: a 
term used in Radioactivity to denote 
the sum of the separate periods of future 
existence of all the individual atoms divided 
by the num her in cxistcnce at the starting- 
point, any instant of time heing taken as 
the starting-point. See" Radioactivity," 

 (8). 
AXIS, OPTIC'. OF A CRYSTAL: a direction in 
the crystal such that light waves travelling 
along it are not dou bly refracted. Sef" 
"Light, Double Rpfraction of." 
AXIS OF-SI
GLE RAY '-ELOCITY OF A CRYSTAL: 
the line joining thl"' centre of Fresnel's 
ellipsoid to thc point of intersection of the 
circular and f'lliptic principal sections of 
the wave surfar'p. 
pe" Light, Douhlp J{f'- 
fraction of." 
...\zDlrTH. DETER
nNATlO
 OF, Ree" Survey- 
ing and Surveying Instruments," 
 (28). 



AZI3IrTH .:\IIRROR-BL\XL\L CRY
TAL 
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AZDIUTH )IIRRoR, for use at sea. See 
"Xavigation and Xavigational Instru- 
ments," 
 (23). 
a-Particle, charge carried by. See" Radio- 
activity," 
 (11) (vi.). 
Xature of: a helium atom carrying two unit 
positi\-e charges. See ibid. 
 (II) (vii.). 
Ratio of Charge to _\Ias
 of, determined by 
measuring the deflections produced re- 
specth.ely in a magnetic and in an electric 
field. See ibid. 
 (11) (v.). 


a-Particles, counting of, by (a) the scintillation 
method, and (b) the electrical method. 
See" Radioactivity," 
 (11) (iv,). 
Tracks of, made visible by the expansion 
method due to C. T, R. 'Yilsun. See ibid. 

 (11) (iii.). 
a-Rays, action of, on Photographic Films. See 
., Radioactivity," 
 (I5). 
Range of. See ibid. 
 (II) (i.). 
Stopping Power of :Metal Foils for. See ib1'd. 

 (II) (ü.). 


-B- 


BABIXET'S CO
IPE
SATOR: an instrument for 
determining the constants of an elliptically 
polarised beam. See" Polarised Light and 
its Applications," 
 (I5) (iii.). 
BALLISTIC DEFLECTIOY OF GYRO CO"\IPASS, 
See ,. Ka\Tigation and Xavigational Instrn- 
ment
," 
 (1.3). 
BULlSTlC TILT OF GYRO CO
IPASS. 
ee 
"Xa,-igation and Xavigational Instru- 
ments," 
 (15). 
BAL \IER SERIES: a series of lines in the 
spectrum of hydrogen, the frequencies of 
which were noticed by Balmer in 1
82 to 
follow the law v =X{I/2 2 - I/n2), where X is 
a constant and n has integral values greater 
than 2. This can be deduced as a conse- 
quence of the quantum theory. See 
., Quantum Theory," 
 (7). 
BA.L:\IER'S FOR:\IULA: the first successful 
representation of a series of lines in a 
spectrum, which represents, to a high 
degree of accuracy, the chief series of lines 
in the spectrum of hydrogen, by the formula 
m 2 
]I., = 3G-16.I4
, 
'In --:I: 
where In takes a series of integral values 3, 4, 
5, etc. See" Spectroscopy, )Iodern," 
 (IO) 
(i. ), 
BAR, FREE-FREE: calculation of frequencies 
of vibration of. See" Sound," 
 (52) 
(viii. ). 
BARIU:\I, USE OF, IX GLASS )!.-\YUFACTURE. See 
,. Glass," 
 (7). 
B-\RR AXD STROUD HEIGHTFIXDER, anti- 
aircraft. 
ee" Rangefinder, Short-base," 

 (8). 
BARR AND STROUD RAXGEFIXDER. See 
" Rangefinder, Short-base," 
 (6). 
BARR AXD STRorD's 
IETHOD OF ADJUST
G 
RAXGEFIXDERS. See" Rangefinder, Short- 
base," 
 (I-1). 
B-\RS A
D T"CBEs, LATERAL YIBRATIOXS OF, 
used in orche::;tras under the name of 
glocken.spiel. See.' Sound," 
 (48), 


BASE )IEASURE::\IEXT IS THE XIXETEESTH 
CESTURY. See
. Sun.eying and 
urveying 
Instruments," 
 (-10). 
BASE )IEASGRE:\IEXTS, )IoDERs, by the Ameri- 
can '" Duplex" bar apparatus. See" 
ur- 
veying and Surveying Instruments," 
 (41) 
(i. ). 
BASE-LI
E 
IEASURE
IEXT, GE
ERAL. See 
"Surveying and Surveying Instruments," 

 (38). 
B -\ssoos: a \\ ind instrument played with a 
small double-cone reed and having a conical 
tube. See" Sound," 
 (3.3). 
BATES ASD JACKSOX, investigation of rotation 
by sugar of plane of polarisation of light. 
See" Saccharimetry," 
 (5). 
BATES'S SACCHARDIETER: an instrument in 
which the adjustment of the analyser is 
automatically made as the half shadow 
angle is varied by rotating the whole 
Lippich prism of the polariser. See 
" Saccharimetry," 
 (3). 
Correction required for loss of light by 
absorption and reflection at the half 
Lippich, calculated by 'Yright and 
tabulated. See ibid. 
 (3). 
BECHSTEIS PHOTO
IETER: a form of flicker 
photometer. See "Photometry and Illu- 
mination," 
 (97). 
BELL, VIBRATIOKS OF A. See "Sound," 

 (50). 
BELLIXGHA::\! AXD STA
"LEY'S POLARDIETER. 
See "Polarimetry," 
 (12) (ii.), 
 (I3) 
(ii. ). 
BEXCH, OPTICAL: an apparatus for e
amining 
the chief characteristics of a simple spherical 
lens. See" Lenses, The Testing of Simple:' 
BESCH, PHOTO:\IETER. See" Photometry and 
Illumination;' 
 (19). 
BEXCH )IARKS OF THE ORDXAXCE SrRYEY. 
See "Surveying and Surveying Instru- 
ments," 
 (3-1). 
BIAXIAL CRYSTAL: a crystal lli.l\Ying t\\ 0 
optic axes. See" Polarised Li!.!;ht and its 
Applications," 

 {.3}, (6), and (IS). 
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BIPRISM, FRES
 EL'S: an e
 perimental ar- 
rangement for the production of interference 
fringes, using refraction through a biprism 
to form t\\ 0 adjacent virtual images of a 
source of light. 
ee H Light, Interference 
of," 
 (4) (i,-.). 
EIQUARTZ: the name gÏ\-en to a device for 
measuring the rotation of the plane of 
pularisation of light by a substance; the 
device consi:;;ts of h\ 0 semicircular discs of 
quartz. 3.7., mm, thick, between parallel 
nicols. one half being right-handed quartz 
and the other left-handed quartz. See 
" Polarimdry," 
 (2), 
BLACK BODIES -\
D RADIATION. See" Radia- 
tion Theory," 
 (4). 
BLocn's )IETIIOD OF CALCrLATlXG AVERAGE 
ILLU)II
_-\TIO
. See" Photometry and Illu- 
mination," 
 (70), 
BLO""DEL'S PHOTO:\IETER: a photometer for 
the dc-termination of average candle-po\\er. 
See" Photometry and Illumination," 
 (43). 
" BOILIXG" TUBE: an X-ray "gas" tube 
in which the antic-athocle is kept at a 
constant temperature by boiJing water. 
See" Radiology," 
 (12). 
BOLO:\IETER: an instrument for investigation 
of the infra-led spedrum; the temperaturE' 
of a very fine strip of metal is measured in 
terms of the change of its electrbal resist- 
ance, the strip being heated by radiation, 
See" ,rave-lengths, The :\Ieasurement of," 

 (7). 
BO:\IBARDO
, BE.., "!\fonster: a brass wind 
instrument \\ ith valves. See" Sound," 

 (44). 
E..,: a brass \\ ind instrument \\ ith valves. 
See ibid. 
 (44). 
BORIC ACID, rc-udc-rs glass resistant to water 
attack. Sec-" Glass, Chemical Decomposi- 
tion of," 

 (1) and (2). 
BORIC OXIDE, USE OF, IN GLASS MAXUFACTURE. 
See" Glass," 
 (11), 
BOSAXQrET's CYCLE OF FIFTY-TIIREE: a 
particular musical temperament which gives 
as near an approach to just intonation as 


-c 


CALlßRATIO
 OF RAXHE-SCALES OF RANGE- 
FI
DERS. S<.'e "Rangefinder, Short-basc-," 

 (1.;). 
CA:\IERA, AERIAL 8f'0 "Photographic Ap- 
paratus," 
 (12). 
Copying: a type of camera used fur tlU' 
photography of flat surfaces. 
ee ibid. 

 (3). 
Field or Portable. See ibid, 
 (2) (i.). 
Hand: a g<,neral term for cameras devisc-d 
psppein.lly for exposures of brid duration. 
See ibid. 
 (11). 


could be demanded from any in:::;trument 
"ith fixed keys. See" Sound," 
 (6) (i.). 
J30L'GIE DÉCBIALE: a French standard of 
light. See "Photometry and Illumina- 
tion," 
 (14). 
BRACE SPECTRorHOTO
IETER. See" 
pectro- 
photometry," 
 (12). 
BRACE'S POLARDIETER. See" Pularimetry," 

 (11) (iii.). 
BRASHEAR'S OR SUGAR :\IETHOD OF SILVERIXG 
MIRRORS; details of solutions and process. 
See "Silvered )Iirrors anù Silvering," 

 (2) (ii.). 
BRAS:S BAKD, VALVED IKSTRUl\IENTS OF. See 
" Sound," 
 (44). 
BREWSTER'S LAW. If light be incident upon 
the surface of a transparent body in such a 
direction that the tangent of the angle of 
incidence is equal to the refractive. index of 
the body, then the reflected ray is plane 
polarised. The angle of incidence is in this 
case called the polarising angle. See 
"Polarised Light and its Applications," 

 (2). 
BRIGHT:XESS: used to denote the total visual 
dfect of a light indep('lldf'ntly of its 
colour or purity. See" Eye," 
 (8). 
l\Ieasured by the amount of light emitt('d 
by a surface per unit of projected area. 
See "Photometry and Illumination," 

 (2). 
BROWNIAY 1\IOVE
IEYT, use of ultramicroscope 
in study of. See" Cltl'amicroscope and its 
Application," 
 (2). 
BUBBLES AS USED IN SPIRIT LEVELS. See 
" Spirit Levels," 

 (2), (3). 
BUNSEN (GREASE-SrOT) PHOTOMETER: one 
of the early forms of photomc-ter head still 
in current use. See "Photomet.ry and 
Illumination," 
 (13). 
ß-RA YS, General Propf'rties of. See" Radio- 
activity," 
 (13) (i.). 
:\Iagnetic spectrum of. See ibÙl. 
 (13) (ii.). 
Scattering of, by matter. See ibid. 
 (13) 
(i v.). 


Panoram: a type of camera used to photo- 
graph a large angular "stretch" of 
country. Sef' ibid. 
 (7). 
Photographic: in essential, a ('ham bc-r for 
the purpose of exposing sensitive platf'
 
to the action of luminous images formed 
by optical mf'ans. The three main 
dasses of cameras are (1) Rtand Cameras, 
(2) Hand Cameras, (3) Af'rial Cameras, 
and thc-se again nrf' classified into sub- 
groups. Sef' ibid, 
 (2). 
Studio. See ibid. 
 (2) (ii.). 
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CA:\IERA LEXSES, THE TEðTI
G OF 
THE general problem of the testing of com- 
pound objectives is dealt with elsewhere. 1 
The optical data that have to be determined 
in the case of photographic objectives are, 
generally speaking, more numerous than in 
the case of telescope objecti\-es, and special 
methods of testing camera lenses haye there- 
fore been devised. 
An idca of the general performance of a 
camera lens may be obtained by setting up 
an object, consisting of a network of straight 
lines on a white baçkground,2 and taking a 
photograph of it. The plate, after deyelop- 
ment, may then be examined by means of a 
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on ball hearings in the framework Fl' .Å 
clamping dm-ice Cl is provided for fixing the 
collar in any desired position. The frame- 
work can be moved along the slide 8 1 by 
means of a rack and pinion actuated by the 
head HI. This slide SI can be rotated about 
a vertical axi'5, the amount of rotation being 
measured on a scale SCIon the platform Pl 1 , 
which can be clamped to the bar B 1 at any 
convenient position. The framework F 2 can 
be moved along a slide S2 by means of a rack 
and pinion actuated by the head H2' the slide 
being fixed to the platform of the framework 
Fl' A bar B 2 is fitted at one end to a small 
carriage C 1 which can slide along the groove 
Gr in the framework F 2' This bar is con- 
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microscope. In this way any distortion of 
the image may be detected and measured. 
The method, however, only gives a quali- 
tatÏ\ e idea of any want of focus that may 
be present at any part of the plate. 
A more accurate method is to make use 
of a specially designed lens bench, such as the 
one manufactured by :Messrs. R. & J. Beck, 
Ltd, The principal features of this bench 
are illustrated in Fiçp 1, which is reproduced 
from a photograph taken from the side, looking 
do\\n at one end at an angle of about -15 0 . 
The yarious appliances for holding the lens, 
etc., slide on a steel dovetail-shaped bar B 1 
which is supported on two struts (one of which 
is shown at Sf) provided with levelling screws. 
The lens L is screwed in to one of a series of 
ad'ìpters held in a collar Co which re\Toh-es 
1 See article on .. Objectives, The Testing of 
Compounrl." 
2 
ce Photographic Lenses, by Conrad Reck and 
Herbert Andrews. 
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FIG. 1. 


strained to move along the axis of the system 
between adjustable rollers R attached to the 
platform P1 2 , which can be clamped to the 
bar B 1 at any desired position. The obsen-ing 
microscope 1\1 can be mo,-ed along the axis 
relathTe to the bracket Br 1 (which is fixed to 
the bar B 2 ) by means of a rack and pinion 
actuated by the head Ha, the motion being 
registered by a scale and vernier. 
\ vertical 
metal plate P, having a circular hole con- 
centric with the axis of the system, is fixed 
to the small carriage C 1 . \Yhen the lens holder, 
together with the framework F 2' is s"\\ ung 
about the vertical a
is of rotation, the plate 
remains parallel to the groove Gr and there- 
fore normal to the axis of the lens. The 
distance between tllf' a 
is of rotation and 
the plate P is measured by means of a milli- 
metre scale Sc 2 , one end of which fits into a 
bracket B1'2' so tha t the zero of the scale is 
always opposite the axis of rotation. A 
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\ ernier i'i fixed to a. small carriage ('2 \\ hich 
slides in thc grouvc Ur, the \ ernier zero being 
in the plane of the left-hand surface of th
 
pl.lk P. 
The optical data. of a camera lens are deter- 
mined as folIo\\ s. 

 (1) FUl'-\L LESGTH,-A piece of ground 
glas:i is held with its ground surface against 
the left-ha.nd surface of the plate P and the 
obsen ing microscope )T is focussed on the 
Irwund surface. The framework }'2' carrying 
the microscope, is then moved along the slide 
8 2 by tunlÏng the head H 2 until the image of 
a distant object 1 is brought into the focal 
plane of the ruicroscope. 2 The lens holder, 
together \\ ith the framework 11"'2' is next 
mo\ cd along the slide SI by turning the head 
HI until there is no lateral displacement of 
the image when the system is rotated through 
a small angle about the vertical axis. \Vhen 
this is the case, the vertical axis passes through 
a point, called the nul point, which divides 
the distance between the nodal points into 
parts whose ratio is equal to the lateral 
magnification. If the incident light is parallel, 
the nul point coincidC's with the second nodal 
p
)int; the focal length is then given by the 
distance bet\\ eell the vertical a
is and the 
focal planC', its value being read off on the 
scale Sc 2 . "'hen one is dealing with an object 
at a finite distance, the nul point is the point 
at which a line joining non-axial conjugate 
point:i in the object and image planes cuts 
the axis of the lens. In such a case it is 
advisahle to make a 
eparate determination 
of the position of the second nodal point by 
using parallel incident light. The back focal 
h>ngth is given by the distance between the 
last surface of the lens and the plate l
. 

 (2) SPHERIC \L 
\BERRATIO
, - This is 
measured by placing a series of concentric 
stops in front of the aperture of the lens and 
measuring the movement of the microscope 
which Í.8 necessary to bring the image into 
focus for different zones of the lens.. It is 
advisable to insert a colour filter hetween the 
microscop<' eY<'I)iece and the observer's eye 
in ordC'r to f'liminatc the effects of chromatic 
aberration. 
* (3) ('IIRO
IATH' ABERRATION.-A series of 
colour filters, gi\ ing monochromatic regions 
more or less evenly spaced throughout the 
s1'c('trum, is plac('d in turn behind the eye- 
piece of the microscope and the movements 
of the microscope necessary for bringing the 
(liff('rcnt coloured images into focus are 
1 I:ither a I:)f't of sllitahle cross-linf's at the fc,f'uS 
of a Wf'Il-coIT(,f'trd collimator ohje.ctivf' mountr(} on 
the a\.i"l of thf' 
r<;tf'm, or 11 RPrirs of horizontal and 
\ f'rtkal linf's (hlack on white haf'kgrouncl and white 
on hlac"k h;H'hl-!round) at f:()1I1C con<;iclcrablf' distanf'e 
from th(' apparatus, may hf' used. 
3 On rotatinr:! thf' sy!-otf'IH about thp Yf'rtkal axi
 
th!' 11'1t-hancl sllrf;H'f' of P movf'S in a plane which is 
equivalent to tlw plate of the call1('ra. 


measured. It is sometimes ad, isaLle to stop 
out certain zones of the lens in order to elimin- 
ate the effects of spherical aberration. 

 (4) COMA.-A collimator, with an illumin- 
ated pinhole at its focus, is mounted on the 
axis of the system and the image of the pinhole 
is examined at different angles of rotation 
about the vertical axis. The dimensions of 
the comatic figure may be measured by means 
of a scale in the focal plane of the microscope 
eyepiece. 

 (5) FLARE SpoT.-The same arrangement is 
used as in the previous case, and the positions 
of flare-spot images are..noted; such images 
do not give trouble unless they arc in the 
neighbourhood of the focal plane of the lens. 

 (6) ASTIGMATISM A
D CURVATURE OF 
.FIELD. - The system is rotated about the 
vertical axis, on which the second nodal point 
lies, through angles of 50, 10 0 , etc., up to the 
maximum semi-angle that the lens is designed 
to cover, and at each angle (on either side 
of the axis) the positions of the microscope 
are determined for best focus of horizontal 
and vertical lines. The differences between 
these positions and the normal position of 
focus, that is, the focus for the centre of the 
field, give the distances of the positions of 
astigmatic foci from the plate (measured a:ong 
the rays) at different parts of the field. The 
mean values of the distances of the foci for 
horizontal and vertical lines give a measure 
of the curvature of the field. 

 (7) DISTORTION.-The system is rotatecl 
as in the previous case, and the horizontal 
displacement of the image of a vertical line 
is measured for each angle by means of a 
horizontal graduated scale in the focal plane 
of the microscope eyepiece, the microscope 
being kept in the normal position. The 
horizontal displacement divided by the mag- 
nification of the microscope thcn gives the 
ÙÏstortion in the plane of the plate. 

 (8) EFFECTIVE ApERTeRES OF 8ToP
.-The 
microscope is removed and a small pinhole, 
mounted in the plane of the plate P, is illumin- 
ated from behind, A piece of ground glass 
is held against the front of the lens mount and 
the diameters of the illuminated areas, corre- 
sponding to the different stops, are measurpd. 

 (9) ILLUMINATION AT THE CORNERS OF TIIg 
PLATI.
.-The same arrangpment is adoph'd as 
in the previous test, and t.he boundary of the 
illuminated portion is traced on the ground 
glass when the system iH rotated through an 
angle corresponding to the semi-dianH'ter of 
the plate to be covered by the lens. The 
area of this portion dividC'd by the arC'a of the 
unobscured aperture and multiplipd hy ]00 
and by the fourth power 3 of the cosinl' of the 


3 If the vknf'tte is l11rasur('cl in a plane normal to 
the axis of the bench, the cube of the cosine is to 
be used. . 



CtUIERA SH"CTTER
, TERTIXG OF-CATHODE RAYR 


7 


angle then gi\-es the percentage illumination 
at the corners of the plate relative to that at 
the centre; the loss of light due to oblique 
rpflections and absorption further reduces the 
percentage illumination at the corners. 
In addition to these measurements the 
relative centering of the components of the 
lens may be tested by using a small retino- 
scope for throwing a beam of light along the 
lens axis and examining the alignment of the 
images of the retinoscope hole, through which 
the observer looks. The number of glass-air 
surfaces in the lens may be determined by 
counting the number of these images. The 
presence of visible defects, such as striae, 
veins, etc., in the glass of the lens may be 
detected by mounting an illuminated pinhole 
at some distance from the lens and placing 
one's eye at the conjugate point. The aper- 


s 
I 


ture of the lens will then appear illuminated 
and any defects that may be present "ill be 
noticeable, especially if the image of the pin- 
hole is partially obscured by a diaphragm. 

 (10) DEFI
ITIOX.-It is customary to de- 
termine what is the largest stop for which the 
ùefinition is satisfactory oyer the entire plate. 
In estimating the definition of a given lens it 
is adyisable to compare with it the definition 
of a standard lens of similar dimensions. 

 (11) PHOTOGRAPHIC 
IETHODs, - The 
aberrations of a camera lens may be measured 
by a simple photographic method, which is 
employed at the Reichsanstalt.l The principle 
of the method is illustrated diagrammatically 
in Fig, 2. A slit S, illuminated by a bright 
source, such as a mercury vapour lamp, is 
placed at the focus of a collimator objective 
O. The camera lens L forms an image of 
this slit at S', and a photographic plate P is 
mounted at S' in such a position that it makes 
a small angle with the axis of L, the plane 
containing the slit and the optical axis being 
normal to the plate. The plate can be moved 
in its own plane at right angles to the axis of 
L, so that a series of e
posures can be made 
for different zones of the lens and different 
wave-lengths. The various positions of foci are 
then determined by finding on the developed 
plate the places where the bundles of rays 
have the minimum breadths. In this way the 
spherical and chromatic aberrations of th
 lens 
may be determined. If the lens and the plate 
are rotated through different angles about an 
axis passing through the second nodal point 
I Zpits. lm;:trumentenk.. 1915, xxxv. 104; 1916, 
XXXYi. 90 ; 1920, xl. 97. 


of the lens, and a series of exposures made, 
the astigmatism, curvature of field, and dis- 
tortion may similarly be determined. An 
estimate of "the amou
t of coma present may 
be obtained from the degree of sharpness of 
the outer edge of the bundlf" of rays at the 
position of minimum breadth. 
Another photographic method, which is 
applicable to the case of camera lenses, is the 
Hartmann method, particulars of "hich are 
given in the article" Objectives, The Testing 
of Com pound." 
The methods that ha'
e been described are 
not applicable to the case of process lenses, 
since these are specially designed for near 
work. In order to test such a lens a suitable 
object is mounted near the lens in such a wa v 
that it can be moved into different positio
B 
in a plane at right angles to the axis of the 
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FIG. 2. 


bene h. The image is then examined with a 
microscope which can be moved parallel and 
at right angles to the bench axis and also 
about a vertical axis. 
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CA
IERA SH"LTTERS, TESTIXG OF. See" Shut- 
ters, Testing of Photographic." 
CAl\IPBELL AXD S:\IITH'S METHOD OF TESTl
G 
SHUTTER SPEEDS. See" Shutters, Testing of 
Photographic. " 
CAXDLE-POWER, the unit of luminous po" er. 
See" Photometry and Illumination," 
 (2). 
Of a Source of Light. See ibid. 
 (2). 
CAXDLE-POWER YARIATIOX WITH YOLTAGE AXD 
CURREXT I
 ELECTRIC LA)IPS. See" Photo- 
metry anù Illumination," 
 (23). 
CARBOX ARc WITH SPECIALLY TRE-\TED 
CARBOXS, made to give an intrinsic br:ght- 
ness of 200,000 candles per square inch. See 
" Projection Apparatus," 
 (8). 
CARCEL LA)IP, a flame standard officially 
adopted in France. See" Photometry and 
Illumination," 
 (8). 
CARXOTlTE, occurrence of, as ore of radium. 
See" Radium,'- 
 (2). 
CASCADE )IETHOD OF HETEROCHRO)IATIC 
PHOTO
IETRY. See" Photometry and Illu- 
mination," 
 (104). 
CATHODE: thf' negative elf"ctrode in a di
- 
charge tube or an electrolytic cell. See 
" Radiolof!Y," 
 (9). 
C.\THODE RA1 
: a stream of nf"gatively 
charged electrons emitted "ith high 
velocity from the cathode when an 



8 ('APSTH'1 ...-\LK
\LI
, Af'TIOX OX nLASR-COl.OVRED GLASS 


e}pctric dis('har
e is pas:-,
'd in an p\"aeuatpd 
tuhp. 
pe" Hadiolo
y," * (4). 
Applipd to the dq)()sition of sih-pr hy el<.'ptric 
means. Spe" Sil\"ered 
Iirrors and SIlver- 
ing." 
 (3) (iii.). 
The Spepd of, ::;ee" Hadiology," 
 (IR). 
C-\L'STIC ALKALIS, A(,TIO
 ON GLASS. See 
"nla!'t
, Cl}('mical Decomposition uf," 
 (2) 
(iii.). 
(E
TERIXO hmwR: a term w.;ed in the 
teRting of simp)(' lcnses to denote any want 
of coincidence of the optical centre "ith 
the geometrical ccntrp of the lens. See 
" Lcns('s, The Testing of Simple." 
CEXTRE UF ('L'RV ATL'RE, location of, by 
direct methods. See" SphC'rometr,y," 
 (9). 
CHAXGISG BOXES: magazines for holding a 
number of photographic plates, used with 
small hand or aerial cameras. See" Photo- 
graphic Apparatm
," 
 (.3) (ii.). 
ClI \RGE O
 COLLOIDAL PARTICLES. See 
,. Ultramicroscope and its Apl'licationR," 
* (2). 
CHI::\lICAL GLASSWARE: testing under high 
pn'ssure. Ree "Glass, Ch('mical Decom- 
position of," 
 (3) (ii.). 
CHIBRET, designer of a chromo-optometer, 
depending on the dou bl(' refraction of light 
hy quartz. See" Ophthalmic Optical Ap- 
paratus," 
 (7). 
CHRO:\fATIC AUERRATIO
: a defect in the 
optical image formed by a lens or system 
of Ipnses in consequence of the variation 
of refractive indC'x with the wave-lpngth 
of light. S('e" Optical Calculations." 

 9; "Telpscope," 
 (9). 
Correction of, in )Iicros(;opic 0 bjecti ves, See 
"Microscope, Optics of tlw," 

 (l3)-(IU). 
Investigated by the Vogel method, proyid('d 
the aperture is not so small that a large 
shift of thc eyepiece is necessary to detect 
a difference of fOCUR. Spe" Optical Part:.;, 
Th(' \\"orking of," * (:1) (iii.). 
::\l('asurpmpnt of. Ree "Camera Lenses
 
Tpsting of," 
 (:1), 
Of Eye. See" )':ye," 
 (2G), 
Theory of. See" Optical Calculations," 

 (2), etc. 
CURO"ATIC PARALLAX: a parallax effpct due 
to thp chromatic aberration of the eye, 
Spe " Eye," 
 (27). 
CURO:\IATIC \rARIATION OF )IAGNIFICATIO
 IN 

1r(,R()SCOPES. Ree" .:\Iicroscope, Optics of 
tl1('," 9 (18). 
CURO'\fATIf'S, the scif'nce of colour. See 
" Rpf'ctrophotmnetry," 
 (2). 
CURO:\IO-OPTO'\IETER: a device for the ex- 
aminatif)n for colour vision and the detection 
of cnlonr-hlindnp"R. Rcp" Ophthalmic Op- 
tical Apparatus," 
 (7). 


'CI
E)I.\TOGRAl'H PUO,J ECTOH. Nce "Projec- 
tion Apparatus," 
 (I.')). 
CIRCFLAR POLARIS-\TIO
, 
ep "l)olarispd 
I
ight and its Applications." 
Production and detection. See ibid, 
 (14), 
Fresnel's explanation. See ibid, S (22). 
CLARK, ALVAN, details of lenses designed by. 
See" Telescope," 
 (5). 
CLOUDY GLASS, caused by presence of chlorides 
or sulplmtes in the alkali. Spe "Gla
s, 
Chemical Decomposition of," 
 (1). 
COEFFICIENTS OF DEVIATION, in magnetic 
compass, 
ee "Në:tvigation and Naviga- 
tional Instruments," 
 (10) (iii,). 
COELOSTAT: a clockwork device for directing 
the rays from the sun into a fhed tclpscope 
or other optical system. S('e" Telescope," 

 (Iß). 
COI
ClDENCE, sensitivity of eye to. See 
" Eye," 
 (29). 
COINCIDENCE RANGEFINDERS. See" Hange- 
finder, Short-base," 
 (U). 
COLLDIA TOR: a tclescope lens \\ it h a slit or 
other suitable object at its focus. Rays 
from each point of the object are rendpred 
parallel after passing through the lens and 
the objf'ct is virtually. at infinity. See 
" Spectroscopes and Rcfractometers," 
 (ß). 
COLLOID CHEMISTRY, USE OF ULTRA!\IICROSCOPE 
IN. See" Ultramicroscope and its A pplica- 
tions," 
 (1). 
COLORDIETRY: the specification and descrip- 
tion of colours by means of their hue and 
saturation, or otherwise. See "Spectro- 
photometry," 

 (2), (3), and (4). 
COLOUR, CO
TROL OF, IN GLASS J\!AN"LFACTURE. 
Ree " Glass," 
 (IH) (iv.), 
COLOUR (of light): one fador in the sensation 
produced on the optic nerve by light. SC'e 
" Spectrophotometry," 

 (2) and (3), 
COLOUR Box (l\L.\.XWELL'S): an apparatus for 
det('rmining the data required to sIwcify 
colours in terms of three primary colours. 
See" Eye," 
 (10). 
COLOUR GEO:\IETRY. l\Iany colour prohlems 
can be simplified by representing colours 
by the positions of points in a geom('trical 
figure of 1,2, or 3 dimensions. This C'nahles 
their quantitative relations to be solved by 
graphical or geometrical nwthods. S('e 
" Eye," 
 (12). 
COLO"LR PYR.UUD. See" Colour G('ometry." 
COLorR BTA 
DARDISATIOK, TF.C10WLOGICAL 
ArPLlCATIO
S OF, See" Rpectrophoto- 
metry," 
 (5). 
COLOUR TRIANGLE. SP(," Colour G('omptry." 
COLorR l"ISlO
. SN'" Eye," 
 (G) ef seq. 
COLOr-RED OLASR, ..l\IANCFACT"LRE OF. See 
" Glass," 
 (34). 
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CO'1.\.: the nallle gi,ren tu one of the aherra- 
tions from which the per!ormatlce of 
an optical instrunwnt may suffer, See 
"Telescope," 
 (3); "Optical Calcula- 
tions," 

 (:?I), (2
); "Len,,; Systems 
Aberrations of," * (5) (iii.). 
)Ieasurement of. See "Camera Lenses, 
Testing of," 
 (4). 
CO:\IPASS ERRoRs, method of determination. 
Sce "Kavigation and 
avigational Instru- 
ments," 
 (11). 
CO:\IPLETE FL .\SH: a term used to denote 
that a projector has the highest possible 
efficiency, i.e. that the whole front aperture 
of the projector, as seen from a distant point, 
is so filled with light as to possess the 
"intrinsic brightness" of the source. See 
" Projection Apparatus." 
 (3). 
(OXC.\VE DIFFRACTIO
 GRATIXG: a form of 
optical grating invented by Rowland in 1881 
to produce a focus spectra without the use of 
a lens and so to avoid chromatic difficulties 
in focussing and limitations due to absorp- 
tion. Se3 ""
ave-lengths, The ::\Ieasure- 
ment of," 
 (2). 
COXCAYE GRATISG :\IouXTIXG, type intro- 
duced by Runge and Paschen, See" 'Vare- 
lengths, The Measurement of," 
 (2), 
COXDEXSER LEss: a lens used in projection 
apparatus to bend the directions of ray 
paths rather than to produce images. See 
" Projection Apparatus," 
 (13). 
COXDUCTIYITY, ELECTRICAL, OF GLASS. See 
" Glass," 
 (30). 
Thermal, of glass, .001.'5-,0025. See ibid. 
 (29). 
COSICAL R.EFRACTIOX, EXTERxAL AXD Ix- 
TERXAL. See "Polarised Light and it::> 
Applif'ations," 
 (7) (iii.), 
COSJeGATE P(nXTs: the name given to a 
point and its geometrical image. See 
"Lenses, Theory of Simple," 
 (2). etc. 
Their use in focal length measurements, 
See '" Objectives, Testi
g of Compound," 

 (2) (ii.), 
COXSTAXT DEVIATIO
 SPECTROSCOPE. See 
" Rpectroscopes and Refractometers," 
 (20). 
COXSTAXT POTEXTIAL, of a generator of X-rays. 
See" Radiology," 
 (27). 
COXSTITUEXTS OF GLASS, their resistance to 
chemical attack. See "Glass, Chemical 
Decomposition of," 
 (2). 
COXTOGR (of optical surfaces). See" Interfero- 
meters, Technica,} Applications." 
 (4). 
COXTOGRIXG, See" Surveying and Surveying 
Instruments," 
 (37). 
f'OXTR.\ST, YISUAL. See" Eye," 
 (16). 
COOKE, THo:\IAs: details of lenses designed 
by. See" Telescopp," 
 (.")). 


COOKE R.AXGEFlXDER. Sce "Hangefinder, 

hort-basc," 
 (ö). 
COOLIDGE TeBE, a hot-cathode X-ray tube. 
See" Radiology," 
 (13), 
 
"CORDS," A DEFECT IX GLASS. See" Striae." 
Sel? also " Glass," 
 (Hi) (ii.). 
COR
ET, B..,: a bras
 wind instrument 1\ith 
valves. See" Sound," 
 (44). 
CROVA :\fETHOD OF HETEROCHRO:\IATIC PHOTO- 
:\IETRY. See" PhotolliPtry and Illumina- 
tion," 
 (103). 
CROV A'S SPECTROPHOTO:\IETER. See" Spectro- 
photometry," 
 (12). 
CRYSTAL ELE:\JEXTS AXD COXSTRUCTIOXAL 
AXEs. See" Crystallography," 9 (4). 
CRYSTAL F_\.CE!,;, 
IILLER's 
IETHOD OF DISTIX- 
GrISHIXG: a method of defining the relative 
positions of crystal faces in "hich the facl?s 
of a crystal are treated as a series of planes 
and any three of these, no two of "hich are 
parallel, are taken as planes of reference to 
which the positions of the other faces 
may be referred. See" Crystallography," 
* (3). 
CRYSTAL STReCTURE, modern work on, based 
on the fact that the structure of a crystal 
is fundamentally that of a space-lattice, 
a three - dimensional trellis - work. See 
" Crystallography," 
 (II). 
Analy::;is of, by X-rays: Laue's method, 
depending on the reflection and diffrac- 
tion of X-rays by the molecules of a 
crystal, which are arranged on a space- 
lattice. See ibid. 
 (14). 
CRYSTALLIXE LExs: the lens of the eye. See 
" Eye," 
 (2). 


CRYSTALLOGRAPHY 

 (1) IXTRODUCTIoN.-The study of crystals 
can never be a matter of indifference to the 
physicist, for Cry
tallography is essentially the 
Physics of Solids. The higher branches of 
Optics deal very largely with crystals, and it 
is a crystal, tourmaline or calcite, that affords 
the best means of producing plane polarised 
light. Rock crystal, quartz, is the material 
of the best lenses employed by the optical 
investigator; a train of lenses and prisms of 
rock salt crystals are essential in the study 
of radiant heat; and the phenomenal progress 
which has recently been made in our knowledge 
of X-rays and 
f the ultimate structure of 
matter-=-the special domain of the physicist- 
is being very materially assisted by the use of 
crystals, the most perfectly organised form of 
solid matter. Yet the science of Crystallo- 
graphy has in the past been as strang('ly 
neglected by physicists as by chemists, to 
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\\ hom thp suhjpct is likp\\ i
(" prO\'ing of prime 
importanc(", Ilncl has bepl1 left in the hands 
of a very fe\\ specialists. and regardcd as a 
side i
sup f'lIidlv connected \\ ith )IiI1('ralog
., 
oppressed by a f
)rbidding kind of 
Iathematics 
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graphy so that thpy can n('\'er be furgotten, 
and \,ill render thp Huhject at once plain and 
simple. The goniomder, of "hich the best 
form is sho\\ n in Fig. 1, is nothing but the 
physieist's spectrometer, but with a small 
crystal, preferably no larger than a very small 
pea, as the objpct of !:Study at the centre 
instead of the usual spectroscopic prism, and 
with a more delicate and ponvenient adjusting 
and centring apparatus. Also, instpad of an 
ordinary parallel-jawed slit one is used which 
is expanded at its two ends, so that its image 
reflectpd from a crystal face eJ..hibits a fine 


.. . 


',.,. 
....... ... 


== L 

 ==--== 


}'lG. I.-The Reflecting Goniometer in (. :,c. 


and hy a ,n o irc1 nOI11("nclatur(". It \, ill be the 
task of this hripf summarispd account of the 
su hject to disppl this illusion, ami to show how 
fascinating amI intrinsically valuable it really 
is to the physicist. 
Cry!-taIJography is pssentially practical when 
its st udy is undertaken in a sensi ble manner. 
A f{'w hours \\ ith a good crYHtal on a reflect- 
ing goniOllH\tPT ,\ ill hring out the chipf pro- 
perties of crysta.ls and the laws of CrYHtallo- 


central part for ac<,uratp adjustment to the 
vertical CroRS spidpr-line, and hroadpr endf' 
which are brilliantly illuminaÜ'ù. It i
 sur- 
prising how hriHiant such f<lit images are as 
seen in the tplpscope, when rdlpeted from 
even the minutest faces, almost. points, if the 
crystals arp normally well develuped. 

 (2) XATURF. OF CRYSTALS.-The first facts 
ohviously and unmistakahly impresRPd hy 
sllch a practical investigatiun of a f;pries of 
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well- develuped crystals, of the same and of 
different substances, on the goniometer, a
e 
the following: 
(a) Crystals are natumHy formed solid 
polyhedra bounded by plane faces meeting 
in straight edges. 
(b) These faces 011 the best crystals are true 
planes, highly polished and affording brilliant 
and sharp reflections of the goniometer signal- 
slit. 
(c) The faces are inclined to each other at 
angles which usually display among themselves 
more or less symmetry, and are constant in 
value for the same substance; these parti- 
cular values are thus characteristic of the 
su bstance, the only exceþtion being when the 
symmetry is at its maximum, in the cubic 
system, when this perfect symmetry itself 
fixes the angles. 
(d) The faces are arranged in zones, each 
zone being composed of faces parallel to a 
common axis, to "hich all their edges of 
intersection are also parallel. 'Yhen this axis 
is set parallel to the axis of the goniometer, all 
the faces of the zone are automatically ad- 
justed, so as to reflect the signal-image from 
every faðe in turn to the cross-wires of the 
telescope when the goniometer axis and crystal 
are rotated. 
(e) 'Yhen the signal-image from each suc- 
cessive face is adjusted to the cross-"ires and 
the circle reading taken, the differences between 
the readings are the angles between the face- 
normals, and these are most conveniently 
considered as the interfacial angles; they 
are arranged in accordance" ith the symmetry 
developed. 

 (3) 
IILLER'S )IETHOD OF DISTI
GUISHI"KG 
CRYSTAL F ACES.-A method of defining the 
relative positions of crystal faces by means of 
a compact s
mlbol now universally adopted 
is due to ,Yo H. Miller, Professor of 
Iineralogy 
at Cambridge from 18
2 to 1881. 
The faces of a cryst.al are a series of planes, 
and any three of thzse, no two of which are 
parallel, may be taken as planes of reference 
to which the position of the other faces may 
be referred. 
(i.) Axes of Referenre.-Consider then three 
planes passing through a point 0 which we 
take as origin and drawn parallel to any 
three faces of the crystal; these planes 
intersect in three straight lines OX. OY, OZ 
(Fig. 2); these lines we take as axes of 
reference. 
The planes may be parallel to any three faces, but 
it "ill usually be possible to find three which, from 
the rellularity of the crystal \\ ith regard to them. 
are clearly of importance in its construction, and 
in a number of cases two or more planes can be 
found mutually at right angles. 
Any fourth plane will cut the axes in points 
A, B, C, and its position can be defined by the 


lengths of the intercepts OA, OB, ánd Oe- 
or rather, since we are not concerned with 
the actual location of the face, which depends 
on the size and not merely the form of the 
crystal-by the ratios OA: OB : OC of the 
three intercepts, which thus fix a series of 
paral1el planes. It is now a universal (inter- 
national) convention 
for the description 
of crystals that the 
a:xis OY (and its 
intercept OB) shall 
run from left to 
right, and the OX 


y' 


y 


, 
, 
, 
, , 
, , , 
A ' 


axis (OA intercept) 
from front to back. 
(ii.) The Para- 
meters.-Select then 
any such plane and 
let the lengths of the 
intercepts be a, b, e respectively. 'Ye define 
this as a parametral plane, and the values of a, 
b, e measured in any convenient unit as the 
parameters. It will usually be found that 
there is a plane, developed as a prominent 
face, for which some simple relations exist 
between a, b, and e, e.g. all three parameters 
are equal, or two of them are equal and 
differ from the third; it is convenient but 
not essential to select such a plane as the 
parametral plane. 
(iii.) The Indiee.<1.-A plane parallel to any 
other face of the crystal "ill cut the axes in 
three points, A', B', C' say. 
Then it is found by observation that the 
intercepts OA', OB', DC' are proportional 
respectively to alh, blk, ell, where h, k, l are 
in all cases small whole numbers--including 
zero-in few cases so great as 6. These 
num bel's are called the indices of the plane, 
and if we know in any case the position of the 
axes and the values of the parameters the 
position of any other plane is defined by 
its indices and is denoted by Hie symbol 
(h k l). 
This implies that if the known parameters 
be a, b, c, and we cut off on the axes lengths 
proportional to alh, bll.., and ell, the face in 
question will be parallel to the plane so 
defined. 
The relative positions of the axes are fixed 
by the angles between them. If we put 
YOZ=a, ZOX=j3, XOY=)', "e see that the 
po
ition of any face is determined by the 
values of the three parameters a, b, c, the 
three angles a, ß, )', and the thre(' indices 
h, k, l; moreover, in all cases h, k, 1 arc small 
integers including p()s
ibly zero. 


FIG. 2. 
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A face may of cour:.' cut the a'\.(':> 011 ('ither the 
positive or tl;e neg,ltÏ\e Hide of the origin, i.e. ('it her 
oet\\ een 0 and 
 or on the side of 0 remote from 
X. This \\ ill Le indicated Ly giving a negative 
sign to the corresponding in
e
. \\ hich b('com('s - h 
or, as it is usually" ritten, h. Again, if one of the 
indices, say 11, is zero, the corr('sponding intercept 
is a 0 or infinity, Tlús indicates that the a
s OX 
is parallel to the face in question. 


Again. since we are only concerned with 
the ratios a: b : c we may take anyone of 
these quantities to be unity and refer the 
others to it; it is usual to select b as unity, so 
that the ratio becomes a : 1 : c. 
* (4) CRYSTAL ELE
lEXTS-CONSTRUCTIO:KAL 
AXES. - These axes are spoken of as the 
constructional axes of the crystal, and the 
various systems of er."stals are grouped 
according to the values of the parameters 
a, b, c, expres::;ed as a: 1 : c, and the 
angles a, ß, ')', between the constructional 
a
es, These quantitie8 are known as the 
crystal element8. 


 (5) CRYSTAL SYSTEMs.-These are seven 
in number. Each Rvstem contains a number 
uf classes characteri
ed bv a commun set of 
constructional axes, i.e. U common type of 
crystal elements, and certain common features 
uf symmetry. 

 (6) ELEMENTS OF SYMMETRY. - The 
elements of symmetry which belong to a 
crystal are two in number; it may possess 
a plane or planes of symmetry or it may 
be characterised by an axis or axes of sym- 
metry, or by both elements. 
(i.) Plane of SYllunetry.-Imagine a crystal 
to be divided into two portions, A and B, by 
a plane which we suppose capable of producing 
a retlected image of A; let B' be this image. 
In general there will he no resem blance 
between Band B', but if it should happen 
that each face of B' coincides with or is 
parallel to a face of ß, then the crystal has 
been divided into two symmetrical portions 
by the plane, the plane is a plane uf 
symmetry. 
(ii,) _lxis of Symmetr,lJ.-Imagine now a line 
in a crystal possessing the property that if 
the crystal be rotated a bout this line through 
sume definite angle each face is hrought into 
a position either coincident with or parallel 
to that occupied by some other face before 
the rotation took place. The crystal is said 
to be symmetrical about the line. and the line 
is an axis of symmetry. If the crystal were 
mounted on a goniometer with the axis of 
symmetry coincident \\ ith the axis of the 
goniometcr it would not be possible to infer 
from the readings of the instrument that the 
crystal had been moved. Thus, for e},.ample, 
in a Cll 1m paf'h of the faces of the cube is a 
plane of symmetry and each of thf" edges 
an aÀis uf symmetry; a cube, ho"\\e\"er, has 


many more })lancs and axes of Rymmetry than 
these. Or consider a crystal bounded by t\\ 0 
regular figures, ABCDE, ,,:\'BCDE (Fig. 3), 
haying the rectangular face BCDE in common, 
and the eight trian- 
gular faces equal; 
the face BCDE is 
clearly a plane of 
symmetry, and the 
line AA' which is B 
perpendicular to it 
is an axis of sym- 
metry. 
The angle through 
which rotation 
takes place in order 
to bring the crystal 
int,o a symmetrical 
position is in all cases some submultiple 
of 360 0 , corresponding to division of the 
whole circle by two, three, four, or six. 
If the rotation be through 180 o -3üû"/2- 
the symmetry is digonal, for 120 o -3GO o /3- 
it is trigonal, for 90 o -3üû'">,J-it is trtragoJlal, 
and for GO o -3üO O j6-the symmetry is hexa- 
gonal. 


A 


o 


Á 
FIG. 3. 


In some crystals a more complicated type of 
symmetry exists in which we Can bring the 
crystal into the symmetrical position by sup- 
posing (l) that it is rotated about an a
is, 
and (2) that each face is displaced as it would 
be if reflected in a plane; we have to consider the 
COlli bined dfeet of an axis of symmetry and a plane 
of symmetry. 
Thus consider a crystal of which a section is given 
Ly ABCD (Fig. 4), a quadrilateral figure in which 


c' A 
)< O. 
o a' 


a 0' 
>< 
A' C 


FIG,4. 


AB and CD are parallel and BC and AD equally 
inclined to AB. On rotating this through 180 0 
about an axis through 0, the mid }JOint of the 
bisector of the two parallel sides, p('rpendicular to 
the paper, we get A'B'C'D', which has not all its 
faces parallel to those of the original crystal. but by 
supposing R'C' reflected in a plane through the 
middle point of AD p('rpendicular to the paper, 
and A'Ð' similarly reflected in a plane through 
the mid point of BC, we r('cov('r the original 
crystal. 



 (7) THE F)EVEN SYSTE
IS OF CRYSTALS.- 
Before discussing the types of symmetry 
which charactcrise the various systems of 
crystals each of which haa its own type of 
crystal demcuts ùf'fined by the parametf'rs 
a, b. r, and the anglps a, ß, ')', of the con- 
structional aÀes, it will be usdul to give in 
a schedule the relations between these quan- 
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tities for each of the seven systems, which are 
named as sho" n ill Table I. 
T 4. BI E I 
SYSTE)IS OF CRYST4.LS 


I (iii.) The Rlwmhic or Ortlwrlwmbic System 
includes three classes. The three axes are 
unequal but are arranged at 
angles of 9V" to each other. One 
class, :x o. 8, possesse:::. all the 
six elements of symmetry which 
now become possible, namely, 
three planes of symmetry, 
which are also the three con- 
structional axial planes, and 
three digonal axes of symmetry, 
identical with the three rectan- 
gular axes and the intersec- 
tions of the planes. Potassium 
sulphate, K 2 SO-t, is a common 
substance crystallising in this Class 8, and 
a characteristic crystal is represented in 


Xame. 


Parameters. 


Interaxial Angles. 


i. Triclinic 
ii, )Ionoclinic 
Rhombic . 
Tetragonal 
Hexagonal 
Trigonal 
Cubic 


a\b:'t c 
a =-'; b 
 c 
a:\=b:\:c 
a=b
c 
a=b.\::c 
a=b=c 
a=b=c 


a
ß:.\=1' 
a = l' = 90 0 ß =\: 90 0 
a=ß=1'=90 0 
a=ß=1'=90 0 
I a=ß=900 1'=60 0 and J.:!O 
a=ß=1'
 90
 
a=ß=1'=90 0 


iii. 
iv. 
v. 
TI. 
vii. 



 (8) CLASSES OF SY:\e\IETRY. - Each of 
these seven systems includes crystals of various 
classes of symmetry, in all thirty-two in 
number, which are built up from the elements 
of symmetry-the J)lane of symmetry and the 
aÅis of symmetry-already described. 
(i.) The Triclinic System, which is the least 
symmetric, comprises two classes. The three 
axes are unequal and unequally inclined. 
Class 1 has no symmetry "hatsoever, every 
face being a "form" unto itself, that is, 
it has no fellow or fellows of like relation 
to the constructive axes about which the 
crystal can be imagined to be erected. Class 
2, however, is symmetrical about the centre: 
thus tllf' crystal is 
composed of parallel 
faces, each pair of 
which is a form in 
the sense just alluded 
to. One of the best- 
knmvn triclinic su b- 
stances is copper sul- 
phate, CuS0 4 . 5H 2 0, 
a crystal of which is 
shown in Fig. 5. 
(ii.) Thf' J10rwclinic 
or .11 onosym metric 
System comprises 
three classes. The 
three axes are un- 
eq ual, two being 
inclined to each other 
at an angle other 
than 90 0 , while the 
third, always chosen as the b axi:,. is normal to 
their plane. Two real elements of symmetry 
are now possible, a plane of symmetry, that 
containing the inclined axes, and a digonal 
axis of symmetry perpendicular thereto and 
identical with the normal constI uction axis. 
Class 5 pos
esses both these elements of 
symnlPtry, "hile Class 3 is endowed with 
the plane of svrnmetrv only. and Class 4 
"ith the digon
l axis 
 onh y : An excellent 
example of full monoclinic' Class 5 symmetry 
is potassium nickel sulphate, K 2 Ki(S04)2' üH 2 0, 
a typical crystal of which is shown in Fj'g. û. 
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FIG. 5.-A Crystal of 
Copper-sulp'hate. 


FIG. 6.-A Cr
-stal of Potassium Kickel bulphate. 


Fig. 7. Class 6 possesses the three axes of 
symmetry only, and Class 7 possesses two of 
the planes and one axis of symmetry, the 
axis in which the planes intersect. 
(iv.) The Tetragonal System goes a step 
further in degree of symmetry. Two of the 
axes are of equal 
length, the third 
being unequal; 
the angles are 
all equal to 90 0 . 
In describing or 
setting up the 
crystal the un- 
eq ual axis is 
made vertical. 
X 0 less than 
seven classes are 
now possible, all 
of which possess 
the systematic FIG. 7,-A Crystal of Potassium 
characteristic, a Sulphate. 
tetragonal axis 
of symmetry which is identical with the 
verti
al con
tructional axis. Class 9 pos- 
sesses this symmetry element alone, but 
Class 15, the highest of the system, is also 
endowed with four symmetry planes inter- 
secting each other at 43 0 in the tetragonal 
vertical aÅÍß, an equatorial symmetry plane 
perpendicular to the vertical axis. and four 
digonal axes of symmetry ly
ng in that 
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equatorial plane. Zircon, silicate of zirconium, 
ZrSi0 4 , crystallises "ith the symmetry of 
this elas
, and a typical zircon is purtrayed 
in Fig. b. ßeh\ cen this H holohedral" class 
(of full symmetry) and ('lass 9 are five ot
ler 
classes pussessmg 
various com bina- 
tions of sOllle of these 
symmetry elements 
but alwa.ys including 
the tetragonal axis, 
the essential sym- 
metry clement of the 
tetragonal system. 
(v.) The II exa- 
gona,l Syste m is 
similar in many 
ways to the tetra- 
go
al, but the equal 
axes are inclined to 
each other at 60" 
instead of 90"; it 
is characterised by 
a hexagonal vertical 
axis of symmetry, 
1'10. 8.-A Zircon Crystal. There are five classes 
in the system, the 
simplest, Class 23, possessing only the essential 
hexagonal axis of symmetry: but the most 

ymmetri('al, the holohedral Class 27, has six 
planes of symmetry intersecting each other at 
30 0 -in the hexagonal axis, and an equatorial 
plane of symulPtry "ith six digonal axes of 
symmetry lying in it at 30 0 flUm each other, a 
total of fourteen ele- 
ments of symmet.ry. 
Beryl, Be 3 AIASi0 3 )b' 
the beautiful gem- 
stone known as 
aquamarine when 
pale green in colour 
and emerald when 
dark green, is an 
excellent example of 
Class 27, and a 
typical beryl crystal 
in shown in Fig. 9. 
(vi.) The Trigonal 
S Y8tcm has three 
equal and equally in- 
dined axes, generally 
at other than 90 0 . 
1'10. 0.- -\. llcrrl Cr;y:,tal. The axes, indeed, 
are the edges of a 
rhomhohedron, which resembles a cube com- 
pressed or extended along one diagonal, and 
this diaf!onal is the vertical axis of trigonal 
symmetry and not a construction axis; it is the 
essential element of symmetry of the system, 
which ineludes seven classes, the sim plcst, Class 
IH, having thiA as its only symmetry element. 
The most symmetrical, the holohedral ('lass 
22, possesses in addition thrpe symmetry 
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planes intersecting at l>U'- in the trigonal axis, 
an equaturial symmetry plane, and three 
digonal axes lying therein at GOo. No well- 
kno" n substance exhibits this full trigonal 
symmetry, although two rarer substances, in- 
cluding the gem- 
stone benitoite, 
BaTiSi a 0 9 , belong 
to the class. But 
two very im- 
portant minerals, 
calcite, CaC0 3 , 
and quartz, Si0 2 , 
belong to Classes 1
1 
21 and 18 respect- 
ively, and figures 
of typical speci - 
mens of cakite 
and quartz crys- 
tals are shown in 
Figs. 10, 11, and 
12. Fig. 10 also 
shows the three 
con s truetional FIG. 1O.-A Crystal of Calcite. 
rhom bohedral 
axes, and the vertical trigonal axis. This 
Class 21 only differs from the hulohedral 
Class 22 by having no equatorial plane of 
symmetry. The actual crystal shown in 
Fig. 10 is a combination of the rhombo- 
hedron, with edges parallel to the construc- 
tional axes, and the hexagonal prism parallel 
to the vertical axis. 
The Quartz Class 
18 has all the four 
axes of symmetry 
(three horizontal 
and one vertical) 
of the system, but 
no symmetry 
planes. Now it is 
an interesting and 
highly important 
fact that all the 
clasRes of sym- 
metry, and there 
are eleven of them, 
which possess no 
plane of symmetry 
are distinguished 
by the property of 
right- and left- 
handedness, or, as 
it is termed, " enantiomorphism." Two 
varieties of crystals, one the mirror image 
of the other, right- and left - handed like 
a pair of gloves, are not only possible 
but are often found developed, and two 
Fluch crystals of quartz are purtrayed in 
Figs. ] I (left-handed) and ] 2 (right-handed), 
:\Toreover, to enhance the interest, it is just 
this remarkab
e property which is pussessed 
by the crystals of all substances which rotate 
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1-'10. ] l.-A Left-handed 
Cr
Tfltal of Quartz. 



CRYSTALLOGRAPHY 


1.3 


the plane of polarisation of plane- polarised 
light, and if a section - plate were cut 
out of each of the two crystals shown, 
perpendicularly to 
the vertical a xis, it 
would rotate the 
plane of polarisation 
to the left in case 
of Fig. 11 and to 
the right in the case 
of Fig. 12. 
(vii.) The Cubic 
System of highest 
symmetry is typi- 
fled by the cube 
itself, the three 
constructional axes 
being parallel to 
the cu be edges, 
equal in length and 
all mutually at right 
FIG. 12.-A Right-handed angles. There are 
Cr)stal of Quartz. five classes com- 
prised in the system, 
the least symmetric, Class 28, possessing three 
rectangular digonal axes of symmetry coincident 
with the constructional axes, and four trigonal 
symmetry axes equally inclined to the former. 
But the most symmetric, the holohedral Class 
3
, possesses no less than twenty-two elements 
of symmetry, namely, the thre
 already men- 
tioned as digonal axes but which are now 
tetragonal ones, and the four trigonal axes 
also already referred to, and in addition six 
digonal axes bisecting the angles between the 
tetragonal axes, three planes of symmetry 
(the cube planes) perpendicular to the tetra- 
gonal axes, and six other symmetry planes 
bisecting the angles between the three just 


FIG. 13.-A Cr
.:;tal of Garnet. 


mentioned. The ancient Greeks may well 
ha ve taken the cube as their sym bol of per- 
fection, their geometricians haying under- 
stood the immense possibilities of symmetry 
incipient within it. Garnet, the beautiful yet 
very common silicate of the general composi- 
tion R"3R"'2(Si04)3' in which R" stands for 
calcium, magnesium, ferrous iron, or man- 
ganese, and R'" for aluminium, ferric iron, or 


chromium, crystallises in this Class 32 of 
maximum syn;metry, and a typical red garnet 
measured by the writer is shown in Fig. 13. 
The cubic system is unique in that all the faces, 
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FIG. 14.-The Cube. 


and they are exceedingly numerous, possible to 
be developed on the crystals conforming to the 
system are inclined at angles absolutely fixed 
by the symmetry and inyariable. Its three 


FIG. 15.-The Octahedron. 


simplest forms, the cube, octahedron, and 
rhombic dodecahedron, represented in Figs. 
14, 15, and 16, are also unique in that there can 
be only one cube, one octahedron, one rhombic 


FIG. 16.-The Rhombic Dodecahedron. 


dodecahedron. But there are four other holo- 
hedral cubic forms, the hexakis octahedron, 
the icositetrahedron, the triakis octahedron, 
and the tetrakis hexahedron, represented by 
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the next four figures, Figs. 17, 18, 19, and 20, 
\\hieh may ha\::e several repreHeutati,'es, the 
comm()IH'
.t of \\ hieh arc 
pel'ifi('d in (
) 10. yet 
each of which has its 0\\ n definite angles fixed 


.FIG. li.-The llc
ald::) Octahedron. 


by the symmetry. Also, there are ten other 
polyhedra characteristic of the cubic classes 
of lu\\ er than the holohedral symmetry, of 
which twu may be taken as examples, the 
tetrahedron and the pentagonal dodecahedron, 


FIG. lB.-The Icositetrahedroll. 


sho\\n in Figs. 21 and 22, The tetrahedron 
is a form of buth Class 31 and Class 28, the 
former class being produced when the three 
axial planes are no longer planes of symmetry 
and the six digonal axes are no longer operative. 


FIG. H).-The Triakis Octahedron. 


The pentagonal dodecahedron is most charac. 
tc'ristic of Cla
s 30 (in which iron pyrites, 
11'eS;!. crystallises), which is formed when the 
bix diagonal planes of symmetry are eliminated, 


the three cubic planes being operative; the 
form occurs, hO\\"ever, also in Class 28. Th3 


FIG, 20.-The Tctmkis HexahcÙIono 


polyhedron represented in Fig. 17, the hexakis 
octahedron, pOl:)sesses the large num her of -18 
faces. It is the solid produced by the opera- 
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FIG. 21.-Thc Tetrahedron. 


tion of the whole 22 symmetry elements when 
a single face inclined unequally to all three 
cu bic axes is taken as the start. 


FIG. 22.-The Pentagonal Dodecahedron, 



 (9) THE REAL ELEMENTS OF SYMMETRY. 
-It has been essential to refer to these 
geometrical details concerning the seven 
systems of crystal architecture, and th(' 32 
classes of symmetry combinations which tlJCY 
comprise, in order to render quite clear one 
of the greatest advances of the last third of 
a century. Previous to that the existence 
of classes of less than the full "holohedral" 
systematic symmetry had been accoulltp(} 
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for by assuming that the half or three-quarters 
of the full number of faces corresponding to 
the holohedral class were suppressed, or latent. 
For instance, the suppression of alternate 
faces of the octahedron was supposed to give 
the tetrahedron; and the elimination of half 
of the faces of the tetrakis hexahedron to give 
the pentagonal dodecahedron. These classes 
were therefore denominated ,. hemihedral " or 
" tetartohedral." according as one-half or only 
one-fourth of the full number of faces were 
present. But the work of Yictor von Lang, 
von Groth, Story :\Iaskelyne, and Viola 
effectually eliminated this feeble and very 
unscientific supposition, by sho" ing that 
there are certain definite elements of sym- 
metry, relatively few in number-those in 
fact which have been specified in 
 (6)-and 
that each crystal class of the 32 is endowed 
with its own invariable and fixed number and 
character of symmetry elements, and that 
all of them are active, the crystal being the 
outcome of the operation of all the symmetry 
elements specified as governing and forming 
the class. 

 (10) THE LAW OF RATIO
AL I:8TERCEPTS 
OR I
DICEs.-'Yhen we proceed to determine 
the indices of the other forms besides the 
primary, or parametral, and their individual 
faces on the crystal, we are saved from com- 
plicated figures and fractional or decimal 
values by a most remarkable law, already 
mentioned, which has proved to be the key to 
crystal structure. \Yhen we have made the 
comparison and got out our indices, they all 
prove to be simple integers. That is, the 
faces developed on (>rystals by Nature are 
only such as have rational, integral, intercepts, 
whole numbers only, and usually very low 
ones such as 2, 3, 4, 5, or possibly 6, and but 
very rarely higher numbers. In other words, 
we have not to deal with faces of every possible 
angle, but only with faces having angles 
arranged at definite intervals. :\Ioreover, if 
symmetry be present, as is usual, the faces 
will form the natural groups or "forms" 
already referred to, for which the index 
numbers are the same, all these faces of any 
one form having the same relation to the 
symmetry developed. \Ye have seen that in 
the system of highest symmetry, the cubic, 
for which the parameters are all equal, the 
general (faces inclined to all three axes) form, 
the hexakis octahedron, has no less than 48 
faces, all represented by the sarna form 
symbol, :321} for iURtance. The kind of 
bracket just used is, in fact, reserved to en- 
close a "form" symbol, the indices given as 
represpnting the form being those of a face in 
the top right front octant. At the other e
- 
tr<>me, in Class 1, pu::;sessing no symmetry, 
every face is a form unto itself. 
The regular octahedron, of 8 faces as its 
YPL. :JV 


name implies, is {Ill}. The rhumbic dodeca- 
hedron is {110}, as each face is parallel to 
one cubic axis and cuts off equal intercepts 
from the other two axes; it possesses 12 faces 
as again implied by its name. The cube is 
{I oo}, for each face is parallel to two axes; 
(100) is the front face, (010) the right face, 
and (001) the top face. The ordinary form of 
simple bracket here used is that reserved for 
the symbol of a face. The other four forms 
represented in Figs. 17 to 20 are known to 
have several representativ"es, the commonest 
being, for the hexakis octahedron {321}, 
shown in Fig. 17, and {421}, all three indices 
being always different; for the icositetra- 
hedron of 24 faces {211}, shown in Fig. 18, 
and {311}, two indices being always equal 
and less than the third; for the triakis octa- 
hedron also of 24 faces {221}, shown in F1'g. 
19, and {331}, the two equal indices being 
always greater than the third; and for the 
tetrakis hexahedron {210}, shown in Fig. 20, 
and {310}, every face of the 24 which it pos- 
sesses being parallel to one axis and differently 
inclined to the other two. 
In no other system than the cubic are the 
whole of the angles determined by the sym- 
metry itself, and able to be calculated directly 
therefrom by spherical trigonometry. In the 
other systems the angles not fixed by thE' 
symmetry require to be determined by 
goniometrical measurement, from the results 
of which the crystal elements can be directly 
calculated. The occurrence of the faces in 
zones is a great help, especially as most faces 
lie at the intersection of two or more zones. 
Indeed the position of the faces can be located 
on a sphere directly from the measurements 
of the angles in the various zones; and hy a 
very simple construction, the points where 
normals to the faces from the common centre 
of crystal and sphere cut the sphere can be 
projected on to a plane, the eye being supposed 
to be at the north or south pole and the plane 
of projection to be the equatorial plane. 
Such a projection on paper, the Stereographic 
Projection. affords us a concise and invaluable 
plan of the crystal, and the spherical triangles 
on it indicate to us the obvious course of the 
calculations, bv which the cn'stal elements 
and the interf
cial angles the
seh-es can all 
be computed, provided one, two, three or 
fi ve (according to the degree of symmetry) 
" basal" angles are measured as the basis 
of calculation. 
Thus Fig. 23 represents the stereographic 
projection of a crystal of topaz (AIF)2Si04' 
which js orthorhombic, of the holohedr,tl 
Class 8. Eyery zone i::; represented by a 
circular arc or straiaht line. and in the case 
of the zone of face
 parallel to the ,-ertical 
axis, by the outer completp circle. The p0ints 
on each zone represent the positions of the 
c 
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Vcll ious fa.ces indicate. I by the )lilIerian 
indiees. The projection i:3 that of the upper 
Il('mi
phere, but as the plane of the paper is 
a plane of symmetry of this rhombic crysta.l 
the poles on the 10\\ er hemisphere are identi- 
caUr placed. Thp two vertical planes of 
symmetry are repre- 
sented bv the two 
dianH'tC'rs- parallel to 
t he page ed
es. The 
symmetry of the 
c
\"stal is tIms clearly 
a
d fullv indicated 
by the ;tereographic 
projection. 

 (11) CRYSTAL 
STR UCTURE.-N ow 
the limitation 
of the numher ã bolo 
of possible 
f()rrlH
 to such as have 
rational indices is of 
pri rue im portance 

ith regard to the 
st ructure of crystals. 
For it means that 
the crystal is built up 
of units of definite 
appreciable size, the 
" bricks" of the 
crystal edifice. The 
Abbe HaÜy. who first 
recogniscd the law at the time of the 
French Revolution, imagined them as 
"molécules intégrantes." and since his time 
the idea has developed, very slowly for 
man
 years, but lately much more rapidly, 
until a geometrical theory of crystal structure 
has be<.'n evolved which has probably now 
reached finality, having been confirmed in a 
remarkahle manner by the new X-ray analysis 


point-systems of the simpler kind. involving 
geometrical "space operations" of only the 
first order (rotations about a
es only). They 
\\ ere first described by L, Ruhncke. The 
remaining IG3 more complicated point- 
systems involve space operations of the second 
kind (reflections over 
planes). These welC 
recogllised and de- 
scribed simul- 
taneously by E. S. 
Feùorov: A." Schoen- 
Hies, and 'V. Barlow. 
Fundamental to the 
whole 2:m, however, 
are 14 space-lattices 
defined by FrankC'n- 
heim and 
b 010 B Bravais, and 
many of the 65 
Sohncke systems 
red nce to these space- 
latti<.'es when gronp
 
of the points are con- 
sidcred as units, or 
are replaced each by 
a sillgl<.' point; in a 
few ca
es the spac<.'- 
lattices are special 
cases of the point- 
syst<.'ms. 
'" e thus come to 
t.he basal fact that the structure uf a crystal 
is fundamentally that of a space-lattice, a 
three-dimensiona.l trellis-work. Three of these 
space-lattices are of cubic svmmetrv, t.he 
points being arranged as the' simple" cube, 
the centred cuhf', and the face - centred 
cn be. They a.rc shown in Figs. 24, 2.3, 
and 26. Two others are tet.ragonal, four 
are rhombic, two monoclinic, one triclinic, 
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FIG. 23.-The Stereographic Projection of Topaz. 
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FIG. 26.-Thc Fare-ce'utred 
('ubÏC' Space-lattice. 


:FIO. 
-!,-The Cubic 
:';pacc-Iattice. 


FIG. 2:J.-Tlw Centre' I 
CUUe' Hpal"c-Iattkc. 


"f crystals prescntly to h<.' rc{('IT('ù to. It
 
essence is as folluws : 
('onsidcring thp elementary atoms C'ompos- 
in
 the crysta.l suhstance as points, the <.'rystal 
structure i
 that of a homogeneous arrang<.'- 
mcnt of points. Therp arc 2:W moùes uf 
arranging points in a hOlUogeu('ouH structure, 
such as is I'o
sihlc to crYf-ItalH, haying I"<.'garù 
to all thf' limitation
 \\' hi('h arC' im pospr[ hy 
tl\(' la,\\' of rationality and thp faet that 
cr)'stals ha\ e I,lanc facps. Of th('s<.', (),) arc 


one is hcxagonal, or trigonal-pri:-:matic, and 
another i
 rhom hohedral - trigonal. In the 
crystals of v('ry simplc ('hpmical compounds, 
and of the chemical element.s th<.'msdv<.'
. 
thc space - latticp is directly formed hy the 
ch<.'l11ipal atoms. In thE' more compJi('ah'd 
crvf-ltaJline su hstanc<.'s, wh<.'n 1110rp atoms go 
to thc mole('u]c, th<.' spacp-Iattic(' points arp 
surroun<l<.'d or rppla,("<.'d hy groups of atolHR. 
Tn any c,u:;(', thC' strudure i:-; that of onc of t 11<.' 
2:W syst<.'lIls of points, according to which 
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alone homogeneous crystal structures must be 
arranged, or is a special and very simple case 
of one of them. The crystal faces are parallel 
to the various planes of atoms of the space- 
lattice. Any three adjacent points of the 
la ttice of course determine a face. It is, 
indeed, only these possible planes of atoms, 
the nodes of the space-lattice, corresponding 
to all the possible combinations of three 
adjacent atom-nodes, that are possible faces, 
and this is the very simple explanation of the 
la.w of rational indices or intercepts. In 
short, the parallelepipeda formed by joining 
the rows of points of the trellis by straight 
lines, along the three dimensions of space, the 
unit blocks of the three-dimensional lattice, 
are the "bricks" of the crystal edifice. 
Further, the Cleavage Planes of crystals are 
those along which the atomic points or nodes 
are most densely packed; for obYiously in 
the perpendicular direction the cohesion must 
be less, the atomic attractive points being 
further apart, and the crystal is more readily 
torn asunder by a force thus perpendicularly 
directed. A very simple and rational explana- 
tion of the very important property of cleavage, 
which so many crystals exhibit, is thus 
afforded. 

 (12) RELATIVE )lEASURE
[E
T OF SPACE- 
L-\.TTICE CELLS IX SDIILARLY COXSTRrCTED 
CRYSTALs.-The points at the corners of the 
unit parallelepipedon of the space-lattice may 
be either the atoms themselves (simple cases), 
or the representatives of groups of atoms; 
or "e may regard them as representing the 
chemical molecules or small groups of molecules 
(not usually more than four, but occasionally 
as many as eight) which form the complete 
point-system of the structure, and thus we 
come to regard the parallelepiped on as the cell 
or habitat of such molecular or polymolecular 
structural unit. ::K ow in a series of substances 
Crystallising similarly-those known as "iso- 
morphous "-in which the only chemical 
diffprence is that one chemical element is 
replaced by another belonging to the same 
family group of the periodic system, it must be 
ob'Tious that the structure is a strictly analo- 
gous one, belonging to the same crystal-class 
and exhibiting the same "forms," and only 
differing in the dimensions of its parallelepipeda. 
It was sugf!ested by F. Becke in the year 1893 
that a relative measure of these cell dimensions 
might be obtained by combining the crystallo- 
graphic axial ratios with determinations of 
the density of the crystals. For the latter 
dÏ\Tided into the molecular weight of the 
substance affords the )Iolecular Volume of 
Kopp, and this may be regarded as the 
volume of the celL Comhination of this with 
the axial relative lenn'ths should therefore 
yiold us the relati,-e edge dimensions of the 
ceJl. The suggestion was takcn up practically 


hy .:\Iuthmann and by the" riter simultaneously 
and independently in the year 1894, and 
applied by the former to the case of the 
rhombic permanganates of the alkalies, the 
cry:;tals of which he had measured and su b- 
mitted to density determinations, and by the 
latter to the rhombic sulphates and selenates 
of potassium, rubidium, caesium, and ammon- 
ium, as well as to a large number of the 
double sulphates and selenates of the "ell- 
kno" n monoclinic series "ith six molecules 
of water of crystallisation, of which these 
alkali salts are the dominating constituents. 
The new Space-Ratios thus obtained were 
called "Topic Axial Ratios" by .:\luthmann 
(from r67roo;, space), and ., Distance Ratios" 
by the writer. K ow the intere
ting result 
was obtained that these relative space-ratios 
indicated a regular increase in the space- 
lattice cell volume and edge dimensions, as 
the atoms of potassium were replaced by the 
heavier atoms of rubidium, and these in turn 
by the still hea,ier ones of caesium. The 
actual values "ill be found given in 
 (17) (iv.), 
for the simple rhombic sulphates of the alkalieò. 
It was further indicated that the volume and 
edge dimensions of the cells of the analogous 
ammonium salt were almost exactly identical 
with those of the corresponding rubidium salt, 
the intermediate member of the 
roup of 
salts. J t has to be remem bered that the 
atomic weight (84"9) and atomic number (37) 
of rubidium are practically exactly mid" ay 
between these constants for potassium (38'9 
and 19) and caesium (131"9 and 55). Hence, 
the crystals of these ammonium and rubidium 
salts are essentially isostructural. 
Xow these interesting results were in keeping 
with those derived from the writer's previous 
researches. For it had been shown that the 
interfacial angles and elements of the crystals 
of these isomorphous series exhibit a similar 
progression, corresponding to the ad vance in 
atomic weight and atomic number, and in a 
long series of subsequent memoirs (just 
completed, 1922) it has been proved con- 
clusively that this is a general law for all the 
crystal properties, morphological, optical, and 
thermal. of these important rhombic and 
monoclinic series of isomorphous salts. The 
volumes and edge dimensions of their space- 
lattice cells thus conform to the general law 
of progression which the writer has now 
established for these series. 

 (13) FI
AL PROOF OF HAÜY'S LAW OF 
CONSTANCY OF CRYSTAL AXGLES,-Incident- 
ally this rpsult has also definitely settled the 
long-argued contradiction between the view 
of Haiiy-that every chemical substance was 
charactprised by its own crystalline form- 
and the principle of isomorphism of Jlit- 
schprlich. who in first putting forward his 
discovery of the l'rincil>le in its cruder form 
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FIG. 27.-Reprolluction of original Laue 
R,],(liogram of Zinc lllClldco 


held that isomorphous substances are equi- 
angular, and therefore that quite a large 
num bel' of similarly constituted substances 
had not only the same form but al::;o the same 
angles. BuOt the results of the writer's work 
prove that there are small but very real 
differences in the crystal angles, rarely reaching 
3 0 and often less than 1 0 , as well as in every 
other property, and that consequently, even 
in these cases of great similarity, HaÜy's law 
is I:'trictlv true. The only cases excludcd are 
cubic crj.stals, for which'the symmetry fixes 
the anrrles. But even in these cases all the 
othcr l;;'opertics sho\\ progressive diffcrences. 

 (14) AXALYSIS OF 
CRYST_\L STR('"CTURE BY 
X - RAYS (LAUE). - At 
this point the 
writer was 
cagerly looking 
for a means of 
converting 
into absolute 
mcasures these 
rclativedimcn- 
sions of the 
space - lattice 
cclls, afforded 
by the space- 
ra tios. For 
so far only 
 
strictly related \ 
compounds, 
such as those 
of isomorphous 
series for which 
the structure.,; 
were certainly 
analogous, were strictly 
comparahlc. One step 
forward had been made, 
ho\\ ever, for from the 
evidence of the produc- 
tion of cxcellent mixed 
crystals and parallel growths it had been 
proveù that rubidium and ammonium sul- 
phates were also strictly comparahle, and 
tlH'ir isostructure rendered certain; for close- 
ness of structural ùimensions is a condition 
for such productions, But at this moment, 
in the year 1912, :\1. von I..aue of Munich made 
his epoch-making suggestion, that if the atoms 
or molecules of a crystal are in truth arranged 
in a space-lattice, they ought to be capable 
of reflecting or diffracting the exceedingly 
minutp elpctro-magnetic wavps of the X-rays, 
for the order of cliu1Pnsions of atoms and of 
the \\ ave-lC'ngths of X-rays is approximatcly 
the same, about 10- 8 cm. ThC' planes of 
atoms of such a spaC'c-lattiC'P ought, in short, 
to bphave much as a diffraction grating doC's 
towards ordinary rays of light. His colleagues, 
\\'. Fri{'drich and F. Knipping, tried thc experi- 
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ment "ith a crystal of zinc Nende, and found 
it to succeed perfectly, the crystal diffracting 
the incid{'nt beam of X-radiation into a 
number of diverted beaml:5, each of which 
made an impression on a photographic plate 
which developed as a spot, and the whole 
series of spots formed a pattern-thf' now 
well-known Laue radiogram-which exhibited 
the cubic symmetry of the crysta.l, each plane 
of atoms of the space-lattice producing its own 
spot. The writcr was fortunate in seeing these 
historic first Laue radiograms in the .:\1 unich 
laboratory on a visit just afterwards. One of 
thelll, for zinc blende, is rf'produced in Fig, 27. 
Before giving a brief 
account of the remark- 
able development which 
h
s followed 
from this new 
mode of at- 
tack, it may 
be said at once 
that the re
ults 
have fully 
confirmed the 
conclusions 
of crystal- 
lographers 
above de- 
scribed. They 
prove bf'yond 
a shadow of 
dou ht that 
crystals are 
built up on the 
principle of 
point - systems 
and space- 
lattices, the atoms being 
the ultimate units, and 
in a considerable num- 
ber of cases of simple 
chemical compounds the 
absolute dimensions of 
the space-lattice cells have been determiuf'd. In 
the particularly important case of the sulphates 
of potassium, rubidium, and capsium, for 
which the relative cell dimensions ha(l been 
given by the writC'r as f'xplained in a JuoC'vious 
section, the absolute values now ohtained by 
X-ray analysis have proved to posses
 pre- 
cisely these relations, the correspondence being 
of a most satisfactory and even surprising 
closeness. The actual figures are given and 
more fully referred to in 
 (17). 

 (H)) THE X-RAY F)PECTROI\lETER (RRAGO), 
-Shortly after the publication of the memoir 
of Laue, FriedriC'h, and Knipping, a new 
method of procedure 1 was devised hy Sir 
\Villiam H. Bragg
 and a fullf'r explanation 
was given of the Laue radiograms by his son, 
Prof. 'V. L. Bragg, who has also uspd with 
1 
cc" X-Ra)"s," 99 (6)-(9), YoI. II. 
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conspicuous success the method of his father. 
This consist::; in mounting the crystal on a 
spectrometer-goniometer, replacing the ordin- 
arv collimator by two successive slits in leaden 
sc;'eens (lead being impervious to X-rays), 
and the telescope by an ionisation tuhe, the 
diffracted or reflected X-rays passing "ithin 
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FIG. 28.-The :,tructure of :,ylville and Rock-salt. 


the latter and ionising the vapour of methyl 
bromide or gaseous sulphur dioxide contained 
therein, the electrical effect being com- 
municated to an electroscope and measured 
as to its intensity. It was found that re- 
flpction of the X-rays at any plane of atoms 
(really a large number of parallel planes 
inside the crystal having the same relations 
to the crystal symmetry) occurred only at 
certain specific glancing angles, the facts being 
expressed by the following equation, which 
is of similar kind to that governing the action 
of a diffraction grating toward light waves: 
nÀ=2d sin 0, 
"here n is the order of X-ray spectrum, À 
the wave-length of the X-ra):s (the Braggs 
using "monochromatic" X-rays instead of 
the more general X-radiation employed by 
Laue and his colleagues), d is the" spacing" 
of (distance between) the parallel planes of 
atoms affording the reflection. and 0 is the 
glancing angle of reflection (that is, the angle 
from the plane, not from the normal to the 
plane). KnO\\ing the wave-length of the 
X-rays employed-and Sir \Yilliam Bragg 
had determined this with considerable accuracy 
for the ray::; from certain specific anticathodes, 
notably those of palbdium-it is ob,-ious 
that this important pquation affords us, in 
the value of d, the absolute distance between 


.v 


the planes of atoms, and bet" een the atoms 
themsehres "hen planes normal to all three 
directions of space are in'Testigated; indeed 
it gives us the absolute lengths of the edges 
of the space-lattice cells. 
· Really satisfactory results, consisting of a 
definite determination of the positions of all 
the atoms, ha,-e orùy so far been 
obtained with substances of re- 
latively simple chemical composi- 
tion. They are divisible into two 
very distinct types: (1) those in 
which the positions of all the 
atoms are fixed by the symmetry, 
by the nature of the space-lattices 
or other point-systems present, 
which are clearly recognised by 
the X-ray analysis; and (2) 
those in which only the atoms of 
one or more of the dominating 
elements present-the metal, for 
instance, in a salt or binary 
compound-are thus fixed, while 
the atoms of another element or 
other elements are permitted 
some latitude "ithin certain limits, 
the exact positions being deter- 
minable by the X-ray analysis. 
Three instances of the former 
fixed type are: (a) many native 
metals, copper for instance, the 
structure of which is simply that 
of the face-centred cube lattice 
already illustrated in F1'g. 26; (b) potassium 
or sodium chloride, KCl (sylvine) or KaCI 
(rock-salt), shown in Fig. 28; and (c) zinc 
blende, ZnS, portrayed in Fig. 29. 
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FIG. 2\J.-The :,tructure of Zinc Blench'. 


Two instances of the latter type, "ith one 
or more variables, are iron pyrite
, FeS 2 . 
and calcium carbonate, CaC'Os, the positions 
of the sulphur and oxy
en atoms being allowed 
a certain choice of position along partieular 
lines; these positions have be('n exactly 
determined by quantitatÌ\Te X-ray analysis. 
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TIH' strueturp of iron p
'rite
 i
 sho\\11 in Fig. 
31 Þ, \\ hich is the reproduction of a photograph 
of a model. Thp case of caleium carbonat(' 
is more complicat('d, as th(' structure app('ars 
to be huilt up of cakium atoms and of C0 3 
groups, in which the oxygen and carbon atoms 
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FIG. 30.-Thc ::;tructure of Iron Pyrites. 


are very closely bound together, for a reason 
to be presentl} explained (the sharing of 
certain electrons in common). 
In the cas(' of coppf'r crystals the atoms are 
all alike, being those of the element copper, 
and their arrangement is that of the face- 
cC'ntred-cube space-lattice. In the cases of 
the chlorides of sodium and potassium, how- 
ever, two kinds of atoms, those of the alkali 
metal and of chlorine, arc present. Now the 
Bragg method has revealed another important 
anù very helpful fact, that the intensity of 
X-ray rf'flection from a crystal face (really 
from the planes of atoms within the crystal 
parallel to the face) is proportional to the 
mass of the atoms composing it, and the 
atomic weight or atomic number may be 
taken as rppresenting the maHS of the atom. 
Hence, as potassium })ossesses the atomic 
weight 39 and chlorine 33.3 thf' masses of the 
atoms in sylvine are nearly alikf', But as 
sodiulll has the much lower atomic weight, 23, 
there is a distinct di
Himilarity in the masses 
of the two kinds of atoms composing rock- 
salt. The f'ffpct of this is curious. Referring 
to Fig. 2H, it \\ ill be sef'n that the cube planes 
(100) arc all composed of equal numbers of 
nH'taJlic and chlorine atoms, while the octa- 
hf'dml planes (111), shown in dott('rl lines, arc 
altprnaÜ'ly composeù all of chlorine and all 
of nwtallic atoms. The pffpf'Ì in the case of 
rock-Halt is as if thf're \\ ('re two int('rp('n('trat- 
ing space-lattif'Ps of the face-centred cube, of 
diffprent rcflpcting pOWf'r, composed solply of 
sodium and of chlorine rPHpectively, each of 
douhle the spacing; the first order spf'ctrum 
hecomes conspquf'ntly weakened, while the 
second order is almormaIly strong, the third 
order nearly disapppars, but the fourth o1'(lpr 
reflcction is quite good, On the othcr hand 


potaHsiulll chloriJp (s,yh'ine) crystals behave 
as if the structurc werc of on(' l...ind of atom 
only, and the space-lattice is that of the 
simple cube, the small cubes of Fig, 28. 

 (lü) ÐEBYE A
D SCHERRER.-Yet a third 
method of X-ray analysis has been dpvised 
and most succcssfully used by P. De bye and 
P. Scherrer, and independently by A. 'V. Hull, 
in which the cryst.al is pulverised and the 
powder compressed into a rod, placed in the 
axis of a cylindrical photographic film and 
subjected to " monochromatic" X - rays. 
Characteristic interference curves are shown 
on development of the film, afforded bv sudl 
particles (and among the infinite vari
ty of 
orientations of the particles some such are 
bound to be present) as are correctlv orientated 
to give the reflections from the{r planes of 
atoms. These three methods, the Laue 
radiographic, the Bragg spectrometric, and 
the De bye . and Scherrer powder - method, 
of X-ray analysis, most wonderfully confirm 
and supplement one anotl1f'r. 
Sir \Villiam Bragg has since shown that the 
powder method may be adapted for use with 
the X-ray spectrometer, it being only necessary 
to paste the powder on the flat surface of a 
holder placed on the spectrometer instead of 
the crystal. 

 (17) STRUCTURE AS DETERMI
ED BY 
X-RAYs.-Careful examination of the reflec- 
tions of X-rays at the various glancing angle
 
corresponding to the different orders of 
spectra (n), as regards both the determination 
of the exact angle and of the relative intensity, 
has enabled the structure of a large number 
of substances of more or less simple character 
to be detcrmined and their cell dimensions 
to be measured. 
(i.) Zinc Blende, Diamond. and Fluorspar. 
- That of zinc blen<1e, ZllS, is shown in 
F-ig. 29. The zinc atoms occupy the corner
 
and centres of the large cube faces. but the 
sulphur atoms occupy the centres of alternate 
small cubp
. Moreover, if we rpplace hoth 
zinc and sulphur by carbon atoms we have 
the structurc of the diamond. Again, if thc 
zinc atoms be replaced by calcium atoms, 
and the centres of all the cuhelds (not 
only alternate ones) be fiIled "ith fluorine 
atoms, we have the structure of fluorspar, 
CaF 2 . In all these cases the structurp- 
lattice itself fixes the positions of all the 
atoms. 
(ii.) Iron Pyn'les. - In the pase of iron 
pyrites, shown in F?'g. :m, only the iron atoms 
are fixed by the lattice itself, of which tlwy 
form the corners, likc the zinc and calcium 
atoms of zinc blpnde and fluorRpar. The 
sulphur atoms, however, in iron pyrites arc 
not at the centres of thc cubdets, but each 
I is moved along one of the diagonals (a trigonal 
axis), chosen complelllentarily as shown in 
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the figure, to a posititln the exact location 
of which has heen determined with great 
accuracy; as no iron atom is present at the 
corner near which the sulphur atom is arranged, 
its next neighbour will be another sulphur 
atom, as shown about the central corner in 
Fig. 30. 
(iü.) Carbon and its Compollnd.s.-The struc- 
ture of diamond has already been given in 
(i.); that of the other form of carbon, graphite, 
has been determined by the powder method, 
bv Debye and Scherrer, by Hull, and by Sir 
"
illiam" Brag
, and found to be, as expected, 
that of a higonal space-lattice. Xow it is 
particularly interesting that the two struc- 
tures, of diamond and of graphite, correspond 
to two different arrangements of the four 
valency bonds of carbon. Those of diamond 
(cubic) are arranged tetrahedrally, each carbon 
atom being attached to four others situated 
at the corners of a tetrahedron (of which it 
forms the centre) resting on one of its faces, 
one bond being thus upright and the other 
three rajiating and 3lanting downwards like 
a tripod. In graphite there are tbree principal 
valencies in a plane, which is puckered accord- 
mg to Hull, and a fourth feebler one perpen- 
dicular to the plane. Fu-rther, Sir 'Yilliam 
Bragg has shown that the same puckered 
planes exist in both diamond and graphite. 
and that their repetition in the structure 
results in the formation of six-carbon-atom 
rings. )Ioreover, if we take t\\ 0 such layers 
of a diamond structure model and remo'
e 
one of them further away from the other 
"hile at the same time ginng it some rotation, 
we produce a model of graphite. The greater 
separation of the planes is also accompanied 
by some ti.!rhtening up of the atoms in the 
puckered plane, and the two occurrences 
together determine that graphite has great 
cohesion in the plane and very slight at right 
angles to the plane; hencE', it cleaves parallel 
to the plane so readily as to be actually soft 
enough to act as a lubricant. On the other 
hand, diamond is the hardest substance known. 
)lost interesting of all. however, is the fact 
brought to light by Sir 'Yilliam Bragg, that 
these hexagonal si
-atom rings persist as 
such in the aromatic carbon compounds. 
Benzene itself. C 6 H 6 , has not yet been investi- 
gated as the crystals melt at 6 0 C. But there 
is good ground for belienng that it consists 
entirely of such hexagonal carbon rings with 
attached hydrogen atoms. Xaphthalene, how- 
e'\"'"er. (1lOHS' which has two benzene rings in 
its constitution, two carbon atoms being 
common to the two rings, crystallises well, 
and anthracene, C...H 10 ' well enough for the 
powder method. this hydrocarbon having 
three benzene rings with four carbon atoms 
in common. On analysis bv the X-raY 
spectrometric method it" was f
und that tl;e 


monoclinic space-lattice cells of each imb::;tance 
contained two molecules of the hydrocarbon 
and their absolute dimensions were determined: 
The corners of the cells, and al
o the centres 
of their basal plane faces, are each occupied 
by the double benzene ring of naphthalene or 
the triplf' one of anthracene, each acting as 
an entity, the hydrogen atoms being accom- 
modated in the spaces left around these 
structures. Further, the double benzene 
rings "ere also found to remain intact in the 
derivatives of naphthalene, the particular 
ones studied being acenaphthene, the a- and 
ß-naphthols, and a-naphthylamine. The cell 
dimensions of these substances were deter- 
mined in absolute measure, and the cells 
found to contain four molecules of the sub- 
stance in all four cases. 
In these remarkable organic 
tructures it 
is clear that the' molecules persist in the 
crystalline state, and a clear case is afforded 
which should check the tendency to conclude, 
from the early X-ray results with very simple 
binary compounds, that atoms alone need be 
considered in the crystalline state, and that 
molecules no longer persist. Such a conclu- 
sion was in any case premature, and there are 
many reasons why it was difficult to believe. 
For "saturated-i
deed supersaturated-solu- 
tions, and not dilute, are concenled in 
crystallisation, so that ionic dissociation is 
excluded; and the molecules which deposit 
themselves in orderly fashion in forming the 
crystal are reproduced, or others indistingui::;h- 
able from them, "hen the crystal edifice is 
taken down again by solution or fusion. 
(iv.) Alkali Sulph.ate.s, - As an example 
coming under the writer's own personal 
observation, of the highly satisfactory manner 
in which these results confirm the work of 
crystallogra phers, the case of the rhom bie 
alkali sulphates may be quoted. The sulphur 
atoms were found to be located at the corners 
and face-centres of the unit rectangular 
prism, practically like Fig, 28_. except that 
the rectangular spacings (edges of the prism- 
cell) were not equal, the block or cell being 
not cubic but rectangular rhombic. The 
metallic atoms, of potassium, rubidium, or 
caesium, are arranged hexagonally, which is 
in remarkable accordance with the well- 
known closeness of potassium sulphate and 
its isomorphs to hexagonal symmetry, the 
angles in the prism zone bping only a few 
minutes removed from exact Iv 60 and 30 0 . 
The table on fonowing page sh
ws the '\\ riter's 
published valups for the molecular volumes and 
topic axial ratios (the relative dimensions of 
the space-lattice cells) for the four salt
 of 
the sprips, and also the absolute dimensions 
and volumes as determined bv means of 
X-ravs with the same crystal::;" (grown and 
meas
ured by the writer) by Prof. Ogg and 
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:\[1'. F, L. Hop" ood in 
jr \Villiam Braf.!!;'s 
lahoratory. TIlf' cOl'respondpnep is striking, 
indeed if the \\ riter's relative values be' 
multiplied by 10- 7 and considered as eenti- 
lUe'tres tht' absolute values as fixed by X-ray 
reflection are practically reproduced. )lore- 
oY'er, the almost perfect isostructure (equality 
of cell dimensions) of the rubidium and 
ammonium salts is full v confirmed. Incident- 
ally, this is a fact which clearly shows the 
fallacy of the Pope and Barlow valency 
volume theory, which would require that the 
volume of the ammonium salt should be twice 
as gre'at as that of rubidium sulphate, the 
rcspective valency volumes of thf' two salts 
being 24 and 12. 


a periodic one like that jw.;t referred to, with 
the ele('tro-positive alkali metal:-; at the 
summits of the periods and the halogens and 
other electro-negative clements at the de- 
pressions; it is shown in Fig. 31. The sphere 
of "hich this "atomic diameter" is the 
diameter is the limit of approach to that of 
any other atom, and in the simplest structures, 
the crystals of the elements themselves, it is 
the actual distance of separation of the 
centres of the atoms from one another. The 
law is proving very helpful in elucidating 
further more complicated crystal structures; 
for no two atoms can occupy, or be assigned, 
closer positions than the sum of their two 
radii. 


CO:MPARISO
 OF :\!OLECULAR YOLUMES AND SPACE-R-\TIOS WITH ABSOLUTE DIl\IE
SIO
S 
OF SPACE-LATTICE 


I Jlolccular Topic _-b.ial Ratios. Absolute Lengths of Sides of "Cnit V ohIme of 
! 
alt. Yolume. '" for K 2:-; Ü.. = 1. Hhomb. Unit Rhomb. 
I X : Iþ : w a b fJ 
cm. cm. em. c.c, 
K 2 SO.. 64.91 0.5727: 1.0000: 0.7418 5.731 x 10- 8 10.008 X 10- 8 7.424 X 10- 8 42.3.78 x 10- 24 
Hb 2 SO.. 73.34 u..394-4: 1.0387: 0.7774 5-949 x 10- 8 10.394 X 10- 8 7.780 X 10- 8 481. U x 10- 21 
(KH"hSO.. 74.04 0.5946: 1.0.352: 0.7723 5.951 x 10- 8 10-560 X 10- 8 7.729 X 10- 8 48.3.71 X 10- 24 
('S2 S0 .. 84.58 0,6213: 1.0877: 0.8191 6.218 x 10- 8 10.884 X 10- 8 8.198 X 10- 8 5.34.88 X 10- 2 -1 



 (18) THE LAW OF ATOl\lIC DJA:\IETERS.- 
Another remarkahle principle has more 
reeently been deduced by Prof, \V. T
. Bragg 
from a consideration of all the X-ray analyses 
obtained up to the beginning of the year 1920. 
It is that the atoms of each chemical element 
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 (19) X-RAY CRYSTAL ANALYSIS AND 
ATo:\IIC STRUCTURE,-FinaIly, X-ray analysis 
in the hands of the Braggs is now affording 
some indication also of the st.ructure of the 
atoms composing the crystal structure. It 
appears quite likely that the sphere just 
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FIG. 31.-The f'urve of Atomic Diameters. 


possess the same diameter (regarding the 
atom as a Rphere) in all the compounds 
of t hat element studied, and these fixed and 
definite diameters are rplated, not as the 
valencies of the elements (as they are supposed 
to hp in the Pupe and Barlow t}wory), hut 
in a manner reminiscent of the relations of 
tll{'ir atomic volumes, as shown in the \\ pll- 
known curve of Lothar
Ieyer. The curve iH 


referred to as representing the limiting surface 
of the atomic domain is the outer shell of 
electrons. l\[ore careful stud V of the intensities 
of the reflections of the ;arious orders of 
X-ray spectra from the diamond (from the 
tetrahedron planes of atoms), and from fluor- 
spar, are affording indications of something 
- probably connecting eleetrons - dispersed 
tetrahedrally in the euse of the diamund, and 
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òne-third to one-quartt'r of the" c:\y betwet'n 
the calcium and ßuc."\rine planes in the ca8e 
of tluorsp
u. AI50 b
- using X-ray
 rendere<Ì 
müre strictly monochromatic by prefuninary 
n>Hection from rock-s.:1lt, much more accurate 
dett'nninations of intensity have been obtained, 

ch indet'd as can be expressed by a definitt' 
mathematical formula. Amon!! the various 
factors which make up this foñnula there h 
one which relates to the positions of the 
electrons of the outt'r shell, and this again 
a.s.:J.sts in obtaining indications of the positioll.5 
of thec::e electrons. Hence, it is probable 
that further researches will afford us not only 
accurate X-ray analysis of crystal structure. 
but. also of atomic structure. 
The results so far are more in unison with 
the Le"is-Langmuir version of the theory of 
atomic structure than with the Bohr-Sommt'r. 
feld ,ariety. Tht're i.;; dj,tinct evidence of the 
gb'lring of electrons by the electro-nt'Q'clti,e 
element;::. and in cases of the combination of 
an electro-positi,e elemt'nt with an electro- 
ne;ative one, such as that of pota.s.sium and 
chlorine to form crysta18 of sylrine, KCL 
that the one (here the pota"...ium atom) loses 
an electron, while the other (here tht' chlorine 
atvm) blokes it up. In each of these two Ca.seð 
the more stable outt'r shell of the al1!on type 
with 1'3 electrons appears to be formed with 
each element, the number of electrons of 
thPSe two elements. potassium and chlorine, 
being 19 and 1-; respecti,ely, correspondin
 to 
their atomic numbers in accordance with the 
immenst'!y important law of )Iosele,. The unit 
exce.55 of positi,e charge left on the nucleus of 
the pota
ium atom, and the negative exce...... 
unit chargo of the added electron on the chlor- 
ine atom. act a.i the attractive connectin!! 
force bindin!! the two at-om, t{)!:'ether. 
 

 (:!O) ('RY
TALLOGR.!.PHIC SlG
lFICA5CE OF 
)IosELEY.S LAw-.-The law of )IoSf'ley just 
referred to ha3 also a profound cry,tallographic 
s;::nifìcance. ThIs law, which it will be re- 
membered emer
ed from )Ioseley's last two 
memoirs on .. Hioh Frequency Spectr-a ., (he 
was killed at Suda Bay. Dc:\rdanelles. 1915), 
i;; the e
"'ence of atomic 8tructure, as now 

pner-ally agreed, and is not dependent on the 

pecial features of either the Bohr or the Lang-- 
muir "e
ions. It stipulate<- that the positi,e 
charge on the nudeus i.;;: X unit
, where X is 
the atomic number, the sequence number of 
the element in the periodic ta.ble. and that 
there are X electrons. each of unit ne.... 'itive 
charge, surrounding it, to counterbalance the 
nudeus and form the atom. Accordin!! to 
Lan
uir these electrons are arran
ed in 

ucce-
ive shells c0ntainin!! :!. h. b. 1", lb. 
and 3:! electrons as we proceed alon!! the 
poriodic table, while according to Bohr the 

hells comprise sU('CP 
ively :? 
. l
, 3:? lb. 
and ö electrons "-hich of the two ,ersions 


i:- {>OITect i.;; for the moment immaterial a... 
regards the point no
 de
red to be emphasL
. 
This i:- that the progre
ion in complexity of 
the atoms provided by )[o
ley's law explains 
mo
t fully and satisfactorily the pI'(\.Jre
ion 
in the crystallographic element" angle..., space- 
lattice {>ell-dimemions, and in the optical 
and other physical properties, which has bet'n 
obserred by the writer to occur in the two 
large and important rhombic and monoclinic 
.serieð of isomorphous salts (sulphates and 
selenates. and double suIphate
 and selenates 
with 6H;!O) containing the alkali meta15, 
potassium. rubidium, and æesium, when 
potassium is replaced by rubidium and the 
latter in turn by caesium. For it has been 
shown 'that these strongly electro-positi"e 
elements form the summits of the Bragg CUITe 
of atomic diamete
, as clearly shown in Fig. 
31, and their atoms increase in complexity by 
a complete shell of electrons at each step (from 
potassium to rubidium. and from rubidium to 
caec:ium), and their atomic numbers are 19, 
3,. and 55, differin
 by equal steps of lb. 
Hence. this regular addition in mass and 
complexity of the atom at each step is bound 
to produce a corresponding crystall<',t-r-aphic 
pI'(\.brre
:on. such as has been so fully revealed 
by the writer's work of many years, and which 
has now been 50 strikingly confirmed by the 
direct absolute measurement of the space- 
lattice cells by means of X-rays. 

 (:?1) OPTICAL PBOPERTIEC: OF CRYSTALS.- 
The physical properties of crystals-their 
Optics. their ThermaJ. Elastic, Electrical, and 
)Iagnetic Properties-are of equal importance 
and intere'-t to the :)hrphological characters 
which have been considered in the preceding 
pa5'e.s. For all of them are profoundly affected 
b, the sTIllDletrr, inac:much as this S\ID.metrr 
is w not o;Uv that of the exterior fo
 but 
f 
the intern
l structure. Indeed, it has already 
been made clear that the former is but the 
natural exp
.;;ion of the latter. 
The optical propertie.s 1 are of prime import- 
ance ai\ beina easiI, o
erred and often 
characteristic 
 the particular substance. and 
ab.o becam..e they frequently afford the means 
of readily decidinsr as to the type of symmetry, 
when the !!oniometrical examination leave.s a 
doubt bet;-een certain alternatives or when 
crysta)s of adequately perfect exterior form 
are unprocurable. Three main operations are 
in !!eneral in,ol,ed in the optical in,estigation, 
and thev are all connected with the central 
fact tha't the optical properties of a crystal 
may be represented by an ellipsoid of general 
form. that is, one of which the three rectangular 
principal axes are unequal in length. Two 
,arieties of the ellipsoid have bet'n u
d, the 
vibration-,elocity ellipsoid of Fre-illel, and itd 
1 ..

.. Li
ht. Double Reiraction of"; al50 "Polar- 
i5ed Light:' sJ (5)-(16), etc. 
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polar reciprocal, the indicatrix of Fletcher. 
The latter i
 the simplest and m()
t usdul for 
all practical purpo
es, a8 its axes are d.ire
tly 
represented by (proportional to) the pnnClpal 
optical constant, the refractive indeÅ, corre- 
sponding to light ,ribrating along each of 
those thr('e important directions. Hence, the 
main task in practical crystal-optics is to 
determine the refracth-e index of the crystal 
in the three rectangular directions correç;pond- 
illO' to the axes of the optical indicatrix. The 
determination of refracth
e indeÅ is an opera- 
tion familiar in the physical laboratory, and 
it is only necessary here to mention that it 
involves the measurement of the angle of the 
prism (on the goniometer, like a crystal 
angle), and that of minimum deviation for 
liuht of a number of wave -lengths distri- 
o , 
buted through the spectrum, the same gonIO- 
meter - spectrometer being 
used for both operations. 
\\Y e have first, however, 
to know these three axÜtl 
directions of the indicatrix, 
and if they are not already 
fixed by the development 
of high symmetry on the 
crystal, to determine them, 
th'e determination of t\\ 0 
sufficing to fix all three. 
This is achieved by ex- 
aminat.ion of the pheno- 
mena afforded by plates of 
the crystal in parallel and 
convergent polarised light. 

m\- the greater the sym- 
metry present the simpler 
this task becomes. If the 
crystal possess the perfect cubic symmetry 
the optical properties are the same in all 
directions within the crystal, and the ellipsoid 
becomes a sphere; a Hoe prism cut out of the 
crystal in any direction will, therefore, give us 
the refractive index, just as if it were glass. 
There is consequently for a cubic crystal but 
une refractive index for light of anyone 
wave-length. If the symmetry be that of 
the tetragonal, hexagonal, or trigonal system 
the ellipsoid becomes one of rotation about 
the tetragonal, hexagonal, or trigonal axis 
of symmetry. The refractive index for light 
vibrating along that axis will thus be different 
from that vibrating in any other direction, 
the maximum difh'rence heing for all rays 
vibrating in the circular section of the ellipsoiù 
perpendicular to the axis. These two extreme 
rpfractive indices are respectively labelleù E 
(vibrations parallel axis) and w (vibrations 
perpendicular axis anll in circular 8ection). 
If w be the greater, as for calcite CaCû s , the 
crystal is conventionally negative, but if E 
have the high('r value, as for quartz, Si0 2 , 
the crystal is said to be positive. Light 


tra'TeHing along the aÅis remains a single beam, 
as it
 vibrations are all in the circular sedion. 
But light trayelling in any other direction is 
dou bly rdracted. a Lifurcation into two rays 
occurring, one of which always affords the 
index wand is an ordinary ray, while the 
other is an extraordinary ray whieh only 
affords E when its vibrations occur parallel 
to the axis. Hence, tetragonal, heÅagonal, 
or trigonal crystals are optically" uniaxial." 
In actual}>ractice a GO e pdsm is cut so that 
the refracting edge is parallel to the tetragonal, 
hexagonal, or .trigonal axis; this prism affords 
immediately E and w; for the ray traycrsing 
it at minimum deviation passes along a 
Jiameter of the circular section, anù divides 
into two rays vibrating perpendicularly to 
its path and polarised at right angles to each 
other, one of which vibrates parallel to the 
refracting edge and axis and 
afforùs Eo while the other 
yibrates in the circular 
section and affords w, 
The two images of the 
signal-slit corresponding to 
these two rays can readily 
be distinguished by means 
of a Nicol prism placed in 
front of the telescope eye- 
piece uf the goniometer- 
s 1 lectro meter. 
There is usuaJly no 
difficulty in recognising a 
uniaxial crystal, and find- 
ing the position of its axis. 
FIG. 32.-UniaxiaI Interference Figure in .For à plate cut perpendicu- 
Convergent Polarisell Light. larly to the latter exhibits 
in convergent polarised 
light the well-known interference figure con- 
sisting of circular iris-coloured rings and a 
co-central black cross, the former being curves 
of equal retardation of one of the two rays 
behind the other, and the cross marking the 
directions of vibration of the crusscd Nicols. 
The goniometry will have indicated the 
direction which is probably that of the tetra- 
gonal, hexagonal, or trigonal axis, and a plate 
cut or ground from the crystal pC'rpendicularly 
to this direction can readily be tested for the 
production of this unmistakable uniaxial inter- 
ference figure, a photographic reproduction of 
which is given in Fig. 32. 
The more general case of an optical ellipsoid 
with three unequal rectangular principal axes 
corresponds to rhombic, monoclinic, or tri. 
clinic symmetry. The directions of the three 
axes are identical with those of the rhom hic 
axes, but only one crystallographic axis, the 
symmetry axis b, is coincidf'nt with an axis 
of the ellipsoid of a monoelinic crystal, and 
in the case of a triclinic crystal there are no 
coincidences of morphological and optical 
axial directions, In order to determine the 
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threE' refractive indices a, ß, 1', corresponding to 
vibration
 parallel to the three rcspectÏ\re axc
 
of the ellipsoid, we can proceed at once in the 
case of a rhombic crystal to cut or grind and 
polish three 60 0 prisms, so that the refracting 
edge of each is parallel to one of the crystallo- 
graphic axial directions (a different one in each 
case), and so that the bisecting plane of the 
prism is parallel to a principal plane of the ellip- 
soid; this plane will then also contain a second 
axis of the ellipsoid. Hence, such a prism affords 
two images of the signal-slit of the spectrometer, 
corresponding to two of the refractive indices, 
say a and ,3, or ß and 1', or a and 1'- Two of 
the prisms suffice to afford us all three indices, 
and one in duplicate; but the three prisms 
give each index twice over, affording an excel- 
lent test of accuracy. Each index is, of course, 
determined for light of a convenient series of 
wave-lengths distributed over the spectrum. 


FIG. 33.-Biaxial Interference Figure in 
Convergent Polarised I..ight. 


In the case of a monoclinic crystal we have 
first to determine the situation of the two 
rectangular axes of the ellipsoid which lie in 
the symmetry plane. \\Te do this by cutting 
or grindin,g a plate parallel to the symmetry 
plane, leaving the faces along its edge un- 
damaged so as to serve as reference faces. 
This is then placed in the polariscope arranged 
for parallel light, and the directions deter- 
mined (with respect to one of the reference 
faces) for which the dark field of the crossed 
Nicols is reproduced. These two perpendicular 
directions are those of the required axes of 
the ellipsoid. 'Ye then know all three aÀes of 
the indicatrix and can proceed to prepare the 
three prisms as in the case of a rhombic crystal. 
The case of a triclinic crystal is more 
difficult, but the sequence of operations is 
the same; the section-plates required to fix 
the directions of the axes of the ellipsoid by 
extinction determinations need, however, to 
be more numerous. 
\re then proceed to study the interference 
phenomena in convergent poÌarised light. For 


a general triaÀial ellipsoid must have t\\O 
radii lyin
 in its principal section-plane (that. 
containing the a and l' axes) which are equal 
to the intermediate axis ß perpendicular to 
that .plane, and so has two circular sections 
perpendicular to which there \\ill apparently 
be equal (no double) refraction and the 
property of an optic axis exhibited. Hcnce 
rhombic, monoclinic, and triclinic crystals are 
" biaxial," and if a plate be cut perpendicular 
to that axis of the ellipsoid which is the 
bisectrix of this acutE' optic axial angle, \\ e 
shall see (in the dark field in convergent 
polarised light) the well-known biaxial figure 
of iris-coloured lemniscates (rings, loops, and 
ellipse-like curves) and dark extinction brushes, 
as shnwll in Fig. 33. The two optic axes are 
at the central points of the two systems of 
rings, and are further indicated by the fine 
vertices of the hyperbolic brushes. which pivot 


FIG. 34.-Bia
ial Interference Figure with 
Xicols rotated simultaneously 45 0 . 


about the optic axes when the plate is rotated 
in its own plane, or when the two Xicols are 
simultaneously rotated instead, as shown in 
Fig. 34 for 45 0 of rotation. The angle bet\\ een 
the optic axes as thus seen in air is not the 
true angle within the crystal, but this latter 
can be determined by preparing a second 
section-plate perpendicular to the obtuse 
bisectrix, and measuring the apparent optic 
axial angle of both plates in one and the same 
highly refractive liquid, "hen the following 
simple formula enables us to calculate the 
true anglE' 2Y a , \\ ithin the crYRtal, from the 
apparent acute and obtuse angles 2Ha and 
2Ho in the liquid: tan Y a = sin Ha/sin Ho. 
These measurements must also be made for 
monochromatic light of the samp series of 
wave-lengths as the rf'fractive indices; for in 
gf'neral the angle is di!:;persed like a spE'ctrum, 
and is different for each wë'we-length, giving 
risE' to thE' chromatic effects seE'n in white light. 
In(h'E'd, this dispE'rsion is sometimes so grE'at 
that for red light the optic axes are separated 
in another (perpendicular) plane to that 
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whieh contains UWUl for blue light, and n'r:v 
hea.utiful interferenl'e tigure
 arr affordpd in 
such casps of ., ('ro8sed-a
ial-plane dispprsinn." 
The writer's spectroscopic monochromatic 
illuminator, described to tho 
Royal Society in thp year 189-1, 
which supplies monochromatic 
light of a purity equal to the 
three - hundredth part of the 
spectrum, enables the phenomena 
to be very accurately followed, 
and the exact wave-length for the 
cros
ing. when the unia
iaJ figure 
is temporarily produced, to be 
determinf'rl 


.J 



 

 


, " 


and thp truly orientatpd platps and prisms 
can hf' pl'Pparf'd "ith the aid of the cutting 
and grinding gonioHlPtcr which the writpr ali'o 
describpd to the Royal Society at the SalUP 
time as the illuminator, and which has proveù 
so invaluable that no excuse is needed for 
illustrating it in Fig. 35. It posses::;es a]] thp 
attributes of a goniometer, having in addition 
its adjusting arcs divided, combined with a 
cutting apparatus (revolving soft iron di
c 
I with diamond-fed edgf') and a grinding and 
polishing lap (one of ten interchangeable ones 
of various suitable materials). Eithpr cutter 
or grinder are removable, to leave the fidd 
c
ear for the other, and a pressure-eontroJJing 
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FIG. 3:>.-The Cutting and Grinding Goniometer. 


It will now be clpar that the optic axial 
phenomena afforded by a crystaJIised substance 
are al ways specific and very oftcn characteristic 
of the crYHtals of the substance. It will be 
obvious, however, that a rpady modr of 
producin
 pure monochromatic light of any 
wave-length is essential, and also a means of 
preparing paraHP} faced and truly plane 
section-plates and GOo prisms of any required 
orientation as regards the crystal faces and 
structure. The formf'r is very conveniently 
affordpcl by the apparatus ju::;t referred to, 


apparatus is also provided which pffectually 
prevpnts fracture of the crystaL ThpI'p arc 
also labour. saving devices for prpparing a 
second surface parallel to a first, or at GOo (or 
any other definite angle) to the first. 'Yith 
this instrument the many hundreds of section. 
plates and GOo prisms used in the writpr's 
researehps have been prppared, and the 
accuracy of the rpsults is largely due to it, 

 (22) OTHER PHYSICAL PROPERTIES OF 
CRYSTALS.--J list as the symmetry of a crystal 
imposes its determinative and controlling dIect 
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on the optical properties of the crystal, so does 
it also in like manner determine the orienta- 
thye character of the thermal, electric, magnetic, 
anù elastic properties. The limits of this 
article ha,e been reached and these propertif's 
"ill be found more or less dealt with under 
other articles of this Dictionary. But from 
the practical point of \iew it should be stated 
here that as crystals are usually such small 
objects the most refined methods of measure- 
ment are requirefl, the ordinary large - scale 
methods of the physical laboratory being 
quite inapplicable. The wave-length interlero- 
meter is therefore the indispensable instrument 
of measurement. Indeed, it was in order to 
measure the thermal expansion of crystals 
that Fizeau de,ised this interlerometric 
method, using cur,ed interference fringes in 
sodium light as the unit of the scale. The 
difference of expansion of the screw-legs of a 
platinum tripod carrying a plano-con,ex lens, 
and of the crystal resting below the lens on 
the table (through which the three screws 
forming the tripod pass) of the tripod, was the 
actual object of the measurement. The method 
has been brought to greater perfection in the 
\\ riter's interlerence dilatometer, in "hich half- 
wave-length rectilinear interlerence bands in 
the more purely monochromatic red hydrogen, 
red cadmium, or yellow neon light (the two 
latt.er being absolutely monochromatic, afford- 
ing none of the secondary interference in 
ppriods, so disconcerting "ith sodium light) 
are used as the coarse units; and as these are 
suitable for use with a micrometer, the 
hundredth part of such a unit is readily 
measurable. Thus the one-eight-millionth of 
an inch. or the one - three - thousandth of a 
millimetre, is the fine unit. A platinum- 
iridium tripod carries a glass plate (not a lens) 
to furni::;h one of the surlaces (that resting on 
the tops of the three tripod-forming screws) 
reflecting the interfering light, the crystal 
upper surface itself, or the surface of an 
aluminium or black glass disc carried hy it 
furnishing the other. (Aluminium is especiallv 
suitable, as by its large expansion a stout disc 
nearly compensates for the expansion of the but 
slightly expanding platinum-iridium screws.) 
An adaptation of the same principle, and 
part of the same optical apparatus, to the 
determination of the elastic bending of a plate 
or bar of the crystal is also used in the writer's 
elaslllometer, ,,:'hich confers the same accuracy 
on the determination of the modulus of 
elasticity of crystals. As in order to complete 
the elastic constants of a crystal torsion 
determinations are also required, a torsion- 
meter has also now been constructed and 
installed in the author's laboratory, for the 
application of thi:-; same refined interlerometric 
method to the much more difficult task of 
determining the modulus of torsion of crJ'stals. 



loreover, this new instrument is an interfero- 
meter of general application; for it possesses 
all the essential features of the interference 
comparator for standards of length, con- 
structed under the writer's supen-ision for 
the Standards Department of the Board of 
Trade, and will enable the determination to 
be carried out of any ,ery minute movement 
or short distance in general, such, for instance, 
as the ,ery small piezo-electIical moyements of 
crystals "Whieh are so much in need of further 
::;tudy. A ,ery large field of "Wonderfully 
steady black interference bands on the 
coloured ground of the monochromatic light 
em ployed is afforded, and one of the reflecting 
surfaces producing the interference is actually 
carried by the obser,ing tra,elling microscope, 
the lateral movement of "Which o,er a V -and 
plane bed is effected by an extremely fine 
screw, and so steadily that the interlerence 
bands tra,erse the field parallel to the pair 
of vertical spider-lines without the slightest 
flicker, and can be held at any position for 
any length of time at the will of the obsen er. 
Full details of all these instruments for 
crystallographic research (and for much more 
general physical purposes at the same time) 
will be found in the "riter's Crystallography 
and Practical Crystal JI eaSZlTement Placmillan 
& Co.), yo1. i. of the 2nd (1922) edition of which 
deals with crystal morphology, and ,01. ii. 
with the physical properties of crystals. 
In conclusion it may be emphasised that 
in all these refined measurements it has been 
fully confirmed that the internal structural 
symmetry of crystals, which is so beautifully 
exhibited in their exterior form, rulC's also abso- 
lutely o,er e,en the minutest details of their 
physical properties. For this reason the study 
of crystals should appeal more and more in 
the future to physicists, and a knowledgp of 
Crystallography has no" become one of the 
most valuable aids to original in,estigation in 
Physics. A. E. H. T. 
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INTRODUCTIO
. -The ideal grating conÚsts 
of a large number of grooves or "lines" on 
an optical surface. The grooves should all 
be exactly alike; and if the smface is plane, 
they must al::;o be exactly straight, parallel, 
and equidistant. If the surlacc is spherical 
the grooves, as projected on the tangent plane 
to the sphere at the centre of the grating, 
should be straight, parallel, and equidistant. 
I t is needless to say that the ideal grating 
has never heen realised, and never will he. 
The best existing gratings do, however, 
approach it very nearly-the degree of 
approximation being about the same as that 
of a good telescope or microscope objectiye to 
the ideal objective. 
It is the purpose of the present article to 
give an account of the manufacture of gratings, 
which will includc- 
I. A brief description of the ruling machine 
(Rowland's) with a deRcription of the proce'3s 
of making those parts of the machine \\ hich 
are of essential importance, and numerical 
estimates of t.he accuracy required in each, 
II. An account of the method of testing the 
performance of the machine after it has been 
assembled, and a brief account of the method 
of testing a grating. 


I. THE RULING 1\fACIIINE 

 (1) GENERAL DESCRIPTION OF ROWLA
D'S 
RULING l\I-\CHINE. 1 -The main frame (35) (Fig. 
I) supports two sets of waYFI, at right angles 
to each other. The plate carriage (ll) movcs 
on one of these, the ruling or diamond carriage 
(5) on the other. The feed screw (12) rt'Rts in 
hearings supported by the main frame and is 
prevented from movin
 longitudinally by the 
thrust srrew (14). As the feed scrf'W is rotated 
by turning the spac.inr; wheel (23) the nut (15) 
moves toward the latt<.>l', and by means of the 
thrust collar (20) its mot.ion is communicated 
to the plate carriage. The ruling carriage 
ways consiRt of two pairs symmetrically 
placed, one pair on each siùe of the plate 
carriage, as may be sef'n from Fig. 1. The 
ruling carriage is moved backwards and 
forwards by lUt:'ans of a crank on the main 
drive shaft (48A). the connprting rod (49), and 
the cross head (52). The main drivf' shaft is 
rotated uniformly hy means of a helt passing 
O\Tcr the wheel (4R), the source of power being 


1 TIH' 111111l})f'rS in pan'nth('si
 frft'r to thr parts as 
shown in Fir!!? 1 allll 2. (Thf'
t' figur(':'! arr rf'pro- 
du('t'cl hy pt'rmi
sion of the Johns Hopkins Prcss, 
:Baltimore, U.::;.A,) 
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a water motor running under constant head. 
One revolution of the drive shaft may be 
spoken of as a cyclE', for during this pE'riod 
one groove or ,. line" is ruled on the plate. 
'Ve "ill take as the beginning of a cycle the 
moment when the ruling carriage is at the 
end of its stroke nearest the main drive shaft. 
At this moment the cam (55) is lifting the 
levcr (.34) which, acting through the rod5 
(3.3 and 34) and the lever (56) and rod (57). 
lifts the ruling diamond (2) off the plate; 
the cam (47) has also lifted the pmcl leær 
(26) to its highest !)osition. During the first 
half cy('le, while the ruling carriage moves 
forward the full length of its stroke, the 
diamond is held above the plate, being lowered 
just when the carriage stops at the end of 
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its stroke. At the beginning of the forward 
stroke the lever (40) is lowered a little, causing 
the pawl to engage with the ratchet on the 
spacing wheel, and immediately the two 
levers (26 and 40) are lowered together a 
fixed amount, which rotates the spacing wheel 
and the feed screw a small fraction of a 
revolution, thus causing the plate carriage to 
move forward a distance equal to the grating 
space. As soon as the spacing has been 
accomplished the lever (40) is raised a trifle, 
disenga
ing the pa" I from the spacing wheel. 
During the return stroke, or second half 
cyclE', the ruling diamond is in contact with 
the plate. and the groO\
e or "line" 1 is 
ruled. 
In ruling a .3 - inch grating with 1.3,000 
.groO\-es per inch this cycle is repeated i .3,000 
times, usuaIJy at the rate of about 20 per 
minute, so the time required is some 63 hours. 
If the grating is to be of good quality, it is 
obviously necessary that during this time 
the temperature must remain very nearly 
constant; the amount the platE' carriage is 
1. In. what follows \\c shall u
e the word grooyc. 

'lll('h IS more nearly correct than the usu
d appella- 
tlOll, .. Jine:' 


advanced during each cycle must be so nearly 
constant that the actu
l position of the la;t 
groove will agree" ith its ideal position within 
a very small fraction of the distance between 
t"o adjacent grooves; the ruling carriage 
and the diamond lwlder (2) must perform their 
function so well that all the groovps shall be 
straight and not displaced in any way by 
accidental move"ments of any of these parts; 
and last, but not least, the ruling point 
must not change its shape during the whole 
process. 
'Yhen we bear in mind that the whole 
ma('hine is made of parts which are not 
rigid, but elastic, and that in actual operation 


FIG. 1. 


many of the essential parts are deformed, by 
forces due to friction, to an extent u'llich may 
amount to se
.eral grating spaces, we ha,ye 
reason to he surprised, not that occasionally 
a gratinf! is faulty, but that any grating is 
e,ypr !rood. After doing the 'Tery best we can 
in the mattpr of construction and adjustments 
there is no assurance that this will be sufficient; 
there is no "factor of safety." Let us try to 
make this important point a little clearer. 
As "e shall endeavour to show pre
ently, it 
is quite possible to make and adjust all the 
E'ssential parts of the machine so accurately 
that if they were absolutely rigid the grating 
rule(l would be so nearly perfect that the 
most sen
itive optical tests" ouM fail to reveal 
any error. Since, however, these parts are 
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l'1astiC', and cunsequentl.v deformed hy fric- I 
tional forces, accurac
r in the results demands 
that the
'C' forces and deformations remain 
con,r;;tant within ratlter narrow limit.s throughout 
the entire process ûf ruling. This is the real 
difficulty in the manufacture of optical 
(!rating
, in comparison "ith "hich all others 

llay be regarded as trivial. 
l..et us now enumerate the parts which we 
have spoken of as eS::lential, beginning "ith 
those which, in gcneral, present the greatest 
practical difficulties: 
i. The ruJing carriage ",ith its driving 
connections. 
ii. The connecting mechanism between the 
nut and plate carriage. 
iii. The bearings and pivots of the feed 
screw. 
i,'. The thrust hearing for the feed screw. 
v. The feed screw and its nut. 
vi. The spacing wheel. 
vii. The straight-edge guide for the wings of 
the nut. 
Perhaps the reader will be surprised to find 
the feed screw placed fifth in this enumeration. 
There apppars to be a general impression that 
the manufacture of a perfect screw is difficult, 
and that if it could be accomplished, the 
construction of very accurate measuring or 
ruling machines would be a simple matter. 
Nothing could be further from the truth. In 
fact, Professor Rowland himself clearly states 
that scre\\ s made by the process outlined by 
him,1 on being tested failed to show any 
error as large as 1/100,000 inch, but that 
errors due to the mounting ,vould certainly 
be cncountered. The '" riteI' has made several 
screws by a process essentially the same as 
that descrihed by Rowland, and has tested 
them by modern methods fuUy 10 tinws as 
sensitive as those employed by him, without 
e'oer diRcovering the 
lightest indication of 
any error. Errors due to the mounting are, 
ho\\ever, less easy to a-void, and hence these 
ha ve been placed 2nd, 3rd, and 4th in the 
enumeration. 
The spaeing wheel and straight-edge guide 
arc placed last, because th(' error in the grating 
space produced by errors in these parts is 
only from 1/500 to 1/1000 of the error in the 
parts thpmscl,"es, and hpnce nothing beyond 
ordinary mechanical accuracy is required. 
ThC' ruling caniagp is prol'erly placed first, 
and would, im}Ppd, have hC'('n in a elasH ('ntircly 
hy itself excC'pt for a device found on ProfcsRor 
Howland's machines which will be described 
more fully bdow. It is rf'markahlc that 
Rowland nf'\'f'r Jl)pntionpd t he ruling carriagp 
in any of his writings; for its cOl1strm'tion 
iH such that C'YPl1 he must have had to give 
it f'on
id('rahJc thourrht. 
Professor Ho\\ land did not dcC'1U it npf'PSHary 
1 Encyc/fJ]Jædia Britannil'a, article" Hcrew." 


to a ,-oid entirely tlH' periodic errors intro- 
duced by faulty mounting, but took care of 
these by an elaborate correcting mechanism 
working through the straight - C'dge guide. 
The writer had so much trouble with this 
correcting mechanism that he decidpd to do 
away with it altogether, preferring to eliminate 
the errors due to the mounting by careful 
attention to the items 2, 3, and 4 in the 
enumeration above. The advantage of this 
method is that when the machine is oncf' in 
good adjustment it is likely to remain so at 
least for SOIlle years. 
'Ye will now discuss briefly the construction 
of the essential parts, æmembering that 
periodic errors of spacing which in a half 
cycle add up to a quantity as large as 
1/1,500,000 inch must be avoided, and that 
errors not periodic in nature must be kept 
correspondingly small. 

 (2) CONSTRCCTION OF THE FEED SCREW.- 
A grade of well-annealed tool steel employed 
by manufacturers of taps and dies is us('d for 
the screw, and, if possible, also for the nut, 
The cutting is best done on a lathe having 
two tool rests 2 so that two tools, one on each 
side and 180 0 apart, may be used in cutting 
the threads. This automatieaHy removes the 
greater part of the error in the head of the 
lathe. Let us Su})pose that the finished 
thread which is to be of the V-tYJ)e is to have 
an anglc of 52 0 . Three pairs of tools (" goose- 
neck" or spring type) should be }>repared, 
the angles being 45 0 , 52 0 , and GOo. Cut to 
full depth of the finished thread with the 45 0 
tools: thC'n, usc the GOo tools, cutting until 
the tops of the threads are sharp; finish with 
the 32 0 tools. 3 This bC'ing done, the ph.ots 
are tun1ed to size, the taper to receive the 
spacing wheel is cut, and thc screw is ready 
for grinding. It is a waste of time to take 
any elaborate precautions against introducing 
errors due to the lead-screw or gears of the 
lathe. A lathe is not, and never can Le, a 
high precision machine. 
Three nuts should be prepared, using for the 
purpose stcel tubing whosc finished internal 
dianwter is about i-inch largC'r than the out- 
side diameter of the screw. One of the nuts 
should have a length equal to 
 the kngth of 
the screw; anot}wr should be Vf'ry short, say 
an inch, or two at most, Thc third nut 
should be just. twicp as long as the nut which 
is finally to he useù on the Rcrpw; in fact, 
the latkr is to bC' one of the hahoC's into whieh 
the third nut is finally cut.. TIl(' longer nut 
will be spoken of as the grinding nut, the very 
short one simply as the 8hort -nut, while the 
third one is wmally (]esignatf'd thp testiug nut. 
Each is split in two hy a longitudinal cut 
Z Thi" df'vj('f' i!'! dill' to :\rr. L. E. Jewell, formerly 
of fhp Johns Hopkin!'! Pniw'rsity. 
3 Thi.., is thf' nwthod f'mployed hy 1\[r. C, Jacomini 
of the .:\Iount Wilson Ob:.;ervatory, 
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through its axis. 1 A brass cylinder previously 
machined to fit snugly inside the nut casings, 
ha,ring walls 1- inch or a little more in thick- 
neS5, is now cut into rings each about ! inch 
in length. Each of these is, in turn, cut into 
two parts by longitudinal cut:,:, and the halves 
are fastened securely in the casings of the 
grinding nut and the short nut, by screws; 
care being taken to leave about fi-inch 
clearance between them. The testing nut 
is treated similarly, except that Babbitt's 
metal 2 is used instead of brass. This is best 
done by casting in place, no screws being 
required, since the molten metal \viU flow 
readily into the countersunk holes provided 
for the purpose. 
The grinding nut is now bored to size and 
threaded, the two hah-es being clamped 
together with a spacer about -11'> inch thick 
between them, The short nut is treated in a 
similar manner, but it is better to postpone 
tho threading of the testing nut until the 
process of grinding is nearly completed. 
For grinding, the screw is supported between 
the centres of a lathe, and rotated at a speed 
of from 60 to 120 turns per minute. The 
grinding nut is balanced by a counterweight, 
and pre,-ented from rotating by a simple 
lever held in the hand of the operator, who 
is thus enabled to regulate the friction by 
feeling, and who will also be warned immedi- 
ately if any accident should occur. The nut 
is clamped on the screw by two or four rings 
held in place by pointed screws in contact 
with the two halves of the nut. To prevent 
slight rotations of the halves relative to one 
another, strips of corrugated spring steel or 
brass may be inserted in the slots between the 
nut casings. Emery or carborundum (washed 
5 minutes) and oil is used as the grinding 
material. The process is carried out in air, 
and no extreme precautions against tempera- 
ture changes in the room are necessary. 
One must., howe,Ter, be careful not to heat 
the screw by too much friction or too great a 
speed. The nut is rotated 180 0 about the 
axis of the screw frequently; and once, or 
at most twice, a day it should be tunled 
end for end; occasionally, only one of its 
halves should be turned end for end. 
It is a good plan to wash both screw and 
nut at the end of a day's work for purposes 
of inspection. After two or three days' 
grinding a glance at the screw from a distance 
of a few feet will reveal all the errors intro- 
duced by the lathe. The appearance is so 
striking that it need not be described. Grind- 
ing should be continued for a short time after 


1 The writer had to discard the four-part grinding 
nut recommended by Rowland. It iR impossible to 
adjust it propcrly during thf' proc('ss of grinding. 
l Thf' use of Babbitt's metal instead of wood in 
various parts of the machine is due to .:\Ir. L. E. 
,J ewell. 
YOLo IV 


all these irregularities have disappeared, 
which will usually require from four to twelve 
weeks. The diameter of the screw should be 
frequently measured at se'\'"eral points, by a 
micrometer caliper, to be sure that it is en'ry- 
where the same, and also to see how fast it 
decreases under the grinding. It is usually 
found that the process reduces the external 
diameter by from 0.010 to 0.020 inch. The 
operator will soon be able to detect variations 
in the diameter of the order of 1/20,000 inch 
with certainty. 'Yhen the first stage of the 
grinding has been completed, the short nut 
is fitted by grinding, which may require a day 
or so, care being taken to run it evenly through- 
out the full length of thp screw. The parts 
are then thoroughly cleaned, and the short 
nut replaced, using only oil with no grinding 
material. A le,-er attached to the short nut 
is held by means of a spring balance, and the 
reading of the balance is noted as the nut 
is run from one end of the screw to the other. 
In this way a ,?ery accurate test for constancy 
of the diameter is obtained. If this is not 
constant it must, of course, be corrected by 
further use of the grinding nut. 
This is followed by a few days' grinding 
with 30-minute-washed emery or carborundum, 
after which the short nut is again used to test 
the diameter, 
The testing nut is now threaded and fitted 
to the screw, using the 30-minute-washed 
emery. If this requires more than two days 
the diameter should again be tested. 
The screw is then polished, using oil and 
rouge, first with the grinding nut, and then 
with the testing nut. It is now finished. 
except that it is necessary to remo'\'"e com- 
pletely all traces of grinding material and 
rouge, which are likely to be imbedded in both 
screw and nut. This is accomplished by using 
the testing nut with oil only, washing thor- 
oughly at the end of each day's work. It is 
important that this process be continued a few 
days longer than the operator thinks 1"t is 
necessary. 

 (3) TESTIXG THE FEED SCREw.-The test- 
ing nut is cut into two nuts of the same 
length, to each of which is added a steel 
wing a bout 7 inches long. The screw is 
mounted in its bearings on a suitable frame 
which carries a straight-edge against which 
the wings of the nuts may rest, to prevent 
them from tunÚng when the screw is rotated. 
One plate of a Fabry and Perot type of inter- 
ferometer is mounted on each nut, so that the 
line of sight through the interferometer shall 
be parallel to the axis of the screw and 4 or 5 
inches vertically above it. A mercury hHUP 
is a good source of light for use with the 
interff'rometer. 
If in one rotation of the screw thp inter- 
ference rings remain stationary, the axis of 
D 



34 DIFFRACTIOX GRATIXqS, THE l\IAXPF ACTPRE AXD TESTIXG OF 


the scrt'w is straight. An easy calculation 
sho\\8 that this method will readily detect 
a curvature of tht' axis ha\ ing a radius of 
300 miles. If, howC'n>r, the steel used in 
making the sert'w is of good quality 2nd wdl 
annealpd, and if thf' work of maehining has 
been done in .-;neh a way that no strains have 
been introduced, no cun.ature of this amount 
will be found, It is interpst.ing to bear in 
mind that the screw mounted in this way 
sap's down in the middle under its own weight
 
so that the actual radius of curvature is any- 
where from 2 to 10 or 20 miles; but as the 
screw is rotated, this radius always points 
upwards, so that it does not affect the inter- 
ference rings. _-\ clear mental picture of this 
cannot help but be of immense value to any 
one who has to deal with apparatus where 
great accuracy is a considerat.ion. 
By repeating the interferometer test with 
one of the nuts rotated 90 0 or 180 0 relative 
to the other, the operator may satisfy himself 
in regard to the absence of any periodic error; 
by separating the two nuts a considerable 
distance, and r('peating the test, errors of 
run Illay be investigated. }'or this it is, of 
course, necessary to watch the interference 
rings while the nuts are mo,.ed a distance of 
several inches, if tht' test is to be sufficiently 
sensitive. No errors of any kind will be 
found except very close to the ends of the 
screw. The operator will, however, discover 
that it is no easy matter to put two wcll- 
fitting nuts on a screw without introducing 
anything bdween the threads except oil. 
If the fit is perfect (nothing but oil between 
them) pI'f"ssure applied to any part of either 
nut will displace the interference rings, but 
on remm-ing the pressurt' they will return 
exaetly to their original position. If a particle 
of foreign matter has been introduced this 
will not be tht' case. 
It should be nokd that a screw made as 
described above will not necessarily have 
" perfect thread!'! " as defined by the specifica- 
tions of our national })hysical laboratories 
during the late war. Thoso s})ecifications 
were intended to apply to parts which are to 
be interchangpahle. The Rcrew and nut 
described abovf' form a unit; another nut, 
for examplp, eallnot be used with the screw, 
without first being ground to a fit with all due 
care. 

 (4) Ao.n.STIXG THE PI\.OTS OF THE I?EED 
SCREw.-One of the nuts is removed, and the 
other is moved near one end of the screw, 
but not so close as to engagp the imperfect 
part of the thread. Onf' intf'rferometer 
plate is mounted on thiR nut !'!o that the normal 
to its surfae(> Ü, vertical and fairly aecllrately 
at right angles to the a:\is of the serew. The 
other interferometer platp is Ruppnrtcd from 
the frame and mounted above the first plat<'. 


On rotating the screw it will be found that 
the lower plate describes a small circlf' with 
its axis parallel to that of the screw. This 
shows that the lathe did not turn the pi, ot 
in such a way that its a:\is coine-ides exactly 
with that of the screw. The pivot must tllPn be 
correckd locally, and be kept truly cylindrieal 
by grinding in its own bearing, until the eircle 
is quite small, say, until its diameter is of 
the order of 1/100,000 inch. It is not ad,-isable 
to earry the correction further at this stage, 
for the other pivot is probably contributing 
something to the apparent error. The nut 
is moved near the other end, and that pivot 
is treatEd the same way, only that the cor- 
rection is carried somewhat further, perhaps 
to 1/250,000 inch. Then, return to the first 
pi,.ot, and so on until no error can be dctected. 
The pivots are finaJIy polished with rouge, and 
again tested as described above. 
Three part bearings should be used with the 
screw pivots, making certain of contact at three 
points of each pit'ot, these points being 120 0 
apart. The proper design and construction 
of such bearings present no serious difficulty. 

 (5) THE THRUST BEARING.-One end of 
the screw, outside the pivot, is provided with 
a taper bearing for the spacing wheel. In the 
other end four holes are drilled and tapped for 
receiving the screws used to fasten the mounting 
of the thrust plate, It is ad,-isable to finish 
this end of the screw optically flat, the surface 
being at right angles to the axis within about 
one or two seconds of arc. Various materials 
for the thrust plate have been tried, but none 
have been found as satisfactory as the recon- 
structed ruby, especially thosf' of FrC'nch 
make. A cylinder of this material -fir inch 
to! inch long, and from i to i inch in diameter. 
is finishf'd optically flat and highly polished, 
at least on one face. No error al-' large as -.frJ 
of a light wave should be allowed. The ruby 
is rigidly secured in a steel mounting, which is 
fastened to the end of the feed screw by four 
well-made screws as indicated above. The 
surface of the mounting in contact with the 
flat end of the feed screw must be worked until, 
when the two are in contact, the facf' of the 
ru by is also normal to the axis of the screw 
within one or two seconds of arc. 
All of this requires some patipnce but is not 
especially difficult to accomplish, Suitable 
optical tC'sts a 1'<'> , of course, n<.>eded to ensure 
the required accuracy in alignnwnt, anrl this 
is one reason why the faee of the ruby must 
be so flat. If it is not flat to -,Jfi of a wave- 
length, the diffraction disc ohFervprl at thp 
focus of the lens or mirror used in the test 
will not he truly eir('ular, thus making it 
difficult to ohsenTe a motion of n of its 
diameter wllPn the serew is rotated. 
Thp {'nd of the thrust screw (14) is a hard- 
ened steel Rpheripal surfac<.>, highly polished, 
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ha"\ing a radius of curvaturt' of from 2 to 6 
inches. It should make contact "ith the 
rub
y at a point on the axis of the screw, but, 
thanks to the accuracy of alignment of the 
surface of the ruby, an error of 1/100 inch in 
the position of the contact can at most produce 
a periodic to-and-fro motion of the screw of 
something like 1/.3,000,000 inch, which is too 
small to produce any harmful effect. 
..\ thrust bearing of this kinò, after continu- 
ous use for several years, will not show the 
f..Üntest indication of a mark due to wear 
on either surface; the force acting across the 
contact may safely be as high as 40 lbs. Xo 
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dou bt a diamond would be as good or even 
better than a reconstructed ruby, but it would 
cost considerably more and would be more 
difficult to "ork. Agates, topazes, natural 
sapphires, etc., have been tried and found 
unsatisfactory. 

 (6) THE èOX5ECTIXG 
IE(,HAXISl\1 BETWEE
 
THE -X-cT AXD PLA1'E CARRIAGE.-The original 
design by Professor Rowland, described in his 
article on the screw,! and shown in Fig. 2 (20), 
is still followed. This consists of a ring or 
collar loosely supported by the plate carriage, 
and making definite contact "ith it at two 
points near the ends of a vertical diameter. 
The nut make
 contact with the ring at two 
points near the ends of a horizontal diameter, 
In each case the contact is made bv a hard 
flat surface against a softer rounded' metallic 
1 Encyclopædia Britannica, 9th edition. 


lug. In one machine the two pairs of flat 
surfaces are mounted respecti"\ely on the plate 
carriage and the nut; on another machine, 
the flat surfaces are on the ring. It is import- 
ant that the four contact points shall lie in 
one plane at right angles to the aÀis of the 
sere" . 
'Ye will now try to give the reasons for 
placing this part second in the enumeration 
in 
 (I). The ring or collar is not difficult 
to makE', and it is practically self-adjusting; 
but, located as it is at the most vital point 
in the whole machine, it is very likely to act 
as a trigger, bringing into ac;tion potential 
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FIG. 2. 


sources of error which otherwise would be 
held in abeyance. 
Let us examine a little more mÍ1:utely the 
action of the ring. It is attached to the plate 
carriage in such a way that, when not in 
contact with the nut, it lllay mo"\e slightly in 
a direction parallel to the axis of the screw ; 
it cannot move at right angles to this direction. 
It may rotate through a small angle about a 
vertical axis, but it cannot rotate about a 
horizonh.l axis, parallel to the sere". 'Yhen 
the nut acts through it to move the plate 
carriage, its plates are brought into contact 
with the lugs of the latter, after which it has 
oniy one degree of freedom, namely a slight 
rotation about its vertical axis. Kow since 
the axis of the Bcrew can never agree exactly 
with that of its pivots, nor be exactly parallel 
to the plate carriage ways, it is evident that 
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as the screw rotatf's the nut describes a 
vertical circle of small radius, and in addition 
it moves vcry slowly in a direction at right 
angl('s to the ways of the plate carriage. 
The little C'ircle i
 described once in each 
revolution of the screw, during which time the 
carriarre moves forward, say 100D times, 
1/20,000 inch at a time. Suppose the diameter 
of the circle to be 1/200,000 inch, or its circum- 
ference, roughly, to be 1/60,000 inch. Assulll- 
ing all the parts to be perfectly rigid, the lugs 
on the end of the nut, during each forward 
motion of the carriage, would slide along the 
planp surfaces on the ring a distance of 1/1000th 
of IftiO,OOO inch 01' l,ûO,OOO,OOO of an inch. 
In the actual case, where the parts are not 
rigid but elastic, nothing like this can happen 
on account of the friction between the lugs and 
HIP plates. 'Vhat re
lly happens is probably 
this: no actual slip takes place until, owing to 
the relative displacements of the parts, the 
stres
 becomes sufficient to overcome the 
friction, "hen a comparatively large slip 
occurs, perhaps even "overshooting the 
mark." Remembering now that, during the 
normal operation of the machine, the screw 
is compressed a certain amount, and the nut, 
ring, and the parts of the plate carriage 
are all deformed as a result of the "forces 
of friction," and that the lmccessful petformance 
of the machine depends upon these deformatioM 
remaining constant to a high degree of accuracy, 
one can readily see what a catastrophe may 
easily result from tllf' aC'tion just described. 
The q ue::;tion naturally arises: " How 
accurately would the adjustments have to 
be made to ensure that no slippage whatever 
would occur during a revolution of the screw? " 
This the writer is unable to answer. A mal- 
adjustment to such an extent that a slippage 
would necessarily occur in each cycle wouhI 
no doubt make matters much worse. 

 (7) THE RULI
G CARRIAGE.-Let us con- 
sider the task the ruling carriage has to per- 
form in ruling say a 5-inch grating, having 
grooves 4 inches long. If the spacing is 20,000 
per inch, it must move back and forth 100,000 
times, or a distance of some 13 miles of actual 
travel, involving 200,000 stops and starts. It 
must move in one and the same straight linp, 
deviating from this not more than 1/1,000,000 
of an inch if the result is to be satisfactory. 

Ioreover, the power that moves the carriage 
is derived from a main shaft which is called 
on to deliver power intermittently to several 
other parts at the same time. 
Obviously, the friction coefficient must be 
made as small as possihle, and the force required 
to start the carriage from rest should not 
differ greatly from that rPfluir('d to keep it 
in motion, Prohahly theRe conditions can 
not be satisfied with V -type ways. A bettpr 
form of way is one having a fiat top, with 


sides making an angle uf 
Oo or more "ith the 
top. The weight of the carriage is thus 
mainly sl1pported by the flat top; one of the 
sides serves to ùefine the path of the carriage, 
and a spring acting on the opposite side 
ensures contact. The constant motion of the 
carriage causes an appreciable wear of the way 
surfaces. l\Ieasured in units of 1/1000 inch 
this wear is exceedingly slow; but it is 
relatively rapid when measured in the unit 
which concerns us here, namely; 1/1,000,000 
inch. The wear of the top surfaces is of little 
or no consequence, as it merply displaces the 
carriage in a vertical direction. but that of 
the sides which define the path is of great 
importance. During the ruling of a single 
grating the sides change enough to make a 
considerable difference in the }>osition and 
curvature of the first and last grooves. As t4e 
stroke is different for gratings of different size, 
one readily sees that after a year's work the 
defining sides of the ways will no longer be 
straight, but in reality quite irregular curves. 
In spite of these changes in the ways, and the 
wear of the bearing blocks of the carriage, 
Rowland's machines still rule grooves which are 
quite as perfect as those ruled at first when 
the ways were really straight. This result is 
due to follo"ing the device mentioned in 
 (1). 
It will be recalled that tIle ruling carriage 
moves on two pairs of ways symmetrically 
placed, one pair on each side of the plate 
carriage, or we might dpscribe it by saying 
that there is but one pair of ways with a 
section some 10 inches or more in length 
removed from the middle, in order to allow 
space for the plate carriagf', its ways, and the 
screw (see Fig. 1 (37)). Let us call the 
pair farthest from the main shaft the front 
pair, the other the rear pair. The defining 
side.'J of the front pair are on the left, those of 
the rear pair being on the right side, and tlte 
ruling point i8 at the centroid of tlte fOllr contact 
points. Hence if the two pairs of ways are 
straight initiaUy, and the amount of wear is 
the same for both, the ruling point will always 
describe 
he same straight line. The wear 
will be the same provided the ways are made 
from the same matprial, and the pressure 
produced by the two sets of springs is the 
same. 
The crank on the main shaft moves the 
cross-head (52), and a connection between 
this and the ruling carriage communicatps 
the motion to the latter. The ermis-head 
ways can, of course, never bp made parallel 
to those of the ruling carriage, and hence 
this connection presents difficulties of the 
same nature as thos(' discussed in 
 (û). A 
well-made universal coupling is pmployed and 
does fairly wdl, but it must be confessed 
that no entirely satisfactory solution has yet 
been found. 
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 (8) THE Sr.AC'IXG ,rHEEL AXD THE 
STRAIGHT EDGE GCIDE.-As staÍ{'d in 
 (1) 
the effect on the grating of errors in these- 
parts is at most of the order of 1/.300 of the 
error. Hence if these parts are correct to 
about 1/10,000 inch they "ill be satisfactory, 
and sillce this is little more than ordinary 
mechanical accuracy, we need not consider 
them further. 


II. TESTIXG THE l\IACHßE AYD 
GRATIXGS 

 (9) :\IETHOD OF CROSSED RULIXGs.-Every 
one is familiar "ith the appearance of 
""atered silk," the pattern seen when 
looking through two moderately fine-meshed 
wire screens nearly parallel to each other, 
and separated by a small interval; or the 
pattern observed" hen viewing a screen and 
its reflection in a mirror immediately behind 
it. The principle illustrated by these fanùliar 
phenomena is used as follows to obtain a 
delicate test of the performance of a ruling 
machine. 
A gra-
ing which may be ! inch wide is 
ruled on a well- polished plate. The plate 
carriage is moved back to the starting-point, 
and the plate holder is moved back an addi- 
tional distance of from 1- to l the pitch of 
the feed screw, and given a rotation about 
a vertical axis of about one minute of arc, 
after" hich the plate is again ruled the same 
"idth as before. The second ruling crosses 
the first at the small angle mentioned, and on 
viewing the ruled surface in the light of one 
of its spectra a series of bright and dark bands 
will be observed, generally at right angles to 
the direction of the individual grooves. 'Ye 
speak of the dark bands as the locus of the 
intersections of the two sets of grooves, but 
in reality they merely run parallel to the loci. 
(A complete account of the phenomena 
observed "ith such a cross-ruling has never 
been given, and would apparently be quite 
difficult.) If the ruling diamond has been 
properly chosen and adjusted 1 the dark bands 
"ill be very narrow as compared to the 
distance between them, and hence will be 
well suited for testing the accuracy of spacing. 
If the spacing is perfect, the dark bands will 
be straight lines, normal to the grooves; 
errors of spacing will be indicated by de-partures 
from these conditions. 
Choose rectangular a},.es, and take as the 
origin the intersection of the first groove 
of the first ruling with the first groove of the 
second ruling. (Thi8 point will not actually 
be on the plate, since the plate was displaced 
slightly before being rotated,) Let the X 
1 Ordinarily a diamond which will rule first-rate 
J!ratings will' give only a poor cross-ruling pattern, 
the bands being so faint and ditfuse that they are 
ditlicwt to see. 


axis bisect the obtuse angle, the Y axis the 
acute beÍ\\een the two grooves. 
(i.) Ideal Spacing.-Let the intersections with 
the X axis be given by 
x/
=na(n=O, 1, 2, 3, . . .), (1) 
a, being the grating space, very nearly. 
The equations of the two sets are 


Yl,n = mX II - m,na, . 


(2) 
(3) 


y!,n = - mX n + mna. 


lVe seek the intersection of any groove n 
of the first set with the groove n + 2p (2p, 
any integer) of the second set. The locus of 
these intersections is evidently 
y= pma= constant; (4) 
m is the tangent of the angle between any 
groo'\e of the first set and the x axis, i.e. 
m = tan 89 0 59' 30" = 7000 nearly. 'Ye "ill 
speak of 2p as the" order" of the intersection. 
Thus, for p = 0, or the zero order, the locus 
.is the x axis. For p =! or the first order, 
y= maj2, a straight line parallel to the x axis 
and at a distance maj2 from it. Taking 
a = 1/15,000 inch, which is the spacing usually 
employed in recent years, ma , 2 is a little less 
than :l- of an inch, which is the distance 
between the " orders." 
(ü.) Simple Periodic Error.-Let 


. 27rn 
x n = na + b sm -=
- . 


(5) 


The locus of intersections of order 2p now 
becomes 
. 27rp 27r(n +p) 
y=mpa+mb sm X cos - -X-. (6) 
X is the number of grooves ruled in a 
period, and as the fundamental period will 
always correspond to one revolution of the 
screw, X is simply the number of teeth on the 
rim of the spaC'ing wheel. 
Again the zero order (p = O) reduces to the 
x axis; also, 2p = X, 2X, etc., give straight 
lines parallel to the x axis. Other values of 
p give cosine curves, the amplitude of which 
is a maximum for 2p=X,'2, 3X/2, etc. 
The amplitude of the curve whuse order is 
2p is mb sin 27rpjN, If this equals -m,a/4 we 
speak of it as "unit amplitude." Such a 
choice of unit i
 necessary, as the actual 
amplitude depends upon -m, which change
 
very rapidly with the angle, and, e'\en when 
great care is taken to kep}1 the angle constant, 
will vary considerably in different cross-rulings. 
The value of b which gi\'"es unit amplitude 
in the 2p order is evidently 
a 
b o = 4 
iIl (27rp, .xr 
Let the actual amplitude as measured 
n 
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terms of the unit defined ahoye he A (\\here in 
general A< 1). Then our error is 


b aA. a4\ (7) 
= 4 sÏIl (27rpjX) = 4 sin (7rSjN)' . 


S being the " order." 
As a numerical example, let us take A = -.lo' 
which under ordinary conditions is fairly easy 
to ohserve. If a=ljlJ,OOO inch, S=N/2, 
\\e have b=] 00,000 x 1/2J= 1/1,300,000 inch 
as the maximum periodic displacement of the 
plate away from the !)osition it should have 
durin,g nÜing. 
'Ye may also compute the value of the 
ma
imum and minimum grating space in 
such a ruling. Referring to formula (5) and 
taking N =7.3U, we have 


:\Iax spacing= 1/15,000 + 1/190,000,000 in. 
)lin. spacing = 1/15.000-1/190,000,000 in. 
A variation of the spacing as large as this, 
if it were not periodic, would, of course, destroy 
thp value of the grating as an optical instru- 
ment. (This should be borne in mind in 
connection "ith the discussion in 
 (6).) 
It is well knO\\ n that the effect of a simple 
periodic error is to produce ghosts of bright 
lines 1 in a spectrum. If the error is not too 
lar
e and is simply periodic in character, there 
will be two ghosts of each line, symmetrically 
placed" ith respect to it, at a distance which 
varies inversely" ith N. It is a simple matter 
to calculate the intensity of such ghosts when 
b is known, provided it is small compared 
to a. The derivation of the formula is, how- 
e\ er, rather ]engthy,2 and therefore only the 
formula itself will be given here. Takin(T the 
intensity of the spectrum line as unity
 the 
intcnsity of the ghost is given by 


_ 1\12 ( 27rb ) 2 
I" - 4 ' 
. a 


:\1 being the order of the spectrum observed. 
If b/a= 1/100, as in the example given above, 
we ha ye 


:\1 =] 2 3 4 5 
19 = O'OUI 0.004 0.009 0.016 0,025, 
or in the 5th spectrum the ghosts have an 
intensity equal to "4 1 1) of that of the line 
its('lf. In a number of the gratings ruled 
8ince 1911 the ghosts are rather weaker than 
this. 
(i.ii.) 
inear " Error of BUr/."-If the spacing 
vanes hnearly across the grating, it is com- 
. 1 If tlu' .error is Y('ry large, ghosts may al
o appear 
In absorptIOn sJ}{'r'tra stich as the 
olar s})('('trum, hut 
su('h ('ao;(>s fJroh:
hly do not o('('ur with any grating 
a('tu.ally u'\ed In 
fJer'tros('opic work. In ruling 
gratul!.!
 one often fìnd
 them. 
.. 2 It i.., l';l'\if'st acromplislwd h
' n
ing thl' Ro-callNI 
vector method" of treating ditfra(.tion phenomena. 


monly spoken of as sho" iug an H error of rUll," 
T}w law of spacing is 


X Il = na + n 2 C , 


(9) 


where 2c is the constant difference between 
any grating space and the preceding one. 
The equation of the cross-ruling band of order 
2p is 


y=mpa+2mcp(n+p); . (10) 
a straight line ,,,hose slope is 2mcp. 
In order that the test for this type of error 
shall be sensitive" it is necessary to take 1') 
quite large, and also to rule quite a wide space. 
so that the length of the band may be great 
enough to alJow an accurate determination of 
its slope. 
As a numerical example" let us consider a 
ruled space 4 inches wide, 15,000 grooves per 
inch, and let the plate be displaced 4 inches 
between the first and second rulings. Let y 
and Y2 be the distances from the x axis t
 
the beginning and ending of the band of order 
2p. 'Ve have 
Y2-Yl=2mcp(r/2-nl)' . (11) 


(8) 


In this case p=3 x 10 4 ; 11 2 -11 1 =6 X 10 4 ; 1n 
may be taken as 7 x 10 3 . Suppose Y!. - YI = '}.1Õ 
inch, which should be measurable. 'Ye have 
c = 1.6 X 10- 15 inch. 
The departure of the last groove from its 
ideal position on a 4-inch grating having this 
error is n 2 c=5.8x]0-6 inches, or about t- 
of a light wave. 
The two illustrations just given will suffice 
to show that in cross-ruling we have a powerful 
method for studying the performance of the 
machine. Other cases might be discussed, 
such as variation in spacing along the length 
of the grooves and curvature of the grooves, 
but the reader will have no difficulty in seeing 
how these cases are investigated. 
(iv.) Accidental Errors and Diffused Light,- 
Accidental ('rrors are due to two' principal 
causes : 
(a) That discussed in 
 (6). 
(b) Slight errors in the motion of the rulin" 
carriage, and those due to faulty adjustment 
of the diamond-holder (2, 3). 
If (a) alone is present, the cross-ruling 
pattern ""ill appear somew}Jat like n in Fig. 3. 
The hand is clean and narrow but shows a 
large number of breaks, indicating that, 
superposed upon the regular, even displace- 
ments of the carriage, there are sudden shifts, 
which occasionally may amount to as much 
as Tõ of a grating space, hut usualJy are 
very much smaller than thiR. If (b) alone iH 
present, the patt('rn is very much aR shown in 
h, Fig. 3. The pattern is not clean, but may 
be best descri bed by saying it is " hairy." Tn 
general, both causes are present. so that an 
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actual C'ros
-ruling pattern "ill be HIP bum 
of nand b, Fig. 3. 
In a bright line spectrum the effect of 
uch 
accidental errors is to produce illumination 
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in the immediate ,icinity of any given line. 
The intensity of such diffuseù light is propor- 
tional to the square of the order, as is the case 
,\ith ghosts. If the errors were perfectly 
randOln in distribution and size, the intensity 
of the diffused light "ould b(' gi,en by a 
probability curve centered on the bright 
line in question. But a perfectly random 
di,tribution of anything is just as rare as a 
perfectly uniform distribution, hence one 
never finds it. In general, therefore, the 
intensity curve sho" s a succession of maxima 
and minima, "hich frequently appear like 
a group of fine lines between the spectral line 
and its first ghost. 
In a continuous spectrum such as that of 
the sun, the effect of accidental errors is to 
ruminish the blackness of the absorption lines. 
The lines may appear quite dark in the lower 
orders, but in the third or fourth orders the 
effect is generally \'"ery nohcea ble, unless the 
grating is quite free from su('h errors. 
There is another kind of diffused light dne 
to a "\ ery different cause. This is usually 
found ext.emling through aJI the orders, from 
the central image up, though it iR rar('ly of 
the Së.une intensity everywhere. It is simply 
light diffracted from irregularities in the form 
of the grooves. Here again, if these irregu- 
lariti('s were dÜ
tributed perfectly at random, 
the Jight would be strongest at the central 
image, and would gradually diminish in 
intensity as we approach the high orders; 
in reality it is found more or less concentrated, 
usuaJIY in the nf'igh bourhood of the stronger 
spectra. 
l{ the grating is Eghtl,v rulf'd, so that the 
!!fOOVeS do not touch ea('h other, this trouble 
('an be a voided by a little care in the choice 
and adjustment of the ruling point. Such 
grating
, "here the polished surface of the 
plate is not entirely removed in ruling, are 
likf'ly to throw a considerable amount of light 
into the central image, and for this rea
on 
they are not desirable. In general, the 


a 


polished surface is entirf'ly removed in ruling, 
and frequently the grooves actually overlap 
to a considerable extent, in which case the 
elimination of diffused light is somewhat more 
difficult. 

 (10) OPTICAL TESTS.-To fix ideas, we will 
assume that we ha\'"e a plane grating mounted 
in a spectroscope, the collimator and telescope 
lenses of which are perfect. For simplicity 
we "ill also assume that the source emits 
light of one wa\'"e-length only. In practice 
the green mercury line. is con\'"enient. ita 
satellite"! being so weak that they cause very 
litt Ie trou hIe. 
If a small round aperture is substituted 
for the slit, and the grating is perfect, a 
Foucault knife - edge test applied to the 
central image or any of the orders of spectra 
wilJ give identical and perfect results. If the 
gra ting is perfect except for periodic errors, 
the same "ill be true, but one can now see the 
ghosts, and by measuring their intensity in 
terms of that of the line it8elf one ('an evaluate 
b by means of formula (8). In general thf're 
"iIJ be a number of ghosts corresponding to a 
more generalla w of spacing, viz. 
b . 27rn b . 47rn 
x,,=na + I sm N- + 2 sm ---..J..,,- + 


b 


(12) 


whiC'h makes it necessary to evaluate b I , b 2 , 
etc., separately. 
If there is a linear error of spacing, the" a \'"e 
front leaving the grating "ill be a con\'"ex 
cylindf'r on one side of the normal, a concave 
cylinder on the other side. The Foucault 
test will be that of an astigmatic surface, and 
the amount of astigmatism can be measured 
ip the different orders of spectra. The 
relation between the amount of astigmati
m 
in any given order and the value of c in 
formula (9) is not difficult to derive, but "ill 
be omitted here. Suffice it to say that "ith 
a 4-inch gratin2: this method will easily 
detect a \'"alue of c equal to 10- 15 inch; it is 
therefore the usual method for investigating 
this type of error. 
H the error of spacing is not linear, one 
can block out all of the grating except a sman 
portion, over" hich it may be Së.lfe to assume 
the error to be linear. By studying different 
portion
 'of the grating in this manner, most 
of the spacing errors can be evaluated. 
If the groo\'"es are not straight but slightly 
cur\'"ed, the wa,e front leanng the ruled 
surface is also astigmatic. In this caS{>. 
I however, the astigmatism \'"aries from order 
I to order in a different manner from that due 
to errors of sp'lcing; the two can therefore 
. he easily separated. 
If the surface on which the grating is ruled 
is not perfectly plane. but sJightly spherical, 
astiglllati
m again results. This is easil
y 
separated from the cases just mentioned, for it 
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is in the ,
nmp direction on both sidp:-- of the 
normal, whieh is not bot \\ J1('n the (-'rror is in 
the ruling. (In the preceding discu
sion it 
ha
 been tacitly a
umed that the angle of 
incid(-'nce is zero, merely for 
simplicity. "'hen tllP angle 
of incidence i
 different from 
zero, the different casC's are 
affected some\\ hat differC'ntly, 
making it still easier to separ- 
ate the causes of error.) 
If the FouC'a ult tef:t is satis- 
factory, and periodic errors 
ha ve been determined and 
found sufficiently small, the 
grating is &'1tisfaC'tory, pro- 
vided it is also reasonably free 
from diffused lil!ht. The de- 
termination of the amount of 
diffused light, and also of the 
brightness of the different 
orders of spectra, do not 
require any comment. 
9 (11) THE SELECTIO
 AND 
ADJI:ST:\IE)iT OF THE R(TLI
n 
DIA:\IO
D.-
atural crystal edges, free from 
little breaks or other imperfections, are useu 
in ruling gratings. SmaH white diamonds, 
each weighing about -:16 carat, are securely 
mounted, each in the end of a short steel 
rod 
 inch in dhmeter. The cuamond. 


p 


5 


the machine and Jllounterl under a microscope, 
\\ here the prdiminary adjustments are actuaHy 
made, aftl'r which it is replaced in th(-' proper 
position on the machine. The correct pressure 
of the diamond on the plate 
must be found Ly trial for each 
ruJing edge, and is regulated 
by a counterweight, 
The ideaJ groove is V -sJmped, 
and the actual groove ap- 
proaches this form very closely 
if the adjustments are good, 
It remains to determine the 
angle of the groove, to give 
it the right width, and to 
orientate it properly for the 
kind of ruling desired. 
Let a 
ingle groove be ruled 
on a well-polished plate. Sup- 
pose the normals to the sides 
of the groove make the angles 
A and B \vith the normal to 
the surface. If light be in- 
cident normally on the stiITace, 
the light diffracted by the 

roove will show two maxima, viz. in the 
directions making angles 2A and 2B with 
the incident beam. The diagram, Fig. 4, 
which represents a section normal both to 
the surface and to the groove, will make 
this clear. PR and QR are the sides of 
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Rowland's Huling l\Ia('hine, 


holùer permits rotations about three mutually 
pprpendicuJar axcs in order that a given edge 
of the crystal may be hrought into con tad 
\\oith the pJate, and may also be adjuHted 
paN'lel to the ruJing carriage ways. 
The diamond-hoJù(-'r can be rèmuved from 


the groove; 0 1 D 1 and O 2 D;! are the dil'ec- 
tions in which the maxima of the diffracted 
light will be found. Rince I>H, and QI{' are 
very narrow, having in general a width of 
from 1 
 to 2J wave -lengths of light, the 
anguJar \\ idth of the diffracted beams will 
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be considerable, and, in the figure, 0
D2 
"ill be wider than OlD I . It is, however, 
quite possible to measure appro
imately this 
width, that is, the angular separation of the 
first diffraction minima belonging to OlD l 
and to 0
D2' and this being done, the distance 
PQ becomes known. It should be as nearly 
as pos
ible the same as the grating space. 
and may be adjusted to this value by varying 
the weight on the diamond. If more than two 
maxima are found, the groove is not of the simple 
V -type, and should in general not be used. 
..As it is desirable to have some particular 
spectrum as bright as possible, the diamond 
should be tilted until the direction of 0 1 D l , 
for example, falls in that spectrum. The 
direction of 02D2 "ill in genera] be that of 
some higher order spectrum on the other side, 
but it cannot be controlled independently 
except by changing the grating space. The 
lower order spectrum which is bright at zero 
angle of incidence will also be bright for other 
values of this angle, 1 at least within reasonable 
limits. 
This discussion is far from complete, but 
it is hoped that enough has been said to show 
that the finding of a suitable ruling point is 
not altogether a matter of chancÐ. J. A. A. 
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T. THEORY OF GRATIXGS 

 (1) IXTRoDUCTORy.-A Diffraction Grating 
consists, in effect, of a number of parallel and 
equidistant slits in an opaque screen. The slits 
are usually ,ery narrow and very numerous, 
but this is not in'
ariably the case. If a parallel 
beam of light is incident on such an arrange- 
ment, some of it passes through the slits" hi Ie 
some is stopped by the opaque intervals. If the 
transmitted light is brought to a focus by a 
telescope or camera lens, it is found that 
spectra are produced in certain directions. 
Such spectra are usually described somewhat 
vaguely under the comprehensive title 
"Diffraction Spectra." Physically there are 
three quite distinct processes contributory to 
the production of the phenomena observed: 
these are: 
(a) Diffraction by the individual slits of the 
grating. converting them, in effect, into a 
series of similar light sources emitting light 
over a considerable range of angle on either 
side of the direction of incidence. The wa ve- 
lets emanating from these sources start, 
however, "ith definite phase relationships; 
this renders posi'ible the next stage, viz.- 
(b) Interference between the wavelets from 
different slits, which results in their completely 
annulling one anuther except in certain 
directions. 
1 
ee Astrophysical JOllrnal, 1911, xxxiii. 3:>0. 


(c) D
fji'actiun by the aperture uf the observ- 
ing systcm. This gives finite breadth to the 
spectrum line
, and introduces a series of 
secondary maxima bet" een them. 
Keedless to say these phenomena cannot be 
discriminated in the final result. Thus we do 
not observe any diffracted light resulting from 
process (a) except in those directions deter- 
mined by process (b). l\Ioreover it is impossible 
to observe the resultant of these two processes 
except under the limitations of total aperture 
set by the dimensions of the obsening system, 
which introduces the further modifications due 
to process (C).2 'Ye cannot therefore dissociate 
the contributory processes in practice. This 
tempts us, in developing the theory of the 
grating, to put all the ingredients into our 
mathematical mill at once, and after mixing 
them thoroughly, obtain final equations from 
"hich we may extract all the essential informa- 
tion. This is the method followed in the 
classical treatments of the subject which are 
found "ith slight modifications in the majority 
of text-books. "'hile of great mathematical 
eleuance such a treatment almost invariably 
fai
 to 
onvey to the student any clear con- 
ception of why the various results which the 
equations indicate, and which he can see in 
practice, do actually happen. In order to 
understand these it is desirable to keep quite 
separate in one's mind the processes (a), (b), 
and (c). This desideratum is partly fulfilled 
in the vector method originally used by 
Kimball and subsequently employed by 'Yood, 
Sparrow, and others. In this treatment 
process (a), which merely supplies the light 
in the necessary directions, is dis
ociated from 
the suhsequent spectrum formation. The 
analysis. ho" e,er, automatically obtains the 
joint effects of (b) and (c) and is, in consequence, 
misleading as to the origin of secondary 
spectra and of the finiteness of resolving 
power. The method is of great URe and beauty, 
nevertheless, and further reference "ill be 
made to it later; but the various properties 
of grating spectra "ill be deduced. in . t
e 
follm,ing paragraphs by a method whIch It IS 
hoped "ill render their origin as clear as 
pos
ible by treating each of the contributory 
processes separately. 

 (2) DIFFRACTIO
 BY A RECTAXGULAR 
APERTI'"RE.-.-\.lthough the starting point for 
any investigation of gratings, the theory of 
2 In any spectrm:cope the observing telescop
 is 
u"uaIlv of sufficient aperture to take all the light 
from the prism or grating. In practice tll('ref
r(' 
the length of the grating and it
 obliquity deternllue 
the aperture of the system, but if in any cas
 the t
le- 
scope is of smaller aperture, in the plane of dlsperswn, 
than that requireù to takt.' in light from the whole 
grating, it is the actual aperture. whi

 determines 
the results of process (c). For slmphclt
. we shall 
assnme in what follo" 5 that the aperture, whether due 
to the limited !'ize of the grating or of the t{'le
('()p{' 
obiective, is bounùeù by 
traight siùes parallel to 
the slits. 
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diffraction is outside the s('lIpe of this artic,lc. 
\Vc must simpl.v quote th(' r('
ult in the case 
of a rectangular apertul"{-', as develop('d in any 
of the stand'l.rd tt'xt- books. l Let A, Fig. 1 (a), 
he a point source t'f light situated at an 
infinito Jistancp from a screen, B, in which 
there is a rectangular aperture s, with sides 
parallel and perpendicular to the plane of the 
paper. The light ,\ hich passes through ,q does 
not paS8 straight on in the direction s A', but 
spreads out in the space to the right of B, 
and would produce illumination over an area, 
more or Ie&:; extensive, of a screen C. In 
what follows we need only concern ourselves 
"ith diffraction in the plane of the paper. It 
i
 also convenient in this case to substitute a 
line source, perpendicular to the paper, instead 
of a point source. Let the width of the 
aperture in the plane of the paper he a, then 
the light is spread out in this plane to an 
e"\:tent depending on a, the intensity in a 


A 
--- 
" 


(a) 


diredion making an angle e with s A' being 
proportional to the quantity 

 sin 2 {(7ra/X) sin e} ( I ) 
(l {(7rajX) sin 1I}2 ,. 
where ^ is the wave-length of the light, 
In the direction s A' e =0, and the limit- 
ing value of the expression is a 2 . \Yhen 
( 7ra/X) f;i n e = p7r, P having the values 1, 2, 3, 
. . . etc., tJ1e intensity is zero, while it has 
maximum values at intermediate angles. If 
the light is received in a telescope focussed on 
infinity, so that all rays having the same value 
of e are brought to the same focus, a series 
of bands 'will be seen corresponding to these 
alternate maxima and minima. 
It is obvious from the form of expression (1) 
that the intensity curve of the lateral maxima 
is simply a sine squared curve of which the 
ordinatcs are divid('d by a quantity propor- 
tional to the square of the distance' from the 
central hand (measured in terms of sin e). The 
proportional variation of this quantity is steep 
at first, with the result that the maximum 
ordinates of the maxima ncar thc central band 
1 R.y. }Jm...ton, The TltPoTII of Liqltt cha}Jter ix.; 
see also" Light, Diffraction of:' ' 


are dÌf
placed from the point half-way bptween. 
the minima, being slightly nearer the central 
band. Their actual position corresponds to 
tan {(7ra/X) sin e} = (7ra/X) sin e instead of to 
tan {( 77"a!X) sin e} = 00. This follows at once 
from differentiation of exprpssion (1). These 
values do not, however, differ greatly, and to 
a close approximation it is convenient to take 
,the central ma
ima as occurring half - way 
between the minima, i.e. at the points when 
(77"ajX) sin 0 = (2p + 1)77"/2. 2 beginning with p = 1. 
The ordinates at these points arc given by 
Ice a 2 _ _
}o 1 
{(2p + 1)( 7r f2)} 2 - 77"2 (2p- + 1)2' 
where 10 is the intensity at the c('ntre of the 
central bane!. From thiH we find th
,t the 
approximate maximum intensity in the fin
t 
lateral band is 1/22'3 that of the central band; 
of the second 1/62; of the third 1/121, etc. 
The true values will be slightly gr('at(-'r than 
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FIG. 1. 


this, and can be calculated if required from the 
more accurate positions. The intensity curve 
is shown in Fig. I (b). 
The positions of the lateral maxima depend 
on the wave-length, so if the light employed 
is not monochromatic, the bands correspond- 
ing to different colours "ill be in different 
positions. These bands were termed by 
l.'raullhofer " Spectra of the First Class." 
If the width a of the aperture is very small 
the width of the central band, which extends 
to e=::!: sin- 1 (X/a), will be quite large, In 
fact if a is comparablp with X the ccntral 
band will extend vcry nearly over the whole 
angular space on either side of the incidcnt 
beam. Such a fine slit therefore acts prac- 
tically as a line source of light as far as direc- 
2 The actual departures from this may h(l (.aku- 
lated easily by giving 'TalA sin () its aj)})roximat(-' 
value corrf'sponding to the micldlf' of the band and 
using this to ohtain a closer valul' from a ta};I(-' of 
tangf'nts. 'rhus for the first band <ratA ::;in (I is in 
the imrne(liatp neighhourhood of 3"1"/2 --=.t'7' the 
true. valne will bf' very n(larly taw l .t'7 =37/2'- 12'. 
I"inlllarly the gceond maxima occurs af-. 57,2- 7 0 , 
and the third at 7'T/2 - I).... Sim'(I thl' width of a 
hand eorrespond
 to 3GO o . th(l first maximum is 
displaced hy 1/30 of tlw width of a band the sP<'OJl<1 
by 1 1 ;-)1, an (1 thC' third hy I/i2, _-\s tÌ1(1 order of 
the bands illcreas(ls thp distortion quickly becomcs 
negligible. 
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ti,m:-; in a plane perpendieular to its len
th 
are concerned. 

 (3) GRATI
G
.-If we have a number of 
similar slit:-. 
ituated side by side the diffrac- 
tion bands from each of them coincide in 
direction, and therefore in position if observed 
in a telescope. If the slits "ere illuminated 
by independent ".,mrces of light, the observer 
would see a system of diffraction bands exact Iv 
similar to those from a single slit, but mo
 
intense on account of the superposition of th
 
systems from the several slits. In a grating, 
however, all the slits are illuminated by the 
same source. The diffracted waves emanating 
from them have therefore a constant phase 
relationship and so are capable of mutual 
interference. Rince we are now regarding the 
grating elements as separate sources it is 
con,-enient for the time being to assume 
uniform radiation in all directions, The 
effects of the actual variation which takes 
place in accordance with the results of 
the previous paragraph can be investigated 
later. 
Let the dots, Fig. :!, represent the equi- 
distant slits of a grating on which a plane 


, 
A 
a' 


FIG. 2. 


waye of pt'rfectly monochromatic light is in- 
cident at an inclination i to the normal. In 
order that "e lllay at this stage avoid the 
complications intr
duced by diff'i-action by a 
restricted aperturf" "e must regard the grating 
a<; extending to infinity in both directions. 
CleaHy any ordinary grating may be regarded 
as an infinitely long grating viewed through 
a n''3tricted aperture. 
Let Aa and Bb be rays incident on corre- 
sponding points of two adjacent slits, while aA' 
and bB' are rays diffracted in the direction e. 
The disturban
e from a lags behind that from 
b by a path difference ac - bd = 
(sin e - sin i). 
In this expression 
 =ab =the distance be- 
h\ een corresponding points of adjacent slit".. 
The path difference bet" een any slit and the 
rth from it is clearly r 
 (sin e - 
in i), so that 
if 
(sin () - sin i) is a whole number of l\aVC- 


lengths, say 11I\, the path difference between 
the disturbances from any t" 0 slits whatever 
is also a "hole num bel' 
f "a ve-lemrths and 
o 
all the disturbances are in the same phase. 
Hence if these are com bined by a telescope, 
they "ill reinforce each other and the field 
"ill be bright at the position corresponding 
t r ) this direction. 
For directions òifferin
 slightly from the 
values of e given by the above relation there 
is a phase difference, òX, between the dis- 
turbances from adjacpnt slits. It is clear that 
however small ò\ mav be, the resultinO' illum- 
ination due to the whole of the infinit;ly long 
grating is zero, beea use, since the phase step 
accumulates from one slit to the next, what- 
ever the phase of one slit there can be found 
another slit for which the phase differs by X/'2. 
These two slits nullify each other. Similarly 
for all other slits. The grating therefore co
- 
centrates the light in a series of bright lines 
of infinitesimal width at infinity, in such 
directions that 
 

(sin e - sin i) = m\, (2) 
"ith complete darkness in the int/;'rvening 
intervals. Those lines for which 1Jl. = 1, 2, 3, 
. . . etc., are said to be of the 18t, '2nd, and 
3rd. . . . etc., order. Equation (2) is referreJ 
to as the grating law. These lines, of which 
the position depends on the wave-length. were 
termed by Fraunhofer o'Spectra of the Second 
Cla.ss." They are the true spectra of the 
grating qua grating, and we observe that the\' 
are not a diffraction phenomenon at all bl{t 
are due purely to interference between the 
radiations from a series of equally spaced 
similar sources of light. Their position de- 
pends simply on the separation, 
, of the 
sources, and is unaffected by their dimensions, 
pr
cisely as in the case ot interference fringes 
produced by, say, Fresnel's )Iirrors or Bi- 
prism, 1 and it is no more legitimate to attribute 
them to diffraction than tn attribute bi-prism 
frin
es to refraction. The part played by 
diffraction in the action of the diffraction 
grating is. as we sa\\ in 
 (2), the subsidiRry one 
of converting the indi"fidual slits into source::; 
of light radiating over a "ide ang]e "ithin 
which the interference phenomena may take 
place. 

 (4) EFFECTS OF FIXITE 
-\PERTLRE.-8uch 
a simple instrument as the ideal grating of 
infinite length is naturally unrealisable. The 
finite size of any practical grating introduces 
yery profound modifications in the obseryable 
phenomena. X evertheless such modifications 
cannot properly be classed as grating action 
because they are precisely those modifications, 
and nothing more. \\ hich any optical system 
introduces in the image of a point or line source 
at infinity. The proper way to regard this part 
1 :::>ee article 011 " Interference." 
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of our 
uhjcd IH to con::;ider the gratint! alone 
as supplying a Hpcdrum cOll8isting of infinitely 
thin lin
s at intinitv, and then to consid('r the 
eff('ct of eX<Lmining' thes(' in an optical sYHtem 
f)f aperture determined by the size of the 
actual gra.ting, or uf the telescope, whichever 
is least. 
If A is the effediv.e aperture measured per- 
pend.icular to the axis of the telescope, the 
image of a true line of light consists (
 (2)) of 
a series of diffraction bands, the intensity and 
location of which are given by the formula 
I 
 2 sin 2 {( 7r A/X) "in ø} 
0:. {( 7r A/X) sin 4>} 2 ' 
where 4> i" measured from the position of the 
geometrical image. The points of zero ilJum- 
ination occur "hen (7rA/X) sin 4>=P7r, where 
p = 1, 2, 3, . , . etc. 
The angular semi-width of the central band 
and the width of the lateral bands in its 
vicinity is X/A. 
Each spectrum line is therefore represented 
by a diffmction band of width 2\/A flanked 
by a series of fainter band8 of half this width. 
The maximum intensity in the pth band is 
Io(4/7r 2 ). 1/(2p + 1)2 where 10 is the maximum 
intensity in the central band. These are the 
so-called secondary maxima. \Ve see that 
they are in no way uniquely connected with 
gratings. The same type of central image with 
the same maxima in attendance is obtained 
with a prism spectroscope, or, for that matter, 
with the direct image of the slit, provided the 
same aperture be used. The only properties 
of secondary maxima peculiar to gratings 
become manifest when the number of grating 
elements is small, and are due to the over- 
lëLpping of thf" secondary maxima associated 
with the primaries of different orders. 
A primary occurs, as we sawin the last 
paragraph, whenever the phase difference be- 
tween disturbances from corresponding points 
of adjacent grating elements has the value 
zero. A secondary minimum occurs whenever 
the phase difference hetween opposite edges 
of the aperture has the value zero, that is to 
say, "hen the phaRe difference between the 
first and la8t of the effective grating clement:::! 
is zero. Clearly, therefore, if there are n ele- 
ments, a primary of any order will coincide 
with the nth secondary minimum associated 
with the primary of the next order, and t'ice 
versa. 
There are therefore (n - 1) minima between 
the two primarics, and consequently (n - 2) 
secondary maxima. ,rith ordinary gratings 
the separation of the orders is so large com- 
pared with the flistancc betwcen the second- 
aries that thosf' associated with onc primary 
are quite outsidE' the influence of those asso- 
ciated with the nf'xt. The intensity of the 
sccondaries diminishes so rapid
y wit'h p that 


the great hulk of t.he spac(' 1J<'.tweell the B}>pl'tra 
is quite dark. In fact. the aperture has to he 
made quite small or a very high magnification 
has to be used to see any sccondary maxima at 
all. If the total number of grating el(,Ul('uts 
is small, howe'
er, the primaries (If successive 
orders may only be spparated by a few second- 
ary maxima, and those associated with the 
different primaries will reinforce each other. 
If we remember that there are (n- 2) maxima 
between each primary, and that the latter occupy 
the width of two of the former, it is easy to see that 
the pth secondary maximum associated with the 
primary of the mth order coincides with the 
(n-l-p)th, (2n-l-p)th, (3n-l-p)th . . . etc. 
secondaries of the (m+l)th, (m+2)th, (m+3)th 
. . . etc. orders, and with the (n+p)th, (2n+p)th. 
(3n+p)th . . . etc. secondaries of the (m-l)th, 
(m- 2)th, (m- 3)th . . . etc. orders. 
The total intensity of this secondary is therefore 
41 0 f I I I 
7r 2 l (2p+I)2 +(:! p_ 2 ,1,+1)2 + (2p-4n+l)2 


1 
+ (2p- ün+l)2 + 


] 
. + 2 
(2p+2n+ 1) 


1 1 } 
+ 2p+4n+l)2 + (2p+()n+l)2 + . .. . 


(3) 


From this we can evaluate the inten'3ities of the 
secondary maxima. As would be expected, except 
when n is very small, all but the first term in the 
bracket is negligible for secondaries in the neighbour- 
hood of the mth primary, and all but thc second 
term for those near the (m + 1 )th, and so on. Even 
for n = 4 it is only necessary to consider the effect 
of the two adjacent orders on either side of the 
order in question. 
The most intense secondary is the one nearest the 
primary. Its maximum int
nsity relative to that 
of the primary is about I Hi for 4 elements, 1/21 for 
8, 1/22 for an infinite number of elements. Thus 
there is little difference between the relative intensities 
of the strongest secondary whether a grating has an 
infinite number of elements or only a few. This is 
sometimes regarded as a surprising result, but" hen 
we realise that the secondary maxima are merely 
the ordinary diffraction bands due to the aperture 
of the system, we see why they are unaffected by the 
nature of the grating, except when the successive 
orders of spectra are so close that the reJatively 
strong secondaries associated \\ ith the different 
images overlap. 1\Ioreover, this is a pure 
nper- 
position effect; if we place a number of equidistant 
8lits at the enc1 of a collimator and adjust the aperture 
of an observing telescopf' to such a value- that the 
ang1llar width, X/A, of the diffraction band:-: bordering 
each image is exactly Ilgth of the angular separation 
of the images, we obtai.l precisely the appearance of 
several orders of spectra produced by a grating of 
q elf'ments, with the appropriate secondary ma),ima 
between, without the prCSf'nce of any grating 
whatever. 
Expression (3) is symmetrical for values of p on 
either side of p=(n- 1)/2, \\ hich represf'llts the point 
half-way bptwf'en the primarif's; the rf'a:-:on of this 
symmetrJT is obvious from \\ hat has gOIlf' I;cforc. 
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 (3) YECTOR 
\IETHoD.-Expression (3), ob. 
tained by adding the effects of the superposed 
diffraction bands which border the prim
ries 
of different orders, represents by its structure 
the actual method of formation of the second- 
ary maxima. It is not so c
nY
nie
t for 
calculation purposes as that whIch IS directly 
obtained bv the vector method, in which the 
net result 
of interference and diffraction by 
the aperture is deduced in one process. 'Ye 
shall briefly outline this method, which is of 
great utility in many of its applications. Let 
there be n element;:; in the grating, and let the 
amplitude of the disturbance from each element 
be I.. Let the phase difference between the 
ùisturbances from corresponding points of 
adjacent elements be ò\. It is con,enient to 
express this in angular measure cþ, where 
cþ=(27r/X)òX. The amplitude of the resultant 
disturbance is represented by the gap between 
the extremities of the first and last sides of a 
vector polygun composed of n sides of length 
k (on some suitable scale), each inclined to the 
one preceding it by the angle ø. Since the 
sides and angles are equal, the polygon lies on 
a circle, of radius such that k is the chord of 
cþ. The size of the circle varies "ith cþ, but 
at any stage the gap between the free ends of 
the first and last sides is 
k x chord "!...ø 
chord cþ' 
"hich is the amplitude of t he resultant dis- 
turbance. The inten
ity is proportional to the 
square of the amplitude and is therefore 
Bk 2 chord 2 ncþ _ Bk 2 sin 2 (nØ/2) 
chord 2 ø - sin 2 (Ø/ 2 ) , 
where B is a constant. 
In those directions for which cþ is zero, i.e. 
when the phase- step between adjacent elements 
of the grating is an integral number of wave- 
lengths, the value of this is n 2 Bk 2 , which is 
the intensity at the centre of the principal 
maxima. Denoting this by 10 "e see that the 
intensity in intermediate directions is 


I - I sin 2 (ncþ/2 ) 
- 0 n 2 sin 2 (ø/ 2 )' 


This is zero when ncþ=p7r, whera p=l, 2, 3, 
. . . n - 1. 
The (n - 2) secondary maxima occur be- 
tween these minima, where ncþ = (2 p + 1 )w-j2, 
their intensities being giyen by 


I I 1 (5) 
p= 0 n 2 sin 2 (2p + 1)7r/2n. 
The secondary maxima were termed by 
Fraunhofer ,. Sp
ctra of the Third Class." 

 (6) DISPERSIOX A
D RE
oLlTIO
.-The 
rate at which 0, in equation (2), nuies "ith 
wave-length is a measure of the spreading out 


of the spectrum, and is termed the disperszon. 
By differentiation of equation (2), 


dO In 
d\ = ..l cos 0 = 


sin 0 - sin i 
X cos 0 


(G) 


, . 


from "hich we see that for a given angle of 
incidence the dispersion in the neighbourhood 
of wave-length X depends simply on the 
direction, 0, in which the spectrum is 
formed. It is independent of the properties 
of the grating, a large or small grating space 
..l being compensated by the higher or lower 
order of the spectrum formed in the direction 
req uired. 
It is not the dispersion which is of greatest 
importance in determining the utility of a 
spectroscope, but the re80lâng pOlcer, that is 
the power of producing two distinguishable 
images for two monochromatic radiations of 
slightly different wave-lengths. TIlls power 
is usually measured by the ratio R=X/òX, 
where ÒÌ\ is the smallest difference which can 
be resolved at wave-length X. 
'Ye saw in 
 (3) that the grating alone, in the 
absence of diffraction at the bounding aperture, 
would give infinitely fine lines. Its resol\'"ing 
power would therefore be infinite, since, how- 
ever close two lines might be, they would still 
be perfectly distinct. However, the lines can 
never be observed except as diffraction bands, 
and if two of these are too close together they 
will merge into a single maximum of illumina- 
tion and "ill not be seen as separate 
bands. Follo"ing Lord Rayleigh (7), it is 
always conventionally assumed in calculating 
the resohing power of optical instruments that 
two diffraction images "ill be resolved when 
the centre of one falls on the first minimum 
of the other, as shown in Fig. 3. The angular 


(4) 


p q 


FIG. 3. 


\'"alue of pq is òtJ, =X/A, A being the effectiye 
aperture, The difference in wave-length com- 
prised in this angle is 
d\ 
ò\= òO. de 


X ..l cos 0 
A . lIt 


(From 6.) 
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L, the total length of the grating which is I 
utilised, h; equal to A/cas (), 
\ 
 
. õ\ = L . m 
X L 
R= fi.= 'In}., 


'Yhence 


= mn. (7) 
Thus the reRolving power is equal to the pro- 
duct of the total number of grating elements 
and the order of the spectrum; but while 
this is a convenient form in which to remember 
the result, tho apparent dependence on n is 
illusory. In any given direction 
/m is con- 
stant, and R depends simply on the total 
length, or, more f;tridly, on A. It is on!y 
when varying the number of elements w
de 
keeping tlte grating space constant that alterIng 
n alt<:>r8 the resolving power, since in this case 
an increase in 11, involve:::; an increase in Land 
vice versa, but for a given available aperture 
the resolving power doeR not depend on how 
many or how few grating elements we intro- 
duce. 
It facilitatf"ß the understanding of spectroscopic 
resolution if we always separate, as in the above 
treatment. the two factors on which it depends. 
There is first the resolving po\\- er in angle, which is- 
purely a function of the aperture of the observing 
hystem, the minimum angle for resolution being X/A 
(assuming a rectangular aperture). The difference 
in wave-length ccrrespondin
 to this angle depends 
on the dispersion of the spectrum. whether produced 
by interference or prismatic r('fraction. The usual 
method
 of deducing resolving power tend to conceal 
that its finitenegs is purdy a question of aperture, 
and lead the student to Ruppose that each type of 
spectroscope is a law unto its('lf in the matter of 
resolving po" er, which appears to depend on numbers 
of rulings, or length of prism base, etc., ,\ hereas these 
are merely quantities which happen to be conveni- 
ently related t,o the aperture of the system for 
formula purposes. 
Reverting to the Rp('cial case of grating.:;. suppose 
X' is the wave-lenrsth in tlw mth order which coincides 
\\- ith X in the (1/l + 1 )th order; X' - X is the rangc of 
wave-length in the 1/lth order which lies between the 
?nth and ('In + ] )th ord('rs of X. 
1/lX' =(m+ l)X, 
. '. X' - X =
. 
m 
The mllllffium resoh'able difference, õX, is X/mn, 
from \\ hich we f;{'e that a grating will resolve a 
differencc of \\-ave-Iength linth of the range of 
\\ave-Iength comprised within the width of an order. 
In 
ractice it is impossible to ohtain a line 
source of light of infinit<:>simal width. A 
narrow slit at the focus of a collimating lens 
is usually employed. The RpeC'tral "lines" 
are in rpality imagpq of thiH slit and hav(' 
therefore a finite width apart from the broad- 
ening due to diffraction. Ruch lines hav(' to 
be furthpr apart in order to be resolved. Thp 


ratio of the resoldng power actually obtained 
"it.h a given slit width to the theoret.ica.l 
resolving power 111 n is termed the Purity of 
the spectrum. 

 (7) OVERLAPPING SPECTRA. - Since the 
number of elements is without effect on the 
dispersion in a given direction, the resolving 
power in a given direction, the width of the 
spectral lines, or, provided there are more than 
about a dozen plements, the relative intensities 
of the secondary maxima, it may not be 
obvious what advantage accrues from using a 
large number. There are several advantages. 
'Ve saw earlier that in order to have light in 
o bliq ne directions the width of each elementary 
slit must be smalL If we only had a few of 
such slits the grating would he practicnlJy an 
opaque screen. Bor the sake of brightness, 
therefore, it is desirable to put as many slits 
into the available space as possible. 
There is another important consideration, 
however, due to the overlapping of spectra of 
different orders. From the grating law the 
wth order spectrum of wave-length X is formed 
in a direction such that 
.l(sin e - sin i) = mX. 
In general, therefore, if 'ln I Xl = m 2 X 2 , the wa ve- 
length ^2 in the spectrum of 1ìl 2 th order will 
coincide with Xl in the mlth order. Thus the 
blue end of the second order spectrum (X = O.4,u) 
will overlap the red end (X =U.Sp,) of the first 
order. Overlapping becomes progressively 
more serious in higher orders. If Xl and X 2 
are the extreme wave-lengths at either end of 
the spectrum to which the receiving appar- 
atus (eye, photographic plate, or whatever it 
may be) is sensitive, a wave-length X in the 
mth order will be overlapped by Xl in the 
'ln I th order and X 2 in the m 2 th order, where 
mIX I =m 2 X 2 =mX. All orders between WI and 
m 2 will clearly be repN'Hented at the same 
place by wave-lengths between Xl and \2' so 
that all orders from 1ìI I to 'ìn 2 inclusive, i.e. 
m 2 - m I + larders, overlap at this point. 
Since 


'1nX 
m 2 - m I + 1 = X X (X 2 - Xl) + 1, (S) 
I 2 


we see the importance of kepping m as small 
as possible if we wish to avoid confusion nith 
polychromatic spectra. To reduce the order 
of the spectrum founel in a given direction we 
must reduce the gratir..g Rpace 
, that is, we 
must increase the nUlll rer of elements in a 
given length of grating. Thus, although the 
resolving pow<:>r does not depend on n, we 
obtain it in spectra of lower ordpr, and th<:>rehy 
mini mise the difficultips of oy<:>rlapping, if W3 
make 12 large. 

 (8) IhsTRIRUTION OJ' LIGHT IN RPEC'TRA: 
EFFECTS OF GROOVE FOR'\I.- In "hat has 
gone before, we have assumed for convenience 
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that each element of the grating radiates 
uniformlv in all directions. On this hasis we 
found that the maximum intensities of the 
spectrum lines of all orders were equal, and 
that the secondary maxima had certain in- 
ten
ities relative to these. Since both primary 
and secondary maxima are extremely narrow, 
the eye does not appreciate their intrinsic 
brightness (light per unit area) but integrates 
this m-er the whole "idth of the lines and 
appreciates their total candle power; 1 con- 
sequently the relatiye apparent brightness of 
primary and secondary maxima is the ratio 
of the area of the intensity curves and nut 
of their maximum ordinates. If we introduce 
the factor 2, the relative width of a primary 
and secondary band, and assume the primaries 
to be tWIce as bright, relati\-e to the secondaries, 
as the ratio of the maximum ordinates obtained 
in preceding paragraphs, we shall obtain a fair 
approximation to the truth. 
This phenomenon accounts for the apparent 
increase in the relati\-e brightness of the 
secondary maxima when the aperture is re- 
duced, In such circumstances the "idth of 
the maxima may increase until they occupy 
quite appreciable areas. The eye then meas- 
ures their intrinsic brightness, and the second- 
aries seem twice as bright relatively to the 
primaries as when they are narrow lines. The 
effect of contrast also helps to subdue the 
secondaries when they are close to the 
primaries. 'Yhat we have just said may explain 
the common conception that increasing the 
number of grating elements reduces the intens- 
ity of the secondary maxima. Such conclusions 
are usually drawn from experiments in which 
the aperture of a grating is varied. As we saw 
earlier, the relative maximum intensities are 
independent of the number of elements except 
when this is reduced to le
s than 20, and eyen 
then the difference is trifling. All the pheno- 
mena can be observed, as was pointed out in 

 (4), without any grating at all. 
As regards the relative intensities of lines 
in different directions, these are clearly pro- 
portional to the ordinates of the intensity 
cun-e for the diffraction by the indiridual slits 
of the grating (see 
 (2)). In the case of the 
simple grating which we have so far considered, 
consisting of very narrow slits in an opaque 
screen, the central image would be of maximum 
hrightness, while the spectra on either side 
\\ ould diminish symmetrically in brightness as 
the order increased. In practice, however, 
such a simple grating is not obtainable. Grat- 
ings are usually produced by ruling fine grooves 
on gla,ss or metal "ith a diamond point. The 
technique of their manufacture is dealt with 
in another article,2 from which the reader" ill 


1 
eE' article on co TI1f' Eve." 
I .. Diffraction Gratings, The :)Ianufacture and 
T( ,;ting of." 


, find that the grooves arc u::mallyof V shape, 
and, for the best results, are cut sufficiently 
deep to lea ve none of the original surface 
remaining. The ruled surface is in fact a 
ploughed field in miniature. 'Yhen the ruling 
is successful the sides of the groove are 
reasonably smooth, and act, in the case of 
metal gratings, as reflecting surfaces. Con- 
sidering one side of these grooves the incident 
light would be reflected, in the absence of 
diffraction, in a certain direction in accordance 
"ith the ordinary law of reflection. As in the 
case of a simple slit, the diffraction spectra of 
the First Class are symmetrical about the 
direction which the r
ys would take in the 
absence of diffraction. If the ruling is narrow 
the central band occupies a "ide angle, but 
its centre of symmetry and of brightness is in 
the direction of geometrical reflection. Similar 
considerations apply to the other sides of the 
grooves, the direction of maximum intensity 
being, of course, quite different for these. 
Each ruling therefore provides diffracted light 
strongly concentrated in two directions, anJ 
spectra lying near either of these dir('ctions 
will be relati\-cly strong. This property is 
utili sed to rule gratings which "ill concentrate 
the light in the spectrum of a particular order. 
The angle which a side of the groove must 
make \\ith the plane of the grating in order 
that the central diffraction band from that side 
1\ill lie in the same direction as the required 
;o;pectrum is calculated, and the ruling diamond 
is set to give a groo\-e of this form. An 
important experimental investigation on the 
effect of groove form on the intensity of 
different orders has been made by Trowbridge 
and 'V ood, while various writers have discussed 
the subject theoretically (References 10, 11, 
12, 13, and others). 

 (9) ABsExT SPEcTRA.-If the ruling is of 
appreciable "idth, the central diffraction band 
does not extend over the whole angular field, 
and first class minima "ill occur in certain 
directions. The light from each of the rulings 
is zero in those directions; consequently their 
joint action is zero, and any spectra which 
would other" ise be formed in such directions 
are absent. It is easy to deduce which spectra 
will be absent when assumptions are made 
as to the type of ruling and the method of 
using the grating, but such calculations lose in 
practical value from the difficulty of predicting 
or determining the precise form of a ruling. 
In general the orders of absent spectra are 
multiples of the first absent order. Thus, if the 
2nd order is absent, the 4th, 6th, etc., are also 
absent; if the 3rd is absent, so also are the mh, 
9th, etc.; if the 4th is the first that is ahsent, 
then the 8th, 12th, etc" "ill be ahsent, It cloes 
not follow that the same orders are absent on 
both sides of the central image, since the centre 
of symmetry of the first cIa:":i system does 
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not usually coincide with thi
 in the case of a. 
ruled graÙng. Xot only so, but the spectra 
on oppo:-ite ::;idcs of the eentral image may be 
mainly due to li!!ht of the first class sYRtems 
diffraeted by the different 
ides of the groove, 
find are rea1Ì y due to different grating elements 
a.ltogether, although the grating space is the 
same for both sptR. \\ïth this hrief notice the 
fmbject of ab::;ent spectra mURt be left. The 
reach>r desirous of further information must 
consult the references (2 and 3) in which the 
simple C'aRe of a grating consisting of trans- 
pan>nt slits in an opaque screen, used at 
normal incidence, is treatef} at length. 


II. TYPES OF GRATING 

 (10) PLAXE GRATIKC.-This, the simplest 
type of optical grating, is usually produeed by 
ruling parallel lines on optiC'ally flat surfaces 
hv means of an accurate dividing engine. 1 
'Two forms require mention, namely trans
 
mission gratings, in which the rulings are un 
glass or other transparent material, and reflec- 
tion gratings, in which the rulings are on 
brightly polished metal. Transmission grat- 
ings are much more difficult to rule than 
reflecting gratings beC'ausp of the hardness of 
the gla
s and the liability to C'hange of furm, 
if not complete breakdown, of the ruling point. 
I?or this reason reflecting gratings are almost 
invariably used for accurate work On the 
other hand, small transmission gratings, suit- 
able for the use of students, can be made yery 
cheaply by taking a cast in celluloid of a good 
grating and mounting this on a glass plate. 
Such film replicas are sometimes of excellent 
quality. Photographic processes have also 
been used with some success. For accurate 
work, however, it is necessary to use a machine- 
ruled grating, as slight unevenness in :shrinkage 
of the films on drying renders replicas of little 
use for re
earch purposes, 
A dpscription of the various methods in 
which such gratings may be used is given in 
another article,2 and need not be described 
here. 

 (11) CO
CAVE GRATIXG. - Rowland dis- 
cuvered that if the grating were ruled on a 
concave spherical surface instead of a plane it 
produced focuRsed images "ithout the u
e of 
a It'ns. This is not due tu any new property 
acquired hy the rulings but 
imply to the 
image-forming properties of a concave mirror 
superposed on the ordinary grating action. 
Tht' mirror C'auses a heam of light, diverging 
from the slit, to converge towards a real image 
in accordance with the ordinary laws of reflec- 
tion. TIH' effect of the grating is to deviate 
the rays of tho convergent heam into a RPrips 


1 Spp art kip on .. ])iffraction r.rating
, The :\Tanu- 
rolf'tufP anil TI'
ting of." 
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of lateral spectra on either side of the geo- 
metrical image in accordance with the prin- 
ciples "e have already discussed. It simplifies 
the conception of the concave grating if this 
is kept quite clearly in mind; the grating 
action is respunsible for the presence of light 
in the directions given by the grating law, 
but the curvature of the wave front which 
produces the focussed images in these direc- 
tions is due t,) the focal properties of the 
mirror. 
Except for objects on the axis, a concave 
mirror produces astigmatic images. A point 
source so situated that the light is incident 
obliquely on the mirror gives rise to two focal 
lines respectively perpendicular and parallel to 
the plane of incidence. If instead of a point 
source we have a slit perpendicular to the 
piano of incidence, an image of the slit, drawn 
out in the direction of its length, but not 
broadened, will be formed at the first of these 
focal lines. It is this aRtigmatic image with 
which we are concerned, since it is the nearest 
approach tu an "image" of a slit which the 
mirror will give. If S, F'ig, 4, is the blit 
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FIG. 4. 


situated at a distance u from a concave mirror 
of radius r, the image is furmed in a direction 
equally inclined to the normal and at a dis- 
tance v in accordance with the ordinary law 
for oblique reflection by such mirrors, viz. 


ur cos i 
v - . 
2u - r cos i 


'Yherever the object may be situated, an 
image will be formed in the position given by 
this law. The quality of the image is not, 
however, equally good for all positions of S. 
Like all optical instruments a mirror suffers 
from spherical abt'rration. In the case of a 
sphprical surface this aberration is least, hping 
practically ahst'ut, if the objpct and image are 
equally distant from the mirror. In this case 
u='1J=r cos i, that is, the ohject (and also the 
image) is situated on the eireumfcf('nce of a 
circle with PC, the radius of the mirror, as 
diameter. 'Ye may term this the focal circle; 
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the slit must be situated on this circle if the 
image is to be free from spherical aberration. 
Let us now con:3ider the effect of the grating 
action on the rays converging to S'. Part of 
the lirrht will be thrown into a series of lateral 
spect
l, at inclinations, fl, to the normal CP 
such that 
(sin (J - sin i) = In\ in accordance 
with the usual grating law. Since S, C, P, and 
any point P' on the grating are concyclic,l 
SP'C=SPC, that is to say, the angle of in- 
cidence is constant over the grating. All rays 
in the beam are therefore deriated to the same 
extent, so that the convergence in the lateral 
spectra is the same as in the central beam. 
Thus if S is one of the spectra, 
P3"P' = P
'P', 
pp' C08 (J PP' cos i 
---PSn- = -pW-' 


t.e. 


or 


P 
" cos 0 (J 
,.) = l' ---:- = r cos . 
cos z, 


Hence if the slit i::; situated on the focal circle 
nut unly the central image but also the 
pectral 
image'! are situated on this circle. 
In the general case in which S is not situated 
on the focal circle, the position of the spectral 
im
lges is still obtained to a close approxima- 
tion by regarding the central beam as de'riated 
without change of convergence, so that if v is 
the distance of the central image, 
PS" _ . cos (J 
· - l cos i ' 


= p:-:;' = 1(r c o
.. . 
2u - r cos z, 


Thi::;, however, is not quite accurate, because 
in the general case t he angle of incidence on 
the grating. and consequently the de\'iation 
of the rays by the grating action. varies acro::;s 
the surface. The convergence of the spectral 
beams is therefore not exactly equal to that 
of the central beam, although t:'ach ray is 
simply de'riated in accordance" ith the relation 
(sin () - sin i) =constant, and the points of con- 
vergence such as S" are nearer or further from 
the gratin,
 than indicated by (9). The correct 
formula 2 is more readilv obtained on somewhat 
different lines than tho
e followed above, which 
ha\e been adopted in ordt:'r to show that the 


I The diameter of the grating i,;; neyer such a 
large fraction of its ratliu
 of curyature that the 
,li.,t'lnce of any point on it from the focal circle b 
appredable. 
I This formula is 
poS.= ----.!1'0'O
IO 
ur( co i...L co
 lI) - r cos 2 ì 
:r1H' condition 
or the formation of an optical image 
IS Hut t{'rm., In"oh ing the square of the aperture 
...hould vani"h in the e'\.prc
,.;ion for the retardation 
of ray
 from different part:o: 0f the aperture. The 
aha\<"- formula folio\\":, at OIH'l in the ('a
e of ;I, mirror 
if u i
 different from i. When (J =
. that i:, for the 
ordinary catoptric imae:e, it reducFs to the usual 
formula connecting It and l'. 
VOL. IV 


(9) 


focal effect is purely the ordinary property of 
the concave mirror, and that the effect of the 
grating, whether plane or concaye, is merely 
to de\
iate the light into lateral spectra in 
accordance" ith the grating law. 
The error of formula (9) is very slight in any 
case of practical importance. Since the grat- 
ing merely deviates the rays, the aberration 
which charaderises the central image if the 
slit is far from the focal circle also characterises 
the spectral images, so it is nece
sary for good 
definition to keep to the concyclic arrangement. 
True focal effects of gratings, which do not 
depend on mirror action, may be encountered 
if the grating space is not constant but varies 
according to certain laws. These effects are 
discussed in the article on the '" Jlanufacture 
and Testing of Diffraction Gratings" and need 
not be referred to further here. In any case 
they are freak effects and cannot be produced 
at ,
ill on any type of ruling engine at present 
in use. 
Discu

ions of the alJerrations of conca\ye 
gratings will be found in references 26, 27, 
28 and others. 
In Rowland's method of mounting the grat- 
ing the slit is placed at such a point on the 
circumference of the circle that the 
pectrum 
is formed 'at C, -i.e. (J =0. This arrangement 
gives a normal spectrum, i.e. a spectrum in 
which equal distanc
s on the photographic plate 
(which is bent to be tangential to the focal 
circle) represent equal increments of wave- 
length. 'Ye saw earlier (
 7) that the disper- 
sion of a grating, d(J/d\, =m/.1 cos (J. The rate 
of variation of dispersion from one part of the 
spectrum to another is 
d ( dO ) - m sin (J 
d(J dX = -.1 cos -8' 
and i.;; zero if (J =0. 
In the a ppara tus used by Rowland the 
grating and photogral)hic })late are mounted 
opposite each other at the e:--- 
tremities of a rigid beam GP, FlY. 
5 P being at the 
entre of curvature 
of the g
a ting. The two ends of 
the beam can be moved along rails, 
S A and S B at right 
anrrles to each other. The 
slit is mounted at S. It 
is obvious that whatever 
position GP 
occupies S is 
on the semi- . S 
circle "ith GP 8 
as dia meter. FIG. 5 
Theinstrument 
when once adjusted is therefore always in focu
. 
All that is requin'd is to move the bar (iP 
until the required 
pectrum occupies the plate. 
Full details of the use of Ro\\ land's mounting 
are given in Kayser's. Handbuch der Spectro- 
E 
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llcopie, vol. i. A d<.>fpc.t of Rowl:lllÒ'S mounting 
is that it takes up very cons1<1erable spa<.>e. 
An arrangement in which the plane of the 
apparatus is n'rtieal, so. that. all e.xcppt the 
slit and camera are contamed m a pIt beneath 
the floor, has been described by A. S. King (:W). 
Eacrle (21) has described a most useful mount- 
ing C for a concave grating in which. the cent.re 
of the plate coincides (virtually) wIth the Sl.lt. 
Full details and a critical comparison of Its 
advantaaes and disadvantaaes as compared 
\\ ith ]{,;wland's mounting 
re contained in 
the paper. Its two main advantages are t
at 
hilrher orders can be used and that the astlg- 
þ . 1 
matism of the spectrum IS very much ess 
The outstandin a defect of concave gratings is I 
the astigmatisl1
 of the images, particularly in 
the hiaher orders, for although this does not 
affect tl1C sharpness of the definition the bright- 
ness is gr<.>atly impaired, which is a 8eri
us 
matter in photographing faint spectra. "Ith 
Eagle's mC'unting much 8horter exposures are 
req uired than with Rowland's arrangement. 
* (12) TilE ECHELETTE.-For work in the 
infra-red region R. ,Yo 'Yood (10) constructed 
aratinas of wide S p acing, ..l = .0123 mm. These 
o 0 
 . 
were ruled on a gilt copper plate, usmg the 
120' angle of a carborundum crystal. In the I ' 
majority of cages this was mount
d to cut 
arooves one face of which made an angle of 

bout 20 0 with the original surface. -\Vith 
normal incidence these facets give a concen- 
tration of light \\ith the cent;e at 40 0 from 
the normal. "Ïth visible light such gratings 
throw the energy into a small group of 
spectra near the ] ,')th order on one side of the 
normal. They show no central image nor 
any spectra to the other side. According to 
\VOOd,l "The gratings behave, with infra-red 
radiation of wave-length above, say, 3!-<-, as I 
almost ideally perfect gratings; that is, they 
give spectra similar to what we should have 
with an ordinary grating which threw prac- 
tically all of the light into one or two ordprs 
on one side of the central image." For this 
wave-length, 3!-<-, the brightest sppctrum will 
be of the 2nd or 3rd order. The useful speC'tra 
for wave-lengths in thi
 neighbourhood are 
not therefore of high order; so that the re- 
solving power is much less than for visible light. 
This is no actual loss, however, because the 
relatively large width of the radiometric re- 
ceiver makes it impos:-iible to utilise such high 
resolving powers as in the visible and photo- 
graphahle rcgions of the 
pectrum. 
· \V ood has termed these gratin
s "Eehel- 
ette.'J" beC'ause, in their relativcly large phaFle- 
step, about 1.,\ for yisible light, they lic 
between the ordin
r.v grating and thc Edlclon, 
which we are now about to dcseri hc. 

 (l:J) THI<
 E('flELo'i.-ThiR instl'llJ11C'nt, 
which was devised by P
()fessor J\1ichelson (2n), 
1 Physical Optics. HHl, p. 2:W. 


is as unlike the traditional grating a
 possible. 
It consists of anum bel' of glass plates, of 
precisely the same thicknpss and plane parallel 
to a high degree, arranged like a flight of step
, 
or in ecllelon
 whence the name. The wi(1th 
of the steps is made as accurately equal as 
possible. If the light is incident normally on 
the broadest plate, Fig. ü, sume of i1 emerges 
from each of the 
steps which act as 
rectangular aper- 
tures and diffract 
the light O\Ter a 
very small angle. 
The light emerg- 
ing from any step 
has traversed one 
plate more or less 
than from the 
next, so there is 
a constant l>hase- 
step depending on 
the thickness and 
refractive index of 
the pIa tes. Let 
a e and c e' be rays diffracted in a dire<:tion ß 
from the outer ;dges of two adjacent step'S. 
Let c f and b g be perpendicular to a e. 
The difference in optical path is obviously the 
difference between b c in glass and a f in air. 
Let t be the thickness and ß the width of a 
step, then 


a fl_b 


e 


FIG. G. 


a f=gf -g a = t cos 0 - ß ;')in 0= t- j30, 
sinee 0 is necessarily very small. 
Thus the phase-step is 
fJt -.(t - ßfl) = (!-<- -1)1 + {:JO. 
A speC'trum line of the mth order will UU'I'C'foI'C 
be formed when 


(!-<- - I)t + ßß = rnÌ\. 


(10) 


Since 0 is very .small rn is approximately 
(J..L - l)t/Ì\. For a plate of thickn<.>ss 2 cm. 
(!-<- - 1) t is about 20,000 wave-lengths for grepn 
light, and the order uf the spectrum is 20,0110 
or so, 


The ùil'1pcrnion, 


wh{,fe 


dO = ( m-tdl!:. )/ ß 
d\ d\' 
_ f (J..L - l)t _ tdp , /ß 
- l Ì\ dÌ\ j · 
bt 
= \Þ ' 
11 = [(!-<- _ 1) _ \ d!-<- l ' 
\ d\ 


I :lllcl i!-l pun.l.v a pfoperty of the glas
. fh{' total 
ap<'ftllfe i'! lI,-l \dl('re n is th{' numhpf of 
plakR. The minimum angle resolvaùle is thf'reforc 
Ì\/nf
. 
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The minimum "ave-length difference resolvable is 
X d\ \2 
ó\=-- . -=-. 
nß dO nbt 
Hence the resolving power, R, 
X nbt 
= ó\ =
. . 
t 
m=(J.l-I)
, 
... R = mn { J.l- 1- 
(dJ.l/d\)}. 
(J.l- I) 


. (II) 


But 


Thus the effect of the di!>persion of the glass is to 
increase the resolving power (since dJ.lldX is - '1:e) 
from that given by the ordinary grat.ing formula 
R =lIln. In the case of a particular echelon described 
by Baly,l J.l-I, in the neighbourhood of the sodium 
line, "as 0.57-!ü, "hile J.l-l- X(dJ.lldX) wa.q 0'ü165. 
For an echelon of 20 platps 2 em. thick, the 
resolving power is a, little over 400,úuO for 
visible light. Such a grating would therefore 
resolve lines differing in wave-length by only 
one four-hundredth of the difference of the 
sodium lines. 
This large resolving power, obtained with 
a relatively small aperture,2 may appear to 
contradict the conclusion of 

 (6) and (7), that 
the resulving power for a given aperture was 
independent of the grating space. 'Ye were 
there concerned \\ith ordinary gratings in 
which the phase retardation between adjacent 
elements depends simply on the obliquity of 
the light. 
'Ye mu
t not confuse the width of the echelon 
step \\ith the grating space of an ordinary grating. 
The ",idth of the step corresponds to the width of 
one of the elewentary apertures of the grating and 
determines the distribution of light in the field in 
accordance \\ith 
 (2), hut the analogue in the CaBe 
of the echelon to tbe grating space of the ordinary 
grating iR the separation of the apertures parallel 
to the length of the echelon, which introduces the 
enormous phasc-step (J.l-l)t (approx.) between rays 
from corresponding points of tht' different apertures. 
Thi
 rcsults in a disper.sion very much greater than 
an.rthin
 obtainable with an ordinary grating, so 
that for a given total apelture, and therefore gi\"en 
resolving power in angle, the spectral resolution is 
greatly increased. An ordinary 
rating of 20,000 
Jines per inch would require to he ten -inches long 
to 
ive the same spectral resolution in the second 
order as "e obtain "ith an echelcn of under an 
inch. 
T
t' difficulties of ruling such a gratin
 are very 
considerable, and H'ry few of this length have been 
prf)duccd at the pre:;ent time, whereas the echelon 
we have mentioned is by no means an extreme case. 
The angular field "ithin which all the 
p
enomena are compressed is the angular 
wIdth (ìf the central diffraction band from a 
sin
l(' aperture. This is 2 sin -1 (XIß) = 2\lt j , 
1 .. 
pCf.tros('opr," ('hapter vi. 
2 ß 1:4 u,.;ually ahout 1 mm., 5-0 nß i:; 2 em. in tl1(' 
cflse we are di::5eussing 


The angular separation of successive orders 
will be given by dOjdm since m is large. 


From (10) 


dO " 
dm -13" 


Thus the distance between two orders is half 
the width of the total region in which !ight 
is available. There" ill thus in general be 
two orders visible, of different intensities unless 
they happen to be symmetrical with resppct 
to the centre of the diffraction maximum. By 
slightly altering the angle of incidence one of 
the orders may be brought to the centre, 
when it will be of maximum brightness; the 
spectra of adjacent order on pither side then 
coincide with the diffraction minima, and are 
invisible or faint. These Ì\\O positions are 
termed positions of single or double order. 
Though not more than two orders of one 
wuz:e-length are in the field at once, if another 
wave-length is present this \\ ill appear in some 
other order. The mth order of wave-length X 
"ill coincide "ith the (m i p)th order of ; ave- 
length "mj(mi:.p), where p is any integer I, 
2, 3, . . "etc. Since m is large, a very slight 
range of "ave-length indeed "ill gi\e rise to 
so many overlapping spectra of different orders 
that complete confusion" ill occur. \Yith the 
sodium lines, for instance, if D 1 is in the 
20,000th order D 2 may be in the 20,020th. 
The lines may o'
erlap or lie between one 
another, or, in fact, have any relative 
position whatever, depending on the exact 
thickness of the plate and the exact angle of 
incidence. 
Thus very homogeneous radiation must be 
employed or the appearances presented are 
unintelligible. In practice, therefore, the light 
is always analysed by means of an auxiliary 
spectroscope, usually a prismatic instrument, 
though sometimes a grating is employed, and 
only that radiation is allowed to enter the 
echelon which it is desired to examine. 
Another drawback to the instrument is this. 
The closest doublet which a grating "ill 
resolve is, as "e saw in 
 (6), separated by I/nth 
of the separation of adjacent orders. 
inc(' 
the useful field is the space between two orders 
we can only examine a range of wave-length 
of about n times the resolvable minimum, 
Since, in the case of the echelon, n is so small, 
thi'3 limitation is serious, It is clearly advan- 
tageous for a given resolving power to use a 
large number of thin plates rather than a 
smaller number of thick one
. However,o"in!! 
to practical difficulties of construetion and tu 
loss of light bv reflection at interfaces, it is 
not feasible t
 nse a very large number of 
plates. There is little gain in going beyond 
30, while most echelons have under 20. 3 


3 
fl':-.srs. .\rlam Hilgrr, a
 the result of improved 
methnd
 of construction, have recently put echcloll:i 
of tiity-sb.. plates on the market.. 
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:-\ince a brocldened line, or the components of a 
multiple line may extend O\er the "hole width 
f 
the first class m'u..imum, the apparent hrightne,.:s \\ III 
be mi
leading. Correction mu,-t be made for the 
distribution of intensity \\ ithin the field. Thf' 
formula of 
 (
) rNuces in this case to 
sin 2 (7rß'",^)8 
1=10 {7r(ß' À)8P' 
\\ here [0 is the intpllsity at the centrt> of the diffraction 
baud. An e
perimental investigation of the agree- 
ment of practical results \\ ith this formula has been 
made bv ßnrrrer and van Cittert (Rd. 3:
), "ho also 
pointeù' out that owing to that :;idc of a spectral 
ma)\.imum "hich is further from the centre of the 
field beinrr more weakened than the other, tht> position 
of the 
'l)I.imum is appreciably displaced towards 
the centre of the fidd. They found t>rrors amounting 
in some cases to 0.5 per cent of the width of an order. 
This displacement appears to ha\-e been generally 
overloohed by u
ers of the instrument. It is ana- 
logous to the displacement of the secondary ma)\.ima 
on account of their rapidly diminishing intensity, to 
"hich attention was "aIled in 
 (2). 
,rhen all its difficulties have been taken 
into account, however, the Echelon remains a 
beautiful amI powC'rful \\ ea pon of physical 
research. It is easy to use, requiring little 
adjustment, and as the pioneer among spectro- 
scopes of extreme resolving power, has been 
l"f'sponsible for the opening up of important 
fields of investigation previously inaccessible. 
The actual use of the instrument is dealt with 
in another a rtic1e. 1 

 (14) DF.FECTIVE GRATI
GS. - 'Ve have 
hitherto assumed ideal gratings and investi- 
gated their properties. In practice gratings 
may suffer from various defects. I>rincipal 
among these are departures from exact equality 
of the grating space over the whole grating. 
The effects of such errors are dealt '" ith in 
another article, 2 and we need only mention 
here that any periodic variation in the ruling 
virtuaJIy constitutes a second grating of which 
the grating space i
 equal to the periodicity. 
Thus a spectrum line is flanked with a series 
of faint companions which are simply lateral 
spectra produced by the second grating. Such 
companion lines are termed ghosts. Variations 
in optical thickness of the plates of an echelon 
may also give rise tu ghosts. Aberrations of 
another character may also be found in echelons 
due to the clam ping of the plates (30). Rtans- 
field and ,rahnsley (:J2) describpd a ca
(' in 
whieh an asymmetrical diHtrihution of light in 
the secondary maxima resulted from this cause. 
A useful treatment of imperfect gratings bas 
been given by Sparrow (3.')). 

 (1:') Co
cLusIOx.-In an articl<" of this 
length it has hccn quite impossihle to deal 
exhaustivPly "ith the 
ubject of diffraction 
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gratings. either in the theorptical or practical 
aspects. It has not been pOl:;sihle to deal \\ith 
the practical methods of muunting employed, 
and for Ruch inform a tion the reader is referred 
to Kayser's Handbuch der Spectroscopie, vol. i., 
to Baly's Spectroscopy, and to seyeral of the 
papers mentioned in the bibliography. On 
the theoretical side, space has forbid(kn refpr- 
ence to the state of polarisation of the dif- 
fracted light from the grating elements (37 
to 43). To repair these omissions and supple- 
ment the information contained in the artielp, 
a bibliography is appended which, though far 
from complete, will be found uReful by thuse 
desirous of pursuing the subject furth{'r. 
J. G. 
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DIFFGSER, a surface which scatters the light 
falling on it so that the light reflected or 
transmitted is distributed according to the 
cosine law. See" Photometry and Illumina- 
tion;' 
 (.31). 
ÐIFFLSIOX-AREA IXSTRC\lEXT: a type of 
ophthalmic instrument which depends upon 
diffusion areas for the extinction of refrac- 
tion. See" Ophthalmic Optical Appa- 
ratus," 
 (10). 
DIFFLSIVITY, YISI;AL. See" Eye," 
 (19). 
DIP OF SEA HORIZOX: method of measurement. 
See" Xa,-igation and Xavigational Instru- 
ments," 
 (24). 
DIPPIXG REFRACTO:\IETER: a direct-reading 
refractometer of limited range used for I 
specific purposes. See" Spect
oscopes and I 
Refractometers," 
 (Iti). 
DIRECT LIGHTIXG. 
ee "Photometry and 
Illumination," 
 (71). 
DIRECT \-ISIO
 
rECTROSCOPE. See" Spectro- 
scopes and Refractometcrs," 
 (19). 
DIRECTIO
, PERCEPTIO
 OF SOLXD. See 
" 
ound," 
 (.37) (y.). 
DIRECTIOXAL \YIRELESS TELEGRAPHY, it::; 
application to position fi
ing at sea. See 
"Xa,-igation anel Xa,-igational Instru- 
ments," 

 (25), (2Ü). 


DISC, RAYLEIGH. used as a sound detector. 
ce 
" Sound;' 
 (56). 
DISCH-\RGE TGBE, the phenomena of the 
,acuum. See ,. Radiology," 
 (3). 
DISIXTEGRATIOX THEORY of radioactivity, 
put forward in 1903 bv Rutherford and 
Soddy to explain the cou'tinuous production 
of radioacth-e matter. See " Radio- 
acth-ity," 
 (7). 
DISPERSIOX, IRRATIOXALITY OF. See "Op- 
tical Glass," 
 (2). 
DISPERSIOX, ROTATORY. 
ee " Polarised 
Light and its Application!S, " 
 (21) (ii.). 
Biot's Investigations of. See "Quartz, 
Optical Rotatory Power of;' 
 (3) (i.). 
Drude's Theory of. See ibid., 
 (3) (ii.). 
DISPERSIOX, ROTATORY, EXPERDIEXTAL Ix- 
VESTIGATION, DRuDE'S THEORY OF. See 
" Quartz, Optical Rotatory Power of," 
 (4). 
DISPERSIOX in grating spectra. See" Diffrac- 
tion Gratings, Theory of," 
 (6). 
ÐISPERSIOX OF LIGHT. The separation of a 
beam of light into its constituent colours, 
each due to a wave of definite length. See 
" Spectroscopes and Refractometers "; also 
" Modf'rn Spectroscopy." 
DISTORTIOX OF OPTICAL hIAGES. See" Tele- 
scope," 
 (3). Sce also" Lenses, Aberrations 
of," 
 (5); "Optical Calculations," 
 (18). 
DICRXAL V ARIATIOX OF DAYLIGHT. See 
" Photometry and Illumination," 
 (74). 
DIVERSITY FACTOR (in Illumination): the 
ratio of the ma.
imum to the minimum 
illumination found within a given area. 
See" Photometry and Illumination," 
 (70). 
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I. HISTORICAL 



 (1) GEXERAL.-The graduated or didded 
circle is the basis of all instruments for 
measuring angle:::;. The earlier circles " ere 
di ,-ided by hand, and in order to get any degree 
of accuracy they had to be of large diameter. 
During the last 150 years there has been a 
great development in the art, and it is now 
possible to obtain circles of a foot or IS , in. 
diameter in "hich no division has a greater 
error than 2 seconds of arc, "hile the 
probable error of any division is less than half 
a second. The first notable example of a 
divided circle was a mural circle of 8 ft. 
radius divided by George Graham for Creen- 
"ich Obsernttorv in 172.3. Two circles of 
96-83 and 93-8 
 in. " ere marked off by 
beam compasc;:es, the inner, or working circle 
I bcing graduated to degrees and twelfth::; of a 
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dl'
r('l'. Th(' chord ha\ illg the flame length 
a'3 the radiu
 gave tJI(' no point, with the 
I'uinb O
 and GO' as eeJltre
, and a di
tance 
on the heam com pi.t.s::) very nearly eq ual to 
the chord of 30 j ; Í\\l) li
ht dot
 \\ ere made on 
the are, amI the di
tance hetween these "as 
hisected by hand, using a mågnifying glass, 
thus gi,.ing the 3U:> mark. The chord of 30 0 
set off from the GOo point gave the 90 0 point. 
Each 3(/' arc "as then bisected in a similar 
manner, and the resulting di,.isions trisected, 
thu:"'l dividing the quadrant into 50 spaces. 
These were then divided into 3 part8, giving 
single dcgrees, and the twelfths of a degree 
"ere found by further bisection and trisection. 
The outer cirele was divided into 3 parts 
as before, and each of these into 512 parts by 
continued bi:::.ection. This method was con- 
sidered more accurate than the first, and the 
resulting di\isions "ere used as a çheck on 
the inner circle. 
John Rird 1 in 17()7 divided a similar circle. 
He first prepared a lineal scale of equal parts, 
and having obtained the 60 0 point by laying I 
off the chord equal to the radius, 30 0 and 90 0 
"ere obtained by laying off the chord of 30 0 
fmm the üO o point, the length of this chord 
being ohtained by calculation and measure- 
ment from his scale. From 60 0 the chord of 
13 0 WàS laid off giving 73 0 , and from this the 
chord of 10 0 20' gave 85 0 20', which was 
checked by the chord of 4 0 40' from 90 0 ; 
83 20 =5' x 2 10 , hence the further subdivision 
of this can be found by continued bisection. 
The remainder of the quadrant beyond 83 0 20' 
contains .')6 divi
ions of 5' each; the chord 
corresponding to 6-1 such divisions was laid 
off, and subdivided by continued bisection as 
before. 

 (2) TROUGH'l'O
. - Ed\\ ard Troughton 
adopted another method fQr dividing (de- 
scribed in Phil. Trans., 1809, as applied to a 
-t- ft. circle). The circle to be divided was first 
accurately turned on its inner and outer edges 
as "cll as on its face. A cylindrical roller 
was t hen made of such diameter that it re- 
volved 16 timeR on its axis when rolled 
once round the outer edge of the circle. The 
roller" as then divided as accurately as pos- 
sible into lö equal parts hy lines parallel 
to its a1..is, and was mounted on a frame\\ork 
which could slide round the circle, the roller 
revoh.ing by means of frictional resistance on 
the outer edge of the circle. Two microscopes 
attached to the frame served to observe the 
circle and the divisions on the roller respec- 
ti vely. By mcans of these microscopr-s the 
points of contact of the marks on the roUer 
with the cirde were observed and marked on 
the circle by dtJts; the circle was thus divided 
into 2.>ü nearly equal parts. '1'\\0 microscopes 
1 ,Tohn TIird, 7'''" ]J("hod of Didding Astronomical 
InMruml'nts. I,ondon, 1768, 



\ and B we're used to obtain the ('ITOrS oÍ 
these uot
; they were plal'eu 
o a
 to Lised 
dots 0 aIllI 12x respceti,.ely: the circle was then 
turned so that A bisected 1
8. B should then 
bisect dot 0; if it did not, tllE'n half the BH)\-e- 
ment of the cross-hairs necessary to bisect the 
dot gave the error of the dot, and this was 
measured on the micrometer scre". .:\Iicro- 
scope A was then again set over dot 0 and B 
over dot 64; the circle was then turned till A 
bisected dot 64. B should then bisect dot 
128 :t the error already found for dot 128; half 
the residual error gave thp error of dot ()4. 
Similarly the error of dot 192 was found. By 
continued bisection in the same manner the 
errors of all the other dots were found. The 
final graduations were required at 5' intervals, 
and to obtain these a sector with about fom" 
times the radius of the roller was mounted 
concentrically on the roller, so that it normally 
turned with the roller, but could be adjusted 
independently. The sector was divided as 
accurately as possible into divisions such that 
it would revolve one division on its axis for 
each 5' which the frame" was moved round the 
circle, 16k of such divisions corresponding to 
11lj of the circumference of the sector, i.e. to 
the amount the sector would revolve as the 
roller moved between two consecutive dots on 
the circle. Sixteen such divisions were marked 
on the sector, together with an extra division 
at each end which was divided into 
 ths. 
Two microscopes Hand K were carried hy 
the frame, H reading on the circle and K on 
the sector; the frame was then adj usted so 
that H read dot 0, and the sector adj usted 
with its zero under K. The zero mark of the 
circle was then cut under H by a dividing knife, 
and the frame moved till the sector had re- 
volved one di \Tision under K; the next line 
was then cut under H, and so on, until 16 
divisions had been cut. Before cutting the 
17th H was adjusted over dot I, due allow- 
ance being made for its error as already deter- 
mined, and the sector was set to division -k 
under K; the graduations between dots 1 and 
2 \"ere then cut on the circle. In this way 
the errors of the dividing w('re controlled by 
the dots and prevented from accumulating. 

 (3) COPYING.-'Vhen a circle has once been 
accurately divided it can be copied by placing 
the master circle and the blank concentrically 
on a table, and laying a straight-edge to each 
division of the master circle in turn, and 
cutting the division on the blank with a 
dividing knife. 

 (4) DIYIDING E
GIXES. - ::\[odern circles 
are invariably machine divided. The first 
notable dividing engine was made by Jesse 
Ramsden,2 and an account of this machine was 
published by the Commissioners for Longitude 
2 ,T. RamsdC'n, Description nf an EU(lill(, fur Di,'iding 
Jlathematical Instruments. London, 1777. 
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in 1 Tn. This and all later engines are. made 
on the same general lines; the work to bc 
divided is mounted concentrically on a circular 
plate which revolves on a vertical axis. This 
plate has teeth cut on its edge and is rotated 
bv a worm; the worm is moved by a ratchet 
d
i\Ten by a band wound round a cylinder, 
stops being provided to ensure the worm being 
turned the correct amount. In the earlier 
machines the band was pulled down by a 
treadle, the other end of the band being 
attached to a "eight. On pressing down the 
treadle the plate was rotated by a definite 
amount and the divisions marked on the circle 
bv hand. On releasing the treadle the ratchet 
aÌlowed the weight to descend "ithout rotating 
the worm. In later machines the cuts are 
made automatically, thus enabling the engine 
to be power dri \
en. 
In 1793 Ed\\ ard Troughton completed a 
some\\ hat similar machine, Others have been 
made by Andrew RúSS,l 'Yilliam Simms, 2 and 
others in this country and abroaù. 


II. ::\IODERX DIYIDIXG EXGIXES 

 (5) DESCRIPTlo:s.-One of the best and 
most modern of these was completed by 
George 'Yatts in 1903. This machine and 
the methods used in constructing it will be 
described below. 
It "ill be seen from what has been said 
that the principal aim is to construct an 
accurate worm and worm-wheel so that one 
revolution of the worm shall revolve the 
worm-wheel through a predetermined angle, 
no more, no less, with the smallest possible 
amount of deviation, and this must be true in 
any relative position of the worm and wheel. 
The only certain method of producing such a 
worm-wheel is to cut the teeth one bv one 
from an accurately divided circle, and 
nless 
such a circle is a \Taila ble the first step is to 
divide one. In order to carry this out the 
following precautions were taken. The work 
of di\"iding and testing wad carried out in a 
specially constructed room where the tem- 
perature could be maintained constant within 
one degree Fahr. The circle A (Fig. 1) to be 
graduated revolved smoothly upon an accu- 
rately machined axis B "ithout the suspicion 
of any journal shake. The bearings of this 
axis were carried by a very rigid frame C, 
which was so designed as to furnish also a 
rigid circular table D, somewhat lower in 
height and a little larger in diameter than 
the circle to be graduated. This circular table 
w
s for the purpose of mounting micrometer 
mIcroscopes at different positions round the 
circJe. These microscopes should be of suffi- 
cient power to detect clearly an amount equal, 
I Trans. Soc. Artll, 1
30-31. 
t JlemoiTs of the .Astronomical Society, 1843. 


I in angular value, to the tenth part of a second 
on the circle. Some idea of tliP pO\\ or neces- 
sary can be ontained from the fact that in 


D 


o 


linear measure this amounts at 4 ft. diameter 
to about "BlI"ålJõ inch. The design for the 
mounts of these microscopes must be very 
carefully considered from the point of view of 
temperature changes, as a cold draught striking 
one side of such a mount may produce errors 
which are by no means negligible. 
Another essential piece of apparatus is a 
mechanically mounted steel or diamond cutter 
for cutting the actual divisions to be read by 
the micrometers. This cutter must be so 
mounted and swung that it can be lowered 
into contact \\ith the circle, moved across it, 
and again raised mechanically without any 
direct impetus or control of the hand. Ob- 
viously also the moving parts of this mech- 
anism must be free from the least shake, 
while at the same time perfectly free to move 
or s\\ ing \\ ith the least possible friction. 

 (6) DIVIDIXG THE )!ASTER CIRCLE.-The 
cutter mechanism was securely bolted do" n 
to the table D, and the first Jine ruled (0 0 ). 
Then by actual measurements the position of 
the 180 0 line was determined, and this position 
brought as nearly as possible under the cutter. 
A micrometer microscope A was then mounted 
and adjusted exactly over the 0 0 line, i.e. 
directly opposite the cutter, and 180 0 line 
ruled; the circle was then re\yolved as nearly 
as possible through 90 0 , and microscopes 
Band C mounted over the marks already 
cut; they will thus be about 90 0 from A. 
::\Iicroscope B was then adjusted exactly over 
the zero mark and C over the 180 0 mark, and 
the circle turned till the zero mark was e:xactly 
under C; if the 180 0 mark had now appeared 
exactlv under B, both marks and microscopes 
would
 ha\-e been exactly 180 0 apart, but if 
not, the error was shared equally by the posi- 
tions of microscope B and line It';Oo. The 
total amount of this error was read on the 
micrometer, and the zero line again placed 
under the A microscope, but "ith its error 
allowed for on the A micrometer, and a fresh 
180 0 line \\<1S ruled. This was again tested, 
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and the 1}J'o('es
 repeated until the t\\ 0 lines 
O
 and I
U had no appreciable error; the 
micrometPl' read in,!:!: at A eorrespunding to the I 
point exactly oppu
ite the cutter WitS then alsu 
known. The zeru line \\ as then adj usted under 
ß and the 90" line cut; 0 0 was then placed 
under C, when ÚO'" should appcar undcr ..l. 
As before, the error was read off, half this error 
being in the position of the 90 0 line, and half 
in the positions of Band C. A correct 90:' line 
could therefore Le marked, and the 27U o line 
followed. Bv similar methods, and using more 
microscopes, "accurate lines were cut first every 
45
 and then every 2
r). This gave lö funda- 
mental lines. By the 8ame methods of trial 
and error micros"copes D and E were placed 
l
O:" from A and the 120' and 2-10 0 lines cut. 
Hy placing each of the original lö lines under 
each of the three microscopes A, D, and E in 
turn, three times lö, or 48, lines were obtained. 
On the same principle five microscopes were 
placed at equal distances round the circle, 
and more lines cut, thus gi ving 2-10 lines in 
all, or one every 11 0 . So far the work was 
straightforward, if tedious; but these divisions 
had now to be divided into 18ths in order to 
obtain .3' spaces. 
For this purpose micrometers were mounted 
at O
, 70 0 30', and 141 0 , and the two spaces 
included were trisected, i.e. intermediate 
micrometers were mounted at 23 0 30',47 0 , 9-1 0 , 
and 117 0 30'. By this means 720 divisions were 
obtained, or one every !o. Three micrometers 
were then mounted at 0 0 , GOo 30', and 121 0 , 
and the two spaces subdivided into three by 
micrometers mounted at 20 0 10'. 40 0 20', 
80') 40', and 100 0 ;)0'. By this means 2160 
divisiong were ohtained, or one every 10 
minutes. Finally four micrometers were 
mounted at 0 0 , 4-0 0 10', 80 0 20', and 120 0 30', 
and the three spaces hisected by micrometers 
at 20 0 5', mJ o }'>', and 100 0 2.3'. This gave the 
req uired 4320 divisions, or one every 5 minutes. 

 (7) TESTlXG. - The circle being thus 
divided th(' same geometric process was em- 
ployed to ascertain the individual errors of the 
graduations, which were tabulated. An en- 
tirely fre
h set of graduations was then cut, 
using a slightly different diameter of circle, 
the errors being eliminated, as far as possible, 
by making the appropriate allowance'3 on the 
micrometers. 'The errors of this new circle 
were again determined and tabulated, and yet 
another circle divided. It was found that the 
individual errors were considerably diminished 
with each cycle of operations, and after a con- 
siderable number of such cycles, involving 
about six months of very tedious work, a ring 
of divisions "as ohtained the errors of \\ hich 
were known, and with one or two exceptions 
werc well \\ ithin ! second of arc. 

 (R) TEETH CrTTIxG.-The next step "as 
to cut the teeth of the worm-wheel. In the 


place \\ here the driving worm was finally to be 
mounted \\ as plaef'd a spindle carrying a 
multi - toothed V cutter of ab
ut 3,ï O angle. 
The aÚs of this cuttcr was mounted in an 
inclined po
ition, not parallel to the plane of 
the revolving table. The amount of this 
inclination was the mean angle of that portion 
of the thread of the worm that was to engage 
and drive the revolving table. l\Iechanical 
means were provided for revolving this V 
cutter and also for feeding it into the edge of 
the revolving table as required. There were 
also two or three warning de\Tices for the 
purpose of indicating when the cutter was 
well out of contact \Üth the revolving 
table so that the latter could be moveJ. 
with impunity. 
Seven micrometers were then mounted round 
the revolving table, and also, in a convenient 
position among them, a firm clamp and slow- 
motion screw for holding the table, and bring- 
ing it to the required position before each 
individual tooth was cut. This pm,'ition \\as 
determined by the positions of the several 
divi
ions under their respective Illicroscope
, 
due allowance having Leen made on each 
micrometer for the tabulated errors of each 
graduation. The V cutter was then entered a 
certain depth into the metal at the periplwry, 
and again swung clear. ''V hen the .. safe" 
position was indicated by the warning de\'ices 
the table was revolved to the next division, 
and the cutter entered again, and so on all 
round the table without removing the cutter 
to resharpen it (it had been so prepared 
as to stand up well under this test of its 
durability). 
In the dividing engine deRcribed there are 
two rows of teeth, one above the other, the 
upper row spaced 10 minutes apart, and the 
lower 5 minutes. The purpose of this arrange- 
ment was to simplify the driving mechanism 
and also to provide more equal wear on the 
hearings of the main spindle of the engine. 
The tooth - cutting operation was repeated 
three times round the entire circle in thc case 
of the upper and deepcr row of teeth, and twice 
in the case of the lower row, the final cut in 
each row being a very light one and efff'cted 
\\ith a 40 0 V cutter. The teeth of the cutter 
were well washed with turpentine during the 
whole operation, to facilitate thc cutting of 
the metal, which was a very tough alloy of 
bronze. 
The first care after cutting the teeth was to 
protect them, and for this purpose the rigid 
circular table provided a }>crmanent support 
for a substantial cast-bronze shell bolted to it 
in segments, which completply surrounds the 
teeth, eÀcept where the worm-screws engage 
them. 

 (9) DRIVDW ::\[ECHANIS!\I, - It now rp
 
mailled to provide suitable mechanism for 
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driving the re\
olving table, and cutting the 
dÏ\
isiun
, each to have a suitable adjustment. 
Intermittent mution had tu be pro,"itled for 
the former, and co-ordinated "ith this in a 
very positive manner, a .. tracelet," or mechan- 
ism operating the actual cutting knife, "ith 
its automatic movements. Both are very 
simple in principle, The intermittent move- 
ment of the worm-wheel is arranged as follow:;: : 
There is, mounted on the worm-spindle A (Fig. 
2), and rigid \\ ith it, a ratchet \\ heel B. engaged 
and driven by a pawl C', which revolves on a 
spindle D. This spindle is separate from, but 
\\ith its axis in exact prolongation of, the worm- 
axis. A coarse V -sha ped worm E, round 
which a cord is passed several times, is rigidly 
mounted on axis D; one end of this cord is 
attached to a pin on a revolYÎng arm F, the 
length of which can be 
varied; the other end of 
the cord carries a weight. 
On revolving the arm F the 
cord round 
E "ill be aItpr- 
nately pulled and released. 
The pa wI, therefore, "ill 
be revolved round its axis 


alternately in opposite 
directions. In one direc- 
tion it \\ill carry the "orm 
round \\ith it by the pawl 
engaging in the ratchet wheel, 
and in the other direction 
the pawl \\ill slide back 
over the ratchet \\ heel teeth. FIG. 2. 
Thus the worm - wheel is 
alternately revolved and left stationary. The 
amount of revolution imparted depends on the 
amount of pull and release given to the cord, 
or, in other words. to the length of the arm 
F: this controls the spacing of the graduations. 
Yarious adjustments and limiting devices are 
introduced to make the apparatus as positive 
in its action as pos:;ible. 
As regards the tracelet; two movements of 
the cutting knife are necessary-one a lowering 
and lifting movement, and the other a tra vers- 
ing movement: the former to bring the knife 
into contact "ith the surface to be graduated 
and to raise it again, and the latter to cut the 
division. TIlere are :--everal methods of auto- 
matically accomplishing the movements; one 
of the simplest is shown diagrammatically 
in Fig. 3, where A is the cutting-frame, having 
at one end a knife or cutter, while the other end 
is prolonged in order that the cam C, when 


revolving:, ma
' come in contact \\ ith it '1nd 
alternately lift and 10\\ er the cutter at the 
other end. It is important for thi:, cam to 
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revolve at exactly the same rate as the revolv- 
ing arm F (Fig. 2), and to be so adjusted that 
the cutter i
 out of contact "ith the ,'ork 
being graduated while the latter i:; being 
rotated by the worm. The shaft carrying the 
lifting cam C (Fig. 3) also carrie" a pinion 
geared with a definite ratio (in the case illus- 
trated 1: 6) into a larger gear wheel D, the 
spindle of \\ hich carries a large earn wheel E, 
having 6 equally spaced projections round its 
edge. In close contact "ith this undulated 
edge is a "feeler," or a projection of the 
member F, which is a right-angled frame 
pivoted at G, into the lo\\er end of which the 
cutting-frame _\ is pivoted at B. H is a 
weight for determining the pressure of the 
cutting knife on the work, and I is a weight to 
keep the "feeler " in close contact with the 
edge of the cam E. The amount of the tra vers- 
ing movement communicated to the cutting 
frame, and therefore to the cutter, is controlled 
by the radii of the projections of the cam E. 


l' 
I 
"

 


1 .,...' 



l 


FIG. 4. 


In the case illustrated the apparatus would 
produce graduations some\\ hat as illustrated 
at J (Fig. 3), the firm lines being cut during one 
revolution of the earn E. The machine is 
illustrated in Fig. -1. 
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Ill. 'lETIIODS OF l-tE.\DI
U 

 (10) JI ETIIUD OF [{ E \D1
i:.- ('ircl('s are 
read by a single point('r, by a ,.crnier, by a 
rearlmfr microsl'ope, or by a micrometer micro- 
scope, r"'these being mentioned in their order of 
increasing accuracy. 

 (11) rite Yernier.-Suppose a scale divided 
into equal divisi()
s, \\ith a second scale 
slidinfr alunO'side it, the divisions of the second 
00. 
scale each 11"th smaller than those of the mam 
scale. The second scale, or "Y ernier," 
generally contains only 1L dh-isions. If the 
zero of the vernier coincide with a division of 
the main scale no other division will coincide 
e
cept the nth, which will coincide "ith the 
(n -l)th division of the main scale. If the 
vernier be now moved along a distance of l/nth 
of a di vision of the main scale, the first division 
of the vernier, and only the first, will coincide 
with a dh'isiun of the main scale; similarly, if 
it be muved m/n of a main division, the mth 
division of the vernier will cuincide with a 
division of the main scale. As the eye is very 
sensitive to lack of continuity in a line, this 
forms a very sensitive dévice for splitting the 
main divisions of a scale. 'Yith the aid of a 
magnifying glass a ß-in. circle can easily be 
read by a vcrnier to 30" of arc, and with a little 
care to 10". It will be seen that the divisions 
of the vernier might equally well he l/nth 
larp-er than those of the main scale, but in this 
case the divisions of the vernier must be 
numbered in the reverse direction from those 
of the main scale. The device was first 
described in a treatise by Pierre Yernier, 
entitled Construction, usage et propriété du 
quadrant nouvean de l1wthématiques, published 
at Brussels in lß:n. 

 (12) READING ::\hcRoscoPEs.-This device 
consists of a simple microscope having a fixed 
cross-hair. This enables a more finely dividcd 
circle to be used; hut the interval hetwcen the 
cross-hairs mU8t be estimated. If the cross- 
hair in the microscope he replaced by a scalc, 
the divisions of the main scale can be su b- 
divided by this mcans, but the final subdivision 
must still be estimated. The apparent size 
of the eycpiece scale must obviously agree with 
the apparent size of the main scale, and this 
can be adjusted in the same way as the adjust- 
ment for run in the case of the micrometer 
microscope. 

 (13) )hCRO
IETER :\hCROSCOPEs.-Here t.ht' 
fixed cross-hair of the reading microscope is 
replaced by a moving wire, which can be 
traversed across the field by an accurate micro- 
meter screw, against the pull of a spring. The 
numh('r of complcte revolutions of the screw is 
counted (if nccessary) by a comb cut in a 
diaphragm in the focal plane. Thc portions of 
d revolution are read on a drum attached to 
the screw. In any casc there i
 a pointer (or 


zcro nutch in thc comb) "hieh indicate's the 
point being read. \rhen th(' drum I'l'ad:-; ZCl'U 
the eross-hairs .should Le directly o,.cr the 
pointer or one of the notches in' the comb. 
The run should bc adjusted so that the cr08S- 
hairs move from one division on the main scale 
to the next in one or morc complctc revolutions 
of the drum, The run can be adjusted hy 
moving the object glass of the microscope 
toward the circle if the apparent size of the 
circle division is too small, and away if too 
great. Any movement of the object gla88 in- 
volves refucussing the microscope. The drum 
is friction tight on its Rpindle, and so can 
be adj usted as necessary; a screw passing 
through the axis of the milled head used to 
turn the drum regulates its tightness. The 
comb or pointer can be moved by turning a 
screw at the far end of the micrometer box, in 
prolongation of the micrometer scre\\ (see 
Fig. 5), 
In taking a reading thp cross-hairs are set 
over the division on the circle nearest the 


Eye Piece (Screw focLlssing) 
/ 


Drum Index 
I 


/ 
Drum (Friction tightJ 


Screw adjustment 
for value 


Lock Nut for same 


11'IG. 5. 


pointer, The pointcr (or zero of the comb) 
indicates the division of the circle to be read, 
and the odd fraction is read off on the drum 
and comb (if nccessary). It is hest to have 
a cross-hair composcd of two parallel wires 
spaced slightly wider than the apparent thick- 
ness of a graduation. Two fixed wir('s at 
right anglcs to thc movable ones ('nsure that 
the readings are ah\-.ays taken on the same part 
of the graduations. 'Yith a ß-in. theodolite it 
is convenient for the circle to be dividcd into 
10-minute spaces, and for onc revolution of the 
drum to correspond to one division. If the 



DIYIDIXG EXGIXES-ERECTIXG EYEPIECES 


59 


circumference uf the drum be divided into 60 
part::;, each of these \\ ill currcspond to 10 
seconds, and no comb will be æq uired, \\ïth 
a 12-illch theodolite the main dhisions would 
be 5', and the microscopes more powerful, so 
that one revolution of the drum would corre- 
::;pond to I'. In this case a comb is necessary to 
count the odd minutes, and one d::.vision of the 
drum corre:5ponds to 1", In such a case it is 
convenient to have a lower-powered reacling 
micrmicope to read the scale direct to the next 
lowest 5', only the odd minutes and seconds 
bein!! read on the micrometer microscopes. 
The drum reading should be the same which- 
ever graduation be intersected, and it is often 
convenient to read the graduations on either 
side of the pointer, as this gives a check on the 
run of the micrometer, and ena bles a correction 
to be made if necessary, 
The accuracy of reading depends to a con- 
siderable extent on the illumination of the 
circle. The graduations are engraved lines, 
and if the light falls from one side the illumina- 
. tion of the two edges differs; the light should 


fall from ahove, and in the direction of the 
length of the lines. E. o. H. 
G. w. w. 


DIVIDIXG E:XGI
ES. 
ee" Didded Circles," 

 (5). 
DOPPLER'S PRIXCIPLE: a principle "hich 
explain
 the small change in the wave-length 
of a linE" in a spectrum found \\ hen the 
observer or the source of radiation are in 
motion. By measuring the displacement of 
such a line, the velocity in the line of sight 
of the moving source relath"e to the observer 
can be determined; other phenomena in 
spectroscopy can be eXplained by aid of the 
principle. See "Spectroscopy, :\Iodern," 

 (.3). 
DOUBLE-BIAGE PRIS:\IS, 'Yollaston's and 
Roëhon's forms of. See" Polarised Light 
and its Applications," 
 (12), 
DOUBLE REFRACTION. See" Polarised Light 
and its Applications," 
 (5). For Fresnel's 
theory see also 
 (7). 
DRUM. See" Sound," 
 (47). 


-E- 


EAR, THE HU:\IAX, DESCRIPTIO
 OF. See 
,- Sound," 
 (57) (i.). 
ECHELETTE: a type of diffraction grating for 
work in the infra-red. See "Diffraction 
Gratings, Theory of," 
 (12). 
ECHELOX in Spectroscopy: a special form of 
diffraction grating of very high resolving 
power, See" Diffraction Gratings, Theory 
of," 
 (13). 
EFFICIE
CY, EFFECT O
 LIFE OF (in electric 
lamps). See ,- Photometry and Illumina- 
tion," 
 (87). 
EFFICIEXCY OF CA)IERA SHUTTERS. See 
" Shutters, Testing of Photographic," 
 (3). 
E.FFICIESCY (of a light source). Ree" Photo- 
metry and Illumination," 
 (2). 
ELASTICITY OF GLASS. See" Glass," 
 (26). 
ELECTROX: the fundamental carrier of unit 
of electric charge. See" Radiology," 
 (2). 
ELLIPSOID OF ELASTICITY: the name given by 
Fresnel to an ellipsoid in a crystal, which 
determine
 its optical properties. Its axes 
are fixed in direction in the crystal. The 
axes of the ellip
e in which a plane wave, 
pas::;ing through the centre of the ellipsoid, 
cuts the surface, .give the directions of 
vibration in that wave, and their lengths 
are inverl'iely proportional to the re
pective 
velocities of propagation. See" Light, 
Douhle Refraction of." 
ELLIPTIC POLARISATtOs, PROD{TTIO
 AXD 
DETECTIOX OF. See" Polarised Light amI 
its Applications," 
 (15). 


E:\IANATIOKS FRO)I RADIO-ELE
IEXTS. See 
" Radioactivity," 
 (16). 
E)IBOSSI
G, PROCESS OF, GLASS. See" Glass," 

 (38). 
EXD PRODUCT OF DISI
TEGRATIOX SERIES OF 
RADIOACTIVE ELE;\JE
TS. See " Radio- 
activity," 
 (24). 
ENERGY, PARTITIOY OF, ApPLlCATIO
 OF 
QUA:!S'"TU
I THEORY TO. See "Quantum 
Theory," 
 (3). 
EXGRAVISG, PROCESS OF, OX GLASS. See 
" Glass, " 
 (37). 
ESLARGER, PHOTOGRAPHIC: ::t device for 
magnifying photographic images. See 
" Photographic Apparatus," 
 (10). 
EQUAL ALTIT1:."DE :l\IETHOD FOR DETER:\IIXIKG 
LOCAL TDIE. See" Surveying and Survey- 
ing Instruments," 
 (26). 
EQUATORIAL :\IorNTISG FOR TELESCOPES. See 
"Telpscope," 
 (14). 
EQUIV ALEXT BEXDIKG POIXT: a term used in 
connection "ith projection apparatus to 
denote the point in which a ray finally 
emergent from the apparatus intersects the 
line of the corresponding incident ray. 
e(' 
" Projection Apparatus," 
 (4). 
EQUIVALEXT BEXDISO SIJRFACE: a tE"rm used 
to denote the locus of the equivalent bending 
points for a giv"en symmetrical projector, 
See" Projection Apparatus:' 
 (4), 
ERECTISG EYEPIECES. 
ee" Eyepiec('s," 
 (7). 
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 ÜBSERVATIO

 :\L\DE IS X..\PTICAL 
ASTlw.so.:\lY. 
ce" Xavigation and Xaviga- 
tional Instrument'3," 

 (.3), (6). 
ERRORS OF S.E
TA
TS. Sce" Xadgation and 
X a viga tional Instruments," 
 (19) (ii,). 
ETCHI
n, PROCESS OF, O
 GLA

. See 
" Glas8," 
 (:J
). 
EUPHOXIUS, B,: a brass wind - instrument 
"ith valves. See" Sound," 
 (44). 
EXPAxsroX, CO-EFFICIE
T OF, OF GLASS. Sf'e 
" Gla
," 
 (27). 


EYE, THE 


I. STRUCTURE 


* (1) THE eye, or organ of sight, is probably the 
most important of the physical sense-organs 
by which we accomplish the perception of the 
objective world. A 
complete treatment 
of its anatomy and 
functional processes 
from the physio- 
logical point of view 
would be 011 tsidc 
thc pun-icw of this 
work; but an ele- 
mentary knowledge 
of its structure is 
essential to the com- 
prehen
ion of its 
properties as an 
optical instrument, 
wi th which the 
Applied Physicist is 
primarily conccrned, 
and whieh is the 
subject-matter of t.his 
article. 
In Fig. 11 a 
ùi
,grammatic hori- 
zontal section of the 
I'ight eye iR shown. 
The principal 
features t.o which 
we rf>q uire to call 
attention herc are 
the folIo" ing : 
The Eyebrlll, which 
i
 an elastic body of 
about one inch diametcr, is of the sha.pp 
shown, being distended at the front to form 
a spherical cap of smaller radius than the 
remainder. The wall of the eye consists of 
three principal layers or coats which, passing 
.1 Taken from Visual {)ptic,
 and Si(Jht Tpstin(J. by 
LIOnel Laurance, whkh thl' read PI' Hhould consult 
for lulieI' information than i
 here given. 
Other book8 whkh deal with the physiology of the 
('ye are I1andlmch df'r ph.llsiolo(l. Optik, If. von 
Helmholtz; l/aru/lmch der J'h.llRwlo(Jie dn Jlellsrh('1
, 
W. 
agcl; Optique p}lI/f;i(}lo(liqup, Tschcrning; 
EÜ'mentary Textbook of l'hysiolo(Jy, T. Huxley. 


from the outside' inwards, are Jlwt in the 
following order: 
The Sclerotic and Cornea: The srt'!rotic 
is a white opaque membranp of tnugh fibrous 
tissue which extends over about five - sixths 
of the ball. The cornea, which covers the 
other sixth, is continuous with the sclerotir, 
but is colourless and transparent. to admit 
light to the eye. 
The Clwroid: This is a layer of highly 
vascular membrane in dose contact with the 
sclerotic externally and lined internally" ith 
dark hrown pig men t cells. 
The Retina: This is the seat of yision. It 
is a reticulated structure of fibres and celIs 
and is directly connected to the optic nerve, 
It consists of ten distinct layers, of which the 
first and second (passing from the choroid 
inwards) are the receptive layers. The first 
of tllf'se, which adjoins the choroid, is the 
hexayona ljH'yment 
layer, a glandular 
structure in \\ hich 
is secreted a sub- 
stance known as 
visual purple, That 
the 1.n'sual purple, 
which hecomes 
hìeacheù on ex- 
posure to light, is 
associated with 
vision is regarded 
ns certain, but the 
part which it plays 
is unknown, many 
conflicting theories of 
its fun('tion ha ying 
been ad vanced. Next 
comes the bac-illar!1 
layer or the layer of 
rods and cones. These 
consist of minute 
hodie'3, of which the 
shape is conveyed in 
their names, and of 
which vast multi- 
tudes are packed Ride 
by side perpendicu- 
larly to the plane of 
the retina. The light 
wa ves strike these 
bodies and, by means 
at presf'nt unknown, the radiant pnergy is 
converted into some form suitable for trans- 
mission along the ramifications of the 0pti=, 
nerve to t,hp brain. 
The remaining layers, which ne('(} not here 
be particularised, contain the hlood-vessels 
and the nerve fibres which radiate from the 
optic nerve to all part
 of the layer of rods and 
cones. It will he observed that the light, 
before reaching this layer, has to pass through 
the eight inner layers. 


FIG, I.-Horizontal Section of the Right Eye 
(Diagrammatic). . 
!la, aqueous; 1', vitrcouH; L, cry
tallin('; C, cornea; 
S, s('\erotk; ch., choroi(l; r, retina; c.m., ciliary 
muscle; C.p., ciliary prOC('Hses; 
I. 
[Üller's ring; 
f.c., fovea centralis; i, iris: s.l., suspensory liga- 
mpnt.; sf, Hp:lCeS of Fontana ami pectinate 
ligament; c.s., canal of :-;("h)('mm; a.c., anterior 
eapsulc of lens; p.c., posterior eapsule of lens; 
cj., conjunetiva; o.n., optk nerve; o.s., ora 
serrata; r.t'., entrancc of retinal vessels. 
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\t the back of the eye, "ith its centre at 
the point where the line of sight 1 meet
 the 
retina. is the yellow spot or 17llU:ula lutea. 
The spot is slightly elliptical and is about 
2.5 mm. in diameter. At its centre is a 
depression where all the retinal layers, "ith 
the exception of the receptive layers, are very 
much attenuated. This is known as the 
fOl.;ea centralis. Its diameter is about 0.25 
mm. The acuity of vision is greatest at the 
fovea, falling off rapidly to\\ ards the outer 
parts of the retina. 
The distribution of the rods and cones also 
varies from the fovea, where there are 
practically no rods, to the periphery, where 
there are relatively few cones. 
At the point where the optic nerve passes 
through the wall of the eye the retina is 
absent and there is no sensitivity to light. 
This region, which is about 2 to 2.5 mm. in 
diameter, is known as the blind spot. 

 (2) OPTICAL ELE:\IEsTs.-The image-pro- 
ducing elements of the eye are the cornea, which 
has already been described, and the crystalline 
lens The space between the cornea and the 
lens contains a fluid known as the Aqueous 
Humour, which is practically water with some 
salts in solution. Its refracti,e index is nearly 
that of \\ater and differs little from that of the 
cornea, which is therefore optically equivalent 
to a single refracting surface. 
Bet" een the lens and the retina is the 
Vitreous Humour, a transparent substance 
of a consistency 
imilar to the white of an 
egg (ra,,). Its refractive index is similar to 
that of the aqueous humour. 
The Crystalline Len,
 is composed of fibres 
arranged with considerable comple:\.ity. It 
ið highly elastic, and its form and position 
are maintained by a membranous frame known 
as the suspensory ligament which extends 
from the edges of the lens to the Ciliary 
Processes. These are a direct prolongation 
of the Choroid. Their function is nutritive; 
they secret a fluid which nourishes the lens 
and vitreous humour and replenishes the 
aqueous humour. 
_\ssociated \\ith the ciliary processes and the 
suspensory ligament is the Ciliary ....1lU/3cLe, 
This consists of two parts, the radiator and 
the sphincter or J1 liller's ring. Its function 
is to vary the tension of the suspenso!) 
ligament, which results in an alteration of 
curvature of the posterior surface of the 
lenF-:, thereby producing the change of I 
power, known as accommodation, by which 
objects at various distances are brought into 
focus. 
The Iris. - This is a diaphragm which 
limits the aperture of the eve. It consists of a 
pi
mented memhrane, in the centre of which 
is a hole-termed the pUIH1-by which light 
1 Y irll' ill/ra. 


enters the eye. The iris contains straight 
radiating fibres, the contraction of which 
tends to dilate the pupil This contraction 
is opposed by a ring of contractile muscle, 
termed the sphincter pupillae, round the edges 
of the pupil. The operation of the sphincter 
pupillae is involuntary, being due to reflex 
action. "
hen th
 retina is subjected to f'trong 
illumination, or when a high degree of accom- 
modation is called into play, the sphincter 
pupillae contracts and causes a diminution of 
the aperture of th3 pupiL 

 (3) THE EYE AS A
 IxsTRc1IExT.-The 
eye, either alone or in conjunction with 
external optical instruments, plays an im- 
portant part in physical experiments. In a 
great number of determinations one of the 
factors limiting the accuracy attainable is the 
precision with which the eye imlicates the 
fulfilment of some particular criterion; for 
instance, the coincidence of the cross-\\ ires of 
a telescope with the image of some external 
object, the equality of brightness or of colour 
of two illuminated areas, etc. The eve is 
therefore a physical instrument, of \, hic!l the 
capabilities and limitations must be understood 
equally with those of any other instrument 
and given due consideration in devising 
methods and designing apparatus if the 
experimenter would secure the maximum 
accuracy in his results. 
Unlike most instruments of human design 
and construction, anyone of which is rarely 
expected to perform more than one special 
function, the eye has to do a variety of things. 
These may be grouped under three heads. 
viz. the perception and measurement of 
light; the discrimination of colour, and the 
determination of the position of objects in 
the field of view. In the folIo" ing para- 
graphs we shall f:tudy the properties of the 
eye regarded as an instrument capable of 
doing these things. 


II. THE PERCEPTIOS OF LIGHT 

 (4) THRESHOLD PHEXO::\IEXA. - The per- 
ception of light being fundamental to all the 
other functions of the eye, \ve shall first consider 
the laws governing this perception. There is 
a minimum quantity of light, known as the 
threshold quantity or e,rtinction quantity, 
which must reach the eve in order that light 
may be perceived at alL After the eye has 
become adapted to the dark, a small source 
of .02 candle-power, one metre distant. would 
just be seen when looked at directly. If 
received indirectly, so that the image falls 
outside the fovea. a much fainter light could be 
seen. For most practical purposes it is foveal 
vision that is important. 
In order that a light may be visible it is 
necessary and sufficient that the eye should 
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receive the threshold quantity, u'hatez'er the 
. flrea of the SOllrre, provided the latter docs not 
flubtend a greater angle at the eye than about 
':;0 minutes of arc-ur nearlv the whole foveal 
area, This means that for \:ery low intensities 
the light is compleÌf>ly cumulative, and that, 
whether concentrated at a point on the retina 
or spread over an area of 50' diamet(>r, it 
produces the same total physio-psychological 
effect. This is usually expressed by saying 
t.hat for very feehle light thp 1.'2'sibiUty, or 
3.pparpnt brightnes::", dppends only on the 
total candlp-power, and not on the intrinsic 
brightness of the 80urce so long as its angular 
size is less than ':;0'. For larger areas the light 
requireù to produce a given brightness near 
the thresh"ld varies as the linear dimen- 
sions of th(> source. Beyond 4 0 there is no 
further cUlUulati\Te effect, and the apparent 
brightnesd i:3 proportional to the intrinsic 
brightness. 
_\9 the br
ghtnp9s increases the area over 
which complete accumulation takes place 
diminishes. Thus Paterson and Duùding 1 
found the transition from complete to partial 
accumulation to take place at 10' for faint 
sources sumewhat above thl3 t.hreshold 
brightness. 
lly summing up the results of various 
observers,2 S. D. Chalmers 3 arrived at the 
generalisation that for the true intrinsic 
brightness of an object to be recognised, at 
lea..st the threshold quantity of light must fall 
on the area of the reUna occupied by a single 
cone t' i,e. an area of 2.3 to 30 secs. angular 
diameter. 
For very low brightnes!'Ies colour is not 
recognised. From a ðtuÙY of Abney's results 
for the extinction of colour, ChalnU'Ts deoocecl 
that the recognition of colour begins at the 
S1.me staþ!e as the recognition of true hrightness. 
viz. when the threshold quantity of light falls 
on each cone. 
* (5) FECH
ER'S LAW.-At intemdties w(>ll 
above the thrpshold values, but not bright 
enough to dazzle, the relation between the 
sensa.tion of light and the stimulus producing 
it is such that the difference in brightness of 
two objects whir-h is necessary for one to be 
recognised as hrighter than the other is a 
constant fractiun of the actual brÌ!:rhtness: 
If J is the intensity, and ôIm is the I
inimum 
difTprence \\ hich can be detected, ôIm/I is 
constant, =A
 sav. This is known as 
Fer/mer's law. A,. which is about 1 p(>r 
cent or th('reabouts för the average eye, is 
1 Illuminrltin(l Bw/infPr, :\Iay HH 5, p. 210. 
Z .\ uh('rl (dl.l{> Tflclwrning, OptifJu(' p 1 l.11 s iolorl'ique, 
p. 211): _\Jmt'y, R(>!U'((rrhn; in Colollr "iI/ion and the 
Trichronu.tic ThpofJ/, H1I3, Jlp. Hi:>, }66, J71, 174, 
ar: d 1H:
: ])atprson 
nd Dudding, loc. eit.: I,oesspr, 
1{J('('o, awl ('han,pllflt'r (rÙlt, Pan;onA, Colour 1'illioll, 
I.
O anù IIR); Pippr, Z. f. PSlIclwl. u, Physiol. d. 
,SuwPllorq, 1 !IO:J, x'\iii. OR. 
3 Trans. Opt. Soc., H\l f), "Xx. 
!}7. 


known as the FecJmcr fractinn. The law is 
only approximate; considerahle departures 
occur at high and low intensities, as alreadv 
indicated, The value of A, while it may b.e 
regarded as constant for practieal purposes 
over the range of medium inten
Úties, in rf'ality 
follows a shallow curve, having a minimum 
value when the retinal illumination is about 
6.5 metre candles. According to Chalmers 4 
the approximate values of A at low intensities 
are 1.1 per cent at 0.2,) metre candles; 
1.6 per cent at 0.12 metre candles; 3.2 per 
cent at 0.03 metre candles. At high inten- 
sities A also increases considerably. 


III. COLOUR PHENO
IE
 A 

 (6) YISIBILITy.-\Ye need not deal here 
with the theory of the mechanism by which 
the wave-length or vibration frequency of the 
li
ht imparts to the sensation that character 
which we know as colour; but some of the 
properties of colour vision are of great practical 
importance. 
If we look at two areas illuminated by light 
of different wa ve - lengths and vary their 
relative intensities, we perceive that there is a 
certain condition in which we appraise them 
as equally bright, although their colours may 
be quite different. The criterion of equal 
brightness in such a case is probably purely 
p'3ychological, since there is nothing in tlw 
external stimuli, nor, as far as is kno\yn, in 
their physiological effects, which can be said 
to be equal in any ordinary sense of the worù. 
The mind appreciates the illuminations að 
equally bright when they make equal claim
 
on the attention. "That determines this 
claim is obscure, and in any caRe dl )es not 
concern us herß: the important point is the 
experimental fact that for radiations of 
different wave -lengths there is a unique 
relation between the quantitie
 receiverl by 
unit area of the retina for which the radiations 
will be regarded as equally bright. 
The degree of brightn(>ss produe(>d by a 
given quantity of energy fal1ing on unit area 
of the retina in uni1 time depends on the 
wave-length of the radiation. For blue and 
yellow-grepn lights, for instance, to appear 
equally bright, the energy flux from the I,lue 
must be many t.inws as great as from the 
yellow-green. The blue radiation is said to 
be of lower vi8ib21ity than the yellow-green. 
The inverse ratio of the (>nergy fluxes required 
to give equality of brightness may be regarded 
as the relative 1'1'sibiI1"t1l of the two colours; 
or, if we take the visibility of the yellow-grepn 
as unity. the inverse ratio of the fluxes 
measures the risibility of the hllle. 
The vÜ;ihiIity of mono('hl'omatic illumination 
throughout the visible spectrum has been 
t I,oc. cit. 
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determined by various observers. l For a 
normal eye the cun-e connecting visibility 
and" ave-length is of the form shown in Fig. 
2, maximum visibility occurring for a \\ ave- 
length about 0'55p,. 
The curve can be represented to a close 
approximation by the following expression: 2 


( l_RI ) a ( 1- R2' ß 
VÀ=A 
le ^ +B 
2 e À) 
( R 1-
 'Y 
+ C À 3e À ) . 


where 


A=0.999 
B=0.04 
C=0.OP3 


Rl =0.556 
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 (7) lVHITE LIGHT. - A stimulus in which 
components of all wave-lengths were present 
in brightnesses proportional to the ordinates 
of the visibility curve would not produce 
white light; for in none of the sources of 
radiation which the eye regards as white is 
the energy distributed uniformly in the spec- 
trum. For any actual source, the relative 
quantity of light sensation produced by each 
"ave - length is proportional to the product 
of the ordinates of the ,-isibility curve and the 
energy distribution cun-e of the source for 
the wa\-e -length in question. This product 
is termed the lllminosit.lJ of the source for this 
wave -lenQ:th. If the luminosity for each 
wave-length be plotted, a new c
rve will be 
obtained differina from the visibility curve 
to the extent that the enerav di!';Ùibution 
curve of the source departs fr;l
 a horizontal 
1 Koenig, .. Helmholtz Festgrüs
," Beit. z. Psych. fl. 
Ph.1l
iol. d. Sinnesorg., Hamburg u. Leipzig, 1891, 
p. 
on; al
o r erh. d. Pli,ysik., Ges. Berl. 1892, ii. 10; 
ThurmeI. Ann. d. PhllSik, 1910, xxxiii. 1154; Nutting. 
Bur, of Standards Bull., 1908, v. '261; 1911, vii. 
35 ; 
Tm1l8. Ilium. Eny. Soc. (U.
.), HIl4, ix. 633: P. 
Reew8. ihid.. 1918, 'Xiii. 108: h('
, Phil. Jla(l.,1912, 
pp. 149, 352, 744, 84=>, 853; Hyde and Forsyth, 
Astrophlls. JOllrn., 1!H5, xlii. 285; H:rtman, lhirl., 
l!HR. xlvii. 8
; Hyde, Forsyth and Cally, ibid., 
1!H>ot, xlviii. (jj: Cuhl('ntz and Em('r
on, Bur. Sfds. 
Sri. PrtfJPrs, 
03, antI Bull. Bur. Std,<;.. HH8, xiv. Wi. 
'fhi" la
t paDPr 
ontains a very complete bibliography 
of rap('r
 on vi..;ihility. 
2 H. E. h"es, Journ. Franklin Inst., 1015, clxxx. 409. 


straight line. The energy distribution curve 
of a " black body" at 300(( C., \\ hich can be 
calculated from 'Yien's law, may he taken 
as the standard "white" light. In practice 
the radiation from the crater of an electric 
arc is about the whitest artificial Jight, and 
is the source to which the majority of the 
colour vicsion determinations of Abney and 
others refer. 

 (8) HUE A
D SATURATIO
.-In the case of 
light which is not white, the eye appreciates 
three factors-Hue, Degree of Saturati071, and 
Brightness. As we shall see later, any colour, 
with the exception of purples and magentas, 
can be produced by mixing a proper propor- 
tion of white light \\ ith monochromatic radia- 
tion of suitable wave-length. The hue of 
the colour is specified by the wave-length of 
the monochromatic radiation; the degree of 
saturatl:on, or rather lack of saturation, bv 
the percentage of white in the totaL Th
e 
perception of hue is, of course, entirely sub- 
jectÌ\
e, and thE" rate at which it changes 
with wave-length is very irregu]ar. If two 
adjacent areas be illuminated with mono- 
chromatic light of difff'rent wave - ]ength
, 
the extent by which these must differ for a 
hue difference to be perceptible can be deter- 
mined at all parts of the spectrum. This 
difference has been measured b
- various 
experimenters. 3 The curve obtained by Jones 
is shown in Fig. 3. The inverse of this curve 
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indicates the sensitidty of the eye to '
ariati()n 
of wave -length at different parts of the 
spectrum. 
A slight change in hue of the light reflected 
or transmitted by a substance is frequently 
the fiducial criterion in physical and chemical 
I processes, and its detection \\ ith the utmost 
sensitivity is therefore of importance. For 
instance the" dose" of X-rays administC'red 
for the t;eatment of ring\\orm, 
tc., is measured 
by the change of hue
 of Saburaud pastilJes, 
which change from lemon to orange \\ ith the 


3 Strindl('r, 0.. Ak. Wi.<;s., Wim, Jan. 1906, !1
, 
2
\; L. A, JOIWS, Journal Opt. 80('. Am",.. 1911, I. 
63; 1"idP ah;o P. G. Xutting, Bull. Bur. Stds., 1909- 
UHO, vi. 89, 
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proppr {'xposurp, The accuracy ,\ ith \\ hich 
the latter tint can be matched with a standard 
determint's the accuracy with which the dose 
can be admini
tered. 
The sensitivity of any colour criterion will 
be greatest if the final colour is near one of 
the minima of Fig. 3. In arran
ing such 
reactions an attempt should ah\ ays be made 
to bring the tint to a sensitive region by the 
addition of colouring - matter which is inert 
to thc reaption, or, possibly, by the use of 
suitable colour-filters. In using such expedi- 
ents, however, care must be taken to avoid 
suprr
 ,..ing those wave -lengths which are 
affected by the reaction. 
* (9) THE TRICHRO:\IATIC BASIS OF COLOUR. 
-.As an expression of "hat the ('ye perceives, 
the specification of colour by its hue and 
degree of saturation is the most natural; 
but it does not gi\?e the readiest means of co- 
ordinating colour - miÅture phenomena with 
the properties of the receiving mechanism. 
It i3 found that if monochromatic Jight of 
three suitable nave-lengths-a red, a green, 
and a blue-be mixed in suitable proportions, 
\, hite light "ill be produced. Further, it is 
possiblC' to match the hue of any colour what- 
cver hy 1}lixing somc pair of tll('se primaries 
in suitable proportions. [n general the satura- 
tion of this mixture will differ from that of 
the colour. U it is too highly saturated an 
exact match can be obtained by adding white, 
or, alternatively, by adding suitable amounts 
of all three primariC's in the proportions which 
make white. That is to say we can match 
such a colour both in hue and saturation by 
a suita ble miÅture of our three primary colours. 
It is necessary to attach a meaning to the 
term" <ptantity" when we refC'r to mixtures of 
certain relative quantities of light of different 
colours. It is found to be most convenient 
in practice to choose the units for the three 
primaries such that an equal number of units 
of each \\ ill, when mixed, give white light. It 
should 1)(' noted that this is quite an arbitrary 
choice; there i$ no physical, physiological or 
psychological property of the radiations which 
are equal for equal quantities as defined on this 
basis. For instancp, they would not appear 
equally bright if separated. It is, however, a 
convenient system for expressing the numerical 
data of colour mixing. 
'.re may therefore C'xpress any colour, of 
"lueh thp saturation is not too high, in terms 
of three primaries R, G, and B, bv three 
quantity copfficients (1, a'. and a", which give 
the numbprs of units of each primary, as 
ahove dcfined, whi('h are required to match 
thc colour, thus 
C ='lR + a'O + a"E. 
'" C' may find that the colour to hp matched 
i:i of greater saturation than the two-primary 


miÅture which gives its hue. In this C'asc an 
exact match is impossible, since addition of 
the thil'd primary can only produce mixtures 
of still lower saturation. \Ye may, howC'ver, 
add white to the colour, thcrehy redueing its 
saturation to such an extent that it can be 
matched by combination of the two appro- 
priate primaries. Expressing this white by 
its equivalent in terms of the three primaries 
we have the relation 
C+aR+aG+aB=aR+a'G, say, 
or U = (a - a)R + (a' - a)G - aB 
= bR + b'G + b"B, whprf' b" = - a. 
Thus, although we cannot match sueh a 
colour by any actual mixture of our three 
primaries, we can arrange a slightly different 
colour match from which we are able to 
specify our original colour in terms of the 
three primaries by introducing a negative 
coefficient for some one of them. 
It is evident that instead of adding white 
to the colour we could have adopted the 
alternative procedure of adding the third 
primary alone, and have obtained the colour 
match 


C+aB=bR+b'G, 
the final specification for C being the same 
in each case. It depeÍld
 on the construction 
of the colour-matching apparatus employed 
whethC'r it is more convenient to add white 
or one of the primaries. 
There is a comparatively wide range of 
wave-length within which each of the three 
primary colours may be chosen to fulfil the 
fundamental condition of being miscible with 
the other two to make white. EoI' colour- 
matching purposes, however, it is unclesirahl{' 
to choose any primary near an extremity of 
the possible range, as in such a case some 
of the mixture 
olours are of very low 
saturation. 

 (10) :MIXTURE CURVES.-If we plot at each 
wave -length the quantities of the three 
primaries required to match the spectrum 
both in colour and hrightness we obtain a set 
of three curves, which are termed the .JIixture 
Curves. The curves for the primaries used 
in (,lerk Maxwell's colour-mixing apparatus 
are shown in Fig. 4 (a). The heights at which 
the ordinate at any wave -length cuts the 
three curves R, G and B give the relative 
quantities of the primaries required to match 
the spectrum colour. For anyone primary 
the aggregate quantity required to match 
every part of the spectrum is clearly [ : d'7\, 
,0 A 
where sA is the quantity of that primary 
required at the wave-length '7\. TIlP value 
of the integral is measured hy the area ('nclof-!C'd 
between the curve and the base-line, parts 
below the base bcing regarded as negative. 
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Shce the total effect of the spectrum is to 
give "\1 hite light, and since our units are 
chosen so that equal quantities of the primaries 
G FED C 


(a) 


R = Red Primary (Approx. Wave-length '630 p.) 
G = Greell" (" .528 p.) 
B = Blue ( " .457 P. ) 
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( b) FIG. 4.-The Fundamental Sensation Curves 
of the 
pectrum. 
Full lines mean values of Koenig's fÌ\Yc observers: 
dashed line, new red curve, obtained by different 
choice .of blue primaQ" dictated by luminosity con- 
siderations. 


make white, the areas of the three mixture 
curves are equaL 

 (ll) Y OLSO's THEORY OF COLO"CR 'TISIOS.l 
-The fact that all colours can be reproduced for 
practical purposes by mixing suitable quanti- 
ties of three primary colours suggested to 
Thomas Young that there are three receiving 
mechanisms in the eve which when stimulated 
give rise to primary colour sensations of red, 
green, and blue respedh-ely. Each sensation 
i<; stimulated by radiation from a considerable 
range of the spectrum, though for each there 
is a ma:ximum response at a certain wa,ye- 
length. The receiving mechanisms have, in 
fact, the properties of damped resonators 
with natural periods corresponding to the 
wa\-e-Iength which produces maximum re- 
sponse. The resultant colour effect produced 
by radiation of any wa,ye-Iength is the mixed 
sensation due to the partial stimulation of the 
three primary sensations. 
If we had three colours, each of which 
stimulated one and one only of the primary 
sensations, these would form the natural 
system of primaries to which all colour mixture 
phenomena should be referrerl; since, by 

 I.n its later form, as modified by v. H('lmholtz, 
this IS known as the Young-Helmholtz Theory of 
Trichromatic Vision. - 
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mixtures of s:- ch primaries, it would be 
possible to reproduce any possible colour, 
both in hue and purity, "ithout introducing 
negative coefficients. 
Cnfortunately we cannot find three such 
colours. If we choose a red of \\ave-Iength 
about 0.7 p.. or longer, the resulting colour is 
almost entirely due to pure red sensation; 
and if we take a blue from a very short region 
about .44ôu we "ill, according tu the most 
recent work,2 obtain nearly pure blue sensa- 
tion; but there is no colour which stimulates 
the green sensation alone, e,yery green, to 
the normal eye, stimulating not only green 
sensation but ,yarying amounts of the other 
t\\ o. There is, however, a point in the 
spectrum, about 0.50.<<, where the red and blue 
sensations are equally stimulated. The colour 
here may be regarded as made up of equal 
stimulations of red, blue, and green, plus the 
remainder of the green; that is to say, it is 
green diluted with a certain amount of white. 
Thus at 0..30p.. the spectrum is the same /lue 
as the pure green sensation would be, were 
the others absent or atrophied, but it is less 
saturated. 
By making colour matches with these 
primaries we can construct their mixture 
curves as described above. By combining 
these with data for colour-blind obsenyers 
of different types 3 it is possible to construct 
the sensation mixture curves, i.e. curves sho,,- 
ing the amonnt of stimulation of the three 
primary sensations at different wave-lengths. 
In F1'Y. 4 (b) are shown the sensation cunyes 
as obtained bv Koenig and modified by H. E. 
Ives. 4 
.... 
 
Eyery colour can be specified in terms of 
these three sensations by coefficients indicat- 
ina the dearee to which 
thev are stimulated; 
o 
 J 
thus 


C = aR + a'G + aWE. 


The sum of the coefficients a+ a' + a" is termed 
the qun.ntity of the colour, being the .sum of 
the quantities of the three sensations. 

 (12) COLO{TR GEO:\IETRy.-Since colours can 
be specified by three coefficients in this \\ ay 
it is evident that colour mixture data can be 
represented by points in a three-dimensional 
figure, and that geometrical methods can be 
used to solve colour mixture problems. A 
full treatment of mixture diagrams would be 
beyond the scope of this article, 5 but reference 
m
y be made to the colour triangle. This is 
a section of the three-dimensional diagram 
(the colour pyramid) by a plane \\hich makes 
eq ual intercepts \\ith the axes. .. 
In the colour triangle the three pnmanes 
are represented by the corners of an equilateral 
I H. E. IYes, JOllTll. Franklin lm:t., 1
1.5. clxxx. 40
. 
3 See, for instance, Abney, Colour r'l81Otl, chap. 'll. 
· JOllrll. Franklin lnst., 1915, clxxx. 409. 
i Loc. cit. 
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triangle. Any point in the figure represents a 
colm;r a H. + a'G + a"B, where a, a', and a" 
are proportional to thp perpendicular .dis- 
bnces from the point in question to the sIdes 
of the triangle opposite R, G, and B 
respecti ,-ely. A triangle can be constructed 
for any set of primaries used for colour- 
mixing; but a particular colour will occupy 
different positions in different triangles, since 
different proportions of the primaries are 
required to match it. 'Yhite, however, will 
ah, avs be represented by the centruid of 
any 'triangle; for, by choice of units, equal 
quantities of the primaries make white. 
Any possible hue obtainable by mixing two 
colours is represented by a point on the line 
joining their positions in the colour triangle, 
dividina the line in the inverse ratio of the 
quantitie
 of the two in the mixture. 
Since the sum of the perpendiculars from 
any point to the three sides of the colour tri- 
angle are equal, all points on the diagram 
represent colours in equal quantities, i.e. 
equal values for a+a'+a". 'Ye may take 
this as unity. Any point, therefore, represents 
unit quantity of colour. It then follows from 
simple geometry that the colour obtained by 
mh.ing two colours represented by points A 
and B, in proportions x of A to y of B, will 
bp given by the point which divides the line 
All in the ratio y: x. If the line joining 
any two colours passes through white, the 
colours are complementary, since by mixing 
them in suitable proportions white is pro- 
duced. 
For many purposes the relative luminosities 
of the constituent colours in a mixture arc 
required. This is not equal to the relative 
quantiti('s of the coluurs as ubtained from the 
colour triangle, since equal quar'tities of 
different coluurs on the arbitrary quantity 
convention on which the triangle is based are 
not of equal luminosity. \re may obtain the 
relative luminosity of unit quantities of any 
colour if we know the relative luminosities of 
equal quantities of thp three primaries. Sup- 
pose \\ e have uni1 quantity of colour, C, given 
by C =aR + a'G + a"B, where a+ a' + a" = 1. 
Its luminosity, Le, is ('learly aL R + (t'L a + a"L n , 
where Lit, La, and L B arc the luminosities of 
unit quantities of the three primaries. L R , La, 
and L B are easily determin('d, so that it is 
possible to caleulate the relative luminosity 
of unit quantity of any colour of which the 
trichromatic coefficicnts are known. 
Having found from the triangle the rf'lative 
quantities of any two colours C and C 1 in a 
mixture, it is only necessary tl) multiply the 
result hy the ratio L,/L'1 to obtain the 
relative luminuHities of the constitucnts. Con- 
versely, if it is desired to determine the colour 
which results. from mixing, in a given lumin- 
osity ratio, two constituents C and C 1 of 


which the colour trianf!le coefficients are a, 
a', a" and aI' at', and at, r('spectiyely, we 
first calculate Ld =aL R + a'L a + a"L B ) and 
L('I( =a 1 L R + at'La+ atLn), the relative lumin. 
osities of unit quantities of the two colours, 
from "hich we can find the quantity ratio 
corresponding to the required luminosity 
ratio. The mixture colour is then found in 
the triangle by dividing the line joining 
the constituents inversely as the quantity 
ra tio. 
Since the ratios of Ln, La, and Ln to one 
another differ for different sets uf primarie8, 
the relative luminosities of unit quantities 
of different colours also vary. That is to 
say, the relation bet\veen quantity and lumin- 
osity differs for different colour triangles. 
The final result of any colour calculation is, 
however, the same on whatever triangle the 
specifications are based. 
I yes 1 has calculated that the relative 
luminosities to be attribut('d to the SCllsa- 
tion primaries are Ln = 0.ü48; LG = 0.33ü ; 
Ln=O.Olß. These are expressed so that 
their sum is equal to unity. The luminosity 
of unit quantity of white, for which 
a = a' = a" = h is therefore HL R + La + L B ) =}, 
It is necessary for many colour measure- 
ments to have the spectrum colours plotted in 
the triangle. This is done by taking the 
values a, a', and a" for different wave-lengths 
from the mixture curves of the spectrum, 
obtained with the primaries for wldch the tri- 
angle is constructed, and plotting the puints 
at their proportionate distances from the thrf'e 
sides. If as primaries we ta l\.e the three 
sensations we use the sensatiun curves of 
Fig. 4 (b). In Fig. ,) the speetrum is shown 
in the fundamental colour sensation triangle, 
the ne\\ red curve of Fig. 4 (b) being employed 
in its construction. 
\Ye can now express any colour, of which 
the sensation coefficients are )\.nown. in te-rms 
of its spectral hue and degree of saturation. 
Take the colour whose sensation values are 
.55R + .30G + .15B. It is represented by P, 
Fig. 5. The line \YP produced cuts the 
spectrum curve at H, where the wave-length 
is .ßIIIL. 
The hue of the colour is that of the spectrum 
at .ß I IlL, and it is diluted with white to the 
extent of 100 HP/H'" pel' cenf,=43'3 per cent 
on the quantity hasis. 
To obtain the percentage luminosity of the 
white we must multiply this figure by the 
ratio of unit quantity of white to unit quantity 
of the total colour. As we have already seen 
Lw =O.3:
;
. 
Lc=O.,),) xO.ô48+0.30 xO.336+0'15 
x O.u 1 ß = 0.4-59. 


1 Journ, Franklin Inst., un:>. cJxxx. 409, 
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The percentage luminosity of white is there- arises in the laboratory may be quoted. It 
fme is frequently desired for various purposes to 
use a "filter" of coloured glass or other 
material to render light approximately mono- 
chromatic. If a knowledge of the waye- 
length of the dominant hue is required-as
 
for instance, in using such filters for optical 
pyrometry-the following process has to be 
followed : 
(i.) The spectrophotometric CUITe for the 
filter is obtained. 
This gives the percentage of the incident 
light transmitted at all wave-lengths. 
(ii.) If the energy distribution in the 
spectrum of the light "ith which the filter 
is to be used differs from that of the " white" 
light to which the sensation mixture curves 
refer, it is necessary to multiply the ordinates 
of these curves by the ratio of the corre- 
sponding ordinates of the energy 
curve of the source and of the 
" white" light. 
The resulting curves give the 
stimuÌation of the three sensations 
for light from the source in question. 
(iii,) The ordinates of these cor- 
rected CUITes must be multiplied 
by the transmission 
coefficients of the 
filter. 
The double reduc- 
tion of (ii) and (iii,) 
may be done in one 
process since the inter- 
mediate curves are of 
'46 no special interest. 
42, 8 The ratios of the 
44 
FIG. 5.-The Fundamental Colour Sensation Triangle. areas of the final 
mixture curves to 
their initial values {live the coefficients 
a, ai, and a", which'- express the colour 
of the transmitted light in terms of the 
three sensations. This can be plotted in 
the sensation triangle, Fig. 5, and the pre- 
dominant wave-length and degree of saturation 
obtained as described in the preceding 
paragraph. 

 (14) PHEXO:\IEXA AT Low I:XTE:XSITIEs.-In 
the foregoing paragraphs the visibiJity curve 
and the sensation mixture curves have been 
regarded as invariant. For medium intensities 
this is practically the ca
e; but at low inten- 
sities the colour perception is not represented 
by the curves as gi\en in Figs. 2 and 4. 
As the intensity of the spectrum is reduced, 
the maximum of the visibility curve shifts 
towards the blue, the eye becoming relati,-ely 
less sensitive to the red end of the spectrum. 
At low intensities the red disappear
 entirely; 
the orange becomes yellow, and the green 
bluish, this process continuing until nothing 
is left but a hint bluish grey, 'Yith still 
further reduction, the last trace of colour 


0.333 
43.3 x 0.4:;)9 = 31.4. 


The colour triangle readily gives other 
information about the colour properties of 
the eye. If a straight line drawn through 'Y 
cuts the spectrum in two points, the colours 
at these points wm be complementary, pro- 
ducing white when mixed in inverse pro- 
portion to their distances from ,Yo The 
cùlours of the spectrum from about .493p. 
to .36p. have no complementaries in the 
spectrum. They are complementary to 
colours lying in the region approximately 
bounded by R lrE, the region of purples and 
magentas. 'Ye see now why purples and 
magentas are exceptions to the rule that 
any colour can be made up of 
monochromatic light plus white; 
in this region a line joining white 
to the colour does not intersect the 
spectrum. A colour of this kind 
has to be specified, on the hue and 
purity scale, by the amount of its 
. complementary spectral hue which 
must be mixed u'ith it 
to mal.:e 1-chite. 
Precisely the same 
method of use applies 
to colour triangles 
constructed for actual 
primary colours 
instead of the funda- 
mental sensations. 
The position of the R 
spectrum in the dia- 
gram" ill be different; 
the three wave-lengths chosen as primaries will 
occupy the corners, "hile the location of the 
other wave-lengths "ill depend on the form of 
the colour mixture curves for the primaries 
concerned. 
In practical colorimetry actual spectrum 
primaries must, of course, be used. These 
may either be isolated spectroscopically or 
may simply be obtained by coloured glasses. 
For the co-ordination of colorimetrio data it 
is necessary to reduce the data obtained with 
the mixing instrument to a standard system; 
and the most suitable is that based on the three 
fundamental sensationR. The methods of re- 
duction are outside our present scope. They 
are fully developed by H. E. I ves in the 
paper already quoted,! in which the parallel 
problem of the reduction of measurements 
on the hue and purity system to the tri- 
chromatic system and rice 'l.erSG is also treated. 

 (13) ÐO}U:XA:XT HUE OF FILTERS.-A
 an 
illustration of the application of mixture 
curves and colour triangles, a case that often 
1 JOltr1l, Franklin lnst., lÐ15. clxxx. 409. 
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disappears, lea"
ng only a nondescript grey, 
This . variation of colour sensitiveness "ith 
intcnsity is known as the Pllrkinje effect. 
Unless care is taken to "ork at suitable 
intt:'l1sities, it may introduce undesirablp 
complications into colorimetric mcasuremenb. 
X ot only du the colour sensations vary with 
intensity, but they are not constant for all 
part
 of the retina. \\ïthin the macula lutea 
or " yellow :spot" there is c(tnsiderable absorp- 
tion toward" the hlue end of the spectrum. l 
Thi8 region is therefore relatively more sensi- 
tive to red than regions just outside it. As 
we recede from thp centrp the visihiJity curve 
changes in approximately the same way as 
when we reduce the intensity, the peripheral 
portions of the retina being quite colour-blind, 
and aU colours appearing of the nondescript 
grey already referred to. The reason why 
this is never noticed in ordinary vision is 
becausp of the very :;!re
t difficulty of sef'ing 
anything distinctly at any distance from the 
fovea. 
To explain these phenomena the " Duplici- 
tats Theory" of von Kries assumes that the 
colour sensitive mechanisms are associated 
with the cones, and that the colourless sensa- 
tion, which predominatea at low intensitics and 
toward
 the periphery of the retina, is located 
in the rods. The cones are only excited at 
comparatively hÜ:
h inten<;itieR, and the Purkinje 
effect is explained by the grad ual passage 
from cone to rod vision as the intensity is 
reduced, The relative concentration of the 
cones is greatest at the centre of the retina, 
diminishing practically to z('ro towards the 
outskirts. Hence the passage from chromatic 
to colourl('sR vision from the centre outwards. 
In most ('Yf:>S there. are no rods at all at the 
centre of the fovpa, and in this region the 
Purkinje effect is found to he absent, there 
heing no light visible when the colour has 
disappearpd. 

 (1.)) D \RK ADAPTATIoN,-The spnsitiveness 
to faint light dppends very considerably on 
the length of time which has elapsed since last 
thp retina was exposed to a hright illumina. 
tion. Everyone is familiar with this pheno- 
menon. It requires about ten minutes to 
become completely dark-adapted, and the 
sf'nsitivity to feeble illumination is then 
about a hundred times as great as it is 
immediately after exposure to daylight,2 Ac- 
cording to Parinaud,3 dark adaptation is 
entirely due to the increased sensitivity of 
the colourless sensation. Thus at the red 
end of the spectrum, where there is no changp, 
of hue and no passage into colourless vision 
on diminishing the intensity, there is no gain 
in Bcnsitivpncss due to adaptation. The 
1 Ahney, Colour J 7 ision, p. Hi. 
I Ahney, [nr. cif. p. 120. 
· Ann. d'Or., 18
H, t. exii. 228. Vide Tscherning, 
Optique physiologique, p, 226. 


effect of adaptation commences about the 
Cline (^ = .656,u) and becomes of increasinlJ' 
. 0 
Huportance towardfJ the blue end. Fig. G 
shows Parinaud's results, The lettering indi- 
cates the Fraunhofer lines. The ordmates 
indicate the quantity of Jight necessary in 
order to be perceived. The upper curve 
refers to the dark-adapted eye and the lower 
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to the non-adapted eye. The unit chosen is 
the quantity required by the adapted eye in 
the neighbourhood of E (.527,u, green). The 
figure shoWR that the non-adapted eye requires 
100 units 4 at this wave-length as against 1 
for the adapted eye, and 1.::;00 units for hlue 
Iight in the neighbourhood of the G line, as 
against 100 for the adapted eye. The increase 
of sensitivity on adaptation is not due, how- 
ever, to increased sensitivity of the colour 
pprception, but only of the colourless rod 
vision. At the centre of the fovea, where, 
as we have seen, there are no rods, and in 
consequence no Purkinje effect, thère is also, 
according to Parinaud, no dark adaptation. 

 (16) VISUAL FATIGUE AND SUCCESSIVE 
CONTRAST.-'Yhen a bright object is viewed 
steadily for some time it becomes appreciably 
fainter, due to the elem('nts of the rptina on 
which the image falls becoming fa tigued. The 
effect of fatigue remains for some time after 
the stimulus ceases: and, if the gaze hp 
transferred to a uniformly iIIuminatf'd surface, 
a dark" negative image" of the bright object 
wiII be seen
 due to the diminished sensitivity 
of the part of the retina previou
ly occupied 
hy it. If the ohject is coloured, that sensation 
which ii'; most stimulated is also most fatigued, 
and the negative image is of a colour approxi- 
mately complementary to that of the object. 


4 Compare Abney's result 8upra. 
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This phenomenon is known as Succe.ssire 
Contrast. It is not, of course, a true contrast 
effect. True or simultaneous contrast is 
obser-çed when t" 0 areas of different bright- 
n&Ss adjoin each other. Sear the junction 
the brighter area appears even brighter and 
the darker area e,
en darker than at places 
remote from the junction. If the areas are 
of slightly different colours the difference is 
intensified by contrast in the immediate 
neighbourhood of the junction. Contrast 
effects of this character disappear almost 
entirely if the areas are separated by a black 
line. Diffuseness of the border appears to 
fa ,-our the effect. 
If a screen is illuminated by two lights, one 
of which is whjte and the other coloured, and 
an object is placed in front of the screen, it 
will cast two sharlows. one of "hich is illu- 
minatf'd solely by the white light, and the 
other solely by the coloured light. The 
former, "hich ought to appear white, appears 
coloured, The colour is approximately com- 
pleme-ntary to the colour of the coloured 
light, though according to Abney it is not 
always exactly complementary. Tscherning 1 
accounts for contrast colours obtained in such 
circumstances as due to defective judgment 
of '" hite. There is always a tendency to 
take a large illuminated area as white, unless 
it is very strongly coloured. Even then it 
appear
 whiter than it should, the "white" 
"ith which it is mentally compared being 
tinted "ith the colour in question. If, then, 
a small area of true willte exists in such a 
background, it is poorer than the temporary 
standard white in the colour "ith which the 
htter is adulterated, and, therefore, appears of 
the complementary colour. 
Contrast effects, both of brightness and 
colour, are of great importance in connection 
"ith the design of photometers and colori- 
metric apparatus. 

 (17) TDIE EFFECTS. - "
hen a light is 
sudden Iv turned on it iR not immediately 
perceiv
d, nor, when it is turned off, do;s 
perception immediately cease. The time lag 
in the second case exceeds that in the first 
case, with the result that vision of an instant- 
aneously expose-d Jight (for instance, an 
ele-ctric spark) persists for an appreciable- 
time. Thus if a light is rapidly inte-rmitte-nt, 
the impression of one exposure may still 
pe-rsist until the next exposure, and the light 
will be se2n continuously. The period which 
may elapse between succes
i-çe exposures 
without _ the appearance of flicker may be 
tl:rmerl the duration period. The total 
duration, of course, exceeds this considerably. 
E. L, Xichols 2 and E. S. Ferry 3 have deter- 


1 Optique ph!/sio!ogique, p. 221. 
I A.m. J. Sci., 1884. xxviii, :?43, 
a Ibid., 1892, xliv. )9
. 


mined the duration period as definerl a boyC'. 
The general results are as folIo" R : 
1. The persistence decreases as the intensity 
increases. 
2, It varies \\ith wave-length, being greater 
towards the ends of the spectrum than at 
the middle. 
3. It is greatest for -çery short exposures. 
4. It differs for different eye
. 
5. An average duration
 under ordinary 
conditions is from -lrr to y 1 õ second. 

 (18) TALBOT'S LAw.-The apparent in. 
tensity of an intermittent light is diminished, 
even if the intermittence is so rapid that con- 
tinuous vision results. Talbot 4 enunciated the 
law that the apparent intensity of the light in 
those circumstances bears the same ratio to 
its actual intensity as the time of exposure 
to the total time. Thus if the period of 
exposure is equal to the period of eclipse the 
intensity is diminished 50 per cent. Talbot's 
Law is utiliserl in the employment of rotat- 
ing sector discs to cut down the intensity of 
light without altering its spectral composition, 
Contrary to the result:i of earlif'r \\ orkers, 5 
E, P. Hyde 6 has sho\\ n that the law holds 
for an sector openings, at any rate down to 
10 0 , and for all colours. 

 (19) YIsrAL ÐIFF"LSIYITY.-The time Jag 
which precedes the perception of light has 
not so far been measured; but it is easy to 
measure its variation under differf'nt con- 
ditions. H. E. Ives 7 has sho\\n that it 
diminishes as the intensity increases. and 
increases from the red end of the spectrum 
to the blue. It is f[reatest of all for the colourIess 
rod vision, this, in fact, constituting the 
., after ima!Ze" which is seen a bout half a 
second afte
 a bright flash. I -çes sho" s that 
these various phenomena are all consistent 
"ith the theory that the transmission of 
impressions from the retina to the brain is in 
accordance" ith the physical laws of conduc- 
tion, the stimulus being transmitted through 
matter having a coefficient of diffllSirity 
which varies "ith waye - length and in- 
tensity. He deduces that for coloured light 
the cÌiffusivitv is a rectilinear function of 
the logarith
l of the stimulus intensity; 
and the time lag, t, whi{'h varies inyersely 
as the diffusiyity, = l/(a 10!l 1+ b), a and b 
being constants for the "a-çe-iength con- 
cen1ed. Thus the difference of lag for two 
different intensities is 


1 1 
t -t---- . 
1 2- a log II + b a log 1 2 + b 


41 Phil. ,J1Iag., 183-1. Y. 32;. 
5 Ferry, Phys. 
et'., 1
0:
, i. 338; 5ee also \

ml('r 
and Brodhun, Z/1t,Ç. Instrumente7lk., 1896, p. __J, for 
a genpral discu:,:,ion of T
ll?.ot's l,aw. 
. Bull. Bur. Std.<i:.. H\Oli, II. 1. 
7 Phil. Jlag.. 191;, xxxiii. 18. 
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For h\ 0 different colours, red and blue say, 
at the same intensity, 
1 1 
tB - tR = c log I + d - a log 1 + b . 
In a beries of papers 1 I ves and Kingsbury 
ha ve 
ho\\ n the importance of visual diffusivity 
in the theory of the Flicker l)hotometer. 
.Manv interf.'sting phenomena related to the 
subject-matter of this and preceding paragraphs 
ha,'e been described by Shelford Birlwell,2 
but a description would be outside our present 
scope. 


I \? DIOPTRIC l'ROPERTIES 

 (20) _\CCO::\I:\IODATION.-The power of the 
normal eye in repose is approximately 59 
diopters. 
 By the process of Accommodation 
the power can be varied at will so as to bring 
objects at various distances into sharp focus. 
This power is greatest in children and dimin- 
i8hes regularly with age. Its range is about 
lU diopters at 20 to 23, about 2 diopters at 50, 
and is negligible above GO years of age. 'Vhile 
these figures apply approximately to the 
conditions of daily use, the actual amount of 
accommodation c
\lled into play is not equal 
for all parts of the eye, the accommodation 
at the centre of the pupil being greater than 
near the periphery. This is due to the fact 3 
that during accommodation the anterior 
surface of the crystalline lens increases 
in curvature near the centre but actually 
flattens near the peripIH>ry. Nature compen- 
satcs for this by reducing the size of the pupil 
when the eve is accommodated for near objects, 
thcreby c
tting out the peripheral regions, 
which would otherwise spoil the definition. 
If the pupil is dilated by some drug which 
does not affect the range of accommodation, 4 
the deterioration of the definition for near 
objects is usually marked. 

 (21) THE PUPIL.-This is the name given to 
the circular aperture of the eye. It is usually 
C'oncentric with the optic axis, i.e. with the 
line through the centres of curvature of 
the various refracting surfaces. The centring 
of the eye is never exact, though the departures 
from it are rarely important. The most 
common dpfect is that the centre of curvature 
of the cornea is not on the axis of the crystal- 
line lens. The error may sometimes amount 
to a quarter millimetre. Occasionally the 
pupil is displaced outward from the a},.is. 
Helativply large dpfccts of centring do not 
aÞT)ear to detraet from the acuity of vision. 
The' })upil diameter alters under various 
lIves and Kingsbury, Plâl. ]10(1., 19B. P. ïO
; 
Pltil. Jlag., 1f11{j,p. 
WO: Ivcq, Phil. Mag" l!H7, xxxiii. 
3GO. 
2 Proc. RO.I/. Soc., ]8!H, p. ]32. 
a TsC'llCcuing, Optique ]Jhy.c;iologique, pp. 160 and 
1G8. 
41 E.g. cocaine or homatropine. 


influences. The mechanism by which this 
happens is cOIU})lex and is not completely 
understood. As mentioned in t he last para.- 
graph it varies with the degree of accommoda- 
tion and also with the intensity of the ligl\t. 
As regards the former effect, J. ,Yo Fren<:h 5 
found it to be negligible until, for a normal 
eye, the distance of vision came within about 
30 cm. Thereafter the contraction was rapid. 
In a particular experiment the pupil shrank 
from 6.5 mm. at 30 cm. to 3.5 mm. at 10 elll. 
As regards the second effect }
rench found 
that the pupil area could be re})resented over 
a large range of brightness by the relation 
Ac.çI-
. 


Thus, in order to reduce the area of the pupil 
by half, the intensity would have to increase 
thirty-two times. The above equation is for 
the central area covered by the macula luten. 
:French also investigated the effect on the pupil 
of light falling on other zones of the retina. 
The most sensiti,re zone is the one just outsidp 
the macula, the index for this zone bcing 
-1. On going further from the centre the 
effect diminishes, the periphcral zone bE'ing 
very insensitive. In j"rench's words: "This 
})ortion of the retina requires all the light it 
can get, and the pupil opens out to nearly its 
maximum diameter and responds but little 
to variations of intensity." 
It is usually stated that the two pupils 
always vary together, even if the intensity 
to which they are exposed is widdy difierent. 
This view is undoubtedly based on consider- 
able evidence under ordinary conditions of 
vision; but FrE'nch dE'scribes e'
})eriments 
in which one pupil remained of constant size 
under constant illumination, while the othE'l' 
varied over a wide range unde'r varying 
illumination. 
This independence may not be common to 
all eyes, but it is. evidently unsafe to aSSUllle 
that in all circumstances the two pupils will 
be of equal diameter. 

 (22) THE LIKE OF SIGHT: FIXATIO
.-'Yhen 
the observer "looks at" a particular object 
he is said to fix it, The line joining the front 
nodal point of the eye to the point of fixation 
is termed the line of sight. The image of 
the point of fixation is forme'd on the fovea 
centralis, but only a very minute aiea is 
fixed at a time. In fact, however close two 
points may be, provided they can he seen as 
separate points, it is also possible' to say that 
one' of them is being looked at rather than the 
bther. 
Contrary to what might. he e\.pecfe'd, the linc 
of sight is not coincident with the o})tic axis. 
It is inclined inwards and downwardq ,,,ith 
respect tt it hy 5 to 7 de'grees. SinC'(' it passes 


6 Trans. Opt. Soc., HH9, xx. 20!). 
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through the front nodal point it does not pass 
through the centre of the pU}Jil, but through 
a point about half a millimetre from the centre 
towards the nose. Thi
 is the normal case; 
in bad cases of excentricity, however, the 
pupil may be so far off the axis that tl-_e ray 
which represents the line of 
ight does not 
enter the pupil at alL 
It is difficult to account for the uniqueness 
of the line of sight and the curious selecti,ye- 
ness bv which we can look at either of two just 
,Separa"'ble points and not at both simultaneously. 
It probably arises not from any property of 
the eye but from the inability of the mind 
to direct attention to more than one point of 
the image at a time. 
The definition falls off very rapidly from the 
centre of the retina outwards. Few people 
realise the very bad picture which the e)'e 
forms. The fact that we only look at one 
point at any moment prevents us from 
realising that the great bulk of the picture is 
only a suggestive blur; for immediately any 
part of it attracts our attention we auto- 
matically direct the line of sight to it and fix it. 
It is only after some training that an observer 
is able to give some attention to objects other 
than the one fixed. This renders very difficult 
measurements of the properties of non-foveal 
regions. Only a subordinate degree of atten- 
tion can be given to the observation, for the 
primary }Jortion is inexorably demanded by 
the object at the point of fixation. The 
moment one gives less attention to this than 
to the marginal object the line of sight is 
immediately switched over to the latter, which 
then ceases to be marginaL This divided 
attention, combined with the bad definition, 
renders such observations among the most 
difficult in physiological optics. 

 (
3) THE X ATlJRE OF THE hIAGE: EFFECT 
OF DIFFRACTIOS.-If o}Jtically perfect, and 
subject only to the limitations imposed by its 
aperture, the eye could resolve objects 25 
seconds apart when the pupil diameter is 5 mm., 
i.e, the image of a point would be a diffraction 
pattern with a central disc about 50 seconds 
diameter. According to Hooke, for two 
luminou
 points to be perceived separately 
there must be at least one unaffected cone 
between those receiving the images. The 
an
ular diameter of a cone at the centre of 
the fovea is about half a minute, so that the 
images of point sources were really points, 
the structure of the retina would permit 
rpsolution of points abou1 30 seconds apart. 
Since, however, the images are discs of appreci- 
able area, the centres of such discs must be 
further separated in order that there may be 
a cone between them receiving substantially 
I(,R
 light than those on either side. 
Hooke found that for very good eyes the 
minimum separation for res0lution i
 about 


a minute. This result was confirmed by 
v. Helmholtz, and is the general experience 
in the case of acute eyesight. 
The size of the diffraction disc is proportional 
to the wave-length of the light, being nearly 
twice as great for red as for blue light. 
The image of a point is not, however, de- 
termined by diffraction alone, being affected 
by spherical aberration, astigmatism, and 
chroma tic a berra tion. 

 (24) SPHERICAL ABERRATIOS. - The 
majority of eyes are "under-corrected" for 
spherical aberration, the marginal portions of 
the refracting s)'stem ha ving shorter focal 
length than the centre, but various degrees of 
correction, som
times even over-correction, 
are encountered. Frequently there are different 
degrees of correction in different zones or 
regions. For instance, aberration may be 
corrected for one meridian, but under- or over- 
corrected in the meridian at right angles. 
\Yhere the pupil is excentrically placed, 
aberration of opposite signs may be en- 
countered at opposite sides or at the top and 
bottom. During accommodation for near 
objects the flattening of the peripheral portions 
of the lens tends to correct the usual spherical 
aberration, and may even over-correct it 
when the degree of accommodation is con- 
sidera ble. 

 (
5) ASTIG1\IATIs:\I.-Xearly all eyes show 
some astigmatism, or variation' of }Jower 
in different meridians. \Yhen at all marked, 
it results in the image of a point source being 
no longer a eircular" disc but a more or less 
elongated ellipse. Lines parallel and per- 
pendicular to the axes of the ellipse cannot 
be simultaneously focussed, "hile lines at 
intermediate angles cannot be sharply focussed 
at alL Astigmatism can usually be corrected 
by means of cylindrical lenses of suitable 
power suitably orientated with respect to 
the astigmatic ellipse. 
The chief seat of astigmatism is in the 
cornea, the anterior surface of which may haye 
different curvatures in different directions. 
The astigmatism is termed direct if the greater 
power is in the vertical meridian, and Ùlt'erse 
if it is in the horizontal. In other cases it is 
termed oblique astigmatism. 
Among a number of persons examined by 
Xordenson,l 9 per cent had no astigmatism. 
77 per cent had direct, 1 per cent inverse, and 
12 per cent oblique astigmatism. It a}Jpears 
that astigmatism alters with age, the in,-erse 
variety becoming more freq uent in older 
people, owing to the increasing tension of 
the cornea. There is no necessary relation 
between the astigmatism of the two eyes. 
The term irregular astÙjmatis})l, is applied 


1 .. Recherches ophtalmomt'.triques sur rasti!!- 
matisme de la cornt'.e," Ann. d'Oc., 18S3; t'tde also 
Tscherning'!'I Optifiuc physiologiquf, p. 117. 
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to CO\ er any defect of refraetion v. hieh cannot 
be correctt'd by means of a suitable lens. In 
many cases the image of a point is neither a 
circular nor elliptic patch, but may be of the 
most fantastic 
hapcs. If such defects are 
pronounced the vision is poor and cannot 
be rendered normally acute with glasses. 
\Ve shall !-;ee later that astigmati
m Illay 
seriously affect the judgment in certain optical 
measurements. 

 (26) CHROMATIC' ABERRATIO
.-The eye is 
only slightly corrected for chromatic aberra- 
tion. Its chromatic properties are very 
similar to what they would be if its contents 
were replaced by water. 1 Usually the 
actual curves connecting focal length and 
wave-length are slightly flatter from '52p, 
to .66p, than the curves for a simple water 
eyo ; but in many 
cases they arc difficult 
to di
tingui
h. The OR 
power for light near .: 
 --- 
the mercury line at 
.436p, is usually about 
1 
 diopters greater 
than for yellow light. 
In ordinary vision the 
effects of chromatic OR 
abcrration are not 
noticed as the eye 
accommodates so that 
the brightest part of 
the spectrum-the 
yellow grppn - is in 
fOCU8, the red and blue 
rays focussing behind 
and before the retina. OR 
There is then'fore a 
bright image sur- 
rounded by a faint 
1>urple halo due to the superpoBed red and 
blue circles of difIu
ion. This halo is not 
noticcable undcr ordinary conditions; but 
if only }Iart of the vupil is utilised, as, 
fOf instance, when half of it is obscurcd 
by a carù, effects due to chromatic aber- 
ration heeome manifest. A bright point of 
light or a luminous line, 
uch as the filament 
of an elect,rie lamp, appcars drawn out into 
a short sJX'ctrum with the .red end apparently 
towards the scrcen, that is with the red rays 
striking the retina at the other side of the optic 
axis from the screen. Th<.> rpason for this is 
at once appar('nt wh<.>n it is borne in mind 
that the blue mys have ('rossed the axis 
before meeting the retina while thc red rays 
have not. 

 (2í) CHHO:\IATH PARALLAx.-The experi- 
ment ju
t deserihf'd is e,'en more strihing if, 
instead of employing half the pupil, a slit 
or " pinhole" about 1 mm. wide is placed in 
front of the l>1l}>ÌI, as far to om' side as possil,lp, 
1 P. G. Xutting, l'roc. Rov. Soc. xc. 440, 


Os 


Os 


(ó) 


and two thickne
ses of "Cobal1 glass" arC' 
interpo.sed. The glass transmits a little rpd 
light as well as hlue, cutting out the central 
l>ortions of the spectrum. "Cnder t.h('se 
circumstances t\\O separated images of the 
filament will be seen, one red and one blue. 
Their positions will ob,"iously be reyersed if 
the hole is moved to the other side of the 
pupiL Thus on moving the holc to and fro 
in front of the eye, or moving th
 ey<.> behind 
the hole, the red and blue images will mm"c 
to and fro. This effect has been termed 
I nternal Chromatic Parallax, 2 beC'ause the 
separation of the different coloured rays takes 
place entirely within the eye, the ineidpnt 
pencils heing coincident. 
If, instead of a single source emitting two 
kinds of light, we have two sources, one hlue 
and the other red, we 
may place them at 
such distances from 
the eye that both 
imagcs arc focussed 
on the retina. If the 
line joining the objects 
coincides with the line 
of sight, the imagcs 
will also coincide. In 
this case, rcpres('ntf'd 
in Fig. 7 (a), the cones 
of coloured rays within 
thf" eye are coincident. 
Conseqm'ntly there is 
no apparpnt displac<.>- 
ment of the r('d and 
blue images on insert- 
ing an excentric pin- 
hole in front of the 
pupil, as in Fig, 7 (b). 
If, howC'ver, the pye is 
moved rclative to the line joining the objccts, a 
di
placement of the imagcs occurs, as is <,>,'ident 
from Fig. 7 (c), each image lying on the line 
joining its resl)eètive object to the nodal 
point N. 
ince rays from all parts of the 
pupil eon verge to rand b thpir displacement 
is unafkcted by the interposition of a pin- 
hole; it therefore takes place evpn if the 
movement of the eye is behind a fixC'd 
top, 
Fig. 7 (d). This phenomenon is termpd 
External Chromatic Parallax to distinguish it 
from the previous case. 
It might appear that external chromatic 
parallax, since it is only e" ident on moving 
the eye relative to the line joining two non- 
coincident objects, is simply the ordinary 
parallax always obseryed bC'tween objpcts 
at unequal distances; but they arp in rpality 
quitp different, as the effect of a small stop 
is exactly opposite in the two ('as<.>s. In the 
ordinary case whpn objects at unequal dis- 
tanccs from the eye are secn by white light 
 
2 Guild, Proc. Phys. Soc., UH7, xxix. 311. 
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or light of the same colour, the images are also 
at different di.;:,tances, the image of the more 
remote object being in front of that of the 
nearer object. 
.uso, rays which are coincident 
in the incident beam are equally refracted, 
and are therefore coincident within the eye. 
It follows from these two properties that 
ordinary parallax will be obsen
ed if a small 
stop is moved across the eye, even if the latter 
remains fixed, but will not be observed on 
moving the eye behind a fixed stop. External 
chromatic parallax, as we have seen, is 
observed on mO\?ing the eye behind a fixed 
stop, but is not observed on moving the stop 
before the fixed eye. Like internal chromatic 
parallax it arises wholly from the different 
refrangibilities of the two colours. 
If we start with two coincident objects of 
different colours and gradually separate them 
until they are in the relative positions of Fig. ""i, 
the amount of chromatic parallax observable 
on moving the stop in front of the fixed eye will 
gradually diminish to zero. The amount 
obsenTable on modng the eye behind the fixed 
stop will be made up of a diminishing amount 
of internal and an increasing amount of external 
chromatic parallax. It is easy to show that 
the total parallax is constant wherever the 
two objects may be. l Chromatic parallax 
may give serious trouble in spectroscopic 
work when setting cross-lines on coloured 
spectrum lines. In well-designed instruments 
the power of the telescopes employed is about 
13 to 20 magnifications for each inch (2.5 em.) 
of effective aperture. The" exit pupil" of 
the telescope is therefore only from 1 to 2 mm. 
in diameter, and constitutes a small fixed 
stop through which the objects in the field 
of view are seen. In making observations on 
blue and violet lines the observer frequently 
depends on scattered extraneous light from 
the brighter portions of the spectrum to pro- 
vide g?neral illumination for the cross-lines. 
The cross-lines and spectrum line are there- 
fore seen by light of different wave-lengths, 
and chromatic parallax effects are produced 
between them with slight movements of the 
eye. As we have just seen, this cannot be 
got over by focussing (that is, altering the 
relative distances from the eye of cross lines 
and spectrum line). 
Suitable method.s of overcoming the diffi- 
culty are mentioned in another article. 2 

 (28) YISUAL ACUITy.-The clearness with 
which the eve can see detail is termed its 
acuity. Eve
 when the correctable defects 
of refraction, such as short or long sight and 
regular astigmatism, have been corrected by 
suitable spectacles, there are still considerable 
variations in the acuity of differ('nt ('y('s. 
Acuity is usually tested by means of the 
1 Guild, Proc. Phl/s. ."oc., Hili, xxix:. 311. 
I .. 
pectroscopes and Refractometers:' 



nellen Chart, which consists of a number of 
rows of letters of different sizes. :For unit 
acuity a row of letters should be legible at 
such a distance that each letter subtends at 
the eye an angle of 5 minutes, The lines 
and spaces composing the letters subtend on 
an average 1 minute. If a row can just be 
read when the letters subtend x minutes, the 
acuity on the Snellen scale is 51x. Thi
 
standard is somewhat low, good eyesight 
being represented by about 1.5. 
The acuity depends on the brightness with 
which the object is illuminated. Druault 
found that with a test chart illuminated by 
0.016 candle at a metre, the acuity was as 
low as O.Oï5. It increased with brightness, 
rapidly at first and then more slowly. It 
reached 1.0 for an illumination of 1.5 candle 
metres, 1.23 at 16.7 and 1.50 at 5400 candle 
metres. The variation i., therefore very slight 
over an enormous range of brightness. 
The diminution of acuity at low intensities 
is more rapid at the red than at the blue end of 
the spectrum. 

 (29) COIXCIDEXCE OF OBJECTS IX FIELD OF 
\
IEw.-l\Iany important optical and physical 
measurements depend on the determination 
of the coincidence of two suitable objects 
in the field of view of an optical instrument. 
The setting of telescope cross-lines on spectrum 
lines, or on the image of a distant staff, are 
cases in point. 'Yith suitable pairs of objects 
the eye is able to make adjustments of this 
type with very great precision indeed, provided 
the necessary precautions are taken to preyent 
avoidable errors. )Iany different types of 
setting are used for various purposes; but it 
will be sufficient, in order to illustrate the 
capabilities of th(> eye in this respect, to quote 
the accuracy with which want of alignment 
between two hah-es of a 
traight line can be 
detected. Settings of this kind are met with 
in the use of scales and verniers, and also in 
the coincidence type of rangefinder. The 
field of view of such an instrument is in g(>ueral 
divided into two parts by a horizontal line of 
division. In the upper half one sees the same 
objects as in the lower half, but upside down. 
The measurement is carried out by adjusting 
the two images of the distant object-a 
flagstaff, for instance-so that one is exactly 
above the other as indicated by the coincidence 
of the images at the line 
of demarcation. 
J. 'V. French 3 has investigated the precision 
with which such settings can be made and the 
errors to which they are liable. Settings were 
made with various thicknesses and lengths 
of line and with various widths of dh iding 
line between t.he two fields. It was found 
that under favourable conditions readings 
could be repeated so closely that the departure 
of an observation from the mean of a serie
 
a ,Trans, Upt. Soc., 1920, xxL l:!ï. 
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was only about half a second of arc, or hss 
than a llllndredth part of tlle displacement 
necessary for tile resolution oj tZl'O lines. The 
precision varies with thc angle which the 
Ie'nath of the lines subtends at the eye, there 
bei
g practically no aligning l>ower for lines 
under O.Ü minute. As the length increases 
the precision improves up to a length of about 
12 minutes, beyond which there is no further 
improvement, The thinner the lines the more 
rapidly the final precision is reached, but its 
a.ctual value is nearly independent of the 
width of the lines. 
The precision is reduced by increasing the 
width of the horizontal selJarating line. Thus 
for a separation of 4 seconds, the limiting 
value of the mean error was 1.1 seconds, 
while for a separating line of 19 minutes it 
was over .) seconds. 
The mechanism by which this close repeti- 
tion of settings is effected is obscure. In the 
best case mentioned the two retinal images 
were evidently always brought into the same 
relative position to within a sixtieth of t.he 
diameter of a cone. This is all the more 
surprising inasmuch as the setting when 
made does not really correspond to exact 
alignment. This is at once revealed by 
making settings in opposite directions. The 
difference between such settings is greater 
the wider the separating line. It may be as 
little as two seconds for a very fine separa- 
tion or as much as 40 seconds for a 20 minute 
separation. Not only so, but the mean of 
the settings made in opposite directions does 
not in general give the trUe setting for actual 
coincidence. There is thus a " IJersonal 
equation" which may be many times as great as 
the maximum variation of individual settings, 
French traced this error to astigmatism in the 
eye of the observer. The error is zero when 
the direction of the astigmatism is parallcl or 
perpendicular to the separating line, and 
greatest when it is at 45 tJ to it. 
I t is therefore desira ble in making all 
settings of this nature that the observer 
should be aware of thc direction of any 
uncorrected astigmatism from which his eye 
may suffer, and that he should so orient his 
head as to bring this direction parallel or 
perpendicular to the lines whose collinearity 
has to be adj ustcd. 
This aligning power of the eye does not 
appear to vary greatly with the acuity of 
vision. Thus French found that in certain 
experiments the brightness could be reduced 
1000-fold without detracting from the pre- 
cision. The aetual illuminations were not 
stated, but the visual acuity was probably 
poor at the lower illuminations. This is in 
accordan('e \\-ith general e:xperienf'c with 
other types of coincidcnce sdting, in which 
the definition may become surprisingly poor 


before the precision of setting is appreciably 
a ffec t('(l. There ig still eonsirkrablc obscuritv 
as to what property of the eye is H>sponsihÌe 
for the precision with which these various 
settings can be mad..", but it is certain that in 
many cases the sense of symmctry plays an 
important part. J. G. 


EYE, ADAPTATION OF THE, IN PHOTOMETRY, 
See" PhotonlPtry and Illumination," 

 (31) 
and (126). 


EYEPIECES 



 (1) INTRODUCTORY. -Urdinary ortical in- 
struments intended to be used as aids to 
vision, other than those designed to correct 
individual abnormalities in the eye, are for 
the most part divisible into at least two 
portions, the first, called the objecth-e, form- 
ing a real image of the object to be examined, 
and the second, which is used in cluse 
proximity to the eyp, the eyepiece. Eye- 
pieces in normal use always form virtual 
images of the real image produl'ed by the 
earlier part of the instrument, though it is 
to be observed that regarded as an eyepiece 
object the earlier image may be virtuaL 
As might be expected from the similar condi- 
tions desirable in the emergent rays, very 
similar constructions in the eyepiece aré suit- 
able for use in a wide varietv of instruments, 
and from this circumstance 
the eyepiece has 
come to be regarded as an independent optical 
system which can be transferred as a unit 
from one apparat.us to another "ithout detri- 
ment to the perfection of the visible image 
presented to the eye. For many purposes 
this is sufficiently nearly the case, and the 
same eyepiece m
y be 
lsed in a laboratory 
for widely differing work. "-hen extreme 
conditions are encounterecl it is no longer 
the case that the best rCRults are () btainable 
from an eyepiece of normal type. It is there- 
fore only within limits that eyepiC'ces may hE' 
regarded as separate instruments; beyond 
these limits the most satisfactory eyepieces 
must have pef'uliaritieR in their deRign whiC'h 
unfit them for general work while making 
them excellent for the special purpose for 
which they are intended. In these cases it 
. is eSRcntial that the eyepiece should be 
regarded as an intpgral portion of thc optical 
system to which it bC'longs, and the character 
of the corrections attained hy it wiJ] depend 
upon the division of properties between the 
objective and eyC'piC'f'e whieh the designer 
finds most convenient under the circumstances 
special to the particular instrunH'nt. 

 (2) H UYGENS' EYEPIECE. - The most 
familial' apparatus in "hich spparate eyepieces 
are uf;C'd are the mif'roRC'ope and tC'lC'scope, 
and the hinds of eyepicce most frequC'ntly 
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prlH
ided "ith these are known as t
e 
Huygenian and thp Ramsden. In theIr 
simple
t forms both are built of two separated 
pIano-convex lenses. In the Huygenian eye- 
piece (Fig. 1) both lenses present their convex 
faces to the incident light, their separation is 
H'ry nearly equal to half the sum of the focal 
lengths of the components, and the lens 
nearer the objectiye. called the field lens to 
di:,tinguish it from the second lens, which is 
called the eye lens, is always of greater focal 
length than the eye lens, For eyepieces of 
short foeal length, suitable for procuring high 
macrnifieations the ratio of the two focal 
len
ths is abo
t 3 : 1, and as the focal length 
inc
eases this ratio diminishes, until Íor the 


FIG. l.-Huygens' E
'cpiece. 


eyepieces of greatest focal length it may be 
about 3: 2. Since this inequality involyes a 
real focus for incident parallel light tra veIling 
in the reverse direction through the instrument 
before the field lens is reached, and conse- 
quentlya virtual final image for 
hat light, 
his 
eyepiece cannot be used for the dIrect examu:a- 
tion of a real object, and by analogy wIth 
simple lenses has therefore been termed a nega- 
tive eyepiece, The term is quite inappropriate 
and misleading, for in so far as "positi-çe" 
and ,. negative" are at all suitable for applica- 
tion to optical systems in general they must 
relate to the sign of the power, which is in 
this case po
ith-e as for each component lens. 
In fact. if the ratio of the focal lengths is m : 1, 
the elements from which a system of power K 
lli 1 1St be constructed are 


2K 
Power of field lens rn + l ' 


2mK 
Po" er of eve lens - _ 1 ' 
, m+ 


. (m+I)2 
SeparatIon _ 4 -. 
mK 


The positions of the principal foci are distant 
respectively from the field and eye lenses 
m-I m-I 
-- and -- 
2K '2.IIlK ' 
the negative sign in the former case indicating 
that the focus is ,-irtuaL 

 (3) R UISDEX'S EYEPIEcE.-In Ramsden's 
eyepiece (Fig. 2) the two lenses are of equal 


focal lpngth, their separation being some" hat 
less than the focal length of either. generally 
from ! to!. The most oIJ,-ious difference, 


however, is that the field lens is re-çersed, 
thus presenting its plane side to the objecti\
e. 
If the ratio of the separation to the focal 
length of a component is n, the data for the 
construction of a system of power K are 


K 
Power of either compunent = _ 2 ' 
-n 


. n( 2 - n) 
SeparatIon = - . 
K 


The principal foci lie outside the lenses at 
clear di:;;tances of approximately (1 -n)jK 
and the eyepiece is very convenient for use 
in examining a real object. In particular, 
this property causes it to be generally used 
in conjunction with a thread micrometer for 
fine measurements of position. 

 (4) EYEPIECE THEORy.-These two eye- 
pieces seelll to ha-çe been evolved without 
the guidance of any adequate theory, and it is 
thus of interest to consider how they compare 
with the forms to which present theories would 
lead. It is to be remarked in the first place 
that for the attainment of a Jarge field of view 
the presence of a field lens is necessary, the 
pffect beill!:! to bend towards the eye lens rays 
that would other" ise reach the transverse 
plane in which this lens is situated at too 
great a distance from the axis to be tr.ansmitted 
out of the instrument. The eyepIece must 
thus consist of at least two well-separated 
lenses, and these will evidently both be of 
positive power. Another important con
idera- 
tion is that the eve is external to the Instru- 
ment and attention is directed to various 
parts' of the field of view by rotating the 
eve ball in its socket "ithout relative move- 

ent of the instrument and the observer's 
head. The useful rays, therefore, lie "ithin 
cylinders which pass through the rim of the 
p'upil and have axes through the centre of 
rotation of the eyeball. It follows that 
the useful rays from different object-points 
traverse diffe;'ent parts of the eyepiece, and 
each separate beam is about the diameter 
of the pupil. and occupies only a small 
part of the lens aperture. . Cllllpr th
sc 
conditions defects such as spherIcal a berrahon 
and coma, which are of outstanding importan:e 
for objectives, become of little moment III 
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comparison with the defects which do nut 
depend on the "idth of the beam, such as 
curva.ture and astigmatism. Accordingly in 
eyepipces used under normal conditions, as 
for high-power telescopes, the primary requisite 
is a good balance in the curvature corrections, 
the eyepiece being required to correct the 
errors of this kind of the objective in addition 
to its own tendency to produce such defects, 
while the objective must if necessary be left 
\\ ith small outstalnding errors of spherical 
abplTation and coma to correct those of the 
eyepiece. As is well known, the corrected 
objective causes the rays to form the focal 
lines of the issuing beams on two surfaces 
of curvatures - ,,'( 0' + z;:r') and - ,,'(30' + w'), 
where ,,' is the power of the objective and z;:r' 
is its Petzval coefficient, the value of which is 
about 0.7. 
o is the quantity denoted by 0 3 in 
 (17) of the 
article on ,. Optical Calculations," and on which 
the curvat ure of the image depends. For a l('ns free 
from spherical aberration and coma it may be 
shown that 0 is unity. The quantity "z;:r, which is 
gi\'cn by the equation 

 ( 1 1 ) 1 
Kw=.... }l.1J-I -}l.1J T1J' 


is known as the Petzval sum. 1 "is the power of 
the systf'm, and z;:r the Petzval coefficient, which is 
clearly a pure number. The above expresf'Oions 
should be compared with the quantities - (E +E')/V a 
and - (3f +f')/V a of the arti
le on "Lens Systems, 
Aberrations of," and" Photographic Lenses." 
Thus for a corrected ohjective the curva- 
tures are - ,,'(I + w') and - ,,'(3 + w'). These 
errurs would be entirely overcome if the corre- 
sponding curvatures of the eyepiece, - "(0 + w), 
- ,,(30 + w), satisfied 
,,'(I + w') + "(0 + w) = ,,'(3 + w') + ,,(30 + z;:r) =0, 


ur 


,,' + "0 = ,,' 1jJ' + "z;:r = O. 


In fact, the second of these conditions cannot 
be met, fur ", ,,', w, w' are all necessarily 
pusitive. The best that can be done is to 
effect a compromise, and there is no general 
agreement on the precise form this should 
take. If the condition 
,,'+,,0=0 
is taken, the complete instrument will be 
corrected for astigmatism, but the field of 
view will appear to be convex to the ohserver. 
As ,,' is small in comparison with " in the 
cases we are considering, this condition implies 
a small negative value for o. The outstanding 
curvature can be removed at the expense of 
astigmatism by making 
,,'(2 + w') + ,,(2ô + w) 
O, 


1 Thi
 may abo be writ tell as 
7V'I1KlII.m+.' See 
cc Ovtieal Calculations," S (i), equation (39). 


o then having a larger negative value. Any 
particular type of correction may be obtained 
by securing an appropriat(' value for 0, hut 
the values corr('sponding to all types of 
correction aimed at in eyepieces are invariably 
negative. 
As the contributions to the curvature terms 
of the various lenses' in an instrument are 
directly additive, it is seen that the condition 
is most readily met by securing negative 
contributions from both the field lens and the 
eye lens_ From the result quoted in the case 
of the objective it appears that the presence 
of spherical aberration or coma in the eyepiece 
is a condition essential to the attainment of 
the required curvature correction. 2 Treating 
both lenses in the eyepiece as thin, the value 
of 0, apart from a coefficient which is neces- 
sarily posithTe, is 
l' - 2ß(é) +
) + 2(1 + w)é1
 + 
2, 
or if 8" is the curvature added to each surface 
in deriving the sha.pe of the len
 from its 
standard form, 
1'0 - 2ßo(
 +
) - _ 1 1 2 {(I + w)
 - w
} 2 
+ w- 
I 
+ 1 + 2z;:r {2( 1 + 2w)8 - (I + w)(
 + 
)} 2. 
Now for a single thin lens uf refractive index fL 
1 1 
w=p.' ßo=O, 1'0=fî _ w)2 ' 
and with given values of 
 and 
 this expression 
is algebraically a minimum when 
2(1 + 2w)8=(1 + w)(
 + 
). 
Consider in the first place the eye lens. For 
bimplicity the direction in which the light 
travels may be taken a.s the r('v('rse of that 
ill a complete instrument, so that we arc 
dealing with parallel incident light and a front 
stop not far from the lens. These condition,; 
give 
 = I, while ß is negative and compara- 
tively large. The minimum value is thus 
attained for a negative value for 8, so that 
the surface of greater curvature is towards 
the objective. The limiting case wh('n the con- 
tribution of the eye lens to 0 is zero evidpntly 
occurs in a single lens when 


1 + w r" ( 1'0 ) !) 
8 = - 2Ïv - \ 
:t I + 2z;:r J ' 
and the shallowest curvatures will be olJtained 
by choosing the negative sign before the 
square root. If the glass is of rcfraetive 
index 1-5, so that z;:r=
, the prefprable solution 
is approximately 


8 = - ] '2, 


2 For thc va]ur
 of thr qnantitic
 ß, '\I, ð. 
('r 
"Optkal ('akulation
," 
 (i). ('ql1ations (-t-
), (.1;-)); 

 (8), ('quat ions (48). (40); and 
 (1i); ð corr('sponds 
to th(' ('urvatun
 coeffici('nt ð a of that articlc. l'5ee 
also above. 
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so that the eve lens is meniscus "ith radii in 
the ratio 11
: 1, the corresponding value of 

 being - 11{-1. For manufacturing purposes 
it is preferred to make the outer surface of the 
eye lens plane, and the small change thus 
U;troduced is easily compensated by a slight 
alteration ill the value of 
. 
The discussion of the desirable shape for 
the field lens may follow similar lines. In 
this case 
 is small and may usually be entirely 
neglected. The best conditions then require 
8 
nd 9 to agree in sign, that is to say, the 
greater curvature in the field lens must be on 
the side away from the real image. This 
simple theory thus accounts satisfactorily for 
the shapes of the lens when simple glasses are 
used. It will be noted that the determining 
factor is the positive value of 1'0' Since for 
ordinary achromatic lenses 1'0 is negative, it 
would be expected that the substitution of 
such lenses for the simpler lenses would he 
unsatisfactory, and this accounts for the 
unsatisfactory performance of the Kellner 


eyepiece (Fig. 3), which is a modified Ramsden 
with achromatic eve lens and double convex 
field (or sometimes
 pIano-convex) lens situated 
in the plane of the real image. The un- 
satisfactory features of this objective could 
be removed by making use of a dense barium 
crown glass instead of a hard crown in the 
cemented eye lens, the high refractive index 
of the cro" n glass resulting in a suitable 
positive value for 1'0' 
The method of correction which has been 
outlined obviously provides for the removal 
of spherical aberration and coma, and a 
large reduction in the amount of curvature 
and astigmatism. Of the spherical aberra- 
tions there remains distortion. The eccentric 
paths of the principal rays through the eyepiece 
inevitably result in the presence of distortion 
in the visible image, 80 that straight lines in 
the object are not represented by straight lines 
in the ima
e. As long as the defect is not 
very obvious it is of no consequence, and when 
a Ramsden eyepiece is employed even pro- 
nounced apparent distortion is of no import- 
ance for exact measurements. This is evident 
whE:'n it is recollected that the image produced 
by the objective is free from distortion and 
that it is actu:tlly this image which is measured, 
the apparent listortion affecting the image 
and the measuring device equally. It is. 
however, of interest to remark that if the 


mathematical conditions for the removal of 
distortion were satisfied the image would ap- 
peal' distorted. This is because the judgment 
of the eye in examining the image is influenced 
by the presence of the unwonted circular 
boundary by which the visible fiE:'ld is limited, 
in consequence of which the apparent absence 
of (list-ortion corresponds in fact to the presence 
of a very appreciable amount of real distortion. 

 (5) CHRO::\L\.TIC DEFEcTs.-In addition to 
the removal of the errors which have been 
mentioned, eyepieces must present to the 
eye images which appear to be corrected for 
colour. The complete correction of the 
system for colour would involve the employ. 
ment of achromatic field and eve lenses, in 
addition to an achromatic objective. The 
insensitiveness of the eye under ordinary 
conditions to limited errors renders such 
elaboration unnecessary, and satisfactol} 
results may be obtained for limited fields 
with the single glass lenses, the cost of which 
is naturally very much less than that of 
achromatic lenses. The use of the simple 
constructions means that only one colour 
condition can be satisfied, "Then the final 
image is at infinity, obviously it is only 
necessary that the images of different colours 
should subtend the same apparent angles at 
the eye. )Iore generally the desirable condi. 
tion is that the principal ray for a secondary 
colour should paS::! through the image for the 
fundamental colour. Consider now the proper- 
ties of the Huygenian eyepiece for light of a 
colour for which the refraction is increased 
by one part in 1I above that for the colour 
previously considered. The power of each 
IE:'ns is then obtained by multiplying thE:' old 
value by 1 + IllI. The result is readily seen 
to be that the focal length of the combination 
is K as for the original colour, but the focal 
planes are moved, thE:'ir distances from the 
external surfaces being now 
{m-l + (m+ l)/v} 
2K-- - 
{m - 1 - ( m + 1)/1I } 
2mK . 


and 


The suggested condition for achromatism is 
thus met if the 0 bjecti \Te is at a great distance 
from the eyepiece when the emergent light is 
parallel. This is the condition appropriate 
in high-power telescopes, but for instrull1E:'nts 
in which the objective is not very distant the 
best results are obtained bv a modified con- 
struction, and the alterE:'d 
yepiece is known 
as a compensating eyepiece. 
In the case of the Ramsden E:'yepiece the 
power is not the same for the new colour, 
the nE:'W value bE:'ing 
{ 2(I-n)\ 
K 1 + (2 _ 1f,); j , 
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and tbf' distance of tbe principal focus from 
the nearest lens is 


{ l-n- ( 
-n ) ! J \ 1 
2 - n v K' 
and the signs in the two changes are such that 
the desirable colour correction cannot be 
effecteù. The compensation required in the 
case of the Ramsden eyepiece is thus of a 
heavier character than with the Huygens, 
and this may be the reason ,,,hy of the simpler 
eyepieces the H uygens is so decidedly favoured 
where it is possible to cmploy it, as, for example, 
in microscopy. For precise work where the 
Ramsden form is employed one lens is usually 
coml)Olmd. an arrangement which enables the 
desirable conditions to be achieved with ease. 

 (6) l\IICROSCOPE EVEPIECEs.-The modifi- 
cations which have been introduced into these 
lenses either consist in the substitution of a 
field lens of flint glass for the crown, or in a 
more elaborate construction. One modifica- 
tion of the Ramsden type has already been 
described. Another is the form used by Zeiss 
(Fig. 4), illustrated in the accompanying figure. 


()(
 


FIG. 4. 


}l"or microscopy it is frequently desired in 
high-power work to use a low-power eyepiece 
in the first place, and substitute another of 
high power for more critical examination of 
the specimen. This interchange is much 
facilitated if refocussing can be avoided, and 
Zeiss in trod uced 
the modern system 
of microscop
 eye- 
pieces in which the 
image plane is in a 
corresponding position for all mem hers of the 
series as they are placed in the draw tube, 
This convention is now generally followed. 
'Yhen the magnification is very high the 
field of view is correspondingly small. and the 
need for a field lens disappears. Accordingly 
a num her of high-power eyepieces are made of 
simple achromatic cemented lenses. For these 
very small fields the correction for curvature 
remains important, be('ause the very powerful 
apochromatic objectives which are invariably 
used for such work suffer from curvature to a 
much greater extent than do objectives of 
other types. 

 (7) EREcTI:xn EVEPIF,f'ES.- The eyepieces 
which ha,.e HO far heen dpscrihed all yielù an 
invertp(l image of an external ohjeet. For a 


telescope used for terrestrial objects this is 
unacceptable, and the image must either be 
erected by the use of reflecting prisms, in 
which case a Ramsden eyepiece is suitable, 
or an erecting eyepiece must be used. The 
latter consists, as a rule, of four separatpd 
lenses, and in the simplest cases these are 
all lenses of a single glass, "Then large fiplds 
of view are involved at least one of the lenscs 
is of more complex construction. The first 
erecting eyepiece is due to Dollond, and the 
best form has been in vestiga ted by Sir George 
Airy (Fig. 5). The eyepiece which he recom- 
mends is illustrated in the figure, and the 
data he gives are as follows: 


Len8. Focal Shape. Ratio of Ht'para tiOJIH 
Length. H:L(lii. 
- -- 
I 3 double convex 6: 1 4 
2 4 I meniscus 25: II 
I 6 
3 4 convexo- plane . . 5.13 
4 3 double-conn'x I: 6 
I 


The third and fourth lenses constitute a 
modified Huygens eyepiece, and their distanpe 
from the first two lenses is modified to remove 
any observable trace of colour in the image. 
Airy also investigated in detail suitable 
forms for the Huygens and Ramsden eyepieces. 
For the former be concluded that the most 
desirable construction is 


Field lens, 1=3, meniscus; ratio of radii, 4: 11, 
Eye lens, 1=1, double convex; ratio of radii, I: 6, 


with a separation of 2. 

 (8) SPECIAL FORMS OF EVEPIECE.-:\lany 
variations of these forms of eyepiece have 
been described, and there is no doubt that 
excellent results are ohtainahle by a great 
variety of constructions, provided these are 


f- 


more complicated than those which have becn 
described here. There is, however, little to he 
gained by a discussion of such forms, for the 
best results in all ('ases wiJI be obtained by 
considering the complete instrument as a 
whole. An idea of the forms assumed in 
cases wherE' this is done ma v be 0 btainE'd hy 
rdeænce to the article on "Telescopes." Th
 
most notable feature of the newer systems if:! 
that every effort is made to avoid the use of 
lenses for erecting the image, the employment 
of prisms for this purpose being highly prefer- 
able because the image is thprehy more easily 
susceptihle of correction for ('urvature and 
astigmatism. \rhenever possible thcre is 
much to be said for the use of simple eyepieces, 
the brilliancy of the final image va rying 
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iuvcr:.;ely \\Ïth the number of lenses used in the 
system, 
It \\ ill be evident from the trend of the 
foregoing discuc:;sion that the circumstances 
\\ hich call for special modifications of eyepiece 
are ahnormally large fields of view and 
particularly low magnifying powers. In the 
latter' case the conditions for the correction 
of the image are so different from those at 
high powers that it may easily occur that the 
least expensive construction "ill result from 
the use of an eyepiece over-corrected for colour 


Low Power 
High Power 


and an uncorrected objective rather than the 
usual reverse arrangement. 
The so-called diagonal e) epiece is obtained 
by inserting an inclined mirror into the path 
of rays in the eyepiece, th
 emergent direction 
of the light being thus inclineJ, usually at 
right angles, to the incident direction. It is 
employed only "here a direct eye})iece is 
incon venient. 
For polari::;ing eyepieces and autocollimating 
eyepieces see articles on .. 
licroscope" and 
" Spectroscopes and Refractometers." 

 (9) Y ARIABLE POWER EYEPIECES, - An" 
entirely distinct class of eyepiece from any 
of the foregoing comprises the variable power 


systems. Their motion is controlled by the 
rotation of a sleeve in which suitably shaped 
slots are cut, these serving to give longitudinal 
movements to the lenses through the medium 
of feathers which engage in the slots. The 
If'ns carriers are, of course, prevented from 
rotating about the axis of the instrument. In 
at least one form there is no longitudinal 
movement of the eye lens as the power is 
changed, so that the over-all length of the 
instrument is constant and it becomes more 
simple than in other cases to prevent the 


FIG. 6. 


ingress of water or other objectionable material 
into the interior of the instrument. 
The moving systems of lenses \\ hich are used 
in some eyepieces of this class are more aJlied 
to photographic lenses than to most other 
optical systems, and the parallel in the work 
that has to be performed in the two CMes will 
be realised. The diagrams show two eyepieees 
of this class, one made by )Iessrs. Ottway 
(Fig. 6), and the other by )Iessrs, Ross (Fig. 7). 
The possibility of constructing a system 
with two moving parts to give a constant 
distance between object and image at various 
magnifications may be seen by considering 
a system of two lenses of focal lengths 11 and 12' 


Low Power 
High Power 


I "-1 
:. ( 'II 

I ' J: 
.. '
 
./ 


eyepieces, in which, by a suitable movement, 
the extent to which the image is magnified 
can be varied, the view remaining in good 
focus throughout the change. The ratio of 
the highest to the lowest magnifying power 
is usually from 3 : 1 to 4: 1. The conditions 
which have to be fulfilled naturally vary 
considerably from one another at the extreme 
ends of the range, the correction of curvature 
hein!! of outstanding import.ance at one end, 
while at the other the extent to which spherical 
aberration and coma can be tolerated is more 
limited. The lenses employed necessarily in. 
cludp achromatic combinations, and the power 
ic;; varipd by introdueing large changes in the 

"'parations of the components. To avoid 
large changes in the external length of the 
instrument while maintaining con
tant focus 
there must be at least two independent mo,-ing 


FIG. 7. 


MedÍLII 
 Power 


the separation of whose inner principal surfaces 
is t, where 
t = L:t {(L - 11 -/2)2 - (/1 +/2G)(/1 + 12/G)} t. 
"Then the magnification is G, the distance d 1 
from the first principal point of the first lens 
to the object is 
d 1 = 11 !ìl i L - 12(1 - G) 
:+ :(L - 11 -/2)2 - (11 + 12G)(/1 + 12/G)} l], 
and similarly, the distance d 2 from the secund 
principal point of the second lens to the image 
is given by 
d 2 = / f: f: 2 - a [LG +/1(1- G) 
1 + 2 T 
+ G {(L - 11 -/2)2 - (/1 + 12 G )(!1 + 12/G)} I], 
so that d 1 +t+d'!,=2L. 
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These equations suffice for the theory of 
position of the moying parts when the over-all 
length is not restricted to a constant value 
if L is regarded as a variable quantity. It 
"ill be 0 bRerved that in any case the magnifica- 
tion is determined by the focal lengths II and 
12' and the distances of the ubject and image 
irrespective of the values uf t and L, for 

 _ 1 = G ( d I - 1 ) . 
/2 11 
As the moving len,;es form the erecting portion 
of the eyepiece, G will be negative, so that 


FATIGUE, VISUAL, See" Eye," 
 (16). 
FECH
ER'S LAW: a law governing the relation 
between the il1tensity of light and the 
degree of sensation produced. Sef''' Eye," 

 (5). 
FELSPAR (K20IAI20aûSi02)' USE OF, IN GLASS 
l\IAXUFACTURE. See" Glass," 
 (5) (iii.). 
FIGURE OF THE EARTH. See" Surveying and 
Surveying Instruments," 
 (6). See also 
.. Gravity Survey," VoL III. 
FILMING: furmation of a surface layer inter- 
fering with transparency on the interior 
surfaces of lenses and prisms in optical 
instruments. See .. Glass, Chf'mical De- 
composition of," 
 (1). 
FIL'ILESS PHOTOGRAPHY. See" Graticules." 
FIL:\JS, THIN, INTERFERENCE OF LIGHT IN, 
See ,. Light, Interference of," 
 (7). 
FILTER (LIGHT): a transparent slah of coloured 
material, either liquid or solid, used t\) impart 
colour to the light which it transmits. See 
" Eye," 
 (13). 
FILTERS: 
Compensating light: used in connection 
with the screen plate processes of colour 
photography. See" Light Filters," 
 (2) 
(iv.). 
Contrast light, description and use of, in 
photography. See ibid. 
 (2) (ii.). 
Ortho('hromatic light, description and use 
of, in photography, See ibid. 
 (2) (i.). 
Sclpctive light, description and use of, in 
colour photography. See ibid, 
 (2) (iii.). 
Fe'DER, PHOTOGRAPHIC: a device used for 
the purpose of indicating the amount of 
subject which would be included on the 
focussing screen of a given camera placed 
in the same position, See" Photographic 
Appamtus," 
 (7). 
FI\:ATIOX, "I
TTAL: the act of looking directly 
at an object in the field of view. See 
" Eye," 
 (22). 


for any magnification one lens produces a 
,-irtual and the other a real image. In the 
special case d l =/1' d'l, =/2' G is given by the 
ratio of the two focal lengths, T. S. 


EYEPIECES, CORREf'TIONS FOR OPTICAL DE- 
FECTS. See" Eyepieces," 
 (4). 
Chromatic Defects. See ibid. 
 (5), 
EYEPIECES FOR TELESCOPES. See "Tele- 
scope," 
 (6). 


F 


FLAME, SENSITIVE: a coal-gas flame, hurning 
under certain conditions of pressure and 

ensitive to sounds of high or medium pitch. 
See" Sound," 
 (53). 
FLARE SPOTS IN CAMERA LENSES, See 
" Camera Lenses, Testing of," 
 (5), 
FLARES, PHOTOMETRY OF. See" Photometry 
and Illumination," 
 (122). 
FLICKEr., THE ELDUNATION O:F: a problem of 
great importance in the intermittent type 
üf kinematograph, dependent upon the 
duration of the individual impulses that falI 
upon the retina. See "Kinematograph," 

 (3). 
FLICKER PHOTOMETER: a dcvice for compar- 
ing lights of different colours. See" Photo- 
metry and Illumination," 
 (95) et seq. 
FLUTE: a wood-wind musical instrument. 
See" Sound," 
 (34). 
FLUX (LUMINOUS): the rate of flow of radiant 
energy evaluated according to its capacity 
to produce the sensation of vision. Spe 
" Photometry and Illumination," 

 (1) and 
(2). 
FOCAL LE
OTHS,. DETERMINATION OF, See 
" Objectives, Testing of Compound." 
Autocollimating method, See ibid, 
 (2) (i.). 
By eonjugate points, See ibid. 
 (2) (ii.). 
:l\Iagnification methods. See ibid. 
 (2) (iii.). 
1\Iicroscope method.:!. See ibid. 
 (2) (iv,). ' 
Using parallel light. See ibid. 
 (2) (i.). 
Sce also "Camera Lenses, Testing of," 

 (1). 
FOCAL SPHERE: a term used in the study of 
projection apparatus to denote the smallC'st 
possible..Æphere described round the" focal 
point" so that it just, and only just, includes 
all the convergent rays, either intersecting 
it or just touching it. See "Projection 
Apparatus," 
 (4). 
FOCOMETER: a dC'vice for cnahling the crater 
of an arc to be maintained in position a t the 
focus of a projector mirror. See" Photo- 
metry and Illumination," 
 (121). 
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FOG-HORX: an arrangement for producing a 
loud noise, erected on a cape or other im- 
portant point. for the warning and guidance 
of mariners during fogs. See ,. Sound," 

 (31). 


FOOT-cA
DLE: the unit of illumination on 
the F.P.S. system. See" Photometry and 
Illumination," 
 (2). 


a portable illu- 
"Photometry and 


FOOT-CA
DLE )IETER: 
mination gauge. See 
Illumination," 9 (63). 
FORBE'3 R.-\.SGEFIKDER. 
ShOl't-base," 
 (7). 
FORCE!; LIFE TEST (OF ELECTRIC L.uIPs). See 
.. Photometry and Illumination," 
 (80). 


See "Rangefinder, 


FORK, Tc
nw-: a convenient standard of 
musical pitch, for ready reference, each 
prong being like a fixed-free bar and emitting 
practically its prime partial only, when 
bowed lightly and carefully at or near the 
ends of the prongs, See" Sound;' 
 (49). 
FORKS, TCXIXG-, CO:\IPARED BY S.:\IOKE TRACEs. 
See ,. Sound," 9 (33) (iv.). 
FORREST ARc: a particular form of carbon 
arc proposed as a primary standard of light. 
See .. Photometry and Illumination," 
 (11). 
FoucArLT's HELIOSTAT: a clockwork device 
for directing the rays from the sun into a 
fixed telescope or other optical system. 
See" Telescope," 
 (17). 
FoucArLT's )IETHOD OF DETER:\IIXIXG POSI- 
TIOY OF AS hIAGE PLA
E. See
' Objecth-es, 
Testing of Compound," 
 (1). 
FOUCArLT's SHADOW )IETHOD OF DETER:\IIY- 
TIG THE CCRYATDRE AXD QUALITY OF 
COXCAVE S"LRFACES. See" Spherometry," 
9 (lOt 


-li- 


GASES, SPECIFIC HEATS OF, ApPLICATIOY OF 
QCAXTU:\I THEORY TO. See ,. Quantum 
Theory," S (ü). 
GA
-TLBE: an X-ray tube which depends for 
its action on the presence of the residual 
gas in the tube, See" Radiology," 
 (12). 
GEO:\IETRICAL THEORY OF TELESCOPES. See 
,. Telescope," 
 (1). 
GHOST
: a name given to spurious lines which 
occur in all grating spectra and are due to 
periodic errors in the ruling. See" 'Ya ve- 
lengths, The )Ieasurement of," 
 (2), 
GLARE (in Illumination), See" Photometry 
and Illumination," 
 (71). 
VOL. IV 


ForCArLT's TEST FOR THE :\IrRROR OF A RE- 
FLECTIXG TELESCOPE. Sec "Telescope," 

 (11). 


FRA
HOFER LrxEs: the name given to the 
dark lines crossing the solar spectrum, 
which were first mapped by Fraunhofer. 
See" "T ave-lengths, The :\Ieasurement of," 

 (1). 


FREQUEXCIES, CO:\IPARISO
 OF, by monochord 
method. See" Sound," 
 (53) (vii.). 
By resonance tube. See ibid. 
 (53) (vi.), 


FREQUEXCIES, EXPERDIEXTAL DETERMIXATIO
 
OF DIFFEREXCE BETWEEX, by beats, See 
" Sound," 
 (53) (i.). 


FREQUE
CIES, RATIO OF, gauged by the ear. 
See" Sound," 
 (53) (iü.). 


FREQI'"EXCY, EXPERDIEXTAL DETERl\IIXATIOX 
OF. See ,. Sound," 
 (53). 


FREQUEXCY OF A l\IrsICAL XOTE: a term 
used to denote the number of vibrations 
per second occurring in the note. See 
" Sound;' 
 (1). 


FRI
GES, ACHRO:\IATIC: produced by using as 
the two sources of light a short spectrum 
and its virtual image formed by reflection 
in a glass plate. See '" Light, Interference 
of," 
 (5). 


FRIXG ES, IXTERFEREXCE, )IETHODS OF PRO- 
Dt:'CIXG, depending on the formation, by 
some optical system. of two real or ,-irtual 
images of a narrow source of light, which 
images act as secondary sources. See 
" Light, Interference of," 
 (4). 


FURXACES FOR MELTI
G GLASS. See" Glass," 

 (15). 


GLASS 


I. DEFI
ITIO
 AXD COXSTITUTION 

 (1).-Xo satisfactory, concise definition has 
been suggested for the term glass, which we 
use, commonly, to denote yitreou:::;, apparently 
amorphous, materials, brittle at ordinary 
temperatures, haying a high softenin
 point 
and possessing the general characteristic
 of 
an under-cooled liquid. 
There i;:" howe'Ter, a gradual accumulation 
of evidence which seems to suggest that glass, 
under normal conditiuns, consist:::;, not merely 
nf a single liquid phase. but of olle or more 
solid phases in fine suspension in the liquid 
phase or 7 possibly, in colloidal solution. 
o 
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\re may re1!anl gla
,.;, at high temperatures, 
as being a mutual solution of silicates or uf 
o
ides. As the temperature falls we approach 
a point where the glass becomes saturated 
,dth rcspect to one or more compounds stable 
at that temperature, and we might expect 
crvstallisatiun to begin. The viscosity of 
gl;s
, hO\\ ever, increases very rapidly \\ith 
a fall in temperature (see ., 
\nnealing," 
 (19)), 
and it generally happens that the visco:::Üty 
is tuo high and the rate of diffusion too low 
to admit of extensi'Te crystal growth during 
the short time occupied by the cooling of the 
glass. If glass is cooled excessively slowly the 
crystals become visible to the eye: if cooled 
raÌ>idly no visible crystals are formed, hut it 
is imprubable that the viscosity will totally 
inhibit the formation of crystal nuclei and 
incipient crystallisation when the saturation 
point of the glåss with respect to one of its 
constituents is reached. (See also under 
" Physical Propertie
," 
 (21).) 
Some glasses, which can be worked in the 
bluw-pipe without crystallisation if they have 
never been alluwed to cool (i,e. if the glass is 
gathered straight frum the furnace), crystallise 
at once if worked after having been cooled 
and re-heated in the blow-pipe. This suggests 
that, during the cuoling, crystal nuclei have 
l)cen formed, and these tend to grow as soon 
as the vi:5cosity falls, 
[t is found that glasses un cooling show a 
small evolution uf heat "hen passing through 
a particular temperature. (This is reversible, 
an endothermic reaction occurring on heating.) 
The evolution and absorption is extremely 
f:ìmall, and can only be deteded with the most 
sensitive apparatus, but is sufficiently estab- 
lished to point to a small but definite change 
in the properties of the glass at this tempera- 
ture, 
Interesting eviùence bearing on the crystal- 
line nature of glass has been obtained by a 
study of the phosphorescence of glass when 
exposed to rays of short wave-length. Many 
glassC's show phosphorescence to a marked 
extent when exposed to ultra-violet light or to 
cathodic discharge, and it is found that devitri- 
fied glass is strongly phosphorescent. If suC'h 
a glass, however, is cooled rapidly from a high 
temperature the phosphorescence decreases, 
and, if chilled sufficiently to form the wC'll- 
kno\\ n phenomenon of a RupC'rt's drop, the 
skin appears to be free from phosphurescC'nce 
although the centre of the drop still glows 
faintly. It secms prohable, therefore. that 
glass in gr'neral contains crystalline nuclei 
in ,'arious stages of devC'lopmpnt, dppending 
on the compm;Ítion of the glass and the 
trcatnlf'nt it has received during manu- 
fac.ture. Thp cffpct of the erystalline phase 
,\ ill bp C'onsidered hplow under diffC'rent 
headings. 


II. HISTORICAL NOTE 

 (2).-The discovery of glass has been 
ascribed both to Syria and to Egypt, and there 
is f:ìtiIl some doubt as to the lucality and date 
of the first glass-makers. 
It is certain, however, that the Egyptians 
in 1400 B.C. were acquainted with the art of 
glass-making, and specimens of glass, Llo\\ n 
with and without moulds, have Leell found 
dating from that time. They were al:5o 
familiar with the technique of cutting and 
the production of coloured glasses. The art 
of glazing pottery-ware dates back probably 
to 4000 B.C. 
The Greeks and Romans doubtless lC'arned 
the art of glass-ma king from the Egyptians, 
but the glass industry ne"er appeared to thrive 
in Greece, probably because of the excellence of 
their ceramic ware. The Romans, hmH',-er, 
acquired considerable skill and were successful 
in mastering the technology of coloured glass, 
both clear and opal, although they continued 
for some time to impod glass-ware frum 
idon, 
Tyre, and Alexandria. The Romans worked with 
a glass of the soda-lime type. ThE, Yenetians 
may be credited with being the first to pro- 
duce glass at a cost which allowed of its more 
general use. Venetian glass was characterised 
by the great beauty of form and lightness of 
the ware. Since the sixteenth century thp 
Bohemians tave also been great glass-mahers, 
The glass industry was first introduced 
into England in the thirteenth century, when 
French glass-workers settled in Surrey and 
Sussex. The industry flourished until thp 
reign of Elizabeth, when restrictions on the 
use of timber as a fuel cam;;ed its temporary 
decline. In 15!)O a factory making "indow- 
glass and drinking-vessels was started in 
London, and in 1619 the glass industry of 
Stourbridge sprang up. Stourbridge was 
particularly suited for glass-making owing 
to thf' presence of coal, together with the 
necessary clay for the manufacture of pots. 
The gla
A industry has now spread to all parts 
of Endand, hut Stourbridge still remains 
one of the chief centres of the flint-glass 
industry.1 


ITI. CO:\IPOSTTION 
* (3).-The following are the most common 
glass-forming oxides: 

lcidic: Silica; Boric acid. 
Basic: Sodium oxide (Ka 2 0); Potassium 
oxide (K 2 0); Oxides of Barium, Calcium, 
::\ragnesium, Zine, Manganese, Lea(l, 
Aluminium, Iron. 
In ad(lition to thC'8e, the oxides of arsenie, 
lithium, tin, and zirconium, and tlw elements 
fluorine and selenium, arp intr()(lu('C'(1 into 
J See Encyclopædifl Britannica, 11th eùition. 
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gla.ss for special purposes, and, for the manu- 
facture of coloured glasses, the oxides of 
nickel, cobalt, chromium, copper, uranium, 
and the elements carbon, sulphur, silver, and 
gold are employed. 
Probably over 99 per cent of the glass manu- 
factured in the \\ orld is composed of a com- 
bination of silica with a mixture of two bases, 
an alkali (soda or potash), and either lead 
oxide or lime, 90 per cent being made from 
silica, soda, and lime only. 'Yindow glass, 
plate gla
s, and bottle glass-ware are made 
from silica, soda. and lime. Alumina is occa- 
sionally added to give greater strength and 
stability. Bohemian glass-ware is made from 
silica, potash, and lime, and flint glass for 
table-\\ are, cut glass, electric light bulbs, etc" 
contains silica, lead, and soda or potash. Oc- 
casionally magnesia or baryta is substituted for 
lime or baryta for lead oxide. 
For glasses requiring special properties, 
resistance to attack by chemical reagents,l 
resistance to s1}.dden changes of temperature, 
etc, , magnesia, zinc oxide, and alumina are 
introduced and boric acid (B 2 0 s ) is substituted 
for part of the silica. Glasses free from 
silica are found to be insufficiently stable for 
general use. In following column is given a 
Table of Analyses of typical glasses. 


IV. RA. W 
I -\ TERIALS 
The sources of raw materials available for 
glass-making depend largely on the type 
of glass for which it is intended, since the 
small amount of impurities which can be 
permitted in better qualities of glass excludes 
a large quantity of material which would 
otherwise be suitable. 

 (4) SILICA is almost invariably introduced 
into glass in the form of sand. Deposits of 
sand suitable for glass-making are found in 
many parts of the world. The chief req uire- 
ments for a glass-making sand are freedom 
from iron and evenness and angularity of grain. 
For the manufacture of bottles, etc., uniformity 
in grading is the most important feature, the 
iron content being of less importance, whereas 
Íor ., white ., glass (or " flint" glass, the name 
now used to denote glass free from colour), 
such as chimneys, pressed ware, table glass, 
etc., chemical purity is equally essential. 
90 per cent of the sand grains should lie 
between 0.5 and 0.1 mm. in diameter. Many 
sands are found containing 99 per cent between 
these limits. 
ands graded between smaller 
limits 0.5 and 0.2,) mm. are to be preferred, and 
it i::; not uncommon to find sands containing 
over 50 per cent between these limits. In 
America graded sands considerably coarser 
than this are sometimes used. 


1 See article U Glass, Chemical Decomposition of." 
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The best European deposits are at Fontaine- 
bleau near Paris, and Lippe, Saxony. Thesp 
contain over 9!).7 per cent of Rilica and less 
than 0.03 per cent of iron oxide; thpy are 
remarkably uniform in composition and grain 

ize. Kext in order of merit come the Belgian 
sands, notably at Epinal (belo" 0.03 per cent 
of iron oxide). Fair quality Dutch sands are 
also found. 
Some of the British sands have a low iron 
content, but, in general, the sand is not so 
uniform in quality as that of Fontainebleau. 
Good deposits are found at Lynn, Aylesbury, 
:\Iuckish )Iount, Huttons Ambo, Bury thorpe, 
and other places. l 
}<"or the manufacture of bottles sands rich 
in alumina are useful. 
A number of good deposits oLglass sands 
are found in America, notably in Illinois and 
,,,rest Yirginia. 

 (3) ALKALIS.-(i,) Sodium oxide is generally 
derived from sodium carbonate (" soda ash ") 
obtained from the Le Blanc or ammonia soda 
process, or sodium sulphate (" salt cake" ) 
obtained from the Le Blanc process. Until 
recently, owing to its relatively low cost, 
salt. cake was largely used as a source of 
soda, but its use is attended by various dis- 
advantages, It is usually contaminated with 
chlorides, and occasionally free sulphuric acid, 
and it is not easy to remove all the sulphates 
from the gILss during manufãcture. The 
chlorides and sulphates tend to produce a 
milky appearance in the glass. A high 
temperature is necessary to decompose the 
salt cake, the decomposition being assisted 
by the addition of carbon to the batch; 
the presence of carbon, however, makes the 
use of a "decoloriser" extremely ùifficult. 
Another disadvantage in the u
e of salt cakp 
is that the walls of the furnace are seriously 
corroded along the" flux line" (at the surface 
of the glass) by the alkali which floats on the 
surface of the half-melted batch. 
Soda ash, though formerly expensive, is now 
cheaper than salt eake and is becoming more 
popular owing to the inconveniences inherent 
in the use of salt cake. 'Yith soda ash as 
the source of alkali, however, it is difficult to 
melt glasses rich in silica and lime without 
the formation of a scum rich in silica which 
floats on the surface of the gla
s, _\. common 
practice is to use soda ash with the addition 
of the minimum amount of salt cake to 
prevent the formation of the scum. 
Small quantities of soda are ah:;o introduced 
in the form of soùium nitrate for the purpose 
of o}.idising any organic matter, ferrous iron, 
etc., that may be present in the glass, and 
of securing the oxidising conditions ncc<.'ssary 


1 P. n. II. Bo!'>wdl, .. British mass-making Samls". 
C. J. PCIlllle, .. Briti!'>h Glass-making :-;ands," Jour: 
Soc. Glass Tech. i. 27. 


for melting batches containing lead, which is 
easily reduced, 
(ii.) Potash is universally added in the form 
of potassium carbonate C' pearl ash "). This 
can be obtained commercially in a state of 
reasonable purity. Pearl ash is highly hygro- 
scopic, and careful analytical control is neces- 
sary if potash glasses are required to be of 
constant composition. Potassium nitrate (salt- 
petre) is also u
ed in slllall quantities. 
(iii.) Felspar (K 2 0, AI 2 0 a üSi0 2 ) is occasion- 
aBy used as a source of alkali where the presence 
of alumina is not considered disadvantageous, 
and, for cheap glass-" are, bottles, etc" rocks 
such as granite and basalt are sometimes used, 

 (ü) LurE is usually added in the form 
of ground cha]k, lime spar, or limestone 
rocks, In glasses containing magnesia dolomitp 
provides a convenient source of lime and 
magnesia. '''here greater purity is requirpd, 
precipitated calcium carbonate can be obtained. 

 (7) BARYTA.-The cheapest source of 
barium oxide is the mineral witherite, BaCÜ a , 
which can be obtained in sufficient purity for 
the manufacture of some glasses, pressed glass, 
etc. For optical glasses chemically prepared 
precipitated BaC0 3 or Ba(XO a )2 is us<.'d. 

 (8) LEAD OXIDE is usually added in thp 
form of red lead (a mixture of PbO and Pb 2 0 3 , 
corresponding roughly to PbaO t ). Reù lcad 
varies somewhat in compositio'1, free lead 
and lead sulphate are sometimes present, 
and the moisture content is variable. It is 
desirable that the maximum amount of Pb 2 Ü a 
be present to facilitate oxidising conditions. 
Litharge, PbO, is sometimes used in the batch, 
but, o\ving to its low oxygen content, it is 
not desirable. 

 (9) l\1AGNESIA.-The chief sources of mag- 
nesia are dolomite (calcium and magne::3iulll 
carbonates) and magnesite (:\lgC0 3 ). These 
minerals are obtainable in reasonable purity 
and are used in considerable quantities. .For 
special purposes precipitated magnesia is useù. 

 (10) ALUl\IINA.-For the best glasses the 
sources of alumina are plentiful, china clay, 
felspar, etc. There is some difficulty, howe\ er, 
in obtaining a cheap form of alumina for the 
manufacture of common glass bottles, where 
the low cost (Jf the batch makes the addition of 
felspar too expensive. This is unfortunate, since 
the presence of alumina in glass increases the 
durability both mechanically and chemically. 

 (II) BORIC OXIDE (B 2 0 a ), an ingredient of 
many optical and resistance glasses, is intro- 
duced either as buric acid (H
R03) or as borax. 
* (12) l\IrscELLANEors I
GREDIENTs,-For 
the manufacture of opal glasses fluorspar 
(CaF 2 ) and cryolite (AIF 3 3Xa F), both natural 
and artificial, are used. Calcium phosphat<.' is 
also used for this purpose. 
Other materials required in glass-making are 
used in the form of chemicalJy prepared com- 



pounds, since they are onl
 required in sn
all 
quantities, and the cost IS therefore umm- 
portant. 

 (13) Â.RSEXIC.- 'Yhite arsenic or arsenious 
oxide (A.S 2 0 3 ) is the u:mal source of arsenic for 
the glass industry. Arsenic is introduced into 
both oxidising and reducing batches \\ ith 
apparently beneficial results. It appears to 
accelerate the removal of bubbles from the 
glass and, also, to assist "decolorisers" in 
their action. 
It is probable that under oxidising conditions 
the arsenic is oxidised at low temperatures to 
AS
05' and at high temperatures this oxide 
tends to decompose, forming AS Z 03 and liberat- 
ing oxygen which sweeps out the small bubbles 
from the glass and also oxidises the manganese 
and iron, giving the condition required for 
successful ,. decolorising." Under reducing 
conditions metallic selenium is generally used as 
a decoloriser. A part of the arsenic is reduced 
to metallic arsenic, which is volatile, and 
thus sweeps out the bubbles with a reducing 
vapour "hich tends to keep the selenium from 
becoming oxidised. 
Analyses of glasses made from batches con- 
taining nitrates show that from 10 per cent to 
20 per cent of the arsenic may be lost during 
melting. and, of the arsenic remaining in the 
glass, from 80 per cent to 90 per cent is in the 
pentavalent condition. Similar glasses melted 
"ithout nitrates lose from 30 per cent to 40 per 
c.ent of the arsenic during the melting process, 
and only 60 per cent of the remaining arsenic 
is in the pentavaknt condition. 


v. THE )IA
UFACTCRE OF GLASS 
It is not possible here to describe in any 
detail the manufacture of glass, since the pro- 
cess varilis very considerably with the type of 
glass made and the use for which it is intended. 
The general outlines are gi \-en below. 

 (14-) THE PREPARATJU
 OF THE BATCH.- 
The term "batch" is used to denote the 
ingradients of the glass mixed in the required 
proportions and ready for melting. The 
success of the melting operation and the 
quality of the glass obtained depends very 
largely on the care taken in the preparation 
of the batch, )Iany manufacturers do not 
sufficiently realise the importance of this side 
of the glass works. The raw materials should 
be "ell ground. Even grading is as important 
as the actual fineness of division. The sand, 
and occasionallv other inaredients are dried . , 
. J b , 
III some works the sand is roasted to a red heat 
before use. The various constituents are then 
weighed out and fed into a mechanical mixing 
machine, which delivers the mixed, sieved 
batch into a container in which it is con,yeved 
to the furnace. In some up-to-date, "
ell- 
org
ll1ised works elaborate plant is used to 
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carry out these operations and the weighing, 
mixing, and conveying of the batch is effected 
automatically. )Iany works are to be found, 
however, where the batch composition is 
estimated by volume-in some cases the shovel 
being the unit of volume-and the mixing 
carried out by hand. 

 (15) FCRXACES AXD )IELTIXa PROCESS.- 
Two entirely different methods of melting are 
employed according as the glass is contained 
in crucibles (or " pots ") or in a tank. 
(i.) Jlelting in Pot Furnaces.-The pots used 
to contain the glass during melting are of two 
kinds, open and closed. The open pot is a cup- 
shaped vessel, anything up to 5 ft. in diameter 
and 5 ft. high (or even larger), containing, when 
full, from 2 C\\ t. to 2 or even 3 tons of glass. 
The closed pots are- similar to the open 
ones except that they are fitted "ith a dome 
or hood which has an opening on one side 
through which the batch is charged, and the 
finished glass subsequently gathered. This 
hood, which projects through the wall of the 
furnace, serves to protect the glass from con- 
tamination by the furnace gases. 
One furnace may contain se-veral pots, from 
2 up to 20 or more. The furnaces are usually 
fired with producer gas, although direct coal- 
fired furnaces are still found in some parts. 
Great care has to be exercised in the manu- 
facture and subsequent handling of the pots. 
These are made from carefully selected fire- 
clays (see "Glass-house Refractories," Vol. V.). 
The raw clays are mixed with a quantity oÎ 
burnt clay, to reduce the shrinkage on firing, 
moisten
d, and allowed to mature for some 
months. The pot is then built up slowly by 
hand. The pot-maker first moulds a disc to 
form the bottom of the pot and then proceeds 
to build up the sides; not more than 6 in. or so 
of "all can be added at a time. since the plastic 
clay is not strong enough to support the weight 
of the whole side. The pot has, therefore, to 
be built in stages with an interval of a day 
or two between each stage. In some works 
plaster or wooden moulds are used to support 
the pots during their manufacture. Open pots 
are occasionally made by the casting process 
(see "Glass - house Refractories." Vol. Y.). 
\Yhen the pot is completed it is allowed to dry 
slowly. The temperature of the df)ing-room 
is carefully regulated and precautions are taken 
to prevent draughts. "'hen the pots are dry, 
a process which generally takes some months, 
they are removed fwm the dQing-room when 
req nired for use and placed in a small kiln 
(the" pot arch "), in which they are brought 
slowly up to a red heat. Very great caution 
is required in the initial heating, and the correct 
rate of rise of temperature, which varies" ith 
different clays. must be maintained carefully. 
The temper
ture to which the pot is taken in 
the pot arch varies considerably in different 
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works, and frequently 900 0 C. is not exC'eeded. 
It is Detter practic{', as a rule, to run to eon- 
sidprablv hirrher tcmperatures, \rhen the pot 
. 
 . 
arch is at its ma
imum temperature, the pot IS 
taken out and transferred as rapidly as pos- 
sible to the melting furnace. For this purpose 
the brick work in the front of the melting 
furnace is removed, leaving a hole sufficiently 
large to admit the pot. ,rhen the pot is in 
position in the melting furnace, the wall is 
bricked up and the temperature raised. In the 
Dest practice the pot i;:, heated to a temperatnre 
considerably higher than that required for the 
melting of the glass, since the life of the pot is 
prolonged if it is well "vitrified" before the 
glass is charged into it. In many works, how- 
ever, the pot is not subjected to this prelimin- 
ary heating and the glass is introduced as soon 
as the pot reaches the melting temperature of 
the glass, "ith the result that llmch unnecessary 
corrosion of the pot takes place. 
The raw materials are mixed with a quantity 
of previously-melted glass of the same com- 
position (cullet). This greatly facilitates the 
melting process. The pot, when ready for 
filling, is first glazed with cullet to protect it 
from the direct contact with the raw materials, 
particularly the alkali, which has a powerlul 
fluxing action on the clay. The pot is then 
filled with the raw material and cullet. Since 
there is a considerable diminution in bulk when 
fusion takes place, several fillings are required 
to yield a pot full of molten glass, The method 
of filling varies somewhat in different works. 
Sometimes great care is taken to prevent the 
batch from touching and chilling the walls of 
the pot. In this case the batch is l)iled up in 
the form of a cone and as many as six or more 
fillings are made. In other works the batch is 
shovelled on quickly, two fillings, or occasion- 
ally, with lead batches, one filling, being con- 
sidered sufficient. 
The cont
ct of the damp material with the 
walls of the pot and the c
nsequent chilling of 
the inside frequently gives rise to small cracks 
in the pot walls (known as " batch cracks "). 
These increase in size at each filling and often 
cause the ultimate failure of the pot. 
The reactions which occur during fusion are 
complex and imperfectly understood. The 
order in which the various changes take place 
is roughly as follows, The moisture and com- 
bined water is e
pelled from the batch: 


Alkalis in thc form of nitrates melt 
Magnesium carbonate decompos('s 
R('c1I('ac1 d('eomposes, forming litharge 
Boric oxic1(' melts, 
Barium carbonate melts 
Potassium carhonate decomposes 
Calcium carhonate df'composes . 
F;oclium carhonate melts 
Litharge mdts 
Potassium oxide melts . 


. 320 0 
3!)00 
. 500 0 
577 0 
79,")0 
810 0 
. 82!}0 
. 849 0 
. 877 0 
. 880 0 


Compkx eutectic::5 are formed, in \\ hieh the 
oxide's having high melting-points are slowly 
dissolved, The ease with which the glass melts 
depends largely on the viscosity of these 
eutectics. O"ing to the low diffusivity of the 
mixture a very large temperature gradient i::5 
set up in the batch, and, in con::5equence, nil 
the possible physical and chemical chan!!cs 
occur simultaneously in different parts of the 
pot, and many bubbles of gas, water, carhon 
dioxide, etc., are entrapped in the molten 
glass. The raw materials of the glass are 
eventually dissolved, and the bubbles of gas 
rise slowly to the surface at a rate depending 
on the square of their diameter, the viscosity 
and density of the glass, By a judicious 
choice of raw material and temperature of 
melting it is possible to arrange that only 
large bubbles remain in the glass at the end 
of the fusion, and these rise to the surface 
in a few hours and burst. If for any reason 
small bubbles (technically I\:nO\\ n as seed) 
are formed, the glass-maker frequently has to 
introduce large bubbles to sweep the small 
ones to the surface. For this purpose it is 
common practice to plunge a potato, on the 
end of an iron rod, to the bottom of the pot. 
The moisture and organic matter, which is 
given off violently, effectually removes the 
small seed. Nitrates and arsenic are some- 
times used for this purpose. 
To facilitate the removal of the bubbles (a 
process commonly known as "fining "), the 
temperature of the furnace is raised. \Yith 
the diminution in the viscosity of the glass, the 
corrosion of the pot becomes severe. The 
glass in contact with the })ot walls dissulves the 
material of the pot, the resulting glass having a 
density different from the mean density of the 
melt. Currents are therefore set up and, since 
the density of most glasses is greater than that 
of the pot used, these currents, caused by the 
solution of the pot in thp glass, flow up the 
sides of the pot. As the gla:8s rises, it becomes 
richer in pot material, and, consequently, less 
active as a solvent, with the rpsult that the 
attack of the glass on the willIs of the pot is 
greatest at the Lbottom and a taper is producerl 
in the pot. 1 
There are other factors which affect the rate 
of corrosion (apart from the imperfections in 
the pot itself), i.e. the temperature distribution 
in the furnace, since it is possible for large con- 
vection currents to he set up if the bottom of 
the pot is heated locally. (See" Glass-house 
Refractories," Vol. V., for further details on the 
properties and behaviour of glass-house pots,) 
The presence of these convection currents is 
important, since the rate of solution of the 


1 Coad-Pryor, .. NotE'S on Pot .\ttack," Jour. Soc. 
m(l!
S Tech., I!) 18, ii.; and Hosf'nhain, .. Some 
!)hellomena of Pot Attack," Jour. Sac, Glass Tech., 
HHD, Hi. 
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1)ot in the glas
 del)ends largely on the rate at 
\\ hich the glass rich in dis::)olved .Jot material 
can be removed from the vicinity of the pot 
and fresh glass brought in contact with it. 
The presence in the glaS8 of an excess of silica 
and alumina derived from the pot incre8ses 
the viscosity greatly, giving rise to a corre- 
sponding diminution in the rate of diffusion, 
amI, but. for this formation of currents, the pot 
might reasonably be expected to last for years 
instead of months as is actually the case. 
The formation of sillimanite cr) stals (AI 2 ü 3 , 
Si0 2 ) in the pot. appears to exert. a marked 
beneficial influence on the rate of solution. 
During the "fining" process samples 
(proofs) are taken from the pot on an iron rod 
and, from these samples, the expert gla
s- 
maker can decide when the .. metal " is ready 
for working or gathering. \Yhen the glass is 
fine (free from bubbles and raw material) the 
temperature is lowered until the viscosity 
suitable for gathering is reached. The glass is 
still far from being homogeneous, the lower 
portion being considerably denser than the 
upper, and the parts near the sides being richer 
in silica and alumina (derin"d from the pot) 
than the central portion of the pot. How- 
ever, for all purposes except for optical instru- 
ments, the glass is considered good enough for 
use. 
(ii,) Jlelting in Tank Furnaces.-For the 
production of cheaper kinds of glass "here 
mass production is essential, ., tanks" are 
invariably employed for melting purposes. A 
tank consists of a fire-brick chamber which 
may vary considerably in size according to the 
output required, their capacity ranging from 
h\ 0 to over a thousand tons of glass. The 
ratio of length to breadth is roughly three to 
t\\O, average dimensions being from 12 to 18 
ft. ,\ide, 2-t to 36 ft. long, and from 30 to 44 in. 
deep. The bottom and sides of the tank are 
usually constructed of firebrick or rpfractory 
stone and the crown of silica brick. The gas and 
air enter by ports arranged along the side of the 
tank and the com bustion takes place over the 
surface of the glass, thp products of combustion 
pa::;sillg out on the opposite side by flues leading 
to the regenerators, which are usually situated 
below the tank. 
The dimensions of the tank and the dis- 
tribution of temperature are so contrived that 
the raw materials are fed on at one end of the 
tank, melt and flow slowly down the tank, and, 
by the time the glass re;ches the other end, it 
is fine and ready for working. 
This procedure is more economical than 
melting in pots, since the glass is exposed to 
the direct heat of the flame. The process is 
continuous and the glass may be worked day 
and ni
ht "ithout cessation. The refractory 
materials are more durable, since, in the places 
\\ here they are in contact with the glass, they 


are ah\ ays cooler than thp glass, whereas, in a 
put furnace, the heat ha
 to be tran
mitted 
through the pot" aIls. 
Frequently the most vulnerable parts of the 
tank are water- or air-cooled on the outside and, 
consequently, the tank is practically lined \\ith 
a layer of glass too viscous to attack the 
refractories at an appreciablf' rate. In some 
works the whole of the furnace walls are water- 
cooled, and, in such furnaces, the rat.e of solu- 
tion of the refractories is extremely slow. 
Xo thermal convection currents are found in 
the glas
 in a tank, since thp heatine: is from 
above, and we find, therefore, that the tank 
blocks wear away first near the surface of the 
glass, the attack on the blocks diminishing 
with the temperaturp as the depth below the 
surface of the glass increases. The blocks 
forming the bottom of the tank may last for 
some years, but the side walls, 
ear the 
surface, seldom last for more than a year. 
often less, 
In a furnace melting flint (colourless) glass 
the serious corrosion e),.tends to a depth of 
perhaps 18 inches or 2 feet: "ith deeply 
coloured glass, an amber or dark green, the 
attack of the glass on the sides of the tank 
8 or 10 inches below the glass IC\ g el is slight. 
During the melting process, in both pots and 
tanks, it is frequently found that. a scum is 
formed on the surface of the glass. In pots, 
the glass is skimmed before thp gathering of the 
glass is commenced; in tank furnaces, to meet 
this difficulty a "aH or bridge is generaHy built 
acros.::; the tank, shutting .off the working end 
from the melting. This bridge, which projects 
a few inches above the surface of the glass, re- 
tains the scum and the surfacp layer of the gla
 
generaHy rich in silica, and aHows the dear 
gla-ss below to flow into the working end through 
a hole in the bridge npar the bottom of the 
tank. The attack of the glass on the bridge is 
severe, and it is generaHy necessary to cool it by 
building it hoHow and maintaining a circula- 
tion of air or steam in it. The cooling of the 
orifice through "hich the glass flows presents 
special difficulties, since se,-ere chming "ill 
cause obstruction due to high viscosity of the 
glass. Yarious devices have been adopted to 
separate the working end from the melting end 
of the furnace, since the temperature suitable 
for gathering the glass is lower than that 
req uired for melting. Thus the bridge is 
sometimes continued right up to the crown of 
the furnace, the part abo,-e the gla
s le,-el 
being built in chequeI' work to cut do" n the 
radiation from the melting end. Again, a 
separate chamber connected to the mdting 
tank by means of a day syphon has been used. 
Sometimes smaU cm-ered pots (generaHy kno\\ n 
as " poteHes ") are built into thf' \\ orking end 
of the furnace "ith their hoods projecting 
through the furnace waHs in a manner similar 
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to pot furnace practice. The
c pot<.'ttes are 
drilll'd l1<.'ar tll(' bottom, below the surface level 
of the ghu;
, to allo\\ th<.' glass from the tank 
to flm
' int.o them. "
hen working with 
potcttes a bridge in the tank for skimming 
purposes can be dÜ; pensecl \\ it h. 
9 (16) DEFECTS. (i.) ëtunes.-If the pro- 
cess of manufacture outlined above has been 
carried out successfully, glass is obtained in the 
pot or working end of tbe tank free from 
bubbles and undissolved matcrial and reason- 
ably uniform in comp0sition. There are 
\
arious defects, however, \\ hich are frequently 
found which have arisen through accident.al 
causes or through carelessness on the part. of 
the operators. Of these perhaps the most 
common is the disease known as "stones." 
These consist of solid particles which have not 
been taken into solution in the glass, and may 
b<.' caused by drips from the crown of the fur- 
nace or particles of refractories from the walls 
which have become undprmined and detached. 
Stone_may also be formed if parts of the 
furnace have been allowpd to become too cool, 
when "devitrification" or cry:;tallisation of 
the glass may result. These crystals, when 
once formed, are only dissolved with difficulty 
and, in consequence,
 give rise to stones. One 
of the most prolific sources of stones is the 
inclusion in the batch of coarse particles of 
raw material, such a::, limestone. 
(ii.) Striae.-Another common defect is the 
presence of striae or "cords," which consist 
of veins of glass of a different refractive index 
from that of the rest of the glass. Strictly 
speaking, striae are always present in any 
but the best optical glass, although, for most 
purposes, they are sufficiently small to pass 
unnoticed. They are produced by imperfect 
mixing of the batch or contamination of the 
glass by the walls of the pot or tank. Stones 
always give rise to striae, which persist in the 
glass after the stones have disappeared. Striae 
are also found if the furnace has been allowed 
to run cold during the melting, when the high 
viscosity has hindered the diffusion of the 
constituents. 
(iii.) Seerl.-The presence of fine bubbles, or 
" seed" as they are called, in the finished 
glass is a defect sometimes found. Bubbles. 
which shoulcl have been removed during the 
fining process, are sometimes found in the 
glass o\\ing to inadequate cont.rol of the 
temperature during founding or to an attempt 
to increase th<" rate of production beyond 
the working capacity of the furnace. 
Sepd may apppar, however, at a later stage, 
after the glass has oncp heen fine. This 
phenomenon is common in amber glasses 
where the colouring has been produced by 
carbon, prol)ably in colloidal solution. Under 
certain conditions a rise in temperature or 
mechanical agitation may cause an evolution 


of gas. A similar effect is said to occur in 
cobalt blue glasses. Again, with som<.' glasses, 
certain gases appear to be more soluble at 
high than at low t<.'mperatures, and on cooling 
bubbles are evolved. By successively cooling 
and heating the glass for a number of times 
the quantity of gas in solution can be 
diminished, and a marked improyement is 
observed in the tendency of the glass to 
devitrification. It has been shown that glass, 
under normal conditions, can hold in solution 
considerable quantities of gas. Allen and 
Zies obtained from {).,) grms. of glass 6..3 c,c. 
of gas having the composition: oxygen, 
64.2 per cent.; carbon dioxide, 2-1.2 per cent: 
carbon monoxide, 3.5 per cent; hyd, I'Og<.'n 
3-9 per cent; nitrogen, 4.1 per cent; and 
instances have been given where glass on 
cooling has liberated many times its 0\\ n 
volume of gas. All glass, as usually maùe, 
contains a large amount of dissolved water 
vapour, far in excess of other 
ases found in 
glass. This is evolved copiously on heating 
the glass to 300 0 -400 0 C. or over, under 
reduced pressure. 
So-called "vacuum bebbles". are formed 
where the surface of the glaf:ss is chilled 
rapidly, forming a surface crnst, while the 
centre is still hot. As the interior of the 
glass 
hrinks a high state of tensi,m is pro- 
duced and minute bubbles may swell to a 
large size. 
(iv.) Colour.-A frequent source of trouble 
to the glass-maker i
 the control of the colonr 
of the glass. Iron is always present in the 
raw materials and refractories, and, when 
prespnt in an excessive amount, produces a 
colour which varies from a yellowish green 
to blue according to the state of oxidation 
of the iron and the composition of the glass. 
The remedy for this is, of course, to use 
materials as pure as possible, but, for most 
commercial purposes, raw materials free from 
iron are much too .costly. To mask the iron 
green, a colouring agent which gives the 
complementary colour, pink, is added to the 
batch. Of these "decolorisers," the most 
usual reagents are manganese (used with 
batches worked under oxidising conditions) 
and selenium (for reducing conditions), often 
in conjunction ,Üth small quantities of 
chromium, nickel, and cobalt. The colour- 
ing effect due to the presence of iron is kss 
when the iron is in th(' trivalent condition, 
and hence the presence of nitrates in the 
batch improves the colour, since oxidising 
conditions are then attained. It is not usual 
to attempt to decolorisc glasses containing 
more than 0.2 per cent of iron calculated as 
Fe 2 0 3 ; a highcr cont<.'nt of iron gives a gla
s 
which, when decolorisC'd, has a pC'rcpptible 
grpy tint. 
A good" flint" soda-lime glass may contain' 
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ahout 0.11 per cent Fe 2 0 3 , and a lead flint 
glass for cut glass table ware may contain 
0'03 per cent Fe 2 0 3 or cn"n less. 
Arsenic is also introduced into the glass to 
facilita te the action of decolorisers. The 
chemistry of this action presents some diffi- 
culties. (See" Raw 
Iaterials," "Arsenic.") 

 (17) OPTICAL GLAss.-The standard of 
quality required in glass for optical purposes 
makes the manufacture of optical glass a 
special process. The glass requires to be care- 
fully stirred to produce the necessary homo- 
geneity, and, eyen then, it is considered a good 
yield to obtain 20 per cent of good glass out 
of the pot. For this purpose a clay stirrer 
is introduced into the pot as soon as the 
glass is fine, or sometimes at an earlier 
stage, and the -glass is slowly stirred. This 
operation is carried out mechanically, the 
clay stirrer being manipulated by means of an 
iron rod. It is necessary to stir as the tempera- 
ture falls, until it is no longer possible to 
continue owinO' to the high \Tiscositv. The 
stirrer is then 0 either removed or all
wed to 
remain in the glas
 near the side of the pot. 
The rate of stirring permissible yaries within 
narrow limits, and has to be regulated care- 
fully as the glass cools. At the end of the 
stirring operation the pot is removed from 
the furnace as quickly as possible and allowed 
to cool rapidly. \Yith some glasses which 
tend to de\itrify it is necessary to chill the 
glass by spraying water on to the outside of the 
pot. 'fhen sufficiently cold the pot is broken 
up and the glass carefully examined, those 
pieces which are considered free from striae 
and other defects being reheated to the 
softening point of the glass and moulded 
into rectangular blocks or lenses. The blocks 
are then annealed (see" Annealing," 9 (19)), 
and finally ground and subjected to further 
inspection. 1 

 (18) 
L-\XIP(;L-\TIOx.-The general prin- 
ciples of glass-blo\\ing are well known and 
have been described frequently.2 
A brief outline of the processes in use at 
the present day is given below. 
(i.) Hollow Gla.ss - ware. - Although glass 
made by mechanical means has displaced in 
many caseR the hand-blown articlps, it is 
difficult to obtain bv machinery the excellent. 
finish which can b
e produced by a skilled 
glass. blower. The 
utomatic production of 
unsymmetrical shapes, i.e. watpr jugs with 
handles and spouts, and complicated pieces 
such a9 "ine-glassf"s, presents serious diffi- 
1 
eri("o;; of papers igsued from Geophysical Labora- 
tory, Wa:,hington, on optical glass; Rosenhain, 
Glass J[nnufactllre, eh. xiv.: Rosenhain, Optical 
Gla8
: Cantor Lecture to Royal Soc. Arts. 
I Ro..enhain, Glass JlanlifactuTe; Powell and 
Re: 
nhain, articles on Gla
" in the Encyclopædia 
Bntannica. 9th and 11th editions' Powell and 
(,hance. Principles of Glass-making '; P. 
Iarson, 
Glass. 


culties, and, at present at any rate, the 
supremacy of hand-blo\\ing for such ware IS 
unchallenged. 
The blowing of a large glass article is 
generalJy c
lTiecl out. by a team of men or 
boys, who constitute a "chair." As a rule, 
Ì\\ 0 men and two boys make up a chair, 
although, for some work, only three persons 
are employed. In some works there is a 
tendency to increase the number of men to a 
chair, since, by so doing, the work becomes 
more highly specialised, and each man, in 
consequence, more efficient at his small con- 
tribution, and the highly skilled labour 
economised. 
The glass-blower's fquipment is simrle, the 
most important item being the stool on which 
he sits. Thi<; consists essentially of a small 
wooden bench provided "ith arms on each 
side which project in front and behind llÏm. 
The "gatherer" first takes the blowing- 
iron, an iron tube about 5 ft. in If"ngth, which 
ha-s previously been heated, and dips the end 
in the glass with a drcular ruoti0n, with- 
clra"ing it "ith a ball of gla

 adhpring to it. 
He then rolls the glass on an iron plate (the 
,. maryer") in such a way as to ohtain a 
symmetrical shape in the glass on the blo"jng- 
iron. During this operation the glass has 
become chilled and stiff to work. He then 
dips it again in the pot, gathering more glass 
and marvering as before. This process is 
repeated until the required weight of glass 
ha.s been collf"cted on to the blo"ing-iron. 
From time to time the gatherer blows gently 
down the tu be, expanding the glass on the 
iron into a pear-shaped mass. He then hands 
the iron to the glass-blower, the head of the 
" chair/' who sits on hi!' bench and places the 
blo"in
-iron across his ineps. re:;ting it on 
the arlllS of the chair. Since the glass is mobile 
during the blowing operation it is necessary 
to keep the iron constantly revoh-ing to 
prevent the gathering from losing its sym- 
metrical shape. The blower, by rolling the 
iron along the arms of the chair with one 
hand, is able to effect this, and, holding his 
tools in the other hand, he can shape the 
article as though the iron wpre in a lathe. 
The glass-blower's outfit consists of a pair 
of shears or scissors, a palette or " battledore " 
(a small wooden board with a handle), a pair 
of tongs, calipers, a foot-rule, and an iron 
bar or file. 
In the process of blcming hollow ware such 
as a jug or decanter. he rests the iron on .nne 
arm of the chair and blows until the desIred 
size of bulb is obtained. He then shapes the 
bottom and sides of the iu!! bv re\yolving it 
on the two arms, as indic;ted above, with 
one hand. and pressing the glass into the 
required shape with the palette, and chec1.ing 
the dimensions with the calipers, 
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,rhen he has trued the bottom of the jug, 
one of his a..-;sistant8 takes 
n iron rod-the 
punty (also know'1 as the pontee, ponty, or 
puntee)-gathers a small amount of glass on 
the end of it. and then presses this on to the 
centre of the bottom of the jug. The glass 
on the punty adheres to the jug; at the same 
time the blower touches the glass at the end 
of his iron \\ ith the cold iron bar, and the jug 
breaks off the blowing-iron and remains 
attached to the punty. The assistant then 
reheats the jug, which ha.q by this time become 
set, in a small furnace, the "glory hole," 
and when it has softened again returns it to 
the glass-blower, who revolves it rapidly on 
the bench. The centrifugal force causes the 
hole at the top of the jug (where it was origin- 
ally attached to the blowing-iron) t.o open out. 
The blower trims the end with the shears, 
and then, rotating it, forms it into the desired 
shape with the help of his tongs. In this 
manner, with modifications suited to the type 
of article being made, all kinds of hollow 
glass-ware can be blown. In many cases the 
process of blowing may be simplified by the 
use of an iron mould made in two parts, with 
an opening at the top, so constructed that 
the blower can open and dose the mould by 
means of a lever operated by his foot. He 
hlows a pear-shaped bulb which he holds 
verticaHy for a second or so until an elongated 
neck is formed; he then introduces the bulb 
into the open mould with the neck protruding 
through the hole in the top. The mould is 
then closed, anrl the bulb blown up until it 
fills the mould. 'Vhen 
the glass has set, the 
mould is opened and 
the finished article is 
removed and cracked 
off the blowing-iron. 
During the blowing 
up in the mould the 
blower spins his blow- 
ing-iron, rotating the 
f glass in contact with 
the mould, and by 
(a) this means prevents 
a mark from the 
joint in the mould 
bping imprinted on 
the glass. Bottles, 
O etc., not spun in this 
way always show a 
mould mark. 
Fig. 1 (a) shows a 
(b) ( c) diagram of a section 
FIG. 1. through a mould for 
blowing a laboratory 
beaker or a tumbler, and (b) and (r) show the 
successive stages; (b) shows the tumhler as 
it lpa vcs the mould. After annpaling it is 
placed on a revolving disc, so arranged that 


a pointed flame plays on the glass (along the 
dotted line) as it revulves; the glass is thc11 
removed from the flame and touched with a. 
culd, pointed, steel rod at any spot on the 
ring heated by the flame. If the glass has 
been well annealed, it will crack evenly along 
this line, lea\
ing the tumbler as in p
.g. I (c). 
It is then placed on a revulving disc or clamped 
to a rod which can be made to rotate hori- 
zontaHy, and the rim i'3 heated until the gla::;s 
softens and a smooth edge is produced by the 
surface tension. 'Yhen the lip requircs fiall!
- 
ing the heating is carried further and the í'dge 
turned over with a tool to the amOUJlt re- 
q uired as the glass revolves. This operation 
introduces severe local strain round the rim 
of t.he glass, which has, in conseq uen
e, to be 
re-annealed. 
(ii.) Tube and Rod.-In the manufacture 
of tubing, the gatherer prepares a large mass 
of glass on his blowing-iron, the size (as a rule 
from 5 to 20 Ibs.) depeniling on the diametcr 
and thickness of wall required in the tube. 
The gathering is carefully marvered and re- 
heated in the glory holf'. The bl
wer then 
takes the blowing-iron and allows tllP glass to 
elongate by holding the iron vertically and 
giving it a gentle swing. His assistant then 
holds the punty in a convcnient posit.ion, ancI 
the blower, by a dextrous movement, attaehe
 
tho end of the gathering t.o the punty. The 
two men then move apart at a rate governed 
by the dimensiuns of the tube they are making. 
For small tubes it is necessary to run, but for 
tu bing of medium diameter a slow walk is 
usual. 'Yith heavy tubing which tends to 
sag excessively it is necessary to chill it during 
the drawing with an air-blast, or, more 
usually, by fanning it.. So]id rod is made in 
precisely tho same manner, except that the 
gathering is made with an iron rod instead of 
a tu be. 
(iii.) Glass Jrool.-By drawing out glass 
sufficiently quickly. very fine fibres can be 
procluced : thus, glass wuul is made by 
winding glass drawn from t.he gathering on 
to a rapidly rotating rb'um. 
(iv.) Sheet Glass.-A gathering of glass is 
made in the usual manner. The blower stands 
on a raised platform, so situated as to gi\
e 
him room to swing his iron vertically below 
him. He is n::mally provided wit h mechanical 
devices to aRsist the hI owing operation, i.e. a 
flexible tubo to enablr him to use compressed 
air for blowing, and arrangements to relieve 
him of part of the ,veight of the gathering. 
He is also conveniently near a glory hole, for 
reheating during the blowing. 
By means of specially shaped blocks and 
tools, the gatherer marvel's a short, wide-bore 
cylinder having a thickened end, as in Fig. 2. 
By altenlately heating the end of the cylin<kr 
and swinging it in a vertical pIano, a cylinder, 
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about 4, ft. long or more, of reasonably uniform 
bore and tlllckness of \\ all, can be made. The 
end uf the cylinder is then opened by bringing 
a small gathering of glass on 
the punty in contact \\ith 
it.; the glass of the cylinder 
softens at the point of con- 
tact, and a small hole is cut 
out with the shears. The end 
is then reheated, and, by 
rotating the cylinder, the hole 
becomes enlarged by the 
FIG. 
. centrifugal furce until its dia- 
meter is the same as that of 
the cylinder. The cylinder is then laid on 
a \\ o
den stand, detached from the blowing- 
iron and the ends cracked off, generally by 
passing a thread of hot glass round it an? 
touching it \\it.h a cold iron tool. A longI- 
tudinal scratch is then made from end to end 
on the inside surlace, 'and a slight tap causes 
a crack to run down the side of the cylinder 
along the scratch. It is conveyed to the I 
flattening kiln and placed on a smooth slab; I 
the temperature is raised to the softening 
point of the glass, and the cylinder slowly opens 
out until it becomes approximately a plane 
sheet. The surface is rubbed with a wooden 
block to secure a smooth surface and intimate 
contact with the slab on which the sheet rests, 
and the finished sheet is then passed down the 
annealing lehr which adjoins the flattening 
kiln. 
(v.) Plate Glass.-The manufacture of large 
sizes of the best plate glass is an expensive 
and wasteful process. Economical methods 
of making small-sized plates have been 
developed, but for very large sheets the 
cast.ing and rolling process has not been 
supplanted. 
A large mass of glass is poured on to an 
iron table; this is effected either ùy ladling 
the glass from a tank or pot into the casting 
pot in which it. is carried to thf' table, or by 
removing the melting pot itself from the 
furnace. In either case the operation is 
carried out largely mechanically. The glass 
is then rolled with an iron roller running on 
rail
 at the eclges of the casting table, the 
height of these rails determining the thickness 
of the plate. The ruller is propelled mechanic- 
ally, the width of the plate being controlled 
by guides which the roller pushes in front of 
it as it progresses down the table. Mter 
rollin
, the sheets are annealed, either in a 
continuous If'hr alona which the sheets travel 
slowly, or in a kiln \
hich is heated to receive 
the sheet and then allowed to cool dow1] 
slo\\ ly, the sheet taking several days to reach 
a tempenture at which it can be handled. 
For certain purposes (roofing, etc.) sheet 
nlade in this way is sold \\ithout further 
treatment, but the surlace is poor and the 


gh1SS quite unfit for the purposes for which 
the best plate is required. 
The plates have then to be ground to a 
true surface and polished. For this purpose 
they are clamped to a circular iron table, 
about 30 ft. in diameter, which is rotated, 
and the surface of the plate is ruhbed duwn 
\\ith iron slabs \\hich are also rotated, ec- 
centrically to the table. (The plates are 
usually set in plaster of Paris to ensure that. 
the under surface is in intimate contact \\ ith 
the surface of the table.) The iron rubbers 
are f'2d "ith abrasives of succpssiyely finer 
grades (starting \..ïth coarse sand), until, 
final 1 :,', a fine ground surlace is produced in 
the glas'3. Puri!lg this process a large amount 
of glass (up to 30 per cent) is ground away 
and lost. The sheet is then polished, the 
iron "rubbers" being replaced by \\ ooden 
blocks coyered 'with cloth or felt and fed \\ith 
rouge. If the previous grinding process has 
been carried out successfuIlv, l1 brilliant 
surface is obtained \\ ith rouge in a 8hort 
time-two hours or so. The sheet has then 
to he turned over 
md the whole procef:s of 
grinding and polishing repeated on the other 
side. J t is then wa
hed and inspected, and 
cut to the required sizes, in snch a manner 
as to exclude any defects which mny be 
present. 
Sheet known as figured rolled glass is made 
in large quantities. This is rolled in a some- 
what different manner, four rollers being used. 
Instead of moving rollers such as are used in 
the method described above, these rollers are 
mounted in pairs and rotate about stationary 
axf'S, the glass being drawn between the two 
rollers. The sheet is formed bv the fir
t two 
rollers, and, passing through tbe second pair, 
receives the imprint of a pattern which has been 
cut on one of these roller". Rolled sheet \\ ith 
simple patterns on it, such as parallel lines, 
etc" is also made by cutting the 
urface of a 
casting table to the desired pattern and rolling 
\\ith a single roller as de
cribed above. The 
pattern is 'Only pressed on one side, since the 
method adopted in cutting up the sheets, 
i.e. s('ra tching with a diamond point and 
then breaking along the scratch, cannot be 
applied conveniently if the surface scratched 
is not plane, 
".here plate glass having a cun.ed surface 
is required (such as that sometime
 used in 
large shop \\indows). the plate is heated on 
a mould having the desired curvature; the 
glass softens and take
 tbe shape of the mould. 
Great. care is necessary to keep the f:urface 
dean and free from defects during this opera- 
t.ion, since any dust, etc., settling on the 
surface gets burnt in v:hf'n the gla
s softens 
in bencling. It is gen('rally necessary to 
repolish parts of the surlapc. by hand, after 
the bending process. 
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(vi.) Pressed Gla88.-
Iany kinds of cheap 
glasc;-" are, principally shallow vessels or 
solid objects, are made in pre
8es, the glass 
b<.'ing deposited in a mould and pressed into 
shape with a plunger. 
A numher of different types of machines 
have heen developed for this purpose, some 
being operated hy hand and others being 
automatic. Some machines combinp the 
operations of pres
ing and blowing. Machines 
of tIllS description are in common use for 
the manufacture of such articles as jam jars, 
heavy wide-mouth bottles of all kinds, 
tumblers, etc. The glass is fed, eit.her by hand 
or by an automatic feeding device, into the 
first mould, the "pari80n" mould, and a 
plunger presses the gla
s into a symmetrical 
shape, this part of the process corresponding 
to t.he marvering in a hand- blown article. 
The parison is considerably smaller than the 
finishing mould except at the neck, where 
the glass is pressed at once to the full finished 
size and chilled, thus affording a means of 
conveying the half-formed jar to the finishing 
mould. The jar is taken from the parison 
mould and transferred (holding it by the 
chilled neck, the lower part of the jar being 
still plastic), either by hand or automatically, 
to the finishing mould, in which it is blown 
up to the .full size. The finishing mould is 
then opened (it is generally made in two 
parts), and the jar is conveyed to the lehr. 
The tendency of modern practice is to 
develop aut.omatic processes, to increase and 
standardise production, and to cut. down 
labour expenses. Thus in an up-to-date 
bottle works the entire proces
, batch-weigh- 
ing, mixing, conveying, and charging into 
the furnace, is automatic, as is also the 1)10wing 
of the bottles and the conveying of the bottles 
to the annealing kilns (known as "lehrs "). 
There are many types of machines in use 
for the manufacture of hollow ware, bottles, 
jars, electric light bulbs, etc., some entirely 
automatic and others semi-automatic, i.e. 
rCfluiring the assist.ance of a "gatherer," 
who gathers the glass from the furnace by 
means of an iron rod or tube and keeps the 
machine supplied. 
Of the fully automatic machines the Owens 
machine is perhaps the best knmvn. This 
remarkahle machine sucks the glass from the 
surface of a sppcially constructed tank into 
a mould (the parison mould), which it then 
withdraws from the tank, filled \\ith glass, 
trimming off the glass adhering un(lerneath 
the mould with a knife. The neck of the 
b()ttle is chilled and the parison mould opens, 
leaving the half-formed bottle hanging by 
the neck. The finishing mould then closes 
round the bottle, which is at the same time 
blown out to its full size. This mould then 
opens and the bottle is thrown out into a 


, chutc which conveys it to the lehr. Each 
mould is mounted on one of a number of 
rotating arms, and, by this means, gathErs 
the glass as it passes the tank and discharges 
its bottle jU8t before it completes one revolu- 
tion or later, according to the type of machine. 
In order to present a continually fresh sur- 
face of the glass to the machine the hearth 
of the tank is revolved. The glass in the 
revolving tank is maintained at the same 
level, being fed continuously from the meJting 
tank. The output. from theRe machines is 
enormous, one 15-arm madlÏne making up 
to 1000 gross of small bottles per day. 1 
There are many machines which are fed 
with a flow device, the glass flowing frum the 
tank through a heated clay trough into the 
parison moulds. The rate of flow can be 
I'{>gulated by means of clay stoppers in the 
trough. 
The manufacture of light articles, such a
 
elect.ric bulbs, is now exten:::;ively carried úut 
automaticaUy, the \Vestlake machine being 
perhaps the best known fur this purpose. 
This machine gathers the glass, by means of a 
small cup, from a crucible into which the glass 
is ladled from the melting furnace. A 12- 
arm \Vestlake machine will produce up to 
100,000 bulbs per day. 1 
Processes are also in operation for the 
aut.omatic manufacture of window-glass and 
glass - tu bing. In the "indow - glass process 
the glass flows or is ladled from the melting 
tank into a trough or basin, and a suitable 
" bait" is lowered on to the surface of the 
glass. The glass adheres to the bait, which is 
then slowly raised, drawing a f:heet or tube 
(according to the shape of the bait) of glass 
from the trough. If the temperature is 
carefully controlled and the correct rate of 
drawing maint.ained, the process is continuous, 
the glass being drawn ovC'r rollers and through 
t.he lehrs to the sortinb-house. ]n the tube 
process, when the required length has been 
drawn, the bait. i
 raised quickly and the glass 
I detached from the basin. The emIR of the 
cylinder are then cracked off hy passing a 
wire round it, and it is then scratched longi- 
tudinally and opened out in a mallllPr similar 
to the familiar hand process of making window- 
glass. 
Tank furnaces are now employed for melting 
glasses which, a few years ago, were invariably 
melted in pot furnaces; for example, glass 
for electric -light bulhs, tumhkrs, chemical 
ware, tubing, table-ware, opal glass: and it is 
claimed that lead glasses have been success- 
fuHy melted in tanks. 
Tht=' old rule-of-thumb methods are gradually 
being displaced in favour of more scientific 


1 For a d('scription of some of the prindpal glass- 
making machin('s in use see JOllrn. Soc. Glass 'l'ee/to, 
1917, p. 203; 1918, p. 19; 1919, p. 182. 
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control, and \\ e find, for inhtance, pyrometers 
and polariscopes in common use. Rowen>r, 
in 
pite of the rapid advance in the en
ineering 
aspect of gla<:;s technology, there will always 
be a demand for the highly-skilled glass- 
blo\\ er for the manufacture of arti"tic table- 
"are. cut glass, and so on. 

 (19) AXXE--\LIXG.-The viscosity of glass 
rises very rapidly with a fall in temperature. 
It is estimated that up to, say, 6.30 0 the \?iscosity 
isdoubJedforevery6 0 to 12 0 fall in temperature. 
(i.) Formation of Strain.-'Vhen a block 
(If glass is cooling uniformly from all side" 
there "will be a temperature gradient from 
the outside to the inside which will depend 
on the thermal condtH,ti,'ity of the glass and 
thf" rate of cooling. Since the thermal con- 
ductivity of glass is low, very large tempera 
ture gradients are found if the heat be removed 
rapidly from the surface. As long as the glass 
is mobile no strain will be introduced. 'Vh
n, 
however, the viscosity of the outer layer 
becomes sufficiently high to rf"sist the com- 
pression due to the shrinking of the inner 
layers, permanent strain may be produced. 
Let us suppose that when this viscosity is 
reached the outer layer is 600 0 . The centre 
of the block is then at, say, 6.30 0 . It is clear 
therefore that, if a is the mean linear coefficient 
of expansion of the gla
s, the inside layers 
\\ ill tend to shrink approximately 650a per 
unit length when cooled to 0 0 , whereas the 
outer layer would only shrink 600a. 'Yhen 
the whole block reaches room temperature 
the in::Üde must, therefore, be in a state of 
tension and the outside in compression, the 
strain being roughly proportional to 50a per 
unit length, .30 0 being the difference in tempera- 
ture between the outside and the inside of 
the block at the time when the outside became 
hard. Such a block would be considerably 
stronger and the surface harder than if free 
from strain. 
Now let us consider the case of a plate of 
glass allowed to cool rapidly from the upper 
surface. A temperature gradient \\ill be set 
up. the lower surface being, say, 50 0 hotter than 
the upper. The upper surface will set hard 
at, say, 600 0 and shrink as it sets, and the lower, 
being still soft, will flow under the compres- 
sion clue to the shrinkage of the upper. 
There appears to be a discontinuity in the 
coefficient of expansion which increases by 
six or more times its normal value over a small 
ran
w of temperature corresponding to the 
.. <>ottin
 " temperature. 'Yhen the bottom 
of the block reaches 600 0 and begins to set 
hard, the upper surface will have reached 5.30 0 . 
If the temperature gradient has remainf"d 
constant no strain "ill he present in the plate. 
At thi:i point the whole plate ha::; become 
<. !';et, eo and any change of temperature gradient 
\\'ill con.,equently produce strain. As the 


whole plate cools the temperature gradient 
will diminish and, finally, the whole block 
will approximate to room temperature. The 
lower surface will then be in a state of tension 
and the upper in compression. If the maxi- 
mum tension excf"eds the tensile strength of 
the glass, a crack will develop in the lower 
surface and the glass will break. 
(ii.) Properties of Strained Glass.-This 
plate will be strong to an upward force tend- 
ing to produce concavity in the lower surface 
and weak to a downward force. Similarly, if 
scratched \\ith a diamond on the bottom sur- " 
face it \\ill break easily, but not if scratched 
on the top. It is, therefore, desirable that 
glass required for general use should be as 
free from strain as possible, since the surfaces 
in tension are very vulnera hIe. However, 
for certain purposes some strain would be 
an advantage; for example, in certain kinds 
of hollow \\are which are not subjected to 
rough usage on the inside, or in the case of a 
lamp chimney which has to resist sudden 
heating from the inside, compres::!ion in the 
outer surface is desirable. 
Since glass-ware cooling quickly generally 
loses heat from the outside, \\ e usually find 
under-annealed glass "ith its external surlaces 
in compression. Thus, when glass tubing, 
which is seldom annealed after manufacture, 
is cut into standard lengths, arrangements 
are made, by means of a diamond suitably 
mounted on a rod, for scratching the inside 
of the tube, which then breaks easily along the 
scratch. This cracking off would present 
some difficulty in tubing of large bore if it 
were well annealed; in fact, it would be 
necessary to heat the glass to produce 
temporary strain. 
(iii.) Process of Annealing.-In the process 
of annealing there are two critical tempera- 
tures. The lower critical temperature (600 0 
in the cases cited above) may conveniently 
be defined as the temperature at which the 
glass is ju::!t deformed at an appreciable rate 
under a stress equal to its tensile strength 
when cold. The upper critical temperature 
may be defined as the temperature 3t which 
9':; per cent of the stress in the glass disappears 
in three minutes. 1 Thesp definitions are, of 
course, purely arbitrary. 
The magnitude of the stresses in the glass 
will depend on the temperature gradient in 
the glass as it passes the iower critical tempera- 
hIre. 
All glass - ware, with a few e
certi()ns, is 
annealed after manufacture, generally by 
passing it through tunnel kilns (Iehrs) which 
are heated at one end. The temperature 
gradient of these lehrs is so arranged that 
the glass, when passin
 through, i::! hea ted to 
1 For methods of determining th(' critical terq)('ra.- 
tures see JO'lan. Soc. Glass Tech. i. 61 and ii. 90. 
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its upl)er critical tC'lnperature and cooled 
slowly do\\ n to normal tcmperaturcs. For 
the success of the annealing operation it is, 
of course, eßsential that the rate of cooling 
be slow bCÌ\\ een the upper and lower critical 
temperatures, particularly in the ncighbour- 
hood of the lower. The rate permissible 
varies, of course, with the thickness of the 
ware and the degree of freedom from strain 
req uirerl. 
Below the lower critical temperature the 
rate of cooling is immaterial, provided always 
that the temperature gradient is not sufficient 
to cause cracking of the ware. 
The annealing temperatures vary largely 
with the eompu:::!ition of the glass. In the 
case of lead glasses the upper temperature 
is about 430 0 C. and the lower about 300 0 r. ; 
with soda-lime glasses the upper temperature 
lies bet\\ een 300 0 C. and GOO o C, with a 
lower temperature between 320 0 C. and 340 0 C. 
Some hard resistance glasses require to be 
annealed at 630 0 C. to 640 0 C. and have a 
lower temperature of about :3:10 0 C. 
The rate of cooling permissible depends on 
the thickness of the glass. Near the upper 
eritic;ll tempcrature the rate of cooling may 
be fairly rapid, but it must be diminished 
while passing the lower critical temperature. 
'Yith a lead glass, a vessel \\ith a thickness 
of wall, say 1 in., can be cooled through its 
critical range at a rate of 50 0 per hour, whereas 
an electric -light bulb can be completely 
annealed and cooled to room temperature in 
3 minutes. A soda-lime glass } in, thick 
can be eouled through its critical range at 
about 15 0 per hour, and a complex resistance 
glass of that thickness would require cooling at 
less than 10 0 per hour; in fact, it is extremely 
difficult to obtain thick samples of the latter 
glass entirely free from strain, even in the 
laboratory. 
In badly annealed articles it is quite usual 
to find ten.;;ile stresse8 of 1000 Ibs. per bq. in. 
and often considerably greater. 
(iv.) Detection of Strain.-Strain may con- 
veniently be detected by means of a polari- 
scope, Rince glass iR doubly refracting when 
strained. \\Then viewed through a quarter- 
wave plate between crossed Nicols a slight 
strain in a glass article may readily be located 
and the degree of !:!train estimated. 1 

 (20) ÐEVITRJFICATION.-The term devitri- 
fication denotes the formation of an appreci- 
able quantity of a crystalline phase in the 
glass. The condition which favours devitri- 
fication in a glass is supersaturation \\ ith 
respect to one of its constituents or compound" 
at a temperature at which the viscosity is 
suffi<'iently low to permit of rapid crystal 
gnm tho The Ìf'ndeney of a glass to devitrify 
1 .. .\nne:1Hng of Glass," Journ. Pranklin Inst, 
.x as. [) and û, cxc. 


is influenced by factors which are a
 yet 
imperfectly understood. There is evidence 
that gases dissolved in the glass exert a marked 
influence in this respect; certain glàsse
, 
made \\ ith raw materials which ha\Te heen 
carefully dried before use do not de vitrify 
when worked in the blow - pipe, \\ hereas 
similar glasses made from a batch not specially 
dried devitrify readily. 
Certain constituents appear to inhibit 
crystal growth, whereas others appear to act 
as catalysts in accelerating it. Of the former, 
alumina is a notable case; boric acid, in 
certain caseR, is also effective. Of the latter 
class, sulphur trioxide, chlorine, and fluorine 
are examples. 
Of the crystalline phases which are formed, 
silica, in the form of tridymite, is the most 
common, In glasses rich in lime, calcium 
silicate (CaOSi0 2 ) is formed, and, in barium 
glasses, crystals of barium-disilicate (Ba02Si0 2 ) 
are deposited. Tridymite generally sep
ratps 
out from lead glasses, but in dense lead flint
 
lead silicate is formed. These crystals may 
easily be distinguished by their refractive 
indices : 


Tridymite . 
BaO(Si0 2 )2 . 
CaOSi0 2 


. 1.469-1'473 
. 1.598-1' 617 
. 1,621-1.633 


Glasses cont.aining soda are, ill general, more 
liable to devitrifipation than simi]ar gla

es 
containing an equivalent amount of potash. 
For the prevention of de vitrification in any 
particular glass the factors controlling the 
crystal growth must be considered. l

or 
example, in the case of a soda-lime glass rich 
in calcium we may expect the glass to become 
supersaturated with respect to calcium silicate. 
The addition of alkali to this glass will increase 
the devitrification owing to the increa
ed 
fluidity uf the glass at any given temperature, 
but the addition of silica will increase the 
viscosity and diminish the devitrification, 
In the case pf a glass rich in silica, say over 
73 per cent, the dangerous crystalline phase 
will be tridymite. The addition of lime to 
this gla
s will inhibit devitrification for the 
reasons given above. The addition of alumina 
to most glasses prevents devitrification. The 
formation of cryst.als is frequently observerl 
on the surface of glasses which show no evidence 
of cry
tal growth in the centre of the glass, 
In somp ca
es this may he due to the volatilisêl- 
tion of alkali from the surface, giving rise to a 
thin surface film supersaturate<l with resJ)('ct 
to silica. Classes containing no appreeiahly 
volatile constituents show scum
, however; 
for examplp, a glass containing only ('aO, 
)I,gO, ami Hi0 2 gives a Rcum of crystallinp 
pIgO);!f'iO. 
)lany glasses, whC'n IH'ate(l in the hlm\ pipp, 
show a ring, uf faintly upalescent appearance 
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a short distance from the point where the 
flame impinges on the glass. This phenomenon 
is known as "bloom." It has been shown 1 
to be due to the reaction of sulphur compounds 
in the gas with the alkali in the glass. The 
reaction is at first superficial only and the 
XaßU,J. formed can be wiped off. If the glass 
is subjected to prolonged heating, a permanent 
opalescence is produced and can only be re- 
moved by melting the glass in the blowpipe, 
when the product of the reaction is dissolved. 


VI. PHYSICAL PROPERTIES 

 (21).-The measurement of the physical 
and mechanical properties of glass, as may be 
expected from the nature of the material, is 
a matter of some difficulty. The classic re- 
searches of 'Yinkelmann and Schott pointed 
the way to the further study of glass, but it is 
only in recent years that serious attempts have 
been made to cover the ground. 
In the first place, the properties vary very 
considerably with the composition of thp glass, 
and it is difficult to obtain specimens with 
the desired degree of uniformity. Again, the 
presence of strain exerts a marked influence. 
,re have a further difficulty in that methods of 
measurement applicable to glass at ordinary 
temperatures, when for most purposes one may 
regard it as a solid, have to be abandoned at 
higher temperatures in favour of those suitable 
for dealing with liquids. 'Ye have therefore 
a gap in our knowledge of the properties in the 
neighbourhood of the softening point, where, at 
any rate from the point of view of the manu- 
facturer and those who have to manipulate 
glass at high temperature::;, exact data is most 
needed. 
In this range there is e\idence of a discon- 
tinuity in the properties (see "Coefficient of 
E
pansion," 
 (27)). Heatin a and coolina 
o 0 1 
curves show that all gla:;ses give an endothermic 
reaction on heating and an exothermic re- 
action on couling. To detect thi:::; it is neces- 
sary to use a sensitive differential thermo- 
cu
ple, the evolution and absorption of heat 
bemg extremely small. This phenomenon 
occu.rs at a point when the glass acquires a 
p
rtlCu
ar .vi::;
osity, and is coincident" ith the I 
dlscontmmty m the coefficient of expansion of 
the glass. 2 I 
An explanation of these phenomena is 
suggested by the work of Griffith, 3 which 
appears to indicate that, near the annealina 
range, the atoms or groups of atom
 which 
ab(JVe that temperature are arranged at 

 :rr
\"er5, JOllrn. Sa. Clas,'! Terh. v. 61. 
. r
l1S af!'ord.;; a f'onvenient method for the deter- 
n
l?atlOn at thf' upper critil'al annealing temperature 
O f (t
l opaque f!lass. See Scientific Papers of Pureau 
o :"'tand-ud-; '\.
 o 3 - 8 " ( ,. . 
CI ' '.. ,
, . J, onl'ernmg Annf'ahnl! awl 

ì

ctenshl'8 of c aass," Toni and Valasek. 
S 1"d' !hf' Ph
nome
a. of Rupture and Flow in 
01 ";, Roy. Soc. PIIlI. Trans. A, ccx
i. 163. 


rand
m 
apidl
 form nuclei possessing a 
defimte onentatIon. These nuclei or chains of 
molecules are formed slO\dy at room tempera- 
ture. 
It. is suggested that this arrangement of 
atoms causes local strain which may produce 
surface flaws. This theory assumes that the 
attraction between the molecules is a function 
of the orientation, since the grouping, to furm 
a crack, must cause a decrea:::;e in the potential 
energy of the system to cou.nterbalance the 
surface energy of the crack. 
Experiments on glass fibres show that a 
fibre, drawn rapidly from a bead at a high 
temperature (i.e. chilled quickly through the 
annealing range) has an abnor
lal strength- 
10 6 lbs. per sq. in.-of the same order as the 
"intrinsic pressure," calculated from the 
energy required for vola tilisa tion. 
After a short time, a few hours, this strength 
decreases, reaching a stable value which 
depends on the diameter of the fihre. This 
f
ll in 
trength ?i.s accompanied by a change in 
dimensIOns. "Ith fibres in the stable state, 
strengths have been obtained from 50,000 lbs 
per sq. in. in a fibre .0027" diameter to 490000 
lbs. per sq: in. in a fibre '0001" diameter. 'By 
extrapolatIon, for a fibre of zero diameter-i.e. 
of molecular dimensions-we obtain a figure of 
about 10 6 lbs. per sq. in. 
Thesp stron
 fibres are only obtained if the 
glass be drawn hot. If drawn out too cold we 
ha ve 
 skin of chilled glass formed surrounding 
a flUId core; further extension will cause 
fracture of this skin, gi\.ing rise to surface 
fla ws. 
The slow decrease of tensile strength at room 
temper
tures, ascribed to molecular rearrange- 
ment wIth the attendant surface flaws, explains 
the spontaneous cracking of glass articles which 
sometimes occurs long after they have been 
made. 
'Yinkelmann and Schott attempted to corre- 
late the l.Jhysical properties with the chemical 
comp
sition and, assuming additive relations, 
to a::;Slgn factors to the constituents by means 
of which the physcial constants of any glass 
could be predicted. The factors obtained 
were not by any means satisfactory for 
quantitati\"e work, but, in general we ha\-e 

een able to discover from them th
 compara- 
tI ve effects of the constihwnt oxides on the 
properties. 4 
S (22) ÐEXSJTY. -The density of glass is 
approximately an additÏ\-e function of the com- 
position, and can be expressed in the form of 
100jS = "::.{pla), where S is the density of the glass, 
p the percentage of a constituent in the (Tlass, 
amI a is a constant for that constituent. 0 The 
values of a are nut identical \\ ith the densiti<>s 


t Referencp shoultl be made to the summary of 
their work by novl'stadt in his book Jena Giass. 
translated b
. Everett. 



96 


of the o
idC'
; according to 'Yinkelmann and 
Schott a bC'ing always greater. \Yinkelmann 
anù Schott assigned thc following valups for a : 
B 2 0 a . I.g AI 2 0 3 . 4'1 
SiO" . 2.3 As 2 0 a . 4 1 
Xa.;Ü . 2.6 ZnO. . 5,9 
K"Õ 2.8 lhO . 7,0 
Ü;-O . 3,3 PLO. 9-6 
)IgO . 3,8 
The re
mlts obtained with these constants 
give values correct to "ithin about 3 per cent 
uf the ob::)erved densities for most glasse
. 
.:\lùre recent wurk has shown that the figure 
assigned to ::\IgO . is too high. 
-\ssuming a 
,'aluc of 2.3 for SiO::!. Turner obtained a factor 
of 
'9 for X a 2 0 and 2.9 for ::\IgO. Tillotson 
has also ealculatpd factors which give good 
rC'sults: Si0 2 2,3, CaO 4'1, ::\IgO 4,0, Li 2 0 3.7, 
Al 2 ü a 2.7,). 
The presence of strain in gJass may cause a 
variation in the density of one in the second 
decimal place. 
Optical glasses range from 2,3, a light crown, 
to 5,9, a den
e flint,l 
Common bottle glass 
Plate glass 
Heavy flint ta.ble-ware . 


. 2'46-2'47 
. 2'49 
. 3'5 
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The alkalis and RO group give a low dis. 
per
ion relath-e to ll D (and have a high v), lead 
oxide gives a high dispersiun. 
Boric oxide lengthens the red end of the 
spectrum relative to the blue. Fluorine, 
sodium, and potassium lengthen the blue end. 
Barium, while giving a high n D , gives a low dis- 
persion, and by its use we can obtain glasses 
with a high v value relative to their refractive 
indices. This property is of great service to 
the optician. 
The presence of 
train lowers the re- 
fractive index. The greater the den
ity 
of the gl::tss the greater the variati0n in 
refractive index due to strain. It is there- 
fore necessary that optical glasses be an- 
nealed with the greatest care. In the best 
glasses, the retardation due to double rpfrae- 
tion should not exceed one - sixteenth of a 
wa ye-Iength. 
Below are given the optical constants of 
a few typical optical glasses. The figures 
given in the last column (taken from l\Ies'<rs. 
Chance's list of optical glasses) show the 
wave -length at which the transmission is 
reduced to 50 per cent through a plate 1 cm. 
thick. 


r I "-ave-length 
Type. ?lv' n(,-ll p v. C-D. D-F. F-G'. Df'nsity. for ;:;0 })('r ('('nt 
abs. 
I Fluor. cro\\n . 1.4783 '00tiB2 I 70.2 .00202 .00480 .00363 2.47 .301/-, 
Boro-silicate , 1.51
ü .00818 ü
'7 .00
41 .00.')77 .00458 2.;'2 
crown I . . 
Barium cro\\ n 1'5881 .00gü2 Gl.l .00284 .00G78 .00;'44 3.31 . 358/-, 
Silicate cro\\ n 1.5204 .00869 59-9 .00255 .00ü14 .00492 2.G3 . . 
Zinc crO\\ n 1.5149 .00890 57.9 .OO:?65 .006:25 .0030ü 2.62 .323).(. 
Baryta flint 1.5515 .01Oß7 51.7 .00310 .00757 '00G20 2'9g . 323/-, 
Ligh t flint. 1.5ü32 .01312 42.g .00375 .00937 .00781 3.07 . . 
Dcno.;e flint I 'ü182 .OIß97 3ü.4 .00484 .01213 .01031 3.üO .337/-, 
Heaviest flint 1.9044 .04174 21.7 . . .03023 '0272ü 5.92 . . 



 (
3) OPTICAL PROPERTIES. - For optical 
purposes the refractive index for light of wave- 
lengths . ().j(j3,u, . 5893/-" . 48G2/-" and .4341/-" 
the C, D, F, G' lines, is dptermined, and it is 
usual to specify the refractive index for the D 
line n D and the partial dispersions. The ratio of 
(n D - 1) to the" mean dispersion" is also gener- 
ally stated. This quantity (n D --l)j(n c - n F ) 
is known as v. 
For most glasses the refractive index in- 
creases with the density and mean dispersion, 
while the value of v decreascs. Glasses having 
a high v arC' generally designated crown glasses 
and those with a low v flint glasses, the dividing 
line being a v value of f>5. 


1 \Yillk('lmann anll 
ch()tt, J.arsf'n. Amn. Journ. 
Sri., H)Ofl. xx\iii. 236: Tillot
on, .fOlan. Ind. 1':n(/. 
('It m., Ifl12, iv. 2 1 (j: ,Jollrn. Amer. Cer. Soc., IM8, i. 
j(j: TllrHpr and EIlg1i
h, JOlan. Soc. Glass Tech., iv. 
126 alllllj3. 



 (24) HTRENGTII."- The strength of glas... q 
vari('s very considerably with the composition 
and degree of annealing. The difficulty of 
handling so brittle a substance when testing 
has led to very divergent results from different 
observers. 
The tensile strength pro ba bly varieoi 
between 2
 and 10 tonR per sq. in. Under 
certain conditions glass fibres h!ìve been pre- 
pared-'OO(n:r' in 
liamC'ter-having a ten
iJe 
strength exceeding 2]"{' tons per sq. in,2 
Crushing strength, 10 to ]5 tons per squ'tre 
inch. 
\\'inkelmann and Rchott placed the oxidN'1. in 
the following order, as re
ard8 their influence 
on the glass in tension: CaO, ZnO, Si0 2 , 
P 2 0 S ' B 2 0 3 , BaO, Ali'O:þ AR 2 0 S ' PhO, Na/), 
1\:20, _\I
O : in comprC'RRion, R/\, l\IgO." AI;.!03' 
B
03' Zn(), PhO, BaO, K:/), Na 2 0, in descend- 
s GritIith, Phil, Trans, A, c
xxi. 
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ing order of strength. (The positions of CaO 
and )IgO are doubtfuL) 

 (2.3) HARD:XE
s.-The hardness of annealed 

lass on )lohs' scale '\""aries beh' een quartz and 
fluorspar, Yarious attempts have been madc 
to assign factors to the constituent bv means 
of which absolute hardness may be caÌculated, 
but they have met with little success. 
All glasses "ill scratch any other glass. 
Auerbach attempted, by measuring the size of 
the scratche::ï, to arrange glasses in order of 
their scratching pm' ers and their re<:istance to 
scratching. It was found that the order 
obtained by an estimation of their scratching 
powers was not by any means identical with 
their resistance to scratching. 
The hardness of a glas
 surface depends vpry 
largely on the heat treatment it has received, 
surfaces in compression being considerably 
harder than those in tension (see ,. Annealing," 

 (19)). It is claimed that by extremely rapid 
chilling it is possible to obtain a glass which 
cannot be scratched by a diamond. 
Various processps have been patented for 
hardening sheet glass by chilling the surface. 
Rapid chilling can be obtained by pressing the 
hot gla
s sheet between copper plates. Glass 
so treated is said to withstand eight times the 
shock which would fracture a similar sheet if 
annealed. The success of such a process 
depends on the uniformity with which the 
chilling is effected. 

 (26) ELASTICITY, (i.) Y ouny's 
lodulus. 
-Young's Modulus varics from 4,9 to 5.9 
dynes per sq. em. for flint glass and from 5.9 
to 7.8 for crO-Wll glasseR. 
Clarke and Turner have calculated factors 
for various oxides which satisfy the equation 
E (Young's )lodulus) = 
pz, p being the per- 
centage of the oxide in the glass and z a con- 
stant. This formula gives good results for 
soda-lime glasses. 
Oxide. Value of z 
(giving E in kg. per IIq. em.). 
Si0 2 40 
Ka 2 0 110 
(AI 2 0 3 ) . 120 
(Fe 2 0 3 ) . 120 
CaO . 240 
(:\IgO) 300 
The values for the oxides in brackets require 
further verification. 
(ii.) Rigidity (Torsion Jlodulus).- 
Flint glass. . 2.0-2'5 x 10'" (dynes per sq. em.) 
Crown glass . 2'6-3'2 X IOn (dynes per sq. em.) 
(iii.) Volume Elasticity (Bulk Jlodulus).- 
Flint glass. . 3'6-3'8x 10'" (dynes per sq. em.) 
Cro\\n glass . 4'0-5'9 x 10'" (dynes pf"r sq. em.) 
(iv.) Poisson' l
 Ratio.- 
0.21-0'28. 


VOL. TV 



 (27) COEFFfCIEXT OF EXPAXSIOK. - The 
linear coefficient of expansion varies from 
3.3 x 10- 6 to 14 X 10- 6 , that of fused silica 
being 0-4 x 10- 6 . 


Typical Glasses. 


Linear Coefficient 
(OO-IOOOj X 10-6. 


Rea t - resisting glass (cook- 
ing ware, etc.) 
Jena 59 10 . 
JC'na 16 10 . . . . 
English la bora torY "are 
Flint glass W 
Soda-lime glass 


3.3 
5.7 
78 


7.4 
7to8 
. 7.5 to 9.5 and OYer, 


Turner and }
nglish have suggested factors 
for the calculation of the coefficients of ex- 
pansion by the formula a=
lJz x 10- 7 , p being 
the percentage of any constituent and z a 
constant assigned to it. 


Oxide. 
Si0 2 
1\a 2 0 
CaO 
MgO 


, alue of Z. 
0-05 
4.32 
1.63 
0.45 


. It .
.ill b
 
een that the coefficient of expan- 
810n IS sensItIve to a small change in the alkali 
?ontent of .the glass; an increase of I per cent 
III the alkah may cause an increase of 5 per cent. 
in the expaní'ion. 
The expansion is affected conEiderably by 
the presence of strain in the glass. Yalues 
obtained from strained glass may be 5 per cent 
higher than those from the same glass after 
annealing. 
. The coefficient of expansion rises steadily 
wIth the temperature, a linear relation holding 
over a small range of temperature. 'Yith all 
glasses, however, there is a (liscontinuity in 
the expansion near the annealing temperature 
of the glass, the coefficient increasing by six 
or even more times its normal value. This 
a bnormality only persists over a short range 
of temperature, the coefficient of expansion 
falling at higher temperatures.! 

 (
8) 8PECIFIC HEAT.-The specific heat of 
glass at normal temperature may be calculated 
to within I per cent from the specific heats 
of the constituent oxiàes, the specific heat 
('=I/IOO
PC', P being the percentage of 
the com
tituent and C' its specific heat. 
'Yinkelmann assigns the following values 
of C' : 
Si0 2 . .1913 BaO . .06728 
B 2 0 3 . .2272 X a 2 0 . .2G74 
ZnO . .1248 1\:20 . .1
t)O 
PbO . .05118 Li 2 0 . .5497 
l\IgO . .2439 C'aO . .1903 
Al 2 0 3 . .2074 PI)05 . . .1902 
AS 2 0 3 , .1276 I )I
203 . .WGI 
The thennal capacity pf'r unit volume shows 


1 ")Ieasurempnt of Thermal Dilation at High Tem- 
peratures," Ppters and ('ragoe. Bureau of Standards 
Scientific Papers, Ko. 393. 
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only an approximate approach to constancy, 
varyinq from about 1.7 to 5.1. 


Lead flint. specific heat 
Soda lime, specific heat 


.14 
']9 


The specific hpat rises with the temperature. 1 
Glasscs have a specific heat only slightly 
higher in the amorphous state than in the 
crystalline (dpvitrified), with the exception of 
glasses rich in alkali, where the difference is 
considera ble. 

 (29) THER:\IAI. COYDUCTIVITY. - .001.3- 
.002.3 C,G.S. units. These figurcs may be 
taken as approximate for room temperature. 

 (30) ELECTRICAL CONDUCTIVITY AND 
SPECIFIC !YDUCTIV E CAP1.CITy.-The conduct- 
ivity of glass dppend8 largely on the alkali 
content of the gla:ss. Glasses rich in soda 
have a high conductivity. The substitution 
of potash for soda reduces the conductivity. 
Ambronn 2 states that the conductivity can 
bp expressed in the form L = Loe - ß/(), Lo 
nd {:3 
being constants, L the conductivit.y, e the 
absolute temperat.ure. l
o can be expressed as 
a linear funrtion of the soda and lime in the 
glass. 


Type of GldSS. Specific ReslstancexIOlo. I Temperature, 
o u. 
Soda lime 531.05 55 
89.15 72 
II.901 93 
1.874 II6 
0.202 149 
Specific Inductive Cap. 
(}.26 II 
6.79 129 
Specific Resistance. 
Soda lead 215.13 73 
144.(j4 83 
20.82 104 
4.n3 120 
1.89 140 
Specific Inductive Cap. 
7.36 19 
8.44 130 

pecific Resistance. 
Pota'ih lead. 1328.6 142 
Specific Inductive Cap. 
6.76 18 


According to Gray and Dobhip, 3 annpaling 
reduces the conductivity of glass hy many 
times its value in the unannealed statp. 
1 Whitp, Amer. ,'ourn. Sri. xxviii. 334. 
40
 Amhronu, Phys. Zrit,çrh., 1913-14, 112; 1918-19, 
a Gra
' and Dobbie, Proc, Roy. Soc., 1808, ]xiii. 
38; 1900, lxvii. 107. 



 (31) THER:\IAL EXDURAKCE. - 'Yinkel- 
nlann and Schott adopted the formula 
P K 
F=aE \ SO ' 


F being the resi
tance to a sudden change 
of temperature, 
P = tensile strength, 
a = coefficient of expansion, 
E= Young's Modulus, 
K=thermal conductivity, 
S = density, 
0= specific heat. 
Values calculated by this formula are more 
or less in accordance with experimental results. 
Since the coefficient of expansion changes 
more rapidly with composition than do the 
other physical constants, the thermal endur- 
ance is therefore largely governeù by the value 
of a. Glasses rich in alkali are therefore the 
most liable to break with changes of tempera. 
ture. Gbss being considerably strongpr in 
comprpssion than in ten
ion, it foJIows that 
it will be more resistant to sudden uniform 
heating than to sudden cooling. Glasses 
which will not withstand a rapid fall of 50 0 
without cracking can be heated rapidly to 
several hundreds of degrees without risk. 
It is probable that the condition of the surface 
of the glass plays an important part in the 
thermal endurance. 
Tests of the thermal endurance of hollow 
glass-ware may be carried out as follows: 
A beaker or flask of the glass under test is 
filled with wax and heated to a degree or so 
above the temperature of testing. It is then 
allowed to cool, keeping the wax well stirred, 
until the required temperature is reached, 
when it is plungeù into iced water. This 
operation is repeated at successively higher 
tcmperatures until the beaker cracks. This 
test can usually be made to repeat to within 
15 0 O. 
Good beakers should stand 150 0 O. without 
cracking under this test. Laboratory ",are 
containing striae are found not to be inferior 
to those free from cords, although the former 
must be in a state of considerable strain. 

 (32) SURFACE TENSION.-The surface ten- 
sion of glass 4 has been measured bv Griffith 
at temperatures up to 1100 0 r.. amÌ a value 
at 1.3 0 C. obtained byextrapolation. s 


Ternpprature. oe. 


Surface Tension in Ih. per Inch. 


II 00 
905 . 
801 . 
745 . 
I:") (extrapolatpd) . 


,00230 
.OO
39 
.00257 
.00251 
,0031 


,. · Th
 
]ass uscd had t]}(, fol1owing composition: 
SIO:!. hH.2 pcr ('pnt; K:!O, 12 ppr ('pnt: N :120, 
0.9 p('r (,Put: Al:!Oa. ] l.8 pef ('cnt; CaO; 4.5 pcr 
cent: :!\I nO, 0,9 ppr ('('nt. 
6 Griffith, Phil. Trans. Roy. 80('. A, C'cxxi. 
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 (33) VISCOSITY. - The viscosity of glass 
falls rapidly with a rise in temperature. 
There are great experimental difficulties 
associated "ith the measurement of viscosity 
at high temperatures, and there is but little 
data on the absolute viscosity of glass at present 
available. Practical glass-makers have, how- 
ever, collected information as to the general 
effect of certain constituents on the melting 
temperature and rate of setting, i,e. the 
temperature coefficient of viscosity. Thus, 
the addition of silica decreases the tempera- 
ture coefficient, i.e. glasses rich in silica have 
a long working range, whereas the addition 
of lime increases the temperature coefficient. 
Alumina and baryta are also said to impart 
a high temperature coefficient to glass. 
The viscosity of glass at the "fining" 
temperature is of the order of 50 (absolute 
units). At the gathering temperature the 
\iscosity is from 1500 to 3.300, depending on 
the size of the ware manufactured and the 
method of blm\ing. 'Yith automatic blo"ing 
devices the glass is gathered at a much lower 
viscosity. The viscosity at the annealing 
temperature is 10 13 _10 14 . 
The measurement of viscosity has been 
used for the determination of the annealing 
temperature, the method adopted being the 
observation of the rate of t" isting of a glass 
rod under a known torque. 1 


VII, COLOURED AND OPAL GLASSES 

 (34).-Coloured glasses may be divided 
into two groups, according as the colouring 
agent is (i.) apparently in true solution in the 
glass or (ii.) suspended in a fine state of 
division resembling a colloidal solution. As 
in the case of aqueous solutions, there is no 
sharp line of demarcation between the two 
groups. 
Coloured glasses in the category (i.) are 
produced by the oxides of iron, titanium, 
manganese, cobalt, nickel, chromium, copper, 
etc., and in the second group (ii.) by the 
elements carbon, copper, gold, and selenium, 
etc. The opal glasses may be considered as 
coming under the heading (ii.). 
(i. ).- The colours produced by the various 
oxides vary somewhat with the composition 
of the glass and thp conditions of melting 
(i.e. oxidising or reducing). In the case of the 
green glasses, the soda glasses tend to a bluish- 
green and the potash to a yello"ish-green. 
(a) lron.-In the divalent state iron im- 
parts a bluish - green colour, in the trivalent 
. 1 Littleton and Roberts. JOllm. Opt. Soc. of Amer. 
I':'. 4 ;_ Trouton and Andrews, Proc. Phys. Soc. Lond, 
XIX. 4/, 
For data on thf' visCOi;ity of glass and sla!!S see 
Arndt, Zeit. jür Electrocftemie. 1907, p. 572; Chem. 


pparatellkullde. 1903. Ko. 3; Field, Trans. Far, 
Soc., 1917-1918, xHi.; Washburn, Phys. Re"-'., Feb. 
1!)20, XV. 2. 


condition a greenish-yellow is produced. The 
colour from the divalent iron is much more 
intense than that from the trivalent, and 
hence oxidising conditions of melting are 
conducive to freedom from colour. 
(b) Titanium oxide in combination with iron 
is used for the production of amber blass; 
very beautiful shades of amber may be 
obtained. 
(c) Jlangane.r.;e. - :Manganous compounds 
have very little colouring action on glass, 
giving a faintly green colour in sn
all con- 
centrations and a brown colour in large. \Yhen 
oxidised, colours ranging from pink ....to purple 
are produced. In 8ll1aIl quantities manganic 
compounds neutralise the blue-green colour 
due to iron and are, accordingly, frequently 
used for this purpose, where oxidising con- 
ditions prevail. Used in larger quantities 
"ith iron, amber glasses are produced. 
::\Ianganese is used extensively in combination 
"ith other o1..ides "here a purple tint is 
req uired. 
(d) ..Y id:el.- The colouring effects of nickel 
are very variable; in fact, it has been claimed 
that v.ith this oxide alone all the colours in 
the spectrum can be produced, with suit- 
a ble modifications of the batch .JIlixture 
and firing conditions. Xickel is little used, 
therefore, commercially, although it is some- 
times used "ith considerable success as a 
decoloriser to neutralise the effects of ferric 
iron, 
(e) Cobalt yields intense blue glasses. 
0-01 per cent of the oxide is sufficient to 
produce a pale blue and 0.1 per cent a medium 
hlue glass. The action of cobalt is similar 
in reducing and in oxidising conditions, and it 
is used almost exclusively for the production 
of blue glasses. Cobalt glasses, however, 
transmit an appreciable proportion of red 
rays. The addition of a 8mall quantity of 
chromium cuts out the red rays (1 part of Cr 
to 10 Co). 
(I) Chromium produces intense green 
glasses, but the colouring effect is not so 
strong as in the case of cobalt. It is used 
extensively in the industry, since the chromium 
colours are little affected by melting conditions. 
Chromium is generally introduced in the form 
of potassium bichromate. 
(g) Copper. - Divalent copper gives tints 
varying between Hue and green. "Lnder re- 
ducing conditions ruby glass can be obtained 
(see below). 
(h) lridl:um imparts a neutral grey tint, 
In large quantities a black glass can be 
obtained. 
(i) Cadmium, in the form of the sulphide, 
produces a rich yellon glass. 
(j) Cranium, also gives a yellow gla8
. 
characterised by a marked fluorescence in any 
but lead glasses. 
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(k) Antimony may produce yellow glasses 
"hen used with lead batches. 
(ii.).-In the second group of colouring 
agents copper, gold, and selenium are used 
commercially for the production of ruby glass. 
The manufacturing process presents some 
technical difficulty. 
(a) The copper ruby is the cheapest to make, 
but the process req uires great care, and 
frequently inferior colours are produced. It is 
necessary that the copper be reduced to the 
metallic state, and the presence of a reducing 
agent is necessary. Partial oxidation imparts 
a muddy green colour to the glass. The 
copper is usuaJly introduced into the batch in 
the form of the oxide, ,rhen the glass is fine 
thp copper is apparently in complete solution, 
and proofs taken from the pot and chilled 
quickly may be colourless. The glass is then 
gathered and blown to the required shape. 
The article is then reheated and the ruby 
colour comes up (the glass being said to 
,. strike "). 'Vith the copper ruby the colour 
is so intense that it is necessary to use the 
ruby glass in thin sheets only, the articles 
required being "flashed" with ruby (i.e. 
made from colourless glass and covered with 
a thin ,poating of ruby; this is effected by 
gathering the glass for blowing the article 
from a pot containing "white" glass and 
then, before blowing, dipping the gather in 
the ruby glass; by this means glass-ware can 
be made with an extremely thin coating of 
ruby glass). 'Vhen the glass is reheated the 
particles begin to aggregate, and when the 
glass "strikes" they have attained a suffi- 
cient size to produce scattering of the light. If 
the ruby glass is heated further the colour 
will change to purple, and from purple to blue 
as the particles increase in size. Finally, if 
heated for a sufficient time at a suitable 
temperature, the particles become visible 
and the well-known copper aventurine glass 
is produced. To obtain a good ruby the degree 
of dispersion of the metallic copper lies within 
fairly narrow limits. 
(b) The gold ru by is made in the same 
manner, but the glass is much easier to handle, 
since there is not the same tendency to oxida- 
tion as in the case of the copper ruby, and it is 
possible to work "ith small concentrations 
of gold. It is therefore not necessary to 
" flash" gold ruby. The gold is usually 
introduced in the form of gold chloride. 
The presence of tin oxide greatly facilitates 
the striking of the ruby and is almost invari- 
ably used in the industry with the copper 
ruby, and generally ,,,ith the gold ruby. 
(I') Selenium in the metallic state is also 
used for the production of ruby glass. In 
small quantities selenium is used as a 
" decoloriser" under conditions sufficiently 
reducing to ensure that the selenium remains 


in the metallic state. It is u
ed for tlils 
purpose in tank furnaces. The oxide of 
selenium exerts no colouring action. 
(d) Carbon, in suspension in glass, gives 
colours ranging from yellow to am bel', 
(e) Many special glasses have been made 
for the transmission and absorption of light 
of particular wave -length. Thus there are 
at present on the market a large variety of 
glasses similar to Crookes' glasses, the principal 
constituent of which is cerium oxide, which 
transmit nearly all the light in the visible 
spectrum, but are particularly opaque to 
ultra-violet light and cut down the infra-red 
light considerably. The absorption of these 
glasses for ultra - violet light is said to be 
improved by exposure to a strong soarce of 
ultra - violet. Similarly, nickel glasses are 
made which are opaque to visible radiation 
but are highly transparent to ultra - violet 
ligh t. 
(f) The colour of glass is modified by 
the prolonged action of sunlight and ultra- 
violet light. Glasses containing manganese 
rapidly develop a purple colour on exposure 
to intense ultra - violet light. This colour 
disappears if the glass is heated to its softening 
point, but reappears again if exposed further 
to ultra - violet Jight. Soda -lime glass tends 
to develop a blue colour, nickel and selenium 
a yellow. 
(g) A rise in temperature displaces the 
absorption in coloured glasses towards the 
red end of the spectrum. 

 (35) OPAL GLASSES. - Opal glasses are 
made under conditions somewhat similar 
to the manufacture of ruby glass, the opal- 
escence being due to the presence of small 
particles in suspension. Some of the opals, 
however, are regarded as being emulsoids 
rather than suspensoids, the disperse phase 
being a glass insoluble at low temperatures. 
(i.) Fluoride Opals. - The most common 
opacifying agent is "fluorine. This may be 
introduced as fluorspar (CaF 2 ), sodium fluoride 
(NaF), or cryolite (3
aF, AIF 3 ), In practice 
the presence of alumina. serves to facilitate 
the production of the fluoride opals, anhough 
these can be made without alumina. The 
most usual ingredients in an opal batch are a 
mixture of fluorspar and felspar or cryolite 
alone, or a mixture of the three, Up to 
20 per cent of cryolite may be used in an 
opal batch. The character of the opal varies 
somewhat with the form in which the fluorine 
is introduced. Thus, the NaF opal is faintly 
opalescent over a long range, whereas the 
cryolite opal strikes rapidly. By a careful 
control of the quantity of fluorine present 
opals can be made to remain clear when 
cooled quickly and to strike when reheated. 
Various ornamental effects are thus intro- 
duced into artistic ware by judicious local 
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heating. The composition of the su
pended 
particles is not yet known ,\-ith certainty. 
(ii.) Plwsphates.-Good opal glasses are 
also made ",ith calcium phosphate (bone ash) 
as the opacifying agent. These opals strike at 
a higher temperature than the fluoride opals; 
they require a higher temperature to melt, 
and are not. so easy to manipulate. They have 
the advantage, however, that they do not 
tend to "boil" rEadilv if overheated, as do 
the fluoride opals, whi
h evolve fluorine copi- 
ously if the temperature be aUowed to exceed 
1300 0 c. 
(iii.).-There are other materials sometimes 
used in the manufacture of opals, Arsenic 
yields a good opal, and oxide of tin is used, 
especially in the enamelling industry. 
The opal glasses are usually fragile and 
break easily if exposed to a rapid change of 
temperature. If reheated for any length 
of time, or worked in the blow - pipe, the 
suspended particles grow, especially if the 
concentration of the opacifying agent in the 
glass is high, and the glass has the appearance 
of devitrification, the surface losing its gloss. 
If examined microscopically it is seen that 
the particles consist of globules of a glass 
ha\-ing, as can be determined by manipulation 
in the blow - pipe, approximately the same 
softening point as the matrix. 
Opalescent effects are often found as the 
result of incipient devitrification, the crystal- 
Jisation of silica sometimes producing this 
effect. 
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YIII. ::\lIsCELLAYEOUS A
D ORS 
EYT AL 
GLASSES 

 (36) CUT GLASS,-Cut glass is in common 
use for many purposes-table-ware, massive 
glass-ware, etc. This industry is larger than 
is generally supposed. The preparation of 

ut glass-ware is a laborious operation requir- 
mg considerable skill. The first step is the 
preparation of the" blank," which may either 


be pressed or ;\10 \\'n, g61eralìf (i}
 latter. 
The patten.. to Lé. '.lIt i
 ih<:,
- .J.)t.intc,lJ on,ëhe 
blank; these patterns are uften very com- 
plicated. Sometimes a transfer is used for 
this purpose. The ware is then taken to the 
grinding shop and ground on a coarse stone 
or an iron wheel fed "ith sand. After the 
coarse grinding the glass is finished on a finer 
grade of emery or carborundum wheel, and 
finally polished on a wooden wheel fed "ith 
putty pm\-der (tin oxide). In the case of 
hea vy articles this "ork is very laborious, 
a hea,ily cut piece taking some weeks to 
complete. 
After the fine grinding the polishing is 
sometimes effected by "acid polishing," 
thereby avoiding the use of the wooden wheel 
and putty pm\ der. In this process the ware 
is dipped into a solution containing hydro- 
fluoric acid. If the composition of the solution 
is properly controlled a beautiful finish is pro- 
duced on the glass-\\ith a great saying of 
time and labour. 

 (37) EXGRAvL"'\G.-This form of decora- 
tion is frequently applied to "flashed" glass, 
but is also employed for colourless glass. 
The engraving is carried out by means of a 
small soft iron or copper disc, usually revolv- 
ing at a high speed, fed with fine emery or 
carborundum powder. In the hands of a 
highly skilled engraver very beautiful and 
delicate effects may be produced. 

 (38) ETCHISG AKD EMBOSSISG. - :Most 
glass-ware may be etched by means of a 
solution of hydrofluoric acid or sodium 
fluoride. A weak solution of hydrofluoric 
acid leaves a polished surface; strong hydro- 
fluoric and sodium fluoride give matt surfaces, 
the latter reagent yielding a finer grained 
surface than the former. 
In the etching process the glass is first 
coated "ith Bruns" ick black or wax, leaving 
the parts to be etched uncovered. This is 
effected either by means of a transfer or by 
coating the whole surface with \\ ax and 
cutting away the part to be etched. For 
small designs a pantograph is sometimes used 
for this purpose. The glass is then immersed 
in the etching solution and after" ards "ashed. 
The wax may then be washed off "ith hot 
soap and water, the Brunswick black being 
removed by wac;:hing with turpentine or a 
solution of caustic soda. 
The solvent action of a weak solution of 
hydrofluoric acid affords an excellent method 
for cleaning glass surfaces, Glass rinsed 
with a weak solution is cleaned almost 
instantaneously without an appreciable loss 
in weight. 

 (39) SAxD-BLASTlXG.-This is the cheapest 
method for preparing a ground-glass pattern 
on glass surfaces. It is commonly used for 
la belling bottles, etc. A stream of sharp- 
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grainerl. 
'l.nd' i
 lJIO\
'Iì arainst the glass by 
mf'"uI;S (If. a .;tf&fl1o- ot .!tir-N:i
t: and a ground 
surface is rapidly produced on those parts 
llot protected. 'The glass to be sand-blasted 
is covered with a stencil plate cut, from 
metal foil or parchment, to the desired 
pattern. :For elaborate patterns dextrine, 
applied by means of a stencil, is sometimt:J8 
used as a protection. 
9 (40) FROSTED GLASS. - So-called frostcd 
glass is made by coating the surface of glass, 
which has previously been sand-blasted, with 
glue, which, on drying, contracts and chips 
off flakes of glass, producing the appearance 
of a frosted window-pane. 
9 (41) BEADs,-SmaIl glass beads are usually 
made from thick-walled tubing. Short lengths 
are cut from the tubing and these are heated 
in a revolving drum until the edges are 
rounded off. To prevent the beads from 
adhering to each other and the holes through 
them closing up, they are kneaded with clay 
or talc before heating. They are subsequently 
polished by being shaken \\ith bran. Glass 
marbles are made in a similar way, using 
rod instead of tu bing. 
Opaq ue glass for making beads i8 sometimes 
obtained by stirring the glass rapidly before 
dra \\ing the tube. By this means a large 
number of small bubbles are introduced into 
the glass, which somewhat resembles mother- 
of-pearl. 
Larger beads and imitation pearls are made 
by blo\\ing small bulbs from tubing. Coloured 
pigments are then introduced inside the bulbs. 
In the manufacture of imitation pearls 
"essence of pearl" is used. This is made 
from scales of fish ground to an impalpable 
powder. The silver and coloured balls 
(associated \\ith Christmas trees) are made by 
silvering the inside of the bulbs and then 
painting the outside with a transparent 
enamel. 

 (42) DRILLI
G A
D SLICING.-Glass may 
be drilled by means of a sand - blast. For 
finer work, a hard steel drill, lubricated with 
turpentine, or a copper or brass tube, fed 
with carborundum or emery, may be used. 
Blocks of glass may be cut rapidly by means 
of a diamond circular saw-a soft iron or mild 
steel diRc armed with diamond dust. 

 (J:J) REI)lFORCED GLASS. - Various pro- 
cesses have been employed for strengthening 
sheet glass. Of these, the most common is 
the use of wire - nettin
 em hedded in the 
glass. The wire, which is pre - heated, is 
rnlled into the glass during the manufacture 
of the sheet. 
Another procPHs now in operation consists 
in cementing together thin glass sheets by 
means of a thin layer of celluloid. A com- 
pm;ÎÜ> sheet made in t1}i
 way will not- splinter 
when hroken. 



 (44) }'USED SlLIcA.-For the properties 
and uses of fused silica, or quartz g]ass
 see 
article on " Refractories." E. A, C.-P. 
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11th ed. 
Hovestadt (translated by Everett), Jena Glass. 
Shenstone, l11ethods of Glass BIOldng. 
J oumal of Soc-iety of Glass Teclmology. (This J oumal 
contains comprehensive abstracts from current litera- 
ture,) 
Transactions of the American Ccramw Society. 
Henrivaux, Le VeTre et Ie cT,l/stal. 
Henrivaux, La VeTrerie au XXieme siècle. 
Gerner, Die Glasfabrikat-ion. 
Dralle, Glasfabriken und Hohlglasfabrikation. 


GLASS, ACTION OF STEAM: ON. See" Glass, 
Chemical Decolllposition of," 
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GLASS, CHEl\IICAL DECOl\lPOSITION OF 

 (1) DEVITRIFICATION AND COLOUR CHANGES, 
(i.) Atmospheric Agents.-All glass is to a 
greater or less degree subject to change after 
manufacture. These changes may arise from 
chemical transformations occurring in the 
body of the glass itself, or may be produced 
by agencies outside -giving rise to modifications 
of the surface of the glass; in both cases 
the glass is considerably altered, and where 
the transparency is of prime importance the 
glass may be rendered quite unserviceable. 
The chief change arising in the body of the 
glass itself is known as de vitrification, and 
is caused by the crystallisation of various 
metallic silicates, or more rarely silica, giving 
rise to definite crystalline aggregat.:'s, or in 
extreme cases a micro-crystalline !Structure 
affecting the whole lI).ass of glass and render- 
ing it opaque. These phenomena are usually 
noticed in batches of glass w}1ich have been 
allowed to remain for prolonged periods at 
too low a temperature during melting, or on 
reheating for the purposes of working or 
annealing; during any of which operations 
the range of temperature for the formation 
of the various silicates has been maintained 
for prolonged periods, thus favouring their 
crystallisation and separation. Recent rp- 
searches made on the cooling of molten 
silica to mixtures and the thermal effects 
observed during the process have enabled some 
of these critical ranges to be avoided, with the 
result that devitrification has become a less 
serious problem, Various impurities appear 
to induce devitrification, while the favourable 
influence of others in preventing the trouble 
(e.g. alumina) have been lmown for a long 
time. 
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Glass also undergoes certain chemical 
changes from within due to other causes than 
those of devitrification. 
In the manufacture of glass of the highest 
quality for optical purposes, or for use where 
the maximum transparency and lack of colour 
is of prime importance, the greatest care has 
to be taken to ensure that all the materials 
used are of the highest degree of purity. 
For example, it has been found that the 
presence of chloride') or sulphate in the alkali 
used in the manufacture of potash lead glass 
is capable of producing cloudy glass unless 
certain precautions are observed during the 
process of manufacture. By emplo:ying a 
high temperature, or by the addition of borax 
to the melt, the trouble may be obviated. 
It is, however, not impossible to obtain alkali 
which is practically free from these impurities, 
and this course is to be preferred, 
Another impurity which is impossible to 
remove entirely, and which when present in 
any but the most minute proportions (0.03 
per cent) produces a distinct coloration, is 
oxide of iron. The coloration can be destroyed 
by the addition of peroxide of manganese, 
The addition, however, frequently causes a 
secondary change to supervene, giving rise to 
the formation of a pink colour. Several 
explanations ha,Te been gi\
en of the pheno- 
menon. The first action of the oxide of 
manganese is to oxidise the iron, producing a 
nearly colourless ferric silicate, which under 
the influence of sunlight, or the ultra-violet 
rays, is capable of again becoming deoxidised, 
giying rise to a higher and coloured oxide of 
manganese. It has also been supposed that 
the colour is due to the formation of alkaline 
permanganates, The strong pink colour aris- 
ing from this change is commonly noticed in 
old window glass. In the manufacture of the 
best optical glasses little or no manganese is 
added, but every precaution is taken to ensure 
that all the materials are as free from iron as 
possible. Glass which has become coloured 
by manganese in this way is rendered colour- 
less on again remelting. The presence of 
some base which is capable of forming a 
higher and lower oxide seems necessary before 
the influence of manganese makes itself felt. 
(ii.) Action of TVater.-In addition to the 
changes arising in the mass of the glass 
ihclf, there are others which are caused 
by outside agencies and affect its surface, 
resuJting in the production of tarnish, or 
actual disintegration of the glass material. 
Thp most important substance which is 
capable of producing these changes in glass 
is undoubtedly water, and in some cases its 
a.ction has been so pronounced that otherwise 
useful optical glasses have had to be dis- 
carded, or to be enclosed between lavers of 
moro durablo glass to make them ;uitable 


for employing in optical instruments. In the 
case of gla
s used for optical purposes it is 
found that moisture is aetuallv absorbed 
from the atmosphen" due to the 
hygroscopie 
nature of the glass; the water is capable of 
causing solution of the glass ",ith a simul- 
taneous liberation of alkali, which on com- 
bination with the carbon dioxide of the air 
produces a layer of alkaline ca.rbonates. It 
has been observed 1 that glasses containing 
potash, lime, and silica are very much more 
hygroscopic, and therefore more susceptible to 
attack by this means, than are the corre- 
sponding soda glasses. The presence of 
increasing amounts of lime decreases this 
disparity to a great degree. Glasses contain- 
ing oxide of lead are on the other hand far 
less hygroscopic than either, and are therefore 
not so liable to decomposition by this means. 
The changes produced by water on glass are 
more pronounced as the opportunity for 
contact is greater, and in consequence glass 
exposed to water is attacked more rapidly 
than when moist air only is in questioH. 
Rise of temperature, particularly if accom- 
panied by rise of pressure, as in the case of 
water-gauge glasses, considerably increases 
the rate of the attack. Glasses containing boric 
acid, alumina, or zinc, with soda as alkali, 
have proved to be particularly resistant to 
the attack by water at all temperatures, and 
are, moreover, capable of withstanding pro- 
longed contact with water at high temperatures 
and pressures, without undergoing marked 
deterioration, or becoming obscured by the 
liberation of opaque insoluble basic silicates, 
as in the case of the lime alkali glasses, The 
two well-known Jena glasses 16'" and 59'" 
are of this type. Another change affecting 
optical glass in which water undoubtedly 
plays a part, but at the same time is not the 
sole cause of the phenomenon, is what is 
generally alluded to as "filming." It is 
found that the interior lenses, prisms, and 
other glass parts of optical instruments occa- 
sionally become veiled, causing a diminution 
of the light transmitted, and in extreme cases 
almost complete opacity, The exact cause, 
or causes, has not been clearly elucidated, 
but whatever they may be, there .appears 
little doubt that the glass has suffered some 
chemical decomposition. 
\Yhen "filmed" glass is examined under 
low magnifications, at least two distinct types 
of tilms are noticed; in;the one, distinct globules 
may be distinguished, while in the other the 
glass is obscured by a bloom which under 
higher magnifications is also seen to be globu- 
lar. The" film" is frequently noticed to 
be grouped round minute scratches or un- 
evennesses; on the other hand it may very 
1 Foerster, Beriddc dn Deutsc'12. Chem. Ges., 1893, 
xxvi. 2920. 
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markedly ayoid them. On ("XPOSUIT' to air 
the film does not spontaneously evaporate, 
but docs so on heating, leaving a residue and 
usually a. tarnish of the glass surface, with 
or without actual pitting. It has been 
proved that the lubricants used in the lens 
threads, and the varnishes or blacking com- 
pounds used on the interiors of the cells or 
chambers, play some part in the process, and 
that such compounds which give off volatile 
constituents at ordinary or slightly elevated 
temperatures are unsuitable for use in optical 
instruments. 
\bsolute cleanliness in the 
polish..ng and subsequent treatment of the 
lens, together with drying of the air in the 
chambers before sealing up, and the use of 
suitable lubricants, appear to prevent filming 
to a great degree. The treatment of the lens 
with hot water after polishing is also claimed 
to act as a palliative, but with all these 
precautions the prevention of filming cannot 
yet be said to be certam, and more research 
is required, One thmg, however, seems 
conclusively proved, namely, that water plays 
a large part in the process.! Atmospheric 
dust is also capable of causing the de- 
composition of the polished surfaces of glass 
lenses. The degree of attack depends in 
the case of glasses free from lead on the 
a.mount of alkali present. \Yhen this is 
below 10 per cent it is found on microscopic 
examination that each dust particle has 
become a centre of decomposition, while in 
the case of glasses richer in alkali the whole 
surface may undergo a homogeneous de- 
composition with the liberation of alkaline 
salts, forming deliquescent globules in the 
case of potash glasses, and a. dry dusty deposit 
in the case of soda glass. In glasses contain- 
ing more than 20 per cent alkali the deposit 
becomes visible to the naked eye. 
Lead glasses containing more than 20 per 
cent oxide of lead exhibit what are known as 
lead spots; these on microscopic examination 
are seen to originate from dust particles, each 
of which forms the centre of a mass of minute 
brown or blackish scales. They are pre- 
sumably lead mirrors produced by the re- 
ducing action of the dust on the solution 
of the glass formed by traces of moisture. 2 

 (2) DECO:
IPOSITION CAUSED BY CHEl\I1CAL 
REAGE
TS.-It will be seen from what has 
been said above of the various factors affecting 
the stability of glass, that it becomes necessary 
to subject that intended for optical or other 
scientific purposes to test before use in order 
to prove whether it is suitable for the purposes 
for which it is intenuP(l, 
Tho optical glasses offer particular diffi- 
culties. since it is by the variation of the 
1 Hyland, Trans. Optical SociEt!l, 1918, :\.h:, 178; 

rartin and OritIiths, Trans. Optical .SociRty, 1919, 
X'I(. U:>. 

 Zs('himmer, Chemiker Zeitung, 1901, xxv. 69. 


chemical constituents that t.ho speeial optical 
features are obtained; consequently the de- 
termination of what changes are permissible 
without seriously affecting the chemical 
stability becomes a matter of prime im- 
portance. \Vhere the optical constants or 
slight colour can be ignored there is more 
scope for variation, and it becomes possible 
to make glasses which are more resistant to 
atmospheric agents, and at the same time to 
manufacture those possessing in a high degree 
resistance to the more violent attack of 
chemical reagents. 
Before passing on to the testing of glass- 
ware, it will be advisable to consider briefly 
the influence of the various constituents of 
the glass on the resistance to attack by 
chemical reagents. 
(i.) Action of TVater and Steam.-In addition 
to ordinary atmospheric moisture, glass for 
many purposes has to withstand the action 
of hot and cold water, and also steam, some- 
times under high pressures. 
The attack proceeds in a similar manner as 
in the case of atmospheric moisture, but at 
a greater rapidity. Glasses containing boric 
acid with either zinc or alumina, and soda as 
the alkali, have, as mentioned above, proved 
to be by far the best glasses. \Yhen glasses 
containing these elements are examined it is 
found that some which may be superior at 
low temperatures (20 0 C.) may not be so good 
as others (at, say, 80 0 C.), while at still higher 
temperatures the superiority may be assumell 
by another glass. For ordinary chemical 
ware the most useful proportion of boric acid 
appears to be 9-10 molecules to 100 Si0 2 , while 
for gauge glasses a slightly greater proportion 
is advisable. The lime alkali glasses are very 
much inferior, the degree of attack depend- 
ing largely on the ratio of .ime to alkali; the 
richer the glass is in alkali the Ipss the de- 
gree of resistance. Glasses containing more 
than 20 per cent alkali cannot be regarded 
as suitable for use with water under any 
circumstances. The proportion of lime has 
a marked effect in increasing the resistant 
powers, and more particularly if the soda is 
partly replaced by potash, as in the glass 
used by Stas in his cJassic researches, in which 
case the glass compares favourably with the 
boric glasses. 
Lead glasses are intermediate in position 
between the boro - silicato and lime alkali 
glasses, the resistant power increasing with 
the lead content. 
(ii.) Action of Acids.-Sulphuric, nitric, and 
hydrochloric acids whcn concentrated have 
very little action on most good glasses of the 
lime soda or lead types, but whpll tho acids 
are weaker the action becomes slightly more 
pronounc("d, and increa
("s on further dilution, 
This observation has led to the opinion that 



GLASS, CHE:\IICAL DECO:\IPOSITIOX OF 


105 


the attack proceeds from the contained -water 
rather than from the a,cid itself, and is less 
than in the case of pure water under similar 
circumstances. owing chiefly to the neutralisa- 
tion of the liberated alkali by the acid. The 
alkali would normally in the case of the action 
by water be instrumental in further increasing 
the attack. l The boric acid glasses are not 
so resistant to hydrochloric as to sulphuric 
acid, and more recent work than Foerster's 
has tended to emphasise the importance and 
sigruficance of the attack by acids, more 
particularly hydrochloric, It has been shown 
that fuming hydrochloric acid has a very 
pronounced action on zinc and lime boro- 
silicates, and that high boric acid content 
tends to promote this attack. 2 On the other 
hand, glaRses containing lime and alumina 
"ith soda, and some potash, are much more 
resistant. A high silica content (70 - 72 
per cent) appears to confer great resistant 
properties. 
The conclusion arrived at by Foerster, 
that in the case of dilute acids the action 
appears to be due to the contained water, 
rather than to the acid itself, is confirmed by 
recent work. The reason why hydrochloric 
acid should be so much more active than 
other acids is somewhat obscure. 
Lead crystal glass (33 per cent oxide of 
lead) is -çery slightly attacked by acids and 
its resistant power is increased on prolonged 
contact, The very rich lead glasses are rather 
se-çerely attacked. The rate of increase of 
attack '\\ith rise of temperature is not so 
pronounced in the case of acids as with 
water. 
(ill.) Action of Caustic Alkalies.-Thl3 action 
of water on glass results in the production of 
an alkaline solution; we should therefore 
e),.pect that there is no clear line of demar- 
cation between the results obtained with water 
and solutions of the caustic alkalies. In the 
case of dilute solutions this is the case, and 
the boro-silicates ag2Ïn occupy the premier 
position a
 regards resisting power. If, 
howen'r, the boric acid is greater than 5-7 
per ('ent the resistance diminishes and becomes 
more pronounced with increasing concentra- 
tion of alkali. 
The lime alkali glasses are attacked bv 
dilute alkalies \vith'. the formation of basj
 
lime silicates which appear as opaque layers 
on the glass. while the soJution is found to 
contain silica and some lime. "
hen thf' 
concentration of the alkali increases and 
exceedH 

 the glass is dissol-çed as a whole 
and -çery little tarnish occurs, The efff'ct of 
risp in temperature is very marked in the case 
of the caustic alkalies, mdre particularly above 
: FOf'fster. 7"if.<:('11. ((11,,1. C'/pm., 1894, xxxiii. 29f1. 
" f'auwoofl English amI Turner, Journal Society 
OJ Glass Technology, 1917, p. 189. 


80 0 C. Soda is the most yiolent in its attack 
of all the caustic alkalieR. Ammonia also has 
a slight action on glas
, but its action has not 
been so systematically studied; in genera], 
however, gla
ses which are most resistant to 
attack by caustic soda are also found to 
exhibit the same order when ammonia is 
substituted. 
(iv.) Action of Alka 7 ine Carbonates.-The 
attack by alkaline carbonates proceeds in a 
similar manner as with the caustic alkalies, but 
in the case of the lime alkali glasses, varieties 
containing alumina are far more resistant than 
those which do not contain it. In fact, the 
alumina - free lime alkali glasses are wore 
strongly attacked by sodium carbonate than 
by sodium hydroxide of equivalent strength, 
which is not the case with any others. In 
explanation of this it has been suggested that 
as alumina is soluble in caustic soda, but 
not in sodium carbonate, this is suftieient 
to account for the difference in behaviour. 
There appear to be other factors which modify 
the results, the nature of which is not exactly 
known. 
Solutions of salts also ha-çe a slight solvent 
action on glass, but tlIP degree of attack is 
in no case comparable to that observed with 
the reagents considered above. 
'Yhen the chief factors affecting the stability 
of glass which is required to \Üthstand the 
attack of chemical reagents are considered, it 
"ill be found that the introduction of one 
element may, while conferring stability as 
regards one mode of attack, be conducive to 
more accelerated attack by a different reagent 
It therefore becomes a matter of some diffi- 
culty to indicate the ideal glass for all purposes, 
but nevertheless, as a result of exhaustive 
tests, certain definite conclusions have been 
reached. Boric acid, for example, besides 
conferring on a glass great IJowers of resistance 
to the influence of water, at the same time 
confers very valuable mechanical properties, 
such as power to \" ithstand sudden changes 
of temperature, "hich is of great sen-ice in 
all glass articles. It will the
fore be found 
that, in spite of certain minor di
adYantages. 
nearly all glass required to be used for chemical 
purposes contains a certain proportion of 
boric acid. The influence of a high silica 
percentage in conferring acid-resistin
 powers, 
and of alumina in restraining the attack by 
sodium carbonate, ha-çe also been alluded to. 
It "ill thus be seen that sufficient information 
is available for selecting the most suitable 
type of glass for use with any s
'ngle chemical 
reagent, and considerahle J>rogre
s l1as been 
made in the manufacture of glal'òses '\\ hich 
succpc:;sfullv withstand the attack by most 
chemical r
agents to a -çery 11igh degree. 

 (3) TESTlXG OF GL_\SS. (i.) Optical Gla88. 
-Glass intended for optical purposes mu')t, in 
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addition to possessing the properties neeessary 
for the construction of tho best optical in- 
struments, be capable of retaining its polish 
and transparency under ordinal'Y conditions 
of usc. 
\s has been pointed out above, the 
chief agent in promoting the changes in optical 
glass is atmospheric moi
ture, and all tests 
which are in use for testing optical glasses 
have been devised to measure directly, or 
indirectly, the degree of attack. 
In the early experiments powdered ghsR 
was heated in water and the amount of alkali 
and total solid material dissohyed was de- 
termined. This method is not an ideal one, 
owing to the fact that it is impossible to 
ensure uniformity in the degree of fineness 
of the various samples of glass. As a result 
of these experiments, however, it was found 
that the less stable glasses gave up a greater 
amount of alkali and total solid matter, and 
that the ratio of alkali to silica in the dis- 
solved glass material was invariably higher 
than in the original glass. )Iylius and 
:Foerster,l who were the first to investigate 
this question systematically, were led to 
conclude that a determination of the alkali 
removed would give a measure of the relative 
stability of glasses. They were therefore led 
to investigate methods for the detection of 
minute quantities of alkali. As a result they 
developed the use of a reagent which is now 
invariably employed for the purpose of 
cla
sifying optical glasses. 
Iodeosin (tetra iodo fluorescein), the reagent 
in question, is a red solid which is soluble in 
aqueous ether, but insoluble in water. The 
aqueous ether solution when shaken up with 
a solution of an alkali produces a solution of 
the salt of iodeosin which is soluble in water, 
giving rise to an intense red colour. The 
alkali may be determined either by comparing 
the solution with one containing a definite 
quantity of the alkaline salt of iodeosin, or 
by titration with N/IOO or N/IOOO acid. In 
the latter case the acid is added to the solution, 
which must also contain an excess of an 
aqueous ether solution of reagent, and the 
two layers shaken together until the water 
solution is rendered colourless. The extreme 
sensitiveness of this reaction has enabled the 
test to be applied to quite small areas of glass, 
and there is no longer any necessity to use 
powdered glass for tllP l>urpose. 
The method as finally developed for the 
testing of optical glass will now be briefly 
described, but for a more detailed description 
the original 2 papers should be consulted. 
1 :UylillS ane) Foerster, Brriddp dcr Deutsch. Chem, 
aps., lK
!., xxii. 1002; Zeit.')chrift fiir Instrumenten- 
kUJule, 188!}, ix. l] 7; and Zeitschrift fiir Instrllmenten- 
kllndp, 1801, xi. 311. 
I :\1 ylius, Silikat Zeit!'ich., I!)] 3, 1. 2, 2;), -15, 
contains latest working clC'tails; :\1 ylius, Zcitsch. 
fiir I n!'itmm('ntpnkllnrlp, ] RR!). ix. :;0; :\Iylins aneI 
Foerster, Bericlltp cln Deutsch. Chern. Ges., 1891, xxiv. 


For th(' purpose of the test., polished samples of 
optical glass measuring ü . 10 0.8 cm. are used. 
These are very carefully cleaned and then broken 
into h\ 0 portions by making a fine 1ile mark parallel 
to the longest side and placing a red-hot rod along 
the cut, followed by a damp piece of filter paper. 
Any glass dust is removpd from the fractured sur- 
face by means of a clf'an brush, and the specimens 
are now placed in a closed vessel containing "ater 
and arranged that the fractured surfaces of the 
glass are supported in a horizontal position on a 
platform above the water. The glass vessel and its 
contents is now maintained at a constant temperature 
of 18 0 C. for one week. The glass surfaces are 
attacked by the moist air to a greater or lesser df'gree 
"ith liberation of alkali, and in the case of very poor 
glasses it is sometimes found that the surface becomes 
covered with visible spots of alkaline salts. The 
specimens of glass are now removed with a clean pair 
of forceps, and held broken edge downwards in a bath 
of the iodeosin reagent for one minute. The iodeosin 
reagent is usually prepared from the sodium salt, in 
which form it occurs in commerce. It is sometimf'
 
found to be adulterated with other salts and dyes, 
and care should be takcn that only the purest samples 
are used. A weighed quantity of the salt (0'53 gm.) 
is dissolved in 30 c.c. distilled water and treated with 
15 c.c. (NjI)H 2 S0 4 in a separating funnel. The acid 
liberates the free dye in the form of orange-red 
scales, One litre of aqueous ether of the highest 
purity saturated with water at 18 0 C. is now added, 
and the lower eolourless acid layer separated. The 
remaining acid is removed by shaking \\ ith three or 
four successive quantities of 30 c.c. distilled water, 
or until the lowf'r aqueous layer beeomes coloured a 
strong pink. The reagent is now poured into a 
bottle of resistant glass together with ] '10th of its 
volume of a I per eent solution of the sodium salt 
and a few fragments of broken glass. The bottle 
should be eompletely filled and should be kept in 
a cool dark place. The reagent gradually becomes 
acid, but owing to the presence of the sodium 8alt, 
neutrality is restored by double decomposition. 
The alkali set free by the action of the moist air 
on the glass combines with the iodeosin, producing 
the corresponding salt, which, being insoluble in the 
aqueous ether, is left as a pink deposit on the glass. 
To remove the excess òf iodeosin the glass is rapidly 
l.insed in another bath of anhydrous ether. Aftf'r 
drying, the sidf'S of the glass slabs are cleansf'd, leaving 
the broken surface untouehed. The next process is 
to determine the actual amount of alkali liberated. 
The glass is washed in 3 e.c. of water containing 
0,1 gm. anhydrous sodium carbonato per litre, and 
the solution transferred to a small porcelain vessf'1 
of about 10 c.c. capacity divided into two equal 
ehambers by a watertight porcelain partition. The 
dish is rinsed with a further 2 c.c, of water, and this 
is added to the first wash water, To the second 
chamber is nf'xt added 5 c.c. water, and from a pipf'tte 
graduated to ] 100 c.c. a solution of sodium iodeosin 
containing 0.01033 gm. per litre, each cubic cf'nti- 
metre of which contaius 0.01 mgm. fref' iodcosin, 
until the colours of the two solutions orc similar, 


l-IR2; :\Iylins, Zelt. anorg. Chl'1n., 1007, Iv. 23:3, also 
1010, Ix vii. 200. 
For a usdul résmué of work by 1\[yIius ancL FoC'rstpr 
SC'(, .](,1'In Olnl';s, Hovestaelt, Eng. TraIL'i. by Everett 
( :\Iacmillan). 
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The area of the fractured surface is now calculated 
anfl the amount of iodeosin which would combine 
\, ith the all.:qli spt free from 1 sq, metre determined. 


The following classification has been adopted 
to e
press the results of the tests: 
Mgm. of Iodeosin 
per sq. metre. 
HI 0 - 5 
H 2 5 - 10 
H3 10 -20 
Hi 20 -40 
Hs 40 -80 
Glasses in the first three classes are considered 
to withstand the action of the atmosphere 
and not to suffer tarnish, while those in classes 
4 and 5 should not be used in exposed positions. 
_.\t the present time this is the only method 
capable of quantitative treatment, and is 
therefore exclusively used for comparing and 
classifying optical glasses. Other methods in 
which the skill and judgment of the experi- 
menter are the sole criterion are occasionally 
used. One of these de,-ised by 'Yeber consists 
in e
posing pieces of glass to the action of 
hydrochloric acid fumes for twenty-four hours 
and then removing to the air. The less stable 
glasses will be found to become coated with 
a rime of alkaline chlorides, and from the 
appearance it is possible to make some form of 
classification. The method requires a great 
amount of experience and skilL 
Another method due to Zschimmer, which 
has been recently modified by subsequent 
workers, seems likely to be of service in 
predicting the susceptibility of glasses to 
" filming." 1 The polished slabs of glass, 
together with polished slabs of transparent 
silica, are placed in a glass tube in a thermostat 
and heated to 80-:> C. A current of pure moist 
air is pas:sed through, and after some time the 
heat is withdrawn, thus allowing the tube to 
cool; it is found on remo"\ing the large tube 
that some glasses are more bedewed than 
others, while the silica plates are usually dry. 
The rat{' of disappearance of the dew is 
observed by placing the samples in separate 
closed tubes, and on drying they are again 
carefully examined. In this test the good 
glas:-;es are very little changed, while those 
which the iodeosin test has shown to be poor 
are frequently found to be actually pitted. 
Superheated steam has also been used, but 
the results obtained require to be viewed "ith 
caution. 
(ii.) The Testing of Chemica! and other Glass- 
ware. - This problem has been the f'ubject 
of very numerous researches since the time 
of Scheele and Lavoisier, but owing to the 
fart that it is only in recent times that 
highly resistant glass has been manufactured, 
I EI-:(len Roberts and Jones. Journal Society of 
Glass Tecll1,oiogy. unn. iii. 52. 
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the early researches become merely of historic 
importance, The later workers have un- 
fortunately not adopted a uniform method of 
test, and it becomes a matter of some difficulty 
to correlate the numerical data obtained. 
The conclusions, however, are on tllP whole 
fairly unanimous, and are summarised in a 
preceding section. 
::\Iylius and Foerster, who were the first to 
study systematically the modern types of 
glass, were inclined to attach too great im- 
portance to the attack by water, and to 
consider the differences obtained with other 
reagents as of minor significance. Later in- 
"\cstigations have taken more comprehensi'Te 
views, and as a result a great imprm-ement 
has been made in the manufacture of resistant 
glasses. 
The action of water at ordinary tem pera- 
tures, e.g. 20 0 C" also at higher temperatures, 
80 0 C., and also boiling water and steam, both 
under atmospheric and high pressure, is usually 
determined. 
The last method has recently come very 
much into vogue. For many glasses the test is 
a useful one, while for others the conditions are 
perhaps too severe, and the conclusions drawn 
may conceivably lead to erroneous results. 
The action of acids, alkalies both strong and 
dilute, also ammonia and ammonium chloride, 
should also be tested, and great care should 
be taken that the temperatures are carefully 
maintained, more especially with the caustic 
alkalies, since the rate of attack increases very 
rapidly with small rises of tem})erature. It 
is im})ossible to gi,-e the full details of all the 
tests, and for fuller information the memoirs 
mentioned below should be consulted. 
w. H. W. 
Foerster. Zeitsch. Instrumentenkunde, 1893. xiii. 
457, and Zeitsch. anaillt. Cllem., 1894, xxxiii. 381; 
Cauwood English and Turner. Journal Society of Glass 
Technology, 1917, i. 153. containing résulllé of 
previous work; Sullivan. Journal Society Chem. 
Industry, 1916, xxxv, 513. A useful bibliography of 
papers dealing with the stability of glass and its 
testing has recently been published - Turner. 
Journal Society of Glass Technology, 1917. i. 213, in 
which other usefUl papers will be found. 


GLASS, OPTICAL PROPERTIES OF: Table. See 
" Optical Glass," 9 (4). 


GLASS, PLATIXISED 
PLATe-USED glass has not hitherto found 
much use in Applied Optics, for the following 
reasons. 'Vhen the platinised surface is pro- 
duced by deposition, or by "spluttering" 
methods, it is easily rubbed off, and requires 
protection, thus showing no advantage over 
silvering methods. 'Yhen produced by the 
so-called" burning-in" process, the resulting 
la ver is more or less e:ranular and diffuses 
the light very considerably. In recent years, 
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however, ::\1essrs. Rheillberg & Co., London, 
have introduced platinised and semi-platinised 
surface mirrors, in which the platinum is 
incorporated in the surface layer of the glass, 
so as to be irremovable, and which show no 
grain and are remarkably free from diffusion. 
They also withstand the action of all ordinary 
solvents, except those which attack the glass 
itself. Notwithstanding the fact that the 
intrinsic reflective power of a platinised surface 
is between one-third and one-fourth less than 
that of a perfect silvered surface, they sup- 
plant the latter, because silvered surface 
mirrors are liable to tarnish, are very delicate, 
and deteriorate fairly rapidly, whilst the 
platinised surface mirrors will wear,. req';lire 
no protection and do not suffer detenoratiOn. 
Amongst the applications of such platinised surface 
mirrors are reversing mirrors for process cameras, 
in replacement of large and expensive prisms; reflex 
camera mirrors, and, generally speaking, mirrors 
where first surface reflections only are required. 
They likewise find employment for dental a.nd 
surgical mirrors, on account of the freedom wIth 
which they can besubjecteJ to hot water or sterilising 
fluids without deterioration. 
Semi-platinised mirrors find application in or with 
optical apparatus as light filters, since they have a 
neutral grey tint, and may be plac{'d in any position 
where they are subjectell to heat, without liability 
to damage or change, They are also employed in 
the types of optical instrument9 where some definite 
part of th{' light is reflecte:l by the surface, and part 
transmitted through the glass. 
Platinised mirrors by the Rheinberg process 
reflect the red end of the spectrum propor- 
tionately more than the blue end to a very 
8light extent as compared with silvered 
mirrors. This is easily observable by com- 
paring the image of a person in both, the 
difference being just sufficient to imp.1ft to the 
face the appearance of being slightly ruddier 
and healthier, The platinum mirror, how- 
ever, also reflects the ultra-violet rays just 
beyond the visual spectrum to a greater extent 
than silvered mirrors, as the latter absorb 
these r3.Ys more strongly. This has been 
demonstrated by spectrognphs taken by reflec- 
tion from platinised mirrors and freshly silvered 
surface mirrors unùer the same conditions. 
Platinised mirrors can be used as back 
surface as well as front surface mirrors, but 
the reflection from the back surface suffers 
slightly in brilliancy. 
The Rheinberg process l'mploys a high 
tem perature, 1 and its success depends on : 
(I) The special coating mixtures used. 
(2) Careful pyrometric regulation of the 
electric furnaces. 
(3) The precautions used to ensure reten- 
tion of the plane or curved surfaces of the 
glass to he platinised. 
1 See patent N. Ij(),-!ï2, ,Tan. 13, 1021. 


(4) Precise regulations according to the 
particular com position of the glasses used. 
Flint glasses are unsuitable for this process, 
as the platinum interacts with the lead in the 
glass. \Vhilst a large variety of glasses can 
be successfully pIa tinised, the best results are 
obtained with those of the crown glass and 
plate glass description. 
Fuller particulars will be found in a paper 
read before the Optical Society in NovC'lllber 
1920. 


J. R. 


GLASS, PROPERTIES OF STRAINED. See 
" Glass," 
 (19) (ii.). 
GLASS, strength of. See" Glass," 
 (24). 
Testing of. See "Glass, Chemical De- 
composition of," 
 (3). 
GLASS ANALYSES, TABLE OF. See" Glass," 

 (3). 
GLASS ANNEALING: the removal of strain in 
glass by heating and subsequent slow 
cooling. See also" Glass," 
 (19). 
GLASS COLorR, CONTROL OF, IN MANUFACTURE. 
See" Glass," 
 (16) (iv.). 
GLASS DEFECTS -" CORDS." See" Striae." 
See also" Glass," 
 (16) (ii.). 
GLASS 'VOOL, MANUFACTURE OF, See 
" Glass," 
 (18) (iii.). 


GLASSES, COLúURED 
THE physical nature of a glass closely re- 
sembles that of a rapidly solidified liquid, 
which has the power of holding metallic 
oxides, met:1ls, and other matter in combina- 
tion, solution, or suspension. There are Illany 
varieties of glass of very varied composition, 
but nearly all possess the property referred 
to. In Germany several scientific papers have 
been published dealing with the relation of 
glasses to effects. of colour, but English 
contributions to the subject have heen, "ith 
very few exceptions, aesthptic rather than 
scientific. It may, however, be claimed that 
in practical glass-making, especially in the 
reca pture of the colours of mediaeval windows, 
English manufacturers have been quite as 
successful as their foreign competitors. 
Yariation in the chemical com position of 
glasses produces varied effects in their action 
on light. The influence of the variation on 
the refractive power and dispersive power of 
glasses is dealt "ith elsewhere. V ariation in 
colour is also due to variation in chemical 
composition. Colour effects arC' caused by the 
power possessed by glasses of ahsorbing some 
of the constituent rays of white light and of 
transmitting or partly transmitting and partly 
scattering thp remainder. Even the most 
colourless optical glasses show noticeable colour 
when a considerable thickness is traversed by 
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IÍ!:!ht. Glazed" indow glass, of good quality, 
aÌ)pears to be colourless, but a tinge of colour 
sho" s when a sheet of similar glass is placed 
on "hite paper, and if the edge of the sheet is 
newed it appears to possess a deep sea-green 
colour. 
Coloured glasses may be transparent, trans- 
lucent, or opaque: transparent, if practically 
all the incident rays, not absorbed, are trans- 
mitted; transluce
t, if the non-absorbed rays 
are partly transmitted and partly scattered 
by minute, opaque, embedded particles; 
opaque, if all the non-absorbed rays are 
reflected. 
Colours are produced by introducing into 
glass mixtures certain ingredients, usually 
metallic oxidcs, and melting them in crucibles 
or tanks. The resultant colours depend on 
the colouring ingredient and its condition, 
on the ingredients of the glass mixture, on 
the atmosphere surrounding the molten mix- 
ture, and, in some cases, on the temperature 
to which it is exposed. 
The glass mixture generally used as a basi') 
for the production of coloured glasses is either 
.A or B : 
A-sand, carbonate of potash, and red lead. 
B-sand, carbonate of soda, and carbonate 
of lime. 

 (1) )L-\.xrFAcTuRIXG PRAcTICE.-The fol- 
lo"ing is a record of some results obtained 
on a fairly large scale in a manufactory: 
Copper, used in the form of copper scales: 1 
"ith A mixture, 0'8 per cent, light blue 
colour, like that of cupric sulphate; with A 
mixture, 5 per cent, dark green colour; "ith 
B mixture, 0.2 per cent, bright blue; "ith a 
sand-potash-lime mixture, to which stannic 
oxide, red tartar,2 0,3 per cent copper scales, 
and 0.1 per cent of ferric oxide have been 
added-a colourless glass which gradually 
becomes very dark ruby when reheated. If 
the atmosphere surrounding the molten glass 
has not had a sufficiently reducing effect, it 
appears, when cold, to be rusty, and transmits 
a blue colour. 
A similar mixture, but with carbonate of 
soda substituted for carbonate of potash, in 
a strongly reducing atmosphere, develops 
visible crystals of metallic copper, and a glass 
closely resembling the mineral aventurine. 
The crucible containing the molten mixture 
must be cooled extrem;ly slowly. 
Gold, dissolved in aqua regia: with a 
sand-potash-Iead mixture to which crushed 
metallic antimony, stannic oxide, antimony 
trioxide, charcoal, and 0,03 per cent gold 
have been added - a colourless glass which 
gradually de\'"elops a dark ruby colour when 
reheated. If the atmosphere during melting 
has not had a sufficiently reducing effect, the 
1 C
pper scales=crurle red cuprous o
ide, Cu 2 û. 
Red tart:ir=crudc bitartrate of potash. 


glass appears to be rusty-red and transmits a 
\ iolet
 blue colour. 
1 ron, usually used in the form of ferric 
oxide: ferric oxide with A mixture, 5 per 
cent, a. rich yellow colour; I per cent of black 
oxide of manganese is usually added to gi \'"e 
the yellow an amber tint. Iron scales 3 "ith 
B mixture, 0.1 per cent, a pale hlue colour. 
"
ith a larger proportion of iron scales, a grey- 
green. 
Ordinary bottle-green colour is usually 
obtained by adding a small proportion of 
cobalt oxide to from 3 to 5 per cent of ferric 
oxide. 
Jlanyanese, used as manganese dioxide: 
with either A or B mixture, a bout I per cent, 
a violet colour. The oxide is used as a de- 
colorant for .A. glasses. It acts partly by 
converting any iron in the glass mixture into 
ferric oxide, and partly by producing a tint 
of colour complementary to the green due to 
ferrous oxide. 
The oxide used as a decolorant "ith B 
glasse:3, e.g. ordinary "indow glas
, although 
the glass may be colourless "hen first made, 
de'
elops a pink colour in the glass after long 
exposure to light. The addition of a colouring 
ingredient to neutralise colour in a glass 
mixture reduces the transparency of the 
glass. 
Cobalt, used as black oxide: "ith A or B 
mixture, 0.4 to I per cent, a bright purple- blue, 
less purple "ith B than A. Cobalt glasses" ith 
large proportion of the oxide, or in considerable 
thickness, transmit a ruby colour. The effect 
can be neutralised by the addition of chromic 
oxide or cupric oxide, 
Sickel, used as nickel monoxide: "ith A 
mixture, 0.2 per cent, a strong \'"iolet colour: 
"ith B mixture, a brown colour. 

ir Herbert Jackson, F,R,S., has found that 
the same proportion of the oxide "ith a 
lithia glass gives a yellowish-bro"n colour. 
Chromi'um, used as sesquioxide: 0,4 per 
cent, "ith both A and B mixtures, gi\'"es a 
greenish-yellow colour. 
"Cranium, used as uranate of soda: 0.5 
per cent "ith A or B mixture, fluorescent 
yellow colour, Colour and fluorescence better 
developed "ith B than "ith A mixture. 
Carbon, used as finely diyided wood char- 
coal: "ith B mixture, 0.02 per cent, a clear 
yellow colour. As the proportion of carbon is 
increased the colour passes from yellow to 
brown, brown to black. 
Arsenic trioxide: "ith A mixture, 5 per 
cent, gi\'"es an opaque" bite enamel; a thin 
film of the enamel transmits a strong amber- 
red colour. 
Fluor spar: with A mixture, 4 per cent, 
gives a deep opal effect. 
SIron scnles: a thin black film formerl when iron 
is heated in air=Feaû 1 ferroso.ferric oxide. 
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Silver: used in the form of oxide, as a 
pigment, It is mixed with some finely dhTided 
difficultly fusible material, such as kaolin, 
applied to the surface of a colourless glass, 
and strongly heated. It ghTes a yellow trans- 
parent colour, with a slight bluish lustre. 
The colour is best developed on a soda-lime 
glass, of which pho
phate of lime is an in- 
gredient. 

 (2) EXPERDIEXTAL )IELTINGs.-Platinzon 
black: "ith A mixture, 0,3 per cent, is 
diffused through the glass, giving a grey 
translucent effect. 
Oxide of iridium: with A mixture, 3 per 
cent, gives a dense black. 
Carbonate of tlwlli um: with A mixture, 6 
per cent, gives a greenish-yellow colour. 
Antimony trioxide: "ith A mixture, 3 per 
cent, gives a pale translucent yellow. 
Vanndium, as pentoxide: with A mixture, 
a yellow-green; "ith B mh..ture, a blue-green. 
Selenium, as a selenate: '\\ith A mixture, 
a pink amber. 

 (3) CROOKES' GLASSES. - Sir Wrilliam 
Crookes' prolonged researches 1 to discover 
satisfactory eye-preserving glasses for spec- 
tacles throw light not only on the effects 
produced by special ingredients introduced 
into glasses in cutting off ultra-violet and 
heat rays, but also in the production of effects 
of colour. The base used for all of his experi- 
ments was a soda-lime glas8, and the thick- 
ness of the plates of glas
, "when prepared 
for use, was 2 mm. The results of his experi- 
ments with regard to colour are as follows: 
Cerium nitrate 17 per ccnt, pale reddish- 
amber tint; chromic oxide 1 per cent, green; 
copper sulphate about 2 per cent, blue; 
ferrous oxalate 10 per cent, a smoky green 
colour; ferric oxide 2 per cent, yellow; 
ferroso-ferrie oxide, 2.8.3 per cent, with the 
addition of carbon 0.33 per cent, pale blue. 
l\Ianganese gives a reddish - purple colour, 
cobalt sulphate a rich blue, nickel sulphate 
a brown, cobalt mixed with nickel a neutral 
grey, praseodymium a greenish-yellow, neody- 
mium a lilac. 
The conclusions arrived at with regard to 
eye preservation were that a glass containing 
cerium is most effective in cutting off injurious 
ultra-violet rays, and a glass containing iron, 
in a ferrous or metallic condition, is most 
effective in cutting off heat rays. A glass 
composed of 83 per cent of fused soda glass 
and of 17 per cent cerium nitrate was found 
to be practically opaque to ultra-violet 
radiation, the limit being X3"()30; a glass 
composed of 90 per ceni raw Roda glass mixture, 
and 10 per cent ferrous oxalate, ,\ith small 
additions of red tartar and wood charcoal, 
gave a sage-green glass which cut off 98 per 
cent of heat radiation; whilst a glass com- 
I Phil. Trans. R. Society, 
ericg A, 1013, cc""iv. 


posed of 9().80 fused soda glass, 2,8,) ferroso- 
ferric oxide, and 0.33 carbon had a pale 
blue colour, and cut off 9() per cent of heat 
radia tion. 

 (4) AnSORPTION OF LIGHT BY COLOURED 
GLASSES. - R. Zsigmondy's papers on the 
absorption of light by coloured glasses,2 anù 
on the use of coloured glasses for scientific and 
technical purposes, 3 have some bearing on the 
subject of this article. HE' rightly insists that 
the colour of a glass depends not only on the 
colouring material, but on the glass mixture 
or batch to which it is adùed and on the atmo- 
sphere in which it is melted. As e
amples 
he gives (1) the brown- and violet-coloured 
glasses produced, respectively. by a soJa-lime 
and potash-lead glass mixture with the same 
proportion of the same oxide of nickel; and 
(2) the change in colour from yellow to yellow- 
green, and from yellow-green to blue-green, 
of a glass mixture containing ferric oxide when, 
in the process of melting, an oxidising atmo- 
sphere changes to a reducing one. He calls 
attention to the action of manganese in reduc- 
ing the green part of the spectrum and to the 
increase of the red part of the spectrum when 
a small proportion of manganic oxide is added 
to the ferric oxide of a mixture for yellow 
glass. In dealing with copper he found that 
if the proportion of cupric oxide be increased 
from 2 per cent, which gives a blue glass, to 
three or five times that value, green glasses 
are obtained differing widely in their absorp- 
tion from that of a copper-blue glass. In his 
first research the following bases and glass 
mixtures were used; borax, sodium silicate, 
potassium silicate, lead silicate, soda-lime 
glass, potash-lime glass, soda-lead-lime glass, 
}Jotash-Iead glass, soda-zinc-lime glass, soda- 
borosilicate glass, and barium - borosilicate 
glass. The colouring agents "ere calculated 
as oxides, and the proportions ranged, except 
for the green-copper glasses, from 0.1 per cent 
to 2 per cent. The mixtures were melted 
and stirred in an oxidising atmosphere; the 
molten glasses were poured, and the plates, 
thus formed, after annealing, were cut and 
polished for examination. A" Glan " spectro- 
photometer was used, and the coefficients of 
extinction, having been determined, were used 
for the construction of representative curves, 
of which illustrations are given. It is regret- 
table that in this research the ordinary soda- 
lime and potash-lead glasses were so rarely 
used that it is difficult to compare their effects. 
The objects of the second research on the use 
of coloured glasses for scientific and technical 
purposes were (1) to provide a ray - filtf'r, 
which would transmit one part of the spectrum 
whilst absorbing the remaindpr; (2) to obtain 
light filters for three-colour photography; 
2 Ann. d. Pklj,c;., 1001, iv. ßO. 
3 Zeitschr.j. Instrwnen., 1901, xxi. 07, 
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and (3) to find a glass to absorb all parts of 
the spectrum equally. A Pulfrich comparison 
spectroscope was used for examining the 
glasses, and the following is an abridged table 
of the results. It is unfortunate that in the 
account of this research the compositions of 
the glass mixtures are not given. 


conductor of electricity. TIlls, howe,-er, can- 
not be the case since the ion8 in a solid have 
no mobility, "ith the result that a blue 
cupric glass is as good an insulator as a dry 
crystal of copper sulphate, in 'which ions are 
present in large numbers, but "ithout thE> 
power of monng through the crystal. 


GlaB". 


Colour. 


Spectral Rays tramlßlÏtted. 


Copper-rub) glass 
Gold-ruby glaES 


Deep red 
Red 


Bright yellow 
Y ellowish- brown 
Dark violet 
Blue, like copper 
sulphate 
Green 
Yellowish-green 
Blue 
Dark \-iolet 
Grey 


"Cranium glass 
Xickel glass, soda base 
Xickel glass, potash base . 
Copper glass, bluc 


Copper glass, green 
Chrome glas8 . 
Cobalt gla
" . 
)Ianganese glass 
Smoke-grey glass . 


. 


Only red. 
Red, yellow; in thin sample, blue and 
violet. 
Red, yellow, green; in thin sample, blue. 
Red-yellow, traces of green and blue. 
Yiolet (G - H), ext
eme red. 
Green, blue, violet. 


Green, yellow. traces of red and blue. 
Yello\\ ish-green, traces of red. 
Blue, violet, extreme red. 
Yiolet (G - H), extreme red. 
'''hole spectrum "eakened, 


The follO\\ing results "ith specimens of I There is another group of coloured gla
ses 
mediac\"'"al gla
s were obtained by the author in which the origin of the colour is entirely 
of this paper: different, examples of "hich are the ruby 


Glass.. Colour Spectral Rays transmitted. 
Copper-ruby of thirteenth century Deep red Red, bluish-green and trace of yelloW', 
Copper-ruby of fourteenth century Deep red Red and some blue. 
Blue of thirteenth century . Greyish- blue Blue, violet, traces of red and yellow, 
but no green. 
Carbon-yellow of thirteenth century Pale yellow Passes all rays except blue, violet, and 
extreme red. 



 (j) SUGGESTED EXPLA
ATIO:XS OF EFFECTS 
OF COLOUR OF TRA:XSPARE
T GLAssEs.-The 
behaviour of metallic oxides introduced into 
a glass seems to correspond exactly with their 
beha\"'"iour when added to an acid solution, 
Thus cupric oxide, dissolved in hydrochloric 
acid of moderate concentration, gives a green 
solution of cupric chloride, "hich contains in 
addition to the undissociated salt a number of 
blue cupric and colourle:S8 chlorine ions. If 
this solution is larçzelv diluted "ith water the 
ionisa tion is incre;sed, and the colour of the 
cupric ions predominates over that of the 
undissociated residue, the solution becoming 
blue. Precisely the same result is obtained 
when cupric oxirle is added to glass, which it 
must be remembered always contains a large 
excess of the acidic oJ\. ide, silica. \Yhen 
present in comparatively large quantitiE>s the 
cupric oxide gives a green glass, but if only a 
minute amount is added a blue glass results, 
Similar resemblances can be traced in the 
behaviour of other metallic oxides. It is 
probable then that ionic dissociation of the 
metallic silicates takes place on melting. It 
might be thought that the existence of this 
ionisation would render a coloured glass a 


glasses made by the forma tion of reduced 
gold and cuprous oxide in the mass of the 
glass. Here again we may see a close resem- 
blance between the behaviour of a salt solu- 
tion and a gla8
. Carey Lea in IhhJ showed 
that if a very dilute solution of gold "ere 
treated "ith a reducing agent a bright red 
solution, apparently quite transparent, "as 
produced. \Yith increased concentration a 
purple solution was formed, and in still stronger 
solutions a yellow colour resulted. These 
solutions, so-called colloidal, are now known 
to be not solutions at all, but suspensions of 
particles so small that their presence can only 
be demonstrated by the ultra-microscope. l 
In gold and cuprous oxide ruby glasses this 
method of vie"ing them renders it quite 
certain that they owe their colour to the 
presence of fine particles, the size of which, 
by their action on the light of different "ave- 
lengths. determines the colour of the trans- 
mitted and reflected li(Tht. It may also be 
assumed that the YellO"\
 and brow
 colour of 
carbon glass, for ;hich many different causes 
have been suggested, is really due to ultra- 
1 See also paper by J. C. )Iaxwell Garnett, Phil, 
Trans. Royal Soci
ty, A, 1904. 
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microscopic partidl's of silicon, comparable 
to the particles of metallic gold and cuprous 
oxide, "hich are the cause of colour, respect- 
ively, in gold-ruby and copper-ruby glass. 
H. J 
 P. 
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 (1) SrEcTRo:\IETER l\IETIIoDs.-The measure- 
ment of the angles between the flat smfaces 
of prisms is one which for many purposes 
req uires to be performed with the greatest 
possible accuracy. The refracting angle of a 
prism to be used for refractive index measure- 
ments, for example, must be known to 
within about one second if the index 
measurements are to be correct to the 
fifth decimal place; and some of the 
angle8 of prisms used in rangefinders, 
ilial ::;ights, and 8imilar instruments 
must approximate to specified values 
to within about the same amount. \Ye 
shall first treat the general methods, 
and then refer to special methods 
suitable for special cases. For the 
general methods a spectrometer is re- 
quired. The features of such an instru- 
ment adapted 
to the most 
precise work are 
discussed in 
another article 1 
and thc various 
adjustments 
descrihed. 
The two hest- 
known methods of measuring an angle on the 
spectrometer are the fullowing : 
Al etlwd 1. - The prism is placed on the 
spectrometer table with the vertex of the 
angle in question ov
r the centre (Fig. 1 (a)), 
and the table is adjusted until the edge of 
the prism is parallel to the axis of rotation. l 
The parallel beam from the conimator is 
divided into two by reflection at the faces 
of the prism, If the telcscope is placed in 
the position T l' one of the reflected images 
can be brought to the cross-lines, and in the 
position T 2 the other. The angle between the 
Ì\\ 0 positions of the telescope is -twice the angle 
of the prism. 
JI etllOd 2.- The prism is placed with its 
ccntre m'er the centre of the table and rotated 
so that the reflccted image from one face is 
on the cross-lines of the telescope T (Fig. 1 (b)). 
The tahle iR then turned until the reflection 
from the other face of the required angle is on 
the cross-lines. 'The second face is now in 
exactly the position previously occupied by 
the first; and the angle through which the 
table has bccn turned is 180 0 minus the angle 
of the prism. 
1 "Spectroscopes and Refractometers:' 
 (8). 


For work of only moderate accuracy-say 
10 seconùs or so-there is little to choose 
between these methods; but whcn high accu- 
racy is aimed at )lethod 1 is quite useless. 
This arises from the fact that in practice it 
is impossible, except by accident, to obtain 
perfect collimation or perfect focussing. There 
is always a range, known as the depth of focus, 
within which the definition of an optical 
instrument appears uniformly good, and there 
is consequently a certain degree of latitude in 
all adjustments of collimation or focus. As 
this crror ,yitiates quite a large proportion of 
the methods which have been published for 
the measurement of angles, it may 
be well to examine it in some 
detail. 2 
Let L, Fig. 2, represent a telescope 
lens receiving light from a distant 
point, an image of which is formed 
at I. Assume in the first place that 
the lens is free from a.berration. 
The image observed in the eye- 
piece is the disc in which the focal 
plane of the latter cuts the conical 
beam of rays. The line joining the 
cen tre of this disc to the back nodal 
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FIG. 1. 


point of the objective is the direction of 
the incident beam as indicated by the tele- 
scope. Clearly, provided the aperture is 
symmetrical about the back nodal point 
of the lens, the apparent direction is not 
affected by errors of focus; for if the 
plane of the cross-wires is not accurately 
at I but is at I', the centre of the disc 
of confm;Îon is still on th(' line IN. If, how- 
ever, one half of the object-glass is covered 
by a screen, as in Fig. 2 (b), the centroid of 
the disc of confusion at I' is below the line 
IN, while at I" it is above it. In the first 
case the cross-lines will be spt to the left of 
their proper position, while in the second case 


2 :;ee also Guild, Proc. Phys. Soc., 1016, xxviii. 
242, 
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they "ill be set too far to the right. If the 
other half of the objective be employed the 
e'frors "ill be re'
ersed. In general, unless 
the centroid of the section of the beam by the 
principal plane of the lens coincides with the 
nodal point, the centroid of the image will be 
displaced from its true position unless the 
focus is absolutely exact. If then the focus 
is not quite accu
ate, and different parts of 
the aperture are employed for different com- 
ponent measurements of a determination, the 
result" will be in error. In the presence of 
spherical aberration there is no position of 
focus at all for which the centroid of the 
image is unaffected by cutting off part of the 
aperture unsymmetrically. In Fig. 2 (c) the 
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case of a lens with under-corrected spnerical 
aberration is shown (much exaggerated). fa 
ia the focus for rays near the axis, and f l1 for 
those near the periphery. F is the position 
of best focus when the whole aperture is used, 
while if either half is used separately, the 
disc of least confusion would be displaced 
appreciably towards F' or F". The effect on 
the displacement of the image from its true 
position on the line XA for different positions 
of the focal plane of the eyepiece is easily 
foIIowed. from the diagram. 
In practice, if an object be sighted "ith a 
telescope "ith partially obscured aperture, the 
movement of the image across the field as 
the focus is adjuste1 is very easily obsen-ed. 
,rithin a cprtain range there'is no means of 
judging when to stop. Even with very sharp 
focupc;;ing it is easy for errors of several seconds 
to be made, "hile unùer conrlitions hy no 
means abnormal in laborator
7 work erroDS 
VOL. IV 


as great as half a minute may arise. It is 
obvious, of course, that the err
r is in a plane 
perpendicular to the line of division of the 
objective, and that measurements in the 
horizontal plane" iIl not be affected, provided 
the aperture is symmetrical with respect to 
the vertical diameter of the lens. 
Thus an essential condition to the accuracy 
of measurements of angles "ith a telescope is 
that the aperture employed should be sym- 
metrical with rpspect to that diameter of the 
lens which is perpendicular to the plane of 
measurement. It is not safe to use an ex- 
centric aperture, even though the same region 
be used for all the measurements; for, 
although the focal adjustment of the telescope 
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be left unaltered, the reflected beam from 
different surfaces may focus in a slightly 
different plane. "
ith the highest class of 
surface this effect is never likely to be 
Teat, 
but it is only with very good B
lrfaces indeed 
that it is entirely absent. 
Considering now 
Iethod 1, Fig. 1 (a), in the 
light of these considerations, it is evident that 
in changing from position T 1 to T 2 tbe full 
effect of errors of focu
 or spherical aberra- 
tion will be felt. since opposite halves of the 
objective are used for the two measurements. 
If to obviate this we place the prism in such 
a po!'ition that the aperture of the telescope 
is symmetrically filled, the ray from the vertp""t( 
no longer pa
se
 through th<:' nodal point. and 
the directions actually measured by the tele- 
scope are those of 
the rays 1"lrl
 and r 2 r 2 . 
There is therpfore lia bilitv to error on 
account of imperfect focus 
f the collimator; 
since, unless collimation is perfect, r 1 and 1"2 
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do not emer,ge quite pat'alJel, and the angle 
bf'tween thp reflected rays is not equal to 
t" ice the prism angle. It is therefore im- 
material wlwre the prism is placed, when 
inaccuracie" due not only to the collimation 
but to the focus:::.ing of the telescope as well 
are taken into consideration. 1t is impossiblp 
to arran
e the method to be simultaneouslv 
free frm; both <,flects, an,-I it cannot be used 
for accurate work 
Jlethod 2, on the other hand, is free from 
this defect. By means of an iris diaphragm D, l 
which is closed down until a eircular aperture 
complptely filled with light is obtained, exact 
symmetry may be a8sured. As it is desirable 
to use the biggest available aperture, the 
tplescope a),.is should be rotat<,d, if possible, 
out of its usual position (directed to the centre) 
and directed to the middle of the side of the 
prism. The fact that the collimator is not 
symmetricalJy employed is clearly of no con- 
sequence under the conditions of the experi- 
ment, provided the prism is mounted with 
the bisector of the angle over the axis of 
rotation, so that the two surlaces are in the 
same plane when the light is reflected from 
them. 
This is the most convenient method for 
general use, pro,-ided the rotation of the table 
can be determined with the same accuracy as 
that of the telescope. If, however, as is' too 
frequf'ntly the case, no provision exists for the 
accurate measurement of table rotations, it i
 
necessary to resort to the next method, which 
involves the use of an auto-collimating eye- 
pipce. 
.Jletlwrl 3.-The telescope is fitted with an 
eyepiece arranged so that the cross-lines may 
he illuminated from behind and the telescope 
itseJf may he used as a collimator. \Yhen its 
axis is approximately normal to a plane surface, 
a reflected image of the cross-lines will be seen 
in the focal plane. \\Yhen t.hese are accurately 
Ret to coincide with the actual cross-lines, the 
axis of thp tplescope is normal to the surfacp. 
The determination of an angle consists, there- 
fore, in setting the telescope normal first to 
one surface and then to the other. The angle 
betwepn theRe position
 is equal to 180 0 minus 
the angle of the prism. 
There are Reveral formR of auto-collimating 
ey<'piece, hut not all of them are useful. 
Those forms in which the reflcctor is behind 
any of the lenses of the eyepiece are most 
trou blesome to use, on account of the flooding 
of the eye with light reflected from the flurfaces 
of thcse lenses. The most satisfactory form 
of auto-coUimating eyepiece is that due to 
Abbe, It is illu
trated in Fig. 3. A 8mall slab 
of glass, p, beyelled at one end to form a 45 0 
rf'flecting prism, is mounted b<,hind part of 
1 It is a gn>at convcnien('e to have iri<; diaphragms 
fitted to spectrometer telescopes an(\ collimators, 


the cross-lines. This prism, when illuminated 
by a lamp placed above it, acts as a bright 
hackground to the cross-lines in front of it. 
"Yhell thp telef'copp is approximately normal 
to a refleeting surface the appearance of the 
field may resemhle Fig, 3 (c). The whole field 
will probably bf' faintly ilIuminated by the 
.r--P 


r, (:r 
 
(a) Prism p enlarged 
(b) 


(c) 


FIG. 3. 


general light of the room, except for the area 
occupied by the back of the prism p, which 
will be quite dark. At the opposite side of 
the field to this will be the brightly illuminated 
image of the facp of p, with the image of the 
cross-lines showing up against it. \YI1('n the 
normality is exact, both horizontally and 
vertically, the actual cross-lines and tl;ose of 
the image will coincide. It improves the 
accuracy of setting considerably if the axis of 
the telescope is sl-ightly inclined in the vertical 
direction. In that case the image lines are 
a litHe wider or clmwr than the actual eross- 
lines at the same diRtance from the centre of 
the field, and instead of a sOJlwwhat insensitive 
coincidence Retting a symmetrieal setting is 
made with the image linps a little outside or 
inside the othprs, 
This is a very fine eyepiece to work with. 
Its only drawback is the diffií'ulty of usipg a 
high-power ocular, on account of the distance 
between the cross-lines and the field lens 
necessitated by the in8ertion of the illuminating 
prism. 
Another arrangement whií'h may he em- 
ployed is not a true auto-collimating eyepiece 
hut servps the same purpose. It is sho\\ n in 
Fig. 4. A side tube is attadlPo t.o the teleseope 
just in front of the eyepiece, amI servps to 
carry a short draw-tube at the end of which 
can he attached a pinhole, a fine slit, or a 
graduated Rcale, or whatever type of object 
may be most í'onvenient for the purpose on 
haml. A Remi-tranRparpnt rdlpí'tol', whií'h 
may be a microscope cover. slip thinly coated 
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Such an auxiliary. telescope is of great use in 
many ways, 2 and there should be one associ- 
ated with every spectrometer. A cheaply 
constructed stand of perfect rigidity can easily 
be made as in Fig. 5. The body, B, is a slab 
of hard wood which carries metal Ys III which 
the telescope rests. The method is carried 
out as foHows : 
The auxiliary telescope T 2 is placed in 

 the position which it is going to occupy 
Ã during the mea.nrements, Fig. 6. In 
:;
 order to adjust its axis to be coplanar 
f::" c with those of the collimator and spectro- 
I I . meter telescope, the latter is rotated 
: : : into line with T 2 and a lamp placed 
" behind its eyepiece. The cros
-lines of 
@ :'ITlarethenviSiblein 
-'
^:
' I the field of T." ane} 

--'. 
,
, 
 ". _ the latter is adjusted 
T 1 __--:. \. '- _,' ", T 2 until both sets of cross- 
,<_> - 0 D "
-'_'
, wires are at the same 
, , 1 2 - ' h ' ht Th 0 d 
p;- - --:,,__, mg. IS proce ure 
aSRumes of course that 
the axes of T 1 and C 
are alreadv in adjust- 
ment "ith respect to thp centre. 
If this is not 
so the complete adjustment must be made for 
all three at once, as described in "Spectro- 
scopes and Refractometers;' 9 (8). 
One of the nearly equal angles" hich have 
to be compared is placed on the table so that 
light from one of its facps is directed into the 
auxiliary telp8cope T 2 . The other telescope T] 
is brought to receive the image from the other 
face. The table is levelled until both images 
are at the correct height with respect to the 
cross-lineso This is most rapidly done if one of 
the faces is perppndicular to the line joining 
J See "Spectroscopes and Refractollll'ter
J OJ 

 
(8), (1O). 


with silver or platinum,l is mounted at R by 
some suita hIe means. "-hen the telescope is 
nearly normal to a reflecting surface, an image 
of P is seen in the field of the eyepiece. For 
u
e in Method 3, above, the most suitable 
object is a moderatC'-sized hole with a vprtical 
fibre and two horizontal fibres. These latter 
should be a bout l mm. a part, and settings 
are made on the ,-ertical fibre half-way between 
them, 
In carrying out measurements by )fethods 
p 


FIG. 4. 


2 or 3, every care must be taken to pliminate 
aU the sources of error to which even the best 
spectrometers are liable. The article on "Spec- 
troscopes and Refractometers " should be con- 
sulted for a discussion of these errors. In 

Iethod :2 it wiU he found advantageous to 
employ a broad slit and fibre, as described in 
the article just referred to, rather than a 
narrow slit. It is advantageous to employ a 
light green filter in front of the light source 
in aJl goniometric measurements as this 
eliminates chromatic aberration and 
improves definition. 

 (2) 
IETHoD OF SUBSTITUTIOY.- 
'Yith an exceptionally fine spectrometer 
it is possible to measure angles by 
)Iethod
 2 or 3 to within a second, 
provided extreme care is taken. Spectro- 
meters of this quality 
are few; and it is 
not every observer 
who is fortunate 
enough to have ac- 
ce
:i to one. 
The overwhelming 
majority of angles 
in optical prisms are 
sub - multiples of 180 0 ; and of th('se thp 
great bulk are 45 0 , 60 0 , or 90 0 . For such 
anglp
 E.pecial methods of high accuracy 
can be employed which do not involve 
the measurement of an anf!le on the spectro- 
meter at aU. It is therefore possible to 
have standard angles of these values, and 
the actual testing of an unknown angle i'3 
reduced to a measurement of the small differ- 


1 A small pi('ce of gIas!'; may be very conveniently 
semi-platinised by using the prf'paration known as 
.. liquid platinum." This is painted on the surface 
1 o e7.11 thinly and the liquid evaporated off over a hot- 
plate. To get a semi-transparent film, the painted 
surface should appear of a light amber colour when 
held between the eye and a light. 


ence bet"een it and the corresponding stand- 
ard. 'Ye shall first describe the method of 
substitution, and then refer to the methods of 
obtaining the standards. If a spectrometer 
is available, the only additional apparatus 
required is a second telescope on a separate 
stand. This telescope should be similar to 
that of the spectrompter, hut only one of 
them requires to have a micrometer eyepiece. 


a 

 


B 


FIG. 5. 


FIG. 6. 
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two of the adjustment scrpws, this faee heing 
adjusted la'3t. 
'Yhen the preliminary adjustments have 
heen made, the image in T 2 is brought to the 
cross-lines by mean
 of the tangent screw" hich 
rotates the tanle. The micrometer eyepiece 
of Tl is employed to s('t on the othpr image. 
This anO'le is then removed, and the other is 
laid as 
arly in the same position on the table 
as possi ble and levell('d in the same way as 
the other. The image in T 2 is again set on 
the cross-lines b\7 rotation of th(' table. It 
is pvident that 
if the angle were prcci
ely 
equal to the previous on(', the image in Tl would 
now also be on the ('ro
s.lines. If the angles am 
not quite equal, the image in T 1 will be dis- 
plaeed by twicp their difference, which is 
mea
mrable with considerable precision on the 
micrometer. The spttings both on T 2 and Tl 
should be repcated several times. 
The determination takes very little time, 
and with telescopes of about 30 cm. focal 
length should be accurate to less than 1 second. 
The method is clearly applicable to any 
size of angle for which there is a standard 
available. 
The precautions concerning the symmetrical 
filling of the telescope apertures and the use 
of the diaphragms Dl and D;.! must be observed, 
lest the focus of the reflected beams should 
differ slightly "ith the two prisms, It is also 
f'ssential that the spectrometer and auxiliary 
telescope should stand on a more rigid support 
than the ordinary laboratory tahle, otherwise 
relative movements of the two will take place 
as the observer moves about. A convenient 
plan is to set them on a slab of slate or stout 
plate glas
, which is rai
ed off the surface of 
the table by three pieces of indiarubber or 
thick card. The auxiliary telescope then 
r('taim; it
 po
ition as accurately as if it were 
part of the spectrometer, 
If much measurement of angles has to be 
done, it is advantageous to dispense with the 
spectrometer altogether and build up a simple 
apparatus specially for the purpose. Both 
ttleBcopcs and the collimator can be supported 
by separate stands similar to Fig. 5. The only 
additional requisite is a prism table, capable 
of a small amount of rotation by means of a 
tangent screw, and having the usual adjust. 
ments for l('vclling the prism. All the a ppa- 
ratus should 
tand on a Ellab of slate or thick 
glasR as described above. To adjust the axes 
of the telescopes to be coplanar, the following 
procedure should be followed. Place first one 
and then the othpr telescope in line with the 
collimator, and adju
t '10 that the centre of 
the slit is at the hei
ht of the cross-wires. If 
the axis of the collimator were parallel to the 
supporting slab to bpgin with, the tele'3copc 
axes would now also he parallel to it, and the 
three axes would he coplanar in any position, 


If howew'r the collimator was tilted, say down- 
wards, e:tch telescope wHI l,e tilted up" ards. 
Place the tdescopes in linp with each other, 
and illuminate the cross-lines of one by means 
of a lamp behind the eyepiece. On looking 
into the other, both sets of cl'ORs-lines will bp 
seen, differing in height by twice the amount 
that the axes are inclined to the base. Bring 
them together, making half the adjustment 
"ith each telPscope. They should now both 
be parallt-.} to the base. Place one of them 
in line with the collimator again and adjust 
the latter. If the initial error was consider- 
able the adjustment should be repeated. 
\Yhen all three are so adjusted that their axes 
are parallel when taken Ì\\O by two in this 
way, they are also para.llf'l to the base-platp 
and so are coplanar in any position. They 
can then he set up in the relative positions of 
Fig. 6, and the prism set. on the table and 
adjusted as alread:
.r descrihed. If it is not 
convenient to provide the table with th(' neces- 
sary fine motion for bringing the image to 
the cross-lines of T 2 , this can be dispensed with 
by providing a micromet.cr eyepieee for T 2 
as well as for Tl' A comparison is UJen made 
by placing the two prisms as nearly as possible 
in the same position on the table and making 
settings with both micrometers. 
'Vith this simple apparatus, small differ- 
ences of angle can be measured with exceed. 
ingly high accuracy. 
A variant of t.he method, which eliminates 
the use of a collimator, employs auto-colli- 
mating telescopes. The type of Fig. 4 should 
be used, as this is convenient for use with 
micrometer eyepieces. The telescopes in this 
pase are set normal to the faces, the difference 
in the micrometer readings when one angle is 
replaced by the other being equal to twicf' the 
difference in the angles as before. 

 (3) DETERMINATION OF STAXDARDS.-TIH' 
substitution method of 
 (2) gives the easiest 
and most accurate method of determining an 
angle, provided a standard angle is available 
from which it only diffC'I'S hy a small amount. 
The method itself enables us to determine 
standards for the most usnal cases which 
occur in practical optics. For n GOo standnrd, 
for instance, a prism with all thref' :-:nrfacps 
polished is required. By taking thp differences 
of the three angles in pairs anù assuming the 
sum to be 180 0 , each angle is obtained abso- 
lutely, 
Fot a 90 0 stanrlflrd a square prism should 
he employed. Here again th(' RU bstitution 
method provides the differpnces of the an{!]('::; 
in pairs. and the sum, 3GO o , heing klllmn, t:!1e 
valu(' of each angle is obtained. 
For n 1,')0 8!01ulnrd, which may most con- 
ypnicntly taJ<e the form of an ordinary total 
reflecting pri
m, the diffpr('nf'e in thp 4
,)0 
angle is me
umred by the substitution method, 
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and the right angle compared with the 90 0 
standard. Thus the actual values of the 45 0 
angles can he ohtainpd. 
For a 30 0 .standard a prism of 30 0 , 60 0 , 
and 90 0 should be used. The last two angles 
are directly compared with the appropriate 
standards, umo minus their sum giving the 
value of the remaining angle. 
Thus the substitution method is self-con- 
tained, ina
much as it can be employed to 
determine absolutely the standards rpquired 
for ordinarv test work. 

 (4) ArTo-coLLDIATIOX :\IETHoDs.-There 
are many methods of determining the commonlv 
occurri..{g angles in 'which the a
to-collilllating 
telescope is employed. 1 The most suitable 
telescope to employ is a small astronomical 
telescope of about 2l or 3 inch aperturp, fitted 
with a micrometer eyepiece and the illumin- 


o 


ating device of Fig. 4. The general mtthod 
"ill be understood from Fig. 7 (a), 'which shows 
the arrangement for measuring the right angle 
of a 43 0 prism. The prism is placed in the 
position shown relative to the auto-collimating 
telescopt', from 1\ hich an incident beam AB, 
approximately normal to the hypotenuse of 
the prism, emerges. Two images "ill he seen 
in the field of the eyepiece, one due to rays 
such as BI' reflected from the front face, the 
other clue to rays which have passed through 
the prism by the path BCDE, being reflected 
approximately normally and returned along 
the path EFGHI". The angular displacement 
of these two images depends only on the value 
of the right angle. The formula is eaRily 
deduced directly; but the following general 
method of treatment will be found useful. 
T. Smith 2 pointed out the great advantage, 


1 See Guild, Proc. Phys. Soc., 1916, xxyiii. 242; 
S. D. Chalmers and H. ;:;. Ryland, Trans, Opt, Soc., 
1904-1905, p. 34. 
2 Trans. Opt, Soc., 1918, xix. 120, 


when dcaling with the passage of rays through 
prism
, of "rectifying" the rath of the raVe 
If one looks into a prigm in any direction, he 
appear
 to be looking straight through a 
series of cham bel's which are reflections of the 
prism itself at the varioug surfaces encoun- 
tered by the light rays. If thpse refleeteù 
prisms are drawn until a surface parallel to 
the front surface is reached, the path of any 
ray bet.ween these two surfaces is a straight 
line. '''hen thi
 is done for the cases which 
we are about to consider, it is found that 
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they all reduce to the case of reflection from 
the
 front and hack surface of a slightly pris- 
matic plate. The deviation between sllch 
mys is 2p.O, p. being the refracth"e index 
and 0 the inclination of the surfaces of the 
equivalent plate. The internally reflected 
ray is de,-iated a,vay from the vertex of o. 
The prism is developed in this way in Fig. 
7 (b), the path of the ray within the prism 
being BEH. Let î' = 90 0 + ô, ô being the 
error of the right angle. Then a + ß = 90 0 - ô. 
The inclination between PQ and P'Q' 
= 180 0 - (PQP' + QP'Q') = 180 0 - 2{ a + ß) = 2ô, 
the convergence being towards the left. The 
inclination of HI" to BII is therefore 4p.ô. If 
the inclination were in thp other direction, 
it would indicate that "Y was less than 90 0 . 
In Fig. 8 a number of other cases are drawn. 
A few words about each" ill suffice. 
(a) To measure the difference between the 
45 0 angles of a right-an
led prÜau. 0 = a - ß. 
Deviation = 2p. (a - ß). In direction shown if 
a>ß. 
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(b) Difference of two angles of eqnilat{'ral 
prism. I )evia tion = 2,u( a - p). 
(r) Prism pf PO o , GO' 
 and 30 0 . Light incident 
on shorte:-.t fan'. () =7r - (:J,3 + 1'), = :
p + q if -y = 
HU'" - q, and p=3u' - p. Deviation =2,u{:Jp+ q). 
In general for a prism of this charader in 
which one angle i
 9lr - q and another is 
9(('/11 - p, fJ and q hdng 
mall errors, the diver- 
gence is 2,u( np + q). 
The defect of the auto-collimating methods 
for preci
e work is that the heam "hich tra- 
verse
 the interior of the prism is almost 
ah\ ays thrown out of focus on account of 


Fî 


(a) 



 


(c) 
.FIG. 8. 


slight want of homogeneity of the glass, 
and the accuracy of which the method would 
othernise be capable is thus discounted. A 
second serious defect i
 that if the prism has 
pyramidal error (see next paragraph) the two 
images are at different heights in the field. 
This complicates the measurement very con- 
f:!idprably. The diflìculty is som{'times got 
ovcr by modification
 of the arrangements 
dcscrihe(I, in "hich the condition of Hym- 
metIi("
1 use of thC' te1e,;cope objeetive is 
violated. Tn gpneral practice therefore, in 
accuracv as well as convenience, the auto- 
collimaÌing mcthods are inferior to the method 
of substitution. 



 (5) Ur:FECTS OF PHTS:\IS.- In the treatment 
of the previous paragraph
 "e have assumed 
perfect prisms, i.e. pcrfectly plane surfaces 
with thc three edges parallel. fll practice the 
surfaces are rarely absolutely flat and the 
edges generally converge slightly, 
',e. the prism 
is part of an elon,:.rated pyramid. Clearly the 
measurements will only })e of the highest 
accuracy provided the surfaces are flat enough 
for such accuracy to have any meaning. If 
the diITerent parts of the surfaC'es vary in 
direction hy several seconds, it is meaningless 
to attribute a more closely specified value to 
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the angle between them. Prism surfaces are 
freq uently convex or concave, being really 
long radius curves. This in practice may give 
rise to unexpected discrepancies between 
results obtained by different mptl10ds, in 
which, owing to the exigencies uf the apparatus, 
different portions of the surface Illay be em- 
plo yed. 
(i.) Pyramidal Error.-\Yhen the thrpe edges 
are not parallel the prism is said to have 
"pyramidal error." 'Yith the e:\C'eption of 
the general methods of 
 (I), the methods of 
precise goniometry which we have considered 
involve the m:;!';nmption of the value of the 
sum of the angles of a prism. In the presence 



GOXIO:\IETRY 


of pyramidal error this is not exactly l
Oo, 
since the än!!les measured are the actual 
angles betwee
 the faces, and these are only 
eqüal to the angles of a plane triangle when 
the normals are coplanar. The methods of 
defining pyramidal error vary considerably, 
but we shaH define it here as the angle between 
one of the surfaces and the opposite edge. 
In the case of an equilateral prism the value 
is the same whiche,er face is con<;idered, 
but in oth
r ca
es it is not RO. For any 
isosceles prism it is convenient to ta ke as 
the pyramidal error 
o the angle between the 
uniq lie face anJ the 
opposite edge. 
Let GBC, Fig. 9, be 
the plane of the face 
in question, and OA 
the opposite edge. Let 
A BC be a section by 
a plane perpendicular 
to 04\.' Draw AP 
perpendicular to BC. 
Then 
\OP is the pyra- 
midal error, p, as 
a bove defined. BAa 
is the angle between 
the plant's AOB and 
AOC=ÁRay; but angle 
ABC is not the angle 
between the planes 
AOB and BOC, because 
AB and BC are not 
FiG. 9. perpendicular to OB. 
If the angle hetween 
the planes is 
, Ê > 
-\ÊC. 
imilarly ð > AêB. 
ThusÂ+.8+ ê>A+ AËC+ ...\êB. Thesearethe 
angles of a plane triangle, .'. Â + H + ê > I
Oo. 
Denote OBA, OÊC, and ABC by a, ß, and ì' 
respectiyely; then from the geometry of the 
solid angle of which a, r3, 'Y, and 13 are elements, 
cos f =cos a cos ß + sin a sin ß cos :8, 
... COt; Ê = cos 'Y cosec a cosec p - cot a cot ;3, 
=COS'Y (I + A cot 2 a +! cot 2 ß) 
- cot a cot ß, 
since a and t3 are nearly right angles. 
cot a = AB = -:\B . AP = 
p _ ; 
AU AP AO sm 'Y 
similarly cot ß = 
. 
tan 'Y 
. " _ r p2 ( 1 I ) ) 
.. cos B-cos 'Y" l l +-
 
 + 
 J 
:... sm 'Y tan 'Y 
p2 
sin 'Y tan 'Y 


p2 
=cos 'Y - 2 cos 'Y, 
=cos ('Y +
2 cot Ì' ), 
. 
 _ p2 
. . B -'Y + 2 cot 'Y. 
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For an isosceles prism, it is clear from sym- 
metrv that ð - ACB is equal to B - 'Y' Th'ere- 
fore 
, the excess of the three prism angles 
over 180 0 , =
(f3 - 'Y) =p2 cot 'Y. 
 
In Fig. 10 the values of 
 for 'Tarious 
pyramidal errors are plotted for the two 
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commonest pri
ms. 'Ye see that. the sum of 
the angles may be taken as 180 0 without 
appreciable error if the value of p does not 
exceed :
 or 4 minutes. For larger '
alues 
 
increases rapidly and has to be taken into 
account in precise measurements. 'Ye may 
measure p on the spectrometer as folIo" s. 
Let ABC, Fiq. II, be the prism, arranged as 


c 


:FIG. 11. 


shown "ith respect to the collimator. RictyS 
sl1
h as S'D are reflected from the face AB 
in the direction U'Y'. Ra,'s such as ST 
follow the path STUY\V, Y\Y beinl! parallel 
to F"T, if Â = Band p = O. In the pres
nc(' of 
pyramidal error one "ill slope up'.vards and 
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the other downwards. Their \T'rtical dis- 
pl,wements can be nl('a
ured \Üth the micro- 
meter eyepiece suiÌ<lLly oricnted. Take as 
reference plane a plane perpcndicular to the 
edge C, anù let the incident light be in this 
plane. The normal XU "ill have an inclina- 
tion p to the plane. Suppose it slopes down- 
wards towards the left. Then the reflected 
ray {T\\?' slopes downwards by an angle 
ø = 2p cos i. Since AC is perpendicular to 
the referen('e plane TV is also in this plane, 
so the ray UV slopes upwards by an angle 
ø' = 2p cos i'. This ray meets BC, which is 
also perpendicular to the reference plane, and is 
refracted from glass to air. It is easily shown 
that ý;, the upward inclination of the emergent 
ray \T\Y, is equal to JLø', where JL is the refract- 
i ve index of the prism. 
Thus the vertical displacement, ô, of Y'Y 
with respect to U\V' 
=ø + ý; =2p (cos i + JL cos i'). 
'Ve must substitute for i' in terms of the 
angles of the prism and the angle of incidence i. 
., A - A ". 1 1 . 

 = + r = + 8m - - sIn e 
JL ' 
= Â + sin -1 ! sin {71'" - (Â + in , 
JL 


therefore 
Ó = 2 pGos i + JL cos { Â + sin -11 sin ( 7r - Â - 1) )J, 
whence p is obtained. 
The advantage of this method s that ô is 
not appreciably affected by Incorrect adjust- 
ment of the prism with respect to the plane of 
incidence; the effect is simply to introduce 
a cosine term. In carrying out the measure- 
ment, the" two", images of the slit will be super- 
poseù if A = R. To observe ô it is necessary 
to block out first the rays externally reflected 
and then those internally reflected. 
Pyramidal error may also be measured by 
auto-cullimating methods, In F?'g, 7 (b), 
for instance, it is obvious that since the 
'Y edges of the prism OPQ and its reflection 
OP'Q' are coincident the faces PQ and P'Q' 
have a vertical inclination of 2p. Thus the 
vertical component of the displacement of 
HI" \" ith I-espect to AI' = 4JLp. Similarly in 
Fig. 8 (b) the ß'Y plane of the reflected prism is 
parallel to the {':J edge of the actual prism and 
is therefore inclined vertically with respect 
to the a'Y face of the latter hy p. Hence in 
this case the displacement of the two reflected 
beams has a vertical component '2}Lp. 


J. G. 


GRAI
LESS PHOTOGRAPHY, use for graticule 
proùuction. See" Graticules." 
GRAMOPHONE. See" Phonograph and Gramo- 
phon(.. " 


GRATICULE
 


GRATICULES, a term which came into common 
use during the Great 'Var, may be defined as 
being the measuring marks or scales, usually 
on a glass plate or disc, placed in a focal plane 
of an optical instrument for determining the 
size, distance, d.irection, position, or numher 
of the objects "Viewed coincidently with the 
scale itself. The term" graticule " compriscs, 
therefore, the numerous appliances variously 
known as sighting scales, reticules, cross-lines, 
eyepiece, and stage micrometers, diaphragms, 
webs, etc., wmch are used in telescopes, micro- 
scopes, and other optical instruments, and it 
is usual to refer to the disc or plate with the 
marks on it as a " graticule." 
Being normally viewed under considera hIe 
magnification, it is of primary importance 
that the lines or marks should be quite sharp 
and clean, whatever the thickness of the lines 
may be. The thickness lllay vary between 
'0001" and .004" according to the purpose for 
which they are used and the method of manu- 
facture. The lines may be required to be 
opaque, or transparent, or to have special 
optical characteristics, and, except in the case 
of simple cross-lines, the divisions or spacing 
of the graticules usually demands the very 
highest degree of accuracy. Further, where 
the gra ticule takes the form of a circular 
disc inserted within an optical instrument, 
very exact centring of the pattern on the disc 
is an essential. Owing to these exacting 
demands in the way of accuracy and precision, 
the manufacture of graticules is not the 
simple matter which it would appear to be, 
and has been the subject of an immense amount 
of research. 
The methods of manufacture may be c1asseù 
under two main headings: (a) mechanical 
ruling, (b) photographic methods. The 
methods by mechanical ruling may be sub- 
di vided in to- 
(1) Ruling with a diamond on glass. 
(2) Ruling with a diamond, and subse- 
quently filling in the marks with graphite, 
or some other opaque substance, the latter 
being usually mixed for the purpose with 
copal varnish or some similar medium. 
{3) Coating the glass with a transpan'nt 
film of collodion or similar medium, and 
ruling the lines on this, subsequently cementing 
on a cover glass. 
(4) Coating the glass with waxy or bitu- 
minous substances, ruling through this, then 
etching the lines by means of hydrofluoric 
acid gas, or by immersion in solutions con- 
taining hydrofluoric acid, anù, lastly, filling 
in with opaque su bstancps. 
The photographic methods may be sub- 
divided into- 
(1) Photographs on plates or discs with 
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albumen or collodion emulsion ha"Üng a grain 
as fine as possible. 
(2) Photo-ceramic methods. 
(3) Photo-etching methods. 
(4) By Grainless Photography. 
(5) By Filmkss Photography. 
Of these various methods Xos. 1 and 4 of 
the photographic methods require a cO'-er 
glass cemented on to protect the film; all 
the others are" co,-erless" graticules. 
In all countries the principn.l method of 
manufacture up to the year 1914 was the 
mechanical method, the marks being usually 
filled in with an opaque substance. Simple 
patterns, such as straight lines at equidistant 
illtenTals or cross-lines, can be produced very 
perfectly in this way, but the method becomes 
cumbersome when anything more elaborate 
is required, such as scales with varying line 
thickness, or cun-ed lines or numbered lines. 
Further, where lines cross each other the 
glass is apt to be broken up, causing the critical 
point to be less good than the rest, and this 
has led to the practice, when ruling lines at 
right angles to each other, of stopping the line 
just short of the cross-line, and continuing it 
again a short distance from the other side. 
The sharpness and apparent opacity of dia- 
mond-ruled lines depend on the cleanness and 
fineness of the diamond cut and personal skill 
of the operator; the diamond points are apt 
to wear out fairly rapidly and then produce 
inferior work. 
Ruling and etching methods are not so 
subject to wear and tear of the ruling point, 
because the waxy or bituminous substance 
ruled through is soft. Cun-ed lines, numerals, 
or letters can be reproduced by a pantograph 
arrangement. In other respects they suffer 
from the same limitations in manufacture as 
diamond-ruled graticules, and it is exceedingly 
difficult to coat them with a resist so perfect 
that the hydrofluoric acid does not attack 
the glass here and there through the resist, 
occasioning tiny marks or spots on the glass 
which are 0 bjectiona ble. 
Graticules produced by any method of 
mechanical ruling require separate testing 
for accuracy and finish, each being an 
indh-idual piece of work standing on its own 
merits. 
Graticules produced by photographic means 
have a great advantage in this respect, for 
any number of graticules can be produced 
exactly similar to one another, without re- 
quiring separate testing for accuracy of scales, 
always pro,-ided that the photographic method 
employed is one in which the film is given 
no chance of expanding or contracting during 
the process. The main security for this is 
by only employing such processes in which 
the film is not transferred from one glass to 
another, i.e. each graticule disc or plate must 


be coated separately and the film must be 
left in situ throughout the operations. 
)lany fine grain processes have been em- 
ployed, collodion in general ha ,-ing been found 
to be the most suitable medium, since gelatine 
coatings almost in'Tariably accumulate dust 
specks and are not sufficiently clear. Carbon 
processes on bichromated gelatine or fish glue 
ha,-e likewise been employed; in this case all 
except the image lines, which are rendered 
insoluble, is remo,-ed by washing. Such pro- 
cesses )ield very fair results in the case of 
graticules with comparath-ely coarse lines, or 
which are subject only to low magnifications. 
Photo-ceramic methods ha,-e been employed 
in Germany mainly for one particular purpose, 
,-iz. graticules for binoculars. These grati- 
cull'S have a transparent image, which is more 
or less faint-an advantage for the purpose in 
question. They show little e,-idence of grain. 
The process has been kept secret, but some 
ideas as to the methods by which they are 
produced may be inferred from German and 
Austrian photo-ceramic literature.! 
)lessrs. Adam Hilger, Ltd., of London, have 
also deyeloped a photo - ceramic method. 
These graticules ha,-e a fine grain, the image 
lines being sufficiently firmly adherent to the 
glass surface to stand the necessary cleaning 
of the discs. They will also withstand ordinary 
solvents. This process would seem to ha,Te 
been employed mainly for graticules with 
fairly coarse lines, used with low magnifica- 
tion. 


Photo-etching methods which were worked out 
by J. Rheinberg, London, in the early years of the 
"'ar, by coating discs "ith an emulsion impervious 
to the action of hydrofluoric acid gas before exposure 
to light, but pervious to its action after exposure, 
haye not hitherto proved successful, because the 
resist suffered from the same defects already referred 
to as liable to occur in the etching methods after 
mechanical ruling. 

Iethods of graticule production by photo- 
graphy on a sensitive collodion film, having 
a grain so fine as to stand considerable mag- 
nification, date back a considerable time, and 
until recent years were chiefly practised in 
Germany. The actual process has been kept 
secret, but there is eyidence to show that it 
has followed on the lines of the old Taupenot 
Collodion Process, dating from 1833, or some 
modifica tion of the process. 2 

Iessrs. Rheinberg & Co., London, haye in 
recent years introduced graticules made by 
a secret process styled "Grainless Photo- 
graphy," which differs "idely from any 


1 Die Pnotokeramfk by Julius KrUger and Jakob 
Husnik, published by A. Hartleben, Yienna and 
Leipzig. 
2 For an account of th('se proces
es readers are 
referred to Harrlwick's Pn()tfJgrrrpn;r Cnemislrll. lS59, 
and an artide on ., Fine (;rain Photographic Plat('
," 
Brit
lt Journal of Pnotogmpny, September 13, 1912. 
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pre\ ions process, both as re
ard8 the COIll- 
position of the film, the chenucals employed, 
and the methods of photographic treatment. 
Collodion is useJ as the vehicle of the image. 
Bv different modifications of the process, 
either black opaque lines are produced, or 
white opa.que lines, or transparent lines in 
grey, amber, violet, or other tints. T
e lines 
remain clean and sharp under consIderable 
ma
nification, the transparent ones show no 
vesti{Te of arain under high magnifications. 
Gr
ticul
s produced by so-called" Filmless 
Photography," another secret process deve- 
loped by the brothers Rhein berg during the 
Great 'Val', represent the latest advance. 
These are tiimilar in appearance and charac- 
teristics to those by" Grainless Photography," 
and may be opaque or transparent, but the 
ima{Te vehicle is the surface layer of the glass 
itself, in which the lines are formed in untar- 
nishable metal. In a perfect filmless photo- 
graph the lines cannot be rubbed or cleaned 
off. and they are unaffected by solvents save 
one or two powerful acids, chiefly those which 
attack the glass itself. 
In one special modification of this process, termed 
the "Silverline" process, a brilliant white image 
consisting of an e"\.tremeJy fine fibrillar interlaced 
network of granulated silver, is produced upon the 
glass surface, and not incorporated within the 
surface layer. This image, unlike that in any other 
kind of graticule. has the property of reflecting an 
approximately equal amount of light in all"directions, 
no matter at what angle the light is incident upon it. 
The image, however, requires protection by means of 
a varnish. 
In a paper on " Graticules" (Transactions 
of the Optical Society, )Iay 1919) 1\lr. Julius 
H.heinberg has stated the general methods and 
considerations relating to their photographic 
production (with spe('ial reference to those 
made by Grainless and Filmless Photography), 
together with considerations as to their design 
in relation to the various purposes for which 
they are required, and in the main the follow- 
ing particulars are abstracted herefrom. 
The usual way is to start with a greatly 
enlarged dra.wing, say from 12" to 15" dia- 
meter, from which an intermediate reduced 
negative is produced, 
Jnd this is again reduced 
in a precitiion camera to the exact size. The 
positive so obtained serves for the production 
of the" )Iaster negatives," from which the 
graticules are then made by "contact printing." 
Drawings should be on smooth, thick, Bristol 
board, not on thin paper or linen which has 
a tendency to cockle. For fine work the 
nature of the ink is important, and of a 
number of Indian inks tried, Messrs. 'Vinsor 
& Newton's U 
Iandarin Black" was found to 
be the he st. 
WhilHt it is not needful to draw the original to any 
particular scale of magnification, it is very needful 


to bear in mind that all photographic processes in- 
crease the relative thickness of lines, partly owing 
to the grain of the plate, partly owing to optical 
considerations, and, to compensate for this
 the lines 
of the drawing should be finer than the actual scal(' 
of magnification of the drawing. Eyen in graticules 
produced by Grainless and .Filmless Photography 
the intermediate negative has to be made on a fine 
grain plate, because grainless emulsions are too slow 
to admit of camera reductions from dra\\ ings on an 
opaque board, and lines intended ultimately to be- 
1,501Y should be dra\\ n about 5 per cent thinner 
than the scale magnifica tion. 
1/1000" should be drawn about 10 per cent thinner 
than the scale magnification. 
1/2500" should be dra\\ll about 50 per cent thinner 
than the scalc magnification. . 
The optical considcrations referred to aboyc relate 
to the limits of accuracy germanc to all rf'productions 
by photographic lenses. Nolens produces an equally 
f'harp image on a flat plate over the \\ hole fidd, but 
the deviations are small enough to be negligible 
with a good lens in ordinary photography because 
the lines are much coarser and the grain of thp plate 
itself is usually the determining factor in setting the 
limit. 'Vhen, however, lines of .0005 inch and less 
are in question, the lens sets the limit, as it is difficult 
to secure these evenly over more than a comparatively 
narrow angular field, . 
Similarly the lenses themselves set a limit to the 
accuracy with which long scales can be reproduced 
by photographic reproduction, as slight errors may 
occur in the spacing of divisions owing to zonal 
differences of magnification. 
For these reasons many kinds of graticules cannot 
be properly produced from large drawings byeamera 
reduction at all, the" mastcr negatives" being made 
by contact printing from originals mechanically 
ruled. "There figures, etc., are employed combina- 
tions of photographically reduced drawings and 
mechanically ruled scales call be used to producf' the 
master negatives. 
In this manner grainlcss photographs have 
been produced with lines as fine as 1/12500", 
although lines finer than 1/5000" are a matter 
of considerable difficulty. 
In any photographic process of graticule 
production the order of. accuracy between one 
scale and another, when large quantities of 
a Bcale are produced, is a matter of importance. 
This will depend entirely on the nature of the 
process, also whether any film transfer has 
taken })lace. In the case of Grainless and 
Filmless Photography a number of scales were 
sent t.o the National Physical Laboratory, 
taken from batches at random, which had all 
been produced from the same master negative, 
but not actually from the same negatives, 
as a master negative serves for making any 
number of the actual negatives used by means 
of intermedi:tte positÌ\Tes, and the tests showed 
the maximum error of the scales, either as 
regards over - all length, or as regards the 
divisions, to he within one-twentieth per ccnt, 
and consequently since this error included any 
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actual error in the original master negative, 
the actual variations between one scale and 
another produced by either of the processes 
in question would be below that amount. The 
main test was made on scales of 10 mm. 
length; tests on smaller numbers of scales 
up to lÙO mm. length ga '-e similar results. 
The ,-ehidc bearing the image is an important 
consideration in graticules produced photo- 
graphically. Collodion has in general been 
found to be the most suitable and is employed 
in the Grainless Photographic process as well 
as in the foreign-made graticules. 
In Filmlcss Photography, however, the 
'vehicle which bears the image is the surface 
layer of the glass itself, and the nature and com- 
position of the glass play an important part, 
since the process is based on the idea that as 
glass is porous, though the pores may be 
ultra-microscopic, matter in a suitably fine 
state of di,-ision can be introduced into these 
pores by a ppropria te methods. The most 
suita hIe kind;::, of glass ha ye been found to be 
the ,-arious descriptions of crown and plate 
glass. Gla
ses of a particularly dense nature, 
such as barium glasses and baryta light flints, 
have been found less suitable, although with 
more or less trouble filmless photographs can 
be produced thereon, particularly transparent 
photographs which do not necessitate the 
introduction of as much metal into the surface 
la,yer of the glass as opaque ones. Glasses 
containing any considerable proportion of 
lead, i.e. the ordinary description of flint 
glasses, are unsuited to the process, though 
this is due to the softness of these glasses 
and chemical combinations which take place 
rather than to any question of density. 
The uses to which graticules are put are 
fairly numerous; they form a most essential 
part or adjunct of the optical instrument in 
or with which they are employed, and there are 
but few optical instruments used in peace or 
war in which they are not either permanently 
or temporarily used. A good example of the 
relati\-e importance the graticule may assume 
in an optical instrument is afforded by the 
Aldis Unit Telescopic Sight for aeroplanes, 
the whole instrument being merely a device for 
seeing the graticule image sharply, coincidently 
with the target which is yiewed "ithout any 
magnification wha tsoe,-er. 
The kind or yariety of the graticule naturally 
depends upon the purpose for which it is used 
in an optical instrument, and the ad,-ent of 
Grainless and Filmless Photography which 
enables graticules to be produced with image 
lines opaque, transparent, or semi-transparent, 
in various colours or tones and possessing 
different optical properties, has not only con- 
siderably increased the purposes for which 
they can be employed, but also in some 
instances given rise to new forms of instrument 
. 


construction. The majority of graticules are 
required for use with transmitted light, and 
for most of these it has been customary to use 
graticules ha, ing opaque black lines, the 
possible advantage in some cases of trans- 
parent lines not having recei,-ed any adequate 
attention, probably m\Ïng to the fact that 
such graticules were not generally available. 
The optical difference between a neutral 
coloured transparent line and an opaque one 
is that the former reduces light from the 
object by a definite percentage, "\\hereas the 
latter cuts out the whole of the light. There 
would appear to be a pre,-ailing impres::5ion 
that transparent lines will not stand out 
sufficiently, or show sufficient contrast against 
a dark ground, which, however, experiment" ill 
show not to be based on fact. Excessi,-e con- 
trast induces eye fatigue and loss of comfort 
in use, which becomes particularly noticeable 
and indeed irritating when graticules have 
opaque patterns in the nature of squared 
lines or other repeating patterns. Such con- 
trast may hinder the eye in picking up and 
inspecting critically the object to be ,iewed. 
An outstanding merit of transparent lines is 
that they do not cut off any part of the object 
viewed, a not unimportant matter where lines 
are fairly coarse, i.e. exceeding .001 inch, which 
are frequently required. Other advantages of 
transparent lines are referred to later on in 
the notes on graticule design. 
For one class of graticules, viz. military 
binoculars, transparent lined gra ticules have, 
however, been in use for some considerable 
time; for this purpose the German photo- 
ceramic gra ticules "ere in use prior to the 
war, also etched or directly ruled lines on 
glass, not filled in. They afford a typical 
example of the benefit of faint transpar
nt 
lines, as they do not distract the eye from the 
object and are little noticed, unless attention 
is purposely concentrated on them. 
Another class of graticule
, used typically 
in sighting instruments for day and night use, 
are intended for use both with transmitted 
light and reflected light, appearing black when 
illuminated in the former way, and white in 
the latter. They are produc
d by filling in 
a diamond-ruled image with white opaque 
lines, or even more satisfactorily by a modifica- 
tion of the grainless photographic process, 
which yields white opaque lines. Their opacity 
renders them black by transmitted light, and 
for night work the light is introduced through 
the edges of the disc by a subsidiary lamp, 
the light so introduced being imprisoned in 
the glass except where it strikes the image 
lines, which reflect a portion of it to" anls 
the eye lens. 
Thi<; class of graticules "
mld seem susceptible 
of development to numerous uses, for e
ample 
spectroscope eyepieces, as, by illuminatil
g the disc 
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edge \\ ith coloureù light, the graticulc image ma
 be 
made to appro'\.imate in eolour to th(' part of the 
f'pectrum unùer ohsef\ at ion, It i:; \\ ell known that 
the eye \\ ill not sharply focu::> \\ idely differing colours, 
or colours and \\ hite liues simultaueou
l'y, hence thf' 
utility of some such de vief'. 
Graticull's for use by reflecting light only 
arc in general produced by tll(' same processes 
a!read) referred to. They are usually illumin- 
ated either directly or by reflt:'etors prepared 
with \\ hite diffusing substances. 
\\'hilst in all or
linary cases a graticulc is 
so mounted that the plane of the gratieule 
di
e is parallel with the lenses of the optical 
system with .whieh it is used, an exception 
occurs in certain military instruments, in 
which the graticule has to be viewed through 
the optical system at continuously varying 
obliquities, whilst the direction of the light 


FIG. I.-Black opaque. Line thickness '0004". 
l\Iagnifieation 85, 


which is reflected from the graticule lines 
remains more or less constant. Ordinarily 
the intensity of the light reflected by a line 
or a surface varies greatly according to the 
angle at which the light impinges on it, as a 
consequence of which the image of the grati- 
cule would be far less brilliant when viewed 
at certain degrees of obliquity than at others. 
To meet this case the " Silverline" process 
already referred to was devised, in which the 
image lines have the property of reflecting 
or diffusing light of approximately equal 
intensity in all directions, irrespective of 
the angle at which the light impinges on 
them. 
Another class of graticules are such as have 
clear lines on a black opaque ground. These 
are illuminated from behind or by a separate 
source of artificial light. They are mostly 
used in the tYVe of instrunwnt in which it is 
desirable to project graticule lines, etc., in the 
image plane, but in which it is not convenient 


to place the graticule in the main optical 
sy::;tem, either because that SYSU'1ll has no 
real focal plane, or for other reasons of design, 
A frequent device is to place the graticule in 
the focus of a collimating lens and place a 
semi-transparent r{'flector in the main optical 
system at an angle of 45 0 . Gmticules of this 
description are produced by Craillless Photo- 
graphy, and are similar to the negatives ordin- 
arily employed in that procesR. 
The ùesign of graticules is a matter repaying 
careful attention. It should not be o\Terlooked 
that the gratieule is oft.en an essent.ial, and 
frequently a vitallmrt of the o}>tical instrument, 
that it is under constant scrutiny, and should 
be so designed as to secure the maximum 
efficiency and the greatest amount of comfort 
in use. To ensure this it is absolutely necessary 
that it should be properly correlated to the 
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FIG. 2.-Black opaque. Line thickness '0004". 
l\Iagniflcation 650. 


conditions under which it is used and to the 
general optical system of the instrument. 
It is desirable to consider- 
(1) The nature of the pattern. 
(2) The thickness of the lin{'s. 
(3) Questions of opacity or transparency. 
(4) Questions of differentiation or colour. 
(5) Special optical desiderata. 
(6) Questions affecting price or difficulties 
in production. 
Regarding the nature of the pattern, an 
important point is to kepp it as simple as 
possible. Every superfluous line, figure, cr 
other mark shoulù be eliminated, for these 
only occupy the field otherwise wankd for 
examination of the object and distract the 
eye. The fact that additional lines, figures, 
and so forth do not add comnwnsurately to 
the cost of gratieules produced by photographic 
l)rocesses is a temptation to load them up 
unnecessarily, but should be resisted, as 
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practical experience during the 'Yar has 
frequently led to complicated patterns being 
successively simplified. 
'Yith regard to the line thickness of grati- 
cules, a number of interesting little points 
require to be borne in mind and balanced, and 
in considering these it is convenient to re- 
member that a line 1/1000" wide, ,iewed with 
the unaided eye at normal, ?'.e. 10" distance, 
subtends an angle of about 20 seconds. 
Opaque lines when viewed against a white 
ground appear rather thinner than they 
actually are, as the white light encroaches on 
the two edges of the line, by irradiation of 
the eye. "hen the opaque line is too narrow, 
the line appears faint and indistinct and 
beains to be uncomfortable. 'Yith the un- 
aided eye a line 1/.)00" or 1/20 mm. is 


FIG. 3.-Black opaque. Line thickness ,001". 
1ragnification R:>. 


sufficiently narrow for comfort. For eyepiece 
graticules the magnification of the eye lens 
has to be taken into account, and the best rule 
for comfort is not to have lines narrower than' 
needful. 'Yi t h eyepieces magnifying x 5 to 
x 8 opaque lines 1/2000'" or 1;
O mm. will be 
found sufficiently fine. In micrometer scales 
divided into tenths or twentieths of a millimetre 
the width of the lines may reasonably be 
reduced to 1/5000'" or 1/
00 mm" and in 
scales of this description, or scales divided even 
more finely for microscope stage micrometers 
of the ordinary description, opaque lines are 
the most suitable. The illustrations, Fi
s. 1 
to 4, are from photomicrographs of Rhei
berg 
Filmless Graticules taken by )Ir. J. E. Barnard. 
F.Inst.P. 
Transparent linf's seen against a white 
ground always av]>ear markedly narrower than 
ol)aque ones of similar width, due part.ly toO 
the greater encroachment on their edges by 


irradiation. It is rarely necessary or adyisablo 
to go below -001" in "idth, the more so as they 
have the ad,.antage that the object viewed 
can be seen through them, and centred to the 
middle of the transparent line with n'I"y great 
accuracy. This feature is also useful because 
lines of ,-arying thickness can be used on the 
same graticule disc for differentiation purposes, 
without sacrificing accuracy of measurements. 
\Yhere squared lines or repeating patterns, 
or markings in the nature of massed patches, 
are required, transparent lines should always 
be given preference over opaque ones, unless 
the latter are indispensahle for reasons 
necessitating maximum contrdst. The depth 
of tint of transparent lines should be appro- 
priate to the magnification under which they 
are to be viewed, as it is a somewhat remark- 
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FIG. 4.-Black opaqne. Line thickness -001", 
Magnification 6:>0. 


able fact that it differs with the magnification. 
The same grey line of ,002" "idth may look 
almost black to the unaided eye; seen with 
an ocular x 5 it. appears grey, with an ocular 
x 10 a lighter grey, on the microscope stage 
magnified 100 times it appears a yery light 
grey indeed. 
Differentiation for the sake of clearness and 
facility in reading or counting il' a factor which 
should recei,
e consideration. For inst.ance, 
in a graticule for counting ]>urposes, a field 
consisting of alternate transparent grey and 
colourless square patches in a chessboard 
pattern-the so-called Chessboard Jlicrometers 
-are more comfortable and easy to work ,\ it h 
than graticules simply di,-ided into squared 
lines. Lines of different thickness on the same 
Qraticule are another form of difIerf'ntiation. 
Cases occur, however, w}lPre it is still more 
convenient to differentiate bv lines of different 
colour on the same graticul
. Such graticules 
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'\erc patented by l\Iessrs. Aldis Bros., Bir- 
mingham, and .....nown by name of compol:>ite 
p-raticules, because they are usually produced 
by doing the different colours by Grainless 
Photography on two separate discs and cement- 
ing them togpthcr. The colours themselves, in 
so far as it is possible to produce them, may 
be sclected to obtain contrast in accordance 
with the }>UIl'ose for ,\hich they are used; for 
exam})le, an aero})lane telesco})e graticule for 
use against the blue sky might have golden 
am ber lines, one principally for use against 
grecn foliagc would conveniently have lines 
of a violet tone. 
'Yhen one scale is measured against another 
Rcale (microscope stage micrometers and eye- 
})iece micrometers offer a familiar example) 
there is an advantage in having the scales 
differentiakd in colour so that they can be 
distinguished at a glance. 
The special optical desiderata which the 
graticule should possess will depend chiefly 
upon the methods of illumination under which 
it is to be used, i.e. whether by transmitted or 
reflected light or edge illumination, whether 
it is to h<' ,'iewed normally to its surface or 
otherwise, whC'ther with colour screens or 
such-like considerations. These matters have 
already been referred to. 
Lastly, a graticule designer should bear in 
mind that the cost of })roduction of any pattern 
frequently depends largely on seemingly quite 
trivial matters, and should consult with the 
manufacturers in order to a void specifications 
which unduly increase cost without increasing 
efficiency. }'or example, specifying a graticule 
on a disc 10 mm. diameter, when a disc of 
15 nun. diameter might be adopted just as 
well, might entail a difference of 50 per cent 
in cost of production. Or by requiring the 
cross-lines in a Filmless Photograph to go right 
up to the edge of the disc, a large extra cost 
may be incurred compared with one in which 
the lines leave off ! mm. or I mm. from the 
edge of the disc. Y cry fine lines in immediate 
contiguity to very coarse ones are inadvisable, 
as tlwy ref)uire difff'rent treatment by all 
photogra phic })fOcC'sses. In short, the instru- 
ment-makershouldrememberthat the gmticule, 
which is at least as important as the other 
parts of his optical instrument, should not be 
treated as an independent adjunct, to be fixed 
up after pvC'rything else is settled, but should 
he cardully considered along with the design 
of the whole instrument., if he is anxious t-o 
obtain maximum efficiency at lowest cost. 
('om;pqm'nt upon th(' limitation of patterm'l 0\\ ing 
to the re!'\trict('d mpthod
 of production ayailablc 
until rí'(,í'nt Yí'arR, the application of graticulcs has 
not hcen d(>velopí'd in many dirí'ctions in \\ hich thí'Y 
\\ould appear Rwweptihk of e"tension. During the 
(:rr'at \\T ar the tendí'ncv manifeRted itSí'Jf for the 
design of ne\\ typí''! of opti('al apparatus whir'h \\ould I 


not have heen feasihle but for thc fact of th3 facil- 
ity \\Íth which new and unusual types of graticules 
could be produced, and it seems likC'ly that many 
typf'S of optieal apparatus might ue impro\yed. or 
new types designed, by paying due regard to th(' 
possibilities which graticules now afford. It is 
only Heedful to bear in mind, for instanee, that the 
steel slits of spectroscopes could be replaced by 
graticules having a spries of IJerfectly sharp, clean, 
colourless lin('s on a black ground of definite ,\ idtllS. 
and 'that as the films have le8s thickness than steel 
jaws there is less liability to stray refiectionR or 
diffraction. Or, again, the fact that completely 
divided eircles can be produced with great accuracy 
in the form of a small graticulC' opens up thc possihilit;. 
of designing in
truments in \\ hich sueh circlC's are 
either placed in, or projected into, the plane of optical 
instruments to supplant the large and e"pensi,'c 
graduated metal arcs and circles \\ith their separate 
reading - microscopes else\\ here. Fìuch examples 
show that the possible applications of graticules 
with a view to improvements or simplification in the 
df'sign of optical instruments is a suhject which will 
well repay study, and has indeed its own place in the 
gf'neral study of Applied Optics. J. R. 
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GREASE-SPOT PHOTOMETER: another name 
for the Bunsen photometer. See" Photo- 
metry and Illumination," 
 (15). 
GRINDING AND POLISHING OF A GLASS SUR- 
FACE, STAGES IN THE. See" Uptical Parts, 
The 'Vorking of," 
 (7). 
GROOVE FORM: effect on distribution of light 
in diffraction spectra. See "Diffraction 
Gratings, Theory of," 
 (8). 
GUILD SPHEROMETER. See "Sphcrometry," 

 (5). 


GUITAR: a musical instrument of six strings 
which are plucked by the right hand. See 
" Sound," 
 (26). 
GYRO, FLOATING BALLISTIC. See" Navigation 
and Navigational Instruments," 

 (13) (ii.), 
and (14). 


GYRO CO;\fPASS. See" Navigation and 
Navigational Instruments," 

 (13), (14), 
(I5). 


(lYRO COMPASS, SPEED ERROR OF. 
C'e 
"Na\Tigation and Navigational Instru- 
ments," 
 (15). 
'Y
RAYS, GENERAL PROPERTIES OF. See 
" Hadioactivity," 
 (14) (i.). 
Nature of. See 1'bid. 
 (14) (iv.). 
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HALF-SHADOW AXGLE, V ARIATIO
 OF SEX- 
SITIVEXESS OF POLA.RDIETER WITH. See 
,. Polarimetry," 
 (7). 
HALF-VALuE PERIOD OF A RADIOACTIVE 
SUBSTAXCE: a term used in radioactivity 
to denote the time taken for the atoms 
present in a radio-element to decrease to 
half. See" Radioactivity," 
 (6). 
HARCOGRT PHOTO:\IETER. Sep" Photometry 
and Illumination," 
 (26). 
H-\.RD
ESS OF GLASS. See.a Glass," 
 (23). 
H_-\.RDXESS OF X-RAYS: quality of X-rays. 
See " Radiology," 
 (17). 
HARP: the most important representative of 
stringed instruments which are played by 
plucking with the fingers. See" Sound," 

 (28). 
HARRISOX STREET PHOTO:
IETER. See 
" Photometry and Illumination," 
 (57). 
HART)I...-\.XX'S )IETHOD OF DETER)n
TXG THE 
POSITIOX OF AX bL\GE-PLA.XE. See" Ob- 
jectives, Testing of Compound," 
 (1). 
HAÜY'S LAW OF COXSTA:NCY OF CRYSTAL 

'\SGLES, final proof of, from the general 
law of progression of crystal properties 
corresponding to the advance in atomic 
number. See" Crystallography," 
 (13). 
HEARIXG, the act of. See" Sound," 
 (57) (ii.). 
Human. See -ibid. 
 (57), 
HEELIXG ERRoR in magnetic compass. See 
"Xavigation and Xavigational Instru- 
ments," 
 (10) (ii.). 
HEFXER LA:\IP: a flame standard officially 
adopted in Germany. See "Photometry 
and IJIumination," 
 (7). 
HEIGHT, DEFIXITIO
 OF. - See "Surveying 
and Surveying Instruments," 
 (36). 
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 (1) THE BEXXETT-PLEYDELL PRIXCIPI-E.- 
For detprmining the height of an object, as 
distinct from its range, the simplest geo- 
metrical arrangement is that in\olving the 
measurement of 
the distance be- 
tween two stations 
and of two angles. 
D This was sug- 
gested in connec- 
tion with the 
determination of 
the height of air- 
craft bv Lieu- 
tenant )Iansell Pleydell and Dr. G. F. 
Bennett, 
and is known as the Bennett-Pleydell principle. 
In Fig. 1, if two planes ABPQ and CDPQ be 


þ 


N 
.FIG. I. 


c 


rotated about their axes AB, CD, until they 
intersect in PQ, then if AB and CD be parallel 
to each other, perpendicular to the line AC, and 
in the same horizontal plane, every point on 
the line PQ will be at the same height abo\e 
this plane, this height being gi\en by the 
formula h=AC/(cot A -cot C), where A and 
C are the angles (both measured in the same 
sense) which the planes ABPQ and CDPQ 
make" ith the horizontal. 
For in Fig, 1 let AQC be a '\'"ertical plane through 
the base AC. and QX perpendicular on A(. Then 
QX =h, also QAX =A, QCX =180 0 - C. 
A..
 =QX cot QAX =h cot A. 
CX =QX cot QCX = - h cot C. 
, .. AC = AX + CX = h (cot A - cot C). 

 (2) THE TELEPHOXIC IXSTRC\IExT.-The 
height-finders which have been designed on 
this principle are long-base instruments. The 
first (telephonic) type consists of two stations, 
one at each end of a base about a mile long, 
At each station there is a wooden stand (Fig, 
2) holding a rectangular sighting frame F, 


FIG. 2. 


capable of rotation about a horizontal axis. 
At one end of each instrument is a dial and 
pointer arrangement giving at once the angle 
between the horizontal plane and the plane 
of the sighting wire 'Y'Y attached to the 
rotating framework F. At the other end of 
one instrument is a "plotting-board" B, 
rigidly attached 
o the upright and engraved 
with a series of equidistant horizontal lines 
marked in thousands of feet. In addition to 
these lines there is a 8emicircular scale of 
degrees over which a loose arm A may be 
swung at wilL Rigidly attached to the 
rotating framework F is a 
econd arm C. 
The inner edge of each of these arms passes 
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through its own axis of rotation, and the 
distance bet\\('en t he
e axes represents the 
distance bct\\ een the" home" and" distant" 
instruments on the same scale as the vertical 
distance between either axis, and anyone of 
the horizontal lines represents the height 
marked on that line. 
In using the instrument the sighting frames 
at both stations are set with their axes parallel 
and at right angles to the base and are turned 
so that the plane of each wire rectangle passes 
through the object. The angle of elevation of 
the "distant" plane is then telephoned to 
the "home" station, and the arm A is set 
to this angle on the plotting-board. The arm 
C automatically gives the same information 
for the" home" station; the triangle formed 
by the inner edges of the arms A and B, 
"\\:ith the horizontal line passing through their 
a
es. is an inverted scale reproduction of the 
triangle AQC of Fiy. 1. Hence the height 
of the object sighted may be read off from the 
position of the intersection point of A and B. 

 (3) THE ELECTRICAL INSTRUl\IENT.-The 
chief disadvantage of the telephonic instru- 
ment is that its readings, being dependent 
on communication of the angle of elevation 
at the distant station, are necessarily dis- 
continuous and possess a certain small time 
lag. To obtain a continuous indication of 
height the electrical instrument was devised. 
In this the use of the plotting- board and scale 
of angles was dispensed with except as 
incidental to the periodical checking of thp 
electrical adjustments. At each station there 
is a uniform resistance supported horizontally 
at a fixed distance below the axis of the sight- 
ing frame, and with its centre directly under 
this axis. Attached rigidly to the axle of 
this frame, and in continuation of the plane 
of the sighting wires, is a phosphor-bronze 
bar which pre
ise3 against the horizontal 
resistance. In this way the distance between 
the centre of the resistance and the point of 
contact of the bar is always proportional 
to the cotangent of the angle of elevation 
of the sighting frame (see Fig. 3). Thus if it 
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FIG. 3. 


be arrang('u that there i8 a constant current 
passing through the resistance, thc diff('rcnce of 
potpntial b<'Ìwe('n the har and the centre of the 
resistance is also proportional to this quantity 


By means of a local battery, voltmeter, 
and regulating rheostat, thf' voltage drop 
acros
 a given length of resistance is main- 
tained at the same constant value at both 
home and distant stations. The distances 
between the axes of rotation of the sighting 
frame and the horizontal tracks of the phospor- 
bronze bars on the resistances are also the same 
at both stations, so that by connecting line 
conductors between the stations in such a 
manner as to put the two voltage differences 
in series, a milliammeter ,vith a suitable 
swamping resistance in the circuit gives at 
once a reading proportional to (cot A - cot C). 
It follows that, in order to obtain a direct 
reading of height, the instrument must be 
provided with a reciprocal scale. For the 
purpose of increasing the range two scales 
are provided, one from IGOO to 5000 ft" and 
the other from 5000 to 20,000 ft, The more 
open scale is brought into operation by 
pressing a key switch which normally short- 
circuits a shunt to the moving coil of the 
in strumen t. 
* (4) THE PATERSON - 'V ALSH IXSTRUMENT. 
-The series resistance of the milliammetf'r is 
variable, and is so adjusted in relatiün to (i.) 
the actual voltages employed at the two 
stations, (ii.) the sensitivity of the milliam- 
meter, and (iii.) the ratio of the base length 
to the vertical distance between the axes of 
the sighting frames and their respective 
resistances, that a giy.cn base length corre- 
sponds with a dcfinite series resistance for 
all instruments. Corresponding values are 
tabulated in the instrument box, so that any 
instrument can be used with any length of 
base by suitably adjusting the series resist- 
ance. The electrical circuit uscd in the 
Patcrson- 'Valsh design of the instrumcnt is 
shown diagrammatically in Fig. 3. R, Rare 
the uniform resistances, AZ, CZ the sighting 
planes, and V the milliammeter. In this 
diagram the local arrangements for maintain- 
ing a constant and definite current through 
the resistances are not shown. 
The chief errors to which the instrument is 
liable are (i.) leakage in the insulation of the 
main conductors between the stations, and 
(ii.) change of resistance of these conductors 
with change of tcmperature. On this latter 
account these conductors are required to be 
I as heavy as possible, so that thcir resistance 
may be properly swamped by the series 
resistance of V. 

 (5) OTHER INSTRUMENTS. - It will be 
clear that other adaptations of thc principle 
of the elcctrical solution could r('adily he 
devised. One of these avoids th(' usc of a 
hattC'ry at cach station. The two portions 
of the regular resistance's are put in s('ries 
and form one arm of a \Yheatstone hridg('. 
By continuou
ly adjusting a local resistance 



HEIGHT-FIXDERS. AXTI-AIRCRAFT-HUYGEXS' EYEPIECE 120 


to keep the bridge in balance, a measure- 
ment of the height may be obtained from 
the value of this resistance in circuit at any 
time' . 
The accuracy of all height-finders working 
on the Bennett-Pleydell principle is necessarily 
dependent on the parailelism of the axes of 
the t\\ 0 sighting frames, and it is desirable 
that the departure from this parallelism should 
not exceed 6' of arc. If parallel, the axes may 
be sle"ed "ith respect to the base line by as 
much as .3 0 without correction, or by any angle 
up to 30 0 if the length of the base line be 
corrected by the factor cos 8. 

 (6) èORRECTIOX FOR DIFFERE
CE OF 
LEvEL.-In all that has been said above it 
has been assumed that the two stations are 
on the same level. If their difference of level 
be d, it may be readily shown that the new 
formula for h is 


{b - (dj2)( cot .Å + cot C)} 
(cot A -co t C)- 


A rigorous practical solution cf this expression 
is not possible, but a very close approximation, 
in all practical cases, to the correct result is 
obtained by setting over the sighting frames 
with respect to their pointers, so that when 
the latter are read ng OOC the frames are not 
vertical, but are tilted downhill at both ends 
by an angle equal to half the angle of the 
slope (supposed continuous) between the two 
stations. In this manner the instrument 
indicates the values of b (cot A - 8 - cot B - 8) , 
"here tan 28 =d,b, and it may be shown that 
this formula gi\es a \ery close approximation 
to the accurate expression, heights being in- 
dicated as above the mean le,'el of the two 
stations. 

 (7) "GSE OF THE I:XSTRU)IE
T. - The 
instrument can be used for all angles of 
elevation greater than 20 0 , but below this 
value the line of contact of the phosphor- 
bronze bar on the even resistance is liable to 
variation, and a small inaccuracy of sighting 
produces a considerable error in the indicated 
height. The error of an instrument such as 
that described should not exceed 300 ft. at 
a reading of 12,000. 
It will be apparent that if si
ht of the 
object be lost at one station an entirely 
erroneous reading may be given by the 
indicating instrument if no means is provided 
for cutting it out of circuit. In the actual 
design, the circuit connecting the two stations 
"ith the indicator is not completed until a 
small key switch is depressed at each station. 
These keys are operated bv the observers at 
the sighting frames, so that if the tar.get be 
lost at either end, the indicator can be at 
once brought to zero, i.e. to infinity height 
on the reciprocal scale. J. w. T. w. 
'OL. IV 


HEIGHT-FIXDERS, AXTI-AIRCRAFT. See" Range- 
finder, Short-base," 
 (8). 
HELIOSTAT, THE: a clockwork device for 
directing the rays from the sun into a fixed 
telescope or other optical system. See 
" Telescope," 
 (17). 
HETEROCHRO:\IATIC PHOTO
IETRY: the com- 
parison of lights of different colours. See 
"Photometry and Illumination," 
 (93) 
et sqq. ; also" Spectrophotometry," passim. 
HIGH POTEYTIAL GEXERATORS FOR X-RAYS. 
See" Radiology," 
 (15), 
HILGER'S CO
STAXT-DEVIATIOX SPECTRO- 
:\IETER, used as monochromatic illuminator. 
See" Immersion Refractometry," 
 (7). 
HILGER'S SECTOR PHOTO)IETER: an instru- 
ment used in the photographic method of 
spectrophotometry. See " Spectrophoto- 
metry," 
 (17). 
HÖGXER'S )IETHOD OF C.ALC{;LATIXG AVERAGE 
ILLU)fIYATIOX. See" Photometry and Il- 
lumination," 
 (70). 
HOLDERS, PLATE-, for portable field and 
copying cameras. See.' Photographic Ap- 
paratus," 
 (5) (i,). 
HOLLow GLASS-WARE, )I.AXUFACTURE OF. See 
" Glass," 
 (18) (i.). 
HO:\IO-HETERO-AXALYSIS (of colour): the 
matching of a colour by a mixture of grey 
"ith the correct proportion of homogeneous 
radiation of the correct "aye-length. See 
" Spectrophotometry," 
 (3). 
HORx, E"t Tenor: a brass "ind-instrument 
with valves. See" Sound," 
 (44). 
French, in C; scale on, tabulated. See 
ibid. 
 (38), Table YIII. 
French, with valves. See 2"bid. 
 (38). 
French, without valves. See ibid. 
 (37). 
HOT-CATHODE T"CBE: a tube in which electrons 
are produced from an electrically heated 
spiral of tungsten. The vacuum in the 
tu be is so high that the residual gas plays 
no active part. See" Radiology," 
 (8). 
HUE: that attribute of colour in light by virtue 
of which it differs from grey. See" Spectro- 
photometry," 
 (2); see al
o " Eye," 
 (8). 
H ÜFXER'S SPECTROPHOTO:\IETER. See" Spec- 
trophotomet.ry," 
 (12). 
HU:\IOURS: the fluid contents of t.he eye. 
See" Eye," 
 (2). 
HUYGEYs' COXSTRUCTIOY: a graphical method 
of determining the form of an advancing 
wave-front by considering it as the envelope 
of the secondary wavelets emitted by all 
points on the original "ave-front. See 
"Polarised Light and its Applications," 

 (6). 
H-cYGExs' EYEPIECE. 
ee" Telescope;' 
 (6) ; 
" Eyepieces," 
 (2). 
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HYDROCHLORIC ACID 1!'U1\IES AS A TEST FOR 
OPTIC.AL GLASS. See "Glass, Chemical 
Decomposition of," 
 (3) (L). 
HYDROGE
 PARTICLES produced by collision 


-I 


ILLU:\H
ATION. See" Photometry and illu- 
mination," 
 (2) and 
 (.30) et sqq. 
I LLIDIIN AT ION, KI
El\[ATOGRArlI, sources and 
condenser lenses suitable for. See" Kine- 
matograph," 
 (10). 
ILLU:MIXATION, OPTICS OF. See" Projection 
Apparatus," 
 (3). 
ILLU:\HNATION CURVE: a diagram showing 
the distribution of iUumination along a 
given line. See" Photometry and Illumina- 
tion," 
 (ü9). 
ILLu:\n
ATIOX OF MICROSCOPIC OBJECTS. See 
" 
licroscope, Optics of the," 
 (22). 
ILLU:\lI.YATION PHOTOMETERS, GENERAL PRIN- 
CIPLES OF. See "Photometry and Il- 
lumination," 
 (16). 
ILLU!\IINATION REQUIRED FOR :\IOST ACCURATE 
PHOTOMETRY. See "Photometry and Il- 
lumination," 
 (21). 
l\IAGE PLANE OF OPTICAL SYSTEM, determina- 
tion of, by Hartmann and Foucault's methods. 
See "Objpctives, Testing of Compound," 

 (1). 
L\DIERSION REFRACTO)IETRY 

 (1) INTRODUCTION. -The ordinary direct 
methods 1 of measuring the refractive indices of 
glass specimens cannot be applied when one 
wishes to dctermine the refractive properties of 
a specimen of glass which is unpolished, or is 
in the form of a lens, or is very smalL I t is 
frequently either inadvisable or impossible to 
grind and polish optically flat surfaces on a 
specimen, on account of its being a component 
of some optical system which it is essential to 
keep intact, or because of its small size. In 
such cases the usual method adopted for 
measuring the refractive index for any given 
wave-length is to immerse the specimen in a 
transparent liquid having approximately the 
same index, and to vary the concentration of 
the liquid until the refractive indices of liquid 
and specimen for that wave-length are the 
same. The refractive index of the liquid is 
then measured by means of one of the 
ordinary methods. 
Four of the more important methods which 
depend on this principle are as follows: 

 (2) CHRISTIANSEN'S M ETHOD.-Chriqtian- 
sen 2 describcd an immersion method of 
I See article on .. :O:pectroscopes and Refracto- 
meters:' 
I U. Christiansen, WiPd. Ann" 1884, xxiii. 2g8; 
1885, xxiv. 439. 


of a-particles "ith atoms of light elements. 
See" Radioactivity," 
 (12). 
HYGROSCOPIC NATURE OF GLASS. See Glass, 
" Chemical Decomposition of," 
 (1). 


measuring the refractive index of glass in the 
form of a fine powder. The powder is placed 
in a hollow glass prism of refracting angle 45 0 
to 60 0 , which is filled with a mixture of carbon 
disulphide and benzene. 'Vhen a homo- 
geneous mixture has been obtained by means 
of stirring, the prism is placed on the table 
of a spectrometer, the collimator slit of which 
is illuminated by a sodium flame, The sodium 
line is seen sharply defined in the telescope. 
The powder gradually sinks to the bottom of 
the prismatic cell and the constitution of the 
mixture becomes different in different hori- 
zontal layers. As a result of this a band 
of light is seen in the field of view of the 
telescope, After some minutes, however, the 
powder collects at the bottom of the cell. 
One now sees two sharp lines, one due to 
refraction in the clear liquid and the other 
due to refraction in the saturated mixt.ure. 
The refractive index of the powder may then 
be determined from the results of measure- 
ments of the refractive indices of liquid and 
mixture for two slightly different concentra- 
tions of the liquid. Christiansen determined 
by this method the refractive indices of a 
specimen of crown glass for the lines C, D, and 
F. His mean results differed from those 
obtained by direct measurement by 1 to 5 
units in the fourth decimal place. 
The above method can only be applied to 
the case of very finely divided powders, for 
with coarser powders homogeneous mixtures 
cannot be satisfactorily obtained. Christian- 
sen measured the refractive properties of 
coarser powders by a different method, which 
is easier to apply, but does not yicld quitc so 
accurate results. The principle of the method 
is as follows. If one mtroduces glass powder 
into a suitable mixture of carbon disulphide 
and benzene, one can observe two colours, 
one of which consists of light which passes 
through without refraction, while the other 
is composed of all the other colours. The 
two colours are therefore complementary, the 
first being monochromatic and the second 
heterochromatic. Christiansen in his ex}X'ri- 
ments made use of two sensitive tints corre- 
sponding to monochromatic light of wave- 
lengths 530 and 4ÛO f.J.f.J.; the heterochromatic 
colours w('rc reddish-violet and dirty y('llow 
r('spectivcly. Thc concentration of the carbon 
disulphide and benzenc mixture is gradually 
altered until the first sensitive tint is observe(L 
The rpfractive indices of the liquicl and th(' 
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!!lass are then the sa,me for the wave-length 
530 P-/l. The indices of the liquid for the 
lines C, D, and F are determined in the 
ordinary way, and the index for the WRve- 
length 530 P-.u is obtained by interpolation 
or 
'ith the aid of Cauchy's dispersion formula. 
The process is then repeated for the second 
sensitive tint. In this way the refractive 
indices of the glass for the wa\Te-lengths 530 
and 4-60 P-P- are determined. A specimen of 
flint glass was experimented with, and the 
values of the indices obtained by this method 
for the critical wave-lengths differed from 
those derived by direct measurement by 8 
units and 1 unit in the fourth decimal place 
respectively. 

 (3) CHAL)IERS' ::\IETHOD.-Chahners 1 em- 
ployed a method of measuring the refractive 
indices of a lens, which consisted in immersing 
the lens in a liquid of approximately the same 
index and determining its focal length. If P-l 
is the index of the lens and P-o that of the 
liquid, the focal length F is given by 
F = (P-I - P-o)(R 1 - R 2 ). 
where R1' R 2 are the curvatures of the 
surfaces, considered positive when convex 
to the incident light, provided that the 
thickness of the lpns is small in comparison 
with the radii õf curvature. It is then only 
necessary to determine the values of F, Rl' 
and R 2 to the degree of accuracy that is 
required for the value of P-l - P-O' A series of 
stahle transparent liquids of suitable refract- 
i,-e index is used; for example, cedar oil 
(p-D=I'517 approximately) and oil of cloves 
(P-D= 1.530 approximately) are useful for the 
measurement of the indices of crow'll lenses. 
An average accuracy of about 5 units in the 
fourth decimal place was obtained with the 
method. 

 (4) 
L-\.RTI
'S ::\IETHOD. - The principle of 
this method 2 is to immerse the specimen in a 
suitable liquid, such as carbon disulphide or 
mercury potassium iodide, contained in a 
prismatic cell resting on the prism table of a 
spectrometer, and to adjust the concentration 
of the liquid until the spectrum line, for 
which the refractive index of the specimen 
is to be measured, is seen in sharp focus. 
The angle of minimum deviation for the line 
in question is then determined and the 
refractive index calculated in the usual way. 
The diluent employed is alcohol, and the 
liquid in the cell is kept homogeneous by 
mechanical stirring. An average accuracy of 
about 1.4 in the fourth decimal place was 
obtained by this method, 
Ieasurements were 
made on the C, D, and F lines of the spectrum, 
hut the author states that when using mercury 
potassium iodide as the immersion liquid it 
1 S. D. Chalmers, Proc. Opt. COrluntion, 1905, 
1>. HIS. 
a I., C. ::\Iartin, Opt. Soc. Trans., 1916, xvii. 76. 


was not easy to determine the values for the 
F line. 

 (5) CHESHIRE'S METHOD, - An accurate 
method of immersion refractometry has been 
described by R. ,Yo Cheshire. 3 It is based 
on the shadow method introduced by 
Fouca ult 4 for figuring surfaces. The image 
of a vertical straight edge, backed by a source 
of monochroillatic light, is projected by a 
telescope objective into the plane of a second 
8traight edge, which is so arranged as to 
cover about half the full aperture of the 
objective of an obsenYing telescope. A 
rectangular cell containing the gla
s specin1en 
immersed in a suitable liquid (mercury 
potassium iodide was employed) is placed 
near the first objective on the side away from 
the source of light. The strength of the liquid 
is varied until, on traversing the second 
straight edge across the objecti\ye of the 
observing telescope, which is focussed on the 
glass specin1en, the whole field darkens 
simultaneously and uniformly. This only 
happens when the refractive indices of the 
glass and the liquid are the same. The 
index of the liquid is measured directly, the 
cell being cemented to the block of a Pulfrich 
refractometer. An a\yerage of 2 units in the 
fifth decimal place was obtained by this 
method in measurements on the sodium D 
line. It was found difficult to obtain accurate 
values of the indices for the hydrogen C and 
F lines o"ing to want of sufficient brightness. 
One great disadvantage in most of the 
methods so far described is the necessity for 
accurately adjusting the strength of the 
liquid so as to obtain equality of index for 
any given standard wa\-e-length. On ap- 
proaching the balance point it is frequently 
found that, after adding a drop of the con- 
centrated liquid or of the diluting medium, 
in order, as the case may be, to increase or 
decrease the density of the mixture, the 
point of equality "'has been o\yerreached. 
Even when one goes to the trouble of prepar- 
ing for each wave-length two mixtures, one 
slightly denser and the other slightly less 
dense than the mixture of required refractive 
index, a considerable time is spent before the 
correct amounts of these mixtures ha \-e been 
added. Then again, even if the correct 
density of the immersion liquid has been 
attained, it may alter appreciably, due to 
evaporation at the surface, during the time 
occupied in making the necessary measure- 
ments of the refracth-e index. Such diffi- 
culties are overcome in the two following 
methods, descriptions of which ha\Te recently 
been published. 
:II R. "-. Cllf'shire, Phil. JIng.. 1916, 
xxii. 409. . 
f. L. Foucault .A lHl. de I'ObseT1'nfotre de Pnru
, 
1859 y. 19ï' Re
lleil des tTal'nUX sciel/fif., Paris, 18i8. 
232;' see a;ticle on "Objectiyes, The Testing of 
Compound. .. 
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 (6) F \BRY'S 
IETHoD.-This method 1 ùe- 
pends on the measurenwnt of sUlall differences 
of refracti\Te index by comparison with the 
indl'x of a rcference prism. The immersion 
li1Uid is contained in a cell with approximately 
parallel sides, and t he reference prism and the 
specimen whose index is required are simul- 
taneously placed in the liquid. A certain 
number of standard reference prisms i
 
required (Fabry uses five), and in each case 
that one is chosen who
f' index is nearest to 
that of the specimen under examination. 
The inde"'\: of the liquid is then determined 
bv means of the deviation which the prism 
p
oduces relåtivcly to the ray which traverses 
the cell without passing through the prism. 
Fabry employs carbon disulphide as the 
immersion liquid. The cell is placed between 
a collimator and a telescope mounted on a 
di\Tided circle, which reads to about one 
second. The faces of the cell are set normal 
to the collimator beam, and the reference prism, 
whose refracting angle is 90 0 , is placed in the 
cell with its faces equally inclined to the 
incident beam. The observing telescope is 
provided with an objective of 40 Clll. focal 
length and an adjustable eyepiece with 
millimetre graduations. The collimator slit 
is illuminated by means of a source of light 
giving a line spectrum. Now if A be the 
angle and 11, the refractive index (corresponding 
to the wave-length of one of the lines) of the 
reference prism, and N the index of the liquid, 
the angle of deviation D due to the prism is 
given by 
D = 2( n - N) tan Aj2, ( 1) 
if the difference between nand N is small. 
Thus, if A=90 0 , 
N =n - Dj2. (2) 
an equation which gives N in terms of the 
known refractive index n and the deviation 
D, which is measureù on the circle, If D is 
greater than 1 0 it is advisable to use a more 
accurate formula, such as 
N =n-l sin D+ 8 1 sin2 D+ 4 1 2 sin 3 D 
n n 
Vj ." D 
+ i
8 n3 sm +..., (3) 
of which the third term is very nearly quite 
negligible. It gives correct values, where 
A=9ü o , up to values of D of about 15 0 . 
The method of obtaining the refracti ve 
indices of a specimen in the form of a lens is 
as follows: The strength of the liquid is 
roughly adjusted so that its index is very 
llf>arly equal to that of the lens for a given 
radiation. The position of the t('lescope 
draw-tube, for which the line in question is 
sharply focussed, is determined when the 
reference prism alone is immersed in the 
1 C. Fabry, Journ. de Physique, 1919, },.i. 11. 


liq uid. The lens is then immersed in the path 
of the beam of light, and the position of the 
draw-tube is altered by an amount x so as to 
nring the line into sharp focus again. At the 
same time the deviation D is measured. The 
composition of the liquid is then slightly 
altered and new values of x and Dare measureù, 
Having obtained two or three pairs of values, 
including positive and nega'tive values of x, 
a curve is drawn with x and D as co-ordinates, 
From this curve, which is practically a straight 
line, the value of D which corresponds to 
x=O-that is, to equality of index of lens and 
liquid-can be deduced, The index of the 
lens can then be obtained from the formula (3), 
Fabry finds that the error of focussing the 
telescope is of the order of ::!:: 1 nUll. and 
theoretically deduces the fact that, in order 
to obtain for refractive indices an accuracy 
of one in the fifth decinial place, the difference 
in thickness of the centre and of the edge of 
the effective portion of the lens must at least 
reach the value 6000^. Thus a difference in 
thickness of 4 mm. is sufficient to ensure this 
accuracy throughout the spectrum, 
The method as applied to a specimen in the 
form of a prism is somewhat similar. The 
prism is immersed in such a way that its edge 
is perpendicular to the edge of the reference 
prism. A wire is stretched across the col- 
limator slit, its image appearing as a black 
point. The vertical deviation d of this image 
is measured by means of a micrometer eye- 
piece, the motion of which is parallel to the 
length of the slit, and at the same time the 
horizontal deviation D caused by the refer- 
ence prism is determined. The simultaneous 
measurements of D and d are made for two or 
three different strengths of the immersion 
liquid, and a curve is drawn through the points 
corresponding to the values obtained. From 
this curve, which is practically a straight line, 
the value of D which corresponds to d=O 
may be obtained, and then the index of the 
specimen can be deduced, as in the former 
case, from formula (3). Fabry found that the 
method gave results correct to 1 or 2 units 
in the fifth decimal place in the case of a 
specimen of quartz, the angle between adjacent 
faces of which was 120 0 . He does not indicate 
for what wave-length the measurement was 
made. 
The method can also he applied to the case 
of irregular fragments with curved faces (such 
as rods of glass or beads of borax fused to 
platinum wire) and transparent substances 
in the form of powders with coarse grains, 
The method is in many respects a grea t 
improvement on those that have already bepn 
describpd, but it is doubtful whether the degree 
of accuracy claimed, namely one unit in the 
fifth decimal plare of refractive index, will be 
attained in general practice. 
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 (7) A
D:ERso
'S 
IETHoD.-In this case 1 
the use of auxiliary prisms of known refract- 
ive index is nut required. The salient point 
of the method consists in the substitution 
of a variation of wave-length for a variation 
of the strength of the immersion liquid. The 
apparatus required consists of a rectangular 
glass cell for holding the immersion liquid, 2 
a Hilger constant deviation spectrometer used 
as a monochromatic illuminator, a Pulfrich 
refractometer for measuring the index of the 
liquid, and suitable observing apparatus for 
d<:Jtermining the wave-lengths for which the 
indices of the liquid and the specimen are 
equal. A number of alternative methods are 
used for finding the balance points; they are 
as follows: 


disbnce between 8 3 and the microscope for 
the introduction of the cell. For convenience 
of observation a reflecting prism R 2 is employed 
to deflect the beam of light in the microscope 
through a right angle. In this way the eye- 
pieces of the refractometer telescope and the 
microscope are brought close together. The 
prism Rl is mounted on a small table attached 
to the refractometer and is rotated out of the 
position shown in the diagram when the wa ve- 
length has been adjusted for equality of index 
of liquid and glass, in order that the refracto- 
meter measurement may be made. 
The method of measuring the refractive 
index of the glass specimen G for, say, the 
hydrogen C line is as "follows: The concen- 
tra tion of the liq uid is first of all roughly 
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JJ1 ethod (i.). - This is 
illustrated in plan in Fig. l. 
The light from a " Pointo- 
lite" tungsten arc P is 
focussed on the first slit 
8 1 of the monochromatic 
illuminator I by means of 
a lens Ll' An image of a 
vertical spider-line stretched 
across the second slit 8 2 of 
the illuminator is formed 
at 8 3 by the lens L 2 , a 
reflecting prism Rl being 0 
used to deflect the beam of 0====0 
light through a right angle. H Ls 
C represents the cell con- 
taining the liquid in which 
the specimen of glass G is 
immersed. The mechanical 
st.irrer used for mixing up 
the liquid in the cell is not shown. Optical 
contact is made between the base plate of the 
cell and the block of the Pulfrich refracto- 
meter by means of a drop of a - monobromo- 
naphthalene, or, in the case of extra dense 
flints, mercury barium iodide. T represents 
the observing telescope, 8c the vertical scale, 
and La the condensing lens of the refracto- 
meter. H is the hydrogen vacuum tube 
which is used as the source of light for the 
measurement of the refractive index of the 
liquid. The telescope T during the experi- 
ment is below the horizontal plane contairung 
the axis of the optical system for measuring 
the balance point of refractive index. A low- 
power microscope 
I is focussed on 8 3 through 
the liquid. A 3-inch objective is used in the 
microscope in order to get sufficient working 
1 J. S. Anderson, Opt. Soc. Trans., 1920, xxi. 195. 
I 
lercury potassmm iodide is used. 
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FIG. lA. 


adjusted until its refracth-e index. for C is 
nearly equal to that of the specimen. This 
can be rapidly done, before the cell is placed 
in position on the refractometer bluck, by 
altering the strength of the liquid until the 
image of an object (preferably illuminated by 
red light) seen through the specimen and the 
liquid very nearly coincides with the image 
seen through the liquid alone. \Vhen the 
cell is in position, the specimen is mounted 
in such a way that it intercepts part of the 
beam of light which passes through the liquid. 
In general, therefore, two images of the spider- 
line will be seen in the microscope; the one 
which is formed by the light which traverses 
the specimen and the liquid will be fairly well 
defined only if the specimen is regular in shape 
(such as a lena or prism). The drum of the 
monochromatic illuminator is now rotated 
until the two images are brought into coin- 
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eidence and the scale reading 8 is noted. in the case of the other wave-lengths cmployed, 
The prism RI is then swung out of position namdy those corresponding to the sodium 
and the sC'ale reading r on the micrometer DI and hydrogen F lines. In the case of the 
drum of the Pulfrich refractometer, eorre- former the refractometer settings are made 
sponding to the refracth-e index of the liquid for the sodium D 2 line, and a correction has 
for Ole C line, is determined. The reading to be made in order to obtain the index for 
8 can be made from a position in the neigh- the DI line, 
bourhood of T and l\I by placing a reflecting 1Jlethod (ii,).-The second method that \\as 
prism and lens combination above the drum adopted for determining the balance points 
of the monochromatic illuminator, the scale is similar to the one just described, but is 
being illuminated by a flash-lamp bulh. somewhat more sensitive. The optical system 
The concentration of the liquid is next employed is shown in Fig. lA. The image 
altered slightly by introducing a drop of liquid 8 3 of the vertical spider-line stretched across 
of somewhat higher or lower refractive index, the second slit 8 2 of the monochromatic 
as the case may be, 
nd the observer waits illuminator is formed by two lenses L 2 and 
until the mixture is made homogeneous by L 4 , one on either side of the cell C, the beam 
stirring. Two images of the spider-line will of light which paSf:;es through the liquid being 
again be seen, and their separation will depend rendered parallel by the lens L 2 . One advan- 
on the effectÎ\Te angle of the edge of the tage of using this system rather than the one 
specimen used and on the difference of index shown in Fig, I is that a higher power micro- 
of the liquid caused by the addition of the scope may be employed, since its working 
drop, In order to get as great a separation distance is not limited by the interposition 
as possible it is therefore advisable to adopt of the cell between 8 3 and the microscope 
C . 0 bjective. A small right- 
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S3 the latter into close 
Q proximity to that of 
Se the _ refractometer tcle- 
T scope T. 
FIG. 2. Both of these methods 
(but especially the latter) 
are very convenient for 
M 0 bserving the balance 
point, particuhuly when the specimen under 
examination is in the form of a lens or 
prism. Attention may again be directed to 
the fact that, in order to obtain the greatest 
accuracy with any given specimen, the 
greatest effective angle of the specimen should 
be utilised, so as to give a maximum deflec- 
tion of the image formed by the light which 
passes through the glass and the liquid. 
Thus, for example, in .the case of a flat lcns 
the specimen should be mounted. edgewise 
in the beam of light, for with such an orienta- 
tion it is practically equivalent to a thin 
prism of large angle. 
A modification of method (ü.), whereby t.he 
beam of light is made to pass twice through 
the specimen, and thus give double the 
deviation, is shown in Fig. 2. The second 
slit 8 2 of the monochromatic illuminator is 
placed at the focus of the lens L 2 , so that a 
parallel beam of light is caused to pass through 
the cell C. This beam is rcfle'cted back by a 
plane mirror A, slightly inclined to the Learn, 
and after again traversing the cell is bronght 
to a focus at 8 3 , a small right-angle prism R 
being inserted so as to deflect the light through 
the above is applied 90 0 . The spider-line' image formed at 8 3 is 


c====oO 
H L 
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such an orientation of the specimen as to 
present a maximum effective angle in the 
path of the beam. The wave-length of the 
light is now altered until the scale readings I 
sand r are determined, the latter corre- 
sponding to the refractive index of the new 
mixture for the C line. The process is repeated 
for two or three different concentrations of 
the liquid, its refractive index being varied 
by small steps. 
The pairs of values of sand r thus obtained 
are now plotted and a curve is drawn through 
the points. From this curve the value of r, 
which corresponds to the scale reading s for 
the wave-length of the hydrogen C line, is 
determined; this value of r then gives the 
angular rpading on the refractometer which 
would have been obtained if a mixture with 
the same refractive index as the specimen for 
the C line had been made up. The reason for 
plotting values of sand r, and not the values 
of the wave-lengths and the refractive indices, 
is that the curve thus obtained is a straight 
line, provided that the scale of the mono- 
chromatic illuminator is an evenly divided 
one. On this account only a few sets of 
readings are necessary for each determina- 
tion of refractive index. 
A similar process to 
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then observed by means of a microscope )1. 
The mirror A mav be mounted on a table 
which can be swuy{g out of position when the 
refractometer measurements are being made, 
or it may be fixed in such a way that the beam 
of light from the hydrogen tube H passes 
underneath it. By placing the mirror at a 
small angle to the beam, the reflected light is 
brought to a focus at the side of the slit 8 2 , 
thus invoh ing less loss of light than if a half- 
sih-ered mirror were used instead of the 
prism R, and, further, the images formed 
by light reflected from the walls of the cell 
do not disturb the main image "hich is to be 
observed. 
JJI ethod (iii. ).-Another method, which is 
convenient to employ in the case of lenses and 
prisms, the edges of "hich form fairly large 
effecth-e angles, is illustrated in Fig. 3. A 
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intersect corresponds then to the wave-length 
for which the refractive indices of the liquid 
and the specimen are equal. This method is 
a very pleasant one to work with, but it does 
not give such accurate results as the previous 
ones, unless the angle of the specimen is fairly 
large. 'Vith specimens of small angle it is 
sometimes rather difficult to determine the 
point C with accuracy, as the region round C 
is filled "ith sysrems of fringes. 
J1ethod (iv.).-Another method of observing 
the balance point is similar to the one employed 
by R. 'V. Cheshire, and is especially convenient 
in the case where the specimen to be examined 
is in the form of an irregular fragment. The 
general arrangement of apparatus is the same 
as that shown in Fig. lA, except that, instead 
of using a fine ,ertical spider-line across the 
second slit of the monochromatic illuminator, 
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piece of ground glass Gr is illuminated by a 
.. Poin tolite" tungsten arc P, and a very fine 
"ire or spider-line 'V is mounred horizontally 
on the other side of the ground glass. An 
image of this wire is formed across the slit 
of a spectrometer Sp, by means of two lenses 
L 2 and L 4 , the wire being at the focus of the 
former. The cell C is mounted in the path of 
the parallel beam of light between L 2 and L 4 , 
the general arrangement of apparatus being 
much the same as in the previous method 
The specimen is mounted in such a way that 
its edge intercepts the upper half of the beam 
of light which passes through the liquid in 
the cell, Before the specimen is immersed 
in t,be liquid one sees in the spectrometer a 
spectrum tra\-ersed horizontally by a fine 
dark line AA. (Fig. 3A), corresponding to the 
point on the slit where the image of the wire 
\V falls. If, now, the specimen is placed in 
position, another dark line BB will be obser,ed. 
This line, which is straiO'ht if the specimen 
. 0 
IS a prism and approximately straight if it 
is a lens, makes an angle "ïth the line AA 
depending on the effecth-e angle of the speci- 
men. The point C where these two lines 


the slit is narrowed anù a fine 
wire or spider-line is made to 
coincide at Sa with the image 
of the slit formed by the light 
which tra\-erses the immersion 
liquid alone. No observing microscope is 
required; on placing one's .eye behind 
the wire at Sa no light reaches it unless 
the refractive indices of the liquid and the 
specimen are different. The method of obser- 
vation is, therefore, to alter the wa\ye-length 
of the light until the specimen suddenly dis- 
appears in the field of view. This modification 
of the shadow method does not, of course, give 
such accurate results as Cheshire's method, but 
it has the advantage of greater compactness 
and, in combination with the rest of the process, 
of greater available intensity. 
]1 ethod (v. ).-One of the most accurate 
methods of observing the balance point is to 
make use of an interferometer system. 1 For 
the sake of simplicity this may be built up 


1 The problem has recent Iv been dealt \\ith by 
C. Barns, The Interferometry "of Rel'ersed and 1\ton- 
rel'ersed Spectra, Part II., Carnegie Institution of 
Washington Publication, 191ï, cCÀlix. 95, 
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on thc plan of the Rayleigh interference rc- 
fractometer. I Preliminary experiments carried 
out some ye
rs ago with a 
Iichelson inter- 
fcrometcr system showed that very accurate 
determinations of thc equality of refractive 
index could be obtaincd. The method, how- 
ever, necessItates the employment of an 
optically accurate, parallel-sided cell, and the 
systcm must be mount-cd in such a way that 
it is free from vibration. For most purposes, 
therefore, the increased sensitivity does not 
compensate for the more rigorous conditions 
required. The method would, however, be 
e)...tremely useful for dctccting and measuring 
small variations of refractive index in speci- 
mens of irregular sha pc. 
In experiments with prisms having angles 
of about 12.5 0 the results obtained by using 
method (ii.) were found to give for the C, Dl' 
and F lines a mean error of about 5 units in 
the fifth decimal place, though this error may 
be somewhat reduced by modifications of the 
optical systems employed. 
In conclusion, it is interesting to note that 
the principle of immersion refractometry is 
used in mineralogy for determining the refract- 
i ve indices of mineral fragmen ts. 2 J. S. A. 


INDIRECT LIGHTING. See" Photomet.ry and 
III umina tion," 
 (71). 
INDOOR LIGHTING. See "Photometry and 
Illumination," 
 (71). 
I:NDUCTIO
 COIL: an open-core, high-tension 
static transformer with independent inter- 
rupt.er. Ree" Radiology," 
 (Hi). 
INFRA-RED, wave-length measurements in the. 
See" "rave-lengths, The 
leasurement of," 

 (7). 


INFRA-RED TRANS
nSSION AND RE- 
FRACTION DATA O
 STAXDARD 
LEXS A
D PRIS:\I )lATERIAL3 



 (1) I
TRODUCTIO
,4-This paper gives exact 
data on the spectral transparency and, in 
particular, the refractivity of materials which 
are useful for prisms and lenses for spectro- 
radiometers. 
The data on refractive indices were taken 
from smooth curvps drawn through values 
\vhich \\ ere collected from various sources 
and reduced to a common temperature. 
It is important, e
pecially in work of the 
highest precision (such as, for example, the 
determination of the constant of spectral 
I J,ord Rayleigh, Phil. ]1((0.. 1917. xxxiii. 161. 
I II. A. Mi('rs, Jlineraloy!/, If102, 259, 260: F. E. 
Wright, Journ. Jra,
h11lgton Acad. of Sr., lfl14, iv. 
3R!); E. S. Larsen, U.S. Geol. Surl'e!/, llull{'tin 679, 
1021. 
a With special reference to Infra-r('ù Spe<'Íro- 
rallionH'trv. 
t Jt{'ferèn('('s are givpn in a classified bibliography 
at the end of thi:i paper. 


radiation), to use the most prf'ciHe instruments 
and optical data a vailable. It is therefore 
relevant to discuss very briefly some recent 
designs of optical instruments suitable for 
spectroradiometry. 
The pioneering investigation of the infra-red 
refractive indices of a substance dates back 
to 1886 when Langley determined the disper- 
sion of rock salt to about 3J.L. In these Jeter- 
minations a spectrometer having an image- 
forming mirror of long focal length was used. 
In su bseq uent determinations of the refractÍ\Te 
indices of rock salt and of fluorite, the image- 
forming mirror of the spectrometer used by 
Langley had a focal length of 4 to 4.7 metres. 
The apparatus was in a large enclosure which 
could be maintained at a constant temperature. 
Langley (19) was therefore justified in calling 
attention to the very high precision attainable, 
"owing, if to no other reason, to the far 
greater size of the apparatus employed, 
where size is a most important element of 
accuracy." Other experimenters (20, 23, 
24), using his methods but having spectro- 
meter mirrors of only about one-twelfth the 
focal length, have attempted to produce 
similar data which, unfortunately, have been 
given the widest recognition in tables of 
physical constants. These published results, 
especially the older ones, ba ve been very 
confusing to the writer who, for some years, 
has been confronted with the task of obtaining 
reliable refractive indices. 
The recent measurements on rock salt (2ü) 
and on fluorite (28) by Paschen, when corrected 
for temperature (33, 34), are in agreement 
with Langley's (19) measurements, The 
numerical values, given in the present paper, 
have been adopted after a careful study of 
all the data available. 

 (2) THE SPECTRORADIOlVIETER. - For 
measuring thermal radiation intensities in the 
ultra-violet part of the spectrum one may 
use a spectrometer having achromatic lenses 
of quartz-fluorite. However, the scarcity of 
clear fluorite for large - sized lenses makes 
such apparatus very expensive. 
Pflüger (1) used simple lenses of fluorite 
4 em. in diameter (32 cm. focal length) and a 
fluorite prism. An inexpensive spectroradio- 
meter of high light-gathering power was made 
by Coblentz (2) by using simple plano-conve)... 
lenses (6 em. in diameter and 20 em. focal 
length) and a prism of quartz. Pfund (5) 
has described similar apparatus in which the 
radiometer is kept in focus automatically in 
different parts of the spectrum. 
The apparatus may be designed also as an 
illuminator for separating the visible from the 
ultra-violet of, for example, the sun or a 
quartz mercury vapour lamp (4). 
For spectroradiomf'tric measuremf'nts in thf' 
visible spectrum anù the illfr
red tu about 
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U.S.u. we can use a spectrometer with 'isually 
achromatised lenses of glass. Here, also, it is 
ùe.sirable to use apparatus ha"\"ing a high 
light-gathering power, such as one obtains 
with lenses '6 em. in diameter and 20 em. 
focal length (2, 3, 4). 
A common property of all metals is a low 
reflectivity in the ultra - violet and in the 
violet-blue part of the visible spectrum (1.3, 
16, 17). Furthermore, the spectral reflect- 
ivity in the short wave - length is greatly 
reduced on tarnishing of the metal. Hence 
conca ve mirrors of metals have never been 
used extensively for spectroradiometric 
measurements in the visible and in the ultra- 
violet spectrum. 
Because of the lack of achromatism (and 
the opacity of the material) lenses of glass, 
quartz, fluorite, etc., achromatised for the 
visible spectrum, have not been used exten- 
sively in infra-red spectroradiometric work. 


by Paschen (29), and hy Coblentz (39), who 
gives also the numerical factors for eliminating 
the absorption in a wedge of quartz. 
It is beyond the scope of this paper to 
discuss the construction and operation of the 
instruments (bolometers, thermopiles, etc.) 
used for measuring the thermal radiation 
intensitiE!s. References are given in the 
appended Bibliography (10) on "Radiometers." 

 (3) SPECTROMETER CALIBRATlox.-In most 
spectroradiometric work it is necessary to know 
the waye-Iengths at which the thermal radia- 
tion intensities are measured. In the visible 
spectrum it is an easy matter to note the 
spectrometer settings for the emission lines 
of some source (e.g. the mercury arc or 
helium gas in a Plücker tube), the wave- 
lengths of whose emission lines are known. 
Similarly in the ultra - violet the emission 
lines of mercury, cadmium, zinc, etc., may be 
noted with a fluorescent canary glass screen, 
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Lehmann (46) has described an infra-red 
spectrograph achromatised for "l\ = 0.589p. and 
>.. = 1.529p.. 
A concave mirror is achromatic (also 
astigmatic) and hence spectrometers "ith 
collimating and image - forming mirrors, 
instead of lenses, have been used almost 
e
clusively for infra-red spectral radiation 
intensity measurements. In the infra-red 
spectrum beyond 2p. most of the metals 
have a very hif!:h reflecting power (90 to 
98 per cent), and concave metal mirrors, or 
metal-on-glass mirrors are, therefore, especially 
useful for infra-red investigations. 
Recent designs of spectrometers ha'ring 
collimating and imaf!:e - forming mirrors are 
described in papers by Coblentz (6) and by 
Gorton (9). Vacuum spectrometers have 
been described and used by Trowbridge (7) 
and by )IcCauley (R). 
In order to obtain the spectral energy 
distribution of an incandescent substance it 
is necessary to correct the observations for 
absorntinn .of radiation bv the mirrors and bv 
the p
ism. The pro!)er formula for eliminat- 
ing the absorption in a wedge is given 


or radiometrically with a thermopile (l) or 
bolometer. 
The spectrometer circle may be calibrated 
for wave-lengths in the infra-red spectrum to 
Ip. bv noting the emission lines (12) of sodium 
and potassium in a carbon arc; also the emis- 
sion lines of a quartz mercury vapour lamp 
and helium in a vacuum tube, 
Beyond 2p., where the emission lines are 
usually weak (except the strong emission 
band of carbon dioxide at 4.4p. in the bunsen 
flame) one can calibrate the prism by noting 
sharp absorption bands (13, 14) such as, 
for example, the bands d sylvite, K('1, 
illustrated in Fig, 1. 
For work requiring great accuracy the 
proper method of calibration is by calculating 
the minimum de"\iation settings for different 
wa ye-Iengths, using the refractiye indices and 
the angle of the prism. For thi:;: purpose the 
vellow sodium lines, or, better, the veIlow 
belium line, 
 = 0.j87 jp., i'3 used as a reference 
point on the spectrometer circle. The mini- 
mum deviation settings for the various infra- 
red 'Wave-lengths are computed from the 
corresponding refractive indices, and refprred 
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to the yellow helium line as a ba
is. After 
this the
 bolometer or thermopile is adjusted 
upon the yellow heliulll line, then on rotating 
the spectrometer through a certain angle, 
say 2:>, the corresponding wave-length is, 
say, 6,u, while a rotation of 4 0 places the 
bolometer at about 8'7,u in the spectrum of a 
60 0 fluorite prism ((6), p. 49). . 
Elimination of Scattered Radiation in Spec- 
tral Energy JI easurements.-In the design of 
optical instruments there are opportunities 
for great improvement in this respect. Take, 
for example, the image-forming telescope of 
a spectrometpr. The telescope tube should 
be large and suitably diaphragmed so that 
when the violet end of the spectrum is incident 
upon the radiometer recei\rer the infra - red 
end of the spectrum cannot be reflected from 
the side of the tube and impinge upon the 
receiver. Furthermore, the bevelled edge
 of 
the exit slits of the spectrometer should face 
outw:1rds (18) instead of facing the image- 
forming lens, as obtains in commercial instru- 
ments. 
By using suitably constructed optical in- 
struments the scattered radiation is practically 
eliminated. \rhat JittIe remains may be 
obviated by using, before the entrance slit of 
the spectrometer, a shutter (22, 5, 18), which 
is opaque to the region of the spectrum under 
investigation, but which transmits the scattered 
radiations. In this manner the scattered 
radiations are incident upon the radiometer 
all the time and, hence, do not affect the 
energy measurements. Using a spectrometer 
which is provided with slits and diaphragms, 
as just mentioned, it has been found (4) 
that the scattered radiation was immeasur- 
able in comparison with the intensities under 
investigation. 

 (4) OPTlf'AL CO:NSTA:NTS OF GLAss.-In the 
ultra - violet end of the spectrum ordinary 
crown glass is transparent to about 0.3,u, 
while the flint-silicate glasses absorb strongly 
throughout the blue and violet end of the 
spectrum. 
In the infra-red spectrum all glasses (38, 
40) begin to absorb at about 2,u, and for a 
thickness of 1 em. they are practically opaque 
to radiations of wave-length greater than 3,u. 
Glasses containing traces of iron impurities 
have an absorption band at l,u. 
The refractive indices of various glasses 
have been determined by Ruhens (20). He 
determined the refractive indices also of water, 
xylol, benzol, etc. However, in view of the 
fact that the refractive indices depend upon 
the com pmÜtion of the glass, no rpfraction 
data are given in this paper. Practically no 
infra-red work is being done with glass prisms. 

 (5) OPTICAL rONSTANTS OF CARBON DISUL- 
PHIDE.-Carbon disulphide is quite transparent 
in the infra-red. In the region to 3,u Rubens (20) 


found an a hsorption of oIll
' .') to 7 per cent" for 
a 1 em. thickness. Beyond 4,u there are a 
number of very large absorption bands (36). 
As illustrated in F 19. 3, carbon disulphide 
has a very much larger dispersion than quartz, 
etc., in the region of 0-5 to 2,u, and hence is 
especially adapted for certain fields of spectro- 
radiometry. 
The infra-red refractive indices of carbon 
disulphide were determined by Rubens (20). 
Those in the visible and in the ultra-violet 
were determined by Flatow (32). Rubens's 
values of the infra-red refractive indices are 
given in Table 1. 


TABLE I 
INDICES OF REFRACTION OF CARBON DISULPHIDE 
IN AIR AT 15 0 C. (RUBENS) 


Wave-lengths. Refractive Log n. 
I-l=O'OOl nun. Index, n. 
0.434u. 1.6784 .2248955 
0.485 I.ß550 .2187!Jl'IO 
0.590 1 'ü307 '2123741 
0.656 1.(
217 ,2099705 
0.777 Hj} 04 ,2Oß9;J38 
0.823 1.()077 .2Oß2050 
0.873 1.60-19 .2054480 I 
0.931 l'ü025 .2047fJ80 
0.999 1.6000 .2041200 
1.073 1.5978 ,20;3522,1 
1.1G4 1.59ÜO .2030329 
1.270 1.5940 .2024883 
1.396 1.5923 .2020249 
1.552 1.5905 .2015337 
1-745 1.5888 .2010692 I 
1.998,u 1.5872 .2006317 



 (6) OPTICAL CONSTA:NTS OF QUARTZ.- 
Quartz is one of the most useful materials for 
prisms. It is extremely transparent to ultra- 
violet radiat.ions. Pflüger (41) found a trans- 
mission of 94 per cent at 0.222,u and 67 per 
cent at 0'186,u, for a sample of crystalline 
quartz 1 ('m. in thickness. Some samples of 
amorphous quartz have been found to be 
more opaque than f'rystalline quartz; but 
this may be the result of contamination in 
melting. 
The infra-red transmission of quartz has 
been determined bv various observers. A 
characteristic absorption band occurs at about 
2.95,u. A sample 1 em. in thickness is prac- 
tically opaque (3R) to radiations of wave- 
length greater than 4,u (see Fig. ]). 
The absorption, reflection, and dispersion 
constants of quartz are given in a paper hy 
Coblentz (39), who determinC'd the trans- 
mission of sam pIes 3 em. in thickness. The 
paper gives al
o factors for eliminating the 
absorption in a q uaItz prism. 
In the short wave -lengths the rpfractive 
indices of quartz have been determined by 
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Martens (31). In the infra-red there are 
important determinations by Rubens (21, 23), 
Carvallo (35), and Paschen (27). Carvallo's 
data extend to 2.2,u, and in the region of 1.43 
to 1.8,u they are slightly lower (by several 
units in the 5th decimal place) than three 
determinations made by Paschen. In this 
region of the spectrum the data must there- 
fore be considered uncertain with the doubt 
in favour of Carvallo's data. This uncertainty 
affects 'Varburg's (43) determination of the 
spectral radiation constant by perhaps 0-2 to 
0.4 per cent. 
The refractive indices (ordinary ray) of 
quartz at 18 0 C. are given in Table II. They 
are taken from a graph of sufficient size to 
permit reading the data to I or 2 units in the 
tifth decimal place. In many cases the values 
agree exactly with CanTallo's measurements. 
Paschen's data may be recognised by the fact 
thj,t his wave-lengths are given to the fifth 
decimal place. 

 (7) OPTICAL CONSTANTS OF FLUORITE.- 
Fluorite is very transparent to radiations of 
wa,-e-Iengths extending from 0'2,u to 10,u (see 
Fig, 1). PflÜger (41) found a transmission of 
8ü per cent at 0 23,u and 70 per cent at 0.18û,u. 
for a sample 1 em. in thickness. Lyman (42) 
examined fluorites from various sources, and 
of various colours, and found that they are 
opaque to radiation of wave-lengths less than 
about 0'12,l.t. Coblentz (38) examined green 
fluorites ,,,ith a view of determining their 
suitability for prisms. He found numerous 
s11arp absorption bands, in the infra - red, 
which would render such material unsuitable 
for prisms. 
The refractive inùicea of fluorite have been 
determined by various observers (21, 23), 
and repeatedly by Paschen (23, 24, 25, 28). 
Applying temperature coefficients of refrac- 
tion (33, 34), it is found that Paschen's 
determinations, especially the latest ones (28), 
which were obtained "ith an improved spectro- 
meter, coincide "ith the dispersion curve of 
fluorite determined, to 3.5,u, by Langley (19). 
Beyond 4,u the dispersion of tluorite is much 
larger than at 1.5 to 2,l.t, and there is better 
agreement among the various determinations 
of the refractive indices. Furthermore, slight 
deviations have less effect upon spectral radia- 
tion measurements. 
In Table III. the refractive indices of fluorite 
to 3"
1k are taken from the smooth curve 
publiRhed by Langley (19). In many eases 
Paschen's original wave-lengths are retained. 
As already mentioned, the corresponding re- 
fractive indices, when corrected for tempera- 
ture of the prism, fall exactly upon Langley's 
curve of refractive indices. 
Beyond 3-3,u the refractive indices are taken 
from the smooth curye (extended from 3,u) 
through the various determinations of Paschen 


TABLE II 


INDICES OF REFRACTIO::-I OF Qo ART7. IN AIR 
AT 18 0 C. (CAm-ALLo, PASCHEN) 


Wave-length:;. 
p. =0,001 mm. 


0-54609,u 
0.58758 
0.5893
 
0.61577 
0.G6784 
0.6731 
O.G950 
O.70G54 
0.72817 
0.7711 
0.8007 
O.83:!5 
0.84!G7 
O.8ß71 
0.
047 
0-941)0 
0.9914 
1-01406 
1.0417 
1.08304 
1.0973 
}.12882 
1.1392 
1.178fì-i 
1-2288 
}.3070 
1.3195 
1.3683 
] .3958 
1.4219 
1.47330 
1.4792 
1-4972 
1.52961 
1.5414 
1.6087 
1.6146 
1.6815 
1.7487 
1.76796 
1.8487 
1.94,")7 
2.0531 
:! .OC2G2 
2.1719 
2.35728 
2.3840 
2.4810 
2-575 
2.65194 
2-79Ç127 
3'09393,u 


Ucfractive 
Index, n. 


1.54GJ7 
1.54430 
1 .54424 
1-54323 
1.54154- 
1.54139 
1.54078 
1.54048 
1-53995 
1.53895 
1.53834- 
1.53773 
1.53752 
1.53712 
1.53.:;49 
I -53583 
1.53514 
1.5348H 
1.53442 
1.53390 
1-53366 
1-53328 
1-53283 
1.53263 
1-53192 
1.53mO 
1.53076 
1.53011 
1.52977 
1'52Ç142 
}'52879 
}.52865 
1.52843 
] .52800 
1.52782 
1-52687 
1.52G80 
1.52585 
1.52486 
1-52462 
1-52335 
1.52184 
1.52005 
1.51991 
1.5179P 
1.51-149 
1.51400 
1.5] 200 
] -5IlOO 
] .30824 
1.50474 
] .49703 


Log n. 


.]892573 
.1887317 
.1887148 
.1884306 
.1879548 
.1879126 
.]877407 
.1876561 
. 1875OG6 
.187224;) 
.1870523 
.1868801 
.1868208 
. 18G7078 
'1l'íô5298 
.18G
43
 
. 18G14S0 
.1860405 
.1859443 
.]837970 
.1857291 
.185G214 
.1854940 
.1854373 
.1852361 
. 18494G8 
. ]S49071 
-1847226 
-IS461G2 
-1845268 
.1843478 
.IS43081 
.1842427 
.1841234 
-1840722 
.J837921 
. 1837822 
. ]835118 
.1832300 
.1831liW 
.1827997 
. ] H23liÇlO 
.1818379 
.1818178 
.1812689 
. 18026G4 
.1801259 
.1795518 
. 1792G45 
.1784704 
.1774614 
.1752305 


(25) and Rubens (20). All these data are 
reduced to 20 0 C. 
Lang]ey's data are referred to the" A line," 
^ = 0-7û04,u. The most convenient reference 
point for adjusting a spectroradiometer in the 
spectrum is the yellow helium line.^ = 0-.387.38,u. 
Until recently, when Paschen (28) determined 
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TUlLE III 
I
DICE.i OF REFRACTIO
 OF !"LUORlTE I"i Am AT 
:W o C. (LA
mLEY, P.\SCHEN, RUBENS) 


I Refr.\ctive I Log tl, 
I Wave.length. Index, n. 
O.48GI5uHß 1.43704 ,1574695 
0.38758 He 1.43:
88 .15G51
0 
I 0.58!}3
 !\ja 1.43384 .15(;4995 
(H35G30 H.J. 1.43
49 '15G09lG 
0'ô8ô71 1'43:?00 . 15G9430 
I 0'7
818 He ] .43143 . 15Cï601 
I 
I 0.7()!).,3 K 1.43093 . ]5ôô184 
0.88400 1.4-
980 .1552753 
1.0140 Her 1'4
884 . ] 549835 
0 
1.08304 He 1.4:?843 .1548389 
1 .1000 1.4
834 .15483W 
1.1781) 1.4
789 . ] 54ô948 
1.
50 1.4
ï52 .154.)82
 
I 37.,(j 1.42689 . 154390fi 
1.473:J ] '4
G42 .1542474 
1.5715 1,4
3
IG .1541073 
1.6,")0 ] .42558 .15399W 
1.7f:80 1..12502 .15:J821O 
1.84-00 1.424G8 .1537173 
1.8GSS He 1.1
454 . 153ô7 4 7 
1.900 1.42439 . 153G27 4 
1.9133 1.42431 . 153ô046 
1.9G44 ].42407 .15353]3 
2.0382 He 1'4
3GO .1533880 
2.OG
ô 1.42357 .15:
3789 
2.lü08 1.42300 '153:?
:
2 
2.250 1.42238 ' ] 5307 GG 
2.3573 1.42198 '15
8H36 
2.450 1.42143 .1527255 
2.5537 1.42080 . ] 525329 
2.ß:") 19 1'4
018 . 152:HôO 
2.700 1.41988 ']522517 
2.750 1.4195f) .1521538 
2.800 1.4192:J .1520528 
2.850 1.41890 .1519;")18 
2 .
-tôtj l'4l8
3 .1517467 
3.0500 1.41750 .1515231 
3.0980 1.41714 .1514128 
3.2,113 1-4lGlO ,1510939 
3.4000 1.41487 ,1507134 
3.53,,9 1.4137ô .1503788 
I 3,8306 1.4lL 19 ,1495855 
4.000 1.409G3 .1491051 
4'1
52 1.40837 .1487476 
4.2500 1.40722 .1483620 
4.4000 1.40568 .1478864 
4.1)000 1.40357 .1472341 
4.7l-t-f> 1.40233 . 14G8502 
4.8000 1.40130 . 1465311 
f).OOt} I ';J990S . 14,lj8426 
5,3036 1.39522 . 144ß427 
5.8f132 1.38712 .1421141 
f).48:?,:; 1.37824 . ]393312 
7 'OJ 18 I .3ß80.3 .1361020 
7.6tH2 1.3;")G75 .1324998 
8.2505 1.34440 . ] 285290 
8.8398 1.3:J075 . 12409G5 
9.4291,u ].31605 .1192724 


the refractive index of this line, there has heen 
some uncertainty in infra-red spC'ctral radia- 


tion measurements (44-) requiring the highest 
accuracy. An error of 5" (or n=3 x 10- 5 ) in 
the determination of this refractive inùe
 
affects the constant of spectral radiation by 
0.3 per cent. 
The dispersion curve of fluorite is illustrated 
in Figs. 2 and 3 (from Ruben
). 
In tho infra-red the variation of the refractive 


n 


"5 
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5p. 


10p. 
FIG. 2. 


index of fluorite (34) with temperature de- 
creases slowly with wave-lengths. At l,u the 
coefficient of variation amount
 to about 

n=0'000012 and at 6.5,u it amounts to about 

n=0'000009 for 1 0 rise in temperature. 
.35p. 
'30 


.25 


.20 


:S .15 
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 (8) OPTICAL CONSTANTS OF ROCK SALT.- 
Rock salt is uniformly transparent from 0.2,u 
in the extreme ultra-violet (41) to 12,u in the 
infra-red (23) (see Fig. 1). In the region of 
15,u the absorption increases rapidly. A plate 
of rock salt 1 cm. in thickness is completp]y 
opaque (22) to radiation of wave - lengths 
greater than 20,u. The rdractive indices of 
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rock salt have been d
termined in the short 
wave-lengths by 
Iartens (30, 31), and in the 
infra-red by Langley (19), by Rubens (21, 22), 
and bv Paschen (26). In the region of 1 to 
3u th
re is considerable disagreement among 
the older determinations. However, the re- 
cent work of Paschen (26) is in excellent 
agreement with Langley's measurements, 
,,:hich are, without doubt, very accuratf'ly 
determined. 
The infra-red refractive indices of rock salt, 
at 
Oo, are given in Table IY. The first part 
of the tablp, to 5p.., consists principally of 
Langley"s (and Paschen's corrected for tem- 
perature) measurements as read from the 
smooth curve ((I9), p. 235, Plate XXIX.). 
Beyond 5p.., to 16,u, the refractive indices are 
principally Paschen's measurements corrected 
for temperature (34); also some of Rubens's 
measurements and several interpolated values. 
The temperature coefficient of refraction 
of rock salt (I9, 33, 34) decreases slowly 
wi.th wave -length; amounting to about 
.111,=0.000038 at Ip.. and .In=0'UOO025 at 
9,u for 1 0 rise in temperature. 
The general outline of the dispersion curve 
of rock salt is illustrated in Fig. 2 (from 
Rubens). 

 (9) OPTICAL COXSTA
TS OF SYLVITE.-Of 
all the substances which are other"ise suit- 
able for prisms, sylvite, ICCI, is transparent 
throughout the greatest part of the infra-red 
spectrum. A plate 1 em. in thickness trans- 
mits (22) radiations to 24p.. {see Fig. I}. In 
the region of 5p.. to lOp.. the dispersion is 
small. Furthermore, there are sharp absorp- 
tion {II, 13} bands at 3.!8p.. and 7'08p.., 
Hence sylvite is the most useful for investiga- 
tions in the region of the spectrum extending 
from 10 to 20p... 
In the short wave - lengths the refractive 
inruces of sylvite have been determined by 
:Martens (31). In the infr3.-red we have 
various determinations by Rubens (22) (" ith 
Xichols and with Trowbridge), by Trow- 
bridge (45), and by Paschen (26). 
The infra-red refractive indices of sylvite 
are given in Table Y. They are read from 
a smooth curve (practically Paschen's curve) 
drawn through the various determinations, 
all of which are in close agreement, except at 
9 to IIp, where the older determinations do 
not agree very well with Paschen's data. 
The temperature coefficient of refraction of 
sylvite observed by Liebreich (34) decreases 
from 


.1n=O,OOOO364 at ^ =O'589p.. to 
.In = 0'
OOO31 at :\ = 8. 85p... 



 (10) SU:\DIARY: CO:\IPARISO
 OF Drs- 
PER
IVE 
IATERL\Ls.-In Fig. 3 is given the 
"Ïdth that a radiometer receiver, of 4' of are, 
subtends in wave-lengths, in different parts of 


TABLE IV 
L
DI(,ES OF REFRu'TlOX OF ROCK bALT ß" AIR 
AT :20 0 C. (L-\XOLEY, PASCHEX, RUBEXS) 


Wave-length. 
II.. =0,001 mm. 


0.5893p.. 
0.6400 
0.6874 
0.7604 
0.7858 
0.8835 
0.9033 
0.97
4 
1.0084 
1.0540 

 -0810 
1.1058 
1'14
O 
1.1786 
1'
016 
1.:!604 
1.3126 
1.,1874 
1-5552 
1.6368 
1.6f'48 
1.7670 
2.0736 
2.1824 
2.2464 
2.3560 
2.6505 
2.94GG 
3.2736 
3 -5359 
3.6:!88 
3.8192 
4.1:!30 
4.7120 
5.0092 
5.3009 
5-893
 
6-4825 
6.80 
7.0718 
7..)0) 
7.59 
7.6611 
7.9558 
8.04 
8,8398 
9.00 
9.50 
10.0184 
11.7864 
12-50 
12.9650 
13.50 
14.1436 
14-7330 
15 .3
23 
1,).9116 
17.93 
20.57 
22.3p.. 


Refractive 
Index, n. 


1.54427 
1.54141 
1.53930 
1.53682 
1.53607 
1.53395 
1.53361 
J .53253 
1.53206 
1.53153 
1.53123 
1.53098 
1.53063 
1.53031 
] -53014 
1.52971 
1.52937 
1.5284.') 
1.52815 
1'52';81 
1.52764 
1.52736 
1.5:!649 
1.52621 
1.52606 
1.5:!579 
1.5:!512 
1.5:!4-66 
1.52371 
1.52312 
1.52286 
1.52238 
1.52156 
1.51979 
1.51883 
1-51790 
1.51593 
1.51347 
1.51300 
1.51093 
1.51020 
1.5085.3 
1.50822 
1.50665 
I.GOl,.! 
1.50192 
1.50100 
1-49980 
1.49462 
1.48171 
1.47568 
1.47160 
] . 46t3(j 
1.46044 
1.454:!7 
1.44743 
1.44090 
1.4149 
1-373.3 
1-3403 


Logn. 


.1887232 
.1879182 
.1873233 
.1866230 
.]864110 
,1858112 
.1857149 
.1854090 
.1852758 
.1851255 
.] 850404 
.1849695 
.1848702 
.1847794 
'184731:! 
.1846091 
.1845126 
.184:!512 
.1841660 
.1840(;93 
. 184023b 
.1839414 
.1836960 
.1836142 
.1835716 
.]834947 
.1833040 
.1831730 
.1829024 
.182';341 
. 182G600 
.18:!5231 
18:!2891 
.1817836 
.1815092 
. ]812432 
.1806792 
.1799738 
.1';95518 
.179
443 
.1790345 
.1785597 
.1784647 
.1780124 
.1779.,103 
.1 ';664li8 
.1763807 
.17()0:
33 
,1745308 
.1707632 
'168992:! 
.1677898 
.166311 '; 
.1644837 
.W26450 
.H;05976 
. 1 58l,338 
.lfiOï:!.37 
. 137S:!87 
12720
0 
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t he spectrum produced by prisms of carbon 
disulphide, quartz fluorite, and rock salt. 
These data are required for reducing the 
spectral energy distribution from the prismatic 
into the normal spectrum (6). 


TABLE V 


INDICES OF REFRACTIO::i OF SYLVITE IY AIR AT 
If,O C. (PASCHEN, TROWBRIDGE, RUBENS) 


\Va' e-Iength. Befr:1cth e Logn. 
p. = 0,00 1 HUll. Indf'x, n. 
0.5803,u 1.49044 .1733145 
0-ö56 1-48ï21 ,1723723 
0.7858 1.48328 .1712232 
0.845 1.48230 . 17093() I 
0.884 1'48142 170ö7E2 
0.0822 1.48008 .17028(;2 
1.003 1.47985 .1702177 
1.1786 1.47831 .1697655 
1.584 1.47(i5 . Hi92335 
1.7(;80 1.47!'95 .1(;90717 
2.3573 1.47475 .lü87184 
2.9466 1-47388 . W84621 
3.53fi9 1-47305 .1682164 
4-125 1.47215 .1679521 
4.7146 1.47112 .1676481 
5.30:JU 1.47001 '16;3202 
5.50 1.46962 .1672050 
5.8932 I 1.46880 .1669627 
6.50 1.46750 ']665781 
7.(10 1.46625 .1662080 
76(;1 1.46450 .1656894 
8-00 1.46350 .1653927 
8.2!)O" 1.462;2 .165W42 
8.8398 1.4fì086 . ] 64f)086 
9-500 1 '45857 .1639273 
10.0184 1.45H72 .1633760 
10,500 1.4fi475 .1627883 
11.00 1.45263 .lG21550 
II .786 1.44919 .16II253 
12.fiO 1.44mO ,1600782 
12.965 1.44346 .1594048 
] 4.14i 1.43722 .1575232 
15.00 1.4320 .1559430 
15.912 1.42617 ,1541713 
16.fiO 1.42230 .1529912 
17.00 1.41885 .1519365 
17.680 1.41403 .1504586 
18.10 1.4108 1404655 
19.00 1.4031 . 14708f<6 I 
20.00 1.3939 ,1442316 
20.60 1.3882 .1424520 
22.5,u 1.3692 .1364669 


From these curves it is evident that, in the 
region of 0.5 to 1.5,u, a carbon disulphide 
prism is the most useful for producing a large 
dispersion. 
The next hest prism material is quartz, 
which is the most useful. in the reCTion of the 
'3pectrum extending from the visible to 2.8,u 
in the infra-red. Beyond this point a quartz 
prism is too opaque for practical work. 


From the standpoint of dispersion and 
transparency, a fluorite prism is the most 
useful in the region of 2,u to 9,u. However, 
the material is difficult to obtain, and the ne),. t 
best substance is rock salt, which permits 
measurements to 14,u when using a tiO o prism, 
and to 16,u when using a 30 0 prism. By 
enclosing the spectromek'r (14) and hy l,epping 
the prism covered when not in use, t he faces 
of a rock-salt prism are easily protected from 
moisture. 
There are few but sylvite prisms in existence, 
and their usefulness is confÌneù to that rart 
of the spectrum extending from 10 to 20,u. 
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APPLICATTOXS 


I. IXTERFEREXCE FRIXGES 

 (1) IXTRODUCTORY.-In utilising interferenC'e 
methods in Optical Test work we are always 
concerned "ith nearly paralJel plates, or with 
arrangements which are optiC'ally equivalent 
to them. The character of the interference 
fringes obtainable from such plates depends on 


the method of illumination and the method 
of observation. They can con,eniently be 
di,
ided into three classes. 
CLASS I.-If a plate is illuminated by a 
broad source of light 1 and is viewed by the 
naked eye from a convenient distance, the 
rays whiC'h reach the eye from different points 
of the plate are reflected from the surfaces of 
the latter at di fft> rent angles. The path 
difference between the rays reflpded from 
the two surfaces at any point =2J.d cos r, 
where T is the angle of incidence on the back 
surface, p. the refractivt> index. and t the 
thickness of the plate. For a complete treat- 
ment of the fringes produced under such 
circumstances the reader should consult 
:Mann's Jlanual of Advanced OptiCß or 
::\Iichelson (Phil. .i1Iag., 189R). For our present 
purpose it is sufficient to note that the 
fringes will be the loci of points for which 
2p.t cos T is constant, and therefore indicate 
variations of p., t, or T jointly or separately. 
If t is very small, i.e. for extremely thin films, 
the variation of phase due to the variation 
of T at different points of the film may be 
negligible, so that if the optical thickness p.t 
is uniform the film will appear uniformly 
dark or bright all over. If either J.L or t vary, 
fringes "ill be seen "hich are the loci of equal 
optical thickness. 
If the thickness is appreciable, however, the 
variation of phase due to the varying allgle 
of incidence becomes of importance, and for 
any but quite thin plates the fringes are 
practically loci of points from which the Jight 
reaching the eye meets the plate at equal 
angles of incidence. \\ïth a plane parallel 
plate thpy are circles concentric" ith the normal 
from the eye to the plate and are located at 
infinity. If the surfaces are not parallel, the 
fringes are still circles or arcs of circles, but 
their centres are displaced from the normal. 
If the surfaces are irregular, or if the material 
of the film is not perfectly homogeneous, so 
that from one or both of these causes there 
are local variations of pt, there will be local 
distortion of the circular fringes at these 
points. Such irregularities "ill only be 
noticeable, however, near the centre of the 
system "here the fringes are not too close 
I together. 'Yith any but the thinnpst films 
the fringes become so closely packed, as the 
incidence angle increases, that they are only 
visible in the neigh bourhood of normal 
incidence. 
To summarise, therefore, fringes of Class I. 
are formed in such circumstances that the 
light corresponding to each point in the 
fringe system reaches the eye from separate 
points (or rplatively Rmall regions) of the 
film, and is reflected from the latter at va.rying 
1 Except where otherwise specified, the light is 
assumed to be monochromatie. 
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angles. Except for extremcly thin films, the 
frin(Y'es are mainlv loci of equal incidence 
I:"'> . 
aIH
les, being \"ery slightly affected in shape 
and position by variations in film thickness. 
CLASS II.-Instead of viewing the fringe 
system at infinity \\ ith tlw naked eye, as 
supposed in the preC'eding (uscussion, we may 
employ a telescope of large aperture focussed 
for infinity, so that for all parts of the field 
of view 1[lrht from the whole surface of the 
o f . 
film is received by the telescope. The nnges 
are then purely loci of equal inclination, and 
are unaffected in shape or position by varia- 
tions in the optical thickness of the film. Thus 
if the telescope is directed normally to the 
film, circular fringes concentric with the a>..is 
will be seen in the focal plane of the eye- 
piece. Since, at any point in this plane, light 
from the whole of the film i
 focussed, the 
phase at any such point depends on the mean 
film thickness and the angle of incidence of 
the beam. Anv variations in film thicknt'ss 
contribute thei
 effect equally to all points 
in the fringe system, which therefore indicates 
the inclination of the rays only, and tells us 
nothing about the flatness, homogeneity, or 
parallelism of the film. 
If, however, p.t varies much, the dÙ
:tinctnes8 
of the fringes will be impaired; for we can 
regard the resultant illumination at the focal 
plane of the telescope in such a case as due 
to the superposition of a number of exactly 
similar fringe systems, of which some differ 
in phase from others. The result of this is 
to diminish the contraRt between the bright 
and dark parts of the field. 
Thus, to summarise, fringes of Class II, are 
formed when light corresponding to each 
point of the fringe system comes from the 
whole of the film (or from the same part of it), 
but meets it at varying angles of incidence. 
They are purely fringes of equal inclination. 
If they are crisp and distinct we deduce that 
the fi1m is of fairly unjform optical thickness 
ovpr the region utilised; but no clue what. 
ever is given to the character or position of 
any variations which may actually be present. 
Cr,Ass JIJ.-If we employ a point source at 
infinity, Buch, for example, as a small illu- 
minated pinhole at the focus of a collimating 
lens, all rays strike the film at the same angle 
of incidence. There are consequently no 
variations of phase from one part of the film 
to another f'xcept such as may be due to 
variations of p.t. To observe a fringe system 
under such circumstances it is necessary to 
employ a telescope with the eyepiece removed. 
The object-glass collects the parallel beam 
after it Ip<1 ves the film and produces an image 
of the pinhol(' in its focal plane. If the eye 
is pla('('d at this image, the whole surface of 
the film (if the object-glass is large enough) 
iq seen illuminated and traversed Ly fringes 


whiC'h are true contours of the optical thick- 
nëss, p.t. 
These fringes are not located at a definit.e 
distance from the eye, as are those of Classes 
I. and II. They are visible at all distances, 
and so appear to coincide with any 
uI'face on 
"hich the eye is focussed. 1 
If the film is thick the fringes will be most 
distinct at perpendicular incidence. It is not 
practicable to use a theoretic81 })oint source: 
consi(!f'rati(JIls of brightness require that the 
hole shall have an appreciable area, and its 
image in the focal plane of the telescope lens 
may be regarded as a small portion of the 
Class II. fringe system produced by a broad 
source. If this portion is in the centre, \\ here 
the phase varies slowly with the angle of 
incidence, there \\ ill be no phase difference 
between the light from one part of the pin- 
hole and another; but if it is at an outer 
part of the system where the Class II. fringes 
are closely packed, the small cone of rays 
\\ hich reach the eye from any point of the 
film comprises an appreciable range of pllase 
retardation, and the contour fringes are 
rendered indistinct. 


II. TECHNICAL ApPLICA TIOXS 

 (2) TEST PLATES. 2-The simI,lcstapplication 
of interference fringes is the testing of optical 
smfaces by means of test })lates. The surface 
under test iR placed in contact with another 
surface which it ought to fit perff'ctIy. This 
may either be })lane, for prism surfaces, etc., 
or may be curved, for lens surfaces. A separate 
test plate is of course necessary for every 
curvature. The surface and test plate are 
worked together to squeeze out the air between 
them and obtain a very thin film. This is 
viewed by the light from a window or bright 
wall. Fringes of Class I. are obtained, hence 
the necessity to work the film down as thin 
as possible in order that the fringes should 
truly represent film contour rather than 
variation of incidence angle. 'Yith white 
light the fringes are coloured owing to the 
variation of retardation with wave-length. If 
the surfaces are very close and quite parallel, 
the film will appear of a uniform colour, which 
will vary with the obliquity from which it is 
examined, Variations of thickness insufficient 
to produce a complete fringe will cause a 
variation of tint; and if the general tint is 
yelJow or bluish green, the two regions of the 
spectrum where tint varies most rapidly" ith 
wave-length, the test is very Rensitive. It is 
usually possible to secure a sen
itive tint by 
working the film and choosing a suitable 
obliquity. 

 (3) CONSTANCY OF OPTICAL TIIICKN"ESS OF 
1 (:ui1<1, .. J,oc'at1oll of Tnt('rf('rcncc j<'ringcs," PJi!ls. 
Soc. Proc., 1 H20. xxxiii. 3
. 
2 See also" Optical l)arts, \Vorking of," 
 (4). 
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FLAT DIscs.-This is a most important test. 
For many purposes, for instance in making 
echelon gratings, Lummer Gehrke plates, etc., 
it is eSRential to ha'
e plates of which the 
variations of optical thickness from one part 
to another are reduced to a very small amount 
indeed. 
The best kno\\ n arrangement for testing 
such plates is shown in Fig. 1 (a). Light from 
a broad source S is thrown normally on the 
plate AB by a glass plate )1l\I'. 
The fringes are 0 bsen
ed by 
an eye at E, The fringes will 
be of Class I. and will be 
concentric circles located at 
infinitv if the glass is nearly 
parall
l. As '
'e ha ve see
, 
the form of these fringes does 
nut at once tell us much about 
the variations of optical thick- 
ness. To determine this, the 
plate is moved parallel to 
itself. If the optical thickness 
is uniform, the fringes " ill 
not move; hut if it varies, a 
fringe \\ ill pass across any 
point, E' say, on the fixed 
support, for every half wa ve- 
length hy which the optical 
thickness varies. By mo, ing 
the plate in such a way that 
no fringes pass E', it is 
po::,:;:ible to trace out contour 
lines of equal optical path. 
If desired, a smrtll telescope 
"ith cross-lines in the eye- 
piece may be used at E. 
This method is tedious and 
troublesome, since each con- 
tour line has to be traced 
separately by indirect means. 
By a simple modification of 
the arrangement the plate can 
be examined by fringes of 
Class II!., and the fringe 
system itself is then the con- 
tour map. A lens LL', Fig. 
1 (b), is interposed between 
)DI' and AB, and a point source (an illu- 
minated pinhole) is placed at the focus of LL'. 
A parallel beam of rays meets the plate AB. 
It is reflected back through LL' and refocussed 
in the neighbourhood of S. Some light is 
reflected at the surfaces of )1)1' to form two 
images of the source at e and e'. l\1)I' should 
be thick so as to separate e and e' as widely 
as possihle. An eye placed at e or e' sees the 
plate AB traversed by interference fringes 
which are the required contours of equal 
optical thickness. 
For the reasons given earlier, the fringes 
"ill only be distinct with thick plates provided 
the incidence is normal. The table on "hich 


AB rests should be provided \\ ith levelling 
screws. The normal adjustment is then easily 
made, because the retardation is a maximum 
in this position, and on altering the tilt the 
fringes will move towards a certain configura- 
tion and then retreat from it as the perpen- 
dicular position is passed. 
Care must of course be taken to ensure that 
the light is properly collimated. This is done 
by adjusting so that the reflected image, 
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when formed just beside S, is in sharp 
focus. 
'Vhen a suitable source of monochromatic 
light is used 1 plates of o"\er an inch thick may 
be examined in this" avo 

 (4) ('oxTorR l\IAPS' OF FLAT SlRFACES.- 
The same apparatus affords a very convenient 
means of determining the contour maps of 
surfaces which are intended to he flat. ThE" 
customary method of working the surface 
into ('lose contact with a test plate and 
examining the fringes with a broad source of 
lirrht is unsatisfactory on various grounds. 

 . 
In the first place, troubles sometimes arise, due 
1 Guild, Phys. Soc. Proc., 1920, xxxii. 3,U. 
L 
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to the surfaces not being perfectly dry, in 
which case local patches of perfect blackness, 
due to absence of air film, may be formed, 
:Further, it is possible, when two nearly flat 
surfaces are wrung together in this way, to 
squeeze out slight conve
ities and make the 
surface under test appear better than it really 
is. Lastly, in spite of the greatest care to 
exclude dust particles, it frequently happens 
that the surfaces get scratched in the process. 
It is on every ground more satisfactory to 
test the surfacps without putting them in 
contact at all. If the upper surface of the 
slab AB, Fig. 1 (c), is the surface to be tested, 
the test platei:-. mounted above it, with its 
standard face downward, supported on a 
suitable carrier with three adjustment screws. 
It is clear that in general there will be four 
reflected beams, each of which will give rise 
to images of S in the neighbourhood of e and 
e'. If any two of the four surfaces are parallel 
the corresponding images 'will coincide. It is 
de8irable that the test plate CD should be 
somewhat prismatic, so that the image from 
its upper surface may be out of the way. By 
means of the levelling scre\vs the test plate 
is adjusted so that those images which are 
respectively due to the upper surface of AB 
and the lower surface of CD coincide. If the 
eye is then placed at e or e' fringes are seen 
which are the loci of equal thickness of the 
air film. By carefully adjusting the test plate 
while watching the fringes, the latter can be 
broadened out until, if the film is perfectly 
parallel, a uniform illumination is obtained. 
If the surfaces are not perfectly flat there 
will be a position in which a minimum number 
of fringes appear, which form a contour map 
of the joint defects of the surfaces at all 
points. This is the best adjustment in order 
to see at a glance the general character of the 
contour; but to make quantitative measure- 
ments it is better to proceed indirectly and 
use a slightly wedge-shaped fiIm such that the 
fringes are about a centimetrp or so apart. A 
diametral scale, 88, dividcd to ! centimetres, 
should be drawn in ink on the surface of the 
test plate, and also a line on the surface under 
test passing approximately through the centre, 
which should he marked by means of a dot. 
The lower hlock is then moved on the table 
until this line coincides with thp line on the 
test plate as sepn by the eye at e. The position 
of the central dot on the scale is noted. The 
fringes are then adjusted until they run as 
nearly parallel to the scale as possible and 
are about a ccntimetre or so wide. The 
appearance of the field of view might then 
be somethin 6 like Pig. 1 (d). The most con- 
venient fringe, say F, may be taken as the 
datum of film thickness, and the thickness 
at different distances along the scale 88 may 
be specified by the distance of the scale from 


this datum flinge, m
 measured in fringe widths. 
For instance, with a configuration as drawn 
(if the thickness of the film is increasing from 
left to right) the excess of thickness above the 
datum is .4 at 3 on the scale. 1.0.1 at 4..1, I.G at 
G, 1.7 at 7, 1 at 10, .G at 12, and so on. If 
these are plotted to a suitable scale, a contour 
line of the variations of film thickness along 
the line 88 is obtained (Fig. 1 (e)), the unit 
corresponding to one interference fringe, that 
is, to a difference in thickness of one ! \Va ve- 
length. 
 
The surface under test is then rotated until 
another line, making, say, 30 r with the first, 
coincides with the scale on the test plate, 
and the contour along this line is determined 
in the same way. This is done for a number of 
radial lines and also for two non-radial lines 
intersecting the others as shown in F1'g. 2 (a). 


c 


a 


f (a) 


(6) 


li'IG. 2. 


The non-radial contours give relations between 
second points on each of the radial contours, 
which enable us to alter the position and 
inclination of the base lines of the Jatter so 
as to make the contours mutuaHy consistent. 
Thus we may take the contour along ab as 
first obtained: the base line for any other 
contour, such as cd, must be altered so that 
the ordinates corresponding to the common 
point 0 are equal, and also so that the ordinate 
at p differs from the ordinate of the ab contour 
at q by the amount. indicated hy the non- 
radial contour along ef. If now an outline 
of the surface is drawn on paper, and along 
each radial line we mark off the distances from 
o at which the ordinates of the revised con- 
tours have particular values (differing, say, by 
-1 1 11"th fringe), we obtain a contour map of the 
surface, 
mch as Fig. 2 (b). It will be oh
ervcd 
that in the whole process we are only concerned 
with the properties of the test plate along one 
line 88 (Fig, 1 (d)), and the contour of the plate 
along this line is easily determined. If two 
other fairly good surfaces are available, by 
testing one line of each of these against the 
test plat(' and against each other, their con- 
tours and that of the test plate can be deduced. 
The method is thus absolute and no surfa('e 
has to be taken for granted. 
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 (5) TESTIXG BY TRAXS:\IITTED I..IGHT.- 
F. TlL'yman 1 has evolved an elegant method 
of testing prisms, lenses, and even complete 
optical instruments by interference. The 
instrument employed is the well-known :\Iichel- 
son interferometer. 2 The general principles of 
this instrument are described in all text-books. 
It is only necessary to remind readers that 
the instrument is opticalJy equivalent to two I 
approximately parallel planes separated by 
an air film of a thickness which can be varied I 
from zero to any desired value by 
moving one of the mirrors. This 
being so, we can obtain with the 
instrument fringes of any of the 
three classes previously described. 
The most 
llitable type to employ depends on 
the purpose in view. 
If a broad source is employed, and the 
fringes are viewed by the naked eye, fringes 
of Class I. "ill be obtained. If a telescope is 
employed the fringes will be of Class II. These 
are the arrangements most commonly deEcribed 
in text-books and employed in the physical 
laboratory; but they arc
 quite unsuitable for 
optical testing. For this purpose fringes of 
Class III. are required, and the arrangement of 
the interferometer to 
ive these is shown in 
Fig. 3 (a). I...ight from a suitahle source S is 
focussed by means of a condensing lens on 
a small "pinhole" P "hich is at the focus 
of a lens 1..r 'Ye have thus the equivalent 
of a very small source at infinity. That 
portion of the p8rallel beam which is reflected 
hy the half - silvered surface of the oblique 
plate m strikes the mirror ::\1 1 normal1y, 
and returns aJong its 0\\ n path until it again 
meets the ohlique plate. Here a portion is 
reflected back through 1.. 1 and refoeussed at 
P, and a portion transmitted. The latter is 
focussed in an image of Pat P' by a lens 1.. 2 ' 
Similarly a portion of the beam, which is in the 
first instance transmitted by In, forms, after 
reflection by 11:! and partial reflection at m, 
a second image of P in the neighbourhood 
of P'. If the image of 
I2 by reflection in m 
is very nearly parallel to :\1 1 the two images 
at P' will coincide. An eye placed at P' 
will then see interference fringes of Class III., 
which are the contour lines of the thickness 
of tIle "air film" to which the instrument 
i
 equivalpnt. If ::\1 2 is carefully adjusted 
while examining the frin
es, they can be 
broarlenefl out until the air film is parallel, 
"hen, if the ,=;urfaces are perfectly flat, the 
film will appear of uniform brightness. If 

he su.rfaces are not perfectly flat (or, rather, 
If theIr inegularities are not exactly similar 
an(l similarly situated) thE' fiJm can never 


1 F_. Twyman. Phil. J[fl(1., Jan. 1911', p. 49: Photo- 
graphIC Journfll, XOY. 1918, p. 239; antI A.<:trophJjs. 
-Jollm., l!n
, xh-iii. 23ft 
2 
ec also .. "
aYe-lengths, Measurement of," 
 (3). 


be cleared of fringe':! over its whole area, and 
the fringe system. when broadened out as 
much as possible, forms a contour map of the 
irregularities. 
It is clear, of course, that whether thp frin!:!:es 
have been broadened out or not, they give 
precisely the same information regarding the 
irregularities of the film; but they are 
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FIG. 3. 


equivalent to the contour map of a country 
based on a datum plane inclined to the hori- 
7,onta1. If t.he inclination were considerable 
such a lllap would consist of closply packed, 
nearly straight lines parallel to the horizon, 
hills and valleys appearing F1imply as sli
ht 
bends in the contours. Such a map ,,"ouid 
give all the information as to the nature ()f 
the country that could be deduC'ed from an 
ordinary one; but it is much le
s easy to 
interpret its general appearance. Similarly, 
whatever the adjustment of the miuors, the 
fringe system gi\
es full information as to 
their departures from exact similarity of 
surlace; but it is usually c0nvenient to 
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h'1.,
e the fringes as broad as possible in order 
to render them easily interpretable. Some- 
time
, ho \\ ever, 
Ill adjustment departing 
slightly from parallelism is helpful in d('ciding 
bdween two po<;sible interpretations. 
In the interferometer, as used for optical 
testing, the mirror :\1 1 is mounted on a carriage 
whir.h rests in a geometriC'al slide. By 
pulling one or othcr of two strings the mirror 
can be moved nearer to or fa,rther from the 
obliq ue plate without its inclination to the 
direction of the light being seriously altered. 
The mirror )1 2 is a
mnged on a carriage which 
can rotate about a point C. Each mirror is 
provided with deJicate adjustment 8crews 
for final adjustment of the parallelism of the 
equivalent film. The mirrors are worked to 
sueh accuracy that wh('n used alone, as in 
Fig. 3 (a), a field free frolU fringes can be 
obtained. 
The method of testing an optical piece, 
such as a slab or a prism, 01 any optiC'll 
in8trlllllent of wltich the focal length ig infinite. 
con,;ists in placing it in the beam m
I2' and 
arljusting M 2 to be perpendicular to the 
transmitted rays so that they are returned 
through the instrument and finally focussed 
at P'. The eye at P' then sees the aperture 
of the instrument t.raversed by a fringe 
system which is the contour map of the 
\
ave front, originally plane, after passing 
twice through the instrument. The gt'neral 
m('thod will be fully underst.ood from its 
application to a spcctroscope prism, The 
prism is placcd in the position indicated in 
Fig. 3 (6). That portion of the beam which 
is transmitted by the prism is deviated in 
the direC'tion shown. 
L
 is adj usted so as 
to reflect this heam back through the prism, 
after which it is partially reflected by In 
and focussed at P'. The eye at P' then sees 
the effective aperture of the prism traversed 
by fringes which, \\ hen hroadened as much 
as possible, tell us how a plane wave-front 
has been affected by the double passage 
through the prism. 
Thcse defects of the wa\ye-front may either 
bü due to imperfect. planeness of the surfaces 
of the prism or to imperff'ct homogeneity 
of thp glass, or to both eaur-;es. Hut to what- 
ever cause they may be dne, they can be 
corrected by local polishing of the surfaces. 
For instance, if the fringes show that the 
optical path through any part of the prism 
i'i longer than at others, by polishing a little 
hollow in the corresrondin
 part of the 
surface the wave can he flattencrl out. J n 
this "ay, by local poI.ishing at the points 
indicated by the contour frinJ!es, the prism 
can be macle to tran
mit a p('rfcctly plane 
wave-front. But it shoul.l hc notcd that the 
correction only holds when the light traverses 
the prism in the same way. The interferenC'e 


tests should always be madt.', therefore, with the 
light passing through the prism in the direction 
whiC'h it will})ass in use. Thus for a 
ppctro- 
scope prism the prism should be adjusted for 
minimum dpviation. 
In applying thp interferometer to instru- 
ments of the lens t,Yl)e \\ hich have not. infinite 
focal length, the arrangement employed is 
that of Fig. 3 (c). 
The Jens L is mounted in a suitable chuck, 
with its axis parallel to the incident beam. 
It causes the beam t.o converge towards its 
focus at F. A convex mirror l\'I2' is placed 
in t.he position 
hown, and adjusted so that 
its centre of curvature coincides with F. 
The converging rays then meet t.he surface 
of l\I2' normally, and, after repassing through 
L, form a paranf'l beam once more, anù are 
focm;sed at P' by L 2 as usual. If the lens 
were free from spherical aberration, so that 
rays from all zones converged to one focus, 
it would be possible to adjust 1\1 2 ' so that the 
apt.'rture of t.he lens as seen by the eye at P' 
would be free from fringes. In the presence 

f aberration, however, the different zones 
have different foci, and in whatever position )1 2 ' 
may be there will be circular fringes in some 
zone. indicating the amount of the aberration. 
In the event of the lens being astigmatic, the 
fringes will be elliptical. 
This method has been extended by Twyman 
to quite complicated cases, such as photo- 
graphic lenses at oblique incidpnce, microscope 
objectives, etc. As applied to lenses, howeyer, 
the inkrference method must be regarded 
as st.ill in t.he course of deyelopment; much 
has yet to be don(' in de
igning the best 
mechanical means of realising the necessary 
conditions of adjustment in ordE'r that the 
resulting fringe system will give the .informa- 
tion which it is desired to obtain. There is, 
however, little doubt tbat the use of inter- 
ferometer methods for the examination of 
almoRt every kind of special instrument will 
ultimately he widely adoptf.d. 
In employing the interferometer for such 
purposes it is neC'('ssary, as with the arrange- 
ments of Fig, 1 ((h) and (c)), to obtain exact 
coIlimation and normal incidence of the beam 
on the equivalent film. l J. G 


INTERMITTENT LIGHTR, PHOTOMETRY OF. See 
" Photometry and IIlumination," 
 (122). 
INTERN A TION AI.. CANDLE: the unit of camlIe- 
power adopted in 1921 hy the International 
Commission on Illumination. See" Photo- 
metry and Illumination," 
 (14-). 
I.sTERRUPTER: an apparatus for mechanic- 
ally interrupting the primary current of an 
indm'tion coiL See" Hadiology," 
 (16). 
1 011iJd," Frimre Systrms in UlIcoHlprnsatrd Inter- 
reromdcrs," Proc. Phys. Soc., lU20, xxxiii. 40. 



I:\
ERY AL-- KIXE)L\TOGRAPH 


149 


I
TERVAL: a term used in music to denote 
the musical relation between two sounds. 
See" Sound," 
 (2). 
I5TERv_-\LS, CHIEF, WITHIN AN OCTAVE. See 
" Sound," 
 (6) (vi.). 
For various temperaments, tabulated. See 
ibid. 
 (6) (vi.), Table II. 
IXTRIXSIC BRIGHTNESS: a term used to denote 
the measure of the light-emissh-e power of a 
surface per unit of area of surface; generally 
quoted in candle-power per square inch. 
See" Projection Apparatus," 
 (2). 
IKvAR:' its applications to tapes and ",ires 
used for base measurements. See" Survey- 


J.ÄDERI
, E. His method of using tapes and 
"Wires in catenary. See "Surveying and 
Sunreying Instruments," 
 (39). 
JELLETS' PRIS:\I: a polarimeter which 
depends on the photometric principle of 


K SERIES: a group of spectrum lines in the 
characteristic X-rays emitted by an element. 
See" Radiology," 
 (17). 


KIXE
lATOGRAPH 

 (1) IXTRODUCTIO:Y. - Although the name 
kinematograph has been selected for the title 
of this section as being more in accordance 
with the Greek derivation, other terms such as 
cinematograph, or more briefly cinema, the 
first syllables of which are pronounced softly, 
have received greater public recognition. Over 
sixty designations have been introduced from 
time to time, but, "ith the exception of a few 
proprietary names, practically all have now 
lapsed in favour of those mentioned above. 
The history 1 of the highly perfect apparatus 
of the present day is a record of comparatively 
slow and intermittent progress during half a 
century, culminating in the introduction of the 
continuous photographic film by Friese Greene 
in England and its perfection by Edison in 
America, and, in consequence, a rapid develop- 
ment of the apparatus as a means of public 
entertainment and, to a more limited extent, 
of education. 

 (2) GEXERAL DESCRIPTIo:Y.-The primary 
function of the kinematograph is to reproduce 
pictorially upon a screen the movements of 
objects. This is done by presenting to the 
eye in regular order a series of pictures each 
of which represents a consecutive stage in the 
motion, the speed of presentation being such 
1 Lirillg Pictures, Hopwood and Foster. 1915. 


ing and Surveying Instruments," 
 (39). See 
also" Invar and Elinvar," VoL V. 
IODEOSI
: a reagent for testing glass surfaces. 
See "Glass, Chemical Decomposition of," 

 (3) (i.). 
IRIS: the diaphragm which limits the aperture 
of the eye. See" Eye," 
 (2). 
IRRADIATIOS: the term in radiometry "hich 
corresponds "ith illumination in photo- 
metry. See" Spectrophotometry," 
 (15). 
Iso-Lux DIAGRA:\I: a diagram of equal 
illuminations, analogous to an isobar dia- 
gram. See "Photometry and Illumina- 
tion," 
 (69). 


J 


matching two illuminated fields by varying 
their relative intensity. See "Polari- 
metry," 
 (3). 
J OL y PHOTO:\IETER. See "Photometry and 
Illumination," 
 (29). 


I
 


that the eye appreciates the series as a con- 
tinuous picture in which the objects may 
a ppear in motion. By means of a spècial 
camera 2 a series of instantaneous photographs 
of the moving object is taken, "ith exposures of 
about Ttlí second, upon a sensitised trans- 
parent celluloid film which is advanced stage 
by stage in the focal plane of the objective at 
intervals of about Tl-r; to 71\ second. During the 
stationary periods the film is exposed and 
during the transitions the light is occulted by 
the shutter. Thus the series of photographs 
does not comprise the complete movement of 
the object. Short alternate stages are un- 
represented. 
"-hen the images are projected upon the 
screen by means of the kinematograph pro- 
jector, a true representation of the original 
movement is obtained when the speed of the 
movement of the operation and the ratio of 
the bright and dark intervals are the same as 
th
se pertaining durin
 the taking of t
e 
serIes of photographs ,nth the camera, but In 
actual practice there are small departures 
from true reproduction arising from differences 
in the velocity ratios. 
Although the image projected upon the 
screen may appear to be in continuous motion, 
the action is actually discontinuous. A 
stationary image representing one stage 
remains on the screen for a period of a bout 
-.h second. This is followed by a dark in
e
val 
lasting about -FlTi second. Although the ongUlal 
I .. )Iotion Picture ('am('ra
," C. L: l
r

ory, 
Trans. Soc. JIotion Picture Engineers, AprII1!)ll. 
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stage
 of the mlwements corresponding "ith 
these brief dark inten'als are not reproduced 
upon the screen, the mind of the observer 
fails to detect their absence, and the interrupted 
series of images when combined by the rctino- 
cerebral apparatus is accepted as being equiva- 
lent to the original continuous appearance. 
To obtain this stroboscupic effect it is 
essential that the dark intervals should be so 
small that the impression on the mind of one 
stafre has not become unduly weak before 
th: succeeding impression ha
 been formed. 
That the effect is entirely due tu a physiological 
process of fusion of the successive images has 
been contested 1 on the experimental- grounds 
that under certain conditions an impression of 
movement is obtained even when the dark inter- 
vals are also distinctly appreciated by the mind. 
If the visual sensation ceased immediately 
the direct excitation had ceased, that is, if 
the phenomenon of persistence of vision did 
not exist, one image sensation could not 
extend over the dark interval and overlap. 
as it were, the succeeding image. Under 
these C'ircumstances the complete synthesis of 
a series of images separated by brief dark 

ntervals would hardly be possible, and 
kinematography would be impracticable. 

 (3) THE EYE AND YISIO:N - FLICKER.- 
The functions of the eye as the organ of sight 
are discussed in the article on "The Eye 
and Vision" (q. v.). 
In its dark adapted state, as under the 
conditions of a modern picture house, the 
retina can be subjected to a range of intensity 
of from one to about a thousand without 
producing a glare effect. But in practice, 
under these conditions, a sudden change of 
intensity from one to more than a hundred 
or two should be avoided to ensure entire 
absence of visual discomfort. If the eye were 
repeatedly turned from the illuminated screen 
to very dark surroundings, the contraðt might 
easily be such as to cause discomfort in the 
course of time, and therefore a certain amount 
úf general illumination, which also facilitates 
the entrance of the spectators, is customary, 
the contrast being kept, however, within the 
above-mentioned limits. As the illumination 
of the picture on the screen varies from about 
1 to 1.5 foot-candles in the case of the quarter 
lights to about 5 or ü foot-candles over the 
brightest parts, a general illumination of 0.07 
foot-candle is permissible, !\Iuch, hO\\ ever, 
depends upon the circumstances, and general 
illumination of twice this amount has been 
advocatcd. 2 
Reference has already been made to the 
persistence of vision upon which kinemato- 
1 P. Linke', Dip strobo."?kopiRchen Erschpinun(Jen 
aiB Tiiwwhu ngen rips I dmtWitsbewusstseins, Lripzig, 
'V. J:ngf'lmann, 1907. 
:I J.. A. ,J one
, .. 1'11(' Inte'rior Illumination of the 
)Totion Pic-tur(' Theatre'," Trail.,,? Soc. of 
Motion 
Picture Engineers, No. 10, )lay 1920. 


graphy eBsentially d{'pend
. The fir::;t definite 
measurements of the time of persistence are 
those recorded by :\l. Ð' Arcy, 3 who measured 
the tÏ1r.e of whirling necessary to produce 
the appearance of a continuous circle of light 
when a live coal was whirled at a distance of 
lü,3 feet from the observer. 
'Yhen the retina is excited by a single 
10\\ -intensity impulse of very short duration, 
the resulting pulse of sensation takes an 
appreciable time to grow and a similar time 
to wane, the duration of the sensation being 
longer than that of the stimulation. According 
to :McDougall, a stimulus of greater intensity 
produces a series of partially overlapping 
pulses of rapidly diminishing maximum 
intensities. 4 Charpentier's bands, which may 
be observed when a suitable radial slot is 
rapidly rotated, are attributable to pulse's 
of this kind. The initial pulses of greatest 
maximum intensity wax and wane rapidly. 
Succeeding pulses do so more slowly, and 
within the fraction of a second the intensity of 
the pulses becomes too small to be appreciated. 
Recurrent images and other phenomena of 
vision 5 that involve periods much greater 
than those of the kinematograph need not be 
considered here. 
Flicker, the elimination of which is a proble'm 
of such great importance in the intermittent 
type of kinematograph, is dependent upun 
the duration of the individual impulses that 
fall upon the retina. During the period of 
transference of the consecutive pictures it is 
necessary to interrupt the projection of the 
image upon the screen. This is done almost 
universally by means of a rotating shutter 
having a blank sector which intersects the 
beam of light between the objective and the 
screen during the period of the movement. 
Thus the illumination of the screen is inter- 
mittent and the retina is subjected to a rapid 
series of impulses which, under certain 
conditions, produce a disturbing appearance 
of flicker, that may even prove injurious to 
the eyesight if long continued, 
Flicker can be eliminated by inC'reasing 
the frequency of the interruptions 01' by 
reducing the illumination. It. is also depend- 
ent to some extent upon the relative durations 
of the consecutive black and white periods,6 
the maximum effect being obtained when the 
white interval equals the black. Thus suppose 
the disc is half black and half white and the 
speed such that flicker is pronounced. If thf'n 
the white sector is increased at the ex})('nse 
of the black, the flicker will diminish and be 
entirely absent when the disc is all "hite, 
II Ménun'res de l'Académw des Scwnces à Paris, 
1765, p. 4
)O. . 
t Rriti,,,?h. Journal of PsycJlOloml. H1O.J., i. 78. 
Ii Bi(lwdl, Curiosities of Ligh.t and Siglit, H
!)!), 
chap. v. 
· Marhe, TllPorie der kinematograpllÏscllen Pro- 
jectionen! sec. 10, p. 43. 



KIXE)IATOGRAPH 


151 


since there are then no interruptions of the 
light. Similarly, if the black is extended at 
the expense of the white, the flicker will 
progressivply be diminished and again vanish 
when the disc is all black. In the kinemato- 
graph the black sector which cuts off the light 
during the transference of the picture often 
covers about 90 0 of arc, that is, 25 per 
cent of the light is cut off on this account. 
The remaining 73 per cent of the light 
"ould be available for the illumination of 
the screen if the speed was sufficiently high 
to eliminate flicker. As Rixteen pictures are 
projected per second, the shutter makes 16 
revolutions per second, which in practice is 
nearly three times too slow so far as the 
elimination of flicker is concerned. It is 
necessary, therefore, to increase the number of 
interruptions per second by the introduction 
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of one or more, usually two, additional dark 
sectors, the arcs of which are generally made 
less than that of the main occulting sector, in 
order to conserve the illumination. 
Results of flicker tests of a three- bladed 
shutter supplied with one well-known type of 
machine are indicated in Fig. 1. In the tests 
the film itself was removed and the fluctua- 
tions of the light in the aperture were measured 
photometrically. Abscissae represent the esti- 
mated strength of flicker and ordinates the 
intensity of illumination in foot - candles. 
Upon each curve is indiC'ated the corresponding 
number of interruptions per second, that is, 
three times the number of revolutions per 
second of the particular shutter. Thus, for 
example, in the case of the curve corresponding 
'with a spepd of 29 revolutions per sepond, the 
interruptions of the light were 87 per second. 
'Yhen the intensity of the illumination was 
reduced to 0.7 foot-candle the flicker dis- 
appeared. As the intensity was increased 
flicker reappeared and became more and more 
pronounced until it reached a maximum value 
at an intensity of 10 foot-candles. A further 


increase of the intensity produced an appear- 
ance of glare and caused the flicker to disappear 
very rapidly, Glare effects of this order need 
not be considered as they do not occur in the 
case of the kinematograph. 
The curves indicate that with an intensity 
of illumination of 2 foot-candles about 36 
revolutions per second would be requircd to 
eliminate flicker. In practice, however, this 
condition is fortunately attained at a much 
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FIG. 2.-The" Indomitable" Projector Outfit. 


lower shutter speed of 16 reyolutions per 
second, eq uivalent to 48 interruptions in the 
case of the three-bladed shutter. This is 
largely due to the fact that "ith the film in 
position not only is the illumination reduced 
by at least 23 per cent in the case of the 
lightest portions, but also there is no longer a 
rapid change from uniform light to darkness, 
since the light is broken up by the various 
tones of the picture, thus further reducing the 
general illumination and contrast with the 
dark intervals. 

 (4) THE ApPARAT"CE:.-A kinematograph 
projector equipment, of which the Indomitable 
outfit (Fig, 2) of )lessrs. Kershaw & Sons is a 
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typical example, comprises the lamp, lamp- 
houo;;e and condell
er, the machine or projector, 
including the projector lens, and the stand. The 
primary function of the machine is to draw the 
film from the upper reel box; to bring each 
consecutive 
picture of the 
film very ex- 
actly into posi- 
tion before the 
gate aperture 
through which 
the light passes; 
to keep the 
picture station- 
ary in this 
position for a 
period of about 
..iu th second; 
to remove the 
picture and 
bring the suc- 
ceeding one 
into position in 
the brief inter- 
val of about 
-lo th second ; 
to wind the 
film upon the 
lower reel after 
it has passed 
through the 
gate before the 
aperture; to 
interrupt the 
image falling 
upon the screen, 
part i cui a 1'.1 y 
during the 
transference 
period; and to 
mask the pic- 
ture, that is, to 
adjust the film 
so that the in- 
dividual pic- 
tures lie within 
the boundaries 
of the aperture 
and thus lie 
correctly on the 
screen. 
In order that 
the film may 
he fed through 
the machine 
regula rly, the 
side-s are perforated in the mannor indicated 
in Fig. 3, the perforations in que
tion being 
now standardiseù. 1 Similarly, the sprocket 
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1 Rpport and Recommendation.<; of thi> ."tanr/ards 
Sub-('ummitti>p, Incorporated Association of ]{inemato- 
graph .i..Uanuf(uturers, Ltd. 


wheels or drums have their teeth, which 
cngage the film perforations, pJ::;o pitehed 
exactly according to a standard. ['"POll tlH" 
regularity and accuracy of the perforations 
and the teeth dqwnds to a large extent the 
steadiness of the picture upon the screen. 
In the diagram, Fig. 4, the film A is dra,,,n 
from the upper reel box B by means of the 
uniformly driven upper feed sprocket C, the 
teeth of which engage the film perforations. 
A. roller D holds the film in engagement with 
C, from whence it passes through the gate E 
in front of the aperture .F through which the 
light from the condenser passes. Friction 
strips, which press upon the sides of the film 
and not upon the part occupied by the 
pictures, offer a certain amount of resistance 


-- 


-- 


FIG. 4. 


to the passage of the film as it is pulle-d 
throug} the gate by means of the intermittent 
sprocket G. From G the film passes over the 
continuously driven lower feed sprocket H 
into the lower reel box J, the spindle of which 
is frictionally driven in order that the fate 
of winding 
ay be constant notwithstanding 
variation of the reel diameter. As the feed 
sprockets C and H rotate uniformly while G 
rotates intennittently, it is essential to 
provide loopR at K and L the lengths of which 
must not be less than one picture, as otherwise 
the film would be broken. If the loops, on the 
other hand, are too long an objectionable 
whipping noise may result. 
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In certain machines in which masking is 
performed by a displacement of the inter- 
mittent sprocket, the lower loop must be 
,;ufficiently lung to permit of masking to the 
extent of at least one complete picture. 

 (5) THE I
TER:\nTTE
T FEED .:\IECHAXISl\I. 
-Of the elements above described the most 
interesting and indeed the most important is 
the intermittent feed mechanism, because upon 
the accuracy with which it places each picture 
in front of the gate aperture depends the 
steadiness of the picture upon the screen. 
Assuming that a variation in the position on 
the screen of consecutive pictures of ! inch 
is permissible, and that the distance of the 
objective from the screen is 100 feet and 
from the film .3 inches, t ben the pictures 
must be centred \\ith an accuracy of nlìfìf 
inch. 
Innumerable devices have been proposed 
fur the intermittent movement of the film, 
but in the great majority of projectors the 

Ialtese cross arrangement, or the Geneva 
cross, as it is sometimes called, represented in 
Fig. 5, is employpd, Upon the axis E of the 
ga te sprocket 
which feeds the 
film there is 
mounted thc 
cross H, having 
four radial slots 
and four con- 
cave sides which 
suggest the 
.FIG. 5. name accorded 
to this mechan- 
ism. On a parallel a -üs F there is mounted a 
disc and driving pin 
\, the disc being cut 
away as indicated at K (Fig. 6) in order to 
clear the extreme points of the cross. The 
drive is applied to this driving disc, which 
rotates uniformly in one direction only. 
In the relative positions indicated in Fig. 5, 
the driving pin A is approaching the ElIot B 
tangentially, and 
the .:\Ialtese cross, 
the gate sprocket 
associated \\ith it, 
and the film are at 
rest. Rotation of 
the crOFS is pre- 
yen ted in one 
direction bv the 
F 6 lockin g action of 
IG. . 
the disc portion 
GD on one side of the line joining the centres 
EF and in the other direction by the por- 
tion CG. As the pin approaches the slot 
this lucking portion decreases, but the drag 
on the film tends to hold the cross against 
the other locking portion. - 
In the position Fig. 6, the pin has just 
entered the slot B and is driving the cross 


in the direction of the arrow, and with it the 
film. The recessed portion K of the disc is 
necessary to clear the points of the cross as 
indica ted in 
Fig. 7. 
In Fig. 8 the 
drÌ\Ting pin A 
has just left the 
slot B of the 
cross, which 
with the film 
has therefore 
just come to FIG. 7. 
rest, and the 
cross is locked to the maximum extent by 
the disc. As the cross has four symmetrical 
slots it makes a quarter re"Volution for one 
revolution of the driving disc. 
Further, as the angle BFD (Fig. 6) is 90 0 , 
the cross during one rotation of the driving 
disc is being driven for one-quarter of the 
period and is at rest during the remaining 
three-q uarters. The gear is said to be three 
t'J one, since the picture on the film rests before 
the gate aperture 
during three- 
quarters of the 
period and is 
transported dur- 
ing the remaining 
fourth. 
Owing to the 
occultation of the 
light during this FIG. 8. 
period only three- 
quarters of the total light reaches the 
screen, and in practice considerably less, 
o\\ing to the additional width of the black 
sector required to cover nearly the \\idth 
of the objective and to the flicker sectors 
previously referred to. As illumination is 
of great importance the width of the occult- 


FIG. 9. 
ing sector is reduced by the adoption of 
a four-to-one, or even a fh
e-to-one gear, as 
indicated in Fig. 9. The driving pin engages 
the cross during 60 0 , or lth of its rotation. and 
leaves it at rest during the %ths of the total 
period. The occulting sector can thus be 
reduced from about 90 0 to about GOo, "ith a 
corresponding increase of illumination. But 
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it "ill be ob8erved that the pin A, instead of 
O'entlv enterin{1 the slut B tangentially, forcibly 

trik
s the driving face, and as the film has 
to be started from rest, moved, and brought 
to rest a {1ain in 
 th instead of 1 t h of the 
period, th
 strain on the film, and particu- 
htrly the wear of the perforation, 
s much 
greater. Xotwithstanding these dIsadvan- 
tages four- and five-to-one arrangementg are 
freq uently adopted. 
A greater strain is thrown on the 
lm at 
the moment of starting than of stoppmg, as 
the film has to be drawn through the gate 
against the resistance of the friction side 
blocks. An excentric arrangement 1 of the 
slots as indicated in Fig. 10 bas the advantage 


FIG. 10. 


Hat, although the action may still be, say, five 
to one, the film is started more slowly, the 
movement being decelerated correspondingly 
more rapidly; but, as already stated, rapid 
starting is more serious as regards wear than 
rapid stopping. For the excentric arrangement 
the further advantage is claimed that a portion 
of the occulting sector on the leading side can be 
cut out with a consequent increase of the light, 
since a greater part of the initial movement of 
the picture is too slow to be recogllised as a 
ghost image by the eye; but it should be 
remembered that it may be necessary to extend 
the fullowing side, which under ordinary cir- 
cumstances is often reduced in practice below 
the theoretical amount. 


Claw-feed mechanisms of many kinds have been 
introduccd but although they are frequently adopted 
in camera. perforatlllg, and printing mcchanisms. they 
are but rarely used in the projector. \Vhercas in . 
the projector the picture rests for -irs second and 
moves during lrs second, these pcriods are more 
or kss reversed in th(' case of the l'amera, as the time 
of exposure during which tho film is at rest is less 
than T All second. 
For printing ma("hines the claw arrangement 2 
has the advantage that thp teeth engage simultane- 
ously the perforations of the positive and the Buper- 
posed negative and drive both together with great 
precision. A considerable wc>ar of the film perfora- 
I w. n. Cook, U The Excentric Star Intermittmt 
:\[ovement," 'l'rans. Soc. of .Motion Picture Engrs., 
l\[ay 1 !J:W. 
2 Dr. Forch, Drr [{ inematograph, p. 30. 


tions is attributable to the teeth of the cla,\S, but as 
the film is only subjected once in the camera to the 
claw action, this disadvantage is pot of gff'at 
importance. The teeth of the claw are caused to 
move in a more or less D-shaped path, the straight 
sidf' of the D being p3rallel to the film. The vertiea] 
motions are controllf'd by a main earn and the 
horizontal movements by a subsidiary eam. 
One of the earliest devict'-s, known as the Dog or 
Beater, is now only {OUIIÙ in machines of the cheapest 
kind. \Vhile simplicity of construction is its chief 
characteristic, its destmctive action on the film is 
considerable. The device was originally suggested 
by the appearance of a lathe dog, from which the name 
is derived. At each revolution of the dog the pin 
strikes the film and beats it downwards, thus drav.ing 
the picture through the ga te. The throw of the dog 
is such that the film is displaced to the extent of one 
picture at each revolution. A earn is usually pm- 
vided to press the gate open against the re8istance 
of a spring immediately before the striking pin 
comes into action in ordf'r to reduce the strain on the 
film. A reciprocating arm is sometimes used instead 
of the rotating dog, not only as a feed device but, in 
flome cases, as a means of masking. Particulars of 
numerous other devices will be found in works 
devoted to kinematograph details. 3 

 (6) THE SHUTTER.-\Vith very few excep- 
tions, the shutter )l(Fig. 4), placed immediately 
outside the objective, has the form of a rotating 
disc which intersects the beam of light. It is 
driven in direct association with the driving 
disc of the :Maltese cross, one revolution of 
which corresponds with the interval between 
the pictures. Thus, when properly set. the 
dark sector of the shutter occults the light 
while the picture is being transferred. The 
angular width of the occulting sector should 
theoretically be such that it just covers the 
whole beam before the picture commences to 
move, and does not une'over any portion of 
it before the picture has come to rest. To 
satisfy this condition would involve the loss 
of a great part of the light, especially as flicker 
sectors are also required. If the transfer t.akes 
place during ith of the period-that is, during 
72 0 of rotation - the angular width of the 
sector is generally between 90 0 and 9.>0, which 
usually means that some light passes at the 
commencement and end of the transfer, when, 
however, the motion of the image is compara- 
tively slow. That some latitude' is permissible 
is suggested by the fact that in some houses 
where the film is run at an unusually high 
speed,4 or where the illumination is low, due 
to fog or smoke, for example, a special single- 
bladed shutter, or sometimes no shutter, is 
used. 
S Hopwood and Fo
t('r, Lirin(l Pit-turn:, 1915; 
Uichardson, Jlotion Pidure HalldlJ()ok. 3rd ('d., HHS ; 
Fore'h, Der Kinematograph, 1m3; U<,segang, Hand- 
buch der praktischen ]í.inemato(lraphiR, 6th cd., UH 0 ; 
J.ehmann, Die ]{inematograpltÌe, 1919; Lassally, 
Bild und Film, 1910, volg. i. and ii. 
· F. H. Ukhardson, .. The Various Effcct'l of 
Ovcr.:;pceding Projpdion," Trans. Soc. "Uotion J>idure 
EngÜteers, No. 10, p. 61. 
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Several typical shutters in common use are 
illustrated in Fig. 11. 
Innumerable devices have been introduced 
with the object of impro" ing the illumination, 
but the result must necessarily be a com- 


promise between light and definition, as prac- 
tically all involve the projection of diffuse or 
irregular light upon the screen. Thus the 
blank sectors may be pierced \\ith holes, have 
gauze-covered portions, be of semi-transparent, 
variegated, or coloured material, or be provided 
with a small-diameter, light-diffusing lens. 

 (7) THE GATE.-An important element is 
the gate (Fig. 12) through which the film is 
drawn downwards inter- 
mittently by the inter- 
mittent sprocket. The 
film passes through the 
space B between the 
aperture plate A and 
the gate E, which is so 
hinged at C that it can 
be quickly opened by 
pressing the spring 
catch D to facilitate the 
stringing of the film. 
Usually, but not in 
all cases, the aperture 
plate faces the lantern 
and the gate the 0 bject- 
i '?e. 'Yhen the ga te is 
on the objective side it 
is often necessary to 
s\\ ing the' 0 bj ecti ve holder upwards before the 
gate can be opened to the full extent. 'Yhen 
the gate faces the lantern, the disposition of 
the guide rollers is usually such that if the film 
breaks it accumulates between the machine 
and the lantern and increases the danger of 
fire. Inside the aperture face there -are pro- 
vided t\\ 0 side strips, against which the film 
is pressed by two corresponding hard steel 
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strips or shoes G, carried springily upon the 
gate. As it is the pressure of these shoes that 
determines the drag on the film, it is essential 
that not only should the tension be capable 
of adjustment, but that the tensions on the 
two sides of the film should be equal. This 
result is usually attained by making the top 
tension spring H act equally upon the upper 
ends of the two shoes and the lower spring J 
upon the lower ends. In some cases one 
spring is arranged to act equally on all four 
ends. 
Small differences in the ",idth of the film 
necessitate some side guidance, as the width 
of the slot in the aperture plate must be 
sufficiently great to accommodate films of 
extreme ", idth. The flange of the top guide 
roller may be made to serve as a side guide, 
as the use of springs, especially in the side 
wall of the aperture plate, is not free from 
objection on account of their tendency to 
become clogged with the collodion torn from 
the surface, particularly of new films. For 
the same reason the use of velvet strips has 
been practically abandoned. 
To facilitate the cleansing of the guides the gate 
should be capable of being opened \\idely and the 
shoeR themselves should be removable. In many 
machines the lower guide roller which holds the film 
against the intermittent sprocket is carried upon the 
gate, and is capable of being so adjusted that it docs 
not bear too hard upon the film. Cndemeath the 
sprocket there iB mounted a stripper plate which 
separates the film from the under side of the sprocket, 
'''hen this plate is not fitted there is danger of the 
film being wound round the sprocket. 

 (8) :\lASKI
G.-:Masking the film is neces- 
sary from time to time, in order to set the 
individual pictures exactly before the aperture 
and therefore correctly upon the screen. 
In re-joining a film the pieces may be dis- 
placed by a fraction of a picture, and when 
this portion passes through the machine the 
correct location of the image upon the screen 
is affected. The earlier method of mask- 
ing, which has only recently been generally 
discarded, consisted in displacing, relatively to 
the film, the optical axis containing the source, 
the centre of the aperture, and the optical 
centre of the objective, by the amount re- 
quired to replace the image centrally upon 
the screen, The model illustrated in Fig. 2 
is of this type. The aperture and objective 
are usually moved together, and then the light 
source is readjusted until the best condition 
of uniform illumination is again atta.ined. 
As the frequent readjustment of the source 
is not without objection, the greater propor- 
tion of modern machines have the optical axis 
fixed, masking or framing being effected by 
pulling the film through the gate until the 
picture is again central, \\ithout, however, 
altering the relative positions of the )Ialteso 
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cross and the driving disc with which th(' 
shutter is associated: that is, the operation 
of masking must not affect the timing of the 
carry-over gear and shutter. The intermittent 
sprocket, )laItese cross, and driying disc are 
moved up or down as one unit carrying with 
it the film relatively to the gate. It is then 
necessary to make the top and bottom loops 
sufficiently large to permit of this adjustment. 
The drive may be communicated to the ad- 
justable element through the intermediary of 
a coupling so disposed that no rotation of the 
coupling shaft and no rotation of the shutter 
shaft is involved in the masking operation. 
If these conditions are fulfilled, the timing is 
not affected, the occultation of the light 
corresponding with the transfer of the film by 
the rotation of the intermittent sprocket. 


This system of masking is embodied in the Power's 
Cameragraph. The apparatus, as is customary, can 
be placed in an inclined pO''òition. which is neeessary 
when the projection booth is situated at a high level 
relatively to the screen. )Ieans are provided on the 
stand for angling the whole machine together with 
the lamp as one unit to suit the conditions of the 
installation. 
An interesting device is used in the Cameragraph 
for automatically re-setting the lower loop, which in 
practice may quite easily be lost if the film perfora- 
tions, for instance, are badly worn, necessitating 
ordinarily an interruption of the projection, The strip 
of film forming the lower loop is passed under a roller. 
\\"hen for any reason the loop is lost, the film in 
becoming taut rai
es the roller and partially rotates 
a cylinder on the surface of which is cut a spiral 
slot. An arm, a pin on which engages the slot, is 
thus swung sideways and declutehes the lower feed 
sprocket, the rotation of which momentarily ceases. 
During this interval the loop increases, the roller 
under the action of a spring falls with the loop, 
the clutch is brought into normal action, and the 
sprocket recomm('nccs to feed the film. 
In the masking devices previously described the 
intermittent sprocket in its lowest position is a con- 
siderable distance from the gate. and the length of the 
film loop bet\\een the gate and the intermittent 
sprocket is of varia bit=' amount. Although aùditional 
complexity is involved, this disadvantage may be 
successfully avoided by mechanism such as is used, 
for exam.ple, in the Simplex machine. The gate 
8procket IS mounted close to the gate with its axis 
in a. fixed position. Masking is effected by the 
rotatIOn of the whole intermittent mechanism about 
the axis of the sprocket, the maximum rotation 
required being a quarter revolution, which corre- 
sponds with a film displacement of one picture, Since 
the pinion of the driving disc must necessarily be in 
gear eithe
 d
rectl
 or indirectly with the driving 
wheel, havmg Its aXIS concentric \\ith the intermittent 
sprocket about the axis of which the masking rotation 
takes rlace, it \
il
 be 
vident that in the masking 
operatIOn the dnvmg dIsc will be rotated relatively 
to the Maltese cross. To preserve the timing, the 
shutte
 must therefor
 be automatically rotated by 
an eqUIvalent amount m the appropriate direction. 
For a displacement of one picture - that is, a 


quarter revolution of the intermittent !':procket-it is 
nece::'sary to correct automatically the displacement of 
the shutter by one revolution. This is don(' in one 
particular example by communicating the dri\ e to 
the shutter axis through Rpiml gears, the pinion 
gear on the shutter axis having a length of on(' spiräl. 
When the gate sprocket mechanism is rotated the 
spiral driving dement is di!';placed longitudinally 
upon a squared shaft by a corresponding amount, 
and ill its longitudinal movement it rotates th(' !';hutter 
quite independcntly of its ordinary rotational move- 
ment. The arrangement has the advantage that. by 
providing an additional hand control of the loncri- 
tudinal movement, the timing can be adjusted while 
the macmne is running. 
In view of the precision with which the intrr- 
mittent sprocket must locate the film, the introduction 
of clf'ments between this sprocket and th(' l\Jaltese 
cross is objectionable owing to the possibility of 
backlash introduced by slarkness or wear of the 
parts. It has been proposed, for example, to rotate 
the sprocket independently of the 
Ialte:;e cross 
through the intermediary of a differential, one 
element of which is controllaLle by hanù. In 
another arrangement the sprocket is mounted upon 
a spiral sleeve on the Maltese cross spindle to which 
it is keyed, By a longitudinal displacement of the 
sleeve the sprocket can be rotated relatively to the 
('ross, and, as in the previous example, the timing of 
the shutter is not affected, since no relati,.e movement 
of the cross and driving disc is involved. Devices 
of these kinds, which involve the use of addItional 
parts, particularly between the sprocket and the 
cross, are unlikely to prove satisfactory on account 
of the objectionable backlash that may be introduced. 
An essential and important feature is the 
take-up mechanism of the lower spool-box 
which rolls up the film after its passage from 
the lower feed sprocket at a constant rate of 
about 1 foot per second. As the diameter of 
the roll increases the speed of rotation neces- 
sarily decreases and the tension on the film 
varies. In a few cases the drive is applied 
through the intermediary of a variable spe('d 
gear, but in the great majority of machines 
a simple slipping clutch is employed, the 
pressure being adjustable by means of a spring. 
As the diameter of the roll grows larger the 
slipping increases, but although the maximum 
force that can be applied to the film is limited, 
the force is not automatically kept constant. 
For reels having 1000 feet of film the slipping- 
clutch, when properly set, suffices, but for 
longer reels of 2000 feet a variable speed 
drive becomes desirable. Satisfactory results 
have been attained by causing the increaRing 
weight of the roll to increase the frictional 
resistance to rotation, '"' hereby the uniformity 
uf the tension on the film is maintain('d. 
So long as inflammable celluloid film is used, 
there must always be a certain amount of fire 
ris
, notwithstanding the stringent legal regu- 
latIOns that are commonly imposed. For the 
prevention of panic among the spectators, who 
may be alarmed by the fiery glow projected 
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upon the screen ."hen the film in the aperture 
space is ignited, it is essential that the pro- 
jection should be interrupted immediately by 
closing the "indow shutter of the booth and 
by closing the lamp shutter or dowser. These 
operations are generally done by hand. Upon 
the machine itself, however, there must be 
provided a fire shutter N (Fig. 4), which covers 
the gate aperture when the machine is at rest, 
as shown dotted in the illustration. 
'Yhen the machine is in operation the film 
is subjected to the concentrated heat for brief 
intervals of only -f1! th second, during which 
time it does not reach the temperature of 
ignition. But if the machine is stopped and 
the film is at rest for a second or 
ven less, 
it "ill become ignited unless the shutter falls 
immediately the motion ceases. The shutter 
is often operated by means of a governor 
directly associated with the driving mechanism, 
and in other cases by simple friction discs 
separated by a thin viscous layer of oil. 
If the film breaks while the machine continues 
in motion the fire shutter will not fall. In such a 
case the lamp dowser roUEt be closed by hand. 
To provide automatic protection capable of dealing 
"ith every contingency invoh'es mechanical and 
electrical complications that may proye a greatí'l 
danger than security. Reliance is usually placed 
upon the fire shutter at the gate and the alertness of 
the operator. Ignited film in the machine itself, 
being in contact \\ ith cold metal. burns compara- 
tively slowly and may easily be extinguished jf 
dealt with promptly. 
It is most important that thc large masses of film 
in the roll boxes should not become ignited. Pro- 
vided the lids are closed as they ought to be, thi
 can 
be efIeC'tively preYented by passing the film into the 
boxes between mf'tal plates N (Fig. 4), haYing 
a surface length of several inches. The cold metal 
extingui:;hes any flaming film that may be drawn 
between them. 

 (9) THE OBJECTIVE.-As the individual 
pictures on the film are only 1 inch "ide and 
! inch high, whereas the image projected on 
the screen may be 20 ft. .wide, it will be 
evident that so great a magnification necessi- 
tates a quality of definition of a very high 
order over as large a central area as possible, 
since the action of a picture play cannot be 
confined to the centre of the screen. Illumi- 
nation being of the greatest importance, a 
large aperture is desirable as in the case of 
pOlirait lenses, in which the conditions to be 
satisfied are very similar. There may be a 
considerable loss of light, however, in the 
passage through the lens sYðtem, not only at 
each transmission, but also owing to the actual 
cutting off in the combination when the front 
and back elements are widely separated as in 
the case of the early Petzval objectives. Com- 
pactness of design is therefore of importance. 
An objecti'
e equivalent focal length of -! 
inches is a common one, and since the picture 


is 1 inch "ide the angular field is a bout 1.3 0 , 
and for longer focus objectives still less. This 
small angular field makes it possible to obtain 
a quality of general definition on the screen 
that would he unattainable if the width of 
field common in the case of a portrait objective 
was required. 
Computation is also facilitated by the fact 
that complete freedom from distortion is 
not of greatest importance. 'Yith very few 
exceptions, the centre of the projected beam 
does not fall normally upon the screen, owing 
to the elevated position of the kinematograph 
booth and to the vertical arrangement of the 
screen. .For these reasons the magnification 
at the bottom of the screen is usuaUy greater 
than at the top by an appreciable amount 
considerably in excess of the distortion error 
attributable to a good objective. 
The principal aberrations that have to be 
reduced to a minimum in the computation of 
objectives are discussed in the undernoted 
works.! They are as follows: 
(i.) Chromatic aberrations. 
(iL) Axial spherical aberration. 
(ill.) Coma. 
(iv,) Astigmatism and curvature of the field. 
(v.) Distortion. 
Freedom from chromatic aberrations ensures 
the absence of coloured margins in the projec- 
tion of black and white d
tails and a true 
representation of coloured images. Crispness 
of central definition is associated with freedom 
from axial spherical aberration, and fulfilment 
of the sine condition. Coma or spherical aber- 
ration for extra axial points and astigmatism 
result in fuzziness and elongation of details 
which increase with the distance from the centre. 
'Yhen there is curvature of the field the 
image cannot be sharply focussed at the 
centre and sides of the screen simultaneously, 
owing to the image surface being curved. 
'Yhen astigmatism is present there are really 
two image surfaces whose vertexes coincide 
on the axis where the astigmatic aberration 
is zero. Distortion, already referred to as 
being of secondary importance in view of the 
greater error due to the angle of projection, 
results from a change of magnification from the 
centre radially over the surface of the screen. 
)lost kinematograph objectives are based 
upon the type of portrait objective invented 
by Professor Petzval of Yienna in 18....0. 
This type is remarkable for its freedom from 
aberration over a central area corresponding 
"ith an angular field of about 8 0 , that is, 4 0 
on either side of the axis. Beyond this width 
non-fulfilment of Abbe's sine c(mdition becomes 
increasingly marked. 
1 Stf'inhdl and Yoit, Handhook of Appliet! ()ptics, 
edited hv .J. W. Frellch. vol.,. i. and ii.. l!H8: A. S. 
Cory, ..' Optical He'luirement;;; of )[otion Pieturc 
Projection Objectives," Tra1/!;
. SO('. ,lIot. Pirro En{Jrs., 
.April HHS; (). Lind::;ay J ohllson, Photographic Optks. 



1.38 


KIXE)IATOGRAPH 


The Petzval system comprises an outer 
cemented ùoublet nearest the screen and an 
inner non-cemented doublet nearest thc film. 
It has the additional advantage that the 
latter is not so liable to be affected by the heat 
of the concentrated light as would be the 
case if the elements were balsamed. In 1866 
J. H. Dallmeyer considerably improved the 
uncemented element of the Petzval system. 
By a judicious selection of types of glass 
introduced within comparatively recent times 
it is now possible to o"htain numerous excellent 
anastigmatic combinations of British, German, 
and F;ench make that, in addition to crispness 
of definition over a large area, provide a field 
that is flat over nearly the whole angular 
.width common to kinematograph projection. 

 (10) ILLL'"l\II
ATION. - \Vhen it is con- 
sidered that the whole light available for 



 rc 
B 
A C 0 

roo cp, 

 


Condenser 


FIG. 13. 


distribution over thc surface of the screen, 
which may be 20 feet long and 15 feet high, 
has to be emitted by the crater of the arc 
having an effective surface of less than 0.2 
sq. in., it wIll be understood that a very 
intense source is essential. For smaller 
projection lengths special incandescent tung- 
stC'n lamps 1 having a condensed area of 
filament are extensively employed in America. 
'Vith these lamps there are used rear reflectors 
and spccial corrugated condensers 2 which, 
being placed near the lamp, intercept a large 
cone of rays. But for screens of 20 feet 
width a more powerful source, such as the 
carbon arc, is still employed. 
In comparison with the incandescent lamp 
the carbon arc 3 is more inconvenient to use, 
less C'onstant, and less hygienic. If the carbons 
J R. A. Dennington, .. Incanrlf>Hcent I,amps for 
Motion Pktnre :-;('rvice," Trans. Soc. ...llot. Pid. 
En(Jrs., April HH8, p. 3G, a]:--o 47. 
2 II. P. Oag(', .. ('ond(,f1
f'r Df'sign awl Scre('n 
Illumination," Tran,,,;. Soc. .1Jot. Pict. Engrs., Avril 
1Ul f), p. fi:t 
3 \v. ('. Kunzm::mn, .. Carbon Arc for 
\J()tion 
Picture l)rokr'tion," Tran,,,;. Soc, 
.lJot. Pict. Engrs., 
Nov. 1918, p. 20. 


are solid the arc wanders and the illumination 
for this reason varies greatly, but usually 
the upper carbon has a soft core "hiC'h, by 
burning away more quiC'kly, centres the arc 
and prevents wandering. \rhen using alter- 
nating current both carbons are usually coreù. 
Arc controllers designed to avoid hand control, 
and magnetic devices for steadying the arc, 
are available and are sometimes installed. 
'Vhen using cored carbons an illumination of 
about 120 candle-power per sq. mm. of crater 
is obtainable. An effective crater area of 100 
sq. mm, or 0.16 sq. in., which is common, 
thus emits 12,000 c.p. If thc arc was an 
uno bstructed point source radiating in all 
directions, the nearer the condenser lens was 
placed to it the greater would be the cone of 
light intercepted, and the greater the light 
available. l\luch of the light, however, is 
obstructed by the 10\ver 
negative carbon of 
direct-current arcs and 
by the upper crater 
edge of the po::)i ti ve 
carbon, and further, on 
account of the intense 
heat, it is not practi- 
cable to bring a con- 
denser lens closer thaD 
3! in. to 4 in. 
A 4!-in. diameter con- 
denser lens, which is a 
usual size, set 3.6 in. 
from thc arc intercepts 
11% a cone of light whose 
Lumens = 7300 base covers 1 S q . ft. 
Area = 300 ,gq.ft, 
CondIe Power = 4'3 and whose length is 
1 foot. Such a con- 
denser thus intercepts 12,000 lumens if the 
candle-power is 12,000. At each transmission 
surface at least 4 per cent of the incident light 
is lost, in accordance with the Y oung-l"resncl 
law. There is also sorrie absorption of light 
by the glass. In the case of the objective 
this is almost negligible, as the glass employerl 
is of good optical quality and the thicknesses 
are small. Glass of a much inferior character 
is too frequently employed for the condenser 
lenses and the loss is then quite important. 
It is very questionable economy to use con- 
denser lenses made of a type of window glass, 
as is so frequently the case. 
The losses of light in its passage from the 
first condenser surfaC'e facing the arc to the 
screen are as indicated in Fig, 13. At the 
surfaces A, B, C, and D at least 4 per cent of 
the light incident at each of the respC'ctin> 
surfaces is lost. An absorption of 5 per cent 
per cm. thickness flf g
ass has ueC'n assumed, 
but this amount is oftC'1l ex('ccdc(1. In the 
first lens the loss is 17 per cent anù in the 
dou hlc lens condcnser 33 per cent. The loss 
in a triplc condenser is still grcatcr. 
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It has been assumed that the 'whole circular 
area of the condenser lens contributes light. 
Actually, however, only a rectangular area 
corresponding "ith the rectangular form of 
the film aperture is utilised. About 40 per 
cent of the circular beam is cut off by the 
rectangular aperture at E. Thus about 40 
per cent of the original light reaches the 
film F. Only an approximate estimate of the 
lo
s at the film is possible, as the density varies 
greatly. Photometric measurements show 
that 2.3 per cent of the light may be lost in 
transmission through even the least dense 
parts. 
The objective, whose surfaces are lettered 
G to X, usually has two uncemented lenses 
which invohTe a drop from 30 per cent to 25 
per cent, and one cemented doublet which 
involves a further drop to 22 per cent. 
In the usual flicker shutter 0 there is a very 
large loss of light, amounting in one commonly 
used type to nearly 50 per cent. Of the total 
light incident upon the first surface A of the 
condenser, namely 12,000 lumens, only 11 per 
cent passes the shutter, that is 1300 lumens. 
l\ eglecting the loss through absorption by 
the atmosphere, which may be considerable, 
this quantity of light is available for distribu- 
tion over the screen P, ha'Ting an area cf, 
say, 300 sq. ft. Thus, assuming the 'whole 
film is of the lightest shade, the intensity of the 
light on the screen would be 4.3 foot-candles. 
The actual intensity reflected to the observer's 
eye is considerably less, and depends not only 
upon the nature of the screen but also 
upon the obliquity of the observer's line of 
sight. 

 (11) THE SCREE
.-A perfect reflector if 
used as a screen would reflect a high proportion 
of the light, but only in a definite direction 
determined by the angle of incidence. A matt. 
surface, on the other hand, diffuses the light 
over a wide angle, "ithin which the picture is 
visible, but the light reflected in anyone direc- 
tion is correspondingly less. Thus, although 
the albedo value, that is, the ratio of the 
reflected light to the incident light, for a 
polished glass sheet silvered on the back may 
be 90 per cent, such a screen would be quite 
unsuitable as compared "\\ith a matt surface 
of fine white plaster which, when clean, has 
an albedo value of about 80 per cent but 
spreads the reflected light over a wide angle. 
\Yhite doth well stretched reflects from 
70 to 75 per cent of the light. Cartridge 
paper has even a higher albedo value, but 
sllch hygroscopic materials readily deteriorate. 
The choice of a screen surface 1 depends also 
upon the maximum obliquity from which it 
must be viewed. 


1 .T Onf':'\ and Fillins, .. Rf'lIe('tion (,haradrri
tics of 
Proje('tion Screens," Trans. Soc. .M ot. Pict, Ellgrs., 
Oct. 1U::W, p. 59. 


Glass screens 2 ground on the face and 
silvered on the back confine the greater pa.Mi 
of the light to an angle of about 30 0 and 
may have a good reflecting value of over 
80 per cent "hen clean, but moisture on the 
ground surface has a serious effect upon the 
spreading power of the parts affected. 
Screens coated '"ith silver, aluminium, or 
other metallic paints are often used. Special 
claims are sometimps made for yellow-tinted 
surfaces that reflect a greater proportion of 
yellow light. 3 \Yhatever the type of screen 
employed, it is essential that its surface should 
be kept clean and dry, as otherwise the reflect- 
ing power may be much reduced. 

 (12) SPECIAL FOR:\IS OF ilIACHIXE.-It is 
not possible within the limits of this brief 
account to deal with the more special applica- 
tions of the kinematograph. 
For the projection of synthetically coloured 
pictures Friese Green in 1899 proposed the 
use of a red, green, and blue rotating shutter 
in front of. the objective. In the original 
kinemacolour method successive exposures of 
the film in the camera are made through three 
and sometimes Í\' 0 filters consecutively, and 
each set of three or two consecutive pictures 
is projected simultaneously, and in other 
arrangements &.lternately, upon the screen 
through corresponding filters. K umerous other 
arrangements have been proposed for the 
synthetic production of natural colours,4 
but, in new of the expense and complications 
involved, simple hand
tinted films 5 are more 
frequently used "henever coloured pictures 
are desired. 
The kinematograph is ()f great scientific 
value for the analysis of very quick motions,6 
the pictures being taken at a rapid rate in the 
camera and projected upon the screen at the 
rate of about sixteen per second. 
Many inventors have attempted to devise 
a satisfactory dissolving view machine, the 
advantages of which need no description, but 
no real practical success can be recorded. 
The intermittent machine, not" ithstanding 
its inherent difficulties, still remains un- 
surpassed for the projection of pictures under 
picture-house conditions. 
Iost of the con- 
tinuous' devices hitherto proposed have 
involved a large number of lenses, prisms, or 
mirrors difficult to adjust or maintain in 
adjustment individually "\\ith the accuracy 
essential for the projection of a picture at a 


I Cardwell and Burro\\s, .. Light Intensities for 
Motion Picture Projection," Trans. Soc. .1U ot. Pw. 
Engrs., Oct. 191i. 
3 Richardson, J/otio'11 Pictllre Handbook, p. 166. 
C Hopwood and Foster, l iring P1'ctures, 191;), 
chap. vii.; Kelley, .. Xatural ('olour Cinemato- 
graphy," Tram;, Soc. J[ot. Pict. Engrs.. So\'. HH8, 
p. 30; Carl For('h, Der Kinematograph, fhap. x. 
p. 11 fl. 
5 Blair, .. The Tintin!! of )rotion Picture Film," 
Trans. Soc. J[ot. Pirt. EIIgrs.. )[a:r IU20, p. 45. 
· H. Lehmann, Die Kinematographù>, sec. iv. p. 66, 
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distance of a hundred feet, which is quite a 
common practice. 
l\Iany attempts have also been made to pro- 
ject stereoscopic images 1 upon the screen, but 
with little rea) practical success. The use of 
coloured spectacles to view suitably coloured 
pictures is unlikely to become popular. An 
im pression of depth can also be obtained from 
the parallax appearance resultin
 from a trans- 
lation of the camera during the exposure of 
the film. 
To a very considerable extent the use of 
the kinematograph in schools, and the more 
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L SERIES: a group of spectrum lines in the 
characteristic X-rays emitted by an element. 
See" Radiology," 
 (17). 
LAMBERT: a unit of brightness used in 
America. It is equal to the brightness of a 
perfectly diffusing surface of unity reflection 
ratio, illuminated to the extent of one phot 
(q.v.). It therefore equals 1/7r candles per 
sq uare centimetre. See" Photometry and 
Illumination," 
 (2). 
LAMP ItOTATOR: a device for obtaining a 
measurement of mean horizontal eandle- 
power of a lamp by a single photometric 
reading. See" Photometry and Illumina- 
tion," 
 (38). 
L>\.NDOLT AND LIPPICH'S POLARnIETER: an 
instrument for measuring the position of 
the plane of polarisation, depending on the 
use of a very intense light source and a pair 
of wide-angled Nicol prisms, the field being 
not uniformly dark but crossed only by a 
narrow black band. See "Polarimetry," 

 (9). 
LA
TERN PROJECTION OF IMAGES ON A SCREEN. 
See" Projection Apparatus," 
 (14). 
LATITI'"DE, definition of. See" Surveying and 
Surveying Instruments," 
 (4), 
Determination of, for survey purposes. See 
ibid, 
 (24). 
LAPRENT POLARIMETER. See" Polarimetry," 

 (5). 
LEAD, USE OF, IN GLASS :MANUFACTURE. See 
" Glass," 
 (8). 
LEADING MARKS FOR FIXING POSITION. See 
"Navigation and Navigational Instru- 
ments," 
 (2). 
LESGTH, FOCAL, determination of, for simple 
spherical lens. See" Lenses, The Testing of 
Simple. " 
LENS, aspherical: a type of spectacle lens 
dcsigned to correct the aberration intro- 
duced when the eye looks tmvards the 
edf!e of the lens inst<.>ad of to the centre. 
See "Ophthalmic Optical Apparatus," 

 (8) (ii.). 
1 Carl Forch, Der Kinematograph, chap. xi. p. 135, 


general introduction of porta hIe kinemato- 
?raphs 2 for home and comrnereial purposes, 
IS dependent upon the development of a 
durable non-inflammable or slow-burning 
film. If slow-burning non-standard film is 
used, the choice of subjects is at the present 
time greatly restricted. J. w. F. 


KIRCHHOFF'S LAW OF RADIATION. See 
" Radiation Theory," 
 (4). 
KÖNIG-l\lARTENS SPECTROPIIOTIDIETER. See 
" Spectrophotometry," 
 (12). 


Bifocal: a type of spectacle lens ha ving 
two different pow"ers or foci set in the 
same eye-wire or spectacle frame; the 
upper focus is used for distance and the 
lower for reading or close work. See 
ibid. 9 (8) (i.). 
Cataract: a type of spectacle lens for 
aphakic patients, designed to reduce the 
weight and aberration of the suitable lens 
of an ordinary type. See ibid. 
 (8) (iii.). 


LENS SYSTE
lS, ABERRATIOXS OF 

 (1) INTRODUCTIoN.-The Gaussian theory of 
a system of coaxial lens<.>s is given in the 
article on "Lenses. Simple Theory of," while 
in the articles on the Lenses for Telescopes,3 
Photographic Lenses, 4 and Microscopes 5 refer- 
ence is made to the various aberrations to 
which any such system is su bject. 
In the following sections the theo:..y is given 
of the five first-order aberrations, generally 
known by the name of Von Seidel, viz. Dis- 
tortion, Curvature, Astigmatism, Coma, and 
Spherical Aberration. . A more complete treat- 
ment will be found in the article on Systems 
of Lenses. 

 (2) HA
nLTON'S CHARACTERISTIC FUNC'- 
TION.-Light is propagated by trans,Terse 
wa ves which spread outwards from finy 
luminous source; in an isotropic medium- 
one, that is, which has identical properties in 
all directions-the wave vcl0citv is thp same 
in all directions, and the wa;es emanating 
from any point source 
pread outwards in 
sphere. Consider now the disturbance leaving 
the source at any given instant; at any future 
instant, supposing no r('flpction or I"('fractioll 
to have occurred, its dIect \\ ill he sprcad over 
a sphere having the source as centre, and th(' 


2 A. F. Vif'tor, .. The Portabl(' ProÏ<'etor," Trans. 
Soc. Jlot. Pid. ElIflr,<;., \pril 1918, p. 2D. 
;I S('(' .. T('I('s('o]J('I';," 9 (3). 
C See .. Phofogra ph if' IJ(,lls(,
," 9 (8). 
1\ ðce .. 
Iicroscope, The Optical Th('ory of," 

 (5), 
etc. 
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time taken to reach any point on this sphere 
"ill be the same, and will be given by didding 
the radius of the sphere by the velocity of the 
light. This sphere constitutes the wave front 
for that disturbance. The effect of reflections 
or refractions, such as take place at the sur- 
faces of a series of lenses, is to modify the form 
of the wave smface, but it always retains this 
fundamental property; it is the ass em blage 
of points at which the disturbance emanating 
from the source at any given instant has 
arrived at the instant considered, and its form 
is given by the fact that the time taken to 
trM
el from the source to all points on the 
surface is the same. )Ioreover, it can be 
sho\\ n (i.) that the light .which reaches any 
point is trayelling at right angles to the wave 
surface through that point, and (ii.) that the 
ray or path by .which the light has travelled 
is such that the time of transit from the source 
to the point is the least possible. 
Xuw if x, y, z be the co-ordinates of any point 
on the wav
 front .we may write its equation as 
j(xyz) =c, and since the time of transit from 
the origin to any point on the wave is constant 
we may express the time as a function of the 
variables which is constant .when the point 
xyz is on the .wave front. This ."ill be satisfied 
if the time is expressed as a function of 
f(xyz). Thus, if V denote the time .we may put 
V. =cþ{f(xyz)}. 
Again the direction cosines of the direction of 
propagation, .which, as we have seen, is normal 
to the wave front, are proportional to djjdx, 
djJdy, and djjdz respectively. But 
dY dV dj 
dx = df dx ' etc. 


Thus the wave travels in a direction whose 
direction cosines, given say by L, ::\1, X, are 
proportional to dVjdx, ä'l/dy, and áVjdz, when 
V represents the time taken to travel from the 
source-the origin-to the point x, y, z. 
From this it follows that if V be regarded 
as a function of the co-ordinates of two points, 
one in the object, the other in the image, 
space-V being the time of transit between 
the points-the differential coefficients of V 
with regard to the co-ordinates of the points 
give the initial and final directions 
of the ray passing through the points. 
Thus a knowledge of V, which is the 
characteristic function of Hamilton. 
ena bles all the properties of the lens 
system to he deduced. 

 (3) HA
nLTox's F-r.'SCTIOX FOR A 
SERIES OF CO.\XIAL LEXSEs.-The 
problem is simplified in the case of 
a system of lenses by the facts (i.) that th(' 
system is snnmetrical about the axis of the 
l
nses, and 
 (ii.) that the objects and images 
considered are assumed to lie either in planes 


perpendicular tt) this axis or on surfaces of 
revolution about the axis. 
Let À, Y, Z be the co-ordinates of a point P 
(Fig. 1) in the object space, consider a fixed 


5" 


x 


FIG. 1. 


plane-tJ1e plane of a stop in the lens system 
-in the image space, and let the ray con- 
sidered meet this in P' whose co-ordinates 
are 
, 1J, 5. 
Let planes through P and P', normal to the 
axis, meet it in 0, 0' respectively. Then it is 
clear from the symmetry about the axis that 
for any pair of points P, P' in these planes V 
will be the same, so long as the distances 
OP, O'P' and the angle between OP and O'P' 
are fixed; thus, denoting this angle by 8, \T 
may be treated as a function of the distance 
between the planes considered, the radii OP 
and O'P' and the angle 8. But 
OP=(Y2 +Z2)1, 
O'P' =(1J2 + 5 2 )1, 
Y77+Z5 
cas 8 - OP. O/P" 


and 


OO'=
-X. 


Thus we may treat V as a function of \""2 + Z2, 
7]2 + ?2, Y1J + Z5, and 
 - X; this latter quantity 
is constant if the images are planp. Again 
in lens problems the quantities Y, Z, 1J, 5 are 
small compared with the focal lengths and 
other constants of the lens and "ith the 
distances of the object and image from the 
unit planes of the lens. 
Thus we may expand Y in powers of Y2 + Z2, 
Y1J+Z5' and 1J2+5 2 , and if we retain only 
the fourth powers of the small quantities we 
a btain the expression 


,
 = 1'0 - !t't(Y2 + Z2) + v 2 (y 1J + ZI") 1 
- !t'3(1J 2 + 52) - H1'4(Y2 +Z2)2 
- 4Z"S(Y2 + Z2)(Y 1J + Zr) + 41'6 (Y 1J + ZI") 2 
+ 2(t'6 +'l"7)(Y2 +Z2)(1J2 + r 2 ) - 4Z.'8(Y 1J +Zr)(1J2 + 5 2 ) J 
+ z."ø(1J2 + r2)2] + . . . terms invoh"iI;g higher 
po.wers of the variables, 


YOLo IV 


(1) 


"here the r's are quantiti('s which depend only 
on the properties of the If"ns('s through which the 
liO'hthas passed and on the positions of the object 
a
d stop planes, the values, that is, of X and t 
M 
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Also we have for the direction cosines of the 
emergent ray 
dV dV 

I= d7] ' X = dt ' L=(I- 
p - N2)1. 
Thus 
l\l = Y {v 2 +1t'5(Y2 + Z2) - 'l'6(Y 7] + Zs-) } 
+ !'l-'s( 7]2 + ?2) + . . . } 
- 7] {t'3 +!( V 6 + 1-'7 )(Y2 + Z2) - 'l-'s(Y 7] + ZS-) , (2) 
+ !V 9 (7] 2 + S-2) + . . . } 
with a similar expression for N, but with 
Z and t before the two brackets in place of 
Y and 7]. Also 
L = 1+ !V 2 2 (Y2 + Z2) - V 1 'l'2(Y 7] + Zs) 
+ !V 3 ( 7]2 + S-2) + (3) 

 (4) POSITION OF THE IMAGE.-Now let the 
image plane be at a distance X' from the stop 
plane, and let Y', Z' be t,he co-ordinates of the 
point in which the ray L, 
I, N meets the 
image plane. Then 
Y' -7] +
X' } 
- L 
. . (4) 
Z'-S-+
X' 
- L 


Therefore 
Y' = 7] + 1tIX' {l- !t'2(Y2 + Z2) 
+'l-'2'l-'3(Y7] +Zt) -!'l'3(7]2 + t 2 )} 
=X'Y {v 2 +!(v s - t'2 3 )(Y2 +Z2) 
- (v 6 - V 2 2 V 3 )(Y 7] + ZS-) 
+!(V S -V 2 V 3 2 )(7]2+t)2} (5) 
+ X'7]{(ljX') - V 3 
-1(v 6 - V 2 2 V 3 + V 7 )(Y2 + Z2) 
+ (v s - V 2 V 3 2)(Y 7] + ZS-) 
- !(v 9 - V 3 S )(7]2 + S-2)} 
with a similar equation for Z'. 
N ow the conùition that the plane for which 
the intersections have been found is the correct 
image plane, is that, for terms of the lowest 
order, Y' and Z' shall be proportional to Y and 
Z respectively, for the image must be similar 
to the object. Thus we must have X' = 1/1'3. 
Hence the traces of the ray intersections with 
the image plane are found by substituting this 
value of X' in the above expressions. 
'Ve can simplify these expressions by sup- 
posing that the axis of Y passes through the 
source of the light so that Z =0. If this be 
done, we find the values 
2v 3 Y'=2v 2 Y +('l's-v 2 S )ys 
- {3(1'6 - V 2 2 V 3 ) +V 7 } Y27] 
+ (vs - V 2 V 3 2 )Y(37]2 + t 2 ) 
- (v 9 - V 3 3 )7]( 7]2 + S-2) (6) 
2v 3 Z'= - {(v 6 - V22V3)+V7}Y2t 
+ 2( V s - V 2 t'3 2) Y 7]S 
- (V,,- V 3 2 )t(7]2+t 2 ) 



 (.3) THE ABERRATIONs.-These expressions 
agree with those employed in discussing the 
aberrations separately in 
 (8) of the article on 
Photographic Lenses if we put 
v 2 Y ='l-'3Y' 
Y'=y +ôy, 
Z'=O+ôz. 
so that y, 0 are the co-ordinates of the image 
when there is no aberration, and ôy, ôz the 
aberrations in the radial and transverse direc- 
tions respectively. 
(i.) Dislortion.-The first term in the ex- 
pression for the aberrations is given by 
ô = v 5 - V 2 3 Y3 
Y 2v ' 
3 
and this gives the distortion 1 in the form 
ôy =a 1 '!!, 
( V - t' 3 ) 
a- 5 2V 2 . 
1-- 21'2 3 3 , 
the image is displaced by this amount in the radial 
direction and the aberration is wholly radial. 
(ii.) Cun:ature and Astigmatism.-'Ye have 
next the terms in Y27] and Y2S- given by 
2óy = _!. {3(1'6 - V 2 2 V 3 ) +V 7 } Y27] } 
V 3 
and (8) 
2ôz= -!{(V6-V22V3)+V7}Y2t ,. 
V 3 
or, as we may write them,2 remembering that 
v 2 
Y2 =
y2, 
V 2 
2ôy (3 ' 

=7] e+e), 
Y 
2ôz H ' ) 

=
\e+e , 
y 


(7) 


where 


and 


where 


V 
e = 
(1'6 - V 2 2 V 3 ), 
V 2 


, V: J 
e =2V7' 
V 2 
To examine the nature of this aberration 
more closely consider the intersection of the 
rays with a sphere given by the equation 
, I ( Y'2 + Z'2 ) 
X =- +! R ' 
V 3 
where R is the radius of the sphere. 
Additional terms are thereby introduced into 
the right of equation (5), which are given by 
2h (
) 2(y V 2 - 7] V ::s)(Y2 + Z2), 
or, putting Z =0, the further terms in 2v 3 Y' are 
] V 2 3 ya I 2Y2 
It V3 - R v 2 7], 


and in 2v 3 Z' 


1 2 Y 2 
- l{,v 2 t. 
1 See .. Photographic Lf'nses," 
 (8) (ii.) (a). 
2 See ibid. 
 (8) (ii.) (c). 
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The additional term in Y3 means that the 
ray through the centre of the stop for which 
7] = 
=O strikes the sphere in a point at a 
different distance from the axis from that in 
which it meets the plane. 
The complete coefficients of the terms in 
Y27] and Y2
 become 
{3( ,2 ) , 1 2 1 
- V 6 - 'li 2 V 3 + 1:7 + R;V 2 J 


and - {(l'6 - t' 2 2 t'3) + t'7 +AV 2 2 }, 
Thus the spreading of the light which these 
terms imply disappears if surfaces of curvature 
- -;{3(l'6 - V 2 2 V 3 ) + v,} 
V 2 


and - v\ {('l'
 - V 2 2 l'3) +v,} 
2 


be considered as the image surfaces instead of 
the plane given by X' = I/v 3 . In other words, 
the defects are due to the fact that pencils for 
which 7] is appreciable and 
 small come to a 
focus on a spherical surface having the former 
curvature, those for which 7] is small and t 
appreciable focus on a surface having the 
latter curvature. Thus the images are curved. 
Clearly, also, if e is finite the two spheres 
are distinct, no point image is formed; the 
aberration to which this gives rise is known 
as astigmatism. These curvatures may be 
written - (3e + e')/v 3 and (e + e')/v 3 , and should 
be compared with the corresponding ex- 
pressions given in the articles on "Optical 
Calculations," 
 (17), and" Eyepieces," 
 (4). 
(ill.) Coma.-The next two terms 1 in the 
expressions for ôy and ôz are 


2v 3 ôy = (v s - V 2 V 3 2 )(37]2 + 
2) Y } , . (9) 
2v 3 ôz =2(1,'8 - V 2 V a 2 )7J!Y 
and these may be written 
oy =2(7]2 + 
2) + (7]2 _ !"2) 
cy 
=r2(2 +cos 20) 
ôz =27]
=r2 sin 20; 
cy 


and 


if 


7] =r cas 0, 
=r sin 0, 


... (oy - 2cyr 2 )2 + (ÔZ)2 =C 2 y 2 r4. 
Thus the rays from a zone of the stop for 
which r 2 is equal to a constant pass through a 
circle in the image plane, the co-ordinates of 
whose centre are given by 2cyr 2 , 0, and whose 
radius is cyr 2 . 
It will be noticed that ôz =0, i.e. the rays 
meet the image plane in the axial plane z = 0, 
1 See U Photographic Lenses," 
 (8) (ii.) (c). 


both when 7] =0 anù when !=O. In the first 
case 


9J! =
2=r2 
cy 
and in the second 

'!l = 37]2 = 3r 2 . 
cy 
Thus, in the second case the displacement of 
the image from its ideal position is three times 
as great as in the first. 
Again the rays from opposite ends of any 
diameter of the annulus of the stop, i.e. from 
points whose co-ordinates are respectively 
7], !", and - 7], -
, meet the image plane in the 
same point. The complete circle in the image 
plane is formed by rays from half the annulus 
of the stop, thus 'v hen the complete annulus 
is considered the image circle is formed twice 
over. 
(iv.) Spherical Aberration.-Spherical aberra- 
tion 2 is independent of Y; it exists .when Y 
is zero, or the light comes from a point on the 
axis of the system. In the expressions for 
2v 3 Y' and 2v 3 Z' we have the terms 
- (v e - t'33)7](7]2 + 
2) 
- (t'e - V 3 3 )!"( 7]2 + 
2), 


and 


or, as we may write them, 


ôy dz 2 
-;; =I = vIr . 
These do not vanish with Y, and indicate that 
a ray from an axial point passing through a 
point 7]
 of the stop is not brought to a focus 
at the same point as a central ray for which 
X' is I/v 3 , but at a point for which X' has the 
value giT"en by 

 + is( 7]2 + 
2), 
t'3 


(10) 


where S is a quantity depending on the 
spherical aberration. 
We find on making this assumption an addi- 
tional term in the expression for 2l-'3 Y', 
!S(v 2 Y - V 3 7])(7]2 + 
2), 
and in that for 2v 3 Z', 
-lSv:J"( 7]2 + r 2 ). 
The terms in (7]2 + t 2 ) then disappear from our 
expressions for ôy and ôz if 
1St'3 + (t. 9 - t'a 3 ) =0, 
2( v 9 - v a 3 ) 
S= , 
V 3 


i.e. if 


which indicates different focussing planes for 
light from an axial source passing through 
I See" Photographic Lenses," 
 (8) (ii.) (b). 
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distinct zones of the slot. The axial dis- 
placement ox of the focus is given by 
ox=Rr 2 , 
where, as before, r is the radius of the zone. 
In applying this analysis of the aberration 
to any actual system it must be borne in mind 
that, in order to obtain a satisfactory corre- 
lation between theory and the appearance of 
the image, the intensity distribution derivable 
from theory must be considered in conjunction 
with the geometrical trace, and, further, that 
the theory must be modified to allow for the 
effects of diffraction whenever very small 
dimensions are in question. The appearances 
due to aberration are modified from those 
derivable from the foregoing theory of small 
aberrations. 


LEYSES, concave, the testing of. See 
" Lenses, The Testing of Simple," 
 (3). 
Convex, the testing of. See ibid. 
 (I). 
Ophthalmic. See "Ophthalmic Optiea) 
Apparatus," 
 (8). 
Testing of Camera. See" Camera Lenses, 
Testing of." 
Thin, the theory of. and application of 
results to "close' lenses. See" Optical 
Calculations," 
 (7), 


LENSES, THE TESTING OF SI
IPLE 


THE chief characteristics to be examined in 
the testing of a simple spherical lens are, 
firstly, the focal length, and secondly, the 
centering error, that is to say, any want of 
coincidence of the optical centre with thc 
geometrical centre of the lens. In the case 
of a cylindrical lens attention must also be 
paid to the orientation of the axis of the 
cylinder. 
The theory on which the tests are based is 
dealt with olsewhcre. 1 
These tests are most easily carried out on an 
optical bench such as is illustratcd in Figs. 
I, 2, and 3. A standard at one end of the 


FIG. I.-Optkal Rench for testing the Lenses 
in Oculists' Trial Cases. 


bench holds a collimator c (Fig. I) with illumin- 
ated vertical and horizontal cross-wires at 
1 See" Lenses, Theory of Simple." 


its focus. At the other end, facing towards 
the collimator, is a microscope 'In which can 
be moved parallel to itself in a vertical or 
horizontal direction, while at its foeus is a 
graticule :\1 (Fig. 2) engravcd with vertical 
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FIG. 2. 


and horizontal cross-lines cutting symmetric- 
ally across a series of concentric circles of 
radii I, 2, 3 . , . mm. An endless sted tape 
t (Fig. 3), attached to a lens-holder hI' and 
passing over a pulley at each end of the bench, 
enables the observer to adjust the holder to 
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FIG, 3.-Travelling Carriage with Rotating Head 
on Trial Case Lens Testing Bench, 


any position along the bench. The portion of 
the holder which grips the lens can be rotated 
about a horizontal axis in line with the axis 
of the collimator. The lens A, which is held 
in position by an adjustable screw s, can thuR 
be rotated in its own plane, the amount of 
rotation being indicated on a circular scale. 
A second standard h 2 for holding an auxiliary 
lens can be placed on the bench at any point 
and its position read by means of a pointer 
working over a scale on the bench. 
(i.) Convex Lenses. - The lens under test 
is I)laced in the holder 11 J and brought close 
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up to the microscopc, the position of '\\hich 
is adjusted to bring one cdge of the lens 
into the field of view. The screw holding 
the lens is adjusted so that on rotation the 
edge of the lens remains in a fixed position 
relative to the microscope cross -lines; the 
geometrical centre of the lens is then on the 
axis of the bench. Next, the holder is racked 
along the bench until the lens focusses the 
collimator cross-\\ires on the graticule of the 
microscope. If the lens is rotated, any separa- 
tion of the optical centre from the geometrical 
centre will cause a corresponding rotation of 


Lens A 


For biconvex lenses of equal radii and of 
considerable thickness a length I 2tlp. must be 
added to the back focal length to give the true 
focal length, t being the central thickness and 
p. the refractive index of the lens: In obtain- 
ing this expression the square of the thickness 
has been omitted. For glass of refractiye 
index 3,'2 the correction comes to t/3. 
(ii.) Cse of Auxiliary Lens.-This method 
of measuring focal lengths is obviously 
applicable only to positive lenses whose foeal 
length does not exceed the available length 
of the bench; " ith lenses of longer focus 


: 


M 


the central point of the image in a circle of 
radius equal to the centering error in the lens, 
and by adj usting the miero
cope to make this 
circle of rotation concentric with the circles 
engraved on the graticule, whose radii are 
known, the centering error can be estimated 
to 0.1 mm. If, as in cases considered later, 
an auxiliary lens is used betweeh the test lens 
and the 
icroscope, the magnification it 
produces must be taken into account when 
estimating the centering error by this method. 
\Vhen the Jens A focusses the parallel rays 
from the collimator on to the graticule:M (Fig, 


FIG. 4, 


and with negative lenses a positive auxiliaI')" 
lens must be used. The arrangement is in- 
dicated in Figs. 5 and 6. An equiconvex 
lens B of suitable focal length is mounted on 
the bench and its position noted when it brings 
parallel rays to a focus at the graticule 1\1 
Fig. 5). If Fl and F 2 represent the foci of 
lens B, F 2 will ill this case coincide with 1\1. 
Let the distance B 2 F 2' detennined as de- 
scribed before, be p. The test lens is then 
introduced between lens B and the collimator 
(Figs. 6A, 6B), and the position of each lens 
is read when together they bring the rays 


: 


Lens B 
Bl 

 ') 
FIG. 5. 


4), the distance A
I represents the focal length 
uf the lens, neglecting the thickness of the 
latter. The position of A can be read on the 
tape, and the corresponding reading for ::\1 
may be found by taking the tape reading 
when t.he lens is separated from the graticule 
by a small gauge of known length; the 
difference between these reaòings for A and 

I will give the distance of the focus from the 
back surface of the lens, that is, the back 
focal length. If the lens is thin, this will not 
differ from tbe true focal length by more t har. 
the probable experimental error, All plano- 
convex or piano-concave lenses should be 
tested with their curved surface towards the 
microscope, for then the second nodal point 
coincides with this surface and the focal length 
will be equivalent to tÌle back focal length. 


to a focus at 1\1. Ld the distances A.M and 
B2
1 be now q and r respectively. The 
formation of the image is sho'\\ n for a positive 
lens in Fig. 6A and for a negative lens in Fig. 
6B. In Fig. 6A parallel rays passing through 
A. converge towards 0; 0 may therefore be 
taken as a virtual object the image of which 
is produced by the lens B at 
I. If B is 
equiconvex and of thickness t, a
suming a 
refractive index of 3/2, its first and second 
nodal points lie within the lens at a distance 1 
1/3 from B I and BI! respectivel:r; hence the 
focal length of B is p+ t/3, while' the dis- 
tances of the object 0 from the first nodal 
point, and of the imago l\I from the second 
nodal point, are respectively B 2 0 + 2t/3 and 
B 2 )! + t /3. 
1 See cc Lenses, TheOIT of Simple." 
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the ordinary formula I focallcngt.h of the auxiliary lens and d('pends 
only upon the amount of shift of this lens 
between the two positions, a measurement 
much less susceptible of error. The second 
formula is also independent of the thickness 
of the auxiliary lens; if necessary, the formula 
may be modified to take account of the thick- 
ness of lens A. 
) ( ) (iü.) Concave Lenses,-A third method is 
(p+
)(f-q+
)=(f-q+
+r+
 r+
, applicable for negative lenses only; the 
arrangement adopted is indicated in Fig. 8. 
The lens B is placed in any convenient position 
so that lens A may first be adjusted to produce 
in conjunction with B an image of the colli. 
Lens B 


Therefore, using 
f(u, - v) =uv, we find 
(P+ 
) (H 2 0 + 
' _ B 2 :\I -
) 
= (B20+
) (B2
1+
) 


or 


gi\ing 


(f -q+ 
)(p -r)= (r+
) 2. 


Lens A 


F; 



 


Lens Lens 
A B 
- A
B 2 


---- 


o 


F; 


Hence the focal length of lens A 
t (r+ã)2 
=!=q-3+ p -r . 
A similar formula is obtained in the case of a 
negative lens, illustrated by Fig. 6B. 
Another arrangement is sometimes preff"r- 
able. In this lens A i
 placed between the 
Lens B 


auxiliary lens and the microscope (Fig 7). 
Using the same notation as before, the same 
formula may be applied, this time connecting 
the distances of 0 and )1 from the lens A. 
Neglecting the thickness of A, we have 
f(A"f:tI- AO) =AM . AO 
f=q(P+ q -!) = q2 _q. 
r-p r-p 


or 


It will be noted that with both arrangements 
the focallen
th ! is independent of the aotual 


8 1 8 2 


M 


F 2 


o 


FIG. {)A. 


I 
F 2 


M 


FIG 6B, 


I mator cross-wires at M, and afterwards may 
be placed at the conjugate point to IV! with 
respect to the lens B; in Fig. 8, Al and A 2 
represent these two positions. The position 
A 2 is determined by dusting a little lycopodium 
powder on to the back surface of A, and 
adjusting A until an image of the powder is 
focussed by lens B at M. The distance moved by 
lens A between the two positions is equivalent 


-------- _____ -F
 
o 


M 


FIG. 7. 


to the back focal length; the correction to be 
applied to obtain the true focal length is very 
small unless the central thickness of the lens 
is large. 
The accuracy obtainable by these methods 
is not very great, in the case of long focus 
lenses especially, but the limits of error are 
small compared with those which are per- 
missible in a simple lens used for a spectacle 
lens, and it is for lenses of this class that the 
tests are generally used. 1\Iore accurate 
methods of focal length measurement, which 
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may also be applied to simple lenses, will be 
found under the article "Objectives, The' 
Testing of Compound." 
(iv.) Optical Standards Committee,-In 1908 
the Optical Standards Committee of the 
Optical Society laid down certain limits for 
the error permissible in the manufacture of LEKSES, THEORY OF SI)IPLE 
spectacle lenses; 1 these haye obtained recog- 
 (I) GAUSS THEORY OF LE""SES. -The 
nition generally, and are the limits allowed in simple theory of lenses developed below is 
the testing of trial case lenses at the National due to Gauss. It is assumed that the rays 
Physical Laboratorv. of light considered are nowhere inclined at 
Às the thickness 
 of a negative lens may be more than a small angle to the axis of the 
kept small, no matter what the power may lens; that to any point in the object space 
Lens .Es 
( {
_--------
- ----- -- - - 


s M 
FIG. 8. 


be, the latter can be found with considerable 
precision by measurement of the surface 
curvatures, taking a standard value of 1.52 
for the refracti\Te index of the glass. In the 
case of positive lenses the power is less inde- 
pendent of the thickness, especially witL strong 
lenses; it is the recognised cu
tom, therefore
 
to make the standard power and thickness 
of a positive lens such that it will exactly 
neutralise a standard negative lens of equal 
power. This method of neutralisation gives 
a simple means of checking one lens against 
another, and with experience an accuracy of 
a.t least I D may be obtained. 
According to the rules adopted by the Committee, 
the true power of a negative lens must not differ 
from the nominal value marked on it by more than 
1- 2 per cent, or by more than 1- 0.01 D if this is 
greater than 2 per cent. For positive lenses of powers 
less than 10 D the limits are the same; for equi- 
convex lenses bet\\een 10 D and 1
 D inclusive the 
limits of error are + 3 per cent and -I per cent, and 
for lenses bet\\ een 13 D and 
O D inclusive the limits 
are +
! per cent and -I per cent. 
The Rtandard thickness of all negative lenses i
 I 
mm. at the centre. The standard thickness of a 
poeitive I('ns of any definite po\\er is the minimum 
thickness possible for a lens of that power with a 
diameter of 3.8 em. (It in.) and an edge thickness 
of 0.5 mm.. the refractive index being 1.50. 2 This 
varies from 4.3 mm. for a. 10 D lens to 7'8 mm. D 
for a 20 D lens. 
The limits of error allowable in the centering of 
a spherical lens are as folio" s : 
I mm. for lenses between 
o D and I D. 
2 mm. for lenses between 0.87 D and 0.37 D. 
3 mm. for a lens of 0'
5 D. 
5 mm. for a lens of 0.12 D. 
1 Report of Optical 
tandards Committee on 
Standardisation of Trial Cases, 1908, 
I An increase of 1 mm. in the thickness of a lens 
produces a change of power of - 0,06 D in a lens 
of power 20 D. and -0,02 D in a lens of 10 D. 


The ma"\:imum permisRible error in the marking 
of the cylindrical axis of a lens is 2 0 ; on & 3.8 em. 
(It in.) lens this is equivalent to a displacement 
of each of the marks by 0.6 mm. A. B. D. 


there corresponds a point-image in the image 
space, and that the image of a small line in 
the object space intersecting the axis at right 
angles is itself a small line at right angles to 
the axis in the image space. 
'Ye assume further, in obtaining the for- 
mulae, that light is travelling from left to 
right and that lines drawn in this direction 
are positive; the radius of any spherical 
surface on which the light falls is thus 
positive when the surface is convex to the 
ligh t. 

 (2) LEXS FOR:\IULAE.-Consider a ray PQ 
(Fig. 1) converging to a point Q on the axis AO 


Q 


FIG. 1. 


of spherical surface AP; it is refracted at the 
surface and the refracted ray cuts th
 alis 
at Q', and if AQ = u, 
\.Q' = v', AO =T, and the 
refractive index be p., we have 


p. I_p.-l 
fl-u--:;-. 


For 


sin OPQ sin OPQ sin POQ ' 
p. sin OPQ'= sin POQ . sin OPQ' 


OQ PQ' OQ AQ' 
--x-=-x- 
- PQ OQ' AQ OQ" 


\\ hen P is \"erJ- near to A. 
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Hence 


p.u(v' - r) =v'(u - r) 
p. 1_fJ.- 1 
V'-
---;- 


and 


Com
ider now t.h(' case of light traversing a 
biconvex lens ACB' (Fig. 2); the ray PQ' strikes 
C 


Q1 


Q' 


C' 
the concave surface at P' and is again refracted, 
cutting the axis at Ql. Let A'QI =v 1 ' .the 
radius of the second surface be s and the thIck- 
ness AA' be t, 'Ve assume the medium on 
both sides of the lens to be the same.! Since 
the surface is concave to the light s is negative. 
Also A'Q' =v' - t, and we have, the refractive 
index from glass to air being IIp., 
IIp.. 1 _ _ (I/fJ.) -I _ p.. -1 
v - v' - t - s - J.lS ' 


1 JJ- _p.-I 
v- v'-t -- S 
On substituting in (2) the value of v' derived 
from (1) and reducing we arrive at an equation 
which may be written either as 
-yu + ð 
v= -, 
au+ß 
ð-ßv 
u=-, 
aV - l' 


or 


or 


where 


a=(p.-l) ( !+! ) _ (fJ.-I)2 ! 
r 8 rs p.. 
= (p.. _ I) ( ! + ! ) f l l _ p.. - 1 
 j ' , 
r s r+s p. 
ß = 1 - p. --=-! :, (5) 
s p. 
p..-I t 
1'=1-- -, 
r p. 


ð = _!. 
p.. 
By substituting the values of a, ß, -y, ð, 
found above, we can also prove that 
að - ß-y= -1. (6) 

 (3) PRINCIPAL l?oCI.-If in thp above 
formulae wp make u = x; so that the incident 
pencil consists of parallel rays, we fin<] 
v= -y =A'F' (say). 
a 


1 For thf' mOff' romplkat('(] ('ase of a sl'rips of 
}('nseg g('t! .. ()ptkal Calculations.'" 


(1) 


}," (Fiy. fi) is th('n thf' point known as the 
second principal focus, 
\Vhile if we make v = 00 so that the emergent 
pencil is parallel, then 


u= -
==AF (say), 
a 


and F is the first principal focus. 
If Q and Q' are any pair of conjugate points, 
then 


FQ, F'Q' = (AQ - AF)(A'Q' - A'F') 


Q 


= (u+
) (v-
), 


and this, on substituting for 'It and v, leads to 


FQ F'Q,_ að-ß-y - _! ( 7 ) 
. - a 2 - a 2' . 



 (4) MAGNIFICATION CAUSED BY REFRAC- 
TION.-'Ve can find an expression for the 
magnification caused by refraction thus. 
Consider the rays converging to a small object 
Q:\[ (Fig. 3) at right angles to the axis of a 
single refracting surface AP with its centre at 


(2) 


M 


(3) 


O. An image 1\I'Q.' is formed at Q' and with 
the previous notation 
p. 1 p..-l 
;J-P. r 


(4) 


An incident ray such as J...O:\T, which passes 
through the centre 0 and. also through a point 
1\1 of the object, passes on without deviation. 
Thus .:\1', the image of 1\1, lies on this ray; it 
will therefore b(' the point where a line Q'::\[' 
drawn through Q' at right angles to the axis 
cuts LO
I. Thus Q'1\I' is the image of Q:\I, 
and the magnification "in} due to the one 
refraction is measured by the ratio of Q'.l\!' 
to Q1\I. Hence 
Q'::\I' v' - r 
rn 1 = (J)f= u -r . 
But we have already seen, 
 (2), that 
p.u(v' - r) =v'(u -r). Thus 


I v' 
m 1 = p.. 1t (8) 
Proceeding now to the case of the lens 
(Fig. 4), the image Q':\I' formeù by the first 
refraction is again magnified 2 at the second 
2 Tn thl' figure ag drawn the' ima!:rc i
 (liminished, 
not magnifieù; the magnification is Ipss than unity. 
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surface, and clearly we haye similarly for this 
magnification 111 2 the value 'm 2 =p.ví(r' - t). 
The resultant magnification III is the product 
of the two quantities m l and m 2 . For 


QI:\II Q')I' Ql:\II 
1n = Q:\I = Q:\r x Q ')I' = m l x m 2 . 


Thus 


v' 'l1 V v' 
m = u x v' - t = u . v' - f 


On substituting in this the value of v' found 


axis at one principal point" ill be formed at 
the other, and will be equal in size to the 
object. 
The first principal focus is, we ha'\e seen, 
given by the equation 
AF= _12, 
a 


and the first principal point H by 
AH= I-ß . 
a 


Thus 


1 
HF=AF-AH= --, . 
a 


(12) 


whicl1 gives the distance between the first 
principal focus and the first unit or principal 
poin t. 


Again, 


A'F' = 1', 
a 


and 


A'H'= 1'-1 . 
a 


H'F' =A'F' _ A'H' = 1, 
a 


from equation (1) and using (3) and (4), we Thus 
obtain 


1 
m=-='Y- av . 
ß+alt 

 (5) PRIXCIPAL POD<TS OR POIXTS OF 
UXIT :\IAGXIFICATIOX.-If. in the expressions 
for the magnification, we put In equal to unity 
so that the magnification is unity, the image 
and object are of the same size, and we find 


ß+a'U=I, 


or 


I-ß 
U=- 
0. ' 


and 


'Y-av=l, 


or 


1'-1 
v=-. 
0. 


The two points thus defined are points of 
unit magnification; they are conjugate points 
C 


F 


F' 


C' 
FIG, 5. 


on the axis; we denote them by Hand H' 
respectively (Fig. 5). They are known as the 
unit or pI incipal points of the lens, and an 
image of a small object at right angles to the 


(13) 


(9) 


or the distances between the principal foci 
and the corresponding principal points are 
the same. 

 (6) LExs FOR::\ILLA WHEX THE DISTAXCES 
ARE ::\IEASURED FRO::\I THE PRIXCIPAL POIXTS, 
-Let 1(1 VI be the distances of the object and 
its image from the first and second principal 
points respectively, then 
1-8 
u=u 1 +
, 


(10) 


l' -1 
v=v 1 +
. 


(11) 


On substituting these values in the equation 
'Yll + ð 
v=- 
au + ß' 


we obtain 


1 


1 


(14) 


V 
1 


=a. 
U 1 


If we put v= 00 so that the emergent pencil 
is parallel, \" e have 


1 
u 1 = - 
 ; 


while if 'it = 00 so that the incident pencil is 
parallel, we obtain 


1 
VI =
. 


Thus as before 


1 
HF= -- 
a 


and 


R'F' =!. 
a 


The distance R'F' or I/a measures the focal 
length of the lens. 
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 (7) NODAL POI
Ts.-\Ye can obtain ex- 
pressions for the magnification in terms of 
the distances u l and 1'1 from the principal 
points thus, 


1 1 
m--- 
- ß+au - ß+au 1 +(1-ß) 
1 
-1 +au I ' 


Or in terms of VI 


( )' - 1 ) 
m=ì' - a VI + 
 = 1- aV I . . 


But 


1 1 
a = - --. 
VI U I 


Thus 


VI 
1 - a VI = - . 
U I 


Hence 


'In= _5.. 
U I 


Thus in Fig. 6 

I'Q' H'Q' 
- l\IQ =m= HQ ' 
and the triangles 
IHQ and M'H'Q' are 
similar, so that l\IH is parallel to H'
I' or 
a ray incident through the first principal 


FIG. 6. 


point 
merges, parallel to its original direc- 
tion, through the second. \Ve have thus 
another property of the unit or principal 
points which are in consequence known as 
nodal points. 
The coincidence of the principal and nodal 
points is a consequence of the assumption 
that the first and third media are the same, 
In general, points having the property of 
nodal points can be found, but they do not 
coincide with the principal points. 

 (8) ApPLICATIONS TO BICONVEX LENSES.- 
The values of the constants a, ß, )', õ in terms 
of the form and refractive index of the lens 
are given in equations (5). 
)laking URe of these equations we obtain 
the following results for thp positions of the 
principal foci and unit points neglecting 
powers of t above the first. \Ve have 


(15) 


AF= _
= r8 { 1_ ,u -1 
 
 } , 
a (,u-I)(r+8) ,u 'r+8'8 
(17) 
A'F,-l:- r8 f I_ ,u -1 
 
, 
-a-(,u-I)(r+8)l ,u 'r+8'r)' 
(18) 
(19) 


AH = 1 - ß = 
 .
, . 
a r+8,u 


(16) 


A'H'= 1'-1 = -
 
 . (20) 
a r + 8 ,u' 
while for the focal length H'F' = f, we have 
I=H'F'=! 
a 
=
_ 
 { 1+ p.-1 
 t 
,u-l. r+8 ,u. r+8)' (21) 


If we put t = 0 in these expressions we 
recover the ordinary formulae for a thin lens. 
\Ve may write the expression for the focal 
length as 


1 r8 r8 t 
I= ,u- I. r+8 + (r+8)2 ; 
r8 t 
=/1 + (r+8)11 ;.' . (22) 
where II is the focal length of the lens treated 
as thin. In the case of an equiconvex lens of 
glass for which r=8, ,u=3/2 the value of the 
correcting term is t/6, while in the same case 
the principal points are within the lens and 
at a distance of t/3 from t.he vertices. If 
one surface, say the second, be flat, then 8 is 
infinite, the correction to the focal length is 
zero. The value of AH is also zero, so the 
first focal point is on the curved surface of 
the lens, while for A'H' we have the value 
..... tIp. or, taking as before ,u=3/2, A'H' = - 2'/3, 
the secondary principal point is within the 
lens at a distance of 2/3 of the thickness from 
the flat side. 

 (9) BICONCAVE LENSEs,-The above for- 
mulae have been developed for the case of a 
biconvex lens in air. Any other lens can be 
treated similarly, having due regard to the 
signs of rand 8. 
Thm
 for a biconcave lens r is negative and 
8 positive; we have therefore to change the 
signs of both rand s in the above formulae, 
and find 
AF- _r8_f 1+ ,u-1 
 
t (23) 
- (,u - 1)( r + 8) l ,u' r + 8 ' 8 I ' 
A'F'= _ r8 { 1+ ,u-1 . 
. 
l,(24) 
(,u - 1)( r + 8) ,u r + oS r j 
r t 
AH=- -, . (25) 
r +8 ,u 


A'H'= -

, 
r +8 IJ, 


(26) 


_ _
 
fl_ ,u-I 
 \ 
f- p.-I r+sl ,u '1"+81' 


(27) 
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 (10) GE:XERAL CASEs.-Cases in which 
more than one lens occurs are dealt with by 
algebraical methods in the article on " Optical 
Calculations," to "hich the reader is referred. 
The practical application of the formulae to 
find the focal length and other properties of 
lenses is treated of in the articles "Lenses, 
Testing of Simple," and" Objectives, Testing 
of Compound," to which reference should bf' 
made. :l\1icroscope lenses are dealt with in 
the article" l\1icroscopf', Optics of the." 

 (11) ABERRATIOXS.-
o lens behaves even 
for rays" hich diverge from a point on its axis 
in exactly the manner described, and when 
the object point is not on the axis the diver- 
gences from the above theory are more marked 
still. 
The position 1 of the image point correspond- 
ing to a given object point can be expressed 
in terms of the distance of the object from the 
lens, of a series of ascending powers of the angle 
between the axis of the lens and the central ray 
of the pencil which forms the image, and of 
the curvatures, thickness, and refractive index 
of the lens. In the above discussion terms 
involving the third and higher powers of the 
angle of incidence have been neglected, sym- 
metry ensures that no terms involving even 
powers of the angle occur. If, however, the 
higher powers be included the theory developed 
needs considerable corrections. 2 These faults 
in the geometrical theory of strict linear 
correspondence hetween the object and image 
space are known as aberrations. 
If we limit ourselves to third powers of the 
obliquity of the central ray, the aberrations, 
as von Seidel 3 showed, are five in number, vÍz,: 
(i.) Spherical Aberration.-Rays diverging 
from an object point on the axis, which reach 
the image from different zones of the lens, 
strike the axis at different points; the distance 
between the point of intersection of the paraxial 
ray and that of a ray from any given zone of 
the lens measures the spherical aberration of 
that zone. 
(ü.) Coma,-The magnification produced by 
the different zones of the lens is not a con- 
stant; hence the rays diverging from a point 
not on the axis of the lens are not brought to 
coincidence at one point in the image space; 
the intersection points of the ra:rs from any 
given zone are distributed in a circle. The 
position of the centre and the diameter of this 
circle depends on the obliquity of the central 
ray of the pencil falling on the zone in question; 
hence the intersections of the rays from the 
object point and a plane through the image 
point are distributed over a fan-shaped area 
whose position and dimensions depend on the 
o bliq uity. This defect is known as Coma. 
1 
ee "Optical Calculations". also "Telescope" 


 (1)-(3). ' · 
2 See" Telescope," 
 (3). 
2 ::$ee "Lens ::$
'stems, .Aberrations of." 


(üi,) Astigmatism,-The rays of an oblique 
pencil diyerging from an ohject point do not 
meet in one point in the image space; they do, 
however, pass through two" focal lines," lying 
approximately at right angles to each other. 
Of these the "primary" focal line is a short 
arc of a circle in a plane perpendicular to the 
axis of the lens, while the "secondary" line 
is more exactly a small figure of eight at right 
angles to the circular arc. The lens is astig- 
matic, and the nearest approach to point 
coincidence is a small circle, the" focal circle," 
lying between the two focal lines, and this 
is in many cases treated as the image of the 
object point. 
(iv.) Cun;ature.-The focal circles corre- 
sponding to a series of object points l)ing in a 
plane perpendicular to the axis do not lie in a 
plane, but form a curved surface, cutting the 
axis at right angles. The image :field corre- 
sponding to a plane object field is curved. 
(v.) Distortion.-This is produced when the 
image field is a point-for-point representation 
of the object :field, but on a scale which varies 
"ith the obliquity of the central rays of the 
pencil considered. Thus a straight line in the 
object field at right angles to the axis "ill be 
represented by a line in the image field, but 
this line will no longer be straight. 
The above constitute von Seidel's :five 
aberrations. 

 (12) CHROMATIC ABERRATIoN.-The posi- 
tion of the image corresponding to a given 
object point depends on the refractive index 
of the material of the lens, and this varies with 
the "aye-length of the light used. . 
The images therefore formed by light of 
different wave-lengths will vary in size, and ü 
white light is employed the resulting image 
"ill show coloured fringes. This defect is 
known as chromatic aberration. The various 
defects are fully discussed in the separate 
articles already mentioned, to which reference 
should be made. 
For the general theory, "Optical Calcula- 
tions. " 
For the telescope object glass, "Tele- 
scope. " 
For the microscope, ")Iicroscope, Optics 
of the." 


LEVELLIXG, ERRORS
. See" Surveying and 
Surveying Instruments," 
 (35). 
LEVELLIXG AKD LEVELLIXG IXSTRUMENTS. 
See "Surveying and Surveying Instru- 
ments," 

 (29), (30); for precise levels, 

 (31). 
LEVELLIKG STAVES. See "Surve)ing and 
Surveying Instruments," 
 (32). 
LEvELs. See" Spirit Levels." 
LIFE-TEST (OF ELECTRIC LAMPS). See" Phot!)- 
metry and Illumination," S (77) et sqq. 
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LIGlIT, ABSORPTION OF, I:S COLOUR ED GLASSES, 
examined by H, Zsigmondy. See" Glasses, 
Coloured," 
 (4). 
Tabulated results of R. Zsigmondy. See 
ibid, 
 (4). 


LIGHT, DIFFRACTION OF 
IT is known 1 that the effect at any point of a 
wa ve of light may be found by calculating the 
effect due to each element of the wave and 
takmg the sum. 
Now let the displacement 2 over a small 
area dS at a point Q (Fig. 1) of a wave front 
be given by the expression A sin (271"/À)(rt) 


FIG. 1. 


where t is the time, we proceed to find the 
displacement at a point P where QP is equal 
to r. 
Since the intensity of the light, measured 
by its energy, diminishes as the square of 
the distance from the source and the energy of 
wave motion is proportional to the square 
of the amplitude, the amplitude will be 
inversely proportional to r, l\ioreover, since 
the disturbance at P has travelled from Q, 
a distance r, with speed v, the time occupied 
has been rlv. Thus the phase of the disturb- 
ance at P at time t will be the same as that 
at R, a time rlv previously. The amplitude 
is also clearly proportional to A, the amplitude 
at Q. Hence we have for the disturbance at 
P the expression 
kAdS , 211" ( t ) 
r- SIn X t' -r, 


Ie heing a constant factor, and the whole effect 
at P is found by integrating this over the 
wave surface through Q. It will depend on 
the limits of this surface, 
In this exprC'ssion we have nC'gl('cted the efIcfJt 
of the obliquity of QP to the directions of propagation 
and vibration at Q. 'Ye shall limit the discussion 
to the consideration of smaU areas about Q over 
which these angles do not vary much, and their effects 


1 
l'e .. J.ight. Propagation of," also .. I.ight, 
Rectilinf'ar Propagation of." 
2 Displareml'nt is u!';{'(} as a gl'neral tf'rm, it may 
reprf'Rent ell'ctri<' or In:1gndic !orf'e or may stand for 
an af'tual change of po::;ition of an electron, or of a 
particle of the ether. 


may he considered constant and included in the 
factor k. 


'Ye assume that the front of the wave is 
parallel to the plane of the aperture. Take 
any point 0 in this plane as origin and two 
lines at right angles in the plane as axes of x 
and y respectively. 
Consider a plane through P parallel to the 
wave front and let a line 00' perpendicular 
to the wave meet this plane in 0', let 00' be 
eq ual to c and let p, q be the distances of P 
from 0' measured parallel to the axes, then the 
co-ordinates of Pare p, q, c, and we have 
r 2 =PQ2=(p _ X)2 + (q _ y)2 +c 2 o 


Thus 


r =c{ 1 + (P : X ) 2 + ( q 
 Y ) 2} 1 
( n - X)2 + (q _ y) 2 
=c +! .. c approximately. 


The result obtained by substituting this 
value of r in the expression for the disturb- 
ance for certain forms of the aperture can be 
evaluated in terms of integrals known as 
Fresnel's Integrals. 3 
'Ve can, however, simplify the expressions 
by supposing the screen on which the effect 
is produced to be far from the aperture, so 
that p, q, and c are large compared with x 
and y. 
In practice this is realised by placing a 
convex lens behind the aperture and observ- 
ing the effect on a screen at the principal 
fOCUR of the lens. 'Ve have as the value of r 
r =c +i P2 +q2 - 2px - 2qy +x 2 +y2 , 
c 


and on this assumption we can neglect x 2 + y2 
in comparison with the o
her quantities. Hence 
p2 + q2 2px 2qy 
r=c+-

---- 
c c c 


2px 2qy 
= f - - - - say, 
c c 


,,,here f is written for C+
(p2+q2)/C. But 
p and q will in all cases he small compared 
with c, t.hus in the denominat.ors we may 
replace c by f, and we have finalIy 
r - f - 2 px _ 
'lJ! 
- f fO 


l\Iorpover, dS = dxdy, and the expression for 
the disturbance at P becomes 


kA ff . 211" { 2px 2qlJ\ ( I ) 
7
 dxrlysm X vt-f+- r+j f' 
where f has been written for r in the 
df'nominator. 
I 
ce Preston's Light, 
 H31. 
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(i.) Recta llg ular 
l perture. -The expression 
given in (1) applies to an aperture of any 
form; thus for a rectangular aperture ;f 
sides 2a, 2b parallel to the axes of x and y 
respectiyely the limits "ill be - a to +a and 
- b to +b, and we have 
Disturbance 
kA J 
+Q I 
+b 211'" ( 2 x 2 ) 
= 7 -0 01 -b dxdy sin X t't - j + f + JY . 
On integrating this we find for the intensity 
at P, represented by the square of the resultant 
amplitude, the expression 
I i"! 2 b 2 ( A . 211'"pa \ 2 ( fA . 211'"qb\ 2 
ua l27rpa SIn fA j L2 7rqb sm Þ J ' 
or, as it may be written, 
Ã2 x ( s
 e ) 2 ( Si
 Ø ) 2,. (2) 
"here Å represents the area of the parallelo- 
gram and 


e _ 211'"pa _ 27rpb 
-p' q;- fA ' 
(ii.) A Narrow Rectan
ular Slot.-An im- 
portant case occurs when one side of the 
aperture, say a, is very small in comparison 
\\ith the other. 
The angle e is then always very small 
and the yalue of sin ele is unity. The 
amplitude then varies as sin cþ/cþ. This has a 
maximum when ø is zero, it is then equal to 
unity; it is aminimum-zero-forcþ='7r, 211'". .. 
and a maximum for values between, which 
are given by the equation tan cþ=cþ. These, 
it can be shown, are somewhat less than 
the odd multiples of 11'"/2 excluding the first, 
but gradually approach them. The intensities 
of these maxima decrease somewhat rapidly. 
Thus the field consists of a briaht band in 
o 
the centre flanked on each side by a series 
of dark lines, equally spaced, with bright bands 
of rapidly decreasing brightness between; 
the distances between the maxima of the 
bright bands are unequal, but decrease as 

he distance from the central bright band 
mcreases. 
(üi.) Circular Aperture.-Another case of 
importance when dealing with optical instru- 
ments occurs when the aperture is a circle. 
The diffraction pattern will be a series of 
circles ha\ing their centre at the point where 
a normal to the wave front through the centre 
of the aperture meets the screen and the 
distrihution of the light "ill be the same alon a 
any radius of these circles. 'Ye can find it fo
 

he radius through the axis of x for which q 
IS zero, p "ill then be the distance of the 
point from the centre of the diffracted rings. 
Thus we have 
Disturbance = J..; f f dxdy sin 2; ( vt - f -1
)' 
(3) 


the integrals being taken over a circle of radius 
a. 
Let T, 0 be the polar cos of Q(x, y) relative 
to O. 
Then x=r cos e, dxdy=rdrdO; the limits 
for rare 0 to a, and for 0, 0 to 211'". 
The disturbance 
= k j 'A [2TT [a rdrdO sin 211'" ( vt _ j _ pr cos e ) 
.0 .0 A f 
kA . 27r I 
Q , '2r. 27r ( pr cos 0 ) 
=- j Sin X(vt - f) rdrde cos - -- 
.0 .0 A f 
for the term in the integral involyin a the 
quantity sin (211'"/A) (pr cos O/f) clearly vanishes 
The above expression can be integrated in a 
series, 1 and we find 
Amplitude of disturbance 
=7ra 2 ( 1-1(i1) 2 +1 ( ;z; ) 2 _1( ;; ) 2 +...} 
(4 
where In is written for the value of 
27ra p 
Ì\ . T 
The quantity p/f measures the sine of the 
angular radius of a ring as seen from the 
centre of the aperture, or since it is small we 
may take it .as the angular radius. The 
series can be shown to be convergent, It 
has a first maximum when In is zero and 
passes through a series of maxima and minima 
as given in the following table taken from 
Verdel's Optique Physique: 2 


INTENSITY OF LIGHT DIFFRACTED BY A 
CIRCULAR APERTURE 


Maxima. :lIinima. 
I 
mITT. Intensity. mlr.. Intensity. 
0 1 0.610 0 
0.819 0.01ï45 1.116 0 
1,333 0.00415 1.619 0 
1.847 0.00165 2.120 0 
2.361 0.00078 2.621 0 


If we call ø the angular deflection of the 
rings as seen from 0 we have approximately 
1n = (211'"a/A)cþ; the diameter of the rings is 2cþ, 
thus the diameters of the rings are given by 
the expression (m/7r)fX/a), where m/1I'" has the 
values given in the table: the "idth of the 
first dark ring is thus 0'ßI0 Ì\/a. Hence the 
image of a point of light such as a star formed 
by the object glass of a telescope of aperture 
2a is a disc having an angular breadth meas- 
ured from the centre of the object glass of 
0.610 ^fa. This disc is surrounded by a number 


1 ;:,ce Preston's Liaht. 
 IG3. 
Z Sce abo ibid. 
 1G3. 
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of rings of rapidly decreasing brightness with 
dark "'paces between in which there is no light. 
This assumes that the object glass is free 
from aberration, so that the wave from the 
distant point after passing the lens is accurately 
a sphere with the principal focus as centre. 


LIGHT, DOUBLE REFRACTION OF 
IT is to Fresnel that we owe the earliest 
complete theory of double refraction applic- 
a ble to both biaxial and uniaxial crystals, and 
though he based it on the hypotllPsis of the 
vibration of ether particles, the laws at which 
he arrived follow rigidly as a deduction from 
the electromagnetic theory. 
If a particle in an isotropic elastic medium 
be displaced a short distance, the symmetry 
of the medium requires that the force called 
into play through the elasticity of the medium 
and which tends to bring the particle back 
to its equilibrium position should be in the 
direction of motion, The same is true if the 
displacement be electric or magnetic; the 
electric or magnetic force of restitution is pro- 
portional to the displacement and acts in that 
direction. It may be written as Kp, if p is 
the displacement and K a constant represent- 
ing the electric-or magnetic-elasticity of the 
medium. 
But in an anisotropic medium which has 
different properties in different directions 
this is no longer true; the force of restitution 
is not, in general, co-linear with the displace- 
ment. 
In a crystal, however, there are three 
directions mutually at right angles along 
which the force of restitution is in the direc- 
tion of displacemcnt; these directions are 
known as the axes of the crystaL Now 
suppose that the forces produced by a dis- 
placement p along each of the axes respect- 
ively are a 2 p, b 2 p, and e 2 p respectively. 
Consider a plane wave travelling through the 
crystal and construct an ellipsoid having its 
centre on the wave and its axes equal to lla, 
lib, and lie reRpectively. This ellipsoid was 
called by Fresnel the Ellipsoid of Elasticity. 
The wave front we are considering will cut 
the ellipsoid in an ellipse, and the direction 
of the two axes of this ellipse are found, both 
by theory and experiment, to be the only 
possible directions of vibration for light 
travelling in the direction in ,vhich the plane 
wave is being propagated. 
In an isotropic medium the disturbance 
which constitutes the light can take place 
in any direction in the plane of the wave; 
in a crvstal it; is resolved into two in the 
directio;;' OP, OQ of the two axes of this 
ellipse. )Iorcover, it can be shown that these 
t\,,'o disturbances travel with different specds ; 
their velocities are given by IjOP and I/OQ 


respectively. The wave is thus split into two 
plane polarised waves, each travelling with 
the speed appropriate to its direction of 
vibration, and these velocities are, in each 
case, inversely proportional to the radius 
vector of Fresnel's ellipsoid dra,,-u in the 
direction of vibration. :Moreover, the possible 
directions of vibration for any plane wave 
are the axes of the section of J!"'resnel's ellipsoid 
by the wavc. Thus a knowledge of Fresnel's 
ellipsoid enables us to calculate the velocity 
of wave propagation in all directions in the 
crystaL It is shown in treatises on electricity 
that, on the electromagnetic theory of light, 
the quantities a 2 , b 2 , e 2 are the three principal 
coefficients of inductive capacity of the medium, 
denoted usually by K 1 , K 2 , K3' Again, it 
is known 1 how to determine the wave surface 
in any medium, crystalline or isotropic, when 
the velocity of wave propagation is known for 
all directions. 
To describe the wave surface corresponding 
to an interval of time t we draw all possible 
wave fronts in the positions they would occupy 
at the instant t and describe the envelope of 
the series of planes thus obtained. 
'Yhen this is done for a crystal in which 
the wave velocities are determined, as de- 
scribed above, a surface of somewhat com- 
plicated form is the result, The surface, known 
as Fresnel's wave surface, has two sheets, and 
its sections by the three principal planes of the 
crystal are iu each case a circle and an ellipse. 
Assuming that a, b, e are in descending order 


z , 
A 


x 


FIG. 1. 


of magnitude, the sections will be as shown in 
Fig. 1. 
In this figure Ox, Oy, Oz are the three 
crystallographic axes. Along them distances 
OA, OB, etc., are taken, such that 


OA=OA'=a: OB=OB'=b; OC=OC'=e. 


AA', BB', and CC' are joined by circles of 
radii a, b, e respectively, while ellipses of 
semiaxes band e, e and a, and a and b respect- 
iveJy join BC', CA', and AB'. 
The circle BR' cuts the ellipse CA' in P, 


1 See article" Light, Propagation of!' 
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and RQ is a common tangent to both circle 
and ellipse. 
If we imagine the curve A' A to be turned 
about Oz so that A always lies on the ellipse 
AB', the shape of the curve altering according 
to the la\\ given by Fresnel until, ultimately, 
it coincides "ith A'PB', it "ill trace out one 
octant of the outer sheet of Fresnel's wave 
surface. 
Similarly, if BC' rotates about the same axis, 
C' remaining on the circle C'C, while the shape 
alters as required by Fresnel's laws until the 
curve coincides "ith BPC, it traces out the 
inner sheet of the wave surface. 
Careful experiment 1 has verified to a high 
degree of accuracy the fact that this surface 
does represent the form of the wave in a 
bia
al crystal. 
The quantities a, b, e measure respectively 
the velocities of waves in which the vibrations 
are parallel to the three axes respectively; 
thus the refractive indices corresponding to 
these waves are Ija, lIb, and lIe. If the 
mean refractive index lIb differs less from 
the minimum l/a than the maximum lIe 
differs from the mean, i.e. ü lIb -l/a is less 
than lIe -lib, the crystal is said to be positive; 
ü, on the other hand, lIb -l/a is great.er than 
lie -lIb, the crystal is negative. 
According to the construction already ex- 
plained, in order to find the position of the 
wave front which, after a time t, corresponds 
to a given wave front XY, we describe the 
wave surface for time t, taking any point in 
XY as centre, and draw a tangent plane 
parallel to XY. 
It is clear from the shape of the surface 
that two such planes can, in general, be 
dra'wn, one touching each sheet; thus a given 
wave travelling through the crystal "ill break 
up into two; each of these "ill, as has already 
been pointed out, be polarised. The lines 
joining the centre of the surface to the points 
of contact of these two tangent planes are 
the rays corresponding to the two wave 
fronts. 
But it is clear also, from the figure, that in 
the plane perpendicular to the mean axis in 
which the circle of radius b intersects the 
ellipse semiaxes a and b in the point P, there 
is a common tangent RQ to the ellipse and 
circle, and a plane through RQ at right angles 
to the plane xOz touches both the ellipse 
and circle. In the direction of the normal to 
this plane there will be only a single wave. 
The line OQ, which is at right angles to this 
wave, is known as an optic axis of the crystal. 
There will be a similar axis lying also in the 
plane zOx, but on the oppo!':ite side of Oz. 
Thus the crystal has two optic axes; light 
waves travelling along these are not doubly 
1 Glazebrook," Plane Waves in a Biaxial CQ-stal," 
Phil. Trans,. 1878, p, 287. 


refracted, 'Ye can put this from another point 
of view, thus: The wave velocities are det.er- 
mined by the two axes of the elliptic section in 
which Fresnel's ellipsoid is cut by the plane 
of the wave. But an ellipsoid has two sections 
which are circular. If then the wave coincides 
\\ith either of these, the two velocities of 
propagation become equal, each being equal 
to b, for this quantity can be proved to be 
the reciprocal of the radius of the circular 
section. Thus the two waves which, in 
general, are found, in this case coalesce and 
travel through the crystal with velocity b. 
The normals to these two sections are the two 
optic axes. 
The optic axes lie in the plane containing 
the axes of greatest and least velocity. These 
axes bisect the angles between the optic axes, 
and are knmrn. as the acute bisectrix and the 
obtuse bisectrix of the angle between the 
optic axes. 
A special significance attaches to the line 
OP joining 0 to P, the point of intersection 
of the circular and elliptic section of the wave 
surface. It is clear from the figure that two 
tangents can be drawn to the surface, touching 
it at the same point P; one of these touches 
the circle, the other the ellipse. The full 
investigation shows that, in reality, the surface 
has a tangent cone at P, and any plane touch- 
ing this cone is also tangent to the surface. 
:Xow the ray corresponding to any wave 
plane is the line joining the centre to the 
point in which the plane touches the surface. 
All the planes, then, which touch the surface 
at P have the same ray and the same ray 
velocity. Thus the line OP is known as the 
axis of single ray velocity. 
'Ve arrive at the case of a uniaxial crystal 
by supposing two of the principal velocities 
to become equal; suppose, for example, that 
a=;b; then Fresnel's ellipsoid becomes a 
spheroid, "ith axes i!a and lIe, generated by 
the revolution of an ellipse about the axis 
Oz. The optic axes close up to this line. 
The section of this spheroid by any plane 
through its centre, other than the plane of 
xOy, is an ellipse, but one axis of each of these 
ellipses is equal to l/a; thus one wave of the 
two into which an incident wave is divided 
travels with constant velocity a and is refracted 
according to the ordinary law; the other 
suffers extraordinary refraction. 
The wa ,e surface becomes a sphere and a 
spheroid, the points A'B' of Fig. I coincide, 
while the ellipse AB becomes a circle of radius 
a. TIle points Q, P, and R all coincide with 
A' and B'. Thus Huyghens' construction, 
described earlier, follows as a deduction from 
Fresnel's more general theory. This also has 
been verified by experiment. 2 
I Glazebrook "Double Refraction amI Disper:;;ion 
in Iceland 
par>' Phil. Trans" Part 11., 1879, p. 4:!1. 
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 (1) IXTRODuCTloN,-Light filters are used 
in many branches of physical work to modify 
the intensity or colour of the light passing 
through them. Either liquid filters in the 
form of solutions, or solid filters consisting 
of coloured glasses or stained films are com- 
monly employed, though in some speeial cases 
gases have been used as filters. l 
Liquid filters consist of solutions of coloured 
salts or dyes held in glass troughs with parallel 
sides, while coloured glasses and stained films 
of gelatine or collodion are used in a great 
variety of forms. The use of solutions has 
the advantage that they are very readily 
prepared and that, if they consist of inorganic 
salts, they are easily definable, so that standard 
filters can be prepared from a published 
description, To a lesser extent the same is 
true of dye solutions, but since dyE's vary 
considerably in their purity, it is more difficult 
to state formulae for liquid dye filters in a 
form whiC'h can easily be duplicated, and 

olutions of dyes are often unstablc, the dves 
changing or l;recipitating. Such liquid filters 
are therefore often the cause of unsusp<,cted 
errors. 
If co loured glasses could be obtained in a 
great variety of absorptions, and could be 
reproduced exactly, they would undoubtedly 
be the most convenient for filters of all kinds. 
They are usually very stable to light, extremely 
convenient in use, not easily being damaged, 
and are cheap to produce, since it is only 
necessary to grind the two surfaces of the 
optical glass to optical planeness and to make 
the filter of a definite thkkness, Unfortu- 
nately, it seems to be very diffiC'ult for glass 
makers to reproduce the colour of different 
meltings with any approach to exactness. and 
the number of coloured glasses available is 
quite limited, so that it is not possible to 
obtain in glass filters an approach to the range 
of colour which is available by the use of dyes. 
The earlier stained filters were made by the 
use of collodion in which basic dves were 
incorporated, but the difficulty of coating 
collodion accurately upon glass, as also the 
unsatisfactory nature of most of the basic 
dyes, has led to the almost complete replace- 
ment of collodion by gelatine as a vehicle for 
the acid dyes which are now used for the 
preparation of light filters. l\Iodem gelatine 
light filters are therefore prepared by coating 
gelatine containing the necessary dyes upon 
plate glass, the coating being done by means of 
one of the coating machines commonly used 
for thp preparation of photographic plates. 
The gelatine film, after drying, is stripped off 
the glass and can be nspd as a gelatine film 


1 Thus bromine gas has been uRed as a filter for 
the ultra-violet by R. W. Wood and Plotnikoff, 


filter or can he cementC'd between optical 
glasses of any req uired quality hy means of 
Canada balsam. 
On a small scale, filters are generally made 
by coating the glass to be ccmented with the 
dyed gelatine and then cementing a cover- 
glass directly on to the dry gelatine film. 
This method is not advantageous on the large 
scale, since the coating of the large glas!';cs 
is tedious and expensive; the coating is likely 
to vary in t.hickness from the centre to the 
edge owing to surface tension, and there is 
always dangcr that the drying gelatine in 
contracting will bend thc glass, thus inter- 
fering with its optical properties. This latter 
difficulty can be mitigated to some extent 
by the addition of glycerine to the gelatine 
solution when coating the glass. 
The colour of a filter is of course conditioned 
by its selective spectral absorption; thus a 
red filter absorbs the blue and green regions 
of the spectrum, a blue filter the red, yellow 
the blue, and a green both the red and the 
blue regions. This 
elective absorption is 
best expressed by means of the absorption 
curve of the filter, which can be measured by 
means of a spectrophotometer. The filter is 
placed in front of the instrument, and the 
light passing through the filter and also 
passing into the instrument without going 
through the filter i
 ana lysed in the speC'tro" 
scope. A narrow region of the spectrum is 
isolated, and the absorption of the filter for 
each region of the spectrum in turn is measured 
photometrically. 'Then, if I be the intensity 
of the light passing through the filter, and 10 
that which has not und<,rgone absorption, the 
transparency of the filter will be 1/10' and this 
is usually expressed as a percentage if the 
t.ransmission is required. From Lambert's 
law, however, I = I o e- kd . 2 This is more con- 
veniently written using 10 as the logarithmic 
base, and for a light filter in which the thickness 
is constant it becomes 


1=1 0 10- E, 
where E is the absorption constant of the 
filter, and consequently 


I 
E= -log
. 
As a result of the Fechner law, absorption 
curves of filtprs expressed by plotting E 
against i\ correspond more accurately to the 
a ppearance of the transmission as seen by the 
eye than those obtained by plotting the 
transparency, and these curves are used 
throughout the literature dealing with light 
filters. 


z It seems to b(' customary to r('fer to this as 
"Larnh{'rt's law," but the c,riginator cf it was 
Bülleuer (see his Essai d'optiqup, lï2!J), anù the law 
of the absorption of light should certainly be called 
" Bouguer's law:" 
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Following Potapenko,l light filters are 
classified preferably accordiI1g to their absorp- 
tion 8pectrU!)} and not according to the purpose 
for "hich they are to be used, since if this 
latter course i
 taken the same filter ",ill be 
classified in many different ways; thus the 
red filter suitable for threp-colour photography 
id also used as a contrast filter in commercial 
photo
raphy, as a photomicrographic filter, and 
in :;pectroscopy, while there are undoubtedly 
many other uses to which it can be put. 
Clas
ifying filter
, therefore, according to their 
spectral absorption, we may divide them into: 
(i.) Selective filters, which transmit only a 
selected region of the spectrum, more or less 
narrow. 
(ii.) Compensating filters, whkh have a more 
gradual absorption, and which transmit in 
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greater or less intensity practkally the whole 
spectrum. 
(iii.) 'Su htractive filters, which remove only 
a 
man portion of the spectrum, transmitting 
the remainder, so that for every selective 
filter we can theoretically have a corresponding 
subtractive filter. 
The selective and subtractive filters "ill 
therefore have a comparatively sharp absorp- 
tion curve, "hile compensating filters will 
generally be graduql in their absorption. 
)Ionochromatic filters (which is the title used 
by Potapenko for the filters here called 
selective) are those which transmit only a 
narrow region of the spectrum. so narrow that 
the term monochromatic is not entirely in- 
appropriate, though it must be understood 
that no filter can be strictly monochromatic 
in the true sense of the word unless used with 
a linear emission spectrum. _\n example of a 


I G. Y. Potapenko, Jo'urnal Russian Physical ami 
('!lPmic"l Society. HHG, xlviii. ;ÐO: EngIi
h traIl
la- 
tiuH, IJritiRh Juurnal of Photography. 1921,lx,'iii. 50;, 
This is bv far the fullest and best article published 
on light filters. 
YOLo IV 


selective filter is shown in Fig. 1, which is the 
absorption spectrum of a typical green filter 
used in three-colour photography. Fig. 2 
shows a narrow banded monochromatic filter; 
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Fig. 3 a compensating filter. used for com. 
pen sating the spectrum of a vacuum tungsten 
lamp to balance daylight; and Fig. 4 is the 
subtractive filter which is complementary to 
the green filter ShO"\VIl in Fig, 1. 

 (2) ApPLICATIOX OF LIGHT FILTERS - 
PHOTOGRAPHY.-Filters used in photography 
may be classified according to their use under 
tIle heads of : 
(i.) Ort/wc/lromatic filters, used to correct the 
selective sensitiyeneRs of photographic materials 
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in order to give a reproduction of the bright. 
ness of coloured objects more closely 3.pproxi. 
mating that perceived by the eye. 
(ii.) Contra,ç/ filters, used selpc:tively to modify 
the brightue:-;:i of some special colour or group 
of colours. 
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(iii.) Selective filters, for two- or three-colour 
photography, with their corresponding synthetic 
proje('tion filters if the processes of colour 
photography used are of the additive type. 
(iv.) CompensaUng filters, used to adjust the 
light entering a photographic system in order 
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to fulfil some particular condition req uired in 
colour photography. 
(i.) Orthochromatic Filters. - Since photo- 
graphic plates are more strongly sensitive to 
blue light than to any other spectral region, 
and since the maximum of the visual sensitive- 
ness is in the yellow - green, 
and the blue and blue - violet 
are comparat.ively dark 
colours to the eye, ortho- 
chromatic filters are yellow 
in colour and absorb the 
ultra- violet., violet, and to a 
lesser extent the blue. The 
orthochromatic filters used in 
photogra phy often do not 
perform their task completely, 
since the remova.l of the 
light of short. wa ve -lcngths 
naturally incrpaR('s the ex- 
posure, and it is oft('n 
impossihle to give sufficient 
exposure to use the filter re-' 
quired for complcte correc- 
tion. It iR very common, 
therefore, in photography to compromise by 
using a filter whi('h removes most of the 
violet and ultra-violet hut does not fully 
correct the uneven 
ensitiveness of the plate. 
The earlier orthochromatic filters used hy 
photographers were made of glass which was 
coloured by cat'hem in th(' pot, and which 
was hrcnvn rather than yellow, tranRmitting 
a large amount of ultra-viokt light; and 
even when dye filters were used, dyes which 
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transmitted a large amount of ultra-violet 
light were often cmployed through lack of 
:"'ufficiently rigorous spectroscopic examination, 
The number of dyes suitable for the prepara- 
tion of orthochromatic filters is very limited. 
Of those giving a sharp abl:Sorption in the 
violet, with a complete absorption of the ultra- 
violet, picric acid and the pierates are the 
most satisfactory, but unfortunately they are 
very unstahle and can scarcely be used in 
practice. Pntil 1900 the hest dye available 
was Tartrazine, but this has a \Tery eonsi(ler- 
able transmission in the uJtra- violet and was 
replaced for filter-making in that year by a 
dye manufactured by the Hoechst Dye \Vorks 
under the name of " Filter Y plIow." During 
the war, a dye having almost as great stability 
as Filter Yellow with a considerably sharper 
absorption was prepared from phenyl gluco- 
sazone and was used for light filters, especiaUy 
for aerial photography, under the title of 
" Eastman YeHow" (Fig. fi). 
In order to enable landscapes to be talu'n 
in which the clouds are well rendered without 
unduly increasing the exposure, graded filters 
have been employed, these being placed in 
front of the lens in such a way that the 
strongly absorbing region of the filter corre- 
sponds to the sky and the weaker absorption 
to the foreground. Filters arc sometimes made 
having the upper half coloured and the lower 
part clear, which seem to be as satisfactory in 
practice as the graded filters, provided they 
are not used too far from the lens. A com plctc 
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discussion of the u
e of gradpd filters will be 
found in a pappr by ,J. 'V <'Îssmann.1 
(ii.) ('or/trost Filters.-The prpparation of 
contrast filters is in many ways easicr than 
that of orthochromatic filtcrs, since many dyes 
are available for the prppara.tion of red or 
green filters. The grpatest difficulty arises 
whpn it is npcPRsa.ry to remove the extr<:>me 
r<:>ù fmm a grepn or hlup filtcr. Only one' blue 
1 PhofogrrlpllÏlwh(' Rundschau, HH3, p. 182, 
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dye and three green dyes are knnwn which 
have not a sharp transmission band at the 
red end of the vIsible spectrum. These are 
Toluidine Blue, which has no transmission 
band in the red of shorter wave-length than 
730 }L}L; A....
thraquinone Green, which is the 
green dye corresponding to Toluidine Blue; 
Filter Blue-Green, of which the composition 
is unknown, but which extends in absorption to 
at least 800}L}L and at the same time has greater I 
transmission in the green than Anthraquinone 
Green; and Xaphthol Green. which absorbs I 
at least as strongly as Filter Blue-Green, but 
which unfortunately has a great deal of ge.neral 
absorption, especially in the hlue-green and 
blue regions of the spectrum, so that it is 
impossible to use it in blue filters, and it 
greatly lessens the transmission of green 
filters. Since the first three of these dyes 
have only been introduced in the last twelve 
years, the older blue and green light filters all 

how a very considerable transmission of red 
light. Attempts h:1ve been made to diminish 
this by the use of )IethyJpne Blue, but un- 
fortunately this dye is unstable and is rapidly 
destroyed by heat, so that it is not at all 
suitable for use in light filters. 
A set of contrast filters which will satisfy 
almoRt all photographic requirements will 
include a strong yellow filter cutting at about 
300 }L}L; an orange-filter cutting at 570 }L}L; a 
red cutting at 590 }L}L; and a deep red cutting 
at 610 }L}L, in addition to the orthochromatic 
filters and to green and blue filters which can 
conveniently be those used also for tricolour 
photography. 
(iü,) Selective filter,.:; used in colour photo- 
gra phy "ill include for ordinary work a set 
of red, green, and blue filters so adjusted that 
they just overlap and that they give approxi- 
mately even exposures "",-hen u:sed with 
daylight upon the most highly sensitive 
panchromatic plates available. For colour 
cinematography a somewhat lighter set of 
filters may be used, though it is not possi.ble 
to lighten the red filter very much, a filter 
cutting at 575 }L}L bein
 the lightest filter 
that can be used to give at all satisfactory 
rendering. 
For two-colour photography as deep a red 
filter is required as for three-colour work. 
The exact shade of the t" o-colour green filter 
has been a matter of some discussion and a 
good deal of experiment. 110st workprs use 
the tricolour green, though a somewhat bluer 
green has often been advocated. The dis- 
ad\Tantage of too blue a green is that foliage 
and grass tend t( be reproduced as brown, 
and for takin
 filters for two-colour work the 
tricolour rcd and rrreen filters would seem on 
thf' whole to be th
 most suitable. 
In the additive projection processes the 
filters mu')t be adjusted to the light source 


used so that the screen is white. For most 
work the same red and green filters that are 
used for taking \\ ill be satisfactory for tri- 
colour projection, a lighter blue being used 
according to the colour of the illuminant 
employed. For two-colour projection filters 
a much bluer green than that used for taking 
is naturally required, and the filtt'r should be 
rather a blue-green than a green. 
(iv.) Com]Jen.
at'ing filters are of special im- 
portance in connection with the sc
een plate 
processes of colour photography. In these 
processes the three-colour unit filters of the 
screen must be adjusted in area and colour so 
that the screen itself is neutral when looked 
at by a ,\ hite light, "hile the emulsion sensitivE'- 
ness, the colour of the screen units, and the 
compensating filter must be so adjustpd that 
greys are reproduced as greys in the fini
hed 
picture. Normally, the emulsion bas pre- 
dominating blue sensitiveness, and the 
compensating filter must therefore be yellow, 
though not infrequently a brownish or pinkish 
filter is required. Such compensating filters 
are usually adjusted by trial and error. 

 (3) PHOTO:\IETTIy.-\Yhen comparing light 
sources of different colours upon the photo- 
meter the colour difference introduces difficulty 
in making an accurate balance. This difficulty 
can be mUf>h lessened by the use of a colour 
filter adjusted to equalise the colour in the 
two fields of the photometer, the transmission 
of the filter being first determined by a set 
of observations. Such photumetric filters will 
be of two types: yellowish filters for reducing 
high efficiency lamps to the colour correspond- 
ing to lower efficiencies, and bluish filters for 
the inverse process. The absorptions of such 
filters must naturally be gradual. and they 
should not display any very marked spectral 
bands or rapid changes in their spectral curve. 

 (4) l\IICRoscoPY.-For photomicrography 
filters are employed especially in the photo- 
graphy of stained section') or other objects dis- 
playing strong colour. Thus, if any colour is 
to be rendered as dark as pos:,ible, it must 
be viewed or photographed by li
ht "hich is 
absorbed bv the colour, that is, bv light of the 
wave-lengths contained within its ãb
orption 
hand. On the other hand, when a subject 
is of a uniform colour, in order to render detail 
it must be examined by the light \\ hich it 
transmits; thus, if the usual insect prepara- 
tions, which are strongly yell 0" , are photo- 
graphed by blue light as on an ordinary plate, 
a black detailless mass is shown in contrast 
to the background, while the use of a strong 
vellow or red filter will enable the whole of 
the detail of the structure to he photo
raphed. 
FiltE'rs for microscopy 
re arrangt'd so tl1a t 
they can he used in pairs, the spectrum heing 
thus dhTided into monochromatic portions. 
By the examination of any specimen through 
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thesf' filters 
in
ly and in pairs the best 
choice of the filters for use can be made. 
Light filters are also valuable for visual use 
with the microscope. Thus, blue and green 
filters are convenient for modification of the 
intensity of the light and for the restriction 
of the spectral region used in visual work. 
A deep blue filter is especially useful where 
the highest resolving power visually possible 
is required, as in the visual examination of 
diatom structures. Yellow, orange, and red 
contrast filters are convenient in the observa- 
tion of detail in insect mounts or as ('ontra8t 
filters for stained preparations. 

 (.3) SPECTROSCOPY, PHOTO-CHE:\IISTRY, ETC. 
-Light filters are often used in spectroscopy 
for the elimination of portions of the spectrum, 
such a
 the absorption of other orders when 
using a grating spectroscope. They are also 
of particular service in spectro- photometry 
for the elimination of scattered light. 'Yhen 
using an absorption spectro-photometer for 
the measurement, for instance, of a solution 
of bichromate, suppose that the slit is set 
just inside the absorption band; then, one 
of the spectra is darkened throughout its 
Length by the equalising apparatus, while in 
the other spectrum the red, orange, and yellow 
are entirely undarkened. The light from 
these regions of the spectrum will be scattered 
throughout the field and will change the 
apparent colour of the green or blue light 
transmitted by the solution at the edge of the 
absorption band. Satisfactory results in the 
use of the instrument can be obtained by 
the employment of filters which will absorb 
the whole of the red and yellow light, trans- 
mitting only the region in which measurements 
are required, 
:l\Ionochromatic filters are often of use in 
spectroscopy and in general physical work, 
hut unfortunately it is not possible as a general 
rule to get monochromatic filters of great 
efficiency. The transmission of most mono- 
chromatic filters is only 10 per cent or less 
if the filters are really narrow, and this loss 
of light seriously limits their application. 
There is one monochromatic filter, however-, 
which is very efficient. This is the filter 
resulting from the employment of didymium 
salts, which have an extremely sharp absorp- 
tion band hetween 5.30 p.p. and 580 p.p., thus 
cutting out very cleanly the mercury yellow 
lines. By the combination of this filter with 
a strong yellow filter, the green line of the 
mercury lamp can be obtained in high intensity 
and almost entirely free from other radiation, 
thus 
mpplying the strongest monochromatic 
source of light known. This is of particular 
advantage in work with the interferometer. 

 (6) OPTICAL PROPERTIES. - The optical 
effects produced by the use of colour filters 
in front of lenses may be divided into 


two classes: the first includes those resulting 
from the use of a theoretically perfect 
filter; the second, those which result from 
imperfections in the filters, that is, from 
departures from conditions of plane parallelism 
in the faces and of equality in thickness 
hetween the filters of a set. Computation 
shows that the effects resulting from the use 
of perfect filten, are too small to be of any 
rractical importance, the effect both on 
spherical aberration and on curvature of 
field being well within the limit of tolerance, 
while the effect of the dispersion on the 
difference in image size between different 
colour filters of a set is also negligible. The 
effects upon the definition and size of image 
introduced by the use of filters which are 
imperfect are very much more complicated 
than those which result from the use of perfect 
filters. Since the errors of surface may he 
of any type, the investigation of the effects 
produced can only be performed experiment- 
ally. The most convenient testing apparatus 
consists of a telescope objective of about 
four feet focal length on which the filter is 
placed, the image of a test object being 
examined by means of an eyepiece. 1 
C. E. K. 1\1. 
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 (I) INTRODUCTION. - The problem of the 
interference of light and its historical develop- 
ment are closely bound up with the question 
of the nature of light. Two theories of light 
have held sway at different periods in the 
history of optical science, nanwly, the wave 
theory and the corpuscular or emission theory. 
According to the former, which was first 
definitely propounded by Huygens in Iß78, 
light is a wave motion propagated in a con- 
tinuous hypothetical medium cal1pd the ether, 
which is supposed to pervade all space. 
Although Huygens regarded the waves as 
longitudinal, he was able to explain a number 
of phenomena, such as reflection and refrac- 
tion, but he could not account for the recti- 
linear propagation of light. For this reason 
the theory was not accepted by Newton, who 
elaborated the corpuscular or emission theory, 
according to which luminous bodies emit 
material corpuscles which travel along straight 
paths, the sensation of vision being produced 
by the mechanical impact of thes p corpuscles 
on the retina. This theory leads to the 
correct law of refraction, but it also leads to 
the result that the velocity of light should 
be greater in a dense medium than in a Ipss 
dense one. The opposite result follows from 
the wave theory a
d has been e"\.pprimetltally 
proved to be correct; this forms a crucial 
1 ('p. ('. I'
. K, Mccs, British Journal of Photogruplty, 
ID17, p. 462. 
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test of the two theories. The fact that the 
emis::;iun theory "as not finally overthrown 
until the beginning of the nineteenth century, 
when interference was explained on the 
basi:-5 of the wave theory, is largely due to 
its being held by such a great authority as 
S ewton, 

 (2) ::\L-\.THE::\IATICAL AXALYSIs.-The inter- 
ference of light may, according to the wave 
theory, be expressed in mathematical form 
as follows. 
The general differential equations of wave motion 
in a homogeneous medium are given by 


""t ( "2t ""t "20.. ) 
C
" =V2 
+S+
 
êt 2 eX2 cy2 cz 2 


and similar equations in 7J and S, where t is the time, 
(x, y, z) are rectangular co-ordinates, V is the 
velocity of propagation of the wave motion, and 
(
, 'YJ, 5) are, according to the elastic wave theory, 
the components of the displacement of an ether 
particle from its posítion of rest or, according to 
the electromagnetic theory, the components of the 
electric or magnetic field strengths. 
'Yhen the disturbance travel.::; in the direction of 
the x a
is this reduces to 
"2t ...."t 
:. .. = V2
. 
at!. cx2 


Confining our attention to the case of a 
wave propagated along the direction of the 
x a
is and writing À for VT, we find that the 
disturbance in the wave may be represented by 
the equation 
27r ( X ) ( t X ) 

=A cos 7 t-,T =A cos 27r ;-i.. . 


This represents a wave, for at a given point 
-for which x is constant-the motion repeats 
ib..elf at time,;; t, t + T, t + 2r, etc., and at a gi\en 
time-for which t is constant-it repeats 
itself at the points X, X+ À, X+ 2À, etc., or 
x, x+ YT, x+ 2YT, etc. Thus it can be repre- 
sented by a cosine curve, repeating itself at 
lengths À, 2
, , . . which moves forward with 
speed V. 
A is the amplitude, T the period of 
vibration, and À the wave-length of the 
vibratory motion of the ether particle. The 
intensity of such a light wave is proportional 
to A 2 , for it is proportional to the kinetic 
energy of the vibrating ether particle, and 
this in turn varies as the square of the velocity 
of vibration; the velocity is given by the 
equation 

= _A 27r sin ( t- 
 ) 
ct TV' 
and the average value of its squa.re is pro- 
portional to A2. 
"T e may now consider the effect of two 
light wa\TCS of the same period propagated in 
a homogeneous medium, the vibrations being 


supposed parallel. They may be represented 
by 



I=AI cos 27r (
-
) 
and 
2=A2 cos 27r ( .!- X+ Ô ) 
T ^ ' 
where AI' A 2 are the amplitudes of the two 
motions, and 27T"ô/À is the phase difference, 
that is, the crests of the one wave are always 
a distance Ô ahead of those of the other. 
Sow, according to the principle of the super- 
pO:5ition of wave motion, the resultant motion 
of a particle simultaneously subjected to a 
number of different displacements is obtained 
by summing up the components of these 
displacements. Thus in the case of the two 
given light waves the resultant displacement 
is given by 

= 
l + 
2 = (AI + A 2 cos 27r
) cos 27r(
 -
) 
+ A 2 sin 27l"
 sin 27T"(
 -
). 
Now let 


and 


Ô ..l 
Al + A 2 cos 27T"
 = A cos 27l"
 
A 2 sin 27r
 = A sin 27r
, 
1\ ^ 


Then 


( t X+ ..l ) 

=A cos 27T" --- 
T ^ ' 


where 


A2=AI2+ A 2 2+ 2AIA2 cos 27rt 
The resultant motion is thus given by a wave 
which has the same period as the original 
wave, but a different amplitude, and is in 
a different phase. If the original phase 
difference 27r(ô/À)=2n7r, that is, if ô=2n(À/2), 
where n is a positive integer, A has its 
maximum value, Al + A 2 . On the other hand, 
if 27r(ô/À) =(2n+ 1)7T", that is, if ô=(2n+ 1)(À/2), 
A has its minimum value, Al - A 2 . If Ô is 
an odd number of quarter wave-lengths, 

2= A 2 sin 27r(
- 
), 
and A2=AI2+A22, that is, the total intensity 
is equal to the sum of the intensities of the 
two waves. If Al =A2 the total intensity is 
four times that of each wa'\'"e when ó=2n(\j"2), 
and is zero, that is, the waves interfere, when 
ô=(2n+ 1)(À/2). This does not mean that 
any energy is destroyed; what happens is 
that the distribution of the energy is modified. 
The treatment may be extended to the casp 
of any number of waves, but the brief sketch 
just gi\en ser\es to illustrate the method 
whereby the phenomenon of interference may 
be e),.plained by means of the wave theory 
of light. 
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 (3) ï OU
G'S E'\..PERC\IENT. - True inter- 
ference of light was first observed by Young; 
the experimental arrangement he employed 
was ùescribed in his lectures which were 
published in 18ù7. Light from a slit was 
allm\ ed to faU on a screen in "hich there were 
t\\ 0 small pinholes placed close together. 
InteIference bands were then observed on 
another screen placed in a position where 
the rays, after being diffracted at the pinholes, 
overlapped. The phenomenon is really one 
of interference of diffracted light, I because 
the rays which pass directly through the pin- 
holes will not overlap, It will be of interest, 
however, to consiùer the explanation of the 
phenomenon by means of the wave theory on 
the assumption that the two pinholes do act 
as sources of light in which the vibrations 
bear a constant phase relationship to each 
other, for, as ,\ill be seen later, it is possible to 
obtain the necessary conditions by optical 
means. Let 8 1 , 8 2 (F1'Y. 1) represent two 


s, 
 

 

 -
--- 
:y 
FIG. 1. 


pinhoíes acting as sources of light. If we 
assume that the ether partic1es at 8 1 and 8 2 
are vibrating parallel to each other in the same 
phase, and that the waves being sent out have 
the same amplitude and the same period, we 
may consider the effect at a point P on a 
screen OP, set parallel to the line joining 8 1 8 2 , 
at a position where the beams from 8 1 and 8 2 
overlap. Draw 0'0 through the mid-point 
0' of 8 1 8 2 perpendicular to the screen. Let 
8 1 S 2 =d, O'O=x, and OP=y. Then 
81P2=X 2 + (
+y)2, and 82P2=X 2 + (
_y) 2. 
Therefore S1P2 - S2 P2 = '2yd. 
If d and yare each small in comparison with 
x, we have 


8 1 P+ S2P= 2x. 
_yd 
SI P - 8 2 P --. 
x 
If the difference SIP - S2P is equal to an even 
number of half wave-lengths, that is 2n(X/2), 
where n is an integer and X is the wave-length, 
the waves will reinforce each other; there 
will therefore be a maximum intensity at P 
when 


Thus 


2nx\ 
y = - '2d . 


1 Diffraction phenomena, which may be looked 
npon as a f\pedal elas
 of interference phcnonwna. 
(]ppending on thp rpstrktion of apertures, will not be 
wscussed in tills article. 


If, hm\ever, the difference SIP - 8 2 P is equal 
to an odd number of half \\ave-Iengths, that 
is (2n+ 1)(^/2), the waves will interfere; there 
will therefore be darkness at P when 


(2,
+ l)xÀ- 
y= 
d-. 


It may easily be shown that, if a line is 
dra wn on the screen so as to pass through P 
and be perpendicular to OP, the total disturb- 
ance at a point P' on this line is the same as 
at P, if PP' is small. Thus the appearance 
on the screen wiìl be that of a series of parallel 
alternating bright and dark bands, 2 the 
ùistance between the centres of two con- 
secutive bright bands or dark bands being 
given by 


D _ X \ 
- d. 


The central band of the system, that is the 
one at 0, is bright. 
The positions of these bands or fringes 
depend on the wave-length of the light used. 
Thus, if white light is employed, there will be 
an infinite series of bright and dark hanùs 
corresponding to the infinite range of wa ve- 
lengths in white light. The result will be 
that only a few bands near the centre will 
be at all clear, the outer ones overlapping 
each other; the central band will he white. 
Thus
 in order to obtain a considerable number 
of bands, monochromatic light must be em- 
ployed. 3 
The above treatment will hold for all cases 
where the interfering beams come from two 
real or virtual images of one and the same 
luminous point. This requirement is funda- 
mental for the production of interference 
fringes, it being impossible to obtain inter- 
ference between beams which come from two 
entir
ly independent sources. The reason for 
this is that the phase of the disturbance b'om a 
given source, even if of constant wave-length, 
alters frequently and irregularly, so that there 
can be no fixed relationship between two 
independent sources. If, however, the two 
sources are real or virtual images of the 
same source, there will be a constant phase 
relationship between the vibrations in the two 
and interference systems will be observable. 
In such a case the source must have b('(\n 
maintained in regular vibrat.ion for millions of 
periods. 
't is interesting in this connection to note 
that the number of fringes which can he 
observed gives us information with regard to 
the number of reaular vibrations performed 


I! The hanùs are only approximately straight; 
actually they are the ",ections of a system of hyper- 
boloids of revolution round the line S.S2 having 8 1 and 
8 2 as fod. 
3 :-ice, however, later on under .. Achroma.tic 
Fringes," 
 (5). 
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by each molecule in the luminous source before 
a sudden change in phase takes place, for at 
the nth dark fringe interference takes place 
between vibrations "hich left the two sources 
at times nT apart, where T is the period of 
vibration. In the case of sodium light 
Fizeau counted about 30,000 fringes, while in 
more recent times path differences correspond- 
ing to as many as a million fringes have been 
obtained in the case of certain kinds of mono- 
chromatic light. 

 (4) ::\IETHODS OF PRODUCIYG IKTERFER- 
EXCE FRIXGES.-Â great number of methods 
of producing interference fringes of the type 
just discussed have been devised, but they all 
practically depend on the formation, by means 
of some optical system, of two images (real or 
virtual) of a narrow source of light, such as 
an illuminated slit. These images then act 
as secondary sources, fringes being observed 
in the region where the beams of light which 
come from these sources overla p. In each 
case the distance D between consecutive 
bright or dark bands is given by 
D _ xÀ 
- d' 
where x = distance between sources and plane 
in which the bands are observed, 
d=distance between the secondary 
sources, 
À = wave-length. 
Some of the more important optical systems 
devised for the purpose mentioned may be 
described as follows. 
(i.) Fresnel's Two-mirror System.-This is 
one of the systems that Fresnel 1 suggested 
for the purpose of overcoming the objection 
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FIG. 2. 


that diffraction plays a part in Young's ex- 
periment. A plan of the arrangement is 
shown in }' ig. 2. 
The light from a slit S is reflected from two 
plane mirrors 0':\11' 0')1 2 , the normals to 
which are inclined at a small angle 0, the line 
of intersection of the mirrors being parallel to 
the length of the slit. The reflected beams of 
lIght appear to come from SI and S2' the 
images of S in the two mirrors, and inter- 
ference bands parallel to the slit are obtained 
1 A. Fresnel, (Burr. cúmpl. i. l
O. 186; ii. 17. 52. 


o 
p 


on a screen UP, "here the two beams overlap. 
Sow let u'S =a and 0'0 =b. The angle 
subtended by 8 1 S 2 at 0' is equal to twice the 
angle between the mirrors. Also SI and S2 
are situated as fLr behind the mirrors as S 
is in front of tlem. TllU
 it follows that 
O'SI =O'S2=O'S=a, and SIS2=2aO. 
Hence D= 
+ _b)'. 
2aO 
The Fresnel mirror system may be modified 
by the introduction of a lens to form two real 
images of the slit,2 This is the arrangement 
,\ hich Righi 3 used in his experiment for 
demonstrating the existence of light-beats. 
(ii.) rautier's Three-mirror System.-In this 
system 4 three equidistant mirrors are set up 
approximately parallel to each other, the inner 
one being silvered on both sides and the others 
on their inner sides only. The two interfering 
beams of light are formed by reflection first 
at each of the 
wo outer mirrors and then at 
the central mirror. If the mirrors were set 
accurately parallel to each other the beams 
would be contiguous and no interference 
would take place; one of the outer mirrors 
is therefore set up so as to make a small 
angle "\\ ith the others. Vautier has also 
employed an arrangement whereby the light 
incident on the mirrors is rendered parallel 
by the introduction of a lens; the beams after 
reflection then pass through another lens 
which forms two real images of the source 
of light. 
(iii,) ..J1 ichelson' s J1 irrors.-::\Iichelson 5 forms 
two virtual imag
s of a source by double 
reflection at two mirrors which are inclined 
to one another at an angle which is very 
little less than 90 0 . The arrangement has the 
advantage over that of Fresnel that it does 
not require such accurate adjustment of the 
mirrors. 
(iv.) Fresnel's Bi-prism. - Fresnel 6 also 
obtained interference fringes by making use 
of refraction instead of reflection to form two 
adjacent virtual images of a source. The 
light from a slit S (Fig. 3) is refracted by the 
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bi-prism ABC, the edge A of the obtuse angle 
dividing the light into two beams whicb, after 
:I Cf. E. :\Iascart, Traité d'optique, 188f1, i. 180, 
:I A. Righi, JOUTn. de Ph,1Jsique, 1883, ii. .U
, 
" G. Vautier, Compte.<; R(,1ldu.<;, 1903, cxxxvii. 615 ; 
Journ. de Ph.1lsique, 1903 (4), ii. 888. 
:; A. A. )n('hf'J
on, Am. J. Sci., 1
90 (3). xxxix. 216. 
· A. Fresnel, æuvr. compl. j, 330. 
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refraction, appear to come from 8 1 and 8 2 . 
Interference fringes can then be observed in 
the region where the two beams overlap, 
provided that the edge A is accurately parallel 
to the slit 8. Let õ be the deviation produced 
by each half of the prism, }l. the refractivf' 
indeÀ of the prism, and a = LABC = LACB. 
Then 


8 1 8 2 = 2a sin õ = 2a(}l. - I )a, 
if a is very small, where a = SA. 
Thus the bi-prism is equivalent to a pair of 
Fresnel mirrors inclined at an angle (}l. - I )a. 
The distance between two consecutive bright 
or dark bands on a screen OP at a distance b 
from the bi-prism is then given by 
D- (a+ b)" ^_ 
- 2a(}l. - l)a. 
If white light is used, there is greater over- 
lapping of the bands due to different colours 
than with }'resnel's mirrors, because in the 
expression for D a decrease in the value of 'A 
is accompanied by an increase in the value 
of }l., 0\\ ing to the dispersion caused by the 
prism. 
A simplc and very useful method of measur- 
ing 8 1 8 2 has been suggested by Glazebrook. 1 
A convex lens is inserted between the bi- 
prism and the microscope which is used for 
measuring the separation of the bands, and 
is adjusted so as to form imagcs of 8 1 and 8 2 
in the focal plane of the microscope. The 
distance d 1 between these images is measured. 
The lens is then moved into the second position, 
in which it forms images of 8 1 and 8 2 in the 
focal plane of the microscope, the distance 
d 2 hetween these images being measured. 
Since the magnification in the one position is 
the reciprocal of the mag- 
nification in the second 
position, it follows that 
, / -- 
}l.2 SI S 2= " d 1 d 2 . 
A modified form of 
Fresnel bi-prism, due to 
\Vinkelmann, 2 is illustrated 
FIG. 4. in Fig. 4. The bi-prism, 
of refractive index }l.l' is 
mounted in a cell containing a liquid, such 
as benzene, of refractive index }l.2' the cell 
'being cov{'reù by a plane parallel piece of 
glass. In this case 
D= (a+ b)'A 
2a(}l.1 - }l.2)a' 
where the symbols have the same significance 
as hdore. The advantage of this arrange- 
ment iR that the obtuse angle of the bi-prism 
may be made much less obtuse than in the 
case of the hi-prism uspd in air. 
1 TI. T. fHazphrook, Phy.<dral () ptil's. 

. A'_r: Winkr-hnann, Zeit,
. /lIstrllmentenk" lÐ02, 
XXll. 2, ó), 


(v.) B1'-plates,-Another method of obtain- 
ing two adjacent virtual sources for producing 
interference fringes is to use a bi-plate,3 which 
consists of two parallel plates of glass of equal 
thickness (preferably cut from the same piece 
of glass) inclined to one another (Fig. 5). 


:FIG. 5. 


The beams of light after refraction appear 
to come from the virtual images 8 1 and 8 2 , 
Two real images of 8 1 and 8 2 are formed by 
the introduction of a lens. Now the lateral 
displacement of a ray in passing through a 
parallel plate of thickness t is given by 
t sin (i - r) 
COST' 


where i and r are the angles of incidence and 
refraction respectively. Hence 
8 8 2t sin (i - r) 2 ' . { I . } 
1 2 = = t SIn 1, - cot 1, tan r . 
cos r 


If the plates are incJined at angle 20 we have 
i = 90 0 - 0 approximately. Therefore 


sin i= cos 0, cos i= sin 0, cot i= tan 0, 


. cos 0 
SIn r=-, 
}l. 


J}l. 2 - cos 2 0 
cos r = , 
}l. 


cos 0 
tan r = , 
,,' p.. 2 - cos 2 0 
where }l. is the refractive index of the glass. 
Thus 
8 8 - f _ _sin 0 "' 
1
 <) - 2t cos e, I - -- - J ' 

 '- "I}l. 2 - cos 2 0 
and the value of D may then be deduced. 
(vi.) Billet's Split Lens.-In this system 4 
(Fig. û) two real images, 8 1 and 8 2 , of an 



S , 



 
8 I 8 2 


FIG. 6. 


illuminated source are formed by two halves 
of a lens which can be separated or hrought 
close together by means of a micrometer 
screw, the motion being along a line perpendi- 
cular to the optical axis. 
(vii.) },[ eslin' s Split Len.s. - This is a 
modification of the previous arrangement, the 
3 J. ,}:unin, ('ours de phJl!.;ique, 1
(ì(ì (3). :124. 
" F. Billet, Ann, Chim. et Pllys., H,ti
 (3), lxiv. 386. 
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two halves being relatively displaced along 
the optical axis. l The two real images, 8 1 
and 8 2 (Fig. 7), are then formed on the optical 
axis and interference fringes can be observed 
in the region between 8 1 and 8 2 , The points 
of equal phase difference in this case lie on 
ellipsoids of revolution, having 8 1 and 8 2 as 


FIG. 7. 


foci. A system of semicircular 2 fringes is 
then obtained. In both this and the previous 
case the distance 8 1 8 2 can be calculated from 
the separation and the optical constants of 
the lens halves. 
(viii.) Fresnel's Three-mirror System. - In 
this system three mirrors-::\I 1 , ::\1 2 , and ::\1 3 
(Fig. 8)-are employed. One of the secondary 
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sources is the image 8 1 of 8 in the central 
mirror ::\1 1 , The other secondary source 8 2 
is the image in )1 3 of S', which in turn is the 
image of 8 formed in )1 2 . Thus one of the 
beams is once reflected at :\1 1 , while the other 
is twice reflected at )1 2 and :\1 3 . The mirrors 
::\1 2 and )1 3 are set up in such a position that 
their pla
es intersect at 0, the centre of )1 1 , 
making approximately equal angles "ith the 
plane of :\11" The central band of the inter- 
ference system is black, from which Fresnel 
concluded, as Young had done in order to 
explain the black centre in X ewton's rings, 
that there is a loss of optical path of I ^ by 
reflection at a gìass surface. 
For modifications of thf' Fresnel three-mirror 
system see Quincke 3 and )lascart. 4 
(ix.) Lwyd's JIirror.-This is a somewhat 
simpler arrangement 5 than the previous one. 
Interference takes place between the direct 
beam from a source S (Fig. 9), and the beam 
reflected from a single mirror (a piece of 
blae:k glass is suitable) at almost grazing 


1 G. )Ieslin, Compte.
 Rendlls, 18
3. cxvi. 
50, 5ïO ; 
JOU71I. de Physique, 1893, (3), ii. 205. 
2 Complete circular fringes are not obtained, as 
the beams of light overlap only on one side of the 
optieal a xis, as IlIaY be seen from thf' diagram, 
3 (;. QuinC'ke, PogO. Ann.. 18ïl, cxlii. 

8. 
t E. )Ia
cart, Comptes Rendll.<;, 1887, cv. 967. 
6 H. Lloyd, Roy. Irish .Acad. Trans., 1837, xvii. 
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incidence, the second beam appearing to come 
from the virtual image 8'. In this case again 
the central band of the interference system is 


s 
 
' -------- -------------- 
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-:.:;-------- 
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FIG. 9. 


dark. Owing to the asymmetry of the optical 
system only one half of the fringe system can 
be seen, unless a thin transparent plate be 
held in the path of the direct beam so as to 
introduce retardation and consequent dis- 
placement of the fringes. 
2 (5) _\.CHRO:\IATIC FRIXGEs.-"
e have seen 
that the distance D between adjacent fringes 
is given by 


D_ X \ 
- d' 


from which it hi clear that D varies with the 
wave-Iength
. If it were possible to arrange 
that the ratio 
/d should be constant for all 
wave-lengths, one would be able to obtain 
a system of achromatic interference fringes 
when using white light, for then the fringes 
due to the different colours would coincide. 
A simple method of obtaining such achromatic 
fringes is to use as the two sources a short 
spectrum and its virtual image formed by 
reflection in a glass plate (Lloyd mirror 
system). The blue end of the spectrum 
should be towards the plate, as the distance 
between the sources for blue light should be 
less than for red light. If the spectrum is 
formed by a prism it is only possible to 
achromatise the fringes for two colours, but 
if a diffraction grating is employed the super- 
position of fringes for two wave-lengths will 
secure the superposition of fringes for all other 
wave-lengths. 
2 (6) IXTERFEREXCE IX FIL:\lS AXD PLATES. 
-The interference phenomena which we have 
so far discussed can only be observed "hen 
a point source or a narrow line source of light 
is used. There is another group of inter- 
ference phenomena which can be observed 
when using an extended source of light. In 
this group are included the cases of inter- 
ference in transparent films and plates. A 
number of such cases ,\ill now be dealt "ith. 

 (7) IXTERFERExcE I
 THIS FIL:\IS. (i.) 
Simple Cases.-'Yhen a very thin film of a 
transparent substance is illuminated by a 
broad source of light, such as a bright sky, 
brilliant colours are seen; soap bubbles and 
thin layers of oil spread over the surface of 
water are familiar examples of this pheno- 
menon. These colours are due to interference 
between the rays reflected from the t" ù 
surfaces of the film. 
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Let us first consider the case of mono- 
chromatic light falling on a thin film which 
is bounded by two parallel 
mIfaces. At 
present we may confine our attention to the 
two paths ABCDE and FDE (F1'g. 10). The 


first is that of a ray which is refracted at the 
first surface, internally reflected at the second 
surface, and again refracted at the first 
surface; the second is that of a ray (emanat- 
ing from the same point in the source) which 
is incident parallel to the first ray and is 
reflected at the first surface of the film. The 
difference in optical path of the two rays can 
easily be deduced. Let i be the angle of 
incidence and 7 the angle of refraction in the 
film. Draw BG perpendicular to FD and 
D H perpendicular to BC, and produce BC 
to meet the line through D normal to the film 
surface in K. Then BG and DH are the 
fronts of the incident and refracted waves 
respectively, so that the portions of the paths 
GD and BH are optically equal. Thus the 
path difference d=HC+CD=HK=2t cos 7 1 
where t is the thickness of the film. This 
is equivalent to 2p.t cos r, measured in air. 
where p. is the refractive index of the film. 
At first sight it would appear that there 
would be a maximum brightness when the 
path difference is equal to an even number 
of half wave-lengths and a minimum bright- 
ness when the difference is equal to an odd 
number of half wave-lengths This, however, 
does not fit in with the observed phenomena, 
and we can see that in the limiting case when 
the film is of zero thickness no light will be 
reflected, though we might from the above 
considerations have expected maximum bright- 
ness. The reason of this apparent discrepancy, 
as was first suggested by Young, is that light 
reflected at the surface of a denser medium 
suffers a phase change of 1 KO o , which is 
equivalent to a path difference of half a wave- 
length. In the case of the film one of the rays 
is reflected without change of phase at the 
surface of a rarer medium, while the other 
is reflected at the surface of a denser medium. 
Thus the total retardation in the case under 
consideration is 2p.t cos r + !^. The bright- 
ness will therefore he greatest when 2p.t cos r 
is equal to an odd number of half wave- 


lengths, anù least when 2p.t cos r is equal to 
an even number of half \\ave-Iengths, 
If now the incident light is white the 
light reflected from any point of the film 
will not include the wave-length which satisfies 
the equation 2p.t cos r = n^ at that point; the 
light will accordingly be coloured. If the 
film is of uniform thickness the colour' will 
be uniform over the whole film.! Any want 
of uniformity in the thickness will give rise 
to variations in the colours observeù at 
different parts of the film. This gives a 
convenient method of testing the uniformity 
of thickncs'3 of a film. 2 
(ii.) Effect of )..11 ultiple Reflections - The 
theory of thin films, as above sketched, is 
not complete, for we must take into account, 
as Poisson showed, the effect of multiple 
reflections. If d is the retardation of a ray 
once internally reflected, then 2d will be th
 
retardation of a ray internally reflected three 
times, and so on. In order to sum up the 
effects of these multiple internal reflections 
it is necessary to in- 
vestigate the rela- A 
tions between the 
amplitudes of the 
reflected rays. Let 
the amplitude of the 
incident ray AO 
(Fig. 11) be a, and 
the amplitudes of the 
reflected and re- 
fracted rays OB,OC 
be ab, ac respectively, 
where b, care fractions. 3 If these rays be 
reversed they should combine to give a ray 
along OA of amplitude a. The reversal of 
OC will give a ray of amplitude ab 2 along 
OA, and one of amplitude abe along the 
refracted path OC'. I..et the components: 
along O.A and OC', of OC reversed be ace' 
and acb' respectively. Then 


B 


- FIG. 11. 


ab 2 + ace' = a and abc + acb' = 0, 
since there must be no resultant ray along OC'. 


Thus 


ce'= I-b 2 = I-b'2 and b= -b'. 
\Ve may calculate the resultant phase 
difference for the reflected heamR. taking into 
account the multiple internal reflections. 
The amplitudes of the various beams are 
shown in Fig. 12. The commnn phase 
difference of the r('flf'ctNì components is given 


1 Thi
 is true onh' if thf' fi1m is gO thin that tlH' 
variation of the angle of inddpllcP from one point 
to another <lops not affprt the value of 2,.d co
 r by 
mOf(' than a small fradion. If a point source at 
infinity is m
('cI the statenl('nt i
 true for any thkkn('ss 
of film Hinr(' the angle of ineÍ<lpnce is then con
tant. 
2 Sre artide on .. Interferometers: Technical 
Applkations. .. 
3 G. Stokes, J.lath. and Phys, Papers, ii. 89. 
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by o = (2rr/X)d, where d h; the common path 
difference 
Xow let A be the amplitude of the resultant 
reflected beam and ..l it" phase \\ hen the phase of 


FIG. 12. 


the first reflected beam is zero. Then. making use 
of the notation employed at the beginning of this 
article, we have 


A cos f 2 rr ( t_ 
 ) +..ll =ab cos 2 rr ( t_ :: ) 
tr V j r V 
+acb'e' cos { 2; (t_

) +o} 
+acb'3 e ' cos { 2; (t- 
) +20} + 
Expanding, and equating the coefficients of 
coo 2; (t_
) and sin 2; (t-t), 
we obtain 
A cos ..l=ab+acb'e' cos 0+acb'3 e ' coo 20+ 


A sin ..l = 


acb' e' sin 0 +acb'3 e ' sin 20 + 


Therefore 
Aé
 =ab+acb'e'(eÏ å +b'2 e :!iO + . . .) 
e iB 
=ab+acb'e' U O 
I-b'2 e 
:\Iultipl)ing the second term on the right above and 
below by 1- b'2 e - iB we have 
A ü- b aeb'e' (cos O-b'l). acb'e'sin 0 
e -a + - +
 
1- :?b'2 COS 0 +b'-l 1- 2b'2 coo 0 +b'-1' 
If "e equate the real partð on both sides and the 
imaginary parts and square and add we get, on 
substituting 


ee' =1-b 2 and b= -b', 


A2= 4
2b 2 sin 2 (0/ 2) _ 4a 2 6 2 sin 2 (0/2) 
1- 2b 2 cos 0 + 6-l - (1- 6 2 )2+ 4b 2 sin 2 (õ/2)' 
By a similar calculation it is possible to 
deduce that the amplitude B of the resultant 
tran::;mitted beam is given by 
2_ a 2 (1 - 6 2 )2 
B - -- - --- 
(I- 6 2 )2+ 4b 2 sin 2 (õ/2)" 
This re;;;ult is to be expeded, since A 2 and 
B2 are the intensities of the reflected and 


transmitted beams, and their sum should 
equal a 2 , the intensity of the incident beam. 
The result for the reflected beam shows 
that the intensity is zero" hen 


that is, when 


0=2nrr, 
2p..t cos r= nÀ, 


since 


2rr 27r 
o=-i: d = -y;. 2p..t cos T. 


Thus, if light of wave-length ^ is employed, 
the film or plate "ill appear pedectly black 
when 2p..t cos r is equal to an eyen number of 
half wave-lengths. This is the same result 
as was obtained when considering the 8impler 
ease of one internal reflection, except that 
there the condition was merely for minimum 
brightness. 
 
It is interesting to note that the condition 
for zero intent:ity in the reflected beam corre- 
sponds to maximum intensity in the trans- 
mitted beam, and that the minimum intensity 
in the latter is not zero, but is such that .whe
 
added to that of the reflected beam the sum 
is a 2 . The phenomena in the two cases are 
complementary, but are much sharper in thE" 
reflected than in the transmitted beam. 
(iii.) n
edge-sltaped Films.-If the two plane 
sudaces bounding a film are inclined to each 
other at a small angle, a system of fringes 
will be obsE"rved. If white light is used the 
fringes will be coloured, but there is so much 
overlapping of the fringes that they will not 
be distinguishable unless the film is extremely 
thin and the angle of the wedge is very small. 
In the case, therefore, of films of appreciable 
thickness it is necessary to use monochromatic 
light, and the thicker the film the more mono- 
chromatic the light must be. 

 (8) XEWTO:X'S Rnms.-Xewton observed 
that when a plane-glass sudace was placed 
in contact "ith a convex spherical surface 
circular fringes "ere formed round the point 
of contact. These fringes, usually called 
:Newton's rings, are due 
to interference in the 
film of air between the 
two surfaces. K ow we 
have seen that where 


^ 
2p..t cos r = n 
r 


, 
, \ 
I I \ 
, : \ 
, " I 
I I 
, I 
, , 
\. ' 
"\ /' 
'........ _..," D 
..----..,.. 


there will be maximum 
or millimum brightness 
according as n is odd or 
even, where p. and tAre 
the refractive index and 
thickness of the film and r is the angle of refrac- 
tion in the film. In the present case, if we 
consider the IÌ!!ht to be incident normal to a 
plate of glass '- r{'sting on the conv{''i: sl.uface 
of a lens (Fig, 13), p.=l and r=O. Let A be 
the point of contact and R be the radius of 


FIG. 13. 
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C'urvature of the convex surface. Then if t 
is the thicknes,;;; of the air film at a point 13, 
where AB =p, \H' have 
p2=BC. ED 
= 2tR, 
gince we are consi(kring points very close to 
the point vf contact. Thus there will be a 
bright ring when 
p= ,I R(2n+ I)
, 


and a dark ring when 
p= ,'/Rn\, 
where n is any whole number. Newton's 
rings, therefore, give us the means of measur- 
ing R if ^ il:! known. I 

 (9) l\hC'HELSON'S INTERFFROl\IETER.-A 
eonvenient method of observing interference 
phenomena in an air film of variable thickness 
",.as devised by Professor :l\Jichelson 2 The 
principle of the arran
ement which he used 
is as follows. Light from a monochromat.ic 
source S (Fig. ] 4) falls on a plane-glass rlate 


s 


M, 


l<'IG. 14. 


Plat an angle of 45 0 . The back surface of 
this plate is half 
ilvered so that the beam of 
light is divided into two portions of approxi- 
mately eqnal intensity. One of these, after 
transmisl:!ion thrc IUgh PI and a second similar 
plate P 2 (un
;ihTered), Hnd normal reflection 
at the plane silvered mirror 1\1 1 , passes again 
through P 2 and 
 reflected bv the half. 
silvered surface of PI into th
 observing 
telescope T. The other portion, after internal 
reflection in PI and normal reflection at the 
plane silvered mirror 1\1 2 , is transmitted through 
the plate PI into the telescope. The reason 
for introùucing the second plate, P 2' which is 
placed at 4,')0 in the path of the first beam, is 
to make the glass paths of the two beams 
equal, for without it the first beam would 
pass once through PI whereas the' second 
beam "ould pass through it three times. 
In IIrùer to obtain complete compensation of 
1 SI'I' arti('lC' On .. Sphcromptry:" 
I A. .\. :\richclson, Am. J. Sci. 1882 x}.iii 305' 
Phil, Jlag., 1882, (5) xiii. 237. ' , , , 


the glass paths the two plate:::, PI' 1>2' should 
be of equal thickness, prdl'rahly cut from the 
same piece of glass. If the air path,; are nm\- 
of the same length tllP arrangement is eq uiva- 
lent to a film of zero thicl\.ness, for the image 
of 1\1 1 by reflection in PI will then coincid{' 
with :\1z. One of the mirrors is provided 
with a micrometer screw by means of which 
it may be moved parallel to itself so as to 
introduce any desired difference in optical 
pa tho The plates and mirrors are also pro- 
vided with fine adjustments to enable the 
image of ::\1 1 to be brought into parallelism 
with 
\12. 
Modified forms vf the Michelson interfero- 
meter are used for testing the planeness of 
surfaces, the homogeneity of glass blocks and 
prisms, and the aberrations in lenses. 3 

 (10) FABRY AND PEROT I
TERFEROl\IETER. 
-'Ye have already seen, when considering the 
case of multiple reflections in films, that the 
intensities of the resultant reflected and trans- 
mitted beams are given by 


and 


A 2 _ 4a 2 b 2 sin 2 (0/2) 
(1- b 2 )2 + 4a 2 b 2 sin 2 (0/2) 
B2 - (1- b 2 )2 _ 
(1-b 2 )2+ 4a 2 b 2 sin 2 (0/2) 


respectively, where a 2 is the intensitv of the 
incident light, b 2 is the reflection co
fficient, 
and 0 is the common phase difference between 
successive components of the reflected and 
transmitted beams. Confining our attention 
to the transmitted svstem we see that as 0 
varies, the intensity
 vari:s periodican;; its 
maximum value, corresponding to 0=2mr, is 
a 2 , its minimum value, corresponding to 
0=(2n + 1)11'" is a 2 ((I-b 2 )/{l +b 2 ))2, while an 
intermediate value, where 0=((2n+l)/2)7T', is 
a 2 ((1 - b 2 )2/(1 + b 4 )). 
t will be seen that, as 
the reflection coefficient increases, the mini- 
mum and intermediate values decrease and 
therefore, the maxima becomes sharper.' Fig: 
15 shows the types of intensity curves obtained, 


JC---A: 


FIG. 15. 


for normal incidence, with unsilvered (AA; 
b 2 =o04), and silvered (BB: b 2 ='75) plates. 
Thus by using a high reflection coefficient 
one obtains sharp bright line's on a dark 
background. The case for the reflected 
system is exactly reversed and is illu
trat('d 
by Pig. 15 turned upside down. In this case, 


8 Hee article on "IntprfcromrtrrR: Technical 
A(
rJi
'ltion
:' ; 
 alRo F. Twyman, Opt. Soc. Trans., 
10...0-...1, XXII. :N 0, 4. 
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if the reflection coefficient is high, one obtains 
sharp dark lines on a bright background, 
Tllf' above fact has been made use of by 
Fabry and Perot 1 in their interferometer, 
which consists of t\\ 0 glas::; plates, the neigh- 
bouring faces of which are lightly silvered. 
One plate is fixed, and the second plate, which 
is set approximately parallel to the first, can 
be moved parallel to itself so that the thick- 
ness of the air film between the plates can 
be varied at "ill. 

 (II) L V:\Il\IER AXD G EHRCKE I
TERFERo- 
l'IIETER.-The brightnpss of the reflected beams 
can also be increased by increasing the angle 
of incidence. Lummer and Gehrcke 2 have 
employed this principle in thf'ir application 
of interference methods to spectroscopy. 
They use 3, plate of glass (Fig. 16), at the end 
of one face of whi('h is cemented a small 
right-angle prism. The incident light passes 
through the prism into the plate, and the 
beams of light which emerge, after successivf' 
internal reflections, from both sides of the 
plate can be examined by means of a telescope. 
It might at first appear that the phenomena 
observable with the Lummer and Gehrcke 


FIG. 16. 


plate are due to diffraction effects, and this 
for two reasons. Firstly, there is a striking 
resemblance between t.he plate and the 
echelon grating, the path difference of suc- 
cessive beams increasing by definite steps. 
Secondly, it is well known thl1t in interference 
systems such as we are considering the angular 
separation hetween the fringes decreases rapidly 
as the angle of incidence is increased, so that 
we might expect that in the case of the 
Lummer and Gehrcke plate, where the beams 
leave the plate at practically grazing emergence, 
the fringes could not be resolved. This, 
however, is not so, for, as one may easily 
calculate, the angular separation hetween 
successive fringes increases again as one 
approaches the limiting case of grazing 
emergence until it very nearly reaches the 

alue for normal incidence. The phenomenon 
IS, therefore, onf' of pure interference. 3 

 (12) I
TERFEREYCE IY )!L"LTIPLE THICK 
PLATES,-"Then two plates of glass are inclined 
1 _C. "f.abrr and .\.. Pf>rot, Ann. Chim. et Ph.lls., 
t
9,. XlI. 4,)f); 18f)f), XYi. 115: HIOl. xxii. 54G; 
(ompte,
 Rendlls , 1898 cxxyi 331 40i 13Gl IG'J4 
1 JOG. 1 ii9. ,.", -, 
2 O....I.ummer, rerh((ndl. d. J)ellt.
ch. Phys. Ges., 
1
(!1, 1lI. 

; O. Lummer and E. Gehrcke, Akad. 

 If;7.B
rlm, En" 1902, 11; Ann. d. Physik, 1903, 
a Cf. R. W. Wood, Physical Optics, 1914, 283. 


to each other at a small angle (Fig. 17), a 
beam of light incident on one of the plates 
is divided into a number of components by 
multiple reflections between the plates. If 
the plates are of the same thickne
s some of 
these components are capable of interfering 
with each other. Thus in Fig. 17 the paths 
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FIG. 17, 


of the rays 3 and 4 are approximately equal, 
and, o'\\ing to the small inclination of the 
plates, such rays will form a series of inter- 
ference fringes. Brewster 4 observed this 
phenomenon in 1817, and a modification of 
the arrangement has been employed by 
Jamin 5 in his interference refractomf'ter. 
The principle of this instrument is illustrated 
in Fig. 18. A and B are two plates of optical 
glass, mounted parallel to each otber and 
inclined at an angle of 45 0 to the line joining 
the centres of the surfaces aI' b I ; the other 
surfacf's, a 2 , b 2 , are silvered. If the plates 
have exactly the same thickness and the 


A 


B 


FIG, 18. 


same refractive index, and are placed accurately 
parallel to each other, the optical paths of the 
two beams shown in Fig. 18 will be equal. 
On slightly rotating one of the plates about 
a horizontal or a vertical axis a path difference 
is introduced and a system of interference 
fringes can then be observed. 
The Jamin refractometer can be used for 
measuring the refractive indices of gas('s or 
of transparent liquids or solids. Thus, for 
example, a plate of glass may be introduced 
into the path of one of the beam
, in con- 
sequence of which there will he a displacement 


f. D. Rr{'w
ter, Edi". Trans., 18li, vii. 435. 
5 J. Jamin, romptps RP1ld1(,
. 18,')6, xIii. 48
; Ann. 
Chim. et rhys., 1838, (3), Iii. lG3. 
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of the fringe system. The amount of this 
displacement depend
 on the thickness and 
refractÏ\-e index of the plate, and may be 
determined by placing in the path of the other 
beam a compensator consisting of two exactly 
similar small
angle glass wedges, of known 
refractive index, which can be slid relatively to 
each other so as to form a plate of uniform 
but variable thickness. The compensator is 
adjusted until the centre of the fringe system 
is brought to its original po
ition.l 
In cases where it is desired to compare the 
refractive indices of similar gases, liquids, or 
plates of glaí's, that is, when the displacement 
of the fringe system is relatively small, one 
can employ a Jamin compensator for bringing 
the fringe system back to its zero position. 
This consists of two glass plates fixed to a 
common axis and inclined to each other at 
a small angle. If the compensator is set up 
so that each of the plates is in the path of 
one of the interfering beams, small relative 
retardations can be introduced by rotating 
the compensator about its axis. The amounts 
of these retardations may be calculated or 
may be obtained by calibrating the com- 
pensator by means of auxiliary experiments. 
:Modifications of the Jamin interference 
refractometer, necessitating the employment 
of only one glass plate, 
ha ve Lcen used by 
l\Iascart,2 Lummer,3 
and Ketteler. 4 The 
system employed by 
-:\Iascart and Lummcr 
has recently been ap- 
plied by \Vaetzmann 5 
to the study of the 
aberrations in lens sys- 
tems. Zehnder 6 and 
.Mach 7 introduced two 
auxiliary mirrors, as 
illustrated in Fig. 19, 
the interfering beams as 


FIG. 19. 


in order to separate 
much as possible. 
S (13) INTERFERENCE OF POLARISED LIGHT. 
-The interference phenomena connected with 
polarised light are described in the article on 
"Polarised Light," q.v., but the general 
conclusions TPached by Fresnel and Arago 8 
in their investigations may be stated as 
follows: 
(i.) Two rays of light polarised at right 
1 For thl' pnrpo
f' (If df'tf'rmining the centre of the 
8YRtí'm of mnnodlromatic fringeR a HYRtem of colollrecl 
fringcs formc(l hy whitp light is supcrÏInpoRed on the 
othcr HVHt('m. 
I E. '
[aHcart, Ann. Chim. et Phy,r;., 1871, (4), xxiii. 
146. 
3 O. T.nmmrr, Trirrl. Arm., 1

4. x).iii. 513. 
t K KpUrlpr, Pogg. Anll., tRil. ('xliv. 3ï2. 

 Eo \Vartzmann, Ann. d. Pliy.<âk, ] n12, xxxix. 
104
. 
· L. 7.r1mdrr, Zrit.
. TlI.
trllm(JlIt(,lIk., 18!n, xi. 2ï:). 
7 L. :\Ja(.h, Z/'it.
. Tn,
trum(Jnt(JlIk., 1 
!)2, xii. R!). 
a .\. FrrRJlí'1 and F. .\rago, Ann. Chim, f't Pli!l'
., 
IH 1!1, (2), x. 
R8. 


angles do not interfere ùestructively under 
the same circumstances as two rays of ordinary 
light. 
(ii.) Two rays of light polarised in the same 
plane interfere like two rays of ordinary light. 
(iii,) Two rays polarised at right angles may 
be brought to the same plane of polarisation 
without thereby acquiring the quality of being 
able to interfere with each other. 
(iv.) Two rays polaril:!ed at right angles, and 
afterwards brought to the same plane of 
polarisation, interfere like ordinary light if 
they originally belonged to the same beam 
of polarised light. 

 (14) ApPLICATIONS OF INTERFEREXCE 
PHENOMENA.-In addition to those n1('n- 
tioned in this article 9 the following applica- 
tions of interference fringe systems to physical 
measurements, etc., may be mentioned: re- 
fractometry,10 standardisation of wave-length 
and structure of spectral lines,11 comparison 
of length gauges,12 numerous physical and 
engineering problems,13 and colour photo- 
graphy (Lippmann process),14 


J. S. A. 


LIGHT, INTERFERENCE OF, IN :MULTIPLE THICK 
PLATES; JAIVClN'S REFRACTOMETER. See 
H Light, Interference of," 9 (12). 
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HUYGHENS' PRINCIPLE 
LIGHT is a form of energy which affects the 
nerves of the eye and is propagated by wave 
motion. The vibrations which constitute the 
\Va ves are transverse to the directions in 
which they travel. 
Since Fresnel introduced the conception of 
transverse wave motion a gradually increasing 
store of theoretical .and practical evidence 
has been accumulated to demonstrate its 
truth. Until recently it was suppoðed that 
the mechanism concerned with the trans- 
mission of these vibrations resembled more or 
less that which regulates the propagation of 
transverse waves in an elastic solid. Hecent 
discoveries have sho"'"11 conclusively that light 
is an electromagnetic phenomenon, and that 
light waves ohey the same laws as waves of 
electric and mßgnetic force. In the present 
article we are concerneù chiefly with questions 
which are independent of the physical pro- 
perties of the medium concerned in the trans- 
mission of the light. All we need to consider 


9 
r(' aìRO article on .. Intl'rferometers: Tpchnkal 
ApplkationR." 
10 ].ord Hayldcrh, PJdl. J1ng., 1917, xxxiii. 161. 
11 E. ('. ('. Baly, Spe,.troHCOP.1l. 
12 I". W)prl, Z(Jit,
. Instrumellt/'lIk., 1920. xl. 3. 
13 C. l1aruR, .. Thr fnterfrrometryof UrverRPl! anll 

on-re\'('r
pd Sprctra," PartR 1-4, Carnegie 111sI. 
JV((.
lângt(Jn PulJlirntin1"/s. 1m7. 
14 It. W. Wood, PJlysical OPtics, 1914, l'if>. 
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are the rapid periodic C'hanges of some vector 
quantity which, like other vectors, can be 
represented by a straight line in that it has 
!ength and direction, 
'Yhile it is frequently convenient to visualise 
this vector as an actual displacement, it must 
be home in mind that the changes which 
constitute light are electromagnetic in their 
nature; we cannot explain all the complex 
phenomena involved by the simple vihrations 
of ether particles. 
Consider now a luminous source, 0, Fig, 1. 
Light vibrations are emitted in all directions 
from this source, 
travelling out- 
wards in waves 
with definite 
velocity. At one 
instant the dis- 
turbance will 
ha ve reached a 
surface such as 
ABC, and all 
pain ts of tha t 
surface will be 
in the same state 
of motion or, put in technical terms, in the 
same phase. Such a surface is known as 
a wa'?e front. After another interval, the 
disturbance will have travelled on to A'B'C', 
and this ,vill have become the front of the 
"'ave. Light energy starting from 0 is, after 
a time, distributed over the surface ABC, 
and later, after another interval of time, over 
A'B'C / . If the medium in which the light 
is travelling is isotropic, that is, has identical 
properties in all directions, the speed of the 
light will be the same whatever be the direc- 
tion of its motion, and it is easilv seen that 
the surlace ABC and A'B'C' are both spheres 
with 0 as centre. If, however, the speed 
with which the light travels is different in 
different rurections, as in a crystal, this is 
no longer the case; the wave front is no 
longer a Rphere, but w:ill take some other 
form depending on the properties of the 
medium. l Suppose, now, the source of light 
1<) be a long way off, the curvature of the 
purtion ABC of the wave front \,ith which 
we are dealing becomes less and less as the 
distance from the source is increased, and 
ultimately we arrive at a plane wave front, 
travellin
 always parallel to itsf'Jf with a 
velocitv whieh-in a crystalline su bstance- 
depends on the directio
 of its motion, but 
in an isotropic substance is a constant, inde- 
pendent of the direction. 
'Ye may. however, regard the problem of 
the propag'l.tion of the waves from a rather 
different stanrlpoint. At a mven instant a 
certain state of disturnance exists over the 
surface A BC which. after a certain interval 
1 See" Light, Double Refraction of." 
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of time, has given rise to the di
turbance 
existing over A'B'C'. How are these con- 
nected, and how can "e pass from the con- 
ditions over AB(i to those over A'B'C'? 
The answer to thi" question was given by 
H uyghens (Trait9 de la Lumière). Consider 
each point of ABC as the origin of a disturb- 
ance tra veIling out wards ill a wave similar to 
that from the original source 0, and draw the 
wave fronts corresponding to each of these 
points, P, Q, R, S, Fig. I, and to the interval 
required by the principal wave to travel from 
ABC to A/B'C'. In the case of an isotropic 
medium these wave fronts will all be spheres; 
in a crystal they will have a more complic
ted 
form. In any case, however, it is possible to 
describe a surface which envelops or touche
 
them all. According to Huyghens, this sur- 
face is the new position of the wave front; 
the disturbances due to the various seC'ondary 
waves cancel each other everywhe!'e, except 
on the envelope, while the resulting dis- 
turbance over the envelope is exactly that 
produced at the instant in question by the 
original wave-emanating front. 
If we ta1.e, for simplicity, the ease of a 
plane wave ABC in an isotropic medium, the 
secondary waves are C'learly spheres of equal 
radii, with the various points of the wave 
as centre, while their envelope is a plane 
A'B'C' parallel to ABC and at a distance from 
it equal to the radius of one of the secondary 
waves, that is, to the distance the disturbance 
has travelled in the intervál of time under 
considera tion. 
This result is a consequence of the principle 
of Interference in 'Yave )Iotion, and though 
the arguments by which Huyghens supported 
it are not conclusive, it is shown in treatises 
on Theoretical Optics that the construction 
he gave is correct, and, when the form of 
the secondary 
waves is knnwn, 
may always be 
a pplied to de- 
terminetheform 
and position of 
the wave front, 
which repre- A 
sents the state 
of the primary 
disturbance. 
'Ye ma
' also 
invert the pro- 
cedure and 
apply it to find- 
ing the form of the wa,-e surface diverging 
from a point in the following manner. 
Consider a large numher of plane waves all 
passing through the same point O. Fig. 2, 
but hayinc t '
arious directions. After a !!iyen 
interval of time, t seconds say. each of these 
will have moved parallel to itself through a 
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distance proportional to t and to the velocity 
of light measured in the direction in which 
the plane is moving. 'Ye shäl1 have a series 
of planes corresponding with the original 
s('ries but arranged round O-if the velocit,\ 
of light in the medium is the same in all 
directions, these planes will all be equidistant 
from O-more generally they will be at vary- 
ing distances, depending on the varying 
velocity of the light, In any case the planes 
will all envelop or touch a closed surface 
surrounding 0, and this surface will determine 
the position ,\ hich a disturbance emanating 
from 0 has reached in the time t seconds. 
)Ioreover, if a wave front A'B'C' corre- 
sponding to the wave ABC which passes 
through 0 touch the surface at r, the line 
OP constitutes the ray corrpsponding to this 
wave front and determines the direction in 
which a disturbance at 0 in the plane ABC 
is propagatpd, while ON, drawn at right 
angles to ABC, is the wave normal. If the 
medium is isotropic, the various planes such 
as A'B'C' are all equidistant from 0; the 
envelope of these planes, the wave front at 
time t, is clearly a sphere an,-l the ray OP and 
the wave normal OX coincide. 
In general this is not the case, and we have 
to distinguish between ON which determines 
the direction in which the wave travels, and 
or the ray the direction in which the dis- 
turbance at 0 in the wave front ABC is pro- 
pagated. l A distinction must also be drawn 
between the wave velocity, the velocity, that 
is, with which the wave front moves forward 
along O
, and the ray velocity, the velocity 
with which the disturbance travels along OPe 
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,V IIE
 the state of motion of an electrified 
particle is altered, a pulse of electric and 
magnptic force is emitted from the particle 
and travcls out into space at a high velocity. 
This pulse ca.rries with it a definite amount of 
electromagnetic energy, 2 If the motion of the 
particlp he periodic the single pulse becomes a 
serieR of pulses. Energy is propagated out- 
wards from the particle in waves; if the 
frequency in the waves lies within certain 
limits, 3 they affpct the nprves of the eye and 
are known as light wayes, producing the sensa- 
tion of sight. 
If we are dealing ,\ ith a small luminous 
source 0 (F1"g. I) in an isotropic medium, 
thp waves tr
wel outwards in sphpres from O. 
Let BAr be the position of a wave front at a 
time t. After an intf'rval of time the light 
rpll,ch('R an eye at E. The effect at E is due 
1 Sec "TJ!!ht, J}ouhlc Rdracfion 01." 
I Sf'(' .. \\ïff'l('!';s T('lrgral'hy ," 
 (1), Vol. II. 
I ".Bye, Thc," 
 (6), etc. 


to the disturhance which at the previous 
time t existed over the surface BAC, and may 
be found by calculating the effect due to 
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each element of that surface and taking the 
sum. 4 
But the eye does not recognise the surface 
BAC as the source of the light; it appears 
to come in a straight linp from 0, and the only 
portion of BAC which is effective in illuminating 
E is the portion A which lies directly between 
o and E. This rectilinear propagation is, 
it can be shown, a direct consequence of the 
fact that the wave-length of light is very small 
compared with the other distances concerned; 
it ranges from .8fJ. in the red 5 to .4fJ. in the 
violet. 'Yhile the complete proof of this is 
a question of complicated mathematics, the 
following argument will indicate in a general 
way the reasons for it. 
Imagine the source to be at a long distance 
behind the wave so that the portion of the 
spherical wave considered is practically plane. 
Let EA (F1:g. 2), drawn perpendicular to the 
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wide front BAC, be equal to a, and Jet 
 
be the wave-length. Take a sprips of points 
AI' A 2 , A3 . . . on the waves at distancps a + 
-
, 
a +
, a + %
, . . . etc., from E, and describe 
a series of circles on the wave front with 
centre A and radii AA I , AA 2 , etc., thus 
dividing the front into a series of zones or 
rings. These are known as half - period 
elements. The disturbance which rpacllPs E 
from Al is opposite in phase to that from A and 
therefore interferes with it; that f10m -\2 is 
in the same phase as that from A hut opposite' 
to that from AI; thus, on the whole, the 
t Sf>e .. Light, Pro11agation ot" 
r; The value of 1J. i8 lO- e mctres, 
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effect of the second half-period element is 
opposite to that of the first., "hile that of the 
third is of the same sign as the effect from the 
first. "Te may thus write the effect at E as 
111'1 - 1n 2 + 1n3 - . . ., etc. 
The quantities m l , m 2 , etc., will be pro- 
portional to the areas of the consecutive half- 
period elements; they will also depend on 
the angles between the lines EA l , EA2' etc.. 
and the direction of propagation, and will fall 
off slightly as these increase, -while the increas- 
ing distance of each element from E will lead 
to the same result. Xow to find the outer 
radius AA.'J of any ring we have 
EAn2 =AAn 2 +b 2 , 
( n\ ) 2 n2À2 
AX n 2= b+ 2 -b 2 =bnÀ+ 4- 
=bnÀ approximately
 
since À 2 may be neglected. 
Thus the area of the nth ring is given by 
7r(AAn 2 - AA. n _ l 2), and this is equal to 7rbÀ, 
which is the same for all the rings. 
Thus to our approximation, so far as the 
areas of the rings go, the quantities In l , In.), etc., 
æpresenting the amplitudes of the disturbances 
at E due to the consecutive rings are equal; 
they decrease, however, in consequence of the 
increase of the angle AEAn and of the distance 
EAn as "e get further from A. Thus in our 
series 
S = m 1 - m 2 + m 3 . . .; 
the terms graduaUy decrease, but the difference 
between consecutive terms is small. The sum 
of such a series can be shown to be half the 
first term, for 
S=!m l +
 :(m l - 7n 2 ) - (m2 - m 3 ) 
+ (7n a - mot) . . . } ; 
and the quantity "ithin the bracket {. . .} is 
negligibly small, since each term is very small 
and the terms are alternately positive and 
negative. 
Thus the amplitude of the disturbance at 
E due to the whole wave is just half that 
due to the first half-period element; the effect- 
ive portion of the wave is limited to a small 
area about the point in which it is cut by the 
line joining the eye to the source of light. 
Light travels in a straight line from the source 
to the eye. 


LIGHT, RO"LRCES OF, for microscopy "ith 
ultra- violet light. See" 
Iicroscopy with 
"Cltra-violet Light," 
 (5). 
Suitable for polarimetric work. See 
" Polarimetry," 
 (16). 
LWHT, 
OURC'F.S CSEFtTL FOR PROJECTORS, 
detailed consideration of. See" Projection 
Apparatus," 
 (5). 
YOLo IV 


LIGHT FROl\l THE SKY. See" Scattering of 
Light by Gases," etc., 
 (1). 
LIGHT SCATTERED BY DeST-FREE AIR, 
POLARISATIOX AXD I.NTEXSITY OF. See 
" Scattering ùf Light by Gases," etc" 
 (4). 
LILIE.NFELD TUBE: an X-ray tube of the 
hot-cathode type developed in Germany. 
See" Radiologr," 
 (14). 
LUIE, USE OF, IX GLASS MANUFACTURE. See 
" Glass," 
 (6). 
LIPPICH'S POLARISER: the pol arising system 
in use in many important forms of polari- 
meter at present. See" Polarimetry," 
 (6). 
LISSAJOU'S FIGURES: a series of curves ob- 
tained by compounding simple harmonic 
vibrations used for testing the tuning of some 
simple interval between two forks. See 
" Sound," 
 (53) (v.). 
LOG LIXE, for measuring ships' speed, See 
" .Navigation and Kavigational Instru- 
ments," S (16). 
LOYGITUDE, DEFINITION OF. See" Surveying 
and Surveying Instruments," 
 (5). 
LU:\lE
: the unit of luminous flux. See 
" Photometry and Illumination," 
 (2). 
LU:\1ETER: a portable illumination photo- 
meter. See "Photometry and Illumina- 
tion," 
 (62). 
L"{;:\lIXESCEXCE OF Lr:\lIxors COl\lPOUXDS, 
CA"LSE OF. See" Luminous Compounds," 

 (7). 
LU:\I1XESCEXT ::\IATERIALS, USES OF. See 
" Luminous Compounds," 
 (8). 
LUl\I1XESCENT SUBSTASCES, light emitted by, 
when exposed to a-rays; particularly zinc 
sulphide. See" Luminous Compounds," 
 (2). 
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THE disco-very of self -luminous compounds 
dates back to the days of alchemy. They 
" ere originally prepared at Bologna by 
calcining crystals of barium sulphate "ith 
organic matter such as flour. This operation 
converted the sulphate into the sulphide 
which after exposure to daylight appears 
luminous when placed in the clark. The 
salt was known as "Bolognian phosphorus" 
owing to its similarity as regards luminescence 
to I,hosphorus which was discovered before 
it. Another luminous compound was pre- 
pared by roasting oyster shell with sulphur. 
This yielded calcium sulphide and was known 
as "Canton's phosphorus." This salt was 
greatly impro-ved by Balmain, "ho found 
that very minute quantities of other substances 
such as bismuth mixed with it added greatly 
to its luminosity. ThiR suhstance emits a 
bluish light for ;everal hours after exposure 
to light. It was first employed about 1877 
on watch and clock dials, but "as practically 
discarded about twenty :) ears ago, largely 
o 
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for the reason that it was necesS3 ry to e
pose 
the article to light to render the luminous 
paint effective. 

 (1) RADIOACTIVITY.-After the discovery 
of radium and other radioactive substances 
it was found that the rays from these sub. 
stances were capable of exciting cprtain 
materials to the emission of visible light, 
even when those materials were not previously 
e-xposed to light. Becquerel 1 examined the 
luminescence produced in a number of materials 
when pxposed to the rays from radium. The 
substance to be studied was placed in the form 
of powder above the radium on a thin sheet 
of mica. The following table shows the rela- 
tive intcnsities of the luminescence excited in 
various substances: 


Intensity. 
ðubstance. Without With Rcr('en 
of Black 
Screen. Pa per. 
-- 
Hexagonal zinc blende . 13.35 0.04 
Barium platino-cyanide 1.99 0.05 
Diamond 1.14 0.01 
Dou hlc. sulphate ofl 1'00 0.31 
uranium and potassium J 
Calcium fluoride 0.30 0.02 


Thp values of the intensities given in the 
second column are those when the rays from 
the radium fall on the powder after passing 
through the thin sheet of mica supporting 
the powder. The mica sheet is so thin that 
only a small percentage of the a-rays emitted 
by the radium is absorbed. The intensity 
of the luminescence produced by the rays 
after passing through a sheet of black paper 
in addition to the mica is shown in the last 
column and is in each case given relative to 
that without the screen taken as unity. 
The sheet of paper is sufficiently thick to 
al}sorb most of the a-rays. It wiH be observed 
that there i::; a great diminution in luminosity 
when the rays are passed through the paper, 
which shows that the luminescence produced 
without the screen is mainly due to the 
a-rays. The material which shows the 
greatest effect is zinc suI phide-so-called 
" Sidot's hexagonal zinc IJlende." This gÏ\Tes 
by far the greatest luminescence of an mate- 
rials hitherto examined when exposed to rays 
from radium. 

 (2) Lu:\n
EscENT SUBSTANCES.-The light 
emitted by different materials \\ hen exposed 
to a-rays differs very markedly. Zinc sulphide 
preparations have a yellowish - green hue; 
willemite gives a very bri
ht green hue; 
calcium tungstate has a bluish-green tint: 
cadmium phosphate a decided red colour. 

lciUn1 sulphide is very similar to wille mite, 
1 Comptes R
ndusJ 18f19, cxxix. 912. 


hut its phosphorescence is more persistent; 
calcium salicylate is similar to calcium 
tungstate. 
Some of these substances become luminou
 
under the action of X-rays and uJtra-violct 
light, but the effect due to these rays gÏ\Tes no 
definite guidance as to the effect to be expected 
when exposed to the rays from radium. For 
instancp, the double sulphate of uranium and 
potassium is more luminous than hexagonal 
zinc sulphide under the action of X-rays, 
hut the reverse is true of radium rays; under 
the influence of these rays calcium sulphide 
gives a blue luminescence, but is hardly 
affected by X-rays. Hence substances which 
are very luminescent under the af'tion of 
X-rays do not necessarily produce the brightest 
luminous mixtures whf'n radium is used. 
The luminosity of zinc sulphide, and in fact 
that of all the other respolh
ive salt:,:, depends 
upon the state of its purity. Very pure Únc 
sulphide shows but little luminescence under 
the action of the ra.ys from radium. It re- 
quires a trace of an impurity in it to produce 
the best effect. The luminosity depenùs upon 
the nature and the amount of this impurity 
-the colour of the luminescence also changps 
as the impurity is varied. There are therefore 
grades of zinc sulphide, depending upon the 
nature and amount of impurity present, which 
vary greatly in their response to the rays. 
To test the suitability of any given material 
as a base for a luminous compound it is 
necessary either to add radium directly to 
the substance and compare the resulting 
luminosity with that of a good grade of zinc 
sulphide or else to bring the a-rays t.o J)lay 
on the materials in a manner similar to that 
employed by Bpcquerel in his original investi- 
gation. The following method of examination 
is due to Viol and Kammer 2 and has been 
found very satisfactory. A plate of polonium 
about 20 millimetres in diameter is prepared 
which serves as an intense source of a-rays. 
'Yith a suitable polonium plate a superficial 
luminescence can be obtained in zinc sulphide 
equal to that obtained by the addition of 
several hundred microgrammes of radium 
element per gramme of zinc sulphidp. By 
holding this plate uver two adjacent specimens 
of zinc sulphide or other material it is pos
ible 
to determine with ease and rapidity the 
relative values of their a-ray luminescence. 
At present the responsive base most com- 
monly used for luminous compounds is zinc 
sulphide and the luminosities of other 
compounds are usuaHy referred to that of a 
standard grade of this material. 

 (3) PREPARATION OF Znw SULPHIDE LUMI- 
NOUS CO:l\n)OU
D.- There arp two method
 3 


2 Am. El('ctruchem. Soc. Trans., H)17, x).xii. 3Rl. 
3 The writer is incleùtcù to Mr. F. H. Glew for 
detailb of thesc methods of preparation. 
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employed of mIXIng the radium salt with the 
sulphide, which may be called the dry method 
anrl the wet method respectively. Each of 
these methods has its own advantages, but 
of the two the latter is the more satisfactory. 
(i.) The Dry Jlethod.-Suppose it is desired 
to make a luminous compound containing a 
specifipd amount of radium per gramme of 
compound, A tube of known radium content 
is taken and its contents transferred into a 
wpll-polished agate mortar. Thp amount of 
zinc sulphide to be mixed "ith this quantity 
of radium to make a compound of the required 
strength is weighed out and placed in a watch- 
glass near at hand. "
hen transferring the 
radium from the tube to the mortar it is 
difficult to remove all the salt, as some of it 
adheres to the walls of the tube even though 
the latter is tapped during tbe operation. 
:\lost of the remaining salt may, however, 
be removed by putting a little of the zinc 
sulphide into the tube and rubbing it on 
the inside walls by means of a small camel- 
hair brush. Only a very smaH quantity of 
the sulphide need be used for this purpose. 
The operation may be repeated five or six 
times so as to ensure that most of the material 
clinging to the "a11s is removed. Ha"\ing now 
transferred the radium into the mortar it is 
ground for about twenty minutes into a fine 
powder. A small quantity of zinc sulphide 
is afterwards added, say about I gramme, 
and mixed ,,,ith the radium by means of a 
spatula; no pressure is applied to the salt 
so as to preserve the zinc sulphide crystals, 
which should be kept as large as possible to 
obtain the best results. More sulphide is 
added and again thoroughly mixed with the 
mixture already in the mortar. If the 
quantity of zinc sulphide is not too large it 
may all be added little by little to the radium, 
stirring constantly and keeping about two 
grammes of sulphide in hand for final washings 
of camel-hair brush, spatula, and funnel used 
to transfer the compound from mortar to 
bottle. It is ad\isable not to fill the bottle too 
full so that the compound ma,y be well shaken 
in it for final mixing. 
(ii.) Tlte Jret Jlethod.-For this method it 
is necessary to use a radium salt which is 
soluble in water, the bromide or the chloride 
i3 suitable for the purpose. A tube containing 
a measured amount of one of these salts is 
taken and its contents dissolved in a known 
volume of distilled water with a trace of 
hydrochloric acid added to ensure that all 
the salt pa!'ses into solution. Suppose it is 
necessary to make a certain amount of 
luminous compound of a given strength, A 
volume of the solution containing the required 
amount of radium is measured out and 
placed in a shallow porcelain dish. If the 
'-ohmIe of solution is greater than that 


necessary just to moisten the "hole mass 
of the zinc sulphide required to make up 
the compound, it is advisable to evaporate 
off some of the water. Having reduced the 
volume of the solution the whole of the zinc 
sulphide is slowly added to it until all the 
liquid is absorbed. The dish is now placed 
in a water batb and allowed to remain there 
until the salt is thoroughly dry, occasionally 
lightly stirring the whole mass with a glass 
rod to break up any lumps that may be 
formed. 'Yhen quite dry any small lumps 
may be smoothed out on a piece of ground 
glass by means of a flexible palette knife of 
gold, platinum, or bone, afterwards mixing 
thoroughly on the ground glass. Yery little 
pressure should be used during this process, in 
order to a void breaking up the zinc sulphide 
crystal
. This metbod ensures that the radium 
is uniformly mixed with the sulphide and in 
this respect is superior to the dry method. 
The dry method of preparation is very 
useful in the case of salts that are insoluble 
or only slightly soluble in water, but the wet 
method is more accurate. Also,' whereas a 
given quantity of luminous compound of 
any desired strength can be readily made by 
the latter method, the quantity of compound 
of given strength which can be made by 
the former method depends upon the amount 
of radium \\ hich the tube to hand contains. 

 (4) ApPLICATION OF THE CO)IPO-UXD TO 
DIALS, ETc.-The radium compound can be 
applied to dials, etc., by mixing the pO\\der 
with some binding material such as celluloid, 
crystal, or copal varnish. The best method 
of mixing is to place a little heap of the 
compound in the form of powder in the 
middle of a watch-glass, and then to add 
a few drops of turpentine to the base of 
the heap. The turpentine is dra\\n up by 
capillarity into the body of the po" del' 
driving the air out in front of it. Yarnish 
is then added, the minimum possible quantity 
being used, and the whole thoroughly mixed 
with the brush which is finally going to be 
used for the application of the paint. It is 
most readily applied by means of a fine sable 
brush, In painting a dial, for instance, 
successive coats of the paint are applied, 
each coat being allowed to dry thoroughly 
before putting on the next. It "ill be seen 
later that the addition of the vanlÍsh cuts 
down the luminosity of the po" der by about 
75 per cent even though the minimum amou
t 
of varnish be employed in the mi
ing. It IS 
important, therefore, to keep the amount of 
varnish as small as pos
ible. If the object 
painted is not protectNI by a gla
:o- cover. or 
by some other meanH, it is ad,-isable to gIve 
it a final coat of varnish for a protection, 
\\Yhell the paint is to he applied directly to 
silver, iron, hrass, or copper, a preliminary 
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coating of zinc \\ hite mixed \\ ith the varnish 
should be giyen. It is inadvisable to use 
white lead for this purpose because zinc 
sulphide rcacts with this compound producing 
a dark sulphide which will reduce the lumi- 
nosity of the paint. 
Painted surfaces should not be submitted to 
measurement of luminosity for at least seven 
days after the final coat of varnish has 
completely dried, The manipulation of the 
compound in powder and liquid form permits 
the escape of emanation, the presence of 
which enhances the luminous effect; after a 
time this again accumulates, but it does not 
reach a state of raùioactive f'quilibrium on 
account of the porosity of the varni
h. A 
sufficient amount, however, is held by the 
varnish to give a very appreciable increase in 
the luminosity after a few days' time, 

 (5) :\IEASCRE:\1ENT OF RADIUl\1 CONTENT.- 
The radium content of a luminous compound is 
mmally measured by one of the Î'-ray methods 
(see under" Radium"). The compound, after 
being made, is hermetically sealed in a glass 
tube and put aside for about four weeks before 
it is compared with the radium standard. 
During this interval emanation is accumulating 
and this reaches a state of radioactive equi- 
librium with its products in about a month's 
time. The curve shown in Fig, 1 shows the 
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increase of the Î'-ray activity of a tube of 
radium compound prepared by the dry method 
from the day it was sealed up until it reached 
a state of radioactive equilibrium. The 
amount of radium per gramme of compound is 
generally small and it requires a ff'W grammes 
of the compound in order to carry out an 
accurate comparison with the standard. On 
this account the Î'-rays emitted hy the radium 
in the compound have to pass through a 
considerable thickness of material before they 
lea ve the tube, and the absorption taking 


place has to be corrected for in deducing the 
true radium content fronl the actual observa- 
tions. Suppose that the tube containing the 
radium com pound is cylindrical. Let I be 
the measured intensity of the Î'-radiatiol1 
emitted and 10 the intensity if no absorption 
had taken place. Neglecting the correction 
due to the obliquity of the rays it can be 
readily shO\vn that 1 
I 1 r= 00 ( " ) r r I " 
_=-----= 
 (_1)7+1 ....p.,a .r. ,_
-_ 
10 p.,a'/7rr=1 /r+1 1 (r+l)J2 
= Co + C 1 (p.,a) + C 2 (p.,a)2 + .., 
where p., is the coefficient of ahsorption of 
the rays per centimetre thickness of the 
compound and a the radius of the tube in cm. 
The values of the constants Co, C 1 , C 2 . . . 
are given in the following table: 


I ('Oefficient'l 
Coefficient. Value. Value. 
Co + 1.000000 
(' - 0'OOHi42 
7 
C - 0.848826 C 8 +0.000347 
1 
C +0-500000 C - 0.OOU067 
2 9 
C - 0-
263;)4 (-'to +0'000012 
3 
C 4 +0.083333 i ('n - 0.000002 
C - 0.025869 C 12 +0.000000 
5 
C +0.006944 
6 I 


The mean value of the absorption coefficient 
of the ra.ys in zinc sulphide in the powùereù 
form may be taken as 0.10 per cm. Also the 
absorption coefficif'nt of the rays in soda glass 
is 0.10 per cm., so that we have the following 
table giving the ratio of the true to the 
apparent or measured radium content for 
tubes of different external diameters: 


-, 
External Diameter of True Content 
Containing Tube. - . 
Cm. Apparent Cont{'ut 
0-5 1.02 
1-0 1.04 
1.5 1.06i) 
2.0 I 1.09 
2.5 1.11 
3-0 I 1.13 



 (6) LUl\1JNOSITY. - The luminosity of 
radium compound is measureù by the photo- 
metric method. 2 The luminosity falls off with 
time. This loss of brightness is not due to 
any change in the radium, beca.use it takp8 
about 1700 years for the radium to decay to 
half value, The cause is to be sought for in 
the deterioration of the zinc sulphide, brought 
about by the continueù bomhardment of the 
crystals hy the a-particles. 
(i.) Rate of n(J('ny of Luminosity of Dry 
j[aterial.-An eÀtensive investigation of the 
1 See Owen and Fage, Pltys. Soc. Pruc., 10:21. xxxiv. 
I. 27. 
2 See" Photometry anù Illumination," 9 125_ 
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loss of brilliancy of radium compound has been 
carried out by Paterson, "
alsh, and Higgins. l 
Fig. 2 is a curve which sho\\ s the variation 
with time of the luminosity of a sample 
of compound containing 0.2 mgm. radium 
element per gramme. The same type of 
curve is obtained whether the sample is 
prepared by the dry or by the wet method. 
After attaining its maximum value at the 
end of about 10 to 20 days after mixing 
the luminosity begins to decrease, at first 
very gradually and then more rapidly, until, 
after a period of about six to seven weeks 
from the date of mixing, the rate of decay 
appears to obey an exponential law, that is, 
the ratio of the rate of decay of luminosity 
at any time to the luminosity at that time 
is constant, so that if B is the luminosity at 
any time i, and Bo the initial luminosity, then 
B = Boe - kt, where It is a constant. At the 
end of about 200 days, however, the luminosity 
begins to diminish at a slower rate than that 
to be expected from the above law. This 
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would indicate that there is an effect super- 
posed on the normal decay operating in the 
reverse direction, which becomes relatively 
more and more important as the luminosity 
becomes smaller. Mter about 300 days the 
luminosity attains a value which is sensibly 
constant. This period, however, is not the 
same for all compounds, as in some the rate of 
decay diminishes more rapidly than in others. 
(ii.) Effect of Radium Content.-The effect of 
the amount of radium present per gram me of 
compound on the rate of decay of luminosity 
is shown in F1'g. 3. The curves refer to two 
samples of compound prepared at the same 
time with an i(lentical quality of zinc sulphide, 
the one sample (top curve in figure) contain- 
ing t\\ice as much radium per gramme as the 
other. The initial brightness is approximately 
in the diref't ratio of the radium content, but 
the rate of decay of compound of smaller 
content is slm\ er, so that the ratio of the 
luminosities of the two samples gradually ap- 
proaches unity ag time goes on. Hence if a 
compound is to be used -- for a long period of 
1 Phys, Soc. Pror., 1917, "Xxix, 215. 


time, there is '"cry little advantage to he gained, 
except from the point of view of initial bright- 
ness, bv increasing the radium content beyond 
a certain value. For short-period use, say 
three to four months, the radium content may 
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be usefully as high as 0.2 milligramme of 
radium element per gramme of compound. 
If the compound is likely to he required 
for more than six months, the u:;:e of a 
compound containing more than 0.1 milli- 
gramme of radium element per gramme of 
compound can only be justified hy the need 
of greater brilliancy during the early part of 
the life. 
(iii.) Effect of Thickness.-The effect of 
thickness of material on the luminosity is 
shown 2 in Fig. 4. The curves refer to 
a compound containing 0.13 nâ11igramme 
radium element per gramme. 'Yhen freshly 
made the ratio of the luminosity of a thickness 
of 0.3 mm. of compound to that of a thickness 
of I.,) mm. is 0.63 (curve A). After an inter- 
val of 100 days (curve B) this ratio increases 
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to 0.73, "hilst its value after 200 days (curve 
C) reaches 0.82. Hen('e to obtain maximum 
luminosity it is unnecessary to employ a 
thickness greater than about 0.3 mm. of a 
compounrl containing O.},') mgm. radium 
element per gramme when it is to be used 
over a long period of time. 
An inf'rease in thicknpss, hesides increasing 
up to a certain point the initial hrightue'ss, 
a)so tends to accelerate the decay of luminosity 
-the' effect is similar to that of ine'reasing the' 
I Clinton, Illum. EIIU., ] 918, xi. 
(iC. 
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percentaae amount of raùium in the composi- 
tion. ThiH can be explained by the fact that 
in the greater thicknesses the front layers of 
material will receive additional bombard- 
ment from the radium in thf" deeper layers, 
and "ill therefore glow brighter, but have a 
shorter life, than if a thinner layer of material 
were used. 
(iv,) Rate of Decay of Luminosity of Var- 
nish Jlaterial.-The above results apply to 
luminous compounds in the dry state. 'Yhen 
mixed with varnish and applied to dials, etc., 
the rate of àecay of luminosity is different. 
The results obtained with six metal dials used 
for aeroplane instruments are given in the 
following tabllJ: 


Initial Luminosity Decay of 
Luminosity after Twelve Luminosity (per 
Dial. (per cent uf Mouths (per cent cent of Initial 
Standard). of Standard). Luminosity). 
- 
1 94 59 G3 
2 82 45 55 
3 94 57 Gl 
4 G3 33 52 
5 91 39 43 
Û 52 24 4G 
- 
Average 53 


The dials were a11 ordinary metal dials 
painted with a matt black surface, and having 
the luminous compound laid on in fine lines 
about 0-2 mm. to 0.3 mm. high to mark the 
graduations and figures of the dial. They 
were painted \\ith different samples of lumi- 
nous compound containing 0.2 mgm. radium 
clement per gram me. 
The rate of decay of luminosity of the dials 
is noticeably lower than that of the compound 
before application, the half-value period of 
the painted dial b('ing about t\\elve months, 
whereas that of the dry powder is only 
about five months (see Fig. 2). The initial 
luminusity of the painted dial is also smaller, 
being of t.he orùer of 
 or 1 of that of thf" 
compound bdore application. The radium 
contcnt of the varnish material may therefore 
with advantage be higher than that or the 
dry material. For Hhort- period use it may he 
advuntagcous for some purposes to use varnish 
material containing as much as 0.3 mgm. or 
0.4 mgm. radium clement per gram me, but 
for long-perioù use the most suitable radium 
content is 0.2 mgm. pCI' gramme, and maxi- 
mum luminosity may he obtainerl by using 
one gramme of compound to paint an area of 
abfJut 30 Rquare centim('tre
.l It is important 
that the int('rval between the preparation of 
the compoun(l in the dry :-3tate and itR appli- 
cation to the dial should be as 
hort as 
pos..;ihle, as the dcterioration in luminosity 
takes place from twice to three thnes as 
1 See Glew, Opt. ')oc. Trans., 1916, xvi. 276. 


rapidly in the powder as in the painted 
dial. These differences bet\\ ('en the dry and 
varnish compounds are due to the fact that 
the varnish impedes the activity of th(' a-ray 
bombardment from the radium and thereby 
C3.uses an effective lowering of the radium 
content of the compound with a subsequent 
reduction of both the initial luminosity and 
also the rate of decay. 
9 (7) CAUSE OF LUl\lI:NESCENCE OF LL'"l\II1\OUS 
COl\lPouNDs.-l\iarsden 2 studied the effect of 
continued bombardment of a-particles on a 
screen of zinc sulphide and found that the 
actual number of scintillations l)roduced by 
a constant source of a-particles changes very 
little with time of exposure, but that the 
brightness of the scintillations rapidly dimin- 
ishes. Pure zinc sulphide does not exhibit 
the scintillation effect, but a salt containing 
an amount of impurity of the order of 1 per 
cent does. Assuming then that the scintilla- 
tions are due to the presence of this impurity, 
only a small fraction of the total number of 
molecules are concerned in the effect. Ruther- 
ford 3 explained the scintillation effect by 
assuming that the impurity causes the 
presence of a number of "active centres" 
in the salt which are on thQ average uniformly 
distributed among the inactive molecules, 
\Vhen an a-particle strikes an active centre 
the latter is dissociated and emits light, but 
it is no longer effective in producing light when 
struck again by an a-particle. The effect of 
the continued bombardment by a-particles is 
thus to destroy gradually the active centres. 
Since probably many thousands of these 
centres initially lie in the path of the a-particle 
the effect of a continued bombardment wilJ 
not cause an appreciable diminution in the 
number of scintillations, but it "ill diminish 
their intensities, for the intensity of a seintiHa- 
tion on the average will be proportional to the 
number of active centres remaining. These 
conclusions agree with the experimental 
results of 'Marsden. The theury in its simple 
form fails, however, to represcnt exactly aU 
the facts which later experiments have brought 
to light. For instance, Paterson, \Yalsh, and 
Higgins (loc. cit.) found that the luminosity 
of a luminous compound at first rises rapidly 
to a maximum and then decrcases a('('ording 
to an exponential law for about 200 days. 
After that time the rate of decr('ase of lumi- 
nosity becomes slow(
r and slower, the bright- 
ness tending to approach a limiting value 
'which is not zero. Rutherford's theory giveH 
a good approximation for the early period of 
decay, but fails increasingly at the later periorl. 
The theory has been extcmkcl by \Yalsh,4 
who assum('s that the a('tive centres which 
have been struck by a-particles, and ac('ording 
2 ROl!. SOl'. Pro('. .\, 1!)}O, ]xxxiv. 5.f8. 
a Ibid., 1910, lxxxiv. 561. 4 Ibid., 1917, xciii. 550. 
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to Rutherford's theory are put completely 
out of action from the point of view of lumines- 
cence, commence to recover according to an 
exponential la\\. \Yith this modification the 
theory represents the observed facts much 
more accurately. 

 (8) "GSES ÕF L"G
nxEscExT ::\L-\TERIALS.- 
Daylight luminouð paint a can only be used 
in exposed situations so that daylight can 
freely be absorhed to be given out again at 
night. Some use has been made of this class 
of luminous paint in shipping-luminous life 
belts are employed which may be clearly seen 
at night '" hen thrown into the water; floating 
buoys can also be distinguished at night, 

Iuch more use can be made, however, of 
luminous paints which are independent of 
daylight. Paper, porcelain and metals, dials 
of all sorts bearing figures and lines, are now 
used. In the case of some instruments, such 
as those used in aeroplanes, the requirements 
of luminosity are most important and outweigh 
other considerations as to cost and length of 
effective lif<<;>. For such purposes grades of 
luminous paint are prepared "bich give the 
highest initial brightness. These have a 
high radium content and consequently a short 
effective life. For many other purposes such 
as that of illuminating marching compasses, 
dials of wrist watches, etc., a paint of lower 
initial luminor-ity is prepared, and this has the 
advantage of a lower cost and a longer life. 
For watches, push buttons, etc., of the better 
grade an effective life of ten years or more 
is desirable, and assuming that a luminosity 
of 23 per cent of the original is still satisfactory, 
a luminous paint containing about 100 micro- 
grammes of radium element per gramme of 
compound should answer the requirement. 
Compounds "ith more radium than this would 
have a shorter effective life, and compounds 
, 
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:M SERIES: a group of spectrum lines in the 
characteristic X-rays emitted by an element. 
See" Radiology," 
 (17). 
'\IADDOX SET OF RODS OR GROOVES: an effect- 
ive apparatus for distorting one of the 
two images of an object seen by a subject's 
two eyes, so that the brain no longer 
attempts to associate it with the other 
image; this is the first step in the use of 
a phorometer. See "Ophthalmic Optical 
Apparatus," 
 (3). 
:MAGXESIA, USE OF, IX GLASS JIAXGFACTURE. 
. See" Glass," 
 (9). 
JIAGXETIC CO:\IPASS, description. See" :Kavi- 
gation and Xavigational Instruments," 

 (9). 

Iathematical theory, See ibid. 9 (lO), 


"ith a smaller proportion of radium a longer 
effecti ve life. 
During the war much use was made of 
radium luminous compound in the dry 
powder form for gun-sights, to facilitate accu- 
rate night-firing. For this purpose the po" del' 
was sealed up in small flat glass tubes, their 
internal bore from back to front not exceeding 
about 0.4 mm., their other dimensions de- 
pending upon the class of instrument to which 
they were attached. For illuminating at 
night the cross "ires of telescopic gun-sights 
attached to big guns, the powder was placed 
in glass tubes of about 0.5 mm. bore bent 
into circular forms to fit the metal t.ube of the 
gun-sight and situated near the plane of the 
cross "ires. This device did aw
y with the 
necessity of having glow-lamps for illuminating 
purposes with the attendant risk of detection 
by the enemy. E. A. o. 
Lu
n:xous P AIXT (R.-\DIG
I), PHOTO
IETRY OF. 
See" Photometry and Illumination," 
 (125). 
L"G:\lIxous POWER (or I:XTENSITY): a source 
of light. See" Photometry and Illumina- 
tion," 
 (2). 
L
nIER-BRoDHu
 PHOTO:\IETER: one of the 
most sensitive types of photometer head. 
See" Photometry and Illumination," 
 (18). 
LmuIER-BRoDHu:x SPECTROPHOTOl\lETER. See 
" Spectrophotometry," 
 (12). 
LUl\nIER-KuRLBAUl\I STAKDARD: an incan- 
descence standard of light. See" Photo- 
metry and Illumination," 
 (10). 
Lex: the unit of illumination; another name 
for the metre-candle. See "Photometry 
and Illumination," 
 (2). 
LUXO:\IETER: a portable illumination photo- 
meter. See "Photometry and Illumina- 
tion," 
 (61). 
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 (I) FARADAY'S EXPERDlExTs.-The pheno- 
menon of magnetic rotation of the plane of 
polarisation of light "as discovered by Faraday 
in 1845, and described bý him in a paper .. On 
the 
ragnetisation of Light." 1 A ray of 
light issuing from an Argand l.qmp was 
polari
ed in a horizontal plane by reflection 
from a surface of glass, and the polarised ray 
passed through a Xicol's eyepiece re\oh'ing 
on a horizontal axi
. Between the polari
ing 
mirror and the eyepiece two pO\\erful electro- 
magnetic poles were arranged; they \\ ere 
separated from each other by about 2 inches 
in the direction of the line of the ray, \\ hich 
passed either by the side of them or bet\\ een 
1 Phil. Trans., 1846, p. 1. 
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them in such a \\ ay that the ray \\ as n('arly 
parallel to the magnetic lin('s of force. .A 
piece of d('nse optical glass (borosilicate of 
lead), which he had described in 
1830, about 2 inches square and 0.5 
inch thick, was placed lengthways 
bet\\ een the poles. The eyepiece 
was turned to extingui'3h the polar- 
ised ray, but this was transmitted 
again when the current was passed 
through the electromagnet. The 
image of the lamp flame was, how- 
ever, extingui
hed again by rotat- 
ing the eyepiece to the fight or to 
the left according to the direction 
of the currpnt in the electromagnet. 
The rotation was found to be pro- 
portional to the intensity of the 
magnetic force and to the length of 
the column of gla
s exposed to it. 
Smaller rotations were produced by 
other glasses, by some crystals, by 
water, alcohol, ether, various oils, 
and a large range of aqueous solu- 
tions, but no action was detected 
in the case of gases. ,,""hen the 
medium possessed a natural rotatory 
power, the magnetic rotations 
were superposed upon (i.e. added 
to or subtracted from) the natural rotations. 

 (2) ApPARATUS A
D :\IETHODS OF 
IEASURE- 
:MENT. - The type of apparatus used for 


A ('oil of insulated copper wire A iK wound 
in the form of a bobbin on a brass tuhe pro- 
vided with a thin lining of cold water to 
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FIG. 1. 


measurements of magnptic rotatory pow('r is 
shown in Figs. 1 and 2, whilst the electrical 
conneetions are shown in Fig. 3. 1 
1 Trans. elwln. Soc" H)) 3, ciii. 1322 and 1331. 
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FIG. 2. 


protect the materiål under examination from 
the heat of the magnet. The coil is enclosed 
by iron (or mild steel) end-pieces and a length 
of iron pipe; and movable pole-pieces are 
provided to lead the lines of force to the axis 
of the magnet. The magnet is mounted on 
rails, BE, so that it can be rolled away from 
the axis of the polarimeter, and wedges CC 
are provided for bringing the axis of the 
magnet into line with the axis of the polari- 
meter. 
The substance to be examined (usually a 
liquid) is enclosed in a_ double water-jacket, 
connected to a thermostat. A correction 
must be applied for the discs at the end of the 
tu be, Rince these produce a magnetic rotation 
of light; this correction is usually deter- 
mined by introducing half-a-dozen discs to- 
gether, and calculating the ('flect for a singl(' 
disc; a group of diRcs, or a short rod of gla8
, 
may also he used to explore the strength of 
the magnetic field along the axis. In vicw of 
the variations which are usually found, it is 
convenipnt to standardise the apparatus hy 
making measur('ments of the magnptic rota- 
tion produced by a tube of water, ami using 
this as a hasis of comparison for other liquids. 
As the resistance ()f the magnet increascs 
with rising temperature, a series of resistances 
is provided (Fig. 3) "hich can bc cut out as 
the magnet hecomes hot. Casual variations 
in the voltage on the mains are compensated 
hy a sliding resistance and a carhon resistancp, 
the constancy of the current heing chccked hy 
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a null method, as shown in Fig. 3. :\Ieasure- 
ments are made "ith the current in each 
direction, the normal value of the readings 
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in the apparatus shown being about :i5 0 , or 
10 0 in all, 
In calculating the molecular magnetic rota. 
tion of a liquid, the formula generally used is 
' I I t = T x )1 --=-- To X Mo 

, 0 . ro . d' d ' 
o 


where T and To are the ob3erved rotations for 
the substance and for water, )1 and )1 0 are 
their molecular weights, and d, do their 
densities. l 

 (3) ISFLUESCE OF THE )IEDIIDI. - The 
molecular rotations of a large number of 
compounds have been investigated. especially 
by Sir 'Yilliam Perkin. 2 The main result of 
these researches, which need not be described 
in detail, is to show that the molecular magnetic 
rotatory power of a substance is essentially 
an additi1:e property, made up of the su
 of 
the atmnic rotations of the constituent ato
s. 
This property is therefore closely analogous 
to the mole/ular refraction of a compound, but 
differs from it in that the influence of chemical 
con3titutiun is mom pronounced. )1easure- 
ments of magnetic rotatory po" er can, there- 
fore, be use(l to throw liaht on the constitution 
of compounds of doubtf
l molecular structure, 
e.g. in ca
es of dynamic isomerism, where 
ordinary chemical n
ethods are not availahle. 

 (4) 
REL.\TI05 BETWEES REFRACTIOX A
D 
)L-\G:XETIC ROTATlox.-Drude 3 has deduced 
the foIlo"ing relationship. If the refractive 
index n can be repre:5ented with sufficient 
accuracy by the equation 
l) b 
n 
 = a + \ 2 _ \ 2 ' 
1 


1 Perkin, Tram;. Chem. Soc., 189ö, p. 1060. 
2 Trans. ('hem. Soc., l
R-t, p, -t
I: If'.S6, pp. 205, 
31i, and Îii: IbS7. pp. 3ß2 anù R08: 1:--

, pp. 561 
and 69=>; 1889, p. {i
O; 18
l, p. 981; ]892, p. 800 ; 
] 
'}
, pp. ;1i ami -tb
; 1894, pp. 20, -to:!, and AI=> : 
Ix!),!, p. 2=>5; 18f){i, p. 1025; 1 flO
, pp. 1 ïi and 
fI
 : 
]90.,_ p. 1-191; If10ß. pp. :33, 608, and 8-19; 190i. 
p.806. 
3 Theory of Optic.
, ]90ï, eh. vii. p. 439. 
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then the magnetic rotation can be represented 
by the formula 
1 ( a' b'\2 ) 
ó=1ï \2+(\2_X
2)2 . 
This formula was tested with satisfactory 
results in the case of carbon disulphide and 
of creosote (sic), but in view of the slendf'r 
char
cter of the data used for the test, and 
t.he fact that two arbitrary constants, a' and 
b', are available for adju
tment, in addition 
to the three constants a, b, and ^, used to 
express the refractive po" er, the value of this 
formula dops not appear to be very great. 

 (.3) XAT"LRAL A
D MAG:XETIC ROTATORY 
DrSPERSIO:X.-Six years after Faraday had 
discovered the "magnet is at ion of light," 
"Tiedemann" made comparative measure- 
ments of the natural and ma
metic rotations 
in turpentine for five wave-lengths in the 
solar spectrum, and concluded that the two 
rotations "ere proportional throughout the 
spectrum. This relation, which is generally 
knO\m as Jriedemann's Lau', has been verified 
in the case of quartz;) and of 
odium chlorate,e 
and is perhaps generally true for optically 
active crystals. In the case of optically 
active liquids, however, it generally fails, 
and the approÅimate agreement between the 
magnitude of the two dispersions, "hich is 
occasionally observed, is probably only a 
coincidence. 7 It is, however, important to 
notice that the simple dIspersion formula 
k 
a = (^ 2 _ ^o 2)' 
which serves to express the natural rotatory 
dispersion in a "ide range of compounds, can 
be used equally well for magnetic rotatory 
di5persions, although its validity cannot be 
subjected to the same drastic tests, 011 account 
of the small magnitude of the readings which 
are usually obtained. Until more exact 
measurements are available, tlils simple two- 
constant formula may be used to represent 
the data for magnetic rotatory dispersion, in 
preference to Drucie's formula, which involves 
five constants and demands a knowledge also 
of the refractive di
persion of the compound. 
T. M. L. 


l\IAG5rFICATro
 )lETHODS OF DETER
n:XIXG 
FOCAL LEXGTHS. See" Objectives, Testing 
of Compound," 
 (2) (iii.). 
)1AxDoLIs: a musical instrument of four 
double strings which are plucked "ith a 
plectrum and stopped "ith the left hand 
upon the fingerboard. See" Sound," 
 (27). 
t Pogg. A.nn. PIIl/s. Chem.. 18:>1. ii. 8
, 231. 
5 lowry, Pllil. Trans.. 191
, _-\., eexii. 
n=>. 
· J. Dahlen, Zeitsl'hr. U'1SS. PIlot., ItH=>, 
iy. 31;>. 
7 Lowrr, Pickard, anù Kenyon, Trans. Chem. Soc., 
1914, c\'. H5. 
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)IA
GI
 :\IIRROR, for headlights. See ,. Pro- 
jection Apparatus," 
 (10). 
For searchlights. See ibid. 
 (12). 
For signalling lamps. See ibid. 
 (11). 
)IAP PROJECTIO
S. See "Surveying and 
SUr\Teying Instruments," 
 (8). 
::\IARTE
s lLLUl\IINATIO
 PHOTOl\IETER. Spe 
" Photometry and Illumination," 
 (60), 
MART ENS POLARISATION PHOTOMETER. See 
" Photometry and Illumination," 
 (30). 

IARTENS (KÖ
IG-) SPECTROPHOTOMETER. See 
" Spectrophotometry," 
 (12). 
1\1.-\S8, ABSORPTION COEFFICIEKT: a constant in 
X-ray measurements obtained by dividing 
the absorption-coefficient of an absorbing 
material by its density. See" Radiology," 

 (17). 
l\IATTHEWS-DYKE PHOTOMETER: a photo- 
meter for the df'termination of average 
candle-power. See "Photometry and Il- 
lumination," 
 (44). 
l\lATT SURFACE: one in which specular reflec- 
tion is absent or very slight. See" Photo- 
metry and Illumination," 
 (51). 
)L-\XWELL'S COLOUR-BOX: an apparatus for 
determining the data required to specify 
colours in terms of three primary colours. 
See" Eye," 
 (10) 
)IEAN HORIZONTAL CANDLE - POWER. See 
" Photometry and Illumination," 

 (2) and 
(38). 
)IEAN SPHERICAL CANDLE - POWER. See 
" Photometry and Illumination," 
 (2) and 

 (42) et Beq. 
::MEAN-TONE TEJiPERA1IENT: a particular 
musical temperament which uses one size 
of tone only, but makes it the mean of the 
large and small tones required by the just 
intonation. See" Sound," 
 (6) (ii.). 

IELTI
G OF GLASS, PROCESS OF. See" Glass," 

 (1.3). 
)IESOTHORIUM, method
 of detection of 
presence of, in radium compounds. See 
" Radium," 
 (9) (iv.). 
::\IETRE-CANDLE: the mctric unit of illumina- 
tion, being the amount of light falling on a 
square centimetre placed in a direction 
normal to tho light at a distance of one 
metre from a source of one candle-power. 
See" Photometry and Illumination," 
 (2). 
1\IICA, EFFECT OF a-RAYS on. See" Radio- 
activity," 
 (15). 

iICHELSON'S absolute mpasurement of a light- 
wave by the interferonu'ter method; by 
determining the number of waves of thrC'c 
radiations from cadmium vapour which 
were equal in length to the stan(lard metre. 
See" 'Vave-Iengths, the :Measurement of," 

 (3). 


:MICHEL80N'S 11"TERFEROl\IETER. Twyman's 
modification for testing optical instruments. 
See "Interferometer, Technical Applica- 
tions," 
 (5). 
1\IICRo:\IETER 1\IICROSCOPES. See "Divided 
Circles," 
 (13). 
l\IrCRO-POLARIMETER: a polarimeter designed 
to measure the optical rotation of substances 
that can only be obtained in small quantities. 
See" Polarimetry," 
 (15) (i.). 
)!rCROSCOPE. Applications to curvature 
measurements. See" SI>herometry," 
 (8). 
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I. INTRODrCTION 
THE compound microscope consists of an ob- 
jective which forms an inverted real image of 
the object under observation, and of an eye- 
piece by which the primary image is further 
magnified and either presented to the eye of 
the observer as an inverted virtual image, or 
projected upon a screen or photographic plate 
as an erect real image. 
As the instrüment can be usefully employed 
only within that part of its field for which the 
aberrations are sufficiently well corrected, the 
effects produced may be legitimately discussed 
with the aid of the first approximation theory 
of Gauss and Abbe; for as all the rays from 
anyone object-point must pass very nearly 
through the conjugate image-points, the latter 
may be definitely located by the int.ersection 
of any two suitably selected rays starting from 
the object-point, and anyone single ray traced 
from the object-point must be a geometrical 
locus of the image. 
Referring to the accompanying diagram 
which represents an object 00 1 observed 



 


p-' 
o 



 


0 1 
o 


through 3,n objective of which only the outside 
surfaces are indicated, and through an C'yepiece 
of the usual Huygenian type, it is assumed t.ha.t 
the instrument has been focussed so that till' 
rays from the axial object-point 0, if not inter- 
cepted, would produce a prima.ry image at Fe, 
the first or anterior principal focus of the eye- 
piece, and that the further refraction of thC'
e 
rays hy the eyepiC'ce len<;;('s would therdore 
lead to their emprgence from t}w eye-lC'ns as a 
bundle of pa.rall('l rays whi('h would be intC'r- 
pr('ted by the .observer as ('oming from a very 
distant virtual image-point. To detC'rmine the 
image of the extra-axial olJject-point 0 1 , a ray 
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starting from this point in a direction parallel 
to the axis of the instrument is selected. By 
the general theory of lenses referred to, such 
a ray will emerge from the objective as if it 
had proceeded \vithout deviation to the second 
or upper principal plane P'o of the objective 
and had there been bent so as to go through 
the second or upper focal point F' 0 of the 
objective, the axial distance from P'o to F'o 
representing the equivalent focal length 1'0 of 
the objective. This ray represents a geo- 
metrical locus of the image. and as a perfect 
objective would give an image at right angles 
to the optical axis of the similarly orientated 
object 001' F e O'1 must be the primary image, 
and similar triangles with a common corner 
at F'o at once give its magnification as 


"" I F'oFe 
.J..t 0 = - f' 0 -, 


the minus sign being added in accordance with 
convention because the image is inverted. 
F'oFe' which is thus disclosed as a very 
important dimension, is known as the" optical 
tube-length" of the microscope, to distinguish 
it from the usually not very different" mechan- 
ical tube-length," which is measured from 
the lower to the upper extremity of the actual 
metal tube of the instrument. 
Equation (a) supplies the means of deter- 
mining the equivalent focal length 1'0' and as 
this is one of the chief characteristics of an 
objective, the method must be briefly described, 
The actual size of the primary image can 
obviously be read off if the image is received 
directly on a divided scale or " eyepiece micro- 
meter." If such a micrometer, of Ramsden 
form, is available, it can be used as it is. 
Usually, however, microscopes haye only Huy- 
genian eyepieces and a simple glass-disc micro- 
meter which can be laid upon the internal 
field-diaphragm of any of these. In such a 
case the field-lens of the eyepiece to be em- 
ployed nwst be removed; this 
ill reduce the 
field and 
ill cause a great loss of sharpness 
in the extra axial images, but this must be 
put up with, as the field-lens, if left in position, 
would greatly reduce the size of the primary 
image and would therefore utterly falsify the 
results. By observing a " stage micrometer" 
divided in the same unit of length as the eye- 
piece micrometer, 
10 may then be measured 
at any extension of the draw-tube. A first 
measurement should be made \\ith the draw- 
tube completely pushed in; let the result be 

I (1)= _ F' oFe 
o f' 0 . 
The right side of this equation contains two 
unkno\\ n quantities and cannot therefore be 
solved for f'o' But if now a second measure- 
ment of .:\1 0 is made with extended tube-length, 
F'uFe \\ill obviou:;ly be increased by the 


(a) 


amount of the extension D which can be 
measured by an ordinary scale, and a second 
equation will be obtained, 
:\1 (2/= _ F'oFe +D 

 0 f' 0 ' 
and combination of this (by subtraction) with 
the equation for )1 0 (1) gives at once 
f ' D 
0= - (l\l o (2/-l\I o (I))" 
When the equivalent focal length is thus de- 
termined, the location of F'o may be ascer- 
tained by measuring directly the location of 
the eyepiece micrometer with reference to the 
upper end of the tube, and by calculating F'oF e 
from the equation of the first observation. 
The location of the upper focal plane with 
reference to the lower end of the tube varies 
considerably in different objectives, especially 
in those of low power. This explains why 
objectives of the same equivalent focal length 
may give decidedly different magnifications 
when exchanged on the same mechanical tu be- 
length. Opticians frequently misstate the focal 
length of low-power objectives deliberately in 
order to make the magnification produced by 
them agree ,vith what is traditionally expected 
from given focal lengths. There is also a 
traditional custom of assigning to ordinary 
objectives of high power a longer focal length 
than they really possess-a nominal 
 inch 
being usually a T:r inch; disagreements up 
to 20 per cent between the directly measured 
and the stated focal length need not therefore 
be taken as indicative of errors in the measure- 
ments. 
The eyepiece magnifies the primary image 
just as an ordinary magnifying gla
s magnifies 
a real object, and 
le may therefore be taken as 
equal to the quotient of the adopted distance of 
distinct vision (conyentionally 2.30 mm. or 10 
inches) by the equivalent focal length of the 
eyepiece; fe may be determined by the method 
already described by temporarily attaching the 
eyepiece to the lower end of the microscope 
tube, or any of the usual optical bench methods 
may be used. The total magnification of the 
instrument will then be .:\1 = l\1 0 x .:\1 e . The 
total magnification may be determined directlv 
by projecting the image of a stage micrometer 
upon a scale at the conventional distance of 
distinct vision from the eyepiece, or more 
strictly from the bright disc of light (" Rams- 
den circle ") seen a little above the eye-lens; 
this may be donf" visually by looking "ith one 
eye at the image of the stage micrometer and 
projecting the latter by binocular vision upon 
a scale held at the conventional distance from 
the other eye, or a real image of the stage 
micrometer may he projected upon a white 
surface and measured. A very clever simpli- 
fication of this process is due to ::\Ir. E. l\T. 
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Nelson; it conHists in dC'tcrmining once for all 
the apparC'ut diameter of thC' field-stop of each 
eyepiece when projected at the distance of 
distinct vision bv one of the methods already 
referred to. TI;e total magnification of any 
objeeth-e at any tube-length is then obtainable 
by a single observation by noting how many 
divisions of a stage micrometer are embraced 
by the field of the eyepiece in use. Thus, 
supposing that the actual diameter of the field 
of the eyepiece had been found as 162 nun. at 
the conventional distance of 230 mm., and 
that a certain optical combination was found 
to cover the diameter of this field with .237 HUll. 
of a stage micrometer, the total magnification 
would be 


Iß2 , . 
M = - 2 - 7 = - 631 times. 
.' t) 


As owing to the very sensible distortion of 
all eyepieces the magnification is not a very 
accurately defined number, this process is 
amply sufficient and is certainly by far the 
most convenient. 
Abbe preferred a totally different way of 
viewing the magnifying action of the com- 
pound microscope. Referring to the ray traced 
in the diagram from the extra-axial object- 
point 0 1 , it is obvious that if the eye were 
placed at F'o the objective would act as an 
ordinary magnifying glass (proyided the focus 
be slightly adjusted) and present the object 
under an angle U1}. Therefore Abbe called 
the ratio of the distance of distinct vision to 
the equivalent focal length of the objective 
the "initial magnifying power" of the ob- 
jective and used this number as a constant 
of the objective. Follo\\ing the ray from 0 1 
further, it is seen that it emerges from the 
eyepiece at an angle U'1} with the axis; there- 
fore the object is seen through the whole 
microscope under this increased angle, and 
looking upon this increase of the angular 
su btense of the image as the characteristic 
function of the eyepiece, Abbe called the ratio 
tan U'1}/tan U l' the" angular magnification of 
the eyepiece" and determined the total magnifi- 
cation as the product of the initial magnification 
of the objective and of the angular magnifica- 
tion of the eyepiece. If the numbers are 
correctly determined, the resulting magnifica- 
tion is necessarily the same as that found by 
the older and more familiar method. The 
data supplied with the ZC'iss apoC'hromatic ob- 
jectives and their compensating eyepieces are 
based on this system, which has been copied by 
other makC'fs of lens systems of these types. 
On the older and !)r<.'ÍC'rable system the 
change of magnification due to change of 
tube-length is attributC'd to the objective; on 
the Abbe system it falI
 upon the C'yepiece, 
the I2-times compC'nsa.tin
 eyepiece for the 
Contmental tube-length being, for example, 


optically identical with the IS-times eyepiece 
for the English tube. 
The Gauss theory of lC'nses may he applied 
to the microscope as a \\ hole by tracing parallel 
bundles of rays in both directions through the 
entire instrument and so locating its principal 
planes and focal planes. The compound 
microscope is then found to be equivalent to 
a concave lens of very short focal length, and 
this aspect supplies the simplest solution of 
the problem of visual depth of focus. By the 
Gauss theory a lens must have an equivaJent 
focal length l' = - LJ.
I in order to produce a 
magnification of ::\1 times at a distance L from 
its second focal plane, and the object must 
be placed at a distance l=f'/
I from its first 
or anterior focal plane, in order to yield a 
sharp image. Elimination of f' from t.he two 
equations gives l = - LJ.
J2. If L is put as the 
conventional least distance of distinct vision 
to which the usual magnification numbers 
are referred, i.e. L= - 250 nUll., the distance 
of the object from the first focal plane must 
be l = - 230jl\f2. The normal eye can be 
accommúdated for any distance up to infinity, 
and can therefore see objects in the first focal 
plane of the complete microscope. Therefore 
l represents the total range of distance of the 
object accessible to a normal eye without 
change of focal adjustment of the instrument. 
The depth of focus (as it is usually called) due 
to accommodation of the eye ie thel"efore 
=2.jOf.
{2, or 
at magnification 10: depth of focus 2.5 nun., 
at magnification 100: depth of focus .023 mm., 
at magnification 1000: depth of focus .0002.> 
mm. 
At high magnifications the depth of focus is 
thus shown to be an evanescent quantity, and 
the extremely high demands by microscopists 
as to delicacy and reliability of the fine adju:5t- 
ment of t.he focus is fully justified. It should 
be added that if the object is embedtkd in a 
medium dC'nHer than air the depth of focus is 
incre3.sed in direct proportion to the refractive 
index of the medium. A second part of the 
focal range of optical instruments. due to the 
finite wave-length of light, will be rderred to 
subsequently. It is not sufficiently large to 
modify seriously the requirements as to delicate 
focal adjustment. On the other hand, it re- 
presents the only available latitude of focal 
adjustment when the microscopic image is 
projected upon a BcreC'n or upon a photographic 
plate. 
The most important propf'rty of a micro- 
scope is its resolving power. ThC' na.ked norma.l 
eye can see small objects, sueh as points or 
parallel lines whpn sqmrated by a distance 
from centre to cC'ntre of ahout .1 mm. ThC' 
microscope g'f'eatly diminiHhes thi:-{ IpaHt dis- 
, tance, and it soon became a ma.tter of great 
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interest to define this increased resolving power, 
to discover the laws on which it depends, and 
to ascertain whether there is any definite limit 
to it. The most obvious conclusion from geo- 
metrical optics that this ought to be a mere 
question of magnifying delicate detail up to 
the size which the normal eye can appreciitte 
was soon realised as being quite "Tong. It 
was found that any given optical combination 
yielded additional detail only up to a certain 
moderate magnifying power, beyond which the 
image became coarser or more fuzzy, without 
disclosing any additional detail. Carefully 
conducted experiments then led to the con- 
elusion that the resolving power of well- 
corrected microscope objectives grew very 
nearly in direct proportion to the angle between 
the extreme marginal rays which could enter 
an objective from anyone object-point, and 
this angle (twice the angle U in the diagram) 
therefore became the recogni:5ed criterion of 
resolving power, and was adhered to until 
about 1873. In that year .Abbe published 
the first short account of his researches on 
microscopic vision, which were based on the 
diffraction of light produced by the delicate 
structure of microscopic objects. He proved 
that the resolving power is strictly proportional 
to the sine of half the angle which up to then 
had been accepted as the criterion, but is 
further proport.ional to the refractive index of 
the medium in which that angle is measured. 
He introduced the now universally accepted 
term "Xumerical Aperture" for the true 
measure of resolving power thus discovered 
and gave it the symbol NA, which is therefore 
defined by 


KA=X. sin U, 


if U is the angle of the most oblique ray which 
can enter the microscope objective and 
 the 
index of the medium in which the an
le is 
measured. Abbe also introduced a convenient 
direct-reading instrument, the" Apertometer," 
by which the numerical aperture can be deter- 
mined. In the case of "dry" objecti,
es, 
i.e. those in which a layer of air intervenes 
between the object and the front lens, the 
NA may be accurately determined without 
any instrument by placing the tube of the 
microscope in a horizontal position, setting 
up two candles at a distance of about 50 cm. 
from the objective and moving them at right 
angles with the optical axis until the images 
of the flames are on the point of disappearing 
at opposite edges of the clear aperture of the 
objective under test as seen by the eye looking 
dUWTl the tube of the microscope. The triangle 
formed by the two flames and the focal point 
of the objective then obviously has the angle 
2r at the latter point, and U can be calculated 
by measuring the sides of the triangle. 
The resolving power resulting from the Abbe 


theory for regularly spaced lines or rows of 
dots is expressed by the formula 
d= ! wave-length 
NA ' 
in which d is the centre-to-centre distance of 
the lines or rows of dots and the wave-length 
is the usual tabulated one, measured in air. 
As X A = X . sin U, and as sin U cannot exceed 
unity, the formula shows at once that the only 
possibilities for increasing resolving power 
beyond that usually realised lie in either the 
use of light of very short wave-length (ultra- 
violet), or in embedding the object in a medium 
of the highest possible refractive index and 
designing the objective so as to admit the 
\\idest possible cone of rays in the em bedding 
medium. Both possibilities have been ex- 
plored by Zeiss, the first by microscopes con- 
taining only quartz and fluorspar lenses and 
working ,\ ith nearly monochromatic ultra- 
violet light, the second by a few immersion 
objectives using monobromide of naphthalene 
(
= 1.6.3) as immersion and embedding 
medium. 


II. OPTICAL DES ray OF :MICROSCOPE 
OBJECTIVES 

 (1) HISTORICAL NOTEs.-Although John 
Dollond had discovered in 1;.3; how chroma- 
tically and spherically corrected telescope 
object-glasses can be produced by combining 
suitably curved crown and flint lenses, 
opticians did not succeed in usefully applying 
this principle to the small lenses required for 
the microscope until some fifty years later. 
The early small achromatic lenses were 
invariably composed of a nearly equiconvex 
cro\\n lens and a nearly pIano-concave flint 
lens and were at first not cemented together. 
Although the microscopic object is always 
located at the shorter conjugate dibtance, the 
telescopic practice of turning the convex side 
of an achromatic lens towards the object was 
mechanically copied, \\ ith the result that even 
the achromatised lens had to be severely 
stopped down in order to reduce spherical 
aberration and coma to tolerable magnitude. 
Charles Chevalier of Paris first pointed out 
the absurdity of this procedure, and a very 
considerable advance immediately foUm\ ed 
the simple reversal of the lens. He also was 
one of the first opticians who cemented the 
two components together and thus greatly 
reduced the difficulty of both making and 
mounting the lenses with sufficient preciRion. 
A further extension of the power of microscope 
objectives was Recured by placing several 
achromatic len
es one behind the other, but 
without any definite principle as to relative 
power and separation of the components. 
A most important advance in this respect 
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 due to a highly gifted English amateur, 
J. J. Lister (father of the late Lord Lister), 
who discovered in 1
30 that every achromatic 
lens of the externally pIano-convex form, 
which at that time was exclusively used for 
micro:::.cope objectives, has two pairs of con- 
jugate points for which it is free from spherical 
aberration. Purely by wonderfully accurate 
experimental trials on the microscope he 
located one of these pairs of" aplanatic points" 
as realised when thp lens produces a real 
inverted image of some definite magnification. 
HavinO' adjusted the instrument for the 
corres;onding tube-length he then tried 
another lens of the same type plac
d at various 
distances in front of the first (between it and 
the object), and found that a distance could 
be found at which complete freedom from 
spherical aberrê:'
tion of the combination was 
again secured. Obviously the front lens then 
produceù a sharp and erpct virtual image of 
the object at the first aplanatic point of the 
. back lens. The dou blets produced in this 
way not only had the advantage of freedom 
from spherical aberration at a much larger 
aperture than bad previously been found 
attainable, but could also be freed from coma 
in the outer part of the field by selecting a 
suitable ratio between the focal lengths of the 
components, and the field was very much 
flatter than with the close combinations 
previously used. The type originated by 
I
ister is in fact so excel1ent that it is almost 
exclusively used to this day for the lower 
powers of the microscope; it must, however, 
be added that the freedom from spherical 
aberration of the two separated components 
is no longer adhered to, for it has been found 
that still better results, especially as regarùs 
the higher aberrations, are obtainable by com- 
bining a spherically under-corrected back lpns 
with an over-corrected front lens. The I..ister 
principle admits of repeated application, for 
a third lens may obviously be placed in front 
of a doublet so as to increase the magnification 
still further, and such triplets were very soon 
constructed under Lister's advice. 
These triplets, however, have not survived, 
'Vhen the Lister type of doublet is found 
insufficient, which happens when the numerical 
aperture approaches the modpst value of '3, 
the optician now adopts a type originated 
by Amici, consisting of two over-corrected 
cemented back lenses and a simple thick 
pIano-convex front lens. \Vhilst actually 
simpler than the Lister triplets, this type 
offer
 far superior possi hilitips of good correc- 
tion of fill the important aberrations and 
allows of raising the numerical aperture to 
.8 or even .8;), which corresponds to the 
admission of a conp of rays from anyone 
point of the ohject of an angular extent of 
lOGo to 11(3 0 . The vast majority of ordinary 


high-po" er microscope objectives correspond 
to this Amici type, with occasional modifica- 
tions such as a triple cemented back lens 
instead of the more usual binary form, 
The final steps in the perfecting of the 
microscope objective are almost entirely due 
to Abbe, who was the first to apply rigorous 
computing methods to the problem. 

 (2) RAY-TRACING )IETHODS FOR 
IICRO- 
SCOPE OBJECTIVES. (i.) Fundamental Formula. 
-The angles of incidence and of obliquity of 
the rays passing through a microscope objective 
are so large-reaching :{OO and more even in 
the lower powers-that analytical methods of 
approximat.ion are almost useless for purposes 
of ray-tracing. This must be done by rigorous 
trigonometrical formulae in strict accordance 
with the law of refraction. 
The formulae almost universally used for 
this purpose appear to be due to Bessel 
(Discussion of the Königsberg Heliometer, in 
Astronomi.
che Untersuchungen, KÖnigsberg, 
1841), but the slightly modified form given 
below is that found in Steinheil and Voit's 
handbook of applied optics. 
Referring to Fig. I, let the ray entering a 
refracting spherical surface AP at P be defined 
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by its angle of obliquity U and by its inter- 
section length AB, for which we introduce the 
symbol L. If C is the centre of curvature of 
the refracting surface and r its radins, simple 
trigonometry gives the angle of incidence CPB, 
with symbol I, by 
. 1 L-r . U 
SIn = - sIn . 
r 


(1) 


If we apply the same symbols, but distinguished 
by a dash, for the data of the refracted ray, 
the law of refraction neÀt gives 


. I ' N . I 
SIn = N, SIn . . 


(2) 


The angle at the centre of curvature ACP 
is exterior to both the triangle PCB formed by 
the incident ray and the triangle PCD formed 
by the refracted ray, hence 


ACP = U + I = U' + I', 


from which we obtain 


U'=U +1-1'. 


(3) 
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The triangle PCD then gives the intersection 
length ûf the refracted ray 

' . I' r 
-r= j:)ill sin V' 


L'= (L' -r) +r, . (5) 
and the problem is soh-ed. 
An interesting and highly useful relation 
results by introducing the value of sin I given 
by (1) into (2), then this value of sin I' into 
(-1), namely, 
(L - r)X sin C = (L' - r):N' sin V', . (6) 
The standard computing formulae may occasionally 
become objectionably inaccurate in the value of V' 
found by them. V' is found according to (3) by 
adding to the given (T the change of direction of the 
rav=I- I'. If the angles of incidence and refraction 
ar
 unusually large, as happens frequently at cemented 
contact surfaces and also in the front lenses of high- 
po"er objectives, then I and I' are found by their 
sines or log-sines in a part of the table where a small 
change of the sine, and especially of its log, corre- 
sponds to a large change in the angle, and the latter 
becomes correspondingly uncertain. In such cases 
a more accurate value of 1- I' may be deri"Çed from 
the less accurate "Çalue of I and l' obtained by (1) 
and (2) by a transformation of (2); by (2) 
sin I 
' 
sin I' =
' 


sin I-sin I' X' - X 
sin I + sin l' X' +X' 
and the formulae for sums and differences of sines 


therefore 


gi \.e 


N' - X 
tan i(I- I')=tan !(I+I') 1\.
1 ....T . 
1\ +
" 
The value of I - l' obtained from this formula has, 
'in the case of logarithmic calculation, only about 
one-third of the inaccuracv of the "Çalue obtained 
from (1) and (2) for glass-ai
 refractions: in the case 
of contact 
urfaces the advantage is very much 
greater owing to X' - X being then small compared 
to either X' or X. 


. (ï) 


The accuracy of the L' obtained from (5) 
will be insufficient when r is much larger than 
L', because the quantity really determined 
directly from the data is (L' - r), and if this 
Ï::; large, the usual logarithmic calculation will 
give only a few reliable decimal places and 
L' will be uncertain accordingly. 
IoreoYer, 
there is no safeguard in the formulae against 
numerical errors, and as such an error at one 
surface will fal::;ifv the whole result, a reliable 
check is hiahl
 desirable. Both these 
de5iderata areOm
t in a most perfect manner 
by a simple formula proposed by Conrady: 
Draw the chord P A from the pole of the sur- 
face to the point of incidence. Triangle ACP is 
isosceles, and the angle at C = U + I = V' + I', 
consequently the angle 
APC=90 0 - HU + I) =90 0 -l(U' + I'). 
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(4) 


The angles APB and APD beh\ een the chord 
and the incident and refracted ray exceed the 
angle APC by I and I' respectively, and are 
therefore 90 0 - !(F - I) and 90=> - !(U' - 1') 
respectively. 'Yith these values the triangles 
_\PB and APD give at sight the check results 
PA=L sin V see HV -I), 
L' = P A cosec U' cos !(V' - I'). (5) check. 
The value of L' so found should agree 
within the limit of accuracy of the calculations 
"ith that by (5): as the value of L' from the 
check formula is always more consistent" ith 
the corresponding value of V', and usually 
also more accurate, the value of L' found by 
the check should invariably be selected for 
retention. The value of P A found incidentally 
is also highly useful for other parts of the 
calculations of a lens system. It gives, for 
instance, convenient expressions for the 
rectangular co-ordinates of the pC'int of 
incidence P with reference to the optical 
axis and the pole of the surface, for in the 
triangle APQ the angle at A i
 
=90 0 - !(V + I) =90 0 - !(V' + I'). 


Hence 
X = P A sin t(V + I), Y = P A cos l(V + I). (8) 
A still more convenient exact formula for X 
is obtained by continuing the trace of the 
refracting surface to its second intersection 
A' with the optical axis and joining P and A'. 
The right-angled triangles PAQ and A'PA are 
similar and give 


X PA 
P A - 2r' 


or 


x _ (PA)2 
- 2r . 


(8*) 


This utility of P A for other purposes is the 
reason why the check formula is given in two 
parts; so computed it gives by its first part a 
value of P A which is proved to be correct by 
the verification of L' and may therefore be 
used with absolute confidence. 
(ü.) Sign Conventions. - The computing 
formulae (1) to (8) have been deduced for one 
particular case in which all the q uan
i
ies 
entering into them "ere treated 
s posItive. 
The fonnulae can be rendered valid for all 
possible cases by adopting appropriate 
ign 
conventions. )Iany of the sIgn convenhon8 
proposed in books on optics break down Un?ér 
certain special conùitions. The followmg 
conventions are. free from this objection, and 
also aive the usual sians of focal lengths and 
o 
 
other data, the optical axis being taken as 
horizontal: 
(a) Intersection length
 L or L' and radii 
of curvature are gh
en the positive sign if the 
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intersection points or centres of curvature lie 
to the right of the refracting surface. 
(b) The acute angle U between the optical 
axis and the incident ray is given the positive 
sign if a clockwise turn would carry a ruler 
through this acute angle from coincidence with 
the optical axis to coincidence" ith the ray. 
(c) The signs of the starting values having 
been determined by the preceding rules, those 
of the derived quantities are fixed by the 
usual rules of algebra and trigonometry. 
The angles entering into calculations uf 
optical instruments are almost invariably 
acute, hence no ambiguity can ordinarily arise. 
The only exception is the angle U + I at the 
centre uf curvature, which frequently slightly 
exceeds 90 0 in the front lenses of oil-immersion 
objectires. But as it is found by addition of 
two acute angles of definitely known sign, no 
dou bt can arise in this case. 
As the direction in which the light travels 
does not enter into the above sign conventions, 
the formulae can be used with equal confidence 
and without any modification for calculations 
in either direction, which at times proves very 
advantageous, especially in eyepieces. 
In the case of microscope objectives the 
formulae are used exclusively for the tracing 
of rays from an original object-point un 
the optical axis of the system, and as the 
latter must be a perfectly centred one, the 
final as well as all the intermediate images 
will also lie on the optical axis. There is in 
fact complete symmetry with reference to the 
optical axis, and the result found for one ray 
at a given initial inclination U to the optical 
a
is applies equally to rays of that inclination 
leaving the ubject point in any other azimuth 
",ith reference to the optical axis; in other 
words, the calculation for one ray covers a 
complete narrow circular zone of the system. 
In this simplest case of the application of 
the general formulae the continuation of the 
tracing of a ray through a following surface 
also assumes a very simple form, for if A1P l 
in Fig. I represents such a surface at axial 
diRtance d' from the preceding one, the obvious 
relations exist: 


Ll=L'-d', Ul=U', Nl=N', (5*) I 
and with these as starting values the ray can 
be traced through the new surface. 

 (3) PARAXIAL RA ys.-Rays starting from 
t.he object-point at different values of U will 
in general give a different position of the 
respccti\re final image-points. thus disclosing 
the longitudinal Hpherieal aberration of the 
system, which must he sufficiently corrected 
if the system is to be a useful microscope 
o hj ecti ve. 
The usual firRt approximation in the correc- 
tion of spherical aberratiun consists in bringing 
together the image-points produced by the 


marginal zone and hy the paraxial zone 
respectively. The cumputing formulae already 
given are easily adapted to the tracing of 
paraxial rays by noting that for these rays 
which pass very close to the axis all the anglPs 
will necessarily be very small; hence the 
difference between the sines and the angles 
themselves (measured in radians) becomes 
negligible, and cosines and secants become 
equal to one. If the paraxial angles and 
intersection lengths are distinguished by using 
small letters instead of capitals, the computing 
fonnulae therefore will ùe 
, l-r 
1,=u r ' 


(Jp) 


., .N 
1, =t N " 
u' = 'u + i - i'. 


(2]1) 
(3p) 
(4p) 


[ ' 0' r 
- r = 1, " . 
u 


l'= (l' -r) +r, 


(5p) 
(:Jp) * 
(fip) 


II = l' - d', 


'Ul='ll'
 . 


(l- r)N . u= (l' - r)N'u'. 


In the check formula the chord P.A becomes 
indistinguishable from the ordinate of the 
point of incidence, "ith sYIIìbol y, and the 
check therefore is 


y= l. u, 


l' = Y,. . 
u 


(5p) check. 


Equation (7) becomes 
o ., ( 0 ,, ) (N' -N) 
1,- 1, = 1, +1, ( N' +N )' 
and the equations for X give 
. y2 
x= 
y(u +1,)= 2r. 


(7p) 


(8p) 


Strictly these formulae should be computed 
with a very small initial value of u. But inas- 
much as (Ip) to (7p) are all linear equations, 
it is evident that if a calculation first carried 
out with an appropriately small value of the 
initial u ",ere repeated with k. u as the initial 
inclination of the ray (k being any number 
whatever), all the other angles would come out 
at k times the first values, \\ hilst the inter- 
section lengths would be absolutely unchanged, 
As the latter are the quantities of chid interest, 
the initial u at the first surface of anyone 
system may therefore be chosen quite freely, 
and in order to make the application of the 
I sine condition as simple as possible it is most 
convenient to choose as the nominal value of 
the initial u the exact value of Rin U for the 
corresponding marginal ray. Identity of the 
value found for the final 'il' of the' sYf'telll 
I with the final value of sin U' of the marginal 
ray then indicates fulfilment of the Hine 
co'itdition without a calculation of any kind. 
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It is, of cour
e, neces
ary to bear in mind that 
thpse convenient large nominal values of the 
panu.ial an
rles are fictitious when their 
absolute values are required for any special 
purpo
e. 

 (-1:) SPECIAL FOR
IULAE FOR PLA
E SrR- 
FACEs.-Rays ma
T be traced through plane 
surfaces at right angles to the optical axis by 
the general formulae by using a fictitious 
radius of curvature of such great length that 
the corresponding spherical surface only 
departs by a small fraction of a wave-length 
from a plane wi.thin the full aperture at which 
the surface works. But special formulae are 
far more convenient. Putting equation (I) 
into the form 
sin 1= sin V(
 -I)' 
it is seen that for r = 00 we have 1= - V. 
Equation (J) similarly shows that for a plane 
I' = - V'. 'Yith these special values of I and 
I' equation (3) gives sin V' =N/N' sin IT, and 
on introducing the special values into the 
check-formula a formula for L ' results, namely, 
, T, X' cos V' 
L = L tan F cotan U = L N V ' 
cos 


by introducing the relation existing in this 
case between 
in U and sin V'. The paraxial 
equations are easily deduced from the above 
and give the complete set of computing 
formulae: 


1= - L, 


1'= - V', 


i = - 'li, 


", , 
I = -u, 


. v , "X " V 
sm = N' SIn , 


N 
, 
u = .x, lI, . 


L' = L tan U cotan V', . 
X' 
l' = 1 . N' 


or 


N ' TT' 
L'= I J.:_ 
 
J X . cos V. 


PI{l) 
PI(1 p) 
PI(2) 


PI (2 p) 


PI(3) 
PI(3p*) 


PI(3*) 


PI(3*) is more easily computed than PI(3), 
and gives a more accurate result if the angles 
are small. PI(I) and (lp) do not enter into 
the calculation, but are important for certain 
general discussions. 

 (5) SPHERICAL ABERRATIO
. (i.) General 
Fomwlae.-'Yhen a paraxial and a marginal 
ray are traced from an original object-point 
through a system, the difference (i' - L') at 
anyone surface indicates the longiturlinal 
spherical aberration. 'Yhilst the aberration 
is most easily found in this way it is obtained 
in a form which is highly misleading as to 
the real seriousness of the defect whi{'h is 
indicated, and even more so "ith reference 
VOL. IV 


to the real contribution to the total aberra- 
tion by the separate surfaces. These un- 
desirable peculiarities of the longitudmal 
spherical aberration become apparent and its 
laws are disclosed by finding a direct e"'\:pres- 
sion for it in terms of the computed angles 
and intersection length
. 
Standard equation (I) may be "ritten 
sin V T 
sin I - L - r ' 
which gives by 
imple transformations 
r sin U 
(a) :L= sin I + sin U ' 
and (b) L-r _ sin I . 
L - sin I + sin U ' 
(a) may be further transformed into 

_ sin I + s in 1! - si n I _ 1- sin I 
L - flin I + sin V - sin I + sin V' 
and if this equation is multiplied throughout 
by X Ir it gives 
N X N sin I 
(c) E= r- r sin 1+ s inU' 

ta,ßdard equation (4) is identical in form 
"ith (1), anrl treated in thp same "a y as the 
latter gives 
N' N' X' bin I' 
(d) L' = r - r sin I' + sin U , . 
As (d) applies to the ray after refraction, 
the X' sin I' in its last term is equal-by the 
law of refraction - to X sin I in (f), hence 
we may combine (c) and (d) by subtracting 
the first from the second and treating X sin I 
as a common factor in the last terms, leading to 
X' 
 
'-N 
(e) I7-L = r 
NsinI ( ] 1 ) 
+ -----:r-' sin I + 
,jn U - SIn I' + b ID If' . 
Takin
 1/(sin I+ sin V) outsirle the bracket, 
using (b), and in the bracket the formula for 
the sum of two 
ine
, gi'
es for the final term: 
Final term 
X(L-r) ( sin !(V +1) cos !(I- V) ) 
= rL 1 sin !(V' +1') cos HI - V') . 
By f:tandard equation (3) U + I = U' + I', 
hence the 
.ines of half these angles cancel 
each other. Bringing the simplified bracketed 
term to a common denominator and. applying 
the formula for the difference of two cosines 
nf'xt gives 
. :K(L- r) 
Fmal term = 2 - r L 
sin HI - C + I ' - (I') 
in 1(1 - r - I' + P') 
x - 1 (1 ' TT/ ) - 
cos 2 - L 


p 
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By elimination of V' from the l
st numerator 
by (3): V' = U + T - I'. the final term takes 
its definitive form, and on introduction into 
(e) gives 
N' X N'-N 
L' = L +--r- 
2 N{L - r) Rin HI' - V) sin H I- I ') 
+ rL' cos 
(I' - V') 


as a trigonometrically exact equation from 
whi('h tbe laws of longitudinal spherical 
aberration ('an be deduced. If an object. 
point at any given distance, L, is considered, 
the first two terms on the right of (9) will 
be constant, hence variation of L ' for rays 
at different inclinations, V, can only result 
from the final term which is thus pointed out 
as the one which determines the spherical 
aberration. Its valuc dcpends chiefly on the 
two sines in the numerator which for mod crate 
values of the various angles will, as was 
proved for the paraxial re-gion, vary ve-ry 
nearly in direct proportion with the initial 
V of anyone ray, and t.herdore also in pro- 
portion with the distance, Y, from t.he optical 
axis at. which any ray penetrates the refracting 
surfacp., In first approximation t.he spherical 
abcrration expressed by the last term there- 
fore grows with thE' square of the aperture, 
and as 3 consequence becomes small of the 
second order for the paraxial re
ion. For 
par:1xial rays equation (9) therefore becomes 
N' N N'-N 
-l' = l + - r-' (9p) 


which will he recognised as one of the best- 
known and most useful formulae for the 
traeing of paraxial rayi. 
By deducting (9p) from (9) and making 
very slight reductions a perfectly general and. 
rigorous direct exprC'ssion for the longitudinal 
spherical aherration at any spherical surfa('e 
13 obtained, namely 


l' - L ' - (l- L) N_ l'L
 
- . N / . lL 
2N ( L_ ) l'
 sin HI' - U) sin 
(I- I') 
+ N' r r L . cos H [' - V') 
m whi('h the second term again represents the 
new spherical aberration produced by the re- 
fraction, whilst the first term shows how the 
spherical aberration (l- L) of the incident 
rays combines wIth the new aberration; in 
other words, the first term expresses the 
addition theorem of longitudinal spherical 
aberration. It is seen that (l- IJ) has to be 
multiplied first hy ?\ifN', which may vary 
from about ,6 for a rf'fraction from air into 
demle glass to about 1.7 for a rdraction from 
den<jp glass into air. This product is further 
multiplied by the ratios of the conjugate 


(9) 


(listances of the paraxial and marginal ray 
respe-ctively: each of these ratios may vary 
from zero if an incident ray parallel to the 
optical axis (lor L = 00 ) is rendered convf'rgC'nt 
or divergent by the- refraction, to infinite 
value if a convergent or dive-rgent ray is 
rendererl parallel to the optical axis by the 
refraction at the surface. The extraordinary 
extent to which the longitudinal spherical 
aberration is frequently found to fluctuate 
from surface to surfa('e when common Sf'ns( 
and expe-rience render it obvious t ha t the real 
departures of the rays from their ideal course 
is quite slight is thus fully explained. The 
second term in (9*) is easily seen to have 
similar misleading factors, so that the amount 
of the new aberration is alao found in a form 
which requires careful scrutiny before making 
up one's mind as to whether the abprration 
is really serious or not. Strong evidence is 
frequently found in actual optical designs 
that even experienced practical ('omputC'rs are 
not sufficiently aware of the very indirect and 
misleading nature of the indications "hich 
the longitudinal spheri('al aberration supplie-s 
as to the real seriousness and magnitude of 
the defect at anyone surface. 
(ii.) Conditions for J[ inirnum Spherical Aber- 
ration.-An extremely interesting and im- 
portant question, especially in eonnection 
with microscope objectives, is whether the 
aberration produced by a spherical surface 
can become small or zero for pencils of finite 
aperture. One such case is quite obvious, for 
if the object-point is infinitely ('lose to the 
refracting surface, then L "ill be infinitely 
small, rays a.t any practicable angle, U, will 
meet the surface very close to the optieal axis 
so that the curvature of the surface will be 
inappreciable and its tange-nt plane may be 
substituted. In accordanee with the formulae 
for plane surfaces, the 1/ will the-n also be 
infinitely small and there is no scope for 
spherical aherration. This most obvious ('ase 
is taken advantage of in all high-power micro- 
scope objectives to reduce the magnitude of 
the aberration which would arise at the first 
surface next the objf'ct if the latter were at a 
considerahle distance, simply by making the 
" free working distance " very small. 
Two other cases can be deduced from 
equation (9*). niscussion of its final te-rm 
bv which the new aberration iH df'termined 
shows at once that this term will be Zf'ro if 
L =r, that is, for rayq directe-d toward., the 
centre of curvature. Vndf'r thC'se conditions 
L - r 'will he zero, which alone is sufficient. 
But in addition sin HI - I') will also be zero, 
as for rays passing radinJly thprc is no devia- 
tion. [t follows that for rays directcd towards 
points close to the ccntre of curvature the 
ahf-'rration is amaH of the second order. This 
second case is also made use of in microscol)e 


(9*) 
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objectives of high power: it accounts for the 
very usual meniscus form of the lens ne-xt 
above the front lens. Tbe second lens thus 
receives the diverging rays at small angles 
of incidence on its concave first surface and 
kee-ps the spherical aberration down to a 
manageablf' magnitude. 
(üi.) Aplanatic Refraction.-In all cases not 
coming undf'r the two which have bcen dis- 
cussed all the factors entering into the aberra- 
tion term of (9*) "ill have- finite values, with 
the possible exception of sin !(I' - V). If this 
factor became- ze-ro the a berra tion would again 
vani
h; that is the third and most important 
case of aplanatic refraction at a spherical 
surface. 


Sin !(I' - V) = 0 implies I' = U 
and also sin 1':;= sin U. 


By combining equation'5! (I) and (2) it is 
ea3ily found that quite generally 
. I , - N L- r . U 
Sill - N' -----,::-- sm . 


If, as in the special case under discussion, 
sin I' = sin U, the general equation takes the 
form 


1- X L-r 
- X' r ' 


L-r N' 
or ------:r- = -N ' 


from which follows 


L X' +K 
r ---x- 


N'+N 
or L= r- X -' 


If L satisfies this equation there will be no 
spherical abe-rration, no matter how large the 
angles may be, right up to grazing incidence 
or emergence of the rays. As refractive 
indices are always positive, the case can only 
ari
e when Land r have the same sian, which 
. . ::> 
lmphes that the object point lies on the 
conca ve side of the refracting surface. For 
refraction from air (X = I) into glass (say, 
X = }05) the equation gives L= 2.5r, so that 
the diagram used in deducing the standard 
computing formulae approxim
tely represents 
this third case of a plana tic refraction. Several 
other interesting relations apply in this case. 
By (3) I' - P =1 - V', hence the case also 
implies I = V', and if this is followed up bv 
the aid of (2) and (4) m the same way as b
for
 
it leads to 
L'=r
' +N 
N' , 


which for the numerical example already 
used gives L' = I.ßn7r. Combination of the 
equations for I.. and L' gives the additional 
intf'resting relations 


L' N 
L = X" 


1 } 1 
and L +L ï = r' 


Finally, the two conditions to be fulfilled, 
sin I' = sin V 


and 


sin I = ðill V' 


give, on di\iding the second by the first, 


sin V' sin I N' 
= 
sin tJ SU1 I' K 
by the law of refraction. 
Therefore sin V' Isin V = X' IN = a constant 
for the surface. and this supplies the highly 
important further information that the optical 
sine condition is fulfilled in this third case of 
aplanatic refraction. The t" 0 conditions to 
be fulfilled, sin I' =sin V and sin I = sin "{T', 
also show, inasmuch as the angle of incidence in 
the less dense medium may reach but cannot 
exceed 90 0 , that the angle of convergence 
V or V' in the denser medium has the !Same 
range, that is, this case- permits of deal- 
ing with conf'S of rays up to an included 
angle of 180 0 between opposite extreme 
marginal rays in the denser medium quite 
independently of the values of K and 
.N'. It is this unconditional freedom from 
spherical aberration for cones of rays of the 
"idest possible angular e:\..tent which renders 
this third case of aplanatic refraction so 
extremely valuable in the design of microscope 
objectives. It may indeerl be stated that 
microscope objef'tives of high aperture are 
possible only by making use of this property 
of spherical surfaces. The curved side of 
the front lenses always corresponds fairly 
closelv to the conditions which have be-en 
dedu
ed. If the conjugate points are a little 
nearer to the refracting surface than is re- 
quired for exact aplanatism, then a very 
considerable collective refraction can be 
secured accompanied by spherical oyer- 
correction such as is usually only obtainable 
at the expense of a dispersion of the rays. 
Front lenses therefore depart from the exact 
theoretical position of the aplanatic points 
more freq uently in this sense than in the 
opposite sense of too great a distance of the 
conjugate points from the refracting surface. 
It is an obvious conclusion dra\\ n from the abovc 
discussion that if the aberration accompan
ing a 
gi,-en deflection (I - 1') is desired to be large, as most 
often happens at the dispeD"ive contact surfaces 
at which over-correction is produced. then a largc 
value of (I' - r) must be aimed at by having thc 
conjugate points as far as possible a \\ ay from the 
aplanatic position. Hence for conjugates lying at 
the concave side of a surface their distancc should 
be a large multiple of the radius; but still higher 
aberrations \\ ill be secured by having the conjugate 
points lying on the convex side of the surface, "hich 
is in fact the prí'dominating practice. 

 (6) ZOXAL 
PHERI(,AL 
\BERR <\TION. Ex- 
pre8sion a8 a Serie.
.-It has been proved tlu:.t 
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the longitudinal spherical .lherration grmn
, 
in first approximation, with the square of the 
aperture of any given lens system. The form 
of equatIOns (9) and (9*), however, makes it 
obvious that there must be higher te'rIUS in 
their d
velopment in series. The type of 
this series may be fixed "ithout direct mathe- 
matical investigation by the simple considera- 
tion that on account of the symmetry of a 
centred system with reference to its optical 
axis a rR):' from an axial object-point entering 
at the same angle below the optical axis as 
another abovf' the axis must suffer the same 
100witudinal aberration as to both magnitude 
and sign. Two such corresponding rays will 
have the ordinate Y of the point of incidence 
as wen as the chord P A of the same numerical 
value but of opposite sign, whence it follows at 
once that the series giving the longitudinal 
aberration in terms of powers of Y or of PA 
can only contain even powers of these as well 
as of any other direct measures of the aperture ; 
therefore the longitudinal aberration LA' mus1 
be represented by an equation of the form 
LA' = c 1 Y2 + c 2 Y4 +C 3 Y6 + etc. 
In systems of slight curvature such as 
astronomical object-glasses of the usual types, 
only the first term is sensible. Such systems 
can have their spherical aberration corrected 
in a practically perfect manner on Taper. 
The very sensible residues of aberration 
frequently found by direct tests (such as 
Hartmann's) in such systems are due to a 
slight extent to departurps from the prescribed 
radü and thicknesses, to a greater extent to 
departures from true spherical form of the 
polished surfaces due to elastic yielding of 
the lens and tools in the process of grinding 
and poli
hing, but chiefly, especially in large 
sizes, to want of homogeneity in the glass 
which at times even affects mkroscope 
objf'ctives. Empirical" figuring" of a suit- 
able surface is the only remedy for these 
technical defects, which cannot be either 
estimated or allowed for in the calculation 
of a lens system. 
In lens systems of somewhat bolder design 
the first tw
 terms of the LA' series represent 
the longitudinal aberration with sufficient 
accuracy. If such a systcm i" spherically 
correctf'd for a particular zone of its aperture I 
(usually the extreme marginal zone) the terms 
in Y2 and Y4 must be numerically equal 
but of opposite sign for that zone, whilst there 
will be residuals of aberration of the sign of 
the Y2 term between the paraxial and the 
corrected zone, and of the sign of the Y4 term 
beyond the corrected zone, the former attain- 
ing a maximum value at ,/1 of the diamC'tpr 
of the corrected zone. Hence the rule that 
if the presence of zonal aberration is to be 
a.scertained a third ray (in addition to the 


paraxial and marginnl ones) should be traced 
through the system at .7071 of the aperture 
selected for tllf' marginal ray. 
In systems of deep curvature, practically 
in -all mieros('opp objef'tives exceeding an NA 
of a bout '3, still higher terms become sensible 
in rapid succession as the aperture increases, 
and a higher state of spherical correction 
must then be aimed at. In purely geometrical 
ray-tracing this is attained by demanding 
that the rays passing through three selected 
zones of the aperture shall be hrought to a 
common focus, and it is usual to choose the 
paraxial, marginal, and the .7071 zones. 
If only the first three terms of the aberration 
series were of sensible magnitude this would 
lead to perfect spherical correction for the 
whole aperture. In reality the higher terms 
follow so closely on each other's heels that the 
tracing of intermediate rays again reveals 
secondary zonal variations. But there is no 
systematic method for the removal of these 
higher zonal variations. 

 (7) THE PHYSICAL ASPECT OF SPHERICAL 
ABERRATION. (i.) General Con.sideration.-It 
will have been gathered from the prece(ling 
geomet.rical discussion of the problem of 
spherical aberration that its chief weakness 
lies in the method of measuring the magnitude 
of the defects which the longitudinal spherical 
aberration indicates. It is usually attempted 
to estimate the true magnitude by discussion 
of the series for LA' with a view to determining 
the smallest diameter of the confused pf'nciJ 
of rays resulting from the aberration. It is 
then assumed that the focus of the instrument 
will be adj usted so as to throw this smallest 
possible geometrical image upon the retina of 
the eye (or upon the phot.ographie plate) and 
that each object-point will be seen or photo- 
graphed as a dot of the size of this "circle 
of least confusion.'
 'Vhen the spllC'rical 
aberration is of very considerable magnitude, 
these assumptions are very nearly correct. 
Cases of that kind, however, are of extremely 
rare occurrence in practically useful optical 
instruments. Telescopes and microscopes of 
the present day are expected to realise the full 
theoretical resolving power of a perfectly 
eorrecte(1 instrument as defined by the inh'gra- 
tion of the light effect at a perfect focus in 
accordance with the undulatory 
heory of 
light. As the limit of dpfining power so 
determined is decidedly stringC'nt, only RlllaIl 
amounts of aberration can be tolerated. In 
this, practically the only interesting C<LRe, thp 
geometrically determined circle of least con- 
fusion becomps absolutdy useless as a measure 
of the size of the actual image of a point: as 
will he Rho" n, the geonlf'trical circle of !Past 
confm;Îon may he four or more' tinH'R the size 
of the image really seen by the C'ye hefore any 
sensible deterioration due to spherical aberra- 
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tion sets in. It might be argued that this I 
must surely be in favour of adhering 
o the 
geometrical measure, inasmu
h as, a
 llibtru- 
ment satisfying the geometrical limIt would 
prO\
e quite perfect when submitted to actual 
test by light of finite wave-length. The answer 
to such an araument is that in order to reduce 
his circles of least confusion to the size of the 
physically determined image of a point, the 
purely geometrical designer ,,"ould have to 
stop at a very much reduced aperture of a 
system of any given number of component 
l
nses. As the true resolving power is pro- 
portional to the aperture, he would t
us 
invariablv produce a system of lower resolvmg 
power an
l ,dth a smaller light gathering power 
than could be produced "ith the same number 
of components by taking the finite '
'a
-e- 
lenath of liaht into account in deternllnmg 
o 0 h 
the permissible aperture. Adherence to t e 
geometrical method must therefore prove a 
severe, if not a fatal, handicap whenever the 
bes
 possible result is to be secured with a 
given number of components. 
Physically considered, a lens system chan?es 
the curvature of the light-waves passmg 
throuah it: Ü perfect the system turns the 
sphe
al waves sent out by any ?bject-point 
into truly spherical waves convergmg towards 
the conjugate image-point; consequently the 
light sent out at a given instant from the 
object-point towards every part of the clear 
aperture would a little later arriv
 absolut
ly 
simultaneously at the conjugate Image-pomt 
and would produce a maximum brightness 
of the image 0" ing to the total absence 
uf differences of phase. The simultaneous 
arrival at the image-point of light traversing 
all parts of the clear aperture is therefore the 
physical definition of a perfect optical system. 
In
smuch as the rays of geometrical optics 
are normals of the corresponding wa ve- 
surfaces, this physical definition of a focus. is 
in the case of perfect systems identical "Ith 
the geometrical one; for if the waves 
on- 
verainCT towards the imaCTe- point are spherical, 
the
 their normals, the 
'rays," "ill be radii 
and will therefore meet at the image-point. 
(ü.) Physical Theory.-But whilst the geo- 
metrical theory claims a perfect point-focus, 
the undulatory theory merely demonstrates 
that there is a maximum of intensity at that 
point, because the light reaches it ,Üthout any 
differences of phase. In accordance "ith the 
principle of H uygens as extended by Fresnel, 
even a truly spherical wave produces a light- 
effect outside the cone of "rays" to whieh 
it corresponds. If, in Fig. 2, 0 represents an 
object-point sending out spherical waves like 
". and if the lens system changes these wa ,yes 
into a form like 'Y' converging more or less 
pprfeetly towards an image-point 0', then, 
according to the' principle referred to, the 


light-effect at any point whatever beyond ',"' 
c
n be determined by considering each surface 
element of 'Y' as a luminous point sending 


w' 


o 


<i 


FIG. 2. 


out spherical waves and by integrating the 
combined effect at any point of these 
elementary waves over the whole surface of 
,Y'. G. B. Airy 1 carried out this integration 
for the intensity distribution produced by a 
perfect lens system in the plane of the geo- 
metrical image and arrived at the well-known 
"spurious disc" surrounded by concentric 
diffraction rings of rapidly diminishing in- 
tensity. In this simplest case the light from 
all points of the emerging wave 'Y' will arrive 
at 0' in the same phase. If there is spherical 
aberration present, then the emerging waves 
will be distorted and will no longer be of the 
ideal spherical form, and there "ill not be a 
definite point like 0' at which all light arrives 
in the same phase. In order to discuss these 
cases (strictly speaking, the only ones w
ich 
are of practical interest as perfect spherical 
correction is utterly impossible) it is necessary 
to determine the phase relation with which 
liO'ht arrives at any assumed position of the 
I::> 
 . 
image-point. This is done by findmg an 
alO'ebraical expression for the total length of 
optical path from an object-point to the 
assumed image-point, in the first instance for 
a single spherical refracting surface. 
In Fig. 3, let AP represent the trace of a 
spherical refracting surface mth centre at C, 


8 


D 


.FIG. 3, 


separating a medium of index 
 tc: its left 
from a medium of index N' to Its rIght: let 
B be the luminous objeet-point ãt distance 1 
from the pole A, and D at dista.nce l' from 
the pole the point for which th.e chffere.nces of 
optical path are to be determmed, usmg the 
axial path BAD as the reference standard. 
Physically the refractive 
nde
 represents the 
ratio of the velocity of hght m empty space 
to that in the given nH"dium, hence a path 
I l in a medium of index X takes as long to 
1 Camb, Ph 11. TraIts., 183-1, 
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tra,'erse, or is optically equrralent to, a path 
Kl in empty spac('. R('dueing all paths to 
their equivalents by this relation, there results 
-bearing in mind that 1 in the diagram is 
negative in accordance with the adopted sign 
conH'ntion- 
Equivalent axial path =N'. l' - N ,1, 
Equivalent marginal path =N'. PD - N. BP. 
Introducing the rectangular coordinates x and 
y of l,oint P the second eq uation becomes 
E.m.p. = N' J(l' _X)2 +y2 -N ,/(l-x)2 +y2, 
in which the roots must obviously be taken 
with the signs of l' and 1 respectively. For a 
spherical surfa ce y2 = 2 rx - x 2 , hence 
E.m. p. = N' "ll'2 - 2x(l' - r ) - N ,/f2 "-" 2x(l- r). 
The difference axial-marginal path will 
determine by how much the axial path is 
longer than the marginal path; or more con"': 
venientIy put, it gives the lead of the marginal 
light. Introducing the symbol OPD for this 
optical path difference, it is found as 
OPD= N'l'( 1- ,/ 1 - 2x l


) 
-Nl(l- \/1-2x l
/ ). 
Putting p =x(l- r)/l2 and p' =x(l' - r)/l'2 and 
developing the roots by the binomial theorem, 
the result is 
UPD = N'lTI - (1 - p' _!p'2 - 
_p'3, etc.)] 
- Nl[l - (1 - P - !p2 - _
p3, etc. )], 
or, differently ordered, 
OPD=N',l'p'-N. lp +-k(N'. l'p'2_N .lp2) 
+!(N'.l'p'3_N .lp3), etc., 
and this is valid for any position on the optical 
axis of the assumed image-point D. 
If the values of p and p' are reintroduced 
and x, in accordance with the last of equations 
(8), is put equal to (PA)2/2r, the value of OPD 
be('omes 
OPD - (PA)2 ( N,l' -r _ N l - r ) 
- 2r l' 1 
t ( PA ) 4 ( N'(l' -r)2 _ N (l-r)2 ) 
+ 8 r2l'3 r 2 l 3 
1 6 ( N'(l'-r)3 N (l-r)3 ) 
+T6(PA) 
i5- - r 3 l 5 + etc, (10) 
Evidently the first term in (P A)2 will disappear 
if the bracketed factor becomes zero. But 
N'
 -.! _N l-r _O 
l' 1 - 
can be easily con ve-Ited into 
X' N'-N N 
-F = r -- + l' 


an equation already deduced (s('e (9p)) as the 
condition fulfille-d by the location of the 
paraxial geometrical image of the- objeet- 
point. The difference of ol,tical paths with 
which a ray at finite distance from the optical 
axis reaches the paraxial focus is therefore 
UPD = 
 (PA)4 ( N'(l' .= r)2 _ N (l-r)2 ) 
21 8 . r2l'3 r 2 1 3 
1 6 ( N'(l'-r)3 N (l-r)3 ) 
+ T8"(P A) r31's - 
ls - , etc, 


(10*) 


This equation obviously gives the spherical 
aberration in terms of differences of optical 
paths. The latter will be obtained in wave- 
lengths by multiplying the right side by the 
number of wave-lengths contained in one unit 
of length (approximately by 2000 if the 
millimetre is used or by 50,000 if the ineh is 
adopted) and is seen to grow with the fourth 
and higher even powers of the aperture, 
whereas the longitudinal aberration as defined 
geometrically grows with the square of t.he 
aperture. 
The differences of phase therefore increase 
very much more rapidly than the equivalent 
longitudinal aberration when they oncf' have 
reached sen3ible magnitude; on the other 
hand, the diffl'rences of phase will remain 
insensible in a zone surrounding the optical 
axis which is much larger than that in which 
the longitudinal aberration remains small. 
As the OPD found for a ray at a surface measures 
the lead which it has gained wit.h reference to the 
corresponding axial ray, it is evident that the addition 
theorem of the OPD for a number of surfaces is the 
simplest possible one, namely, simple algebraical 
addition of the separate values found for each Rurface. 
This is, however, strictly correct only if equation (10) 
is used and if the l' introduced into it i" the true 
intersection length of the marginal ray as found 
trigonometrically. The. reason for this restriction 
is that in the propagation of waves of an extent 
which is a large multiple of a wave-length the ellf'rgy 
represented by the vibrations travels in the direction 
of the geometrical rays and must therefore be traced 
along the latter. The direction towards the paraxial 
focus differs from that towards the actual intersection 
point of a ray at finite angles by the amount of the 
angular value of the spherical aberration, and a 
correction is called for which, although small and 
easily determined, is a troublesome addition to the 
numerical work and makes another nwthod of 
calculating the OPD to be given presently decidedly 
more convenient. 


The correction referred to bl'ings in small 
additional terms of the 6th and higher even 
orders; it therefore does not alter the law of 
increase of the OPD with apprturp, so that for 
any centred optical system th(' OPD aR given 
by (10) will be expressed by an equation of 
the form 
OPD=C 1 Y2 +C 2 Y4 +'caYG + etc., 
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for any assumed position of thC' image-point, 
and by an equation (10*) of the form 
OPDJ)=d1Y-l +d 2 Y6 + etc., 


for the paraxial image-point. The presence 
of a term in Y2 for points other than the 
para
ial focus is of great importance in the 
discussion of the location of the best image 
and in laying down the limits of tolerance for 
residual spherical aberration. 'Yhen the 
equations are written with undetermined 
coefficients c 1 etc., they hold for any reasonable 
measure Y of the aperture. as for instance the 
ordinate of the point of penetration of the ray 
through anyone surface of the system, or the 
angle of convergence of the issuing or entering 
raY, for all these different measures are con- 
v;rtible into each other by series progressing 
in alternate powers of any given measure of 
the aperture, by reason of the symmetry of a 
centred system around the optical a
is. 

 (8) TRIGO:XO:\IETRICAL CALCULATIO
 OF 
THE OPD.-Let a spherical wave OA, Fig. 4, 


.... 


ù-"'--_ 
D B 


FIG,4. 


in the medium of index X to the left of the 
refracting surface AP, be con verging towards 
n, 'Yhile the marginal part of the wa \Te is 
traversing the distance OP in the medium of 
index X, the axial part has entered the new 
medium of index .x' and the optical paths of 
the two parts are necessarily equal. As the 
marginal ray is refracted towards D in the 
direction given by the ordinary law of 
refraction a new spherical wave EP, with D 
as centre, would result if there were no 
spherical aberration. Therefore in this case 
the optical path AE would be equal to the 
optical path OPe Conversely, if the optical 
paths OP and AE are separately computed 
and found to differ, the difference" ill represent 
the OPD due to spherical aberration. 


Df'Scribe an arc of a circle PP' with B as centre 
cutting the axis in P', and draw PQ perpendicular 
to the a:xis. 


Then 


OP=AP' =AQ- P'Q. 


Join AP and P'P. The triangles CAP and BPP' 
are both isosceles, As the angle at C is = e +1 and 
the angle at B=L, it follO\\s that angle PAQ=90 o - 

(U ...L I) and angle PP'Q =90 3 - lü, whence putting 
PQ=Y 


01'= Y(tan l(U +1) - tan iU). 


Thc distance AE may be evaluated in the same "av 
remembering that p('A=1"+I' and PDA=C', and 
we find 


AE= Y(tan i(V' +1')- bm iü'). 
And the OPD at the marginal focus D is found by 
multiplying AE and OP b} the respective indice"s 
and taking their difference. Thus, 
OPDm=X'. Y(tan i(U' +1')- tan iU') 
-X. Y(tan i(U +I)-tan lU)
 
\Yhence on reduction we have 


OPD X' Y sin iI' 
m=
 . cDs i(U' +1') cos iU' 
_ X . Y sin i I . 
cos i(V + 1) CDS iV 
)lultiplying numerator and denominator of the first 
term by 2 cos iI', and of the second by ::? cos iI, the 
numerators of the fractions become sin l' and sin I 
respecth-ely, and as 
' sin I' = X sin I and (V + I) = 
(1" +1') the equation becomes 
N ' ,r . I , 
OPD m = _ . 
 sm 
2 cos i(V +1) 
[ CDS iI' 
DS iC' CDS iI 
os IV J. 


or on bringing the square bracket to a common 
denominator 


o 
'. Y sin I' eDS iF cos iI-cos iI' cos le' 
PDm 2 cos i(U +1) CDS II cos IV cos II ' cos iV' . 


The numerator of the second fraction can be further 
simplified by putting cos iU =cos (!<V - V') +!V') 
and resolving, also putting cos i I' =cos (t( U - V') +i I), 
which is obtained by transposing V +I=V' +1', and 
resolving this. The numerator is then obtained in 
the form of four terms, two of which cancel each 
other \\ hilit the other two combine and lead to the 
equation 


OPD _ X' . Y sin I' sin !(U - V') sin i(I - V') 
m 2 cos!V cDS!I cos t(U +1) cos iI' cos ie'. 
It is more convenient for computation to 
replace the ordinate Y by t.he chord PA. 
Using Y = P A cos !(U + I) this gives 
OPD _ X', PA, s i nI' sin !ce - U' L:? in HI =- _U') 
m- 2 cos -!U cos!I cos !I' cos 
 U' . 
(IO**) 
For a plane surface PA becomes identical 
with Y and as by Pl(l) 1= - U and I' = - U', 
the equation for plane surfaces is 
plane: OPD m 
_ N ' . Y sin V ' sin !(U + U') sin 
 {U -- P' }, 
- - :2 co:s 2 iP cos 2 iU' 


(IO**) 


in which Y =L tan U =L' tan F'. 
These equations are more rapidly computed 
than the number of terms would su
ge8t 
because they give the OPD directly, not as a 
sma.ll difference of two large numbers. 
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A.., it is hardly eyer of interest to know the aberra- 
tion at anyone surface within le
 than 0.1 per cent, 
four-figure logs are quite sufficient and the cosines in 
the denominator rarely call for any interpolation, as 
the angles are usually small. The aberration at the 
final marginal focus of a f\ystem is strictly equal to 
the algcbraical sum of the OPD m values found for 
tbe separate surfaces because the ray is traced in this 
case along the path assigned to it by the law of 
refraction, There is therefore no correction of any 
kind to be applied to the result obtained for anyone 
ray. On the other hand, should several rays, at 
different distances from the optical axis, be traced 
through a system, the OPD m obtained for them will 
not be directly comparable, as each one will be referred 
to its own geometrical intersection point. General 
theoretical discussions are therefore preferably based 
on Equation (10). 
The differences of optical paths are a direct 
measure of the distortion from true spherical 
form of the waves emerging from a lens 
system. For that reason they make possible 
a really valid discussion of the limits within 
which spherical aberration must be corrected 
if the full theoretical resolving and defining 
power of a lens system is to be realised. This 
discussion is of particular importance in the 
case of microscope-objectives on account 
of their deep curvatures and consequent 
large amount of higher aberrations: but the 
results are equally valid for any other kind 
of centred optical systems. The foundations 
for this treatment of the aberrations were 
laid by the late Lord Rayleigh. 

 (9) THE RAYLEIGH LnuT,-In 1879 Lord 
Rayleigh 1 arrived at the conclusion that an 
optical system would give an image only slightly 
inferior to that produced by an absolutely 
perfect system if all the b.ght arrived at the focus 
witl" differences of phase not exceeding one quarter 
of a wave-length, " for then the resultant can- 
not differ much from the maximum." This 
paper ought immediately to have marked the 
heginning of a new epoch in the design and 
discussion of optical instruments. But the 
barren, purely geometrical treatment of the 
aherrations went on for many years, possibly 
because the- conclusion was jumped at that 
equalisation of the optical paths from object- 
point to image - point (themselves rarely 
measurin
 less than eight inches) within one 
two-hundred-thousandth part of an inch was 
an impossihle ideal. As will be shown, this 
is so far from heing corre-<,t that in reality it 
is far easie-r to correct the aberrations wit.hin 
the Rayleigh limit than to bring the geometri- 
cal " rays" within a " circle of least confusion" 
of the- size of the image which has for a long 
time been known as attainable. The adoption 
of the Rayleigh limit t.hus makf's it possible 
crmRi(krably to increase the ape-rture of a lens 
system of given type and to come close to the 
1 CollprfNl Papers, i. 415-453; Phil. Jlag., Oct, 
1879, viii. 261. 


full theoretical rpsoh?ing power with systems 
which, judged geonwtrically, would appear 
hopelessly over- or unde-r-correctcd. 
These remarkable and highly valuable fact.s 
are easily proved by determining the aperture 
at which the Rayleigh limit is reached in the 
presence of aberration and by establishing 
the relat.ion hetwe-f'n the physical and the 
geometrical measurement of the aberration. 
If Dp in Fig. 5 is the pal'aÀial focus of a 
lens system, then in the absence of aberration 
p p' 


FIG,5. 


a train of spherical waves like PA would be 
converging towards this focus. Aberration will 
cause the actual waves to be distorted, and the 
OPD equat.ions will determine directly the 
distance PP' by which the distorted wave is 
separated from the corresponding ideal 
spherical wave. If the law of increase of the 
OPD with increasing aperture is known, the 
complete form of the distorted wave wit.h 
reference to the ideal wave will be defined. 
In all optical instruments intended for high 
resolving power the angle of the cones of rays 
converging towards the final image point is 
always very small (much smaller than the 
exaggerated diagram suggests), the emerging 
waves rarely reaching an angular extent of 
even 50. Under these conditions the difference 
between the arc AP and the ordinate Y of 
point P will be negligible and the differential 
coefficient d(PP')/dY will be the measure 
in radians of the small angle between the 
ideal and the distorted wave and therefore 
also between their corresponding normals. 
The normal of the actual emerging \vave 
represents by definition the true geometrical 
ray passing through any point P'. If Dm is 
the intersecting })oint of this ray, the angle 
DpP'D m , or the angular aberration of the 
ray, denoted by the symbol [AA'], is therefore 
defined by 


[AA'] = d(

p) , 


no matter of what order the wave distortion 
may be, provided only that the angle of the 
cone of rays is reasonably small. If the ray 
at finite angle is produced to intersection at 
D'm with a normal plane described through 
Do, thpn the' distance D :vD' m = T A' repl'e'sents 
the transverse aberration and triangle 
D .IIP'D' m gives with ample approximation 
TA' = l'[AA'] = l ,d(

D) . 
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Finall
? the triangles DmD:pD m and Dm AP I a-xial focus "ill be rpprpsented by the first term 
"hich are approximatel) similar give the of 10*, or 
longitudinal aberration DrnDp=LA' as 


L " = T ' L' = l'L' d{OPD:p ) 
4
 

 Y Y dY. 


These important relations between the differ- 
ences of optical paths and the various measures 
of the corresponding geometrical aberrations 
may be collected in the form 


d{OPD:p)_ [ ., ,, ] = TA' = L " Y 
dY 
'"1.

 l' 4
 l'L" 


As in the case of the geometrical aberrations, 
so in that of the difference8 of optical paths 
the best image is usually found at some little 
distance from the paraxial focus. The effect 
of such a change of focus must therefore be 
determined. 
Let D in Fig. 6 at a distance df from the 
paraxial focus Dp be a point for which the 


FIG. 6. 


phase relation of ligbt from P and from A 
re8pectively is to be determined. At Dp there 
"ill be a lead of the inclined ray by OPD p' 
The axial path to D is shorter than that to 
Dp by df. The inelined path from P to D is 
shortt'r than that to D:p by the difference 
PD p - PD. 
In all cases of practical interest df is very 
small compared to DP, and the angle DPD:p 
measures a moderate number of seconds of 
arc. Under these conditions the difference 
bptwef"n PD:p and PD will be sensibly equal to 
DDp, the projection of DDp upon PDp. Conse- 
quently the light from P \,ill arrive at D with 
a lag=df{l - cos DDpD') =2dJ sin 2 
DDpD'. 
"Gnder the restrictiun to smal1 angles of the 
cone of ra,\"'3 sin DDpD'/
 is sensibly equal to 
Y/2l'. Hence the phase relation at D will be 


( Y ) 2 
OPD = OPDjI - !df r ' 


(II *) 


in which df is treated as positive when lying 
towarrts the lens system, "hich is contrary to 
the usual sign convention but is in accordance 
"ith the general custom of treatinf! spherical 
under-correction as positi \-e. 

 (10) ABERRATIO
 O
 THE 'YAVE THEORY. 
-The principal cases of interest can now be 
discu!'sed. (i.) Ordinary or primary Spherical 
.dberration,- The wave distortion for the par- 


OPDjI= k. Y4 (k a constant), 


or 


d {OPD. p ) - 41. .r3- t9PDjI 
dY -, 
 - "1: Y . 


By equations (11) these give the corresponding 
geometrical aberrations as 


(II) 


Y Y Y2 
OPDjI=lAA']. -1 =T4-\" 4l, =LA'4l'2' 


and if the last of these equivalents of OPDjI 
is put into (II *) the phase relation at any 
shifted focus is obtained as 


Y2 
OPD = -ll'2 {LA' - 2df), 


If df = LA', that is, for the marginal focus, 
this gives 
Y2 
OPD m = -l1'2(-LA')= -OPDjI. 


In the case of simple spherical abprration the 
axial and marginal light therefore mept "ith 
precisely the same difference of optical paths 
at the marginal as they do at the paraxial 
focu3, only the sign of the diffprence is re- 
versed. 
If df = tLA' or for the point exactly midway 
bf't"een paraxial and marginal focus, the 
difference of optical paths between axial and 
marginal light disappears. These relations 
become geometrically obvious if a diagram is 
drawn (Fig. 7). 
The true dis- 
tortf'd wave re- 
presented by the 
thick curve 
bends away from 
the ideal wave 
for the paraxial D D p 
focus in propor- 
tion to the fourth 
power of the aperture. A normal of the 
true wave at any selected aperture deter- 
mines the marginal focus Dm' and a circle 
tangent to the true wave in the axis and with 
Dm as centre represents the ideal "aYe for 
the marginal focus, and at the selected aperture 
lies as far "ithin the true wave as the paraÛal 
ideal wave lies outside. The existence of an 
intermediate point D such that its ideal" aye 
cuts the tn.1P one at the selected aperture is 
at once obyious. But it is also readily seen 
that this is the closest fitting spherical wave 
"ithin the selected aperturp, for if D ,'ere 
moved towards Drn the lump formed by the 
true wave bet" een axis and marf!in would mani- 
festlv become higher, "hilst if D "ere moved 
fron; the midway point towards Dp the inter- 
mediate lump of the true waye would diminish 
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to a less extpnt than the rapid growth of the 
projection of the marginal part of the true 
wave within the spherical wave under con- 
sideration. I t may therefore be taken "ithout 
algebraical proof (which, however, is easily 
suppli('d) that the residual differences of phase 
are smallest at the point midway between the 
paraxial and extreme marginal geometrical 
foci. 
Their amount is easily determined. In the 
general equation 
OPD=t(
) 2(LA' - "2df) 


LA' represents the longitudinal spherical aberration 
for the zone of semi-aperture Y and by the law of 
simple spherical aberration varies with y2. Now 
let the full aperture be Y 1 and the corresponding 
sphcrif'al aberration LA' I: then, by the law just 
referred to, 


LA' = LA' Y: 
1 y2 1 ' 
and the equation for OPD becomes 
OPD=

 y4 _ Y
 
y21 4l'2 df 2l'2. 
This is easily proved to give a maximum value for 
y2 =dfY\/LA'I' and on putting this value of y2 into 
the equation for OPD it becomes 
OPD . _ ly2 1 df2 
maXImum - - l'2 LA'I . 
For the best foous df=!LA'I' hence at mid-focus 
OPDlliaxilliulll = - it:" LA; , 
Y21 . 
Comparing this with 
OPD = I LA 'I Y2 1 
v 4" 1'2 ' 
the highly important result emerges that at 
the best focus midway between the paraxial 
and extreme marginal foci the residual differ- 
ences of optical paths are of onJy one-quarter 
of the magnitude attained by them at either 
the paraxial or the marginal focus. 
The case of simple spherical aberration was 
O
le <?f 
ho:se on which Lord Rayleigh founded 
Ins hunt. But he did not extend his work to 
the paraxial focus and did not observe that 
t?ere is a point at \\hich the physical aherration 
smks to only one-quarter of its paraxial value. 
It follows that OPD v may be allowed to 
reach a whole ,\-'ave-Iength without infringe- 
ment of the Rayleigh limit for the best focus. 
Again, assuming an average wave-length as .UUU02" 
or .0005 mm., equation (II), combined with the 
equation used above, d(OPDv)/dY =40PD v /Y. may 
be used to determine thc va'ues of the geometrical 
aberrations at which the Raylcigh limit is reached. 
We have 


[ AA' ] Y -TA' Y _ , Y' 
4 - .4l,-LA. 4[,'2 
= :t ,()()002" = :t .0005 mm. 


ThcRe formulae are most conveniently evaluated 
for the ratio of focal length to apcrture--the f- 
numbers of photographic optics-represented by 
l'/2Y. As regards TA' it is \\ell known that the 
.. circle of least confusion" of ueometrical optics 
has a diameter equal to !TA' and 0 
TA' _ ' Y _ LA' 
-LA .----- 
2 2l' 4 times the f number. 
Th
 is ?irectly comparable with the resolving power, 
whIch, III accordance with microscopical experience, 
is defined by the product of the wave-length and the 
{-number and means that two llOints at that distance 
III the image can just be seen apart. 


TABLE I 


RA YLEIGH LIMIT FOR HIMPLE SPHERICAL 
ABERRATIO
 


l' 
2y=l-number. 1/8. 1,16. 1/:32. 
-- - 
Permissible LA' . :t .020" :t .082" :t .33" 
! T A' = diameter 
of geometrical 
circle of least 
confusion .OüUö3 .0013 ,OO:!Ö 
Actual resolving 
power = f-num bel' 
X wave-length '000 lö .00032 .000G4 


The permissible residue of longitudinal spherical 
aberration is seen to be surprisingly large, especially 
for the slender image-forming cones (rarely wider 
than fllG) of microscope objectives. The geometrical 
circle of least confusion comes out at exactly four 
times the resolving power of the system, indicating 
the erroneous results obtained from the geometrical 
theory. 
The realisation of the full resolving power 
stated in the last line of the table at the 
present time rests not only on direct observa- 
tion and on actual 
xperience in designing 
lens systems on the basiR of the Rayleigh limit, 
but has also been verified by direct calculation 
uf the light distribution in thp plane of the 
best focus and in the neigh bourho( Id of that 
plane. 
It might at first sight appear that the 
" tolerance" for primary spherical aberration 
was of no interest in the discussion of highly 
corrected instruments be(':1,use they are ('x- 
pected to be free from this defect. Tlwy. 
however, are so only if used in accordance 
with the intentions of the designer. In prac- 
tice large liberties are taken by uRing mi('ro- 
scope objectives at tube-Jcngths widely depart- 
ing from that for which they were corrected, 
and in tdescopes both by using eyepieees 
afflicted with considerable spherical aberration 
and by using instruments designed for distant 
objects for the observation of lahoratory in- 
struments only a few yard3 away. In all tlH'
(, 
cases primary spherical aberration makes its 
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appearance. Table I. explains why satisfac- 
tory results are usually obtamed in spite of it. 
(ii.) The Rayleigh Limit for Zonal Aberration. 
-The aperture of nearly all lens systems 
is so large that higher terms of the aberra- 
tion series become sensible. In the case of 
low and medium power microscope object- 
ives up to about .35 KA these higher aberra- 
tions cannot be corrected, and it becomes 
important to limit the aperture to just that 
value at which the higher aberration does not 
sensibly lower the resolving power. This ideal 
can be closely realised by applying the Ray- 
leigh limit. 
The usual and, as it happens, the best 
possible method of designing such systems is 
so to proportion them that the paraxial and 
the extreme marginal geometrical rays are 
brought accurately to the same focus; the 
trigonometrically determined aberration (If the 
marginal ray is therefore brought to zero. In 
accordance ".ith equation (11) this means that 
d(OPDp)/dY is also zero. As paraxial and 
marginal foci coincide, OPD m and OPD p are 
identical in this case, hence OPD p can be 
directly determined by computing equation 
(10**) for all surfaces of the system and forming 
the algebraical sum. If higher aberration is 
present and predominantly of the Y6 order, 
this sum will have a sensible value. A very 
low value would in any case indicate a high 
state of correction of the system, but not 
necessarily absence of higher aberration, "hich 
"ill have to be tested for as described in the 
following section if deep curvatures occur in 
the system. 
As;uming that aberrations of higher than 
the sixth order are of unimportant magnitude, 
the equation of the distorted wave 
 be 
OPD p = k l Y-I + 1..'2 Y6, 
and its \
alue for the full aperture Y 1 is knmvn 
by the computation of (10**). But it is also 
knmvn by (11) (on account of the geometrical 
spherical correction) that d(OPDp)/dY I is zero. 
Therefore there are two equations, 
OPD P1 = k l Y I 4 +k 2 Y I 6, 


and d(OPD p1 ) =4kY 3+6
0 Y 5-0 
dY I 1 2 1 - , 


which can be solved for /..01 and k}, and on 
putting the values found into th
 general 
equation for OPD p , the latter becomes 


( Y ) 4 ( Y ) 6 
OPD p =30PD pl Y 1 -20PD pl Y 1 . 
,\Yhen plotted, the curve of the distorted 

\'a.ve takes the form shown in Fig. 8 if, as 
IS m'
ariablv the case , the marainal OPD is 
.J L' pI 
asgumed to have a po
itive value. The dis- 
tOlteù wave bends away from the ideal wave 


I fur the combined paraxial and marginal foci, 
reaches a maximum distance from it at the full 
aperture, and would cut the wave again some 


o 
FIG. 8. 


distance beyond the full utili sed aperture. It 
is immediately evident that a point D nearer 
to the lens system must exist "hich is far 
more nearly equidistant from all parts of the 
distorted wave. The closest-fitting ideal wave 
is dotted in the diagram. It can be determined 
algebraically by noting that in accordance \\ith 
equations (10) and (10*) a shift of focus away 
from D p will introduce a term in Y2 into the 
equation of the wave-curve. Strictly speaking, 
the terms in Y,1 and Y6 would be slightly 
changed at the same time, but if the residual 
aberrations are as small as they IDllst be if an 
instrument is to be of practical use, this small 
change may be safely neglected. A some\\ hat 
complicated investigation of the minimum 
problem involved leads to the result that the 
residual differences of optical paths become 
the smallest possible if the point D is so 
selected (which in the use of the instrument 
is done automatically and unconsciously simply 
-by searching for the sharpest image) that for 
point D the residual wave distortion is of the 
form 
( Y ) 2 ( Y ) 4 
OPD= - IkOPD p . Y 1 +30PD pl Y;: 
y 6 
-20PDpl( yJ . 


This gives the same highest value = -IOPD pI 
for half and for full aperture and zero-yalue 
in the axis and at ,'f of the full aperture. 
The residual phase-differences in the case of 
zonal aberration at the best focus are there- 
fore only one-eighth of the amount found by 
(10**) for the marginal ray. As, in accordance 
with the Rayleigh limit, a difference of one- 
quarter wave-length may be allowed, it follows 
that in lens 
\?stems sufferin[! from ordinary 
zonal aberrati
n (that is Y6 
berration in the 
absence of sensible amounts of still higher 
aberration) the OPD m calculated by (10**) 
ma v be allowed to reach t\\ 0 \\ hole wa T"e- 
len
ths. This result also has been tested and 
cOl;firmed by a large number of succt.'ssful 
lens de:5igns based upon it and more recC'?'tly 
bv direct integration for the complete lIght 
distribution at 
the bC'st focus. 
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In the more u
ual purely trigonometricaJ method 
of designing lens systems the zonal a berration is 
searched for by tracing a third ray through ,'i of 
the full aperture in addition to the paraxial and 
edreme marginal rays. As is easily shO\\n, the 
zonal longitudinal spherical aberration reaches a 
maximum at Y = .7071 Y I if aberrations higher than 
the y6 term are absent. The amount of this zonal 
longitudinal aberration correRponding to the Rayleigh 
limit can be investigated in a manner similar to that 
employed above for ordinary "5pherical aberration, 
The result arrived at is that the longitudinal aberra- 
tion for the .7071 ray may reach Ii times the amounts 
of the LA' stated in Table I. The corresponding 
geometrical .. circle of least confusion n measures 
about nine times the resolving power of the system, 
so that the geometrically estimated size of the image 
is even more misleading in this case than in that of 
ordinary spherical aberration. 
The analytical method of removing the fourth 
order aberration completely leads to a wave-distortion 
of the simple form 


OPD v =k 2 Y6, 


k 2 having very nearly the same value as it would 
ha ve if the trigonometrical method were adopted 
for the same system. A better focus can be found 
in this case at some distance beyond the paraxial 
one, but the residual differences of phase at this 
best pos!->iblc focus are found to be 6.16 times as large 
as those existing at the best focus of a trigonometri- 
cally corrected system. As the zonal aberration 
grows with the üth power of the aperture this means 
that a trigonometrically corrected lens system may 
be given 
/ ü'lü =I'35 times the aperture possible 
with an analytically corrected system of the same 
type. 
(iii.) The Rayleigh Limit for Higher Zonal 
Aberration.-In microscope objectives of NA 
exceeding about .4 the y6 aberration can be 
controlled. Its negative value in objectives 
of low NA is due to the excessive marginal 
over-corrpction produced by the dispersive 
contact surface
. This effect is always present, 
but when the XA is large and the usual plano- 
convex front lens is adopted, then very large 
angles of incidence accompanied by heavy 
spherical under-correction occur at the first 
plane surface of the system, The positive y6 
aberration produced at this surface can then 
be played out against the negative y6 aberra- 
tion of the corrective contacts, and by securing 
a suitable free working distance any desired 
balance may be Btruck. In the purely trigono- 
metrical method of computing objectives it is 
usual to aim at union in one point of the rays 
passing through the paraxial, the marginal, 
and the .7071 zone of the full aperture. It is, 
however, both simpler and leads to a closer 
knowledge of the re!"idual aberrations to calcu- 
late a paraxIal and a marginal ray and to 
bring these to a common focus and then to 
aim at making the OPD = zero for the com- 
puted marginal ray. If only \,4 and Y6 
aberration were present the correction would 


then be perfect. In reality the higher aberra- 
tions come in in rapid succession. A halance 
can then be established between the Y4 and 
í 6 aberrations which are under control and 
the still higher a bprrations which cannot be 
controlled. A full discussion is only possible 
by making the assumption that VS aherration 
is the only one of sensible magnitude, This 
certainly is only a rough approximation, and 
for that reason thp discussion must n0t be 
taken as absolutely trustworthy, 
It is assumed that the wave-distortion is 
of the form OPD p =k I Y4+k 2 Y6+k 3 Ys. The 
correction stipulated is that the OPD pl for 
the computed marginal ray shall be zero, and 
as the geomptrieal aberration is also removed 
for the same ray d(OPD p1 )/dY I will also be 
zero in accordance with equation (11). This 
gives the two equations, 


k l Y l 4 +Æ..!YI 6 + k 3 í l s = 0, 


and 
d(OPD p1 )_ il,'
 3 ' k ,.,.. 5 1. Y 7_ 
h dy--':I:hl
1 +6 2
1 +8h3 I -0, 
I 


by which 1..- 1 and k 2 can be expressed in terms 
of k 3 , namely 


k 1 = k3 Y 1 4 , 


and 1.: 2 = 1.: 3 Y I 2. 


On putting this into the general expression 
for OPD v it becomes 
OPD v = k 3 Y I 4Y4 -2k 3 Y 1 2Y6 + , 3 ys, 
I and this is zero for Y = 0 and for Y = Y I' and 
has a maximum value for Y = .7071 Y I and 
a minimum for Y = Ylo For the latter the 
OPD is, of course, zero. Fnr the maximum 
at Y = .7071 Y I the value is 
OPDpm:J.ximum = -lr;k 3 Y 1 8. 


The residual greatest phase-difference at 
the computed focus is therefore ;
 of the 
total Y8 aberra- 
tion present in 
the system, The 
curve represent- 
ing t.his wave is 
shown in Fig. 9. 
No improve- 
ment can be made 
in thie case by 
a shift of focus. 
But as the zero- 
value of the OPD at the computed aperture is 
a minimum, the wave-curve bends again away 
from the ideal wave beyond the computed 
aperture, and thp aperture may therefore be 
increaspd up to the point where the OPl> 
reaches thp same value as at .7071 Y 1 without 
any increase in the maximum phase-differences 
at D p' It is easily ascertained that the general 
exprpssion for OPD p reaches the value r\)..'3 Y I 8 , 
again at Y=I'10 Y 1 . Systems in which 


= Maximum 


,FIG. 9. 
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this highest correction is aimed at should, 
the efore, have the "marginal" ray traced 
through it of the intended full aperture. 
The advantage secured in this way is far 
greater than it would appear to be at first 
sight, for at Y = 1.10 1'"1 the \:"8 aberration, 
which is the one beyond control by which 
the attainable XA is limited, will be (1'10)8 
=2.144 times as large as at Y=I.OO. By 
establishing the stipulated corrections for 
if of the intended full aperture, the fraction 
of the Y8 aberration present in the real 
mar!!inal zone which becomes effedive at the 
focu
 therefore sinks to 1/(16 x 2-144) or to 
-l4 part. The 1'"8 aberration at the extreme 
margin might therefore reach 1- of 34 or 
8! wa'
e-lengths ,Üthout transgression of the 
Rayleigh quarter-wave limit. 
,rhilst a highly favourable balance of the higher 
aberrations is sure to be established by the above 
method, no clue is afforded by it as to the amount 
of Y8 aberration which may be present. This may. 
however, be closely estimated by noting that at 
aperture Y 1 the y4 aberration is exactly equal to the 
Y8 aberration. The y4 aberration can be deter- 
mined with sufficient appro"{imation by reducing 
equation (10**) to first order terms by putting 
smes equal to angles and cosines equal to one. It 
then becomes 
Para
ial OPD m =-!N'yi'(u' - u)(i - u'), 
and if this is calculated with the nomina] para:xial 
angles stipulated in the trigonometrical part of this 
article it will by summation over all the surfaces give 
the required indirect estimate of the y8 aberration 
of the computed ray. .Aß"1\1- of this appears as wave- 
distortion at the focus, this paraxial OPD m sum may 
be allowed to reach 4 wave-Ieogths, but, on account 
of the uncertainties introduced by the presence of 
still higher aberrations and by the rough method 
of estimating the Y8 aberration, it is highly advisable 
to restrict the paraxial OPD m to a maximum value 
of only two wave-lengths. This would leave no 
reasonable doubt as to fulfilment of the Rayleigh 
condition. 
There is no definite method for gaining control 
over aberrations higher than y6; if one were found, 
then it is an obvious deduction from the preceding 
paragraph that paraxial OPDm=û would be a 
convenient and effective additional condition to be 
fulfilled. It would still call for the tracing of only 
two rays through the system. 

 (II) FOCAL RANGE AND DEPTH OF Focus. 
-A very important application of the Ray- 
leigh limit leads to the determination of the 
range within which the focal adjustment of 
an optical instrument may vary without 
sensible loss of definition and conversely to 
the fixing of the "depth of focus," that is 
the distance from the neare
t to the farthest 
object which can be seen sharply at anyone 
focal adjustmpnt, All that is required is to 
discuss equation (11 *) 
OPD= O PD _J d fl' ( Y ) 2 
p 2 J l' , 


on the supposition that OPD p has a fixed 
value, anrl that df is subjected to variation. 
The discussion is simplest for a perfectly 
corrected instrument in which UPD p is zero. 
The Raylei
h limit of 1 wave-length will then 
apply to OPD, hence 
( l' ) 2 
df=
 wave-length y . 
By comparison with the permissible LA' 
in the case of simple spherical aberration the 
value of df is seen to be 1 of that found for 
LA'. But df may obviously be applied on 
either side of the geometrical sharp focus, 
hence for a perfectly corrected instrument 
Focal Range = ! of the LA' in Table I. 
The testing of this result by direct integra- 
tion brings out the same remarkable fact, 
which also appears in all the other tested 
cases of a phase - difference equal to the 
Rayleigh 1- wave-length, namely, that the 
small deterioration of the image as compared 
with Airy's ideal spurious disc is limited to a 
loss of brightness in the central condensation 
(which nearly always is the only part appre- 
ciated by the eye) but does not affect its 
effective diameter. "Tithin the Rayleigh 
limit there is thus no loss of resolving power, 
but only a moderate loss of brilliancy and 
contrast in the image. On the average (the 
figures vary sensibly for different cases) the 
loss of light from the central condensation at 
the Rayleigh limit is 20 per cent. This 
remarkable and most valuable peculiarity is 
maintained up to about t" ice the Rayleigh 
limit: the central condensation still maintains 
its sman diameter, but at the doubled limit 
sinks to about 45 per cent of the ideal 
maximum brightness, all the light lost in the 
central condensation appearing in a faint 
halo and in the more or less distinct diffrac- 
tion rings. For this reason all the tolerances 
deduced above may be doubled in case of 
extreme necessity, 
 still without serious loss 
of resolving power on detail possessing 
sufficient contrast. The focal range becomes 
quite large at high f/numbers as it grows "\\ith 
their square. Thus in photomicrography the 
cones converging towards the sensitive plate 
are hardly ever "ider than 1/128, and 1/ 400 
may be taken as near the average. For ff400 
the focal range within the Rayleigh limit is 
62,) times the figure given in Table 1. for the 
LA' limit at f18, or 12.5 inches. It is there- 
fore quite unnecessary to focus on ground 
glass in order to localise the image. Equally 
good results will be obtained, "ith a great 
savina of time and f'ycsiaht. by focussing 
"in the air" "ith a '
'eak magnifier (strong. 
reading-glass) held at about its focal lcnl!th 
from the eye and adjusted by guess for focus 
in the plane to be occupied by the photo- 
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graphic plate. The image spen in this way 
will ha \Te many times t.he brightness of that 
seen on ground glass, and the detail will not 
be 0 bscured by the grain of the focussing 
screen. 
'Yhen there are sensible differences of phase 
due to spherical aberration at the best focus, 
then the focal range is necessarily correspond- 
ingly reduced, and this reduction is in fact 
the chief drawback attaching to residuals of 
aberration up to the Rayleigh limit. If the 
aberrational differences of phase can be 
restricted to half the Rayleigh limit the loss 
of focal range is unimportant, and if only 
one-quarter of the Rayleigh limit is used up 
to cover aberration the loss of focal range is 
quite insensible. 
The comparison of the physically deter- 
mined light distribution near a focus with 
that suggested by purely geometrical ray 
tracing yields remarkable diagrams. The 
upper part of Fig. 10 shows by the two inclined 


FIG. 10. 


straight lines thc limit!:! of the geometrical 
cone of rays in the absence of all aberration. 
Integration of thp interference effect leads to 
the concentration of all the normally appre- 
ciated light between the two parallel lines, 
which only begin to spread out at the doubled 
Rayleigh limit. The lower part represents 
thc case of simple spherical aberration at the 
Rayleigh limit. The inclined lines represent 
the rays from half and full aperture respect- 
ively, the intersection of which determines 
the geometrical circle of least confusion, The 
physically determined light distrihution i
 
representf.'d hy the close parallel lines which 
lie entirely to the right uf the geometrically 
determined supposed hest image and enclose 
a cylinder of only one-quarter the diameter of 
the circle of least confusion. 
It is noteworthy that Taylor, in his System 
of Applied Uptic8, called attention to this 
cylindrical constriction of the light near a 
focus as an 0 hservational fact worthy of 
theoretical investigation. Any kpen observer 
can pasily verify it. 


The depth of focus in the' object space may be 
(kduced directly from the focal range in the image 
"1pace by the well-known theorem that the magnifica- 
tion in depth (along the optical axis) is=the square 
of the linear magnification. This, however, becomes 
inaccurate for high numerical apertures, and it is then 
desirable to determine df at the object directly by 
the strict formula from which the abovc deductions 
were derived: 
. . 2 DD:pD' 
DIfference of phase=2dfsm - --. 
2 


On the side of the objef't the angle DD:pD' is sin-I
A 
if the object is in air, or sin- I NA,X if the object 
lies in a medium of index N. In the latter case the 
wave-length at the object will also be shortened in 
the proportion of 1 to N, hence the universally 
applicable equation for df will be 
df = All
ved diffe!, ence of phase 
2N sin 2 (! sin- 1 (NAjN)) , 


in which the difference of phase (according to 
Rayleigh=l wave-length) must be measured by the 
wave-length in air. The range df may be allowed OIl 
either side of the sharply focussed object, hence for 
the Rayleigh limit 
.000005 inch 
Depth of focus - N . 2! 1 (NA N r 
sm (. sm - j) 


This gives for the numerical apertures stated in tho 
first horizontal line the values in Table II, for wave- 
length .00002 in. (bluish green) : 
TABLE II 


Numerical Depth of Focus Dppth of FocHs in 
Aperture. in Air. )Ietlinm of 1'5 Index. 
inch. inch. 
.25 .000312 .000471; 
.50 .000075 .000117 
.75 .000030 .( )lI( )Oi)O 
1.00 . . .000O
ö 
1.2.) . . .1J1J1J()l5 


The small values of the depth of focus 
explain the necessity of a delicate, fine adjust- 
ment for the focussing of microscopes. The 
amounts given in the table are available even 
in the case of projection of the image upon 
a fixed screen or photographic plate. In 
visual observations there is an additional 
amount of depth of focus due to the range of 
accommodation of the human eye: this is 
dealt with in the introduction. 

 (12) THE OPTICAL SINE CONDITION.- 
Although most perfectly freed from spherical 
aberration, a microscope objective may he 
utterly useless on account of coma in the 
images of objects not lying exactly in the 
optical axis. In microscope objectives of 
high numerical aperture this dd('ct can reach 
such extraordinary magnitude that the 
I theoretical rpsolving power may only bp 
realised if the two close points are placpd 
symmetrically to ('ither f:ide of the optical 
axis. The removal of coma is therefore 
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absolutely indispensable. "(TntH 1873 this 
called for laborious calculations or else for 
numerous empirical trials of experimental 
lenses. In that year Abbe and Helmholtz 
simultaneously but quite independently an- 
nounced the remarkable theorem known as 
the optical sine condition, by which the 
detection of coma is reduced to an almost 
negligible amount of computation. The 
theorem states that when any centred lens 
system causes a ray starting under an angle 
U from an axial object-point B (Fig. 11) to 


8 


D 


FIG. 11, 


reach the trigonometrically determined image- 
point D under angle U', then the ratio 
X sin U jN' sin U' will be the magnification of the 
imag/3 produced in the plane of D of a small 
object near B and in the plane passing through 
it at right angles \\ith the optical axis. :x 
represents the refractive index of the medium 
surrounding the object, and 
' the index of 
the medium in which the image is formed. 
It follows at once that if zones of the lens 
s) stem of greater or smaller diameter are 
considered, they "ill give an image of the 
same size only if the" ratio X sin U,X'sin {j' 
is constant throughout the full aperture. All 
that is required in order to remove coma. in 
the small field employed by microscope and 
telescope objectÍ\Tes is therefore to form the 
ratio X sin UrX"' sin U' for every computed 
ray (usually the paraxial and the marginal 
one), and to modify the system until this ratio 
attains the same -value for the several rays. 
This is in fact the uni'Tersal practice of de- 
signers of telescope and microscope objectives, 
and it is very rarely the case that any suspicion 
of residual coma can be detected in systems 
thus corrected. 'Yhen this happens it is due 
either to zonal ,ariation of the sine ratio or 
to higher forms of coma which grow with the 
third power of the diameter of the field and 
are not included in the theorem. The latter 
covers all orders of simple coma growing in 
direct proportion with the diameter of the 
fielJ. 
.:\[any proofs have been gi,en of this re- 
markable theorem, but most of them are 
pither incomplete or of a highly involved type. 
For a simple anù yet valid proof reference is 
made to a paper by Conrady in )Ionthlv 
Notices of R.A.S. for )Iarch 190". . 

 (13) THE CHRO:\IATIC CORRECTIOX OF 
OBJECT GLASSEs.-AH the ray-tracing equa- 


tions which have been given in,'olve the re- 
fractive inde-x: of the lenses of which a lens 
system is built up. As the refracti,,-e inde-x: 
of any given glass varies for light of different 
colour and wave-length, the conclusion is 
obvious that the location of the final focal 
point, the magnification, and the spherical 
correction "ill also, as a rule, vary according 
to the colour of the light. Owing to the 
comparatively small change of N in the 
visually bright part of the spectrum (averaging 
less than 1 per cent of X between the C and 
F lines) and the pronounced maximum of 
intensity at the middle of this short range, the 
variations of magnification and spherical aberra- 
tion are usually small and can be neglected 
in systems of low aperture, or treated by a 
lower approximation than that required for 
the spherical correction of the brighte.'it rays 
in systems of high aperture. 
The makers of optical glass supply \\ith each 
melting a table giving thp refractive index 
Nil for the D-line, the dispersion Nt-Xc=dX 
between the C and F lines, X t - :Nil bet\\ een 
D and F, and under the symbol small Greek 
II, the ratio of (
1I-1) to (Xt-
c)' X'g-
t 
for the blue end of the spectrum is also 
frequently given, G' being the adopted symbol 
for the dark-blue hydrogen line close to the 
solar G-line. Other indices have to be found 
by interpolation. The best formula (Conrady, 
:Monthly Xotices, R.A.S., 1903) for this 
purpose is 
X=Xo+aw+bw3
, 
in which No represents the hypothetical index 
for infinite wave-length, w the reciprocal of 
the wave-length expre
sed in J..L (.001 nUll.), 
for which N is to be determined, and a and b 
constants for anyone glass. By writ.ing out 
t.his formula for the values of X usually given 
by the glassmakers (C, D, F, and G'), and 
introducing on the right the corresponding 
numerical values of w, Xo, a, and b can be 
solved for in terms of the usual data, and are 
found as 
Xo=:Nt! - [.8-!895](:N t - Kc) 
+ [-92..J.,32](K' g - X f }, 
a= [.69108](Xt- N,:) - [,SI77.3](X' g - Nt), 
b= -[9'29980-10](Xt-
c) 
+ [9-63329 -10](X' g - X/), 


The figures in square brackets are the loga- 
rithms of the numerical factors, which arc 
more useful than the factors themsel,es. 
For the '" hole range of ordinary optical 
glasses this interpolation furmula gives indices 
agreeing "ith direct determinations \\ithin 
one or two units of the fifth decimal place 
throughuut the visible spectrum. On the 
basis of the nature of the secondary spectrum, 
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the formula. can he discusHed so as to (h,terminp 
the wave-Ien.srth for which a lens system has 
minimum focal length when the C and 
., 
rays are brought to a common focus in accord- 
ance with almost univenml custom based on 
long e
perience. This "a\e-Iength of the 
yisually most important rays is thus found as 
3,)3,) Angstrüm units, and thE" corresponding 
index can be determined accurately by 
X 5555 = N d + .213ï(N, -
c) - 'U-tï4(N' g - N,), 
or with nearly always sufficient approximation 
by the e.xtremely 
imple formula 
KS555=N a + .188(X,-N c ), 
which is obtained from the more accurate 
one by introducing .583 as an average value 
of the ratio (N'g -N,)/(N, - N c ), from which 
the latter does not vary for practically useful 
gla:sses by more than about :t 6 per cent. 
Deeidcdly better results are obtained by 
carrying out the main calculation of lens 
systems for fulfilment of the sine condition, 
and freedom from spherical aberration within 
the Rayleigh limit with this index for visually. 
bnghtest light obtainable by a single slide- 
rule setting instead of the widely used N a. 
H 14) G EO
IETRICALCORRECTION OFTHE CHRO- 
::\IATIC ABERRATIoN.-Ray-tracing methods for 
dealing with the chromatic aberration must 
be devised with due regard to the variation 
of spherical aberration in different colours, and 
to the existence of the secondary spectrum. 
.A first method consists in tracing a paraxial 
and a marginal ray in each of two colours 
near the limits of the spectrum, which is effect- 
ive under the given conditions. C and F 
are generally best for visual purposes, D and 
G' for systems intended for photography at 
the visually determined focus. It will nearly 
always be found that the four rays cannot be 
brought to a common focua: the best that 
can bp done is to allow spherical over-correc- 
tion for one (practically always the more 
refrangiblp) colour and sphprical under- 
correction of nearly the same amount for the 
other (less rpfrangible) colour, and to bring 
the four intpl'Section points within the smallest 
possible space along the axis, and to the most 
symmetrical distribution, which will be usually 
the sequence, counting in the dirpction away 
from the lens systpm: blue paraxial focus 
closely followed by the red marginal focus, 
after a fairly considerable interval the red 
paraxial focus, and elosely heyond the latter the 
hlue marginal focus. As the differencp in the 
spherical aberration forthetwo colours is almost 
entirely of the primary order, this arrangement 
of the foci implips that the red and blue rays 
through the .7071 zone would be found closply 
1J.nite(1 at the mid" ay (Joint. The chid draw- 
hack (Jf this method of carrying out the 
chromatic correction is, in the case of micro- 


scope objpctivC's, that the criteria. for the 
Rayleigh limit cannot be convpniently applied 
on account of the residual longitudinal 
spherical aberration in hoth colours. Its 
advantage is that the spher'Ícal variation of 
chromatic aberration is dekrmined directly. 
A better method consists in the tracing of 
a paraxial and a marginal ray in " hrightest " 
light, as defined for visual purposes by the 
simple interpolation formula givpn above, 
, and in establishing perfect correction of the 
longitudinal sphprical aberration for these two 
rays. To correct the chromatic aberration 
two rays of differpnt colour (C and F for visual 
purposes) are traced through the .7071 zone 
and brought accurately to a common focus. 
On account of the secondary spectrum the 
latter will lie at some distance beyond the 
focus of the brightest light. In this case the 
criteria for the Rayleigh limit can be applied 
to the brightest light. The spherical varia.tion 
of chromatic aberration is, however, nut 
revealed. 


A very convenient simplification of the preceding 
method results if the effect of the secondary spectrum 
is eliminated from the calcuÙttion (it of cour::>e remains 
in the actual lens system) by coupling with the 
calculation of the paraxial and marginal" brightest" 
rays one fictitious" violet" ray traced through the 
.7071 zone, the N v used being determined for each 
glass as the sum of its inde'l: for brightest light plus 
its di!õ;persion between C and F. In this method 
the three computed rays can be brought accurately 
to one common focus. It can be confidently recom- 
mended for all ordinary purpuses and fur low-power 
microscope objectives if a purely ray-tracing method 
is preferred for any reason to tlU' more expf'ditious 
and physically sound optical path method now to be 
given. 



 (1;')) PHYSICAL TREATME
T OF THE CHROl\l- 
ATIC ABERRATIoN.-Refprring hack to Fig. 2, 
but assuming that the objpct-point 0 send 
out white light composed of all colours of the 
spectrum, the different vplocities of propagation 
of these colours in anyone lens of the sy
tel1l, 
and along axial and marginal paths in it of 
different length, will in general cau
c emergence 
of waves of varying curvature corrpsponding 
to the separate colours. The aim of achrom- 
atisation is to reduce these variations of 
C'urvature to the least pos::;ible magnitude for 
the range of the sppctrum which contributps 
most strongly to the final ima
p. Fig, 12, 
an elahoration of Fig. 2, will make this quite 
clear. If the thick curve \V' in thp image- 
space repre
ent<; the emerging wavp of hrightest 
light, then in the case ()f chromatic under- 
correction the emprging more rcfrangihle waveR 
will have a greater curvature-and thereforp 
a shorter intersection length {\f corresponding 
rays-and the less rcfrangihlp waves "ill have 
less curvature. By small adjustmC'nts of the 
relative power of crown and flint components 
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the marginal gap hetwepn corresponding waves 
of different colour can he modified, and as the 
differences of refractive index for the range of 


o 


FIG. 12. 


colours which calls for correction is always 
small, the relatire distortion of the waves "ill 
be only affectt'd to an unimportant extent by 
such a change. "Guder these conditions reason- 
ing of the same kind as was applied above in 
the applicatiun of the Rayl{'igh limit to the 
problems of sph
rical aberration and the loca- 
tion of tl1P best focus in those cases immediately 
leads to the conclusion that the best com- 
promise (i.e. the least residual gaps between 
the different wa\
es in the intermediate zones) 
",ill be attained if the wa,es of differE'nt colour 
are so adjusted that they intersect each other 
in the extreme margin of the effective aperture 
when tht'y are tangent to each other in the 
axis. This leads immediately to a solution of 
the problem. By the definition of a wave 
surface the optical paths along the geometrical 
rays between conjugate points of two positions 
of a "èwe are absolutely equal. If the upper 
raJT in Fig. 12 represents thp trigonometrically 
traced marginal ray in brightest light, and 
di' d 2 , etc., are successive parts of the axial 
path, Dl' D2' etc., the corresponding parts of 
the marginal path, and if N I , X 2 , etc., are the 
respective refractive indices for brightest light, 
the relation thprefore exists for the t'Wo paths 
between 'Y and 'V' 

(d-D)X=O. 


If the lower marginal ray in the diagram is 
similarly regarded as the trigonometrical 
tracing from 'Y to the wa\
e tangent to 'Y 
in the axis, but of a different colour, and if 
D'I' D' 2' etc., are the successive parts of the 
marginal path, and Xl + dX 1 , X 2 + dX
, etc., the 
respective indices, then for this coloured "ave 
the corresponding relation exists 



(d-D')(X +dX)=O. 


The discu<:.sion of the t\\ 0 sums would still call 
for the trigonometrical tracing of the two rays 
of different colour on account of the difference 
beh,een the corresponding D and Ð'. .At 
this stage Fermat's" theorem of the minimum 
optical path," as it is loosely called, becomes 
available. According to this theorem, the 
optical path of light between two points as 
determined by the law of refradion, that is 
by ex ad trigonometrical ray-tracing, represents 
a maximum, minimum, or stationary value 
VOL. IV 


0' 


with reference to all alternative closely neigh- 
bouring paths. These neighbouring paths 
therefore can at most differ by small quantities 
of the second order if they are everywhere 
within small distances anù at small angles of 
the first order compared to the computed 
path. It follows that if dX represents a very 
small increment of X, then the differences 
between the corresponding sums of D and D' 
values are strictly negligible. But tbe same 
convenient simplification is found to hold for 
any finite value of ax which can occur in lens 
systems. "
hen the difference between a 
trigonomE'trically determined path and a 
neighbouring path at small but finite distances 
and angles is evaluatt'd it is easily proved that 
this difference will rarely amount to so much 
as ;1) wa\Te-length for any thicknes::;es or 
any angles of incidence that can occur in 
practicable lens systems. The ne
leeting of 
the difference bet" een each D and the corre- 
sponding D' for each constituent lens or space 
is therefore always legitimate in actual lens 
systems. 
For the ideal chromatic correction sho" n in 
the lower part of Fig. 12, when the coloured 
and the brightest wave intersect in the 
marginal zone this equality of D and D' applies 
to all sections of the total path. There are 
then the two relations- 


For the brightest light, 
(d-D)
 =0, 
For the eoloured light, ::(d -D){K +d
)=O, 
and the difference. 
(d - D)dX = 0, 
embodies the condition to be fulfilled bv the 
lens system if the ideal chromatic correction 
is to be realised. 
If the ideal correction shown in the lower 
part of Fig 12 is not rea lisen there "ill be a 
marginal gap between the brightest and the 
coloured wave, and for the last section of the 
respective marginal paths there "ill then be 
a corresponding difference between D and D'. 
If the sum of the (d - D)dX is still calculated 
"ith the D-values for the brightest light, the 
sum mIl differ from zero by the exact amount 
of the marginal gap between the two waves. 
Therefore this sum is an unconditional measure 
of the residual chromatic aberration of any 
lens-system if put into the form 

(d-D)aX=Chromatic aberration, (12) 
the latter expressed as a difference of optical 
paths. 
The sense of the difference (d - D) has been 
chospn so as to give a positi,e ,alne for a 
simple convex lens (d> D) and for coloured 
liaht more refrauaible than the brip:htest light 
(J
>O) in acco;danee with the custom of 
counting chromatic "under-correction" as 
positiye in this case. 


Q 
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The indices and dispersions supplicd hy the 
glassmakers are determined in air, and are 
therefore relative and not absolute values. 
This fact justifies to a large p"'{tent the uni- 
versal custom in practical optics of computing 
lens-svstems with a total disregard of the 
rcfrac'tive properties of air. The air is always 
treated as if its refractive index were exactly 
one and its dispersion zero. In evaluating 
equation (12) this means that air-spaces con- 
tribute nothing at all to the value of the 
chromatic sum, and that the terms (d - D)dN 
have only to be calculated for the actual 
simple lenses of which the system is composed. 
'Yhpn the space between the object or image 
anrl the nearest lens is filled ,,,ith a medium 
other than air, as, for instance, ,,,ith oil or 
water in the ca.")e of immersion objectives and 
condensers for the microscope, this space must 
of course be included in forming the sum. 
The only quantity in (12) which calls for an 
addition to the computing formulae is D. By 
projecting the D of anyone lens upon the 
optical a),.is it is easily verified that if Xo is 
the depth of curvature calculated by (8) of 
the first surface, X that of the second surface, 
and U the angle of convergence of the marginal 
ray, then 
D= (d+X-X o ) sec U. (12*) 
This formula. also covers the ('ase of the 
space between the object-point and the first 
lens surface of an immersion - system, by 
looking upon this space as a lens consisting 
of immersion-medium and of a thickness equal 
to the distance from the object-point to the 
pole of the first actual lcns surface. Xo is 
then obviously zero and the formula becomes 
simplified to that extent. 
A well-handled slide-rule is generally sufficient for 
the working out of the (d - D)dN sum, because the 
dN supplied with optical glasR are neither determined 
with sufficient accuracy nor sufficiently constant for 
differel!t plates of the same melting to be depended 
upon beyond about 1 part in 500. Unusuallv thick 
lenses will, however, call for closer calculatio
, as in 
their case the percentage uncertainty of (d - D) "ill 
be much higher than that of D. Even then the 
slide-nIle may be uRcd, provided that U is reasonably 
small, hy calculating direetly 
d - D=(X o - X) Aec U -d(scc P -I), 
in which the great thickness appeara with a very 
small factor and influenceR meff>ly a small correction. 
In practice the (d - D)d
 is calculaÌf>d for viRual 
instruments \\ith dX =
/- N c as given by the makers 
and for photographic systems with d
 =N' (1- N d . 

 (J 6) THE RAYLEIGH LnUT FOR CHROMATIC 
ABERRATJO
.-As hy (12) the (d - D)rl
 sum 
e),.pre
ses dirpctly the differpncp of marginal 
optipal paths for thp c1ireptly trappd "hright- 
est" ray and for the eolourp<1 ray of a 
different rdractive index, it is at once apparent 
that the Bum may be allowed to differ from 


zero-value by the Rayleigh quarter-wave 
prmTided that the dN used refers to the colour, 
most remote from the blighteRt, which still 
contrihutes a sen!"ible amount to the total 
intensity of the image. In visual instruments 
the light corresponding to the C and F lines 
may be taken as representing this limit. But 
as the practice is to use the whole dispersion 
between C and F as the value of dK,
 whiJst 
the visually brightest light corresponds to the 
region ahout midway between C and F, a value 
of the (d - D)(
/- N c ) sum of half a wayp- 
length will correspond to the Rayleigh limit 
for either C or F light at the focus of the 
brightcst light. For visual instruments of 
moderate aperture, in which thp spherical 
variation of chromatic aberration may be 
assumed to be unimportant, the Rayleigh 
limit therefore corresponds to 

(d-D)(N/-Kc)= j: ,00001"= :t .00025 mm. 
As in the case of the spherical tolerances 
previously discussed, this apparently minute 
latitude in the value of the chromatic sum 
really amounts to an extremely generou
 
allowance. "Then it has to be drawn upon 
in order to improve the correction of other 
aberrations in systems of few surfaces (and 
it should, of course, be taken advantage of only 
for some good and sufficient reason!) it is 
usually used up in one of the constituent lenses. 
Now (d - D) may be takpn roughly as of the 
order of .1 inch for anyone average lens and 
(N 1 - N c ) has an average value of .01. The 
full amount of (d - D)(
/- N c ) for an average 
lens is thereforp of the order of .001 inch. The 
tolerance of j: .00001 inch represents 1 per 
cent of this value, so that either the power 
of the lens-which is proportional to (d - D)- 
or the dispersion of the glass may be varied 
to the extent of t] per cent without trans- 
gression of the Rayleigh Jimit, and therefore 
without sensible loss of defining or resolving 
power. 
In systems of large apprture, which almost 
invariably contain surfaces of deep curvature, 
the spherical variation of the chromatic 
aberration represented by the separation of 
the different coloured waves in the lower part 
of Fig. 12 for zones hetween axis and margin 
must be estimated and restricted within s(tfe 
limits. 
O"ing to the smallness of the variation of 
the rdractive index for the range of colours 
which can for serious consideration in anv one 
instance (C to F for visual instrunlPnts), the 
gap in question is almost entirely due to 
variation of primary spheripal aherration for 
difTprent colours and can he evaluatpd "ith 
rdprenee to th(' "hrightest." "av(' on the 
principles" hid1 WPI'(, pmploye(l in the seetion 
on spherical a hprration for the dctcrmination 
of the gap between a wave distorted by 
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sphE'rical aberration and the closest-fitting 
ideal spherical wave. 
As the brightest and the coloured wave 
intersect each other in the marginal zone, and 
as the gap between them is attributable (wi.th 
sufficient approximation) to prima.ry spherical 
aberration, the gap must correspond to an 
equation of the form 
Ga p =e(i)4 -e( i) 2, 


which gives a maximum value of -!e at 
Y = Y I ,'f, where 1 1 is used as a symbol for 
the full semi-aperture. 
In the paraxial region only the second term 
will be sensible, as Y IY 1 "ill be a very small 
fraction. Hence a determina tion of the 
(d - D)d
 sum for the paraxial region will 
determine the second term and thereby the 
value of e. This calls for the determirÎation 
of the net thickness (d - D) of each lens in the 
vicinity of the optical axis. This is easily 
derived from the equation already used, 
d - D = (X o - X) see U - d(sec U -I). 
Xo - X will be very small and the factor sec IT 
in the first term is therefore to be neglected, 
as the term is clearly small of the second 
order. But in the second term d represents 
a constant finite quantity multiplied by (sec 
U - 1), which for small angles is small of the 
second order. Both terms of the equation, 
therefore, contribute terms of the second order. 
For the paraxial value of X equation (8p) 
gives 1 ( - ) 
x = 2Y u + 1- , 
or, as by Fig. 1, 
y=r('ll +i), 
... x=lr(u+i)2, 
For small angles (sec U -1) becomes =}u 2 , 
hence the computing formula is 
(d - D)paraxial = ir o ('ll 0 + iO)2 - ir(ll + i)2 -!d . u 2, 
(12p) 
If the zonal chromatic aberration is to be 
determined this equation has to be ey"aluated 
for each constituent lens, just like the marginal 
(d - D), and the sum (X, - Xc)(d - D)paraxial 
formed. The use in this calculation of the 
large fictitious values of the paraxial angles 
recommended in the first part of this article 
is equivalent to determining the Y2 term of 
the equation for the gap at full aperture; 
hence the paraxial (d - D)dX sum gives the 
'Talue of c in the equation for the gap directly 
"ithout any further reduction. As the 
ma
imum width of the gap ha
 been deter- 
mined above as equal to !e, one-quarter of 
the paraxial (d - D)d
 sum represents the 
maximum distance between the red and blue 
emergent waves, both af which "ill be at 


approximately half this distancf" from the 
" brightest" wave between them. In accord- 
ance with the Rayleigh limit the paraxial 
(d - D)d
 sum may therefore be allowed to 
reach -i or two entire wave-lengths, The rule 
to be followed in these cases of zonal variation 
of the chromatic correction is, therefore: 
(a) Bring the (d - D)d:X sum to zero-value for 
the marginal ray by suitable changes of radii, 
thickne
ses, or separations, or by selection of 
glass of appropriate dispersion. 
(b) Calculate the (d - D)dX sum for the 
paraxial r<."gion with the aid of (12])). If it 
does not exceed two wave-lengths (-00004 inch), 
the zonal chromatic aberration "ill be within 
the Rayleigh limit and pradically insensible, 
Objectives which fulfil this or an equivalent 
geometrical condition are now lumally described 
as semi-apochromatic. 

 (17) THE SECOXDARY SPEcTRr
'[.-The 
(d - D)rlX method of dealing "ith the chromatic 
aberration supplies by far the simplest and 
f'learest means of demonstrating and evaluating 
the so-called secondary spE'
trum of all lens 
systems made from the ordinary optical 
glasses. 
As the (d - D) value of the separate com- 
ponents of a sY5tem may by Fermat's theorem 
be treated as practically constant for the 
whole visible spectrum, it is at once seen 
that if (d - D)dX has heen made 7ero for two 
selected colours, it would also be zero for 
other colours if the dX - values for other colours 
of all the varieties of glass used in the system 
were in a fixed ratio to the respective values 
of dX for the originally selected colours. Thpre 
are no glasses suitable for use in microscope 
objectives which fulfil this condition. A'S an 
example, two glasses largely used in microscope 
objectives may be taken from Chance's list- 

o. 6493 N d = 1.5160 Xf-N c = -00809, 
Xo, 337 1-6469 .0191';, 
Nf-X d = .00367 N' g-N,= .00454, 
-()1376 .01170, 
or ratio of dispersions 
2.37, 2-43, 2.58. 
It is seen that the ratio of flint to cro,,-ù 
dispersions increases greatly towards the 
violet end of thE' spectrum. To estimate the 
resulting confusion of pha "e for D and G' 
when F and C have been brought to a common 
focus, it is best to calculate f;Olll the ratio in 
the F - C region what the dispersion of the 
crown-glass ought to be to E'stablish propor- 
tionality. The result is that to remm-e the 
secondary spectrum the crown ought to have 
Xf-X c = .00809 Xf-N d = .on.)sl 
K' g - 
f= .OO..J.9-f, 


or an incf('ase of 
.00000, .00014, -00040. 
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These differences, multiplied by the (d - D) 
value of the crown, give directly the secondary 
spectrum effect as a difference of optical 
paths. 
ow it may be taken that the total of 
(d - D) values for the crown components of an 
averaae microscope objective is about ,15 inch. 
Therefore the secondary spectrum effect in 
terms of optical path IS, referred to the 
combined F and C focus, for the D-line 
.00014 x .15 = .00\1u2" = 1 wave-length, for the 
G'-line .000-10 x .15=.00006"=3 wave-lengths. 
In reality one observes close to the focus of 
the brightest light which is nearly enough (for 
the present purpose) at D. Referred to this 
the F and C rays will arrive with a marginal 
difference of phase of one wave-length and 
the G' raYs \\ith one of four wave-lengths or 
respectiv;ly four and sixteen times the Ray- 
leiah limit. This demonstrates the extreme 
b . 
seriousness of the secondary spectrum In cases 
when a long range of colours comes into 
action and the difficulty of 0 btaining good 
photographs with "achromatic" microscope 
objectives. Practically no advantage results 
from su bstituting other ordinary optical 
glasses for tbe two selected above. But very 
different conditions are found when the mineral 
fluorite is substituted for the usual croWIl- 
glass and dense crmvn or very light flint-glass 
for the usual dense flint. 
.Fluorite: N d = 1.4338 Nf-N c = .00454, 


Telescope-flint: 


1 .5237 


.01003, 


Nf-N d = .00321 
.0070
 


N' f1 - N f = .0025ü, 
.00575. 


Ratio of dispersions: 2.21, 2.203, 2.2-15. 
Calculating what the fluorite dispersions ought 
to be for p('rfect proportionality, the result is 
N f - Xc = .00-15.j N I - .N d = .00321 '00260, 


or an increasÐ of 


.00000, '00000, .00004. 
The total (d - D) value of fluorite in all 
apochromatic objective would, however, he 
larger than for an achromatic objective and 
may be put at .2,) inch, which leads to 
practically perfect achromatism for the entire 
C to F region and a secondary spectrum effect 
of '1I0004 x .25 =.00001" = half a ,vave-Iength 
for ({'. Even G' is therefore at the doubled 
Rayleigh limit ,\ hich still gives a decidedly 
small and reasonably bright imagf' of a point. 
This shows that a very great improvement can 
be effected by the proper use of fluorite in 
microscope objPctives. But it must be borne 
in mind that the advantages will only be 
realised if the correction of the zonal spherical 
and chromatic aberrations is of a correspond- 
ingly high order. Clearly realising this, Abbe 


from the very first coupled removal of these 
zonal aberrations, which can reach astounding 
magnitude in microscope objectivE's, with the 
demand for removal of the secondary spectrum, 
and res('['ved the name Apochromat for systems 
which fulfil all three conditions. Objectives 
improperly caIled apochromatic are quite 
frequently met with, which when uf'ed ,\ith 
nearly their full aperture are easily beaten 
in visual observations and even in photo- 
graphic work by carefully computed and made 
true semi-apochromatics of ordinary optical 
glass. 

 (18) THE CHRO
IATIC YARIATION OF 
l\IAGNIFICATION.-At the present time all 
microscope objectives of leHs than i inch 
equivalent focal length have an unachromatic 
simple front lens followed by ehromatically 
over - corrected back - comhinations. Fig. 13 
represents the simplest possible (and for low 



 
o .. Violet: U r I u 
FIG. 13. 


powers quite a useful) representative of this 
type. A white ray starting from the axial 
object-point 0 under angle V will evidently 
be spectrally decomposed by the unachromatic 
front lens, and as a consequence the more re- 
frangible components will reach the chromatic- 
ally over-corrected back lens at points closer 
to the opticaJ axis than the points at which 
the less refrangible reach the back lens. If 
the system as a whole is achromatic for the 
image-point 0', all the component colours of 
the original white ray will be brought together 
at 0', but will necessarily reach it under angles 
steadily diminishing with the refrangibility of 
the colours. By the sine condition the magni- 
fication produced at 0' will be sin V jsin V', 
and will be largest for the most refrangible, 
smallest for the least refrangible rays, with 
the obvious result that extra-axial object- 
points will be rendered not as white points 
but as short linear spectra with the violet 
end farthest from the optical axis. If the 
front lens consists of glass of high dispersion 
and is widely separated from the corrective 
back-com bination, this chromatic difference of 
the magnification may reach sevf'ral per cent 
of the mean amount an(! will emphatically 
call for correction if it approaches or exceeds 
1 per cent. It can be corrected in the objectivc 
itself, as shown in Fig. 14, by the addition 
of a final widely s('parat('d uncorr('cted or 
chromatically undeI -éorrectf'd lens so calcu- 
lated that by the action of a heavily over- 
corrected middle com hination the dispersed 
colours are causcd to meet in the final lens 
and leave it as a reconstituted white ray 
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pr0ceedillg towards 0'. Ahhl' de!':igned some I 
e:\.perimental systems on this principle, but 
it is now inv ariably preferr ed to effect the I 
Red 
 
 

 Vi::Fet ' ______ 

 
 


FIG. 14. 


correction in the eyepiece by gi vmg to the 
latter chromatic difference of magnification 
eq ual in magnitude but opposite in sign to 
that of objectives constructed according to 
Fig. 13. 
"
hen the chromatic difference of magnifica- 
tion of an objective is to be accurately deter- 
mined, as it should be in the case of apo- 
chromatic systems, the best method consists 
in tracing a coloured ray right through at 
,1- of t,he full aperture used for the principal 
calculation. 

 (19) THE ABERRATIOXS OF OBLIQUE 
PE
CILS.-Å microscope objective spherically 
and chromatically corrected in accordance 
with the preceding sections and fulfilling the 
sine condition will nearly always give satis- 
factory results throughout the field of small 
angular extent which is normally utilised. 
Xevertheless the outer part of the field of 
low-power eyepieces frequently shows un- 
pleasant indications of the curvature of field 
and of the astigmatism. which are two defects 
of extra-axial image-points incapable of full 
correction in microscope objectives, and 
which are, partly for that reason, but chiefly 
on account of the heavy labour involved in 
their determination, usually left entirely un- 
considered in the design of such objectives. 
Astigmatism causes extra-axial image-points 
to degenerate into an imperfect concentration 
of the rays which is characterised by the 
existence of two focal lines instead of one 
sharp focal point, one of these focal lines 
lying in a tangential direction with reference 
to the centre of the field, and being therefore 
called the tangential focal line, whilst the 
other lies at a distance from the first depending 
on the magnitude of the astigmatism, is 
directed towards the centre of the field, and 
is therefore called the sagittal focal line. If 
the astigmatism is "pure," then the focal 
lines are perfectly sharp straight lines, and 
al
 the rays pass through a small circular disc 
mIdway between the two focal lines, whilst at 
all other points the cross-section of the 
c0mplete pencil of rays is elliptical. In many 
cases the astigmatism can be removed bv 
suitahle constructional modifications of thee 
lC'n
 system. Another defect then remains 
(with rare exceptions), namely, curvature of 
the fidel. This curvature of the field in thC' 
absence of astigmatism is determined by the 


remarkable Petzval thl'urem. In itq original, 
and hitherto the only generally recognised, 
form this theorem states that if a centred lens 
system is free from spherical aberration, coma, 
and astigmatism. then the residual curvature 
of the image of a radius R'i is determined by 


1 _ 1 
N - 1 ( 1 1 ) _ 1 
 1 
R'i - Hi - -'lr" r;: - 
 - R i - ..... N .fo ' 
in which R i stands for the radius of the surface 
on which the original object-points lie. The 
sums have to be taken for all the constituent 
simple lenses of which the system is built up, 
X being the refracti,
e index, r 1 and r 2 the first 
and second radius of curvature, and fo the 
focal length of an infinitely thin lens having 
these radii. The remarkable feature of the 
theorem is that the curvature of the image 
is proved to be totally independent of the 
thickness and separation of the con::;tituent 
lenses and also independent of the conj ugate 
distances of object and image. 
It has recently been pointed out (Conrady, 
Jlonthly Kotices, R,A,S" Nov. 1918, Xov. 
1919, and Jan. 1920), as an almost ob,.ious 
deduction from the usual equations for the 
oblique aberrations of centred lens systems, 
that the unsatisfactory "if" in the Petzval 
theorem may be avoided and the utility of 
the theorem may be greatly increased by 
incorporating in its statement the fact that 
in the presence of astigmatism the two focal 
lines always lie on the same side of the curved 
image surface defined by the original theorem, 
and t,hat the tangential focal line of anyone 
oblique pencil always lies at three times the 
distance of the corresponding sagittal focal 
line from th3 Petzval surface. This extended 
Petzval theorem takes the form 


3 1 2 .')
N - 1 ( 1 1 ) 
R'II = R' t + R
 -...- -
 - r; -;:; , 
in which R's signifies the radius of the surface 
on which all the sagittal focal lines lie, I{,' t 
the corresponding tangential radius, whilst the 
remaining terms ha\-e the significance alrC'aely 
referred to. An exact (first appro:\.imation) 
eq uat.ion of unconditional validity thus takes 
the place of the widely misunderstood and 
misinterpreted Petzval theorem. The chief 
practical value of the extended theorem arises 
from the fact that it enables a designer to 
deduce a close value of R's as soon as the 
more easily determined R't and R'i have 
been found. 
In microscope objectives R'i ahvays has a 
value nearly equal to the equivalent focal 
length. If the astigmatism is corrected thC'rC' 
will then be a severdv curved field, whilst the 
attempt to reduce ÙlÏs curvaturC' by ovel'- 
corrected a"tigmatism (tha.t is, hy th1'<>\\ ing 
the focal lines LC'yond the cunvex side oÍ the 
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Petzntl surface) leads to IOHS of definition in 
tilt' outer part of the forcihly flattened ficld. 
The fact tha.t a really satisfactory state of 
correction is thus impossible justifies to a 
la.rge e:xtent the universal neglect of a detailed 
study of the curvature of field and astigmatism 
in micruscope objectives. It is, however, a 
fact that in the majority of cases, anù especially 
in thp spherically and chromatically most 
highly perfected apochromatic and semi- 
apochromatic objectives. the already great 
Petzval curvature is aggravated by under- 
corrected astigmatism "hich makes R'li' and 
especially R'þ shorter than R'i' 
The Lister type of low-power objective is 
decidedly favourable in this respect and can 
be easily rendered still better by closer approxi- 
mation to the type of photographic portrait 
lenses, and this has been done repeatedly, 
espeeial1y for photomicrographic purposes, 
even to the extent of adopting the anastigmat 
type of photographic lens. In the higher 
powers the problem is far more difficult, 
because the distribution of curvatures of 
surfaces which favours a flat field is absolutely 
opposed to that "hich leads to low residuals 
of zonal spherical and chromatic aberration 
in thf' central part of the field. In the papers 
already quuted other extensions of the theory 
of oblique pencils are dealt with which open 
up new possibilities of reconciling thesp 
hitherto contradictory desiderata; but an 
addition of at least one rather widely separated 
component to the already complicated high- 
power objective will nearly always be required 
and will carry with it a reduction of the trans- 
mitted light by about 12 per cent. 
Theoreticallv there is one more defect of 
lens systems '" not yet mentioned, namely, 
distortion: 0\\ ing to the small angle of field 
of microscope objectives this defect never 
reaches appreciable magnitude (except perhaps 
in the case of very accurate measurements by 
screw - micrometers), and may therefore be 
passed over. 

 (20) THE CALf'ULATION OF MICROSCOPE 
OB,JE(,TIVE
.- It is always preferable to trace 
the light through a microscope objective in 
the reverse of the actual direction, that is, 
from what will eventually he the image to 
the object. One reason for this procedure is 
that the tube-lC'ngth thus becomes a fixed 
initial datum and will rpmain unchanged in 
modifying the system so as to attain the 
correction of the aherrations. A second 
justification is supplied by the fact, of which 
a dpsignpr soon hecomes aware, that it is far 
easier and simpler to reach pprfect correction 
hy modification of the front lens or lenses 
than by changes uf the compounded back 
lenses. 
All p"\.isting microscope ohjectives, with the 
possible exception of simple thin cemented 


achromatic lenses for low magnifications, may 
be taken to be the result of a succession of 
purely empirical trials either in actual glass 
and brass or by the trigonmnetrical com- 
puting method described in an earlier section. 
For the high powers this method is likely to 
remain the only one, for it is fairly obvious 
that in systems in which angles up to HOc or 
70 0 occur no analytical approximatiun can bp 
of the slightest use. But the lower powers 
of the Lister type can now be arrived at by a 
strictly systpmatic analytical solution recently 
developed at the Imperial College and based 
on the theory of oblique pencils given by 
Conrady in 1I/onthly Notices of the B.A,S. of 
November 1918, November 1919, and January 
1920. As an example of a system designed by 
this process, and also as an illustration of the 
practical use of the computing formulae given 
in this article, the following objective of Lister 
type is selected (Fig. 15). Thp problem set was 
to design such a system so that it should (in 


-25cm. 




 
- 6.25cm, 


FIG. 15. 


the really employed reverse direction) produce 
a magnification of - 4 times, that the image 
should be formed at 23 cm. from the back lens, 
that the separation of the two lenses should 
be 6.25 cm" and that * of the total refraction 
effect or deviation of the marginal rays should 
be produced by the back lens. The glasses 
to be employed were 
Chance No, 605 N d = 1.5175 
Chance No. 360 1 ,6225 


v = 60.5. 
36.0. 


The analytical solution 
spherical aberration and 
finitely thin lenses 
r l = 10.64 
(d l ' = '4) 
r 2 = 2'088 
(d 2 ' = .2) 


for freedom from 
coma gave for in- 


r 3 = 5.13 


r 4 = 13.51 
r 5 = 1.449 
(r6= - 3,20) 


(d 4 ' = .3) 
(d 5 ' = .2) 


Analytically the astigmatism was found to 
be zero. 
This first solution was tested trigono- 
metrically, after putting in the suitable 
thicknesses given in brackets, by tracing a 
paraxial and a marginal ray through with 
initial 1] = L] = - 25 cm. and log U I = log sin VI 
= 8.50.:J04 n (U = - 1 0 50'), and gave after pass- 
age through the back lens 
L 3 '= 12.7020 U 3 '=3 0 37' 0" 
1 3 '= 12.509ü u 3 '= '064120, 
and after passage through the whole system 
L 6 ' = 3.0449 U 6 ' = 7 0 l
' :li" 
1 6 ' = 3.0263 U6' = .12334û. 
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As might ha\e been expected. the s
rstem 
proved sphericall,v over-corrected, to the extent 
of 1 6 ' - L 6 ' = - -01
{). This was corrected by 
shortening the last radius to r 6 = - 2'93 by a 
few trigonometrical trials. The result then 
"as 
L 6 '= 2.8696 U 6 '= 7.) 38' 12" 
16'=2-ðüUU u 6 '='132183. 
The sine condition then Ehowed the coma 
correction to be also defective, the magnifica- 
tion produced by the marginal rays being 
sin "(;6' 4 1 - 39 t - 
--:-- = - . ó) Imes, 
smUl 
that by paraxial rays 
u 6 ' = -4.1317 times, 
u l 


showing an inadmissible difference of about 
!- per cent. The analytical solution was 
therefore repeated by solving for those forms 
of the two components which would give the 
opposite of the coma. defect found trigono- 
metrically, and the new solution was 
r l = 17.2-1 7 4 = 6-94 
r 2 = - 1-942 r 5 = -1-613 
r 3 = - 4,33 (r6= -4-13), 
changed empirically 
to - 3.60_ 
"
ith the same thicknesses of the individual 
lenses as before, and the same initial data, 
thi
 gave 
L 6 '= 2.9877 C 6 '= 7 0 14' 6" 
1 6 ' = 2-9û82 'll6' =: ,126.309, 
or, again, spherical over-correction. By two 
trials the last radius was brought to r 6 = - 3-60, 
and this gave 
L 6 '=2.7847 U6'=70-44'-5
" 
1 6 '=2.7840 'll6'= .134885. 
The slight spherical over-correction may safely 
be ignored as it amounts to only a small 
fraction of the ,. tolerance" dedu
ed in an 
earlier section. 
The c;ine condition is fulfilled bv this 
objective within one part in 3.300, so that the 
coma correction is practically perfect. The 
analytically determined astigmatism of the 
second solution is in the over-corrected sense 
just about to the right extent to yield the 
most fa\Tourable approximation to a flat 
field. In all these respects the objective is 
therefure an exceptionally good one, although 
it departs to a startling extent from the 
stereotyped Lister type, which would have 
r 3 =r(;= x, and \-ery short radii of the first 
and fourth surfaces. 
The achromatism next calls for investiga- 


, tion. Using the 
(d - D)d
 method, the X 
of the six surfaces have first to be computed; 
by the equation X = (PA.)2f2r they are found as 
Xl = -01861 X 4 = -Ollðð 
Xz= - .17330 X 5 = - .04814 
X 3 = - .07ö82 X 6 = - -020:?9 


X 2 -X l = - .19191 Xs -X 4 = - ,uoOu2 
X 3 - X 2 = + .09648 X 6 - Xs = + ,0278.3. 
As D=(d +X - Xo) sec U, and as the values of 
d l in proper order were '4, '2, '3, and '2, the 
calculation proceeds 


d+)..-Xo_ U. D =(d+X-Xo) d-D. 
see (;'_ 
First lens .
O809 - 0 0 17' 44" -20809 +-19191 
Second lens .29648 -1 51 55 -29669 --09669 
Third lens .
3998 3 33 3
 -240.u + -05956 
Fourth lens .22785 2 22 IS .22S04 --U2804 


The sum 
(d - D)dX can now be worked 
out for any available glasses of the assumed 
refractive indices. For the Qlasses used in 
the analytical solution Cha
ce's list gives 
XI - Xc for the crown as '008.36, for the flint 
as ,01729. Using these "ith the abo\e values 
of d - D for the several lenses it is found that 

(d- D)dX = - -000004 em. = - .08 wa\-e-Iength. 
As the tolerance is .5 wave-length, this minute 
over-correction may be allowed to pass. If 
the residual ha.d proved larger it would have 
been necessary to search the glass lists for a 
crown "ith slightly higher or for a flint "ith 
slightly 10\\ er dispersion. The great advantage 
of the (d - D) method is that it is nearly 
always easy to establish sufficiently exact 
achromatism by merely ringing the changes 
on available meltings, provided of course 
that the rough design was arrived at "ith 
due regard to approximate fulfilment of the 
chromatic condition. 
The test for zonal chromatic aberration by 
the paraxial form of the (d - D) equation is 
ne)..t carried out by the formula given above. 
It was found to give the paraxial residual 
= + . ססoo 48 cm" or under-correction amount- 
ing very nearly to one wave-length. As the 
" tolerance" was fixed at two wave-lengths 
the objective is found to be satisfactor
.. 
Zonal spherical aberratiun must then be 
determined by the trigonometrical OPD m 
equation (10**), Employing 20,000, the 
approximate number of wave-lengths in one 
centillletre, as an additional factor so as to 
obtain the OPD directly in appro)..imate 
wave-Ienffths, the results are 
OPD I = - .3.3 OPD-I= + -00.3 
OPD 2 = + 14.84 OPD õ = +3-32 
OPD 3 = -11.04 OPD 6 = -6.12, 
and their aIgebraical sum = + .66 \\a\e- 
length reprpsents the lead with which the 
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marginal ray meets the axial ray at the final 
foeu::,. As the preRent system includes no 
very large anglt's or curvatures this residual 
may safely be interpreted as indicating simple 
zonal abprration, for which a tolerance of two 
wave-lengths was estahlished. The result is 
therefore highly sati
factory. 
It may be of interest to add that the whole 
of the analytical and trigonomctrical ,york 
involved in arriving at this final design was 
carried out in less than ten hours The 
objectÍ\Te would be described as a 2
 inch of 
NA. 1:3,3, for Bnglish tube-length. If made to 
two-third scale it would be suitable for a I! 
inch for Continental tube-length. 
In the higher powers of three or more 
separated components the attainment of the 
desired correction depends almost entirely on 
empirical trials guided by experience and 
instinct, the latter being most easily acquired 
by progressive studies beginning with simple 
achromatic lenses and gradually advancing to 
more complex forms. The calculation of the 
OPO values should never be omitted, for 
experience has sho\\ n that if the differences 
of optical paths arising at anyone surface 
exceed 30 or at most 50 wave-lengths the 
fulfilment of the Rayleigh condition for the 
whole aperture is rendercd almost impossible. 
Similarly the sum of all the positive OPD 
amounts should not exceed 100 or at most 
200 wave-lengths for anyone complete system. 
In systems with the usual thick plano- 
convex front lens the form of the latter which 
leads to correction of the longitudinal spherical 
aberration and of the coma for the computed 
marginal ray can always be determined by a 
practically direct solution. Refraction at the 
final plane surface does not change the ratio of 
sin (I' to u', as both are derived from their 
values before refraction by multiplication with 
the relative rcfraetive index. Therefore the 
sine condition mu
t he fulfilled by the V' and 
ii' of the first, spherical face of the front lens, 
and the requisite radius can be quickly found 
by a few trials haspd on this criterion. Pro- 
vided that this radius }pads to spherical over- 
correction of the refracted pencil (if it does not, 
th('n spherical correction \\ ill be impossible) 
th(' lleccssary thickncss of the front lens can 
be found by a direct solution. Let the inter- 
section lengths of the rays issuing from the 
convex surface be l' and L'=l'+(L'-l'), and 
let d be the sought thickness. The inter- 
section lengths of the rays arriving at the 
plane face will be l' - d and l' - d + (L' - 1') 
r(,sl)('ctively. The cOlTPsponding inteæection 
Ipngths after rdraetion are to be equal (so 
as to remove tll(' sl'lH'l'ieal ah('rration) and 
arc d('termincd hy Pl(:3p)* and Pl(:{)* respcct- 
ively. Hcne(' th(' ('ondition 
(1' - d)N' = [(Z' _ d) + (L' _l')]N' ('os V', 
N N cos V 


in which V reI}]'e
('nbl the ohliquity of the 
marginal ray arriving at the plane and V' its 
valu'" after refraction as obtained from the 
equation by sin V' =sin V. NIX'. This equa- 
tion immediately gives the solution 
d=l'- (L'- 

 
(cos VI cos V') - r 
\Yith this convenient solution any number 
of front lenses can be found for given back 
combinations and the best one picked out 
by the criterion of zonal aberrations. This 
represents the strongest argumcnt in favour 
of calculation of microscope objectives in t.he 
reverse direction. 
In objectives of a numerical aperture 
exceeding about .25 the spherical aberration 
of the cover-glass usually employcd in microo 
scopy has to be allowed for. As objectives 
of these higher powers always have a plano- 
convex front lens this allowance is easily made 
without any laborious calculation by diminish- 
ing the t.hickness of the front lens calculated 
by the last equation by the thickness of the 
cover-glass. This simple procedure is legitimate 
even when the refractive index of the front lens 
differs very considerably from that of the 
cover-glass, for it is found by direct calculation 
that the aberration of a thin piano-parallel 
plate is almost independent of it
 refractive 
index in the region of usual glass indices. 

 (21) EYEPIECES. I-The image produced by 
a microscope objective is usually further mag- 
nified by an eyepiece inserted in the upper 
md 
of the tube. 
The cones of rays issuing from the objective 
towards the primary image have a common 
base at or npar the back lens of the objpctive ; 
it is convenienL and U'mal to assume that thig 
common base of all the image-forming ppncils 
coincides wit,h the second focal plane of the 
objective. Anyone of these penf>ils is rdractcd 
by the lenscs of the eycpiece as indicated in 
Fig. 16, a.nd 
hould, for a normal eye with 
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rplaxed accommodation, f'mcrgc as an inclined 
hundle of parallel rays. The angular magnifiea- 
tion of the eycpiece is thcn defined as the ratio 
tan V'/tan U, U being the angle at which the 
central or principal ray of the ohlique ppllcil 
lcave
 the sccond focal point of th{> ohjeet.i,'e, 
and V' the corresponding angle after passage 
through the eyepicce. The angular magnifica- 
tion so dcfined l'eprescnts the numhcr pngraved 
on many eyepieces-more cspc{'ially on COHl- 
pcnsating ones-and is the most con,Tenicnt 
one for th(' dCRigncr. From thc gpncral theory 
of lenses it follows that if 1) f"('III'cs('nts t.he 
1 ðl'l' also .. E
'cpieccs." 
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distance from the upppr ioe-al plane of the 
objecti'Te to tile' 10\\ PI" focal plane of the 
eyepiece (=the so-called optical tube-len,gth of 
the microscope), f the equivalent focal length 
of the eyepiece, and :\L-\. the angular magnifica- 
tion as defined above, then 


-D 
"},!A= Y" 
The values of D used by Abbe for the 
compensating eyepieces have been "\\idely 
adopted; they are D = 180 mm. for the 
" Continental" and D = 270 mm. for the 
" English" standard tube-length. English 
makers, however, more usually adopt 10 inches 
as the value of D on which their magnification 
numbers are based. 
The order of importance of the various 
aberrations is quite different for eyepieces 
from that for objecti,-es. The reason is that 
the individual image-forming pencils passing 
through the eyepiece are very slender, their 
convergence ratio as they leave the objecti,.e 
rarely reaehing even /,16. Consequently the 
longitudinal spherical and chromatic aberration 
of the individual pencils is unimportant and 
may usually be ignored altogether. On the 
other hand pencils like the one shown in Fig. 16 
aiming at image-points near the margin of 
the field of view pass the eyepiece lenses at 
large angles of incidence (frequently exceeding 
300, and at the contact surface of achromatised 
eye-lenses even 300), and these large angles 
may lead to very serious amounts of chromatic 
difference of magnification, of distortion, of 
astigmatism, and even of coma. These are 
the aberrations which cdl for the attention of 
the desip-ner. 
The chromatic difference of magnification 
is most easily dealt with. It arises from the 
dispersion of a white principal ray into its 
constituent colours by the prismatic effect of 
the extra-axial parts of the eyepiece lenses. 
Such a ray will be dispersed by the first or 
field-lens (a) 
s indicated in Fig. 17, and if a 


ed 
Violet 
Fo 
(b) 
ja) 
FIG. 17. 


single lens were used as an eyepiece the violet 
and red illlages would be seen in the reverse 
direction of the corresponding emerging rays 
and \\ ould not coine-ide: tllP red image would 
appear decidedh- smaller than the violet one. 
This defect is nH;st usually corrected by placing 
a se('ond lens, tllP eye-l<:>ns (b), at a considerable 
distance from ((I). The violet ray then 
traverses this sccond lens closer to its centre 


than the red ray and suffers lehJ:) de, iation, 
and a means is prm-ided to s('cure parallel 
(,lll('rgence of the diff('r('nt eoloured rays. As 
was pointed out in discussing the objectiv(', 
the latter may itsdf supply primary images 
with a chromatic diff('r('nce of size, the '\iolet 
primary image being larger than the red one. 
The eyepiece th('n must compensate this 
difference in addition to correctin rr its own. 
The following paraxial solution is usually 
sufficient to determine the data of an eyepiece 
consisting of two thin lenses so as to establish 
equal magnification in all colours: 
Let C be the compensation constant of the 
objective with which the eyepiece is to be 
used, calculated as C = 1 - (size of red primary 
image)/(size of blue primary image), the red 
image corresponding to the C-line of the 
spectrum, the blue image to the F-line. For 
most of the apochromatic objectives C='OI2. 
In the case of eyepieces for general use with 
ordinary objectives it would be advisable to 
introduce C = '004 or 'Ou5 as a compromise. 
Let f be the desired equi'Talent focal length 
of the eyepiece, fa the focal length of the 
field-lens, fb that of the eye-lens, k = fb/fa the 
adopted ratio of the two separate focal lengths, 
a usually suitable numerical value being k = .5, 
Further let Jl a be the glass-maker's JI-value 
for the material of the field-lens, JIb the 
corresponding value of the eye-lens, )IA the 
required angular magnification, always a 
negative number, and d the sepa.ration (air- 
space) between the two thin lenses. Then 
thp problem will be solved by calculating 


,- 
/b=f[P-t "P2_Q], 


in which 
P _ 1 I .. J. ( " a + JIb C ) 
__ -1 +2:\ 
"1. Ii: --;;: + . Jl a , 


Q= (1 +:\IA. k)( 1 +k
:), 


and then 
fa=
' and d= fa +fb - fib . 
For eyepieces without compensation (C = 0) 
two pIano-convex lenses of ordinar
T cro\\n- 
glass "ill usually gÏ\Te fairly satisfactory 
results. If the Hu
 genian type is to be 
adhered to for compensating eyepieces. good 
results are only obtainable by making the 
field-lens of dense flint-glass (Xd = l'ü:? or 
better 1.(3) and the eye-lens of light crown- 
glass, or better still by usinf! an achromatised 
eye-lens (JIb = (0). For compensating eye- 
pieces for high values of SA Abbe introduced 
chromaticallv o'Ter-corrected close combina.- 
tions on acc
unt of the gr('ater distance of the 
eye-point obtainable \\ith this type. "ïth 
Huygpnian eyepiee-ps of hif!h magnification th(' 
eye has to be brought very elosp to the l'Yt'-Il'as 
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in order to see the whole field, and this proves 
irritating, esp('cially to observers \vith long 
and stiff eyela::5hes. 
The modification of an eyepiece design with 
a view to reducing the other aberrations men- 
tioned involves the whole theory of pencils of 
finite obliquity and apert.ure and cannot be 
usdully dealt with in the available space. 

 (22) THE ILLUl\IINATIOY OF ':\hCROSCOPIC 
OBJECTs,-From the point of view of geometri- 
cal optics it ought to make very little difference 
how the illumination of an object is effected, 
provided it is of suitable intensity for com- 
fortable observation. If aberrations are ahsent 
the instrument should yield a perfectly sharp 
image of every point in the object regardless 
of whether the whole aperture of the object- 
glass is filled with light or whether only a part 
of the aperture transmits light. .:\Ioreover, 
such an absolutely sharp image should bear 
unlimited magnification. This was in fact the 
view taken until about 100 years ago; if 
the instrument failed to give sharp images 
when a certain magnification was exceeded, 
the explanation was sought in uncorrected 
aberrations. Certain observational experi- 
ences which demonstrated that with the same 
instrument and the same magnification sharper 
images and higher resolving power could be 
obtained sometimes merely by changing the 
direction from which the object was illuminated 
were explained as shadow -effects of the type 
which renders visible under oblique illumina- 
tion countless small craters on the moon of 
which not n, trace can be seen in the full 
moon. The improbability of any appreciable 
shadow being produced by the usually frail 
and highly transparent microscopic objects was 
ignored. 
The undulatory theory of light supplied the 
means of explaining this obvious breakdown 
of the purely geometrical explanation of 
optical images. Airy's determination of the 
form and size of the spurious disc produced 
by interference of the light arriving at the 
geometrical focus of a perfect instrument 
solved the problem to a considerable extent. 
Although his result was obtained nominally 
for the telescope it is equally applicable to 
any other perfectly corrected optical instru- 
ment, for the diameter pf the spurious disc 
is found to depcnd only on the wave-length 
of the light (to which the diameter of the disc 
is proportional) and on thp aperture of the 
object-glass, if the diameter of the disc is 
measured in angle, or on the ratio of apert,ure 
to focal length if the diameter of the disc 
is measured in linear measure; the diameter 
of the disc in either case is inverF;ely pro- 
portional to the aperture. As two discs will 
ccase to he separated by a dark space when 
their distance apart is equal to their diameters 
it follows that the least distance at which two 


point
 in the image can bc r('solved is equal 
to the diamet.C'r of tIll' spurious disc, no matter 
in what unit th(' latter is measured, and also 
that this distance is inversely proportional to 
the effective aperture of the object-glass and 
directly proportional to the wave-length ùf 
the light employed. 
'Yhen applied to the microscope, Airy's 
theory of the spurious disc explains some of 
the observed phenomena fairly satisfactorily. 
As the smallness of the image d('pends on the 
effective aperture, i.e. that part of the lenses 
which is really filled with light, there should 
be a maximum of resohing power when the 
object-glass is completely filled with light and 
a reduced resolving power if only a part of 
the full aperture is utilised. This is qualita- 
tively in accordance with experience, but not 
quantitatively, for it is found that a micro- 
scope objective retains one-half of its maximum 
resolving power if only a very small axial 
illuminating pencil is employed; by the 
theory the resolving power should be reduced 
to a very small fraction of its maximum value. 
Light scattered by the structure of the 0 bject 
and thus slightly ut,ili
Úng the space not filled 
with direct light was naturally adduced in 
explanation; but it is impossible thus to 
account for the fact that-with all kinds of 
objects-the resolving power is just half that 
obtainable from the lens when completely 
and uniformly filled with light. 
Another and even graver obJection to the 
application of the Airy theory in the case of 
the microscope arises from the fact that the 
theory is only valid, firstly, if all the light 
arriving at anyone image-point is coherent, 
that is, deri \Ted from one original point-source 
and, moreover, if this light approaches the 
image-point as a truly spherical wave train; 
secondly, if other image-points in the immeòi- 
ate neigh bourhood of the one first consider('d 
receive no light from the source illuminating 
the first, otherwise there would be secondary 
interferences between adjacent image-points 
and the form of the individual images would 
be profoundly modified. These fundamental 
conditions could only be fulfilled if the objects 
under observation were ren<lPr('d self-luminous, 
say by making t}1('m white-hot, which is 
manifestly out of the qlwstion in all but most 
exceptional cases. I t used to he thought 
(Helmholtz was the last responsible sci('nt ist 
upholding this vi('\\") that the obj('dion could 
be met by projecting upon the obj('ct under 
examination th(' sharp image of a s('lf-Iuminous 
source by m('ans of a highly corrcct<:>d con- 
denser. Rut no condenser yet made has the 
requisite freeòom from ah('rratious, and even 
if one were produccd it would still d('pict ('ach 
point of the source as a tiny spurious disc "ith 
attendant interference-rings, all consisting of 
coherent light covering an appreciahle arpa 
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of the object anù so defeating the theoretical 
requirements. 
Finally the Airy theory can give no reason- 
able explanation of any kind of the results 
obtained by lighting objects with light of such 
obliquity that the direct illumination cannot 
enter the objective of the microscope, that is, 
the theory fails entirely for dark - ground 
illu mination. 
S (2a) _\BBE THEoRY.--Abbe was the first 
physicist Vi ho clearly realised these short- 
comings of the Airy theory "hen applied to 
the microscope. He overcame the difficulty 
in the waY which is rendered obvious the 
moment it; n::ttUI'e is recognised, by studying 
the nature of the image produced when the 
object is illumin:l.ted by a single point-source 
so that all the light falling upon the object is 
necessarily coherent and ('apable of inter- 
ference. If an extended self-luminous source 
is subsequently substituted, each point of it 
will produce an image of the type determined. 
and as the vibrations of different points of a 
self-luminous source are independent and in- 
capable of permanent interference the final 
image "ill everywhere have the simple sum 
of the intensities of the elementary images 
"ithout any complications due to secondary 
interferences. 
If a minute hole measuring only a small 
fraction of a wave-length in diameter is pro- 
duced in an opaque film and illuminated from 
a distant point-source, then there will be no 
scope for sensible interference effects, and the 
hole will send out light in all directions on 
the principle of Huygens and will behave 
exactly as if it were it
elf self-luminous. This 
is the only case in which tbe theories of Airy 
and of Abbe lead to the same result. It is 
approximately I'palised in the "ultra-micro- 
scope," by which minute particles are seen 
exactly like stars in a telescope; in fact, if the 
in,;trument is well corrected the spurious disc 
\\ith its surrounding diffraction rings is clearly 
seen. 
But if the li!!ht-transmitting aperture attains 
a size of the order of a wave-length or if there 
are a number of apertures "ithin small dis- 
tances of each other, then there "ill be 
interference effects between the light from 
different points of the aperture or apertures, 
resulting in the producing of some type of 
diffraction spectra. In the vast majority of 
cases the result is hopelessly complicated and, 
moreover, inacc-e
sible to theoretical discussion, 
inasmuch as the latter would require the 
minute strudure of the object to be known 
with absolute certainty. In the case of deli- 
cately structured natur
l objects only known by 
microscopical observation an obvious vicious 
circle would be involved in using such objects to 
tedt a theory. This also was clearly realiscd 
by Abbe and avoided by devising a large 


number of hif!hly ingeniou
 experiments on 
artificial 
imple ubjec-ts such as finely-elm" n- 
out glass threads, and espec-ially on grr.tings 
ruled in a silver or carbon film and useel either 
singly or two crossed so as to produce dot- 
patterns. By obserring fmch objects of accu- 
rately known structure Abbe proved f'xperi- 
mentally his theoretical conclusions that 
refracti
n or reflection of light by the object 
pould not explain the image, but that the 
image could be fully accounted for by the 
diffraction spectra produced by the object, 
and that the verisimilitude of the image 
depended on the extent to which the diffracted 
light "as admitted by the objective of the 
microscope. For a fuller account of this 
Abbe theory reference must be made to 
Dippel's handbook of microscopy, and for a 
more detailed study of the applieation of the 
theory to the conditions usually prevailing in 
the actual use of the microscope to two papers 
by Conrady.1 
All that is required to estahlish the theory 
of illumination is to consider the distribution 
of the diffraction spectra in the case of a 
simple grating of straight and equidistant 
slits. If such a grating is illuminated by 
parallel light from a distant point-source a 
num bel' of diffracted beams are produced, and 
as the angles at which these proceed obey a 
sine law whilst a microscope objecti,e also 
must satisfy the optical sine condition, it easily 
follows that, no matter in what direction the 
source of light may be placed, the diffracted 
beams are depicted in the upper focal plane 
of the objective focussed on the grating as. a 
series of equidistant points if the light is 
monochromatic, the distance from point to 
point being inversely proportional to the 
spacing of the grating and to the wa,e-Iength 
of the light, and the line formed by all the 
diffraeted light-points being at right angles to 
the direction of the grating-slits. If at least 
two consecutive diffracted beams are trans- 
mitted by the objective, then their interference 
in the final image plane (usually on the retina 
of the obF:ef,er's eye) "ill produce an alter- 
nation of bright and dark lines coinciding" ith 
the image of the grating whiC'h "ould be 
deduced by geometrical optics. \Yith an ob- 
jective of limited aperture only a part of the 
complete set of diffraction spectra "ill be 
admitted. Referring to Fig. 18, in which the 
direct lirrht is distinguished hy a small circle, 
the flanking diffraction spectra by crosses, it 
i;;; easily seen that if the source of li
ht were 
placed 
upon thf' optical axis, an objectiv:e of 
small aperture (A) might admit (1ll1y the duf'ct 
light and no resolution would be obtaine
l. It 
would require an aperture B to a
mIt !he 
direct lif!ht and the two nearest dIffractIon 
1 JOllrn. R. Jlicr. Soc, 1904, pp, 610-633, and 190:;, 
pp. 541-553. . 
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spectra \\ ith axial illumination and to secure 
resolution. But if the source of light were 
moved to one side of the optical axis-thus 
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producing oblique illumination-then the aper- 
ture A would just be capable of admitting the 
direct light and the nearest diffraction spec- 
trum (C) and resolution of the grating would 
result. The increased resolving power with 
oblique illumination is thus explained; also 
the two-to-one ratio of resolving power ,,,ith 
extremely oblique and with axial illumination, 
respectively. 
But a very grave objection to simple oblique 
illumination is also easily deduced. As a rule 
the observer will be ignorant of the direction 
of the lines of the structure under ob
ervation 
or there may be in the same field specimens 
having lines in various directions. 
ow with 
oblique light arranged according to case C and 
a structure producing a row of diffraction 
spectra of the same, or even a closer, spacing,.... 
but on a line nearly at right angles to that 
first considered, only the direct light would be 
admitted (D) and no resolution would result. 
To avoid this pitfall it is therefore absolutely 
necessary when employing simple oblique 
illumination to try it in all azimuths, either 
by rotating the object by means of a mechan- 
ical stage or by producing a corresponding 
change in the illuminating pencil by a rotating 
eccentric diaphragm of the sub
tage-condenser. 
Rut a method which nearly always deserves 
preference is to produce oblique light in all 
azimuths simultaneously by means of a con- 
denser openeu to a suitable aperture to secure 
the desired (legree of obliquity with a large 
"solid cone" of illumination, or to accentu- 
ate the higher resolving power of oblique 
light by adding a central stop below or 
above the condenser-iris which cuts out the 
central part of the illuminating cone and so 
produces "annular illumination." Evidently 
the essential requirement is that the illumina- 
tion should be perfectly symmetrical with 
regard to the optical axis, that is, strictly 
concentric with the latter. Looking down the 
tube of the microscope the observer should 
see either a uniformly bright and nicply centred 
disc of light or a ring of light of uniform 
hrightness and bounded by circles concentric 
with the axis of the microscope. These are 
the conditions which are hoth ne('Pssary and 
sufficient to secure truthful and reliahle images 
of microscopic objects no matter what their 


structure may be. The realisation of these 
conditions is not diffi('ult if a uniformly bright 
source of light of large area, such as the sky 
or a large flame, is available, and excellent 
results are then obtainable with condensers of 
the simplest type. But when the source is 
small and eEpecially when it is almost linear 
like an incandescent lamp filament, then the 
conditions can only be adequatply satisfied 
with a condenser carefully designed so as tu 
be fairly free from spherical and chromatic 
aberration and accurately focussed so as to 
pruject a sharp image of the source of light 
upon the object under observation. Con- 
densers of this kind closely resemble micro- 
Bcope objectives of corresponding numerical 
aperture and are de::;igned by the methods 
described in earlier sections: the tulerances, 
however, may be safely extended to two 
or three times the amounts stipulated for 
objectives. 
The Abbe theory also leads directly to a 
formulation of the proper conditions to be 
fulfilled in darl
-ground illumination. If a 
regular structure is illuminated hy light of 
such obliquity that the direct light cannot 
enter the microscope objective, then the 
image will be produced entirely by diffracted 
light and at least two diffraction spectra 
mllst be admitted in order to secure an image 
of the structure. Fig. 19 shows at once that 
the maximum of re- 
solving puwer will be 
secured if the first and 
second diffraction spec- 
tra can just enter at 
opposite margins of the 
aperture. Evidpntly 
the direct light will 
then be three times as 
far from the axis as 
either diffraction spectrum, and this ma
imum 
can therefore only be rcalised if a condenser 
is available which has three times the numeriC'al 
aperture of the ohjeC'tive to which it supplies 
dark-ground illumination. As the numerical 
aperture of a condenser cannot exceed 1..3, it 
follows that the full resolving power of ob- 
jectives over '5 NA cannot be realised by 
dark-ground illumination: the latter therefore 
implies a disadvantage in the case of all 
objectives of high NA. On the other hand, 
there may he present in the same field coarse 
stnlCtufPS whieh give clos
ly spaced (liffrac- 
tion spectra. In order that the latter may be 
admitted, it is necessary that the ring of 
dark-ground illumination shoul(l extend in- 
wards as IlE"arly as possible to the aperture of 
the ohjective in use. Ht'nce a secund im- 
port:mt rule: that tlH' dark-ground stop should 
be only ju
t laqre pnou
h to secure a dark field. 
Thi., rule cannot usually he sati
factorily ful- 
filled if a high-power condensf'r has to be used 
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in order to secure illuminating cones of great 
obliquity, The reason is that in practically 
all existing condensers of high X.A. the (lia:- 
phragm and dark-ground stop are placed far 
below the anterior focal plane, wi.th the result 
that a real image of both is formed close above 
the object under observation (Fig. 20). If thid 


Light 


FIG. 20. 


image of the dark-ground stop is only just 
large enough (as it ought to be) to stop direct 
light from the axial object-point from entering 
the microscope objective, then it "ill stop out 
an obl ique cone of similar angle from extra- 
axial object-points, with the result that from 
the latter (lirect light will be admitted on the 
side of least obliquity of the inclined hollow 
illuminating cone. The field thus is dark only 
in and near its centre. with rapidly gro"\\ing 
illumination towards its margin, and the effect 
is totally spoilt. This grave drawback can 
only be removed by placing the diaphragm 
and central stop close to the anterior focal 
plane of the condenser: unfortunately the 
present design of microsc(lpe stages and sub- 
stages renders the fulfilment of this important 
condit
on very (lifficult. The various t.ypes of 
reflectmg conden
ers (paraboloids, etc.) are 
attempts to overcome this difficulty: it would 
be decidedly preferable to have oil.immersion 
condensers with correctlv P laced dia p hraams 
. 0 , 
and it is therefore to be hoped that designers 
will give earnest attention to this desideratum. 
A. E. C. 
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)UCROSCOPY 'YITH ULTRA-VIOLET 
LIGHT 

 (1) ISTRoD"C"cTIO
,-The evolution of the 
lllo?C'rn . microscope has been a process in 
\\ luC'h nuproveuU'nts of importance have 

IterI?a
ed "ith long period:-. of apparent 
InactiVIty. It has in general followed the 



ame lines as other optical instruments, that 
IS, so far as methods of correcting for spherical 

nd. chromati,
 aberratio
 are concerned (see 
:Microscope). The mtroduction of im- 
mersion lenses by Amici in 1853 marks one 
of the great optical improvements that has 
had a profound influence on its development 
although it was at a much later date that fuIÌ 
advantage was taken of the method. Xot 
until the 
atter part of the last century, 
largely owmg tù the researches of ...\bbe,l 
were 
he factors governing resolving power 
recogmsed and understood. It was realised 
as the result of these researches that there 
exists a limi.t beyond which resolving power 
'cannot be mcreased. The practical result 
ther
from was the computation and pro- 
duction of apochromatic objectives, in which 
colour correction \\ as of a higher order 
tha
 ha? at that time been achieved in any 
optICal mstrument. Since that period there 
has been no real ad \yance in microscopic optics. 
. Th
re are two dist.inct methods of investiga- 
tIOn ill modern llllcroscopy, one in which 
enhanced visibility is the main purpose in 
view, no information as to the form or structure 
of minute objects being secured, and the 
other the more usual one of the resolution 
of structural details. In the former case 
objects are rendered self-luminous, appearing 
as bright bodies on a dull ground. The 
method is known as .. dark-ground illumina- 
tion" when bodies within the resolution limits 
are being obsen-ed, as "ultra-microscopy" 
when small particles beyond these limits are 
made visible. 2 Considerable confusion has 
arisen owing to the use of the term "ultra- 
microscopy" in describing both modes of 
observation. In their fundamental physical 
aspects the method of dark-ground illumina- 
tion and observation \\ith the ultra-micro- 
scope are identical, as both serve to enhance 
the visibility of an object. The practical 
difference is in the type of object under 
observation and the manner in which it is 
observed, rather than in the difference netween 
the character of the appliances used for the 
purpose. \Yhen objects seen in a dark field 
show structural details or well-defined contours 
we are dealing with simple dark - ground 
illumination. 'Yhen, on the other hand, the 
field is seen to contain particles in whieh there 
is no trace of detail or evidence of structure, 
and which appear as mere points of light, the 
case is one of ultra-microscopic observation. 
It is obvious that both types (If image may be 
seen at the same time; the fundamental 
difference is therefore dependent on the size 
I Ahbe, Arc/IÏ" f. miltr. Allnf., 18ï
, ix. 413; 
JOllm. Roy. Jfic-r. Societ!l, .JUIlf' H;:
I, p. :

,
. 
2 Siedf'ndo1f, JOllT1l. Roy. J/icr. Soc., HIO:
, p. ,jï3 ; 
Ann. d. Pllys., 1903, pp. 1-39; Bert. 'dill. We1/11 , srllr. 
1904; Zs. f. u'iss. J/i/.:ros., 190ï, p. 382; }'3f3day, 
Prac. Roy. Inst., 1834, p, 310. 
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of the object, whether it is above or below the 
resolution limits, and on the distance between 
neighbouring visible units. It is in the 
direction of obtaining increased resolution 
that the greatest need is felt in practical 
microscopy. 

 (2) RESOLYI
G POWER,-It is well known 
that the smallest distance separating two 
points in an object-such as a grating-is 
given by the relation 
d= !^ , 
SIn a 


where ^ is the wa'
e-length of the light used 
in the medium surrounding the object, and 
a is the angle subtended at any point in the 
object by half the effective angular aperture 
of the objective. l This is usually writtcn 
d-J
o_ 
-Itsina' 
when ^o is the wave-length in air, and It the 
refractive index of the medium. It follows 
that the value of d, the distance between any 
two elements of recurring structure, is de
 
pendent on the wave-length of the light used 
and on the product of It sin a, which is known 
as the numerical aperture (.N.A,) of the 
illuminating and observing optical system. 
This relation is applicable in the case of a 
grating illuminated by a beam of the greatest 
possible obliquity, ensuring that the essential 
diffraction spectra are within the limits of 
the objective aperture. It is reduced to 
d-
o- 
- It sin r.l 
whcn axial illumination is resorted to, a 
condition that applies to most observational 
work. It is in this connection imrortant to 
remember the well- founded view of Abbe 
that "the diffracted light emanating from 
the object may utilise the whole aperture of 
the system, although the incident cone of 
light, if it were simply t.ransmitted in the 
absenc p of an object, would fill only a very 
small portion of the aperture." It follows 
that great('r resolution can he obtained either 
by reducing the wave-length of the light used 
as the illuminant or by increasing the N,A. 
of the objective. 'Vith dry lenses the greatest 
attainable N.A. is '9.3. This can be increased 
by using immersion lenses, the resulting N.A. 
in the case of water being approximately 
1.2.'), cedar-wood oil 1.50, or monobromide 
of naphthaline 1.60, the latter being used 
only in metallurgy, or in cases where flint 
cover-glasses of the necef'sary refra,ctive indcx 


1 A hhf', Ahhrmr71Il1/(lt'll Ühn dit' rh{'()rit' dn J1ikrn- 
,<;kop.<;, 1 no-t; Rayleiqh, I,ore1. Phil, 111(((1., 18!16, p. -tG7 : 
./ourn. ROll. MiN. 8or., 100:3. p. H7; Porh>r, Pli.1l,<;ical 
Rel.it'll', 1005, p. 386; Gl37.C'hrook, Trans. Optic"l Soc., 
I 007-1 OOR, p. O-t. See 3lso "
Iicroscope, Optics of 
the," Introduction. 


can be utilised. The actual relsolution obtained 
with white light with a mean wave-length of 
5.30 1tf..L, when a grating is illuminatcd by 
oblique rays and "ith N,
\. 1, is therefore 
about 92,000 lines per inch. The use of oblique 
light is necessary to obtain the utmost resolu- 
tion with such an object, as otherwise the 
diffraction spectra which are essential to the 
formation of the image cannot be em braced 
by the ohjective. It has to bp recognisecl 
that such an image is not of neccssity a true 
representation of the object; it is in most 
cases no more than an innication of the 
periodicity of the structure. The so-called 
resolution of diatoms lllay be cited as an 
example, in which the structure may gÍ\Te 
rise to an image conRisting of parallel lines or 
bars. Such lines are known to be merely an 
indication of a regular sequence of ùepressions, 
perforations, or excrescences of the same 
periodicity, and this constitutes the only point 
of similarity between the object and the 
image. To obtain a real image the object 
must be illuminated with a solid axial cone 
of light, and under these conditions resolution 
falls to one-half of the value stated. It 
would therefore be of the order of 46,000 
lines per inch in white light. Johnstone 
Stoney 2 states that with an immersion 
objective of .N.A. 1.:
5, and an immersion 
condenser of N.A. 1.30, using a. suitable stop 
to secure oblique illumination in a direction 
at right angles to the direction of the lines 
of the grating and with blue light of 4.30 mm. 
wave-length, the practical limit of separation 
is about 0.20 It. He has also demonstrated that 
a pair of objects may be resolved when they 
are separated by about five-sixths of the 
interval between the elements of a row of 
such objects or points; in other words, that 
resolution is increased appreciably whcn only 
two neighbouring elements of structure are 
being observed. The computation by Abbe 3 
of apochromatic objectives has resulted in 
the production of systems for visual work 
with the highest attainable N.A., and in which 
spherical and chromatic correction are of a 
high order. Their chief characteristic is that 
they are perfectly corrected for three colours 
in the spectrum, and approximately for all 
colours in white light. Their superiority 
over any achromatic system is dependent on 
their computation and not on the use of any 
particular material, such as fluorite, in tlwir 
construction, although this matel'Íal has 
optical constants which are essential in the 
computation of such objectives, no suitahlc 
optical glas
 yet being available. By m;;ing 
light of short wave - length in thc spect.ro- 
scopic region of the grecn, blue-grC'C'n, or hJue- 


2 ,Johnstone 
toney, ,JOllT1/.. Roy. .1licr. Soc., ] 003, 
p.564. 
3 Abbe, Journ. Ro!!. J1icr. Soc., ]870, p. 377. 
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violet, the greatest attainable ,'isual resolution 
is secured. The most useful illuminant for 
this purpose is the mercury-vapour lamp, as 
it is possible by using suitable colour screens 
to utilisc the bright lines in the orange, green- 
hlue, or violet. Even when used" ithout a 
screen this illuminant has the advantage 
po
sessed by no other, that the mean wave- 
length is reduced, as no red radiations enter 
into its composition. It is obvious that even 
under these conditions resolution is strictlv 
limited. The only practical method of obtaU;- 
ing increased resolution that hag been evolved 
since the researches of Abbe, with pro- 
portionately increased magnification, which 
constitutes a definite advance, is in the use 
of ultra-violet light, a method which opens 
up a "ide field for investigation, The shortest 
wa,e-!ength that has sufficient luminosity in 
the visual spectrum for direct observation may 
be regarded as bemg in the region of wa ve- 
length 473 fJ-p., but if it is possible to utilise 
ultra-violet radiations of a wave-length as 
short as 220 fJ-J.L, resolution will, other 
things being eq ual, there by be doubled. 
There is the self-evident objection to such a 
method, that the image can no longer be a 
yÌ:;ual one, and, further, that the optical system 
must be composed of materials which are 
transparent to ultra-violet light. 

 (3) QITARTZ OPTICAL SYSTK\IS, - The 
transparency of any optical glass is not 
sufficient for work ,,-jth the more refrangible 
portion of the spectrum, even a borosilicate 
cro" n-glass transmits but a small percentage 
of light of wave-length 300 fJ-J.L. Schott of 
J ena has made optical glass particularly 
transparent to the ultra-violet light, but at 
wave-length 280 fJ-fJ- a specimen 1 mm. thick 
only transmits 50 per cent of the incident 
light, and with shorter wave-lengths it is 
practically opaque. The only materials avail- 


Ib60, while Boys in England, in or about 
Ib83, suggested the suitability of fu
ed quartz 
for this purpose. It was not until 1900 that 
)1. VOIl Rohr 1 of J ena succeeded in construct- 
ing a quartz-fluorite objective of about -1 mm., 
equivalent focus X.}... 0,30. This may be 
regarded. as experimental, as it was supplanted 
in 1904 by a series made entirely of fused 
quartz. These objecti,es were termed" mono- 
chromats," as they are computed for a wave. 
leñgth of 273 fJ-fJ-, although they can be used 
satisfactorily over a considerable range in the 
ultra- violet region, provided that the light is 
monochromatic. The equivalent focal lengths 
are as follows : 
6 mm. dry lens X.A. in white light 0.35. 
:!.5 mm. glycerine immersion X.A. white light O.8.
. 
1.7 mm. glycerine immersion X.A. white light 1,25. 
The effecti'Te X.A. of these lens'.'s when used 
,,-jth ultra-violet light may be regarded as 
double the values indicated, being respectively 
0.70, 1.70, and 2.30, this being the approximate 
relation of the mean wave-length of white 
light to that of ultra-violet (275 fJ-fJ-). The 
immersion fluid is glycerine and water with a 
refractive index 1.-147/D. The immersion 
fluid must be sufficiently transparent to ultra- 
violet light, and in this respect glycerine fulfils 
the purpose, but precautions must be taken 
in practice to ensure that its refracti,e index 
remains constant, a short exposure to atmo- 
spheric influence causing appreciable altera- 
tion, 
Fiye oculars for projecting the image on 
to the photographic plate have been computed, 
and these are made from crystalline quartz. 
Their initial magnifications are 3, 7, 10, 14, 
and 20 when used at a mechanical tube- 
length of 160 mm, The maximum magnifica- 
tions obtainable are set out in the follm, ing 
table: 


Objective. II Eyepieces 5 I 7 10 14 I :W 
6mm. I Optical camera Jength . 30 em, I 34 em, 30 em. 34 rm, I 30 ern, 
X.A. 0.70 I :\fagnifieation . . :!34) 400 I 50n Ron won 
2,.3 mm. I OJ,tical camera length. 30 em. I 30 em. 31.5 em. 30 em. 31.5 em, 
X.A. 1'70 ,Magnifica tion . . 6UO 8tH) 12l\O lüoo 2-!(ÞO 
1.7 mm. i! Optical camera Jength '1 31 em. I 32 em. I 31 em. I 31 em. I 31 em, 
N.A. :!'.30 :\Iagnifieation . . 900 1300 I 1800 2.,00 I 3600 


able therefore are quartz, either crystalline 
or fused, and fluorite. Fused quartz is 
rather less tran-;parent than crystalline, but 
in carefully selected pieces which are free 
from impuritif's the rlifference for the purpos(' 
in view is not important. Fluorite was first 
us('d in the construetion of microscope object- 
iv J by Spencer in America as long ago as 


The term "optical camera length " is the 
distance of the sensitive plate from the upper 
focal point of the microscope, th
s being for 
all practical purposes the cap of the e:,"epiece. 
The sullstage cond('nser is of qwtrtz and is 
mad(' "ith t\\ 0 illterchang('ablc top 1(,IlSCS, 
1 Kohler and yon Rohr. Zf'il.r:clmjt f.. IlZstrumen., 
1!)Q!. 
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so that the illummating bC'am may be of 
such 
.A. as is dpsirable with each objective. 




.-> 
 
-------:--\t-J 4 

- , f tl l 
: ? i 

 
 þ 

 
 J]I 
L-t,
 


irA 



 


The use of optically worked slÜ1C's and 
eover-glasses of definite and C'onstant thick- 
ness is essentia.l. as othel'wise the diffieultv 
of adjusting the apparatus would be greatly 
increased. In 
\Tisual work tlw 
adj ustmen t of 
tu be-length to 
eorn'ct for spheri- 
cal a berra tion 
introduced by 
cover - glasses of 
varying thickness 
is essential, but 
this wuuld be a 
matter of con- 
sidC'rable difficulty 
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FIG. L\.,-i::HlOwing the whole AIJparatus in Action. 


when using ultra - violet light. For the 
same reason it is essential that the object 
A, Fluorescent searcher eyepi('ce. TI, Fluorescent should be immersed in as thin a layer of 
uranium glass disc. U, Ri
ht-anglcd quartz prism. mounting medium as possible, otherwise the 
effect on the performance of the objective is 
'Vithout either top lens the condenser is a the same as that resulting from the use of a 
dry one suitable for use ,vith mm. . thicker cover-glass. 
ohJective. The complete con- The object, or element of 
denser is used with the im- structure undel' examination, 
mersion lenses, and is itself must in fact be nearly, if not 
also immersed with glycerine. quite, in contact with the 
An iris diaphragm is provided under ,surface of the cover. 
as in all substage illuminators. glass. There are cel'tain limi- 
The illuminating heam is de- tations as to the type of the 
flected in the direction of the object that can be dealt with 
optic axis of the microscope by this method -limitations 
by means of a right-angled which are determined in large 
quartz prism which replaces the part by the transparency of 
mirror on an ordinary microscope. the object to ultra - violet 
The essentia.l parts on the micro- light. The tE'rm "trans- 
scope arc therefore the same as for parency" used in this sense 
visual \vork, exc('pt that they are all is a relative one, as many 
of quartz. su bstances that in thicker 
Fig8. 1, 1 >\. and 2 show thp micro- layers are completely opaq lIe 
scope anù camera and the arrange- become ,rery translucent when 
ments for illuminating the object in thin microscopic layers. 
respectively. Some micro - organisms, for 

 (4) OBJEcTs,-The object to be instance, which in the dirce- 
photographed must be mounted on FIG. 2. tion of thC'ir breadth are 
a quartz slid{' and cov(,Y'ed \\ ith a beyond the limits of mif'ro- 
quartz cover-glass, The object-slides are of I sC'opie resolut.ion, have entin'ly halled a.ll 
crystalline quartz, ground at right angles efforts to photograph them by mea,ns of 
to the optical axis, and are 0.5 mm. thick. ultra - violet light. The radiations pass 


FIG. l.-:\licroscope and Camera ready 
for Photographing. 
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completely through, and no image is fornH'd 
on the photo
raphic plate. This, how- 
ever, is probably a question of wave-length. 
Radiations of shorter wave-length, when 
they can be utilised for the purpos(\, will 
probably do all that is required, and thesp 
,-ery small organisms can then be dealt with. 
Th
 objects best suited for this method are 
bacteria, yeasts, or any cellular structure 
which can be observed as separate units or 
in thin layers. Apart from the difference 
obtained in the image as the result of differ- 
ences of thickness, there is a differentiation 
of structure due to differences of organic 
constitution which is shown in the resulting 
photograph. Spore - forming organisms, for 
instance, result in a somewhat striking 
picture; the organism itself may be somewhat 
translucent, but the spores are almo'3t in- 
varia bly quite opaque to ultra - violet light, 
although they are of similar dimensions. The 
same applies to granular contentq in yeast 
cells and other cellular structures of a similar 
character. 
The method therefore acts as a staining 
reaction \\ ithout the necessity of carrying 
out any processes which might result in 
alteration in the appearance of the structural 
elements. Objects must in all cases be un- 
stained. They must not be treated by any 
of the well-known methods used in bacterio- 
logy or cytology, in which fixation, hardening, 
or drying takes place, These processes prob- 
ably cause some changf' in organic tissues, 
and in most cases they result, in the method 
under discus:-:ion, in the tissues becoming 
opaque to the radiations used. It is ob,-ious 
therefore that the results are a reuresentation 
of the tissue,., or micro-organism 
nder actual 
Ii, iug conditions, 
In practice the preparation of the object 
presents no difficulty. The only p0int is that 
it lllUqt be mounted between its cover-glass 
and slide in some fluid which is transparent 
to ultra - violet Jight. Such fluids are not 
numerous; but distiHed water, glycerine, or 
glycerine and water, Ringer's solution, normal 
saline, or castor-oil are among the substances 
availahle. To inhibit motion in living organ- 
isms a t per cent solution of agar may be 
used, f)r a dilute solntion of gplatine. This 
procedure is, howe,-er, to be avoided if 
possihle, and it is preferable to rely on thin 
layers of material so that motion is in- 
hihitecl by the short distance, and consequent 
small free path, between slide and cQ\-er-glass. 
The ordinary nutritive media, as used by 
bacteciologists, are in some cases suitahle, 
but they may be diluted to about one-fifth 
or oUf'-sixth thC'ir ordinary strength, 
C'ctions 
may be pas
pd from xyÌol to 
-as('line oil or 
castor-oil, but it is necessary to seC' that the 
xylol is completely reIllO\-
d, as that sub- 
VOL. IV 


stance is opaque. In general, scrupulous 
cleanliness is essential, as other\\ ise the dust 
particles which occur in nearly all prepara- 
tions bf'come all too evident. The quartz 

Iides and coyer-glasses must be boiled in 
bichromate of potash and sulphuric acid to 
ensure perfect cleanliness, and should then 
be heated in a Bunsen flame bf'fore they are 
put into use. 

 (5) LIGHT SOURcEs,-The source of light 
is a high-tension spark discharge between 
metallic electrodes. usually magnesium or 
cadmium. The necessary characteristics of 
the light are, that it should emit ultra-violet 
radiations in sufficient quantity, and that its 
spectrum should mainly consist of a few 
intense bright lines, or groups of lines. The 
lines must not be too close together, so that 
any indi,-idualline may be isolated by spectro- 
scopic methods, and utilised as the source of 
light. 
Few metals conform to the necessary con(li- 
tions. Iron, for instance, is quite unsuitable, 
although it emits ultra-yiolet rays freely; 
but the large number of lines in its spectrum, 
and their closeness together, make it im- 
possible to utilise it. Cadmium and magne- 
sium are the most suitable, their spectra 
consisting of a few intense well - separated 
lines, Recent experiments indicate that silyer 
and beryllium may proye of yalue where 
intervening wave-lengths are required, The 
length of spark required is about 5 mm., but 
it must be what is usually referred to as a 
" fat" t:ype of spark of high intrinsic brilliancy. 
It appears that there is B definite limit to the 
amount of energy that can be used in this 
direction, The conditions are comparable to 
that of an arc, in which increase of current 
results in a greater volume of light 0\\ ing to 
the increased size of the luminous crater, but 
does not materially alter the intrinsic brilliancy. 
The coil used is L therefore one that giyes' a 
heavy discharge at a relatiyely low yoltage. 
An oil-immersed condenser, "hich has been 
found superior to a Leyden jar, is connected 
in parallel with the spark, with the result 
that a rapidly alternating discharge takes 
place between the metal points. Either an 
electroh-tic or a mercury break ma v be used 
as an i
terrupter; but Lit has bee; found in 
practice that the latter giyes better results, 
as it runs for a long period "ith greater 
regularity, 

 (6) ::\IETHODS OF OBSERYATIOX. - The 
spectroscopic arrangements for projecting the 
nC'ce
sarv monochromatic light into the micro- 
scope foÌlo" the lines in general of an ordinary 
spectroseope, "ith the exception tha.t thcrp 
i
 no Rlit. In front of the' spark. and at a. 
suitahle distance from it. a quartz }Pns of 
about 18 em. focal lC'ngth is plaeC'd, RO that 
I an ima,gc of t hc spa.rk i:-; prnje('ÌC'd at thc 
R 
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pla,ne of the iris diaphragm in the mícr.)scope 
su bstage. A pair of crystalline tL uartz prisms 
of opposite rotation are arranged so that the 
light is decomposed, and are set at minimum 
dcviation for the pa,rticula,r wave-length it is 
desired to use. The light passes from the 
prisms to the right-angled q ua,rtz reflecting 
prism underneath the microscope, and is, by 
means of that prism, deflected in the "direction 
of the optic axis of the instrument. In the 
plane of the iris diaphragm on the microscope 
a disc of uranium glass, on which is engra.ved 
a small circle, is pla,ced. A fluorescent image 
of the spark can be observed within this 
circle, and must be sharply focussed and 
accurately centred 80 that the ultra-violet 
rays pass into the 8U bstage condenser when 
the uranium glass is removed. 'Yhen this is 
secured, the first condition essential for satis- 
factory adjustment is satisfied. 
The accurate focussing of the image is the 
most difficult part of the process, and until 
consider'a.ble experience has been gained cannot 
be performed with certainty. There are two 
methods available: in one, reliance is placed 
on the fluorescent screen already described, 
but it must be admitted that this is uncertain. 
The difficulty is increased when lines in the 
spectrum are being used which are not of 
great brilliancy; and, in any case, the 
appearance of the image varies with each 
object. 
The object must be examined beforehand 
by visible light, so that its appearance undC'r 
these circumsta,nces is known; then small 
clements of structure that are fairly easily 
seen must be selected for focussing purposes. 
If these are in the same plane as unknown 
structural elements the result is satisfactory, 
but the element uf chance is too great for 
the process to be regarded as a reliable 
one. 
In the second method the image is observed 
by means of a quartz objective and ocular, 
the illuminant being one of the lines, eithf'r 
in the rC'gion of the blue or the violet, emitted 
by a mercury vapour lamp. Thus by using 
suitahle SCleens, which are commercially 
obtainable, any desired wave-length is trans- 
mitted and the image at once observed and 
accur
tely focussed on any desired plane. 
The illumination is then changed to the 
particular ultra-violet line that it is proposed 
to use for photographic purposes. Either bJ 
calculation or by trial and error, the difference 
betwef'n the focal planps of the wave-length 
which is used for 0 hservation and that \\ hie h 
is to bp uSf'd for photop-raphing is detcrmined. 
The finp adjustnwnt of the microscopf' is 
then movpd hy this pr'pdph'rmiI1<-d amount, 
an{l the photograph a.t onc{' takf'n. 1 u 
practice it is founcl that this nwthod is quite 
satisfactory and yipIds almost invariahly good 


re::mlts. Its accuracy is :mainly dependent on 
the mechanical perfection of the fine adj ust. 
ment on the microscope, but the ability of 
the observer to focus an olJjeet illuminated 
by light of short wave-lengt.h is also a fa,ctor. 
It is found advisable to use a dark 
Iide of 
repeating type, so that three photographs ean 
be taken successively' on one plate \\ ithout 
any readjustment of the apparatus. A 
slight adjustment of the microscope fine 
adjustment above and bdow the required 
focus is then made for each photograph, so 
that, if there is any slight lack of adjustment, 
either one or the other of the photographs 
will be satisfactory. The photographic plates 
used must bf' of fine grain and with the 
smallest po
sible quantity of gelatinC' on its 
surface. Experiments have been :made with 
plates of the Schumann type, that is, as USPÙ 
for photographing the far ultra- violf't; hut 
they ha ve not proved so satisfactory as a 
slow photographic plate with a. minimum of 
gdatine and the maximum quantity of silver 
that the gdatine will hold. D('vdopuu'nt is 
carried out to obtain the greatest amount of 
contrast, and a developer used which "ill 
give as fine a grain as possible. No printing 
process docs full justice to the negat.ives, as 
the images are of necessity somewhat thin 
and the elements of structure often result in 
but small differences of density. To fully 
appreciate the advantage of the met.hod the 
original negatives must be seen, 
It has to be admitted that the whole procPsR 
is one of considerable difficulty; it involves 
considerable acquaintance with spectroscopic 
methods as well as those incÎ<kntal to ordinary 
microscopy. At the same time the results 
that have been secured are an advance on 
anything that can be done hy any othcr 
method. In the present sta,te of knowledge 
there is no indication of any optica.l improve- 
ment heing effectf'd which will he a substantial 
advance in microscopic method, but if radia- 
tions of sufficiently short wave-length can he 
utilis('d, it is diffiC'ult to see what limits can 
be placed on thp microscope. The illustra- 
tions chosen are of simple, wdl-known objeds, 
so that the (lifferpncC's in appearan('e can be 
appreciated. Fi[J8. 3, 5, and 7 are photo- 
graphs of living organisms illuminatC'(l under 
the best possible conditions by means of a 
dark-ground illuminator. Figs. 4, fi, an(l H 
are the Aanw organisms photographed in 
ultra-violet light, In each ease there is a 
suggestion of st.ructurp in the dark-ground 
imaw', but there is no comparison whpn cardul 
examination is made hptwPPIl thp two imag('s. 
On theoretical as well as practical grounds 
thp clark-ground nwtho(l is UHdul pnou,!Ûl for 
thp ohsprvation of ROJ)wwh",t gross struehll"C'S, 
hut it utt('rly f<-til
 wlll'n resolution of a high 
order is needed. 
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FIG. 3.-Sacchrrromyces Pastorianus. x 2000, 


FIG. -t.-,s. PustoliullUS. 
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FIG. 5.-Bacillus anthracis, X 
OUO. 


FIG. 6.-B. (tllthracis. " 
UUO. 
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Fro. 7.-Bacilb.f.8 meyatherium x 1 ï:;O. 


FIG. B.-B. mf'(Jfltlwrium. x 1'i:)0. 



2-t-t 


)I1(1BO
COPï \\'ITH ULTRA-YIOLET LIGHT 



 (7) YISUAL )[I-:THODS.- As a means of 
microscope rC'sC'arch, the method so far de- 
Rcribed suffers from the disadvantage that it 
is purely a phot.ographic process. The visual 
image obtain('d upon thc fluoresc('nt obsC'rving 
scrcC'll, \\ hieh is used for the location of the 
image and approximate focussing, affords no 
indication of the ultimate value of the rcsults. 
There is only one method by which a visual 
image can bc obtained, which is indicative 
of structure, and that is by observing the 
fluorC'scence t ha.t occurs in certain animal 
tissues and other su bstances when they are 
illuminated by means of ultra-violet light. 
It is \\ ell knO\\ n that fluorescence is brou1!ht 
about principally by the ultra-violet rays; 
t.hp rays of the visihle spectrum being much 
less active. The microscopic observation of 
the fluorescence of animal and vegC'table 
tissu('s differs in practice from that hitherto 
described. There are two sources of light 
available, either an electric arc or a quartz 
mercury vapour lamp. The electric arc is 
preferahle, and ca.n be used either with 
ordinary carbons or with one or both carbons 
provided with a core of coppC'r, iron, or nickel. 
Carbons impregnated with carbonate of iron 
also form a sa,tisfactory light source, as the 
resulting radiations consist in large p::trt of 
light in the ultra-violet region. The necessity 
for a spectroscopic arrangE'ment to decompose 
the light does not arise, as the particular 
wave-length of the radiations employed is 
not of moment. In addition, the loss of 
light resulting from the use of a pair of quartz 
prisms to isolate the ultra-violet region of the 
spectrum is so great as to render the observa- 
tion of some fluorescC'nt images difficult, if 
not impossible. The fluorescence that occurs 
is characteristic of the fluorescing body, and 
is practically inùcpenùcnt of the wave-l('ngth 
of thc exciting light. It follows therefore 
that, if ultra-violet only can be uscd as an 
illuminant and all visiblc light excluded, a 
satisfactory light source is at once ohtained. 
This isola,tion of the ultra-violC't portion of 
the spectrum was not practicable until R. \V. 
\V ood of Baltimore 1 found that nitrosodi- 
methylaniline in aqueous solution of one in 
five thousand to ten thousand would t.ransmit 
a cunsiderable portion of the ultra-violet 
spC'ctrum while cutting out part of the visihle 
spectrum. A qnartz or uviol glaRs cell can 
thC'rC'fure be filled \\ ith this solution of a 
thickness of ahout ] cm., and this act.s as an 
ahsorbing screC'n,2 In a(Mition, a piC'ce of 
hilI(' uviol glass, togC'thC'1' \\ ith a cell containing 
a 20 per cent solution of cO]>]1C'r Fmlphate, is 
uSNL The purpORC' of the sulphate of copper 
is to C'tlt out t}w pxtrC'me r('(1. which is othpr- 
I Wood, Phil. .11"(1., HIO
, ,i. :2.")7. 
2 L"!lIllann, " \ Filh'r for ntra- \-ioJd Rays, :uHl 
its {lS(':-\," V('rILfIlHIl. Ú. f)f'Il'
W"f'1l /'h!lxil.-. (;I'!wllsrlwft. 
! !HO, No. 2L : P}liigl!rs Archie f. Physiologic, cxlii. 


wisC' t.ra.nsmitted, and it also ah
ml'hs invisible 
heat \\ aves. A quartz lens of suita hIe foC'a] 
length is placed in front of the arc, so that a 
para.llel bC'am is projected on to a right- 
anglC'd prism of quartz wllÎch takes the place 
of the ordinary mirror on the microscope. A 
quartz condenser similar to that usC'd in the 
case of ultra-violet light photography is placed 
in the substage. The object itself, which must 
be in thin section, is mounted on a quartz slide 
in any suitable fluid which is transparent 
to ultra-violet light; but it may be coyered 
with an ordinary cover-glass, as the fluorescent 
light emitted by the object is in the region 
of the visible spectrum. The only precautiun 
necessary is to ascertain that the particular 
glass used does not it
elf fluoresce. Recently 

lessrs. Chance Brothers have introduced a new 
kind of glass which is transparent to ultra- 
violet light while transmitting but little visible 
light. If used in conjunction with a sulphate 
of copper screen, as already described, it 
forms a very efficiC'nt means of obtaining 
ultra-violet light, the region transmitted being 
between 300 and 400 micromillimetre:::; wave- 
lengths. The effects obtained when unstained 
microscopic objects are illuminated in this 
way are very beautiful, and in many cases a 
range of colour is produced which extends 
over a considerable portion of the yisible 
spectrum. In vie\", of the subtle differences 
of tint that occur in the fluorescent image, 
the value of the result is largely dependent 
upon the power of the observer to detect 
colour differences; the colour sensitiveness of 
the eye is in fact the determining factor. As 
all solid bodies which fluoresce in ultra-violet 
light also have a definite phosphorescent 
period, it is probable that an application of 
Becquerel's phosphoroscope might be found 
to be of considerable value in these obRerva- 
tions. Tissues are best observE'd in as frC'sh 
a condition as l)ossible, and sections are 
preferably cut frozen to avoid the neC'essity 
of employing cmbedding processC's, \",hich may 
cause structural changes. The section itself 
must be thin, because if there are superimpOl
C'd 
elements of structure the underlying onC'R 
which fluoresce cause a considerahle amount 
of light diffusion, All animal cclls and 
tissues, except those which au' pigmentpd, 
have the power of fluorescing in u1tra-violE't 
light. Haemoglohin, or itR derivatives, does 
not fluoresce. The following are a fC'w 
typical examples of the colours which cer- 
tain animal tissues exhibit as the result of 
fluorcscence : 
Pnpigmented hair: intense light yC'Uow. 
PignwntC'd hair, such aR hlat'k: no ftuorC'RcC'nce. 

kin: intense light bluC', the hlood-vcsscJs 
a ppC'aring dark and non - fl uoreRC'C'nt. 
TeC'th: intense white, smnC\\ hat hluish in 
tint. 
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l\Iucous membrane of 
mutll intestine: light 
breen, 
Spleen: dark brown. 
Liver: dark brown, somewhat greenish. 
Kidney: dark yellow green. 
Section of lung: dark bro,,-n, somewhat 
greenish; trans\ erse sections of the larger 
vessels of bronchi fluoresce light blue. 
Aorta: intense light yellow. 
:\Iuscles: intense light green. 
Fat: light green. 
Bones: light blue. 
Cornea and lens of the eye: intense light 
blue. J. E. B. 
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:\IILLILAMBERT: one - thousandth part of a 
Lambert (q.l.'.). It is a unit of brightness 
equal to 10/7r candles per square metre-i.e. 
to 0.92 equivalent foot-candles. See" Photo- 
metry and Illumination," 
 (2). 
)IrLLIPHOT: one-thousandth part of a phot 
(q.v.), and therefore equal to 10 lux or 
0.92 foot-candles. See "Photometrv and 
Illumination," 
 (2). 
 

lr:XE GASES, DETEC'TIO:X OF, BY BEATS. See 
" Sound," 
 (,33) (ii.). 
:\!IuRORS, HALF-SILYERED. See "Silvered 
)Iirrors and Sih""ering," 
 (.3). 
:\IIxTrRE CrRvEs: the curves sho" ing the 
proportion of the three primaries of a 
trichromatic colorimeter required to re- 
produce the colours of the spectrum. See 
" Eye," g (10). . 


)IODULATION: a term used 
denote change of key or 
course of a piece of music. 

 (4). 


in music to 
mode in the 
See" Sound," 


l\IOXOCHROMATIC ILLr:}IIxAToR: an instru- 
ment for separating the constituents of a 
white or complex light and illuminating an 
object with light of one wave-length only, 
See "Spectroscopes and Refractometers," 

 (21). 


.MOSELEY'S LAW OF ATO:\IIC STRucTrRE, The 
positive charge on the nucleus of an atom 
is K units, where X is the atomic number, 
i.e. the sequence number of the element in 
thp periodic table, and there are K electrons, 
each of unit negative chan:re, surrounding 
it. to counterbal
nce the nucleus and form 
the atom, See" Crystallography," 
 (20). 
l\IoToR (' \R HEADLIGHTS, PHOTO:}IETRY OF. 
See" Photometry and Illumination," 
 (113). 
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NAK.UIUR.-\'S POLARDIETER, See "l>olari. 
metry," 
 (11) (ii.). 
NAUTICAL ASTROKO::\IY. See" Navigation and 
Navigational Instruments," g (18). 


NAVIGATION AXD NAVIGATIO
AL 
IXSTRU)IENTS 


I. INTRODUCTION 

 (1) -:\IETHODS K\IPLOYED. - The principal 
demand that the navigator of a ship makes 
upon physical science is for instruments that 
will enable him to determine his position upon 
the surface of the earth, and for instruments 
that will enable him to determine the direction 
in which his ship is moving. 
Until a recent date methods of navigation 
could be classified either under the heading 
of "dead reckoning" or else of nautical 
astronomy. In addition, methods of deter- 
mining position from the bearings of recognis- 
able landmarks, and of identification of position 
fr0lli a series of soundings, occupy a subsidiary 
place in the science of navigation. Recently 
an entirely new method of position fixing has 
been developed, namely directional wireless 
telegraphy, a method which has such great 
possibilities that it is conceivable that in 
time it will entirely displace astronomical 
methods. 

 (2) LEADING l\IARKs.-The simplest of all 
methods of position fixing is by leading marks 
when in sight of a coast. A shoal can be 
marked and avoided by beacons set up on 
shore or by natural landmarks noted as being 
in line when just clear of the danger. By 
wa tching the rela ti ve changes of bearing of 
these marks the navigator keeps his ship in 
safe waters. An extension of this method 
(which requires the use of four shore objects) 
is to utilisp three only and the angles they 
suhtend at thè ship. If three points, A, B, 
and C, can be identified on the chart and if the 
angular distance from A to B is a and the 
distance from B to C is ß there is a unique 
position determined by the point of intersection 
of two cirdes. The instruments required for 
such position fixing are a sextant to measure 
the two angles a and ß and, to avoid the 
trouble of geometrical construction, a station 
pointer to layoff the position on the chart. 
Another mpthod iR to take the bearings of 
two known ohjects by means of the azimuth 
f'ompass. Lines of hearing in the reversed 
directions from those obser'
ed are then dra,,'TI 
through the ohjects upon th(' chart and their 
point of intersection give's the pm
ition of the 
ship. 'Vith one object only the fix can only 


be made by taking two bearings at different 
times and laying down upon the chart the 
" run" of the ship in the interval. For such 
a fix the navigator must have means of 
determining the direction and speed of the 
ship through the water, and these data, com- 
bined with the observe'd leeway and the set 
and drift of the tides as given by tide tables, 
enable him to complete the fixing of his 
position. Speed is measured by log line, 
which in its primitive form was simply a log 
of wood dropped over the stern and line paid 
out as fast as it would run, speed being 
measured by the number of knots of the line 
that ran out in a specified time, usually 
fourteen or twenty-eight seconds. The modern 
form of log indicates continuously the distance 
a ship has run, For rough purposes the 
rapidity of revolution of the pro})eller is also a 
measure of the speed. 

 (3) ASTRONOMICAL 1\IETHODS.-Such 
methods as have been descri bed above are 
applicable only when the ship is in sight of 
land. For cross-seas navigation the position 
is known provided the course, i.e. the direction, 
and speed are continuously and accurately 
known. But an error in the determination 
of the course or an error in the estimation 
of the speed will have a cumulative effect 
upon the ship's position, so that it is clear 
that dead-reckoning methods cannot be relied 
on to give accurate information to the 
navigator for any length of time. Besides the 
inaccuracips of the log and the inaccuracies 
of steering or of the compass itself, there are 
also unknown effects from wind and from ocean 
currents. From time to time, therefore, it 
becomes npcessary to have recourse to 
astronomical methods in order to fix the 
position and so obtain a new and accurate 
point of departure from which a new dead 
reckoning can be madp. Ordinarily the 
navigator likes to have an astronomical fix 
at least once a day; in a ship running at high 
speed sights are taken more often still when 
the weather permits, 'Vith an overcast sl.;:y 
nothing, until the advpnt of directional wire- 
less tele
raphy, was available to the navigator 
but dead-reckoning methods. 
Every astronomical observation for position 
is a measurement of the anglllar altitude of a 
heavenly body above the horizon at a not(.d 
time. The altitude is measured by a sextant 
and the time obtained from a chronometer 
wnose prror on Greenwich :\Iean Time is 
known with sufficient accuracy. Formerly 
this error used to hf' ohtained fro;n the kno" 11 
error when the ship was last in port, and from 
the ratf' dctermined from a previous prror. 
Nowadays a ship with wireless can ohhtin 
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the error of her chronometers Ly time signal 
in a!most all parts of the \\ odd. 

 (4) THE SC:\IXER LIXE.-_-\ fi
ht lut\in
 
been taken, the ob8eryed altitude and time 
give the navigator a means of drawing upon 
his chart a certain line of position or " Sumner 
Line." The position ()f this line can be realised 
from Fig. 1. Let X be the subsolar (substenar 


D,R. 
Position 


FIG. 1. 


or sublunar) point, that is, the one point 
upon the earth's surface at which the sun's 
centre is at the zenith at the time the sight 
is taken. The earth being treated as spherical, 
the subsolar point is that place at which a line 
dra"wll from the earth's centre to the sun's 
centre will cut the earth's surface. Such a 
line bein Cf a radius of the earth i;:, a vertical 
line at this point, and the sun, at that point 
.3.nd at that time, has an altitude of 90 0 ahove 
the horizon. The latitude, XD, of the subsolar 
point is the sun's declination and the longitude, 
CD, is the Greenwicn apparent time conyerted 
into angle. For the case of a star the latitude 
is the declim1.tion anù the longitude the star's 
Greenwich hour angle at the time. 
If a circle of 60 sea mileH radius be descrihed 
l'Ound the subsolar point, its circumference 
contains all those points on the 
mrfa('e of the 
earth whose verticals are inclined at an angle 
of one degree with the vertical of X. Hence 
at the instant in question this circle is the locus 
of all points for which the altitude of the 
sun i
 89 0 . If the circle has 120 sea miles 
radins it hecomes the locus of points for 
which the altitude is 88 0 and so on. The 
curves of constant altitude are in fact a series 
of small circles drawn round the subsolar 
point as pole and spaced in exactly the same 
way a"l. the parallels of latitude round the pole 
of the earth. The deductions that can there- 
f0re be made from an ordinary navigational 
" sight" are simply that the ship's position 
is somewhere on a certain small circle that 
can be drawn, if need be, for its pole and its 
radius are known. 
As the navigator always knows the position 
of his ship "ith approÀimate accuracy, he is 
concerned with a small portion only of this 


small circle, namely that part of its circum- 
ferenC'e \\ hich is in the neighbuurhuud of his 
dead-reckoning }Jo::;ition, For such length vf 
the circumference as he usually has to consider 
it is suffie-ient for him to treat the cnrve when 
projected on to the )Iereator chart as being 
straight, and such a line is called a position 
line or Sumner line, after Captain Smnner, an 
American merchant-service captain" ho first 
called attention to the use of them. 
The methods by which the position of the 
Sumner line ean be determineå are various, 
but the method of false po!':itions devised by 
,rarc St. Hilaire i:::; the one now most commonly 
practised. 
\. position is adopted which is 
known to be not far different from the ship's 
actual position, and the altitude of the sun or 
other heavenly body is calculated for that spot 
and for the instant at which the sight" as actu- 
ally ta,ken. A comparison is made between this 
calculated altitude and that measured by the 
sextant, anù the difference between the two, 
measured in minutes of arc, repre
ents the 
distance, measured in sea miles, separating 
the assumed position from the Sumner line. 
If the observed altitude is the greater, then 
the Sumner line is nearer to the su hsolar 
point than the assumed position and l:ice 
rersa. The Sumner line is always drawn at 
right angles to the true bearing or aÚmuth 
of the heavenly body observed, so that the 
di:::;tance of the assumed position from the 
Sumner line is always measured in the direction 
of the true bearing. 

 (5) SOURCES OF ERROR. REFRA(,TIO
.-As 
in all instruments for precise measurement, 
one of the main considerations in the design 
is the errors that are like]y to arise and to be 
present in the measured values. The effect 
of an error in the measurement is very apparent, 
as each minute of error moves the Sumner line 
one sea mile parallel to itself. The accuracy 
\"\ith which the position line can be laid down 
upon the chart is precisely the accuracy 
(apart from errors of dra\\ing) "ith which 
the sun's altitude can be measured. Errors 
enter into the final result either from errors 
of the sextant or inaccuracies due to external 
causes, of which the only one which needs 
consideration is the yariable atmospheric 
refraction. l This "ill affect both the position 
(If the sun in the sky and the apparent position 
of the horizon, and it is obvious that the latter 
will be the more displaced of the t" 0, The 
depression of the visible horizon in minutes 
of arc, if the atmosphere had no refractive 
effect, is 1.0ß3 ,'li, where h is the height of the 
observer's eye in feet. Atmospheric refraction 
reduces tlli
 amount by approximately 8 per 
eent, and the tables for dip, as the depre!':
i()n 
of the horizon i'3 al!':o called. are calculated 


1 See" Trigonoßlf'trical HC'Ïght
," etc., Yol. III. 
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from the formula o.!)
 ,'h, For abnormal 
states of the barometer and tempprature 
correcting tables are given, anù in the majority 
of cases the resnJts are sufiicicntly close for 
the ship's navigator. Circumstances may, 
however, arise in \\ hich these dip tahles are 
widely erroneous. The most likdy conditions 
for error are a calm clear day" ith a warm air 
and a colder sea. There will then be an 
invcr
ion of temperature in the lmver layers 
of the atmosphere, and the refraction factor 
in the dip being based on the supposition 
that the atmosphere Ü; in a state of eq nilihrium 
in \vhich the temperature falls uniformly at 
the rate of 1 0 C. per GOO feet is in these 
circumstances quite false. In special cases 
errors in the dip tables have been known to 
be so great that the sea horizon is refracted 
above the true horizontal and the sea as 
seen from the deck of t.he ship appears saucer 
shaped. Errors of four or five minutes under 
the conditions quoted above appear to be 
common; Reveral reliahle reports have been 
made of the dip bC'ing as much as h\enty 
minutes in error. 
'Yhen, as in cable laying or in marine 
surveying, accurate position fixing is npeded, 
it is customary to combat errors of refraction 
by taking sights in a series of azimuths and 
determining the position from the Sumner 
lines so obtained. Sometimes Imbsidiary in- 
struments are used to measure the dip at the 
time of the observation. Thpse are described 
later. 
Errors in refraction do not affect the 
heavenly body obsf'rved to the same extent 
unless its altitude is very low. Usually if the 
altitude is not less than 20 0 any inversion of 
temperature in the lower levels of the atmo- 
sphere will hardly affect the apparent position 
of the body in the sky, and the tabulated 
vahws of the refraction in altitude will be good 
enough. 

 (6) OTHER SOURCES OF ERROR.-Other 
errors which affect the accuracy of the 
pOl-:ition lin(' are those of the sextant itself, 
namely the first order zero error and the 
second order perpendicular error, side error, 
and collimation error. These are eXplained 
in the description of the sextant. 
The possihility of the navigators being able 
to take any sight
 at all depends upon the Elea 
horizon l)('ing vi Rihlf>. Fre(}uC'ntly it is 
obscured by low-lying hanks of mist. At 
night-time it is always difficult to distinguish 
it except in hright moonlight. 'Vhen a 
telescope is ul;jC'd with the sextant the difficulty 
is greater stilL Only a portion of the exit 
pupil of the telescope is occupied by light 
from the horizon, an(l thC're is always loss by 
internal reflC'ction at the various glass air 
surfaces of the telescope. Taking hoth these 
into consideration, it is found that the intrinsic 


brightnps
 of the horiz, m is lC'ss than half" hen 
viC'w('d through the tdcRcope of what it is 
when viewed by the unoh
truded nakt'd eye. 
Through such rea::,ons as tht'8e it has bccome a 
very common practice of navigators to limit 
their star observations to morning and e\ ening 
twilight during the half-hour or so wlwn the 
horizon is still reasonably clear and the hrig:hter 
stars can be picked up without difficulty. One 
direction in which many attempts to solve 
these difficultip
 of the navigator have been 
made is the provision of something which 
will replace the sea horizon as a hasis of 
measurement of altitude. All these attempts 
have been made "ith the idC'a of providing 
some sort of level or vf'ltical controll('d by 
gravity. The reason for tlwir failurp is 
referred to in the de
cription of the sextant. 

 (7) FIXING POSITION,-From \\hat has 
been stat.C'd it will be seen that observations 
of hvo heavenly bodies, or two obscn'a- 
tions of the same hody :separatC'd by a 
distinct lapse of time, arC' necessary for 
the d{'termination of a fix. During thf' day- 
time the second course has to be adopted, It, 
is true that occasionally the moon can be 
used, but for some reason, possihly because 
the corrections are troublesome, few navigators 
make use of it. The planet Yenus, whcn at 
her greatest distance from the sun, can also 
be USf'd. at times, but it needs a very skilled 
navigator to pick the star up in broad daylight 
and to measure her altitude. 
Attempts have also bC'en made to ohtain 
a bearing of the sun "ith sufficient accuracy 
to enable the position of the ship on the 
Sumner circle to be identified, If the bearing 
can be taken with the certainty that the error 
does not exceed a quarter of a degree, then the 
ship's position on the Sumner {'ircle can be 
limited to a length of a few miles, the amount 
depending upon the altitude. But it is diffi- 
cult to get. a magnC'ti.e or 
yro compass to 
maintain such accuracy, and the error cannot 
be measured to that precision at Rf>a excf'pt 
by Polaris, the only star whosp bearing can 
be sufficiently accurately calculated when the 
ship's position is only roughly known. 
Another direction in which improved aids 
to navigation are likely to he forthcoming 
is from the extensive experimC'nts in sound 
ranging that have been parried out in the 
recent war. These exppriments ha ye covC'rf'd 
a verv ",ide field and have aehieyed many 
valuable succef:!ses. Among these may h
e 
instanced directional hydrophone,:::, hy means 
of which distant suhmarine signals can hc 
located in dircction at ranges up to fifty milC's. 
For approaching a coast in foggy weathpr the 
peace time uses of I-:uch devices are obvious. 
Again, the exp"ricnce of war has shO\\ n that 
it is possible, hy cxploding a charge un(lC'r 
water, to time the echo rcflected back frOla 
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another ship "ith 
u('h a niee (If'grce of 
accuracy that her rang(' can be calculated 
from it. It is likely that sueh re3earch "ill 
make it possible to take deep-sea soundings 
"ith infinitely le::;s trouble than was attendant 
upon the old methods. 


II. IXSTRU:\IEXTS USED I
 
 A YIG.\.TION 

 (8) )IEl'HODS OF DEAD RECKOXIXG.- 
'Yhen the navigator has determined his 
position (latitude and longitude) at a certain 
instant, awl su bseq uently knows his courses, 
speeds, and lengths of time running on those 
('ou
es, he has sufficient information to supply 
him with the position at any time afterwards. 
The new position can be determined either by 
plotting the track upon the chart or by working 
out a ., traverse," "hich means that each 
element of the distance run must be re
olved 
into its north-south anù east-west components, 
The algebraic sum of the former gives the 
.. (liff, lat." from his previous position, the 
latter his .. departure" from the same spot. 
The "departure" being found, the difference 
in longitude is deduced from the relation 
Diff. long. = Departure x secant mid latitude. 
The whole of the resolution of the different 
elpments of the run into components can be 
done by the tra,Terse table. 
The accuracy of the final estimation of 
position depends upon the accuracy of the 
arguments-course and distance-"ith "hich 
the traverse table is entered. "Course" is 
rend('red inaccurate by unsteady steering, 
and by erroneous estimation of the leeway 
made. ,. Speed" has errors due to inac('ur- 
acies of thf' log, 
The two in
truments concerned with dead- 
reckoning estimation of position are the 
Compass (magnetic or gyrostatic) and the 
Log line. 

 (9) THE )IAGXETIC CO:\IPASS. (i.) Descrip- 
tion.-The magnetic compas
 is undoubtedly 
the most important instrument of na\igation 
in use in the ship. It consists of a circular 
card, divided into degrees and "points,.' to 
which is attached a series of magnetic needles. 
The "hole, balanced upon a central pivot 
and kept in a horizontal pm
ition through 
the weight being below the point of support, 
turns under the earth's maanetic force so 
that the needles lie in the ma
etic meridian. 
The reading of the card against a "lubber- 
line" in the bowl then indicates the direction 
of the ship's head. 
Compasses are either of the Jiquid type or 
els(' of the dry-card type. In the former case 
the whole bowl is filled "ith a mixture of 
alcohol and water, the formula for naval 
compasses being ordinarily 67 per cent distilled 


water and 33 per cent pure> alcohol. For air 
purposes, "here much 10\\ ('I' temperatures are 
encountered, pure alcohol is used. The object 
of the liquid is to increase the damping effect 
and cause the compass to settle down more 
quickly if by any chancf' it is disturbed. 
The support of the card is usually in the 
form of a sapphire cap resting on an agate 
point. 
The needles in most cases are disposed symmetric- 
ally in two parallel bundles on either side of the 
centre and at such distances as \\ ill give the "hole 
equal moments of inertia about any diameter of the 
card. rnless this equality exists the principal 
moments of inertia "ill lie, from considerations of 
svmmetrv, in the north-south and east-" est lines. 
If such 
 compass is subject on board to a forced 
oscillation about any othër diameter of the card 
than a cardinal one, an oscillation of the card in 
its O\\n plane will be set up \\ith a period \\hich 
increases as the difference bet" een the Ì\\ 0 principal 
moments of inertia is lessened. As forceà oscillations 
of this description are wry likely to result from the 
vibrations of the main engines or of other machinery, 
the equality of the two principal moments of inertia 
is of considerable importance. 'Yith two single 
needles the distance apart should be equal to the 
length of the needles di,-ided by ,'3. 
The relative values of the strength of the 
horizontal component of the earth's magnetic 
field, the viscosity of the liquid, friction of the 
pivot, etc., and the moment of inertia about 
the axis determine the period at which the 
card \\ ill oscillate about its E'q uilibrium 
position and the rate of decay of the ampli- 
tude of this oscillation. r sually with a 
liquid compa8s the period for the latitude of 
Green\\ich is from 10 to 18 seconds from 
rest to rest and the decav factor, i.e. the 
ratio of a half-swing from r
st to rest to the 
one preceding it, about one-half for each 
successive half-swing. 
In certain compasses used in aircraft the damping 
has been inoreased and the moment of inertia reduced 
to such an extent that the compass is aperiodic 
and goes directly back to the meridian \\ithout 
oscillation. 
The direction of the ship's head, as sho"n by 
the compass, requires correction for variation 
and deviation. The former term denotes 
the angle beh\ een the magnetic and the 
geographical meridians and is obtainable 
always from the Admiralty chartR, in which 
the 
mount at the date 
f publication and 
the annual change are indicated. The de,ia- 
tion of the compass is the angular deflection 
of the needle from the magnetic meridian due 
to the influence of the permanent and induced 
magnetism of the iron and steel used in the 
construction of the ship. 
(ii,) Hi8torical,-The origin of the magnetic 
compass is lost in obscurity. It is apparently 
referred to in Chinese and Siamese manuscripts 
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of the fourth century. Possibly it antC'datC's 
the., Christian era. F Il<L uestionably it remained 
a very crude instrument indeed until the 
fourteenth century, when the 
papolitan 
Flavio Gioia made very considerable improve- 
ments in it, but even then it was so very 
approximate in its indication of the north 
point that it was always believed to indicate 
the true north, and it was not until 1535, when 

Iartin Cortez of Seville published a Look on 
navigation, that any mention is made of 
magnetic variation. Twenty years later mag- 
netic dip was discovered by X orman, and from 
data supplied by seamen curves of magnetic 
variation and dip were gradually constructed. 
Towards the end of the seventeenth century 
differences in the variation as supplied by 
different ships began to be manifest. Denis 
in 16ß6, and Dampier in lß91, instanced 
anomalies of a similar kind, and 'Yales, \vho 
was astronomer to Cook's expedition to the 
South Seas, first asserted that the direction 
of the ship's head affected the compass. 
In 1794 l\Ir. Downie, master of H.:\I.S. Glory, 
observed that "the quantity and vicinity of 
iron in most ships has an effect in attracting 
the needle." In 1801 Captain Flinders, whose 
name is still preserved in connection with the 
" Flinders bar," found that a change in the 
position of the binnacle affected the compass, 
and as a result of his representations to the 
Admiralty a series of experiments was made 
at Sheerness on several of H.:M. ships, but 
the scope of the work was too limited to 
permit of really general deductions being 
drawn. Professor Barlow, after an extensive 
course of experiments, proposed in 1819 to 
counteract the effect of large masses of iron 
used in the construction of the ship by a 
circular plate suitably placed in proximity 
to the compass, and in 1833 Captain Johnson, 
the Admiralty Superintendent of Compasses, 
found during an investigation into the 
applicability of Barlow's plate to the compasses 
of the iron ship Garryowen, that the ship 
herself was permanently magnetic and that 
the plate failed to correct thp resulting 
compass error. As a result of Johnson's 
experiments the Admiralty commissioned 
Airy, then Astronomer-Royal, to make further 
experiments on Loard the iron vessels Rainbow 
and 1 ronsides, and his conclusions from these 
experiments were that the permanent 
magnetism of the ship could be counteracted 
by the location near the compass of suitably 
placed pprmanent magnets. 
"'hile these investigations were heing madC' 
in England, Poisson was al
o engaged in 
similar work in France. His work, which 
was of a more academic character, was 
prpsente(l to the Academie des Sciences in 
lR24. This celeLrated memoir on the Theory 
of )lagnetism is generally recognised as 


fO[,llling t hp founùation of tht"' Theory of tll(' 
Deviations of the l'olllpas
. III l8

8 he 
contributed a, second memoir in "hich, 
although recognising the possibility of per- 
manent. magnetism being present, he yet JH'P- 
sumed that it was of very small amount, and 
omitted it in his solutions. 
Unlike Poisson, Airy started with the 
recognised necessity of dealing with the 
permanent magnetism, Lut the deductions he 
made from the Iro1lsides experiments "ere 
not fully justified, and subsequently a serious 
divergence of opinion arose bet\\ een Airy 
and Scoresby respecting the validity of the 
former's conclusions. The main point at 
issue was whether the rules devised by Airy 
for the correction of the compass applied 
only in the place at which the corrections 
were made or whether they could also be 
considered reasonably accurate for changes 
of latitude. ScoresLy also affirmed that the 
so-called permanent magnetism of the ship, 
produced by hammering, etc., during construc- 
tion, was only sub-permanent; that a large 
part of it disappeared during the early voyages; 
and that it might be very largely changed by 
the buffeting that a ship might receive if she 
continued on the same course for any length 
of time in heavy weather. The loss of an 
important ship, the Taylor, on her first voyage, 
in 1854, a loss which was in some qual tel's 
attributed to the defects of Airy's conclusions, 
led to the formation of the very important 
Liverpool Compass Committee, \\ hich issued 
three reports on the Deviations of the Compass 
-in 185ß, 1857, and 18tH. }'ollowing these 
reports the Admiralty ordered further in- 
vestigation, and a mathematical examination 
of "the subject was carried out by Archibald 
Smith, very largely based on Poi
son's 
original work Subsequently, under the din'c- 
tion of Captain F. J. Evans, R.N., f;uper- 
intendent of the Admiralty Compass Depart- 
ment, and of Archibald Smith, the Admiralty 
.111 anual of the Deviations of the Compass was 
published in lRß2, and pas"ed through succes- 
sive editions in 18ß3, 18ö9, 1874, IHS2, 18û
J, 
1901, and 1912. 
The Admiralty .11lanufll, with its inves:tiga- 
tion and rules for corrf'ction, is now lookf'd 
upon as the standard work on the subject, 
and has been adoptpd as the hasis of similar 
publications in othf'r countrif'
. 
Very few changes were necessary in thf' 
first five editions, but in the sixth, brought out 
in 1893, certain modifications of detail haù 
to be introduced on 
t('count of the greatC'r 
use of steel in ship construction; but in 
principle there is little change since the work 
tÌrst appeared, and the:' only controvpr
iaJ 
points that have aroused any discussion have 
been such matters as the comparative merits 
of the liquid as against the "dry - card " 
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compa

. the construction of the cap and 
pivot, and the most suitable period of 
oscillation. 


\Vith the advent of aeroplanes and airships the 
need of compasses for their special use became 
apparent, and experimental work is still in progress 
for the purpose of evolving tbe best type, One of 
the principal difficulties in this connection lies in the 
fact that an aeroplane in turning is subject to very 
large horizontal acceleration, and the compass card 
" banks" in consequence at angles of possibly 60 n 
or ïO" "ith the horizontal. rnder such circum- 
stances the vertical component of the earth's 
magnetism may have as much or even more effect on 
the needle than the horizontal. In particular it is 
quite possible, "hen turning away from north, for 
the compass to go off in the \\ rong direction. \\hen 
in sight of the ground this is comparatively un- 
important, but when fl
ing in cloud the unreliability 
of the compass in indicating turn can easily result 
in the pilot's getting his machine int{) a .. spinning 
nose dive." It appears impossible to provide a 
compass that will fulfil all the requirements of the 
air pilot, and up to the present the "aperiodic" 
previously referred to seems to be the best 
compromise, 



 (lO) )IATHE1IATICAL THEORY OF THE CO:\!- 
PASS. (i.) Deâation Error. - The mathe- 
matical theory of the deviations of the 
compass has to take account of the permanent 
magnetism of the ship, of the induced 
magnetism of soft iron changing with each 
change of course, of the varying values of 
the earth's magnetic field in different latitudes, 
and to include the effects that are due to the 
rolling, pitching, and ya "ing that the ship 
may be subject to in a seaway. Of these 
three types of motion that of rolljng is the 
most important. In the days of sailing ships 
the vessel would be heeled over to leeward 
for long periods, and the ., heeling error" 
was of primary importancp. In a steamship 
rolling takes place about the upright position, 
and consequent deviations due to heeling are 
of a]ternate sign, so that their relative import- 
ance is ]e
;Ò! than it was in sailing-ship days. 
As the "hole of the investigation of heeling 
error has been made on a statical basis, it is 
quite probable that the formulae obtained 
are not true for a ship "ith a considerable 
degree of roll when dvnamical considerations 
enter into the questio
. 
For the purpose of considering the quantita- 
tive values of the deviation take as axes of 
reference Ox in the fore and aft line (ahead) 
through the compass, Oy in a horizontal 

thwartship direction (to starboard), and Oz 
III a vertical direction downwards, the 

umption being that the ship is for the 
present on an even keel (see Fig. 2). 
Let X, y, and Z be the components of the earth's 
field at the origin, and P, Q, and R the components of 
the ship's field (permanent magnetism). 


Then the t{)tal field \\;11 have components 
X' =X +aX+bY +cZ +P, 
Y'=Y +dX+eY +fZ+Q, 
Z'=Z+gX+hY +kZ+R, 


where a, b, c, d, e, J, g, h, k are parameters dependent 
upon the distribution of soft iron in the ship. These 
eq ua tions are due to PC:3son. 


y 


Z 
FIG. 2. 


If Hand H' are the horizont
l force of the earth 
and the horizontal force of the earth and ship 
respectively, () the dip, t the magnetic course, t 


:1 Ô 


the compass course, and ô (=t-f') the deviation, 
"e have (see Fig. 3) 


X=H cDS t, Y= - H sin t, Z=H tan (), 


X'=H' cos r, Y' = - H' sin r; 


by substitution and reduction "e obtain 


H' d-b ( P ) . 
H sin 0 = 2 + c tan () +j{ sm t 


( Q ) a-e. <- d+b 
+ f tan ()+lî cos t+T sm 2! +2 CDS 2t, 


and 


H' a+e ( P ) <- 
H cos 0=1 +2 + (' tan ()+jf CoS! 


( Q ) a-e . d+b. C)'- 
- f t
n ()+It sin t+T cos 2Ç-
 sm -!. 


The former of these equations gives the strength 
of the couple tending to turn the compass needle 
eastwards. the latter the strength of the couple 
tending to turn to north. The mean ,-alue of the 
former is (d-b),2, "hich is usually, but not neces- 
sarih-. Zf'ro: the mean value of the other is 1 -L(a - e) 2. 
This' we denote by \. In iron vessels X is nearly 
always less than 
nity. The quantity \H, "hich 
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is the mean value of H' cos Ô, or of tht> compOl1l'nt 
of t h(' earth ami shi p dir('cted to magnetic north, is 
usually known as " mean force to north." 
If we \, rite 


1 d-b 
- -=d 
^ 2 · 


I à +b (' 
^ 2=
'" 


!. 

='\'\ 
^ 2 -, 



 (c tan (J+
) =&3, 
 (itan (J+
) =2, 


we obtain 
tl+.ill sin t+2 cos t+'3) sin 2t+& cos 2t 
tan ô= - -- -- -- - · 
1 +
 cos t-è sin t+
 cos 2{-&' sin 2( 


which gives the deviation on any magnetic course 
when the coefficients d, etc., are known. 
III terms of the compass course the expression 
for tho dcviation is more complicated, but can be 
written in the form 
ô=A+B sin ('+0 cos t'+Ð sin 2('+E cos 2f' 
+F sin 3(' +G cos 3t' +H sin 4(' +K cos 4t' 
+L sin 5r +M cos 5t' +N sin üt' + . . . 
in which A. B. C . , . arc derivable from a. 2) . . . 
In view of the fact that 2) e, 
 arc small quantities 
of the first order, a. and &, small quantities of the 
second order. and if we go to terms of thC' third 
order, we find 
A=d 
( 
 2)2 e 2 '3)2 ) &E 
B=$ 1-"2+8+8+-4 -2' 


( 
 áj32 e2 
2 ) &,2) 
C=e 1+-+-+-+- -- 
2 Ü 8 4 2' 
D=
, 
E=t.9+a
, 
.h'-= 2)
-et.9 &3 3 
e2 3

2 
2 24 + T--g' 
e
+áBt.9 e 3 e2)2 3e
2 
G=
- + 24 -g--+-S' 
'3)2 
H= -, 
2 
K = 
&, 
3áB 
2 
L=-, 
8 
32 '3)2 
M= - -, 
8 


N = 
 
3. 
Succecding coefficients would all be of fourth or 
highC'r ordC'rs. Similar expressions for A J' 13 1 , C 1 ' 
etc., when the e.x.pansion is made in terms of the 
magnetic course can also be obtained. 
In actual practice it is not necessary to 
go further in the expansion than the first 
fi ve terms, and provided the value of ô does 
not exceed about 20 0 we can write 


ò=A+ B sin ç' + C cos (' + D sin 2
' + E cos 2
'-'. 


The dpdation thpn con:-:iRts of a conshì.l1
, 
part -\, a semipireular part B sill (+ C cos ç', 
and a quadrantal part U sin 2(' + E C08 2('. 
The constant part A is always small for a 
compass placed on the fore and aft line of the 
ship provided the masses of soft iron are 
symmetrically placed, as most usually happt'ns. 
The sf'micircular deviation is due partly to 
the permanent magnetism of the Rhip and 
partly due to induced magnetism; the 
quadrantal deviation to induced magnetism 
only. The correction of the former is mad!" 
by suitably placed permanent magnctR and 
by the "Flinders Bar"; of the latter Lv 
'3l;itably placed masses of soft iron, usually 
two spheres placed one on each f>ide of the 
binnacle. The n('xt term of the expansion, 
the sext.anta.l deviation, repre8('nts the effect of 
magnetism inducf'd in the soft iron (in effect, 
in the correcting spheres) hy the magnets 
of the com pass itself. In the particular case 
of spheres symmetrically disposed, the sex- 
tan tal term becomes zero provided the 
distance between the two needles is equal to 
the length divided by ,.J3, a condition which 
fortunately is satisfied owing tu the need of 
the card to have equal momentR of inertia. 
It appears, then, that after the compass 
has been approximately corrected by per- 
manent magnets and spheres the approximate 
value for the outstanding deviation is that 
given just above. 
(ii,) Heeling Error.-\Yhen the ship is 
inclined from her normal position, modifica- 
tions in the formula for the deviation have to 
be made. If i be the angle of heel to starboard 
(see Fig. 4) the new deviation Ôi can be shm\n 


:FIG. 4. 


to exceed the deviation ô in the upright position 
by a quantity consisting of a constant part, a. 
semicircular part, and a quadrantal part. 
\Vhcn i is small, and when tllf' soft iron of 
the ship is symmetrically placed, this relatioll- 
ship becomes 
Ôi=Ô+ 
2-Àgi+ Ji cos r - 9;À{Ji cos 2(', 


where 


J = 
 (e - k - 
) tan O. 
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The constant part i(e - g)/2\., and the 
quadrantal part - i(e+ g) cos 2(12\., when 
taken together are equivalent to 
e i sin 2 >-' - gicos 2 ....f 
À 
 \ 
, 
\\ hÏt:h "ill only be zero for all courses provided 
c=o and g=o. These conditions are not 
usually obtained, but the values of cIA and 
g/À are ordinarily smaH, and the error repre- 
sented by these two terms may be safely 
neglected. 
The semicircular heeling error cannot be 
so neglected, and the error represented by 
this term has to be specially dealt "ith in 
correcting the compass. 
The quantity - J is usually spoken of as 
heeling coefficient, - J i as heeling error. The 
correction is made by vertical magnets placed 
directly below the compass bowl. 
(ill.) The Six Coefficients.-O"ing to the 
symmetrical disposition of soft iron relative 
to the compass, four of the Poisson parameters, 
viz, b, d, f, and h, become zero, and hence A 
and E are zero. The coefficients Band C 
of semicircular deviation then depend on 
èB, 12, and 'i'. The value of the last term 

 is in all ordinary cases positive, and can 
be diminished by soft iron correctors placed 
on either side of the compass, In a perfectly 
corrected compass D, and therefore L
, must 
be zero to eliminate quadrantal de,iation, 
and the semicircular "ill then only disappear 
provided áB = 0 and .;2 = o. Both these co- 
efficients are compounded of permanent and 
induced magnetism effects, as is seen from the 
eq uations 


2)= (c tan 0+ PIR) , 
A 
e _(ftan 0+ Q/H) 
\ ' 
and if perfect correction is req uired in all 
parts of the worlù, it is necessary that c and 
f should be zt"ro and P and Q should be zero. 
The parameter f is zero from symmetry and 
c is made zero by means of the Flinder.; bar, 
a vertical bar of soft iron placed before or 
ahaft the compass according to whether the 
coefficient is negative or positive. The 
remaining parts of áB and 2- are corrected 
by permanent magnets placed respectively 
fore and aft and athwartships for the purpose 
of reduC'ing both P and Q to zero. 
!he heeling coefficient - J, which can be 
Written 


( D + 
 - I ) tan 0, 
,\ hf're ,u= I + k+ 
 , 
is zpro in a 
hip for "hich the quadrantal 
doviation is corrC'ctf'd prcn-ided p. = À. Xow 
p.= I + k+ RI::, À = I + !(a+ e), and since a =e 


is t
e. condition for correction of quadrantal 
devIatIon the above equations rpduce to 
R 
K + Z = e, 
a condition that cannot be universally satisfied 
unless K =e and R =0. A correction is, 
however, possible in any particular magnetic 
latitude by vertical magnets placed below the 
compass. 

 (II) DETER:\nXATIOS OF THE ERRORS OF 
A C,n:\IPASS.-By "s\\inginlZ" a ship it is 
possIble to determine in several "ays the 
amount of the deviation. One of the simplest 
of these ways is to turn the ship \\ hile making 
repeated bearing observations of a distant 
point of land. The ship's head is steadied 
on each point of the compass while the 
observation is made and a 
urve of errors 
subsequently constructed. The diameter of 
the turning circle of the ship must be small 
in comparison with the distance of the land- 
mark observed in order to avoid parallactic 
errors, and the exact magnetic bearing must 
be ohtained by measurement from the chart, 
or othen\ise, in order to discover any constant 
error (A) of the compass. 
If the ship is swung at sea out of sight of 
land corresponding observations can be made 
of the sun, but in this case it is simpler to 
determine the deviations by noting the time 
of each observation and thence calculating 
the true azimuth, 
A.n alternative method when close to land 
is to set up an azimuth compass on shore at 
a place free from magnetic disturbance and 
take reciprocal bearings bet\\ een the landing 
compass and the ship's instrument on each 
point. Differences of bearing then represent 
the deviations. 
If the ship is swung in an upright position 
no indication is obtained of the value of 
the heeling error when rollin1!, but sufficient 
information is forthcoming if the values of 
À and ,u can be obtained. The former of 
these, A, is the ratio of the mean horizontal 
directive force to north at the compass to the 
horizontal directive force on shore. It is 
determined from the times of oscillation of a 
horizontal magnet set to ,ibrate first on 
shore and then on board in the binnacle 
after the compass howl ha
 been removed. 
If the horizontal force on board were the same 
in all azimuths, we should have A=H'/H, 
but since H' changes \\ ith the line of the 
ship's head it is nece
sary to use a correcting 
factor, gi,ing rise to the general expression 


H f cos õ 
À- -- - -- - -- - - 
- H ' 1 + 
ß cos!. - 2 sin 
+ 'J' cos 2t- 
; sin 2( 


The values of 
B. 12. '3', and 
..... are obtaÏ11f'd 
from the analysis of the curve of de' iation
. 
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The second constant f.L is obtained from 
mf'asurements of the vertical component of 
magnetism. It is the ratio of the mean value 
of the vertical force on board to the vertical 
force on shore. The measurement is made Ly 
means of a dip circle, which is a magnet 
mounted so as to turn about a horizontal axis. 
By turning the whole instrument in azimuth 
the needle can be made to hang vertically, 
and the ratio of the squares of the times of 
oscillations about its equilibrium position on 
board and on shore leads to the value of 
Z'/Z. As in the previous case, the value of 
Z' changcs \" ith the direction of the ship's 
head, and for precise determination of its 
value it iR necessary to make the observations 
on anum her of different directions. A second 
method of evaluating f.L is by means of the 
heeling error instrument, in which a magnet 
can also rotate about a horizontal axis. This 
magnet is exactly balanced before being 
magnetised and is gravitationally in neutral 
equilibrium. Hence, when placed so that the 
needle is free to move in the plane of the 
magnetic meridian, it would set itself in the 
line of the dip. A small aluminium weight 
can be attached to the needle and adjusted 
so that the neeclie takes up a horizontal 
position. The moment of the weight about 
the axis thus balances the moment of the 
vertical force, By adjusting the weight for 
the im,trument firstly on shore and secondly 
on board in the compass bowl the ratio of 
Z' to Z can be obtained. The angle of dip 
can also be determined for this instrument. 
Having obtained the values of ^, f.L, and 0, 
and kno\dng also ';3) from the deviation curve, 
the coefficient of heeling error (';3) - I + f.L/X> tan 0 
is foun d. 

 (12) rORRECTIONS OF THE DEVIATION.- 
In practice it is desirable that a ship's compass 
should be as nearly as possible corrected on 
all courses and in all latitudes. It is not 
possible to obtain this state of affairs with 
absolute exactitude, partly from the inherent 
difficulties of the problem and partly from the 
fact that the so-called permanent magnetism 
is only subpermanent, and it is therefore 
f'ssential that thp navigator should make 
frequent azimuth observations of the sun or 
a star for the purpose of determining the 
(leviation for the ('ourse he is actually stcf'ring. 
The order in which the correctionR are carried 
out is 


(i.) Quadrantal deviation. 
(ii.) Heeling error. 
(iii.) Semidreular deviation. 


(i.) The Q1t(ulrnntnl np1'1nfinn.- This consists 
almost pntir'ely of the tf'rm D sin 2S-, and the 
coeffif'ient n in an unf'orrpcted compass (a) 
does not C'hangp with ('hange of latitude, 
(b) is always positive, and (c) remains constant 


for a great length of time. The correction of 
D is performed by means of soft iron spheres 
placed on the port and starboard sides of the 
binnacles, experience of previous ships of a 
similar design suggesting the size of the 
spheres and their position. The ship is then 
swung with the spheres in position and the 
new D determined from the table of deviations 
so obtained. 
If this new D has a positive sign the sphercs 
must be moved inwards or smaller sphel'f.'s 
proyided; if negative the opposite must be 
done. The necessary Jata are - supplied in 
Table IV. of the .Admiralty J[anual. 
.For compasses out of the fore and aft lino 
or between decks in the neigh bourhood of 
unsymmetrically placed masses of iron, a co- 
efficient E may exist. This can be corrected 
by moving one sphere ahead and the other 
astern of the athwartship line. 
Before touching the heeling error corrections 
it is usually desirable to take out all or as much 
as possible of the soft iron semicircular devia- 
tion by mean
 of the Flinders bar. Thís 
consists of a portion of áß, viz. (c/^) tan 0, 
and a portion of e, (f/^) tan 0, the latter 
being zero through the symmetrical disposi- 
tion of soft iron. The Flinders bar therefore 
corrects the coefficient c, and the magnitude 
of c in an uncorrected ship is known from 
previous experience. Should it not be so 
known it can only be determined from value 
of the semicircular deviations in widely 
separatefl latitudes. 
(ii.) Heeling Error.-The next error needing 
correction is the semicircular heeling error, 
consisting of a part due to soft iron and a 
part due to permanent magnetism. The latter 
part is much the more important, and no 
separa te means are usually provided for 
elimination of the soft iron part. The correc- 
tion is made by means of vertical magnets 
below the binnacle adjusted up or do'\\n 
until the vertical force in the binnacle is 
the same as the vertical force on shore. 
The ratio f.L: ^ is thus made unity, and since 
- J = (cj) + f.L/^ - I) tan 0 the heeling error is 
thereby corrected, but will require a new 
adjustment of the vertical magnets if the 
ship makes a big change of latitude. 
(iii.) Semicircular Error.- Excf'pt for con- 
stant deviation A, there remains only the 
permanent magnetism part of the semi- 
circular error. This is neutralised bv means 
of permanent magnets, some fore and aft and 
some athwartship placed nelow thc binnacle, 
the numbers and sizes being adjusted until 
the dC'viation is zero on each of the four 
can1inal points. 
The ('on
tant A (= (rT- 1))/2X) ought to be 
zero since hy symmetry d and bare hoth 
zero. In actual fact therc is usually a :mwJI 
A in an uncorrected ship, and this can be most 
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ea
ilv eliminated by a small displacement of 
the Ìubber Jinè. 
Ha\ing marle the above corrections as far 
as can be done, thp ship has to be swung and 
the values of the de\iation (now small) used 
to compil
 a deviation table, which is checked 
from time to time, and the compass readjusted, 
a thing which is particularly necessary after 
large change of latitude or after heavy weather 
while steering for a considerable time on the 
same course. 

 (13) THE GYRO COMPASS. (i.) General 
Principles.-Gyro compasses in a practical 
form first appeared some two or three 
years before the European 'Yar when they 
\\ere put on the market by Anschütz of 
Germany, and by Sperry in the Cnited States. 
The underlying principles were the same in 
both compasses and were the practical develop- 
ment of ideas which had been suggested many 
years pl'eviou
ly by Foucault and by Lord 
Kelvin. The latter described to the British 
As
ociation in IRS..! a gyroscopic moch'l of a 
spring balance, which contained gyros instead 
of 
prings, and a gyroscopic model of the 
mariner's compass, in which a gyro took the 
place of the magnetic needle, 
The chief points to notice in the behaviour 
of a spinning flywheel or gyroscope mounted 
freely so as to be capable of tunÜng in any 
direction are: (i,) that it offers considerable 
resistance to any force tending to deflect the 
aÃ.Ìs of spin from its original direction, and (ii.) 
that in the case of a force at right angles to 
the a:\.is, when the axis does yield it moves, 
not in the direction of the force but at right 
angles to it. Thus, if the spinning a),.is is 
initially horizontal, a vertical force will only 
result in a change of azimuth; but any couple 
in the horizontal plane "ill produce a change 
of tilt and no horizontal motion. It has been 
suggested that the first-named property of a 
gyro, its power of resisting disturbing forces, 
might be used to produce a compass, or at 
lea
t a direction indica tor: the gyro being set 
\\ith its axle in some given direction at the 
start, and maintaining that direction through- 
out the trip. Cnfortunately it has, so far, 
been impossible to pro
ide a mounting so free 
from friction that the gyro '\\ill not slowly 
drift away from its original direction. Except 
for certain aeronautical purposes where accur- 
acy '\\ithin a couple of degrees is required for 
period
 of only half an hour or so, this type of 
" com pass" ha
 therefore never been of any 
practical use. 
Every gyro compass which has met "ith 
any succe
s up to now has been definitely 
north-seekin,!!, and, if forcihly deflected from 
thp meridian, works it
 wav hack bv a series 
of damped osr'illations like a' mag-netic' compas:-:. 
hut mlli.ch more slowly. This is accomplished 
by ta..:;U1
 advantage of the earth's diurnal 


rotation and causing the gyro to be affected 
by it. This rotation has an influence on the 
gyro compass which is analogouo:; to the effect 
of terrestrial magnetism on a magnetic com- 
pass. The earth's rotation may be regarded 
as an angular movement of the vertical in 
space, and is made use of by causing the gyro 
to be sensitive to any change in the position 
of its axis of spin relatively to the local vertical. 
The obvious method of doing this i
 to mount 
the gyro '\\ith its axis horizontal in a pendulous 
frame. The gyro tends to maintain its direction 
in space whiì
 the vertical shifts; its axis thus 
in general acquires a tilt from the horizontal 
position, and the pendulousness of the frame 
then supplies a couple which causes the gyro 
to "precess" or move in azimuth. If the 
axis points north and south, the shift of the 
vertical does not alter the angle between it 
and the axis, which still remains horizontal; 
thus no couple is produced and the a
is 
continues to point north and south. This is 
the principle of Foucault and of Kchin, 
applied by Anschiitz. Sperry, and others. It 
is the only principle on which a successful gyro 
compass has yet been constructed. 
(ii,) Early Forms of Com pass.-Trials of 
Anschütz and Sperry compasses were carried 
out bv the British _\dmiraltv about 1910, but 
it wa

 found that although otherwise fairly 
satisfactory they both showed large deviations 
when the ship was rolling, unless at the same 
time the ship's head was towards one of the 
four cardinal points. This" Inter-Cardinal 
Rolling Error," as it is called, "as overcome 
in about a year by both makers. Anschütz 
redesigned his compass entirely and added 
two more gyros of the same size as the primary 
gyro, making three in an; at the same time 
he adopted an entirely new method of damping 
invented by Schuler, a Cerman. Sperry, 
however, adhered to the original form of his 
compass, but added one small subsidiary gyro 
called the " Floating Ballistic Gyro" to over. 
come the deviation formerly caused by rolling. 
The increasing use of large masses of iron 
and of electrical machinery in modem ships- 
particularly in submarines-had by this time 
greatly impaired the reliability of the magnetic 
compass, so that the advent of a gyro compass 
which would not be affected bv etrav magnetic 
fields, anrl which promised to lndica'te th
 true 
north at all times. was particularly timely. 
After experience with both Anschütz and 
Sperry compasses under 
er\Îce condition8, 
the British Admiralty decided to adopt the 
latter in the Xavy. .All submarine
 and first, 
class ships "ere a
cordingly fitted with Sperry 
compm:
es between 1011 and the end of the 
war. 
The Patent Office rpconls 
how that tIlt' 
I gyro compass problem attractpd tfw attpntion 
of many other in,-entors, but only three nped 
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be specially mentioned here. In un 7 Pro- I 
fes80l' Perry and S. G. Hrown produced a 
compa8::s for sea trials which contained some 
novel anfl useful features. A great. advance in 
eliminating undesirable friction was attained 
by causing the gyro frame to oscillate in its 
bearings by an intermittent flow of oil. It. 
was claimed that the rolling error was elimi- 
nated by making the gyro and its casing 
strictly non-pendulous, while producing the 
required couple by mechanically transferring 
oil from the low side to the high side whenever 
the compass was tilt cd, This transfer ,vas 
accomplished by an air-blast relay controlled 
by a pendulum. The damping was effected 
by the same relay and was similar in principle 
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to that proposed by Schuler for the Anschutz 
compass. This compass was installed in a 
British light cruiser, "ith the result that an 
order for a further number was placed by the 
Admiralty. Before tllf'se could he delivered 
the Armistice was declared and, owing to the 
consequent stoppage of new construction, they 
have not yet bf'en put into servicf'. 
A somewhat similar fate bf'fell a compa8s 
with two gyros invented by H. L, Tanner in 
New York and made hy the Sperry Gyroscope 
Co. It was a r3.dical departure from previous 
models and was noteworthy for the merit of 
its electrical equipment. The Armi
tice spoilt 
tllf' chance of this compass also, so far as the 
British :K avy was concerned, as it had only 
hepn installed in two warF:hips. Both the 
Perry-Brown and the Tanner compasses have, 
howpver, met" it h con
idcrahJe succpss in the 
mpJ'pantile marine. As tllP Rperry compass, 
more or less modified as will ue dc
('rihed httpr, 
is almost univcrsal in the British, American, 


Frf'nch, and Italian "arships. and has a per- 
formance which is fairly representative of 
gyro compasses in general. the following pages 
refer more particularly to this apparatus, 

 (1-l) THE SPERRY C'ü:\IPAss.-The main 
features of the Sperry compass may be under- 
stood from Fig, 5. 
The gyro is simply a fly"heel 12 in. 
diameter weighing 50 Ibs., and spun electri- 
cally by 3-phase current at a rate of SHOO r.p,m. 
It is enclosed in an airtight aluminium case b, 
which is exhausted to a good vacuum to 
prevent air friction and consequent heating. 
This case is supported in a ycrtical ring d in 
which it is free to tilt about the horizontal 
axis c, The ring can turn a bout its vertical 


FIG. 5. 


axis ifl' in an outer vertical ring g, and carries 
the gyro case with it, The bearings J and 11 
are merely guide beårings and do not support 
the weight which is borne by a strandC'd wire 
attached to the outer ring. This outer ring, 
caned the Phantom Ring, is power-driven uy 
a small electric motor 111, controlled by contacts 
on the inner vertical ring. The arran
ement8 
are such that the plane of the phantom ring 
follows faithfully the plane of the innpr yertical 
ring. The wire e therefore neVf'r get
 twist{'(l, 
and there is no movement of the bearings 1 
and 11' except for a small oscillatory motion 
uf the phantom. The contacts have no " off " 
position; the motor is always running in one 
direction or the other, so the plane of the ring 
g is constantly hunting ahout a mean position 
coplanar with the ring d, "ith an amplitude 
of about a quartC'r of a dC'grC'P. Thi
 allows 
the rin,g d to turn about its vertie:1 1 a
iR 111' 
almost without friction, One may blow onC'f' 
on the side of the gyro case and cause it to 
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ïllake :5c\-eral revolution:;: if the wheel is not 
spinning, 
The gyro case is as nearly as possible 
in neuL-al equilibrium and the nece8Sary 
pendulous moment is given to it by the 

eparate ma::1S p called the bail, which is hung 
independently on the phantom ring, and 
connected to the bottom of the gyro case at 
the point 8. In ordpr to avoid inter-cardinal 
rolling error, it is arranged that this point 
shall always be in the same position relative 
to the true vertical line through the centre 
of the gyro, e,en when the gyro case and its 
supporting rings are being s\\ ung east and 
west by the motion of the ship. The connection 
at s i:,: therefore made by two rollers on one 
stem, the upper one sliding in a groo,e in the 
case and the lower one sliding in a similar 
groove in the baiL The roller stem is hung 
at the bottom of a short pendulum suspended 
from a. This pendululll, ha\ing a quick 
period, \\ ould itself be set swinging by the 
:;:hip's motion if it "ere not stabilised by the 
small au)..iliary gyro attached to it and known 
a..;: the" floating ballistic gyro." The compass 
card 0 is carried by the phantom ring, and 
below it are arranged an automatic device 
for correcting the speed and dam ping errors, 
and an electrical transmitter for transmitting 
the corrected indications to a number of 

u bsidiary dials in various parts of the ship. 

 (13) THEORY OF THE SPERRY GYRo,-The 
theory of the !!:rro compass, 1 written by H. 
Cra btree for )Iessrs, E1liott Bros.' handbook 
of the Anschütz compass, has been reprinted 
in that author's Spinning Tops and Gyroscopic 
JIotion. The matter is also dealt "ith by 
Klein and Sommerfeld in Theorie de.
 Kreisels. 
Sir George Greenhill devote:; a chapter to the 
G
70 Compass in his Report on Gyroscopic 
Theory. All theRe" liters, however, deal with 
thp original single - gyro Anschütz compass, 
which is now obsolete. So far as is known, no 
similar mathematical e"\:planation of the Sperry 
compa:;;...: has yet been published. although it 
is in use to-day in all the principal nanes of 
the world. A brief outline of the mathematics 
of the Sperry compah is therefore given here. 
(i.) General Equations.-Let the axis of the 
gyro make an an
le a \\ith the meridian and 
:J \\ith the hori;ontal. Then if ,3 is small 
the earth's diurnal rotation of w radians per 
second has components in latitude A. 
w cos \ cos a about the gyro axle, (l) I 
w co", \ sin a about the gyro tilt axis c, (2) 
w sin \ about the local ,-erticaJ. (3) 
The component (1) has no 'risible effect on 
the g
 1'0, but if it maintains it:::: direction in 
SP:H e, thp a:x.lp ha') apparent motions equal 
1 rO! a g 'IH'ral a'"('onnt of the theory of a gYfo<;tat 
S artlcl'" Gyroscope," Yo!. I. . , 
VOL, IV 
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to (2) and (3) relatively to the earth which 
increase r3 and a respectively. 
As the gyro casing is not in perfectly neutral 
equilibrium. let C be its pendulous moment: 
to this is added B the pendulous moment of 
the baiL These t" 0 parts tilt together, 
o 
that the torque about the horizontal a},.is c 
of the gyro case is PCB + C). From the funda- 
mental gyroscopic la" 2 this produces a 
precession in the hori70ntal plane at the rate 
,3(B + C)íH, where H is the angular momentum 
of the flywheel. The apparent precession 
relative to the mpridian is, ho" ever, 
B + C. da 
ß- H - -w sm A= - dt" . (4) 
Therefore, when the gyro remains at rest in 
azimuth it must have a tilt whose steady 
value is Hw sin A/(B + C'). 
In practice it is desirable for the gyro to 
settle "ith it
 a
is perfectly horizontal as 

hown by spirit levels attached to the fase. 
This is arranged by a latitude adjustment 
which sets the gyro and bail tilt axes out of 
alignment so that when the gyro axis is level 
and J = 0, the bail has a tilt ,30 = Hw sin A/B. 
The torques about the horizontal axis c 
are now Cp due to the case and B(.3 + ßo) due 
to the bail. 
Equation (4) may then be written 
Cß + B(ß + ßo} - Hw sin X= - H
;, 


or since the terms B30 and Hw sin \ cancel. 
do. 
- H dt =ß(B + C}. . . (4a) 
d 2 a. d,3 
Then - H dt 2 = (B + C) dt . (5) 


If the gyro ha
 a denation angle a, 

 = w cos \ sin a from (2). (6) 
Substituting in (5), treating a henceforward as 
a small angle, and writing a for sin a, 
d 2 a 
H dt 2 + (B +C}wa cos \= O. (7) 


Equation (7) shows that the compass S\\ings 
in azimuth "ith an oscillatory motion of period 


H 
T= 27r \ (B + f'}w cos \. . (8) 
(ii.) Damping of the Os('illations. - Xo 
account has vet been taken of the damping 
arrangement, 
 without "hich the compa

 
(being only very slightly damperl by bearing 
friction) would oscillate })erpetually about 
the meridian, To pre,ent thi
, the point 
s is set slirrhtlv to the east of the \ {'rtical 
line t hrougl7 a. ' Lpt r =- the angle flas, a 
mall 
! 
ee article II GyroscoPE'," 
 (6), Yu!. I. 
S 
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angle of about 1 0 . Then the couple due to 
the bail may be resolved into components 
approximately 


B(ß + ßo) about the horizontal tilt axis c, 
r B(p + Po) about the vertical axis ifl 
The latter affects the rate of change of ß, 
so that while equation (.3) remains unaltered, 
(6) becomes 
d ß (ß + ßo) 
dt =w cos x. a-rB
, 


, 


and instead of (7) we have 
d 2 a Bda 
H dt 2 + r(it + (B + C)w cos x . a 
= (B + C)rw sin ^. (9) 
Thus in the steady state, when d 2 ajdt 2 and 
dajdt are each zero, the compass has a 
deviation 


ao= r tan x. 


. 


This deviation is due to the method uf 
damping, and is therefore know"Il as the 
"Damping Error" or sometimes as the 
"Latitude Error," because it varies as the 
tangent of the latitude angle. It is corrected 
in the readings shown by the compass, by 
shifting the lubber's mark out of the fore-and- 
aft line by an appropriate amount. 
Since in equation (9) r 2 ß2 is numerically 
less than 4Hw cos X (B + C), the solution is 
-rBt/QH. ( B + C r2B2 ) 1 
a-ao=Ae - sm -H-wcosX- 4H2 t, 


the equation of a damped harmonic oscillation 
with period 
47T' H 
Td=-- . 
{4(R + C)Hw cos \ - r 2 .ß2} l 
The ratio of successive swings is given by 
- ,.n 
f= e 4H T tt 
The value of f is normally about! to 
. 
(iii.) Speed Error.-The above applies tù a 
compass stationary ashore. In a ship moving 
over the earth's curved surface "ith a 
northerly velocity v miles per Recond at the 
equator, the apparent axis of the earth's 
rotation is shifted hy an angle ô whose 
tangent is vjRw, where R is the earth's radius 
in miles. If the ship's speed is V on a course 
K degrees from north and the ship is at 
latitude ^, we may write (since ô is a sman 
angle) 


ô _ y cos 
 
-Rw cos ^. 


If V is given in knots and ô is required 
in degrees, 
ô= 
 V COR K - O'OU.j. V cos K . 
57r cos ^ cos X 


This "Speed Error" deflects the compass 
to the west on northerly courses and to the 
east on southerly courses. Its amount is 
about 1 0 for eac.h 10 knots in British lati- 
tudes. It will be noticed that this error is 
entirely independent of the design of the 
compass. Speed or course error is inherent 
in any north-seeking gyro compass, although 
mechanical means ma,y be arranged to 
correct it. Such an arrangement has bc('n 
embodied in the Sperry compass, which has 
a latitude dial and a dial to be set by hand 
to the ship's speed. An ingenious mechaniHm 
then automatically corrects the readings by 
shifting the lubber's mark bv the amount 
req uired for the course the ship is steering. 
\Yhile the ship is actually changing its north('rly 
velocity, the acceleration d1'ldt produces a shift of the 
apparent vertical, as shown, for illstance, bya plumb- 
line, through a small angle whose circular mcasure 
is (d
'I(lt)lg, where g is the acceleration of gravity 
in miles per sec. 2 . As the case and bail do not alter 
th('ir tilt relativf' to the horizon, this is equiv3.lt'ut 
to a change in the value of ß, the tilt relative to the 
verticaL The pendulous moments of the hail and 
case th('n cause the compass to df'viate in azimuth 
at the rate 


da 1 dv (B+C) 
dt =!j dt . 
' 


which must be multiplied by the cOHin(' of the course 
if the acceleration is not along the meridian. By inte- 
grating over the period during which the acceleration 
persists (which is supposed short) 


V(B +C') _ 
a=gHcosh_. . 
This is the ., ballistic deflection," and for a northcrly 
accelpration it is to the westward, and therefore of 
the same sign as northerly f\peed error. By making 
the amount of this deflection equal to the challge 
of speeù error the acceleration will mov(' the compass 
dead-beat to its new resting position \\ithout any 
oscillation. Thus with 
he co-operation of the correc- 
tion mechanism rpferred to ahove the compass will 
indicate true north hefore, during, anù at the end of 
the acceleration. To secure this de
ira hl(' result, 
Ô in (10) must, have the same value as a in (II), then 


(II) 


B+C= !lH . 
}{w cos X 


. (12) 


(10) 


By Fmbstitllting this value of B +C in equation (8) 
the periodic tim(' of the undamp('d compass must be 
T=27T' ,.../ R '!I , or about. 85 minutes. 
The damping-for f= l--increases this pe'riod to 
about 90 minut('s,and practically all gyro compass('s 
are now constructpd to oscillate' in this time. 
It will be not.iced that the value of B+C' in (12) 
is dependent on the latitudf'. Previous to 1918 
compasses were designf'd to bf' eorr('d in latitlld('s 
of about 40 0 to fir,... leaving a r('sidual Nror out
idp 
those limitA ,,,hich gr('w to h(' ratlH'r f':('fioUH in high 
latitudes. A modification of th(' fo'pe'rry compaf':s 
patented by ('ommandpr U. R. HarriHon and A. L. 
Rawlings of the Admiralty Compass l)('partment, and 



XA YIGATIOX AXD SA YIGATIOXAL IXSTRU)IEXTS 


239 


which will be described belo\\, contains a means of 
alterino:r the value of B to make the ballistic deflection 
approximately correct in any latitude. 
(iv.) Furtlær Effects of Change of Course.- 
O\\ing to the excentric connection between the 
bail and gyro case (8 in Fig. 5) the couple produced 
by the acceleration is not confined to the vertical 
plane. The component in the horizontal plane 
deflects the gyro a
le slightly from the level position, 
and this causes the compass to "ander slightly back 
from the correct azimuth after it has been placed there 
bv the ballistic deflection. This disturbance has been 
n
med .. ballistic tilt," and tbe resulting temporary 
denation, which attains its maximum value about 
a quarter of an hour after the acceleration which 
produced it, is about 
';) for 40 knots change of 
northerly speed. It may 
be reduced by making the 
excentricity less, i.e. by 
reducing the angle r. This 
of course reduces the 
damping also. Sperry 
compasses, in which each 
swing was one-third the 
amplitude of the preceding 
one, have been altered to 
make this ratio one-half 
\\ ith marked success. The 
ballistic tilt effect was 
halved and no noticeable 
disadvantage "as found 
with the lighter damping. 
In compasses damped 
by other means, such as 
thOi'e of An
chütz and 
Brawn, a preci:,ely :,.imilar 
deviation has been found 
due to disturbance of the 
damping oil. Bra" n has 
introduced an automatic 
cut-out to get O,Pf this 
difficulty. 
In the case of thp 
Sperry, the de\Ìation is 
slightly greater if a turn from north to south or 
south to north is made through west, and rather 
le.:>s if made thrauO'h east. This is due to the 
pwentric connectiOI
 being swung over as the turn is 
made in spite of the ballistic gyro. A similar effect, 
but exchanging east for west, has been obser.ed 
with the Harrison-Rawlings modification. 


o 


In this de,ice the Sperry bail is replaced by 
a large U-tube containing mercury and opening 
at the ends into cast-iron boxes (see Fig. 6). 
'Yhen this is tilted by the gyro, an excess of 
mercury accumulates in the lower box and 
applies 
 a couple which is opposite in sign to 
that of the pendulous bail. By rever:;ing the 
spin of the gyro. however, the precession is 
made in the right direction, and the compass 
functions as usual. The inertia of the long 
column of liquid in the L'-tube keeps it com- 
paratively steady while the ship rolls and 
so eliminates rolling error. The above equations 
for the Sperry compass can be applied to the 
Harrison-Rawlings modification by making H 
and B both negati'Te 
and neglecting C, the 
pendulousness of the 
case, which is zero in 
this arrangement. The 
quantity denoted by B, 
which is the "pen- 
dulous moment" of 
this form of bail, de- 
pends on the area of 
the free surface of the 
mercury to the boxe
. 
A simple device is fitted 

 which makes this area 
arljustable by turning 
the knob seen at the 
right-hand side of the 
box, and the compass 
can thus be set to giye 
a correct ballistic df'- 
flection in any navi- 
gable latitude. 'Yith 
this arrangement the 
compass has been found 
proof against any 
weather, provided that 
the rolling is not so se1"ere as to s"ing the 
gyro against the gimbal rings. 
(vi.) Acc'llracy.-In conclusion, some idea 
may be given of the accuracy to be expected of 
a gyro compass under average conditions, and 
the probable causes of any deviations which 
may be met "ith. Either the original Sperry 
compass, or its modification just described, are 
liable to change of settling-point "ith a minute 
change in the balance of the gyro case. An in- 
crease of temperature causes the case to expand 
unequally, making it generally Xorth heavy; 
change of atmospheric pressure "ith yaI"}ing 
barometric height has a similar effect, as also 
has any variation of the vacuum maintained 
in the case. 'Vear of the bearings on "hich 
the wheel spins or on which the case tilts is 
a further cause of change of balancf". The 
effect of any of thesf" i
 '--small, and it "ould 
be yery unusual for their combined action to 
chang
 the settling-point more than :!L 1f the 
balance "as not other\\ise disturbed. As the 


, "r
' ;t '
'''I'- I
 . _';:---.. 

 
. ,r l J -Fi
.. '\'\= I,:, 

- 
 ..f: !
' .., r.i. -. _ 


,. 

 
 - 
 .-', - 
... I.. 
 
\ ....... 
 

 ':;,
"- 
,; "i" Ili ll 
,/

; 
 ;\ 
I,' ,I 
]I " . '1 1 ,1 1 --::ï'fí\ 
 " 
 
'II tl <c "--: 1,1 
Ij 4 
. ,'a I -H '- . ,;1 Ò'I :1-"'\ .. 

 -'
 ",;
: 
. Ii 
- .r '., n 
u- IIJIII"I" 
 - 
I '.11 It' 


o 



 
-:; 


(v.) Recent Imprm.:emenf8.-The sensitive- 
ness of the ballistic gyro to east - west 
acceleration
 is occasionally the cause of 
serious deviations. If the ship rolls badly on 
a meridional coursf'. thp ballistic gvro may 

,ming quite clear of the groove
. in th.e 
bail and case and put the éompass out of 
action. This was overcome to some extent 
hy adding a weight to the hallistic gyro frame 
above its point of suspension so as to increasp 
it
 natural pf"riod and make it more stable, 
but thp .A.drniraIty and the Spprry Co. ha,-e 
no" adoph'd the Harrison-Rawlings modifica- 
tion, "hich dops away with the ballistic 
arrangement entirely. 
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master-compass is kept below at a fairly 
constant temperature, no rapid change
 of 
balance are lih.elv to occur. Hence, if no 
correction by true
 bearings were available for 
periods of a week at a time, the compass might 
be relied on to kpep within 1 0 of its settling 
position during the intprvaL Large deviations 
may be caused by wrong adjustment of the 
suspension "ire by which the vertical ring is 
supported. This should be installed quite 
free from twist and checked from time to time 
to see that it remains so. The deviation due 
to a twisted suspension is, however, practically 
constant and does not introduce any uncer- 
tainty. The elcctrical arrangements of the 
master-compass and the transmis
ion to the 
repeaters, when entrusted to an intelligent 
electrician, have proved very reliable, and the 
gyro compass equipment as an aid to naviga- 
tion has justified its inclusion in the equipment 
of modern warships. 

 (16) THE LOG l..I
E.-In its old form the 
log line consisted of a wooden board of 
approximately triangular section, weighted 
on one side so that it would float upright 
and present the greatest possible resistancp 
to being dragged through the water. The 
log line is made fast to the centre of the 
board and runs out from a reel. The 
determination of speed is made by noting 
how many "knots" of the line run out in a 
definite interval, usually 14 or 28 seconds. 
Steamships, in which the course remains 
constant for great lengths of time, always 
now use some form of patent log. an instrument 
which measures distance run rather than speed, 
A log of this type is made of approximately 
cylindrical shape with spiral vanes fixed to 
the curved surface. 1 t is towed astern of 
the ship, and as it trave]s through the water 
the vanes cause it to rotate on its axis. The 
rotation twists the tow-line and the latter 
turns a counting mechanism fixed to the 
taffrail, so that the diRtance run can be read 
off. In some patterns the log is practically 
upon the surface, in others it sinks to some 
distance below. 
If there iH a surface current both types 
show, in general, inaccuracies, A log towing 
at considerable depth may be completely 
helow the current, and will thus indicate 
the speed of the ship over the ground; a log 
towing on the surface would show the speed 
of the ship relatively to the water, provided 
the current extended to a depth we]] below 
the keel of the ship. In still water hoth types 
are equally reliable. 

 (17) )Ir::THODs OF POSITIO
 FIXIXG. (i.) 
The Station PointPr.-One of the commone
t 
methocls of fixing position whpn off a coast 
is hy the measurement by a sextant of the 
two angles between three recognisahle marks 
on shore. 


[f A, B, and 0 (Fiy. 7) arc these points 
and P the position of the ship, the angles 
APB (a) and BPO (ß) are measured. The 
position can then be graphically constructed 
upon the chart by dra\\ing the circle APB 
to contain the 
angle a, and 
the circle OBP 
to contain the 
angle ß. Since 
the two circles 
must have the 
point B in 
common, their 
other point of 
intersection P YIG. 7. 
is uniquely determined. The construction 
of these circles being laborious and difficult 
when their curvatures are flat, 
he station 
pointer is used to achieve the same end. 
The instrument consists of a graduated circle 
with three arms, of which the chamfered 
edges are radii of thc circle. One of the arms 
is fixed and the other t" 0 can he rotated, one 
to the right and the other to the left, The 
scale of graduations has the zero on the edge 
of the fixed arm, and the graduations eÀtcnd 
from 0 0 tù 180 0 on either side. The measured 
angles are set on the instrument by means of 
the two movable arms, a vernier heing avail- 
able for accurate setting. The instrument is 
placed upon the chart and moved about until 
the edges of the legs pass accurately through 
A, B, and 0, The centre of the circle must 
then be the puint P, which can he markpd 
down upon the chart as the ship's pusition. 
Accuracy in the detprmination of a position 
by this method is very largely a question of 
proper choice of the three shore marks. 
If it Rhould happen that the angle BCA, as 
in Fig, 8, is equal to the observed angle a, 
then a circle can be dra wn 
through the four poi
ts A, . 8 
B, 0, and P and the ship's 
position becomes completely 
indeterminate; it may be 
anywhere on this circlp. The 
two circles of Fig. 7 coalesce, 
and any point on the circum- 
ference fulfil
 the conditions 
as regards t he magnitudes 
of the angles APB and 81>0. The critC'rion 
of the suitahility of the three marks de- 
ppnds upon the relative po
itions of A, B, C, 
and P. In particular, the "fix" is a good 
one if the middle object is on the nearer 
side of the line joining the two outside ones. 
The prrors of position ohtainf'd by this mC'thod 
are dC'p('ndpnt upon the errors of nlPasurement 
of the two angles, errors of setting the t\\ 0 
arms, and error
 of locating thC' station pllintC'r 
on the chart, Pl'Ohal,lC' values for ('aeh of 
these errors could be obtained and comhined 
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so as 
o !.!i\"e a probable errur of position of 
each of the t\\ 0 pm:ition lines, in this case a 
small part near P of the circumferences of 
the circles PBA and PBC. The most probable 
positiun is then the point P. The probability 
of position, per unit area of the chart, 
diminishes as \\ e move away from P, but 
diminishes at different rates for different 
directions. This probability of position per 
unit area is constant around the circumference 
of an ellipse whose centre is P and of which 
the tangent lines at P to the two cirdes are 
conjugate dia- 
meters (see Fig. 
9). One of these 
eUi pses is such 
that the prob- 
ability of the 
position l)ing 
within it or out- 
side it is one- 
half. An ellipse 
of three or four 
times the linear dimensions gives something 
closely approximating to certainty of position, 
It should be noh'd that similar results hold 
in all cases where a position is fixed by means 
of two position lines, each of which has a 
definite probable error of lateral displacement. 
'Yhen three or more position lines are found 
for the purpose of determining a "fix," and 
they do not pass through a point, the most 
probable position must be determined by the 
method of least squares, but it is not possible 
to make any simple statement as regards the 
wa}? in which the rate of decrease of the 
probability of position per unit area varies 
"ith variation in directiun. 
This method of position fixing is almost 
ah\ ays used for fixing soundings when making 
a sun-ey. The sextant used in such case is 
of special construction, and is called a 
soundim! seÀtant. (For description see under 
,. Sextants," 
 (20).) 
(ii.) The Bearing Plate or Pelorus.-O"ing 
to the impo
sibilit.Y in many cases of obtaining 
an all-round view from the standard compass, 
it is necessary at times to employ subsidiary 
means for taking bearin,gs when the standard 
compass cannot be used. The bearing plate 
used for this purpose consists of a circular 
brass circle, dirided into degrees. slung in 
{rim bals so as to remain horizontal when the 
ship rolls. A concentric circle fit
 inside the 
bra
s one, and is also graduated. This is used 
like a compa
:;; card, and is set so as to show 
the course by standard compass aO'ainst the 
7ero of the 
brass circle, used as L"' a lubber 
line. The ship's head must of course be 
kept steady while an observation i:;; bein,g 
made. A sight vane fits over the hras
 circle 
and is u
('d in the same" av as the azimuth 
circle of the standard cU;l1pass. "hen a 


.,/' 
Tangent Lines to Position Circles 


FIG. O. 
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bearing is taken it can be read relati, elv to 
the ship's head on the outer circle or relati,.ely 
to the standard compa!-
 on the inner one, 
(iii.) Sounding Jla{'hines.- 'Yhen soundings 
are required in "ater too deep for the ordinaQr 
hand lead a sounding machine is used. It 
consists of a framework 
upporting a drum 
round which is wound about 30U fathoms of 
7 -strand "ire. ThE' drum can re,-oh-e freely 
on its axle, can be braked, or can be "ound 
up either by hand or by electric motor. The 
"ire is led from the drum through a block 
at the end of a spar 30 to 40 feet long, pro- 
jecting beyond the ship's side, and at the 
end of the wire is a short length of hemp 
rope to which a 24-lb. lead is fixed and also 
a brass guard tube, the latter being about 
6 feet above the lead. A dial indicator on 
the machine shows how much the "ire has 
run out. "
hen sounding from a ship at rest 
the length of "ire run out gives the depth 
immediately, but when the ship is under way 
the lead does not sink straight do" n but trails 
away aft, In such case the depth is deter- 
mined by the ., chemical tube "-a glass tube 
open at one end and sealed at the other. The 
inside of this tube is lined \\ith chloride of 
silver, coloured red. The tube is placed 
inside the guard tube open end do\\nward::-, 
and the sea-\\ ater has access to it through 
holes in the guard tube. As the lead sinks 
water enters the tube compre

ing the air, 
and the length of the tube thus filled is 
connected "ith the pre
sure, and therefore 
with the depth, by a simple extension of 
Boyle's law. This length is immediately 
visible" hen the lead is hauled up, as the part 
of the chloride of silyer that has been in 
contact \\ ith sea-water is turned "hite and 
can be measured. As a check upon the 
accuracy of the sounding. as found by the 
chemical tube, the amount of "ire run out, 
which is a function of thp depth and the 
speed, can be used. 
In very deep water great ad,ances ha,e 
recently been made by sounrling by acoustical 
methods, If a small charge be exploded near 
the ship's side the reflected sound \\ aye from 
the bottom of the sea can be easily detected. 
'Yith suitable means for accurate measurement 
of the time between the explosion and the 
echo it is possihle to determine the depth" ith 
a very close degree of accuracy. 
Another and somewhat similar method is 
to drop overboard an explosive charge which 
sinks at a uniform speed "hich is hnO\\ n. 
The charge explodes on striking the buttom, 
and the elapsed time hdore th(' e
pl(l
ion 
is heard learh.. to a df'termination of the 
denth. 

 (18) :\fFTHODS OF XArTICAL ASTRO"XO:\IY. 
- 'Yhen out of 
i.!!ht of land the 11<1' igator 
has fruUl time to time to obtain his po:-;itiol1 
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hy mean::3 of observations of the Hun or stars. 
.....\. measurement i::3 made hy a sextant of the 
angular altitu(le of the heavenly body above 
the sea horizon, while the time is noted by a 
chronometer whose error on G,:\l.T. is known. 
Astronomical observations are also necessary 
to check from time to time the error of the 
compass. To this end an azimuth mirror 
is fitted to the standard compass for the 
purpose of taking the hearing. The time 
being noted when the bearing is observed, 
and the latitude and longitude of the ship's 
position being known with sufficient accuracy, 
the true bearing of the sun can be calculated 
and the compass error determined. 
Occasionally special instruments are used 
for the purpose of measuring the depression 
of the visible horizon below the true horizontal. 
Tabulated values of this depression are avail- 
able, but are sometimes inaccurate owing to 
abnormalities of the refraction. 

 (19) THE SEXTANT. (i.) Description.- 
After the mariner's compass the next most 
important inst.rument that the navigator uses 
is the sext.ant. 'Vith It he measures the 
angular altitudes of the sun and of the stars 
above the vi::;ible horizon. From these observa- 
tions his po::;ition on the earth's surface is 
determined. 'Vith the sextant also he 
measures horizontal angles between visible 
terrestrial objects from which his position 
when near land can be plotted upon the chart. 
Simple in principle and simple in construc- 
tion as the sextant is, it was not invented 
until nearly the middle of the eighteenth 
century, and earlier navigators had to measure 
altitudes by the cross-staff, a wooden apparatus 
resembling aT-square with three sliding 
crosses of unequal lengths. The instrument 
was held with the long arm of the T horizontal, 
and the 0 bserver looked along this and 
maintained it so as to be in the direction of 
the horizon. One of the crosses was then 
moved unt.il its upp!'r edge was in line with 
the sun's centre and the altitude read off from 
a scale of tangents, A modified form was the 
back staff, in which the observer turned his 
back upon the sun and held his instrunlPnt 
so that light from the sun passing through 
one slit fell upon another. If at any time the 
observer could through this second slit see 
the sea horizon his sight was 
orrect1y made; 
if not, the slit nearest to the sun needed setting 
up or down. The cross-staff, or fore staff, and 
the back staff were the principal measuring 
instruments in use by all the great navi- 
gators of the 
Iiddle Ages, Cabot, Columbus, 
Hawkins, Drake, Ralei,gh made their grpat 
voyages by no ot her aid than theirs. Chrono- 
meters, as we know them, that "ill keep a 
fairly steady rate for months on end, had not 
bpen designed, The lunar distances of stars 
were not then tabulated, so that they could 


make no obRervations for lontritudf', and their 
" sights" con
iHt('d merely of the determina- 
tion of the latitude at noon. About 1()()..J. a 
reflecting form of backsight \\ as iuyented 
by Hooke, but a cursory examination of its 
design shows that it was not properly a 
sextant. inasmuch as a small tilt of the 
inRtrument in the vertical plane would throw 
the images of t.he sun and the horizon out of 
contact. Presumably for this reason it was 
never used, and although reinvented by 
Grandjean in 1732 (Fig. 10), and approved 


by the Académie Royale des Sciences de 
Paris, it was not until a double-mirror instru- 
ment was designed a few years later that 
the navigator possessed anything correspond- 
ing to the sextant as we now know it, nn 
instrument that can be tilted in the vertical 
plane and yet maintains contact between the 
image of the sun and the image of the horizon. 
This condition can only he realised provided 
both images are formed after an even numher, 
or both after an odd number of reflections. 
Customarily the 
un is reflected twice and the 
horizon not at all; but several designs have 
been produced in which each is reflected once, 
or in which one i
 reflected once and the 
other three times. As to who was the first 
designer of the sextant is not known with 
certainty. Popularly it is a"cribed to Hadley 
in 173]; but Newton certainly designed on(' 
independently about t.he same time, and 
there are claims of one designed by an 
American merchant captain of an evC'n earlier 
date. 
In all these earlier forms of sextant tlH' 
main principle is shown in Fia. 11. It 
consists of a framework or limb A to which 
is attached a fixed mirror H, thp horizon glass. 
The limb is in the form of a sector of a circle, 
and a movable arm H, the inckx arm, can 
rotate round the centre of this circle. Fixed 
to the index arm and rotating with it is 
the index glass L The horizon glass is usually 
silvpred over half its area, so that the observer 
looking horizontally int.o the horizon glaRs 
can see thf' twice-rC'flecterl ima
e of the sun 
in the silvered portion and then also see the 
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horizon ùirectly through the unsih-ered 
portion. By usin!! a small telescope T 
attached to the limb these h, 0 images bf'come 
superposed, and, the telescope being usually 
of the invcrting type, the field of view is as 


FIG. 11. 


shown in Fig. 1 
 'Yhen exact contact is 
made the measure of the sun's altitude is 
twice the an de between the two mirrors, 
and can be r;ad off from a scale engraved 
on the arc of the instrument. By cutting 
this scale in ,. sextant degrees" -i.e. 720 0 to 
the complete circle-the altitude measured can 
be read direct. 
The u..;e of the instrument requires consider- 
able practice before the observer can become 
proficient. The sun is first of all ,. brought 
down " to the horizon. To do this the index 
arm is set somewhere near zero and the 
se"Xtant held in a vertical plane, but with 
the sight line directed towards the sun instead 
of horizontal. Two images of 
the sun will then be seen- 
one in the silvered and one in 
the unsilvered portion of the 
!1orizon glass. The sextant is 
now brought slowly down to 
its normal position, moving 
FIG. 12. t he index arm all the time 
while this is bpincr done in 
order to keep the reflected sun in tIle horizon 
glass, until ultimately the horizon appears 
through the unsilvered portion. " Bringing 
the sun down" is usuallv carried out with the 
telescope removed so as' to give the ohservpr 
a greater angular field of ,-iew, 
"Then the-sun and horizon are both visible 
in and through the horizon glass the index 
arm is clamped to the limb and the telescope 
shipped, the final adjustment necessary to 
make contact being done by means of the 
fine - motion screw or "tangent screw" F 
attached to the arm. The final adjustment 
in itself requires care. If the sextant is 
" rocked "-i.e. given a small angular rotation 
round the axis of the telescope-the sun will 
movp relatively to the horizon as shown in 
Fig. 12, and the adjustment is only correctly 
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made pr<,,-ided that in its motion across the 
field of vic" the sun s" ings just to touch the 
horizon anù just does not dip into it. To 
keep the sun in the field of view while this 
rocking motion is being made, the whole 
instrument has to be suitably turned in 
azimuth. By acting as described above, the 
navigator makes a measurement of the 
apparent altitude of the sun's lower limb 
above the visible horizon "ith an accuracy 
of observation normally of about 30". 
The sextant has, in addition to the parts 
described, other fittings that need to be referred 
to. Shades S are placed bet"een the two 
mirrors in order to reduce the brightness of 
the sun. They consist of pieces of dark glass 
with parallel faces and of different densities. 
If not made with thpir two faces exactly 
parallel they will refract the light passing 
through them, and a consequent error in the 
measurement results. "ïth a shade that is 
prismatic this deviation will be greatest if the 
edge of the prism-i.e. the line of intersection 
of the two plane faces- is at right angles to the 
limb, and ",ill be zero if the edge is parallel 
to the limb. As the shades need to be 
mounted loosely in their frames on account 
of the variatio; in temperature that a sextant 
has to withstand, and as the circular form is 
the most convenient to make, the shades 
have ordinarily to be made of glass so nearly 
parallel that light passing through it is not 
deviated by more than 5". The shades are 
usually four in number and of densities such 
that the transmission ratios are 1 in 40, 1 in 
400, I in 7000, and I in 35,000, but such 
figures are very approJ..imate. 
Three shades and sometimes four are also 
placed hehind the horizon glass. The sextant 
has at times to be used "ith a fl,econd image 
of the sun reflected in a mercury trough, 
instead of with the sea horizon. There is 
also frequently a good deal of reflected light 
from the surface of the sea, and a special light 
shade is included to cut off some of this glare. 
Sometimes also a :Kieol prism is placed behind 
the horizon glass to cut out thp polarised light 
reflected from the" ateI'. 
(ii.) Errors.-The sextant in use is always 
subject to errors of varying amounts. The 
mirrors are not rigidly held, and change their 
position; and an examination of the value 
of the zero error, which is the most important 
of the first-order errors. is necessary from da:r 
to day, The determination is made bv the sea 
horiz
n, or by the measurement of the sun's 
diameter "on and off the arc." Another 
first - order error is that of centring, the 
scale being cut from a point which is not the 
working centre, Sextants are tested in this 
respect at the Xational Physical Laboratory. 
The amount of decent ration "hich is allow- 
ahle in order to comply with the X.P.L. 
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test, that the error must 110t t'Àl'eed 40 second,:; 
of reading, lies beh\een about one-thousandth 
of an inch in the direction of the middle 
leading and about three-thousandths in the 
direction at right angles, ,\ith a sextant of 
7 -inch radius. \rhether the value of the 
centring error as given in the X.P.L. certificate 
is permanent is a very doubtful point. The 
seÀtant in use is e1\.posed to hot sunlight on 
one edge of the limb while the rest is in shadow. 
Some sort of deformation of thc limb must take 
place, and it is quite l)Os
ible that an additional 
minute or two of centring error is introduced 
every time the sextant is used in the tropics. 

lakers of sexhtnt'3 have frequently contributed 
to the risk of this trou ble by finishing the 
limb a dull bla.ck, hut of late there has been 
a tendency to make sextants in which the 
metal work is much lebs absorbent of hcat. 
Eirst-ol'der errors also arise from the shades 
and mirror being made from non-parallel glass. 
The worst effect on the reading occurs when the 
" edge" of the prism is perpcndicular to the 
plane of the lim b, no error being caused when 
this edge is parallel to the limb. If shades 
were mounted so as to be non-rotatable the 
prismatic error would always be of the same 
magnitude and might be included in the zero 
enol', although it would involve a separate 
correction for each shade. 
A prismatic horizon mirror gives rise also 
to a constant error, but with a prismatic 
index mirror the resulting correction is 
different for each reading and increases rapidly 
towards the higher angles. As a consequence 
it is necessary that mirrors should be made 
with a high order of accuracy in parallelism. 
In addition to absolute error there is also 
trouble in the duplication of an image if the 
mirror i::; of non-parallel glass, one image 
being formed by light reflected from the first 
surface of the mirror, the other by light 
reflected at. the back. A simple practical 
kst for parallelism of the mirrors is obtained 
by observing through the highest - power 
telescope the image of a star seen after reflec- 
tion at the two mirrors, the index mirror 
being set to the top end of the arc. If undpr 
th('
e conditions no duplication of the image 
is noticeable the mirrors are quite good enough 
for the purpose. 
The 8l'c(md-order errors of a sextant are 
ùue to three princiral caUHes, viz. want of 
perpendicularity of the two mirrors to the 
plane of the limh and "ant of parallplism of 
thp line of sight to the 
ame plan{'. \Yhen all 
thesp three defects occur tog('ther the resulting 
error in the reading can be shown to be 
" = 2 cosec R : a 2 cos (d + i R) cos (d - 
 n) 
+ ß2 cOS d cos (d - 
R) - ')'2 sin 2 
 [{ 
- 2f1')' sin 
R sin (d - JR) + 2)'a sin d sin 
 R 
- 2a.B cos d cos (d - 
 R): , 


,\ her{' R is t he ,-aIm' of t he reaJill
, d the 
"sextant angle," viz. the angle beh\ e{'u 
the nornuÜ to the horizon mirror and the 
axis of the telescope, and a, ß, ì' are the 
e1'rors of tlH' index mirror, horizon mirror, and 
line of sight respectively. If R is zero the 
value of " is not zero unless a == ß, This fact 
is clcarly ohvious. as, without this condition, 
the t.wo mirrors cannot be moved so as to 
he paranel to one another, and the two 
images of the same point cannot be madf' to 
pass o,'er one another. 
All sextants are provided ,,,ith means to 
adjust the second-order errors. Thp procedure 
is, usually, to set the indeÀ mirror so that its 
plane approximately bisects the arc. One 
end of the arc can then be seen directly and 
the other by reflection in t he inde
 mirror. 
The latter is then adjustpd until the two yiews 
of the arc are coincident. \rhen carefully 
done the value of a should not exceed two or 
three minutes. Having set up the llHh'x 
mÌl ror, the horizon mirror is then adjusted 
so that the two images of a distant point 
cau be made to pass over one another. As the 
telescope can be used for this purpose, a and f1 
can be made equal to within ten seconds or so. 
The adjustment of the collimation error is 
much more troublcsome. The tplescope is 
sometimes mounted in an adjustable collar 
with two small setting screws, but. the adjust- 
ment is hard to make at sea and, indeed, is 
not often attempted. The weakness of the 
rising piece and the unsubstantial design of 
the framework of the limb are so considerable 
in some seÀtants that slight pressnre hetween 
the ocular end of the telescope and the side 
of the nose may cause a temporary collimation 
error when the instrument is in use. In 
addition the observer may take his observation 
away from the centre of the field, so that the 
value of Î' is of necessity higher than a or ti. 
If we take a and ß equal and comparatively 
small relatively to ')', thë appro1\.imate value of 
the error is 
= - '}2 tan 
R + 4')'a sin iR cos (a - !R) sec JR. 
The value of this is negligible at fl.mall angles. 
At 90 0 it becomes - )'2+ 2 0 15)'a, and at 130 0 , 
which is about the maÀimum observable 
angle, - 2.14)'2 + 4.S.J)'a. 
It ",ill be seen from the above that if the 
errors of the mirrors are carduJIy eliminatpd 
the error of the reading is incon
iderable 
except at the high angles, and that for sea 
work, where altitudes do not eXC'PNl DO o , 
collimation error of a d('!!ree is not 8prious. 
On the other hand, if th
 mirrors arc out of 
adjustment an error of r('ading of four or 
five minutes is quite possihle, 

 (20) FfIR:\IS OF HE
TA
TS,-]\o vel'} great 
change has hepn made in the (ksign of Hc:Üants 
since the time of Hadley. \\ïth improvements 
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in the methods of cutting the 8cale and \\ ith 
the use of more accurate verniers for reading, 
it. has been possible to reduce the radius of tllP 
limb without any loss in accuracy. Older 
patterns frequently had a racuus of as much as 
15 inches as against the 7 -inch radius that is 
customary nowadays. Telescopes have been 
improved and have nmy better definition and 
larger field of view than formerly, but there is 
a limit to what is possible in the latter rpspect 
owing to the difficulty in increasing the size 
of the mirrors. Some improvement is possible 
if the mirrors are replaced by reflecting prisms 
in which the refractive effect of the glass can 
be utilised to give an enlarged aperture. For 
example, if a prism of angles -1,')0, 4.')0, and 90 0 
(see Fig. 13) be used, a reflection can be 
obtained when the 
incident light IS 
parallel to the re- 
flecting face and at 
the same time the 
breadth of the re- 
flected beam is about 
a quarter of the 
FIG. 13. length of the reflect- 
ing face, If a mirror 
had been used in this way the breadth of the 
reflected beam would be nil. 
A prism used for reflection in place of a 
mirror need not have its angles exactly 45 0 
and 90 0 , but the two base angles should be 
equal. For ordinary sea work the difference 
between the two base angles should not 
cxceed half a minute, although an error up 
t() ten minutes is permissible' prm-ided a suit- 
able corn"ction is applied to the reading. 
The value of the latter is very similar in its 
magnitudes to a centring error, and if the 
centre is madf' adjustable it is quite possible 
to throw the working centre out so that the 
true centrin
 error thus introduced. neutralises 
the prism e
ror and leaves a balance of error 
below twenty seconds for all points of the 
arc. 
The use of a prism in place of a mirror 
on the index arm gives another advantage. 
In order to obtain a wide range of readings 
(up to 1:30 0 ) the sextant angle needs to be 
kept down to about 1.>0. This involves 
considerable space being left between the end 
of the telescope and the horiznn mirror and 
bet" een t he latter and the index mirror in 
order to avoid any cutting off of light. The 
more these distances are increased the more 
difficult it is to obtain a wide external 
field of view. \Yith the use of a prism 
to replace the index glass the sextant 
an.
lp can be made large; and the spacing 
of the different parts much reduced with- 
out any loss in the working ran
(' of the 
sextant, and with actual gain in aperture 
at the high angle
. )Iodern improvements 


in the production uf prifo'Ill8 may possibly 
result in their replacing mirrurs entirely in 
sextants. 
Another direction in "hich tentath-e efforts 
at impruvements in design have been made 
lies in the method of reading the arc. rnder 
good conditions of illumination and "ith 
plenty of time to spare there is no great diffi- 
culty in reading a 7 -inch seÀtant tu ten or 
twenty second
, but at night-time at sea it 
is much more difficult, and efforts have been 
made on the Continent to provide the navigator 
with a sextant which is ea:5ier to read and on 
the whole good enough for his needs. The 
usual form that this improvement has taken 
is the provision or' a worm gearing round the 
edge of such a pitch as will give 720 teeth to 
the complete circle. The head uf the worm 
is di'Tided in to sixty parts and a rea cling can 
be made with great ease. Xo great difficulty 
is experienced in obtaining accuracy within 
a minute, although there is always danger of 
burring the teeth of the gear by accident. A 
circular rack-and-pinion movement has also 
been tried for the same purpose, but not" ith 
the same success. 
In adclition to the ordinary sea uses of 
measuring the altitudes of heavenly bodies, 
sextants are sometimes required for the 
accurate dptermination of latitude and longi- 
tude of places on shore, or for the determina- 
tion of the errors of chronometers at a place 
whose position is accurately kno\\ n. In such 
cases the measurement of the altitude is made 
between the sun or star and its reflected image 
in a mercury trough. Usually a higher degree 
of accuracy is required "ith such an observa- 
tion and thp sextant is fitted with a telescope 
of higher power and has an arc of larger radius 
cut sometimes to 5 seconds. For the purpose 
of this type of observatiun the sextant is 
usuallv muunted on a stand, which is a light 
three-Ìegged pedestal with a universal joint 
at the top to which the sextant is clamped. 
After an observation has been made a seÀtant 
has to be turned up to take the reading, and 
various stops are sometimes fitted to the 
stand so as to permit of the sextant heing 
immediately turned back again to precisely 
the same position as before. In order to 
reduce errors of observation the na,-igator 
generally likes to make three observations at 

ea and at least five on shore, the mean of 
tll(' altitude being assumed to correspond 
with the mean of the time. To avoid delay 
in having to read the sextant after each 
observation, various devices have been em- 
ployed. In one such de,'ice the tangent screw 
is fitted" ith a ratclwt and the pitch of the 
screw ehosPll so that each tooth of the ratchet 
i.;; equivalent to one or two minutes change 
in altitude. \fith such an arrangement the 
navigator can ubtain a set of ob
ervations 
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and does not need to read the st:''\.tant until 
they arc completed. 
Anotll(>r de\'Ïce is by the use of a reflecting 
prism of small angle" hich is placed beyond 
the horizon glass. The edge of this prism is 
pprpendicular to the plane of the limb, and 
according to 
whether the 
prism is placed 
base up or base 
down the hori- 
zon is lowered 
or raised, A 
set of three 
o bserva tions 
can be maùe 
(i.) by using 
the prism base up (see Fig. 14), (ii.) by 
remo
;ng it entirely (see Fig. 15), and (iii,) 
by using it base down (see Fig. 16), The 
mean of the three altitudes will be the sextant 
reading irrespective of the angle of the prism. 
Another use to which sextants are frequently 
put is the 
measurement of 
horizontal angles 
between two 
fixed markR. In 
a hydrographical 
survey the posi- 
tions of sound- 
ings are usually 
fixed in this way, 
two horizontal 
anp1es between three fixed objects being 
measured as nearly as possible simultaneously. 
The position of the sounding is subsequently 
plotted on the chart by means of a station 
pointer set at the measured angles. The 
sextant used for this purpose differs only 
slightly from 
the ordinary 
pattern. It 
usually has a 
shorter radius 
as a smaller 
degree of ac- 
curacy is neces- 
sary, the shades 
are abulished, 
and the tele- 
scope IS of the Galilean variety so as to 
give an erect image. Efforts have been 
made to give the 0 bserver as wide a field 
of view as possible and also to make the 
sextant easy to rea(1. Various typps of 
"double angle" sextants have becn tried in 
which the two angles can be measured at the 
same time, so as to avoid the ohjection of a 
lapse of time while the first angle is bC'ing 
read. 

 (21) BUBBLE AND PENDULUM SEXTANTS.- 
Owing to the difficulty that is frequently 


:FIG, 14. 


FIG. 15. 


j"IG. 16. 


e
pC'riC'IH'C'd at sC'a of 
eeing any horizon, 
attempts have been made man v times to 
replace the sea horizon hy somC' f(',rm of IC'\'e! 
or vertical that is controlled by gravity, In 
some of these devices tll(> method adopted is 
to reflect intu the field of view the image of 
the bubhle of a spirit-level whieh indieah's 
the direction of the vertical (see Fig. 17). The 
observation is made by bringing the centre of 
the sun to the centre of the buhhle. In othcrs 
a horizontal line moves up and down in the 
field of view under the control of a pendulum, 
and is exactly opposite a fixed pointer whC'n 
the telescope is pointing towards the true 
horizon, so that when the sextant is held true 
and steady, observations of the sun can be 
made down to this artificial horizon in the 
same way as it is usually brought duwn to 
the visi ble sea horizon. . 
Of the two arrangements the bubble is 
preferable as it is self-damping if the liquid is 
sufficiently viscous, and there is an ad(litional 
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advantage that, with proper optical arrange- 
ments, the images of the sun and bubble ,\ill 
follow one another across the field even when 
the instrument is tilted in a vertical plane. 
Such an instrument can properly be called a 
sextant. The pendulum instruments are, more 
strictly speaking, clinometers, 
All sextants of this type are very severely 
handicapped by the movement of the ship 
and consequent horizontal acceleration of the 
observer and the sextant together. The 
bu bble or pendulum sets itself under such 
circumstances not in accordance with the true 
vertical but with the false dvnamieal vertical 
compuunded of earth's gravity and horizontal 
acceleration. Horizontal accelerations of 1 ft. 
per sec. per sec. are common. Such accelera. 
tions are only very approximately periodic, 
and the observer finùs that if he brings sun 
and bubble together at noon, the former "ill 
wander up and down relatively to the latter 
by the amount of a degree or two on either 
side, an(} generally so slo\\ ly that it is im- 
possible to form even an approximate idea of 
the mean position. Any method of damping 
that is praetically available serves only to 
damp out tile rapid vihrations of the ohserver's 
hand and leaves the slow oscillations un- 
tuuched. In ordinary weather in the Atlantie, 
where the ship necessarily rolls and pitches, 
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and ha::; further alternating horizontal ac- 
celerations due to the .. send" ()f each 8\1('- 
ceeding \\a\"e, the probable error (e\en chance 
error) of a single such obspryation taken from 
the bridgp may be put at about 20 minutes 
of arc. This must be multiplied by four to 
gi\e the nanga tor something approximating 
to certainty, with the result that, haring taken 
such an observation and laid down his p08ition 
line on the chart, he ha'5 then to draw two 
others eighty miles on either side. and hi::-: 
" sight" tells him that it is reasonably certain 
that the ship's position is somewhere on the 
lßO-mile strip so drawn. 
The abo\e statement e
plains how it is that 
bubble sextants which have an accuracy of 
Ì\\ 0 or three minutes when used on shore, and 
perhaps ten or fifteen minutes when used on a 
cro.;;s-channel vovage where alternation of 
acceleration is m
re- rapid, f::til entirely when 
used in open sea. Kothing can possibly 
succeed there except a gravity controlled 
pendulum whose period of oscillation is con- 
siderably longer than the periodicity of the 
ship's acceleration, and the oilly practical form 
is 80111e sort of gyrosta 1. 
One such de,ice has already been tried witb 
a certain aIllount of success, 
.\.dmiral Fleuriais' 
gyro sextant. The mechanism is complicated 
and need not be described in detail. The 
gyro is spun by an air blast from a pressure 
tank pumpf'd up by hand. ....ill optical arrange- 
ment produces in the field of new of the 
telescope a spot of light which is reflected 
from the case of the gyro. The speed and 
weight of the gyro are in::;ufikiently great to 
gl_ve the requisite length of period, and although 
the probahle error (If a single observation is 
distinctlv lower than 20 - minute \-alue of 
the bubble, it is still not low enough 
for the instrument to be of real practical 
utiliÌ\T. 
Th
re appears to be no reason 'Why the 
master gyro compass should not be modified 
so as to give an approximately horizontal 
lev-el that can be reproduced on the bridge 
by the repeater mechanism. A mirror at- 
tached to the repeåter could then be used in 
a similar manner to the mercury trough used 
on shore. 

 (22) THE ARTIFICIAL HORIZOX. - "Then 
taking sÜ!hts on shore with a sextant the 
angular measurement is made between the 
sun or star and its image in a trough of mercury. 
The lattf'r has usually a surface of about 
3 by õ in", and is cover
d by a glass shade to 
protect it from bping di
turbed by thp wind. 
The glass of the 
hade should be made with 
it
 faces accurately parallel, but o\Ting to the 
difficulty of doing this it is customary to 
eliminate the error bv takin a two sets of 

 
 
ob",ervations, the shade being turned end for 
enù bch\een the two sets. 


Di::;turhance of the mercury surface can he 
preyentpd by u::;ing a \-ery 8hallO\\ pool of 
it upon a flat copper plate which has been 
amalgampd and levelled. Surface tension in 
such ('ase permits of the u
e of a pool les
 
than a millimetre deep, and if the copper 
plate is amalgamed only on its upper 
surface there is no risk of the mercury 
running off. 
 
This arrangement is also very suitable for 
cleaning the mercury, \\ hich can be done by 
pas::;ing a glass rod lightly over the surface, 
"hen all the impuritif"s of the mercury are 
collected on the rod. 

 (23) THE AZDICTH ::\lIRROR. - In order 
that the nangator may be able to take bear- 
ings of distant objects on the horizon or of 
heavenly bodies, the standard compass is 
usually fitted "ith a special arrangpment to 
ena ble him to do so. The earliest form of 
this consisted merely of a foresight and back- 
sight that could be trained on the object. 
The reading of this direction on the compass 
card could be approximatdy accomplished at 
the same moment. 
For bearings of the sun a vertical shadow 
pin was fitted over the centre of the card and 
the bearing of the shadO\\ read directly, 

\n improvement of these Ì\\ 0 methods is 
the Kelrin azimuth circle, in which a reflect- 
ing surface, usually in the form of a prism, i
 
mounted above the compa.ss. Tlùs prism is 
capable of a rotating movement round a 
horizontal axis, which has to be turned in 
azimuth so that it is at right angles to the 
vertical plane through the centre of the 
compass and the object (terrestrial or celestial) 
that is being observed. By turning this prism 
round its axis to a suitable position light 
from the object is reflected to a direction 
making about sixty dpgrees upwards from the 
horizontal, and the image so seen can be made 
tt) appear to the observer to be close to the 
nearest edge of the prism. In F1"g. 18 a 


o 


FIG. 18. 


vertical 'Section of the arrang<"ment is sho\\ n, 
the plane of the paper being taken to be the 
vertical plane in "hi('h the object Jies, Thp 
horizontal axis of rotation P is perpendicular 
to thp plane of the paper. Light from the 
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b.HI,v H is refie(.tcd in the facC' FR, and the 
observer can move his hC'ad into such a 
position tint the ohject is seen close to the 
pdge E. Below the prism is a lens L. whuse 
axis al::;o in the plane of the paper passes 
through the di\Tisions D of the compa
s card 
D D'. The focal length of the lens is L D, so 
that the image of the dh isions appC'ars to 
the observer to be at infinity. Provided the 
focal length is also equal to the radius of the 
card, the angular breadth of a rlivision as seen 
by him "ill be 1 0 . This is of importance, as 
otherwise two objects on the horizon 1 0 
apart cannot be placed against two con- 
secutive divisions of the card at the same time, 
and a sideways movement of the observer's 
eye will have a parallactic influence on the 
bearing as he reads it. Further, it is clear 
that for observations of ohjects on the' horizon 
it is not e
sential that the object shall lie 
exactly in the plane through the centre of 
the compa::;s at right angles to the axis of 
the mirror. For objects not on the horizon, 
however, the case is different. Two objects, 
each at altitude a and differing in bearing 
by 1 0 , arC' distant lOcos a apart, and therefore 
cover this area on the image of the compass 
card. ,rhen one object appears on a division 
of the card the other will be at a distance 
10(I-cosa) from the next division. In 
thpory, therefore, it is necessary to turn the 
azimuth mirror round so that the object 
I) bserved lies in the correct vertical plane, 
If the azimuth mirror i
 directed K O wrong 
in azimuth the error in fpading will be 
K O (1 - cos a). The limitations of size of the 
mirror and lens make it impossihle to see the 
object if K O exceed
 10 0 , and navigators, as 
a rule, are chary of trusting to bearings of 
heavenly budies of greater altitudes than 30 0 , 
but, even so, there is a possibility of prror of 
nearly 1}0 in the hearing. 'Vith an altitude 
of 4,3 0 this error is increased to 3 0 . 
A further source of error at sea lies in the 
fact that when the ship is rolling or pitching 
neither the compass card nor the compass 
howl, to which the mirror is fixed, is correctly 
horizontal, but is probably pf'rpendicular to 
the false vertical of the moment, Azimuths 
are then being measured with reference not 
to the true vertical or horizontal but to the 
false, and the ('rror madr' will be zero 
only \\ h('n the false vertical is in the 
plane containing the object and the true 
vertical. 
A second method of using th(' Kelvin mirror 
is available for ohjccts on the horizon. This 
method involves the rpflection of th(' card by 
the mirror, so that the observer has to look 
directly at the distant ohjcct and read its 
bearing against the divi
ions of the card as 
seen after transmission through the lens and 
reflection at thl' prism (Fig. ] H). 


A 
onl('\\ hat similar instrunwllt Ü; the 
Admiralty azimuth mirror uHed on the gyro- 
compass repeater. A vertical scctional view 


o 


FIG. 19. 


of this arrangement is gho" n in Fig. 20. 
The card is viewed through a lenticular prism 
A, two faces of \vhich are plane while the third 
has a curve worked upon it. This prism 
becomes in effect a lens whose focal length is 
approximately the radius of the card, so that 
divisions of the card are projected to infinity 
p 


D 


FIG. 20. 


and two adjacent marks subtend 1 0 at the 
eye. Light, from the sun or a star is reflpcted 
at the face EF of a prism capable of rotation 
about an axis perpendicular to the plane of 
the paper. 
As in the Kelvin azimuth circle, errors arise 
in the case of bearings of objects not on the 
horizon. the amount of the error hein
 pxactly 
the sa.me as before. 
Various other typ
s, similar in principle to 
the above, are also in use at spa. In all of 
them, in addition to the errors mentioned, 
there arf' defects in construction to bp reckonpd 
with \vhich make the total error some\\ hat 
more complex than the eÀpression K(1 - cos a) 
that has heen considered. The full investiga- 
tion of these errors is too long for it to be 
possible to make a detailed examination of 
them here. 
The azimuth mirror is in constant use at 
sea for the purpose of obtaining tll(' deviation 
of the compass when out of sight of land. 
\ 
"time azimuth" observation is made, and 
the navigator calculates the true hearing that 
the sun or star had at the moment of his sight. 
To do this with abfo;olute' accul'aey requires 
exact knowledge of his position on thC' surfacc 
of thp glohe, amI this exact knowkdge he 
seldom has; hut, in gClwral. his position is 
knO\\n to \\ ithin a few milc8, and the true 
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bearing can be calculated with a precision of 
a q umier of a degree. If this type of sight 
could always be made on Polaris or some star 
very close to the pole, whose bearing changed 
only slightly during twenty-four hours, very 
large errors could be allowed in his knowledge 
of his position \\ithout appreciably affecting 
the result of his calculation. 
The true bearing being calculated, the 
observed bearing gives him the total compa
s 
error. 

 (2-1) )IEASrRE
IEKT OF THE DIP OF THE 
SE-\. HORIZOX.-All methods for the measure- 
ment of the depression of the visible horizon 
are based on the assumption that the amount 
is the same on all azimuths. Hence, if the 
angular distance is measured between two 
points on the sea horizon differing by l
U
 
in azimuth. this angular distance "ill be in 
defect of lSu') by twice the dip. 
In Fig. 21 is shown the general optical 
plan of an instrument used specially fOT the 
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FIG. 21. 


purpose. Two object glasses of equal focal 
lengths are placed at the right- and left-hand 
ends of the in!-'trument. In the centre are 
two prisms C, cemented together, which 
reflect the light cuming from the t\\ 0 ubject 

lasses upwards. Thp two object glasses have 
a common focal plane on the upper horizontal 
face of these two prisms, so that the cemented 
interface is seen a& a dividing line of the field 
in sharp focus. A refracting prism P can 
be moved longitudinally between the rh;ht- 
hand 00 and the central prisms, anel its motion 
causes the images of the sea 
horizon to be displaced re- 
latively to one another (see 
Fig. 22). The prism P can 
thus be adjusted so as to 
bring the two sea horizons 
into line, and the distance of 
P in front of the common 

ocal plane is thus a measure of the dip. The 
mstrument has to be made sliahtlv more 
,. r""' .. 
compllcatpd, as \\ith this arranO'ement it is not 
possible to measure down to 7.
ro depressions. 
--\. morl.!fication is made by interposing a fixed 
refractmg pri
m between A and C. and bv 
this means bringing the zero positio
 of P t
 
a point between C and B. 
. Another method of measurement of the dip 
IS hy means of a prism, de!'Ümed bv Lieutpnant 
Bli:-;h of thp r.R Xavy, which ca; be attached 
to the sextant, as shown in Fig. 23. If the 
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FIG. 22. 


I two reflecting faces, A and B, are exactly at 
right angles to one another t he Image of the 
back horizon, as seen by way of the prism. 
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FIG. :!3. 


over the observer's head, is displaced IbUC'. 
The observer consequently sees Ì\\ 0 images 
of the sea horizon-one erect and the utheI 
inverted-\\ hich he can bring together by 
adjusting the index arm of the sextant. If 
there is no zero error of the se)..tant the sextant 
reading under such circumstances is twice the 
dip. In actual use this reading has to be 
corrected for zero error and for error of the 
prism from 9U o . 

 (23) :METHODS OF DIRECTIOKAL "TIRELESS 
TELEGR.APHy.-During the European \Yar the 
development of the detection of the direc- 
tion of travel of "ireless ,,-a yes made very 
great advances. l Directional ,Ùreless statioz{s 
were set up in ,-arious parts of the country, 
and by their means the direction in which a 
wave reached a station could be deternùned 
\\ith an accuracy of the order of half a degree, 
even ,\hen the intensity of the wave was only 
very small. \rhen two stations, say a hundred 
miles apart, picked up, directionally, the san
e 
\\ irpless signal
 a short comparison beÌ\\ een 
the two observed bearings enabled the position 
of the sending station to be fixed \\ith an 
accuracy of a'-- mile or two, and a n>ssel at 
sea in doubts as to her position had only to 
send out a wirekss sÜmal for the shore stations 
to pick up and to c
mmunicate the position 
back to her. 
In the earlier part of the war this method 
was u-sed by Germany for the purpose of 
navigating her Zeppelins across the Korth 

ea durin a their raid
 on En!.!land and Scot- 
land; but 
ltimatel.rthemethod \\ as abandoned, 
as British stations, also picking up thc si
nals, 
had a more accurate kno\\ lcd!.!e than Germanv 
of an airship's position. British \\ arships i
 
the Xorth Sea were in a Fimilar situation in 
1 :O;pe "Wireless Tdrgraphy _-\.pparatus," 
 (11), 
Yol. II. 
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respect of the German directional stations, 
and it soon became highly dangerous for a 
British ship to use wireless except in close 
proximity to our 0'\\11 coasts. 'Yithin fifty 
miles or so of our own stat.ions, however, 
directional "ireless had a very extensive use 
even in wartime, and ships wpre constantly 
given their position and guided into harbour 
in thick weather. 
Owing to the danger, from a military stand- 
point, of the ship at sea /::)ending out wireless 
signals, attempts w('re made to install a 
directional receiving apparatus on board, but 
not wit.h complete success. The passage of 
the wave across the metallic structure of the 
ship produces a local disturbance in directi')n, 
so that the" wireless compass" has to reckon 
with a table of deviations more complex than 
those of the magnetic compass. In addition 
the effects of the electrical installations on 
board, being at very short range, may com- 
plet('ly mask the reception of signals. 
'Vith aircraft greater success was obtained 
in the use of the directional wireless receiver, 
and towards the end of the war the larger 
machines were equipped with navigational 
apparatus that enabled them to fix their 
positions by " cross- bparings " of any stations 
that they were able to recognise. 
Several forms of receiving apparatus were 
tried. In one of the earliest the receiver was 
merely a circular or rectangular coil in a 
vertical plane capable of orientation in azimuth. 
The maÀimum current is set up in such a coil 
when its plane lies in the direction in whiC'h 
the wave is travelling. By turning the coil 
until the noise in the telephone receivpr 
connected with the coil has its maximum 
intensity the direction of the signal is deter- 
mined, It is impossible, however, to do this 
with anything like sufficient accuracy. No 
difference in intensity can be noticed for 
quite 2U o on either side of the maximum 
position. - 
\Vhen the plane of the coil is at right angles 
to the direction of travel of the wave the 
intensity is zero, but it is not possible to pick 
up this dirpction by trying for silence in the 
telephone receiver, as on account of the noise 
of the engines nothing at all can be heard over 
a considerable angular range. 
Two coils wpre then tried, with planes both 
vertical and at right angles to one another, 
which formed a primary and a secondary 
circuit. Suitable switches made it possible to 
listen-in on one coil or on both. The primary 
was first dirpcted as nparly as possible so as 
to lie in the plane of travel of the wave by 
listening for maximum intpnsity. If, in sueh 
a position, thf' currpnt in the primary is A, 
and that in the 8('comlary B, then by a suita hIe 
arrangement of switches the current A + B or 
A - B can be passed through the telephone 


receiver. and the ear has a much nicer dis- 
crimination of the difference in the two in- 
tensities than in the search for a maximum, 
It was found possiblp to pick up in this 
manner the direction "ith a precision of about 
half a degree under the best conditions. 
In determining the actual direction in which 
the wave is received a magnetic compass i
.,; 
also needed, The bearing of the wave relative 
to the fore-and-aft line of the machine is read 
on a circular scale attacbed to the movable 
coils. This hearing re4. uirE>s correction for 
wireless deviation, which is approximately of 
the q uadrantaJ type. The compass dirpetion 
of the machine's head requires the ordinary 
corrections for magnetic de,-iation and varia- 
tion. \Yhen flying directly towards or away 
from a station the magnetic compass is un- 
necessary, as the machine has only to be steered 
so that the main coil is in the fore-and-aft line 
when correctly receiving the bearing. This 
statemeht requires modification if the machine 
is making leeway. In such case, although the 
machine's head is always directed towards the 
station, her actual track will be of a spiral 
form, and she will ultimately reach the station 
coming up wind. 

 (26) POSITION FIXI:NG BY DIRECTIO:NAJ
 
'VIRELESS. - 'Yhen making a fix by cross- 
bearings of two visible objects, all that the 
navigator has to do is to draw through thpffi 
on his chart straight lines in the requisite 
direction, and his position is their point of 
intersection. Visible distances do not exceed 
twenty miles as a general rule, and for that 
dist.ance the effect of the earth's curvature 
is inappreciable, For wireless crOS8- bearing 
distances may go up to a thousand miles, antI 
for such ranges the curvature effect is con- 
siderable. 
Different means of taking account of this 
curvature pffect have to be adopted according 
as whether the directional receivin
 apparatus 
is in two fixed shoré stations or in the ship 
or aeroplane. In the former case the simple 
method is to plot the bearings on a gnomonic 
chart upon which great circles are represented 
by straight lines. A special "rose" has to 
be constructed round caC' h station, as in such 
a chart, except at the centre, angles arc not 
the same as those measured on the earth's 
surface. As wireless waves travel, in gf'neral, 
on great. circles upon the earth's surface, thp 
two straight lines dra'''l1 through the two 
stations to corrø:;pond with the two recpived 
bearings intersect in the position of the ship. 
In the case of directional reccption hy the 
ship the problem is more compJicatcd. L('t 
B (see F?'g. 24) be the position of the sendin.
 
Htation and C that of th(' ship. Ordinarily the 
latter will be u
ing chart.s constructf'd on a 
Mercator projection so that the gre3t-circle 
track of the wireless wave will be BGC, a 
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curve which is hollow on the side towards t1:1e 
equator. 
The straight line BRC is the rhumb-line 
track from B to C. 
It will be seen from the figure that the 
direction at which the wireless wave starts, 
viz. TB
 with the meridian, differs from the 
direction at which it arrives 
at C (T'CS with the meridian), 
which is the direction that 0 
receives, this differc>nce being 
the sum of the two angles 
TBR and T'OR. 
For ranges not exceeding 
S 500 miles the )Iercator pro- 
jection of a great circle may 
hp considered to be of constant curvature along 
its length, so that the two angles TBR and 
T'eR are equal and of a value which may be 
shown to be approximately! diff. long. x sin 
mid-lat. 
The ship's navigator usually knows his 
position within thirty or forty miles, so that 
the difference f)f longitude bet\veen Band C 
is known to less than a degree. Hence it is 
pos;:,ible to estimate to within a degree the 
value of the ,. conversion angle" T'CB that 
will alter the great - circle bearing that he 
receives to the rhumb-line bearing that he 
can plot. In this manner he is able to fix 
hi
 position upon the 
Iercator chart. 
Strictly speaking, haying constructed the 
rhumb line, the navigator is not entitled to 
assume that his position is somewhere upon 
it. The locur; of all points on the earth's 
smface for which B has the same true bearing 
is a curve whose shape is more or less that 
shown bv BIC. 'Vithin the ranges under 
consideration this isoazimuthal (or isaz) curve 
has the same curvature as the great cirde, 
but moves in the oppo:)ite sens9', so that BGO 
anù BIC are reflections of one another in the 
rhumb line. 
The navigator's position line is consequently 
not a piece of the great circle CG, nor of the 
rhumb line CR, but of the iS
1z CI. Ff)r all 
practical purposcs, and within the limits of 
accuracy "ith which bparings can be taken, 
the rhumb line is good pnough. For distances 
over 500 miles and up to 1000 miles the 
curvatures of the great circle and the isaz 
curves can no longer be looked upon a
 constant 
along thpir length, and a second-order correc- 

ion is necessary rlependent upon the square 
of the rangp. 
In addition to errors in directional "ireless 
bearings due to lack of sensitivity of the 
receivinq apparatus, to quadrantal denation 
due to the structure of the ship or aeroplane, 
ermr;:; arise from a species of refraction effect 
when the track of the \\ ave runs more or 
lC
'3 along a coast line. Ko very precise state- 
ment can bE' made as to the amount of this 


N 


B 


.FIG. 24. 


. effect, but as a general rule there appears to 
be a drag on that part of the wa\Te which 
passes over the land as compared with that 
part which passes over the water. It would 
be anticipated, for instance, that a \\ irelesb 
bearing of Pnldhu in Cornwall, taken from a 
position npar Dover, would come in from a 
direction more south than it ought to be. At 
the same timp it is difficult to dogmatise on 
the point, as possibly intervening land, like 
the Isle of 'Vight, might alter the effect 
completely. 
This refractive effect has often been noted, 
and has usually been found to he more marked 
at ground level than up in the air. On 
Salisbury Plain, for example, bearings of 
Stonehaven taken from the ground are 
ordinarily about 2 0 in error. From an 
aeroplane at 2000 feet the error ha.s almost 
disappeared. 
In addition to errors resulting from the 
configuration of the land, serious atmospheric 
effects have to be reckoned with. Their causes 
are extremely obscure, and a great deal of 
observation and investigation is still necessary 
before the navigator can make any allowance 
for them. At times there appear to be definite 
tracks of the atmosphere, sometimes in the 
form of long lanes extending for considerable 
distances, along which "ireless waves travel 
\\ith greater ease than in any other direction. 
At times of sunset and sunrise very serious 
de,iations occur, errors of 20 0 in direction 
being of common occurrence. 
Such disturbances are far more serious than 
lack of sensitivity of the receiving apparatus, 
and probably it will not be for some years 
thrJt the causes will have been sufficiently 
invpstigated for the method of directional 
wireless bearings to be completely sufficient 
for a ship on a long ocean voyage. Apart 
from this question, and apart from the q uad- 
rantal deviation produced by the metallic 
structure and the unscreened electrical gear 
on board, it would seem that the sensitivity 
of the receiving apparatus hag already ad- 
vanced to the point that the probable error 
of a single observation is of the order of half 
a degree, and that a ship fixing her position 
by cross-bearings of three stations each 300 
miles distant can do so "ith a certainty of 
being upon a circle of some four or five miles 
radiu8. T. Y. B. 
BIBLIOGRAPHY 
Astronomical JIethods 
Admiralty Jlamwl of 
Val"l'gaticn. 
American Practical 
Val'Ïgator: Bowditch. 
Cours de narigation: E. du Bois. . 
Description et usage des instruments nautlqnes: 
)L E. GuYon. 
Étude sur le.
 courbe.<; de hauteur: n. Hillt'rrt. 
(;lossary of ...Yal'Ïgation: Rev. J. n. Harhord. R,X. 
Ilandbllch der lllwtisrhen Instrumenten (Hydro- 
graphi.<:chfS Amt 
ler .Ad
nira'it;i.n. . 
I Lellrbuch da 
'anyntlOn (RetChs-Jlarme Amt). 



272 XE\VTOX'K HIXU
- OB.JECTIVE
, THE TEBTIXG OF CO)lPOUKD 


Lehrbllch cler Sa/'iyatiun: :\1. F. Alhrecht and C. S. 
Yiero\\" . 
Jloclern Sa,.;gation: He'-. 'Ym. Hall, lL
. 
XarÎYfltion and ....Yallticfll .....htrunomy: :jtatf-C'om- 
m:mder W. H. )lartin, H.
. 
Sal'igrttion and ....Yautical A,<;t1onomy: H.ev. [0', C. 
::-;tebbing, U.K. 
Practice uJ Narigation: Lieut. lI. Raper, It.N. 
Spherical and Practical Astronomy: Wm. Cha,u- 
venet. 
Te.rt-buuk un .Nal"igation and Nautical Astronomy: 
J. tall. 
Treatise un .J..Vfll'igation: J. )t:errifield. 
Wrinkles in Prartical .Sadgation: Capt. S, T. :-;. 
Lecky, R.X.n.. 


The JIflgnetic Compass 
Admiralty Jlamwl of Dl'/'iations of the Compass. 
Cumpensatiun dl{ compflS: L. Joubert. 
Der 1\.oll/])a.., an Bord (Deutsche Seewarte). 
Dedatiun oftlw Cumpass: A. W. Heinold and J. ,Yo 
Waghorn. 
Del'iation and th(' ])aiascope: C. H. Brown. 
De/'iations of the Compass in Iron Sllips: Capt. 
E. W. Creak, U.N. 
Lectnres on Compass Adjustment: Capt. 'V. R. 
)1artin, lLX. 
JlagnetÎ.<l1n and J)e/';atiun of tltl' Compa,<;.<; in Iron 
Ships: T. L. Ainslie. 
JIaynl'ii.<;mu.'; und Del'iat iun der Rumpasse in 
eÙ;emen Schiffen: H. \. J ungdaus. 
JIariner's COli/pas,'} in lm Irun SMp: J. ,Yo f)ixon. 
....Varigation and Compass Deriation: COlllmander 
W. ('. P. :\Luir, C:-\.S. 
Pirots and Caps in Compasses: R. J. Bray. 
Reports of the Lirerpool Compass ('ommittee, 
18;)ü-;) 7 -18ß t. 
The Standard Compas..,: J. Daniel. 
1'raiti des dédations dll compas: A, l\Iaùamet. 
Traité théorique et 'pratique de la ré{Julution cln 
compat;: A. Collet. (Translation of above by \V, 
Bottomley.) 
Various Papers in Trans. Roy. Soc., 1860-61: 
:-;mith and Evans. 


The Gyro Compa,<;s 
Foucault, Comptes Rendus, Sept. 18;)2. 
Lord Kelvin, British Assoriation Report, 
Iontreal, 
lð8-!. 


H. ('rahtrep, Spinning Tops and riyroscopic .Lllotion 
(Longmans, Grecn tV ('0.), HH4. 
:-;ir H. Hreenhill, Rl}JOrt 011 (J//ro,..wupir Theof./l (Ko. 
146 of Heports and 3Iemoranda IJubli
hcd by the 
Advisory Conlluittl'e for 
\eronautin;) (\Y
 man & 
Son
), t!H 4. 
Kh'in and Sommerfeld, Theorie des Iírci,,,ds. 
Balli..,ti.c lJe.flcctiun of the (ii/ru Com]Jw'Is, Pamphh.t. 
is
ued by the Admiralty Compass Obsernltory, 
Blough, 1917. 
Chalmers, The Gyro Compn.<i.." 1!120. 
The Sex.tant 
;)lanllnl of thp .",e:rtant: O. 'Yo Thoffill:-on. 
Sextant Errors: XavallnstflH'tor T. L Baker, R.N. 
The Book of the Sextant: _\.. J. Hughes. 


General 
Admiralty ]lanllal on tlu' Stntim
 Puinter. 
....\' otes on {Jeep Sea Soundin{J: 
taff-('()Jllmandcr 
J. E. navis, ILX. 
Sounding royaye of H.JI.S. llydm: Capt. P. l!'. 
::-;hortlalld, ILX. 



E\VTON'S HINGS: the circular intpI'Í('r(,llce 
fringes formed between two smfal'ps of 
difkl'ent curvature when illuminat.ed. Thev 
werp describ('d by Newton, Optics, ] 704, 
and explained on the undulatory theory hy 
Thomas Young, 18U2. \rhen furmed by 
monochromatic light they can be employed 
to determine the curvatures of the sUlfaces. 
See" Spherometry," 
 (7); "Light, Interfer- 
ence of," 
 (8); "'V aye-length, l\Ieasurement 
(If," 
 (1), 
NICOL PRISM. See"' Polarised Light and its 
Applications," 
 (10). 
NODAL POIXTS AXD PLANES OF A LENS. See 
" Objectiv('s, Testing of Compound," 
 (1); 
also" Lenses, Theory of Simple," g (7), 
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OBJECTIVE, KINEMATOGRAPH, construction of, 
and aberrations requiring reùuction. See 
" Kinematograph," 
 (9). 
::\Iicroscope. See" Microscope, Optics of," 
g (1). 
Telescope. See" Telescupe and Telescope 
Lenses," 
 (.)). 


OBJECTIVES, THE TESTING OF 
CO:\lPOUND 


THE com pound optical systems known as 
" objectivcs" may h(' diddNI into three main 
classes, namely, telescope objectives, photo- 
graphic ubjectives (ur camera lenses), and 
microscope objectives. The methods of 
testin
 thcir optical constants and general 
optical performance vary considerably in 
these three classes, hut such variations arc 
to a large ext('nt due to diffeænc('s in th(' 
dimensions (aperturp, focal length, etc.) of 
the objectives, Although the present article 
is mainly concerned with the first class, I 


namely, telescope objectives, a number of the 
methods of test to be described will be found 
applicable to .one or hoth of the other two 
classes. 1 
The optical performance of any giyen 
compound system may be computed by 
means of thcoretical methods if all the optical 
data of the system are known to a high degree 
of accuracy. 2 
It is not, however, usnaBy convenient to 
separate an objective into its components and 
measure their constants. In the case of an 
objective in which one or more uf the surfaccs 
are locally figured it would he practically 
impossihle to determine its 
pneral performance 
by dissecting it, because it would be difficult, 
for example, tu measure the variations in 
1 For morp detallf'd treatmf'nt!'l of theRe daRi'f'S 
Bf'f' artides on .. ('ampra LpnRes, The Testing of," aud 
.. 1\1 icroseolw, TI\t'ory of t hf'." 
2 For nlf'tho(]g of mpasuring tlw optical conRtants 
of the COJUIJOllf'Hts of a compound sygtl'm, such ;HI 
curvaturPR and rpfradi\"f' indicf'R, gee artkh's on 
II Spherometry " .. :-;pf'(.tros('op('
 and H.efracto- 
meters," and ',1 Immersion Uefractollletry." 
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curvature of its surfaces, and e\ en if fhese 
could be obtained, the theoretical computation 
would be very complicated. As a general rule, 
therefore, it is necessary to employ methods 
whereby an objective may be tested as a unit. 
The chief optical data to be determined in 
the case of telescope objeeti\ es are (1) focal 
len
th, (2) aberrations, and (3) general 
definition. 

 (1) Foc-\.L LEXGTH )IE_\SrRE:\IEXT THEORY. 
-A great number of different methods of 
measuring the focal lengths of compound 
lenses have been devised; some of these can 
only be used in particular cases, while others 
are of more general application. All the 
methods are based on the properties of the 
focal planes, unit planes, nodal points, and 
conju!!ate points of an optical system. The 
fundamental definitions and relations,1 proofs 
of which may be found in any text-book on 
Ueometrical Optics, may be summarised as 
follows. A brief account of them is given in 
the article on "Lens('s, Theory of Simple." 
(a) A lens i
 a portion of a refracting 
mcùium bounded usually by parts of two 
sphprical surfaces. The axis of the lens is the 
line joining the centre of these surfaces. 
(b) Principal Fod.-There are t" 0 points 
on the axis of a lens known as principal foci, 
the one in the image and the other in the 
object space. which possess the properties 
that 
(i.) Rays of light incident on the lens 
parallel to its a:xis pass after refraction 
through a principal focus; 
(ii.) Rays of light diYergin
 from a principal 
focus in the case of a convex lens, or converg- 
i'lg to it in the case of a concave lens, are 
refracted so as to hecome parallel to the axis. 
(c) ('nnjugate Points and Planes.-Conjugate 
points are Í\\ 0 points on the axis such that 
the image of a small object at the onp is 
formed at the other. 
Conjugate plalU's are planes at right angles 
to the axis through the conjugate points. 
(d) rnit Points and Planes. - The unit 
pointR are two conjugate points for which the 
magnification produced by the lens is unity. 
ThE' unit planes are planes at right angles 
to the axis through the unit points. 
Thus the image of any point in one unit 
plane li('s in the seconrl unit plane. and the 
IÍlI(' joining the point and its image is parallel 
to the axis. 
lJnit planps are thus planes of unit mag- 
nification. 
(e) Sodrtl Points and Planes.-The nodal 
pointR are two points on th(' axis such that a 
ray throu
h the one nodal point, after rpfrac- 
tion throu
h the lens, passes through the 
sccon(l nodal point, and is pa.rallel in direction 
to HIP incident ray. 
1 Sce also" Opticall'akulations:' 
VOl.. IV 


The nodal planes are planes at right angles 
to the axis through the nodal points. 
(f) Pn.ncipal Points,-If the media on the 
two sides of the lens, in the object and image 
space respecti,-ely, be the same, the Cnit and 
Koda) Point
 coincide, and are known as the 
Principal Points. (They \\ ere introduced by 
Gauss, who was the first to place on a firm 
foundation the consideration of lenses and 
conRequentIy of lens systems.) 
The "Cnit and :Sodal Planes :similarly become 
Principal Planes. 
 
(g) The first and second focal lengths, 
usually denoted by f and f', are the distances 
between the focal planes and the unit planes 
in the object and image spaces respectively. 
If the first and final media are the same, f = f'. 
The cases in which the first and final media are 
air, are most commonly met with, a notable 
exception being that of microscope immersion 
objecti\-es. 
(h) If the sizes of an object (normal to the 
optical axis) and its ima!!e are y, y', and the 
angles which the object and image subtend at the 
corresponding foci are 0, 0' respectively, then 
f = t :
 0 and f' = ta
 7i'" ( 1 ) 
(i) If the distances of an object and its 
image from the corresponding foci are x, x' 
respectively, and the magnification y'/y 1]e 
denoted by tn, then 
x= 1 f and x = -?nt, (2) 
m 
where the sign notation is the same as is us('d 
in the usual system of co-ordinates. 2 }'rolll (2) 
it follows that 


xx = - ff , 
or, in systems where the first and fin<.tl media 
are the same, 


xx = _f2. 


(3) 


In applying these relations to the practical 
determination of focal length it is of the 
utmost importance to be able to find the 
positions 3 of image planes as accurately as 
possible. For ,-ery rough measurements it is 
often sufficient to form the image on a piece 
of ground glass and to estimate its correct 
position by means of the naked eye. For most 
purposes, however, it is essential to adopt 
more refined methods. It is usu
l to employ 
a microscope of can ,-enien t power for focussing 
on an image; the power which one chooses 
depends, of course, on the nature of the object 
used, the kind of optical system under test, 
.and the accuracy with which the pm
ition of 
the image plane requires to be determined. 
In the case of certain optical systems there 
2 In the gep{"ral ca
e the two focal len!!thR are 
as!'nm1l'll to 11f' of the :-;anw RÌ!m. 
3 For details as to the metholh; of makiu!! ROme of 
these measurements, see" Lcn:-;es, Tc:-;tin
 of 
impk." 
'f 
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is a considerable dppth of focus and it is 
sometimes very difficult to focus accurately 
on the image. In order to eliminate errors 
due to the range of accommodation of the eye 
it is adyisablc, when using a nÜcroscope, to 
employ a Ramsden eye-piece and to place 
cross-wires or a graduated scale at its focal 
plane. In the case of a low-power eye-piece, 
or in making naked - eye observations, the 
position of focus may be determined by moving 
a system of cross-wires until no relative dis- 
placement between the image and the cross- 
wires can be detected on moving one's eye 
from side to side across the field. The position 
of focus may also be found by covering the 
aperture of the system under test in such a 
way that light can only pass through two 
portions 1 at opposite ends of a diameter. 
Then two im
ges will be observed unless the 
microscope is correctly focussed on the image. 
plane. In this case it is assumed that the 
system is free from spherical aberration. A 
somewhat similar method, due to Hartmann, 2 
is to allow two narrow excentric pencils of 
light to pé.t.SS through the system and to 
measure the distances d 1 , d 2 between the 
centres of the diffusion circles in two planes 
at some distance on either side of the image 
plane. If the distances D 1 , D 2 of these planes 
from some arbitrary point are also measured, 
the distance D of the image plane from that 
point is given by the relation 


d 1 D - Dl D - Dl d 1 
- = --
 - or -- - = -. 
d 2 D 2 - D D 2 - Dl d 1 + d 2 
tha tis, 


D=D 1 + d dI d (D2-Dl)' . 
1+ 2 


Another accurate method of determining the 
position of the image plane uf a system was 
devised hy :Foucault; 3 in this case an 
observing microscope is not used, A small 
illuminated pin-hole is cmployed as the object 
and the eye is placed in approximately the 
position of the image. When 
a suitable screen, for example 
eJ diaphragm with a sharp 
knife-edge, is moved in front 
of the eye in a direction 
normal to the optical axis, 
the aperture of the system 
will darken sud(lenly and uniformly only if 
the screen is in the plane of the image. 
In making focal length measurements it is 
necessary to chouse convenient objects; in 
the case whpre magnification nlPthods arc 
used the finely divided scales, engraved on 


M 


[( 


1 The sizes of these portions should be chosen 
sufficiently hrge to pn'vent the definition being 
spoileù by diffraC'tion effects. 
2 .J, Hartmann, Zf'ifs. /llstTllmRllfenk., 1900, xx.;)1. 
3 L. Foucault, ..-1nn.l'Ob,'1f'Tl'atoirf> elf> J>ari,'f, 18;)9, v. 
1!)7; Recueil des tTuz:aux scientij. Paris, I8i8, p. 232. 


(4) 


ghss discs, which are sold by microscope 
makers are found to be extremely useful. In 
order to detC'r,nine the magnification of the 
observing nlÌcr.::>scupe it is essenti.ll to use one 
of these scales in the focal plane of the eye- 
piece. For methods which depend on focussing, 
the most convenient objects arp pl<ttes of 
sil \Tered or platinised glass having fine scratches 
or rulings on the metallic deposit. 4 

 (2) FOCAL LENGTH :\IEASUREl\IENT EXPERI- 
:MENTS. - The chief methods of focal length 
determinatiun may now be considered in de- 
tail. In all cases it will be assumed that the 
first and final media are air, so that the first 
and second focal lengths are equal. 
(i.) Jlethods depending on the Use of Parallel 
Light.-(a) The position of the second focal 
plane of an optical system may be found by 
using an object which is so far away that the 
rays which come from it may he considered 
parallel. The sun or a star may be taken as 
infinitely distant, but it is not always con- 
venient to use such an object. For most 
purposes it is sufficiently accurate to make 
use of a terrestrial object, such as a distant 
church steeple; if the system under test has 
a long focal length it may be necessary to 
make a correction for the finite dist.ance of 
the object. 5 
It is more usual, however, to make use of a 
collimator in order to obtain parallel light, a 
suitable object being placed accurately at the 
focus of the collimator. The image plane of 
the system is then determined by focussing 
the observing microscope on the image of this 
object. This process may be reversed by 
moving an object, p]aced in the neighbourhuod 
of the focal plane of the system, until its image 
coincides with the focal plane of an 0 bsC'rving 
telescope which has been previously focussed 
for infinity. Another alternati\Te is to make 
use of an auto-collimating mpthod; a simple 
way in which this may be applied is illus- 
trated diagrammatically in PÙJ. 1. One half 
of a scale S (preferably ruled on silvered or 


s 
}J
p 
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FIG. 1. 


platinised glass) is illuminated from the side 
by a lamp L with the aid of a sma}] right- 
angle prism J>. [f the scak is in the focal 
plane of the objccti\Te 0, the image of the 
, ('f. the A bbf' tf'Rt plate, for a description of which 
see JlicTo,r;cop!I, hy K J. Spitta. 
:; If f is the focal length and l' is the distance 
hetween the seconll nodal point and the image plane, 
tlH' ohjed })(>ing at a distanC'e u. from t.he system, then 
'l'-j=J2 
u 
p:-o\ i(lell that the difference l'- j is small. 
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illuminated portion, formed by light whieh 
is reflected back from an optically plane 
surface A placed normal to the axis, will 
coincide with the image of the other portion 
of the scale as seen in the observing micro- 
scope :\1. 
These methods only serve to determine the 
position of the second focal plane and the 
back focal length (the distance between the 
last surface and the focal plane) of the system. 
In order to obtain the focal length one may 
employ two methods. The first is a direct 
one; the objective is mounted in Buch a way 
that it can be rotated about a fixed axis 
normal to the optical axis. The whole system 
is then moved along the optical axis until 
there is no lateral displacement of the image 
of a distant object. when the objective is 
rotated about tbe normal axis. 'Yhen this 
is the case, the normal axis passes through a 
point, called the nul point, which diddes the 
distance between the nodal points into parts 
whose ratio is equal to the lateral magnifica- 
tion. If the incident light is parallel, the nul 
point coincides with the second nodal point; 
the focal length is then gi'
en by the distance 
between the normal axis and the focal plane. 
The principle of this method is made use of in 
the testing of camera lenses on the Beck 
bench. 1 
The second method is an indirect one and 
depends on the fact that the ratio of the back 
focal length to the focal length is equal to the 
ratio of the size of a mark placed on the last 
surface to the size of its image. This relation 
follows from equation (2) above, for if fb is 
the back focal length, the equation 
x' = - mf reduces to j
 =fn =
, 
where y' is the size of the mark and y tllP size 
of its image. It is sufficient, therefore, to 
measure the dimensions of the mark as seen 
direct and through the system. The focal 
length can tben be found if the back focal 
lenpth is kno-wn. 
A simple method of measuring the focal 
length of a photographic lens which can be 
di,-ided into two parts, each capable of pro- 
ducing a real image of a . 
distant object, is as follows. 2 
Let J, f' be the focal lengthA 
of the two components and 
F that of the complete lens. 
An image of a distant object 
is focusseù on the ground- 
glass screen of tb" camera for four different 
cases: (1) the complete lens placed normally 
in the camera, (2) the front component 
removed, (3) th(" eompl("te ]("ns reversed in 
can1f'ra, and (4) th(" component now at tlw 
1 

f" ar
,id!" on .. Camf>ra J,en!';e
. The Tf>!';tin
 of." 
T. ..,nuth, Phys. Soc. Proc., 1915, xxyii. 171. 


I 
P 


front r("moved. If d is the distance between 
the positions of the screen for (1) and (2) and 
t[' the distance between the positions for (3) and 
(4), then 


d =

 and d' = f fF . 
f,- f_ f d 
Hence F= ,dd, also r- \ d'. 
These relations follow from the fact that the 
positions in which the images are formed by 
the separate components are conjugate foci 
for the complete lens, namely, that pair of 
conjugate foci for which the beam of light 
between the two components is parallel. 
(b) A method of finding the focal length of 
a system follows at once from equation (1) 
above, for according to this equation the 
focal length is equal t.o the size of the image 
(in the second focal plane) of an object at 
infinity divided by the tangent of the angle 
subtended by the object at the first focal 
point. The focal length may thus be obtained 
by measuring the size of the image and the 
apparent angular size of the object. The 
reverse process may also be employed; in 
this case the apparent angular size of tl:e image 
of an object of known length, placed in the 
focal plane, is measured. This method is 
applicable to telescope, camera, aL.d micro- 
scope objectives. In the case of short focus 
objectives an object of known length y at a 
finite distance D may be used; the focal 
length f is then given by 
y' y' 
f=YID=Y D, 
where y' is the length of the image. This 
method can conveniently be carried out on an 
ordinary microscope supplied with a graduated 
scale in the focal plane of the eye-piece. 
(ü,) ]Jetlwds depending on the Properties of 
ronjugate Points.-'Vhen the positions of the 
first and second foci of an objective are not 
known, the focal length maybe determined 
by finding t.he positions of a number of pairs 
of axial conjugate points. 
(a) If the distances of conjugate points P, 
p' (Fig. 2) from some fixed point Q, such as a 


t Q 8 I , , 
F F' P 
FIG. 2. 


I mark on the mount of the objective 0, are 
I denoted by 
, r, and the distances of Q from 
the foci are denoted by 7], 7]' rcspecti, ely, it 
follows from equation (3) aboye that 
xx' =(
 -7])(f -7]') = - J2. 
SOW this equation con tarns three unkno" nR. 
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7], 7]' and f. Thus the focal length, and the 
positions of the foci, may be found by 
measuring the distances 
þ h'; 
2' 
2'; 
3' 
3' 
of three pairs of conjugate points from a fixed 
poin t. 
(b) If X, X' are the nodal points of the 
objective, 


7]' - 7] =2f + d, 
where d= N
'. Thus in cases where d is 
known or may be neglected it is sufficient to 
determine the distances 
l' 
l'; 
2' 
2' of two 
pairs of conjugate points. This method is 
most easily carried out by keeping the positions 
of the 0 bject and image planes fixed and 
moving 0 along the axis into the two po:::!itions 
for which the image falls in the latter plane. 
The distances of object and image from Q are 
then measured for the two positions, Q being 
kept fixed relatively to O. 
(c) The distance D between conjugate points 
is given by 


D= -X+ x' + 2/+ d. 
Now it follows from the e1uation xx' = - f2 
that -x+x' is stationary when -x=x'=-if. 
The negative sign giyes the two nodal points, 
while t"he positive sign gives two points on the 
opposite sides of the foci from the nodal points 
and at distances from the foci equal to f. In 
this case 


D=4/+d. 


Thus if d is known or may be neglected, the 
focal length may be found by moving the 
objective until the distance between object 
and image is a minimum. 
It may be noted that in method (ü.) (a) the 
focal length may be found by measuring 
, f 
for one pair of conjugate points if the positions 
of the foci F, F' are known, that is, if 7], 7]' 
are known. A hnowledge of f then enables 
one to determine the distance d between the 
nodal points by means of methods (ii.) (b) 
or (c). 
The methods in group (ii.) can be carried 
out most eonvC'niently on an optical bench, 
They are specially applicable to objectives 
of medium fQ('al length. The chief objection 
to employing them in the case of long focus 
objectives is the great I('ngth of space requif{>d, 
the minimum distance between conjugate 
points being, as we have seen, approximately 
four times the focal I('ngth. 
(iii.) .111 agnifiration ..1..11 ethods.- There are a 
number of methods of determining focal 
length which clC'pC'nd on the measurement of 
the lateral magnification. The most important 
of these are as follows. 
(a) The magnification is measured for two 
positions of the object, the syst('m under test 
being kept fixed. ThC'n, if Xl' X 2 are the dis- 
tanpes of the object from tJl(' first principal 
focal plane and n
l' m 2 are the magnifications 


for the two positions, it follo\\s from eyuation 
(:
) above that 
1 1 
X I = - - I, x 2 = - f. 
'm l 1n 2 


Thus 


I=

 
I/m l -11m 2 " 


It is only necessary, therefore, to measure the 
distance Xl - x 2 through which the ohj('ct has 
bc>en moved, in addition to the magnifications, 
The focal length may also he found by keeping 
the system fixed, moving the image plane a 
distance Xl' - x 2 ', and measuring the cOlTe- 
Rponding magnifications. In this case 
Xl' = - mlf. X 2 ' = - m 2 /. 


Thus 


f =
l
 X2
. 
rn 2 - rn l 


A simple direct reading method baRed on this 
relation can he' employed in finding the focal length 
of a camera lens. The image of a very distant objcct 
is focussed on the ground-glass scrccll of the camera 
and the screen is then racked hack through a distance 
d until the image of a scale, mounted near thc lcns 
in a plane at right angles to the optical axis. is 
focussed on it. The lcngth of the portion of the 
scale, whose image lies hetween two marks separated 
by a distance d on the screen, is then the focal length 
of the lens. 


(b) The distance t l of thp object from a 
fixed point Q (Fig. 2) on the objective is 
measured and the objective is th('n rev('rspd 
and moved along the optical axis until the 
same magnification is obtained, the object 
and irr.age })lanes be-ing thus interchanged. 
The distance of the original object from Q is 
now measured. Since the position'3 of F and 
F' are interchanged owing to the re\Tersal of 
the system, it follows that 



1=-D+x'
7]', 
2=X-7]'. 
Therefore 

l +
2= -D+z+x' = - D+ 1 f-mf 
m 


or 


1= - D+(
I+
2) . 
m - 11m 


If, in the sce-ond T>osition of the Eystem, 
the distance t/ of the original image plane 
from Q is measured, then 


f= - 
1_+
2'_. 
m - 11m 


(c) ThE"' magnifications m l and m 2 &!'e 
measured for two yalue-s T>l and D 2 of the 
distance bet\\"('pn th(' ohjpd and image planes. 
If, for exampl(', the distan('E"' is incTe-ased by 
an amount d, we- have 


Da - DI =d =( - x 2 + x 2 ') - ( - Xl + Xl')' 
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since D = - x + x' + F F' and :FF' remains con- 
stant. Thus 


d= ( -} f - m2f ) - ( - 
 f - mil ) 
ln 2 m l 


= f ( ( 1n -1n ) + ( 
- 
 ) l 
L I 2 m l m 2 J 


dm l m 2 
f=( m l - 1n 2 )(m l 1n 2 - 11' 
(d) The system is kept fixed and the 
positions of the image are determined for 
which the magnifications are -1, - 2, - 3, 
etc. The corresponding distances of the 
images from the second focal plane are then 
givcl1 by 
x/ =f, X 2 =2f, X 3 =3f, ete 


or 


Thus the image has to be moved through a 
di
tallc0 equal to the focal length in passing 
from one magnification to the next. Similarly 
the distances of the object from the first focal 
plane, corresponding to the magnifica tions 
- 1, -!, -1, etc., in the image plane, are 
given by Xl = - f, X 2 = - 2f, X 3 = - 3f, etc. 
In this case, therefore, the object is moyed 
through a distance equal to the focal length 
in pa:")sing from one magnification to the next. 
It is most con venien t to make use of an 
optical bench in connection with the methods 
of group (ill.). The methods, like those of 
group (ii.), are especially applicable to the 
case of objectives of medium focal length. 
(iv.) ....11 etlwds applicable to the 
11 easurement 
of Short Focal Lengths.-There are two simple 
microscope methods which can be used in the 
case of microscope objectives and eye-pieces; 
they really come under the previous groups, 
but may for convenience be dealt with 
separately. 
(a) A short focus collimator, having a suit- 
able scale in its focal plane, is fitted under the 
stage of a microscope, and the objective or 
eye-piece under test is placed on the stage 
with its axis collinear with the collimator 
and microscope axes. The microscope, fitted 
with a micrometer eye-piece, is then focussed 
on the image of the collimator scale. If 
11' f2' f3 are the focal lengths of the collimator 
objective, the system under test, and the 
microscope objectiye rpspectiyely, the magnifi- 
cation obseryed in the lower focal plane of 
the micrometer eye-piece is giyen by 


12 
 
h . f;' 


whC're ..l is the distance between the upper 
focal plane of the microscope objecti\
e and 
the micrometer scale. The method may be 
maùp a direet reading one by choosing the 
values of fl' f3' and 
, 
o that 
 = fd3' 
The magnification obsern'd is tlH'n numerically 


equal to the focal length of the system under 
test. 
(b) The objective or eye-piece to be tested 
is fitted to the end of a microscope tube and 
a suitable scale is placed on the microscope 
stage. The magnifications of the scale are 
then measured for two different tube-lengths 
by means of a mi<,rometer scale in the eye- 
piece. The focal length of the system is 
then given by the difference of the tube-lengths 
divided by the difference of the magnifications. 
This follo
vs at once from the relation 


f = XI' - x/. 
nl,2 - m l 
The Abbe focometer 1 is an instrument 
which is specially designed for carrying out 
such tests. 

 (3) 
IEAsrRE:\IE
T OF ABERRATIO
S.-In 
designing compound objectiyes it is not pos- 
sible to obtain systcms which are perfectly 
corrected; there are always certain amounts 
of residual aberrations present. In a well- 
corrected svstem these are usually ,-ery 
small, so th
t it is necessary to employ very 
sensitive methods for measuring them. The 
chief quantities which require to be determined 
are spherical and chromatic aberrations, coma, 
distortion, and curvature of field. In the case 
of telescope objectÏ\ es it is mainly the first 
two which are of primary imlJOrtance; the 
measurement of the other quantities is dealt 
wit h in the article on "Camera Lenses, The 
Testing of." 
Practicallv all the methods of measuring 
the aberrati
ns of an objecti,'e depend on the 
use of an accurately parallel beam of light. 
If a collimator is employed for this purpose 
it is necessary trat the collimator objectiye 
itself should 'be as free from a berrations as 
possible, otherwise the results"" ill be yitiated. 
It is usual, therefore, to employ a \\ ell- 
corrected collimator objective of larger aper- 
ture than that of the objective under test. 
This however is not always possible, especi- 
ally 
hen it is' necessary to' test large aperture 
lenses; in such cases one or other of the 
following methods may be used. 
(a) 'Yhen one is dealing '" ith an astronomical 
telescope objecti,e, it may be fitted on a telescope 
mount and the measurements made '" ith a star as 
the object. This gets rid of the necessity of using 
a collimator, but the method can only be used" lu're 
special equipment is a,ailable. 
(b) If the objectiye has not a ,ery long focal 
length. an illuminated pin-hole mounted a
 a con- 
siderable distance may he used as the object, In 
this case, ho
eYer, o
ly apprm.imate yalu('s of the 
a berrations can be obtained 0\\ ing to the fact that 
one is not dt:'aling with strictly parallel light. the 
process of introducing corrc>ctions for the finite 
distance of the object b('ing rath('r laborious. 
1 
. ('zap
ld. Zeit.ç. T",Qrumnltf>llk., 18!\:? x
i. ]8."); 
see also t:. Y. Hofe, /.eits Tee/In. Phys., H'
O, I, HH. 
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(c) \VllPre an objective of similar construction 
to that of the one und('r test is availahle it mav be 
used as a coUimator objective. Then, if the ab
rra- 
tions of each objective are of the same sign and 
of ahout the same dimensions, the values of the 
measured aberrations will be approximately double 
those of each objective taken separately. 
(d) If two additional objectives of similar dimen- 
sioM are available, the three objectives may be 
tested in pairs, each one in turn serving as the 
coUimator objective. The aberrations of each may 
then be deduced from the measured aberrations of 
the combinations, even if the k>rmer differ con- 
siderably in the three cases. 
(e) In the case of large objectives, when a suitable 
coUimator objective is not available, a convenient 
method is one which is now being used at the 
Reichsanstalt. 1 
Thp principle of the method is illustrated in Fig. 3, 
which represents a horizontal section of the arrange- 
ment. A well - corrected 
coUimator objective C of 
relatively small aperture, 
having an illuminated pin- 
hole S at its focus, is set 
up with its axis in the 
plane of, and at right 
angles to, the axis of the 
objective 0 which is to be 
tested. A good (fuality pen- 
tagonal prism P is mounted 
on a slide in front of the 
collim:1tor objective so that 
it can be moved along the 


o 


1 
. 
1 1 
,..:, ,.1- 

'
T..-;.---- ;(':
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FIG. 3, 


collimator axis across a diameter of the objective 
o into positions such as p', P*. Since the direction 
of the rays which emerge from P is not altered by a 
slight rotation of the prism about a vertical axis, 
the rays will be parallel to the objective axis in all 
positions. Any tilt of the prism about a horizontal 
axis may be prevented by using a level on the top 
of the prism and adjusting the prism. if necessary, 
in its different positions. The method allows one to 
determine the position of focus for different portions 
of the aperture. If it is necessary to measure the 
aberrations along different diameters, the objective 
may be mounted so that it can be rotated about its 
axis. 
(I) An auto-coUimating method (cf. Fig. 1) may 
be employed, if a sufficiently large optically plane 
fmrface is available. This has the advantage of 
double sensitivity, but for very accurate work the 
mirror surface used must be plane to a high d('gree 
of accuracy. 
There are three main methods of measurin
 
the aberrations of an objective. In considering 
these it will be assumed, a
 already indicated, 
that a well-corrected collimator objpctive of 
larger aperture than that of the objective 
undf'r test is employed, though any of the 
above-mentioned devices may be uRed instead. 
1 Zeits. lnstrumentenk" 19
O, xl. 9G. 


s 


(i.) .JIicroscopc J[ clhod.- The ohjedi ve, the 
collimator, and a suitaLlc obs{'r\'ing microscopc 
are set up in such a way that their optical 
a
es are collinear, the microscope b{'ing 
placed behind the focal plane of the objecti,"e 
and mounted on a slide so that it can be 
moved along the axis of the system. A 
minute pin-hole 2 is fixed at the focus of the 
collimator objective and is illuminated by a 
strong source of light. The image of the 
pin-hole which is formed in the focal plane 
of the objective consists of a bright circular 
disc surrounded by a series of concentric 
diffraction rings. The relative number of 
rings and the colour visible in planes at 
small equal distances inside and outside the 
focus give a qualitative estimate of the spherieal 
and chromatic corrections of the objective. 3 
In order, however, to determine these abprra- 
tions quantitatively, it is necessary to find 
the positions of best focus of the central disc 
when different zones of the objective and 
different wave-lengths of light are used. For 
spherical aberration determinations the aper- 
ture of the obje'ctive should be di,-idpd into 
about 4 or 5 concentric zones of equal area, 
and a series of opaque stops made of such 
sizes and shapes that each one only allows 
light to pass through one of these zones. 
If the slide, on which the microscope is 
mounted, i::s provided with a scale and vernier, 
or, preferably, an accurate micrometer motion, 
the axial differences of focus for the different 
zones can be measured. 
In order to measure the chromatic aberra- 
tion a similar procedure is adopted, colour 
filters being placed, one at a time, between 
the pin-hole and the source of light or between 
the eye - piece of the microscope and the 
observer's eye. The positions of the micro- 
scope, for which the image of thp pin-hole is 
focussed for each of the filters, then enable' 
one to determine the positions of the foci for 
different colours and hence the chromatic 
correction of the objeetive. It is advisable 
to choose colour filters which are approxi- 
mately monochromatic and to determine the 
predominant wave-length transmitted byeach. 
A series of Kodak colour filters, giving about 
5 wave-lengths fairly evenly spaced along the 
spectrum between red and violct, is found 
very suitable. For very accurate work, how- 
ever, colour filters may be dispensed with and 
a monochromatic illuminator placed hetwe'en 
the source of light and the collimator pin-hole. 
In this way monochromatic light of any given 
wave-length may be employed. 
The chromatic diffprpnces of spllerieal 


2 
\ brightly iHuminated Rmal1 bÏC'yc1(' ball form<:; a 
vpry good Rnh
titntp for an illuminated ]lin-holP. In 
some C:\SPR it iR preferable to emJlloy fine croR
 litH'S 
or a suitahle scalp. 
3 
pe Tilt> A dju.
mt>nt und Tf,<;finu of T('lr,<;('opic 
Oùjectices, by 
lcssrs. T. Cooke & 
ons, Ltd., of \"ork. 
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aberration may be determined by placing 
concentric stops in front of the objectiye 
d.ild measuring the positions of focus for the 
different zones and the different \\aye-Iengths. 
(ii.) Shadme J1 etllOd.- This method, to \\ hich 
reference has already been made in dealing 
with the method
 of finding position of focus, 
was introduced bv Foucault 1 in connection 
with the figuring of optical surfaces. In 
order to apply it to the measurement of 
aberrations a narrow illuminated slit is placed 
in the focal plane of the collimator objecti,e 
and a diaphragm with a str:Üght edge is 
mount.ed behind the objecti,e under t.est. 
The dial)hragm is adjusted until its edge is 
parallel to the slit, the plane of the diaphragm 
being normal to the axis. If the aperture is 
co,ered except for one particular zone, and 
the observer's eye is placed near the focus of 
the objective, this zone will be seen illuminated. 
If, now, the diaphragm is moved across the 
optical axis in front of the obser,er's eye, the 
zone becomes darkened gradually, unless the 
dia phragm is in the focal plane corresponding 
to the zone, in which case it becomes darkened 
suddenly and uniformly. Thus by a method 
of trial the positions of focus for different 
zones and different wa ,-e-Iengths may be 
found. From these the spherical and chromatic 
aberrations of the objective may be deduced. 
The writer has employed a more symmetrical 
way of applying the shadGw method to the 
testing of objecti,Tes. A small illuminated 
pin-hole is fixed at the focus of the collimator 
objective and, instead of the diaphragm with 
the straight edge, a small opaque circular 
disc on a f!lass plate is used. It is convenient 
to employ a small point image on a photo- 
graphic plate, its size being appro},.imately 
that of the diffraction image of the illuminated 
pin-hole. By means of this arrangement it is 
possible to find the three co-ordinates of the 
focus for any zone or to combine the shado" 
method with the following method (Hart- 
mann's) by measuring the co-ordinates of the 
points where the pencil of rays from any given 
region of the objecti,-e aperture cuts Í\\O 
planes, one inside and the other outside the 
focus; in this latter case the plate with the 
opaque point must be mounted on a mechanism 
capable of recording measurements in three 
mutually perpendicular directions. 

Iethods (i.) and (ii.) are, of course, only 
applicable to the case of ,isual measurements. 
'Vhere it is necessary to determine the aberra- 
tions of an objecti,-e designed for photographic 
work, the chromatic corrections being made 
for wave-lengths in the actinic region of the 
spectrum, the following method is practically 
the only one that can be employed; it can be 
used in the case of any large aperture objective. 


1 L. Foucault. .-hm. de l'Obserl'atoire dp Pn.-Úl. 1 
;)Ç), 
v, 197: Rerlleil d('8 tral'aliX .sri 'ntif. Paris, 18.8. p. 23
. 


(iii.) Hartmann'.
 JlctllOd.-In this method 2 
the positions of tha foei for different zones of 
the objeC'tive are determined indirectly. An 
illuminated pin-hole i:, mounted a},.ially in the 
focal plane of the collimator objecti,e, and an 
. opaque diaphragm, containing a number of 
circular holes arranged in concentric rings, 
is placed S} Dunetrically in front of the 
objective. A photographic plate is mounted 
at right angles to the optical axis in a plane 
at some distance outside the focus and an 
exposure made. The plat.e holder is then 
moved to a position inside the focus and 
another plate exposed. Thus records are 
obtained of the diffusion circles in \\ hich 
the narrow pencils of light, passing through 
the holes in the dial)hragm, meet the t" 0 
planes in "hich the plat-es were placed. Th
 
co-ordinates of the centres of these diffusion 
circles can then be obtained by measuring the 
plates, 3 and if the distances of the two planes 
from Borne fixed arbitrary point have been 
carefully measured, the positions of the foci, 
relati,e to that point, for different zones may 
be deduced from the relation (4) giyen above. 
Chromatic aberrations may be obtained by 
making a series of measurements with light 
of different wave-lengths. 
If earefullv carried out, this methoè is a 
very accurate one, but. it suffers from the 
dis
dYantage that a considerable amount of 
time is required in order to complete a series 
of measurements. 
In addition to the abo,e methods the 
aberrations of an objective may be measured 
bv means of interferometry.4 

 
 (4) DETER:\IIXATIOX O
F GEXERAL DEFIXI- 
TIOX. - The general definition given by an 
objective depends on the degree to which the 
syst.em is corrected for the, arious aberrations. 
It is difficult, howeyer, to deduce from measure- 
ments of the residual aberrations how good 
the definition will be, for, generally speaking, 
there are no d<lta available which give the 
maximum amounts of the different aberrations 
that may be present without spoiling the 
definition. A good idea of the definition 
may, howe,er, be obtained by placing a 
suitable test object (a fine graduated scale 
or a microscopic test object may conn'niently 
be employed) at the focus of the collimator 
objective and examining its ima
e in the 
focal plane of the objective under test by 
means of a microscope. ...\S definition is 
partly a subjective quality, it is always 
ad,-isable to compare the definition of any 
I .T. Hartmann, Zeits. 111strornentenk., 190(1, xx. 
51. 
:I Instead of making photographic records. the 
co-ordinates ma
' be determined by means of duect 
visual obsfryationq. . 
41 :-,ee article on II Interferometers : Techm
al 
Applications": a]:,o E. Waetzman
, Ann. d. Ph!
S1k_, 
HH2, "Xx:\.ix. 10-12: F. Twyman, Bn!. Journ. of 1110t., 
1918. Lxv. 556, 567. 
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given objpcti ve wit.h t.hat of a similar ohjf'C'ti\(\ 
whose general optieal performam'e is knO\\ 11. 
The definition of a telescope objective may 
also be tested by an examination of the 
extrafocal diffraction images of a distant 
point sonrcc.! The resolving power may be 
determined by oLßervations on double stars. 
J. s. A. 


OBJECTS, )IOU
TING OF, for microscopy with 
ultra-violet light. See "Microscopy "ith 
L"ltra-violet Light," 
 (4). 
OBOE: a wind - instrument, played \" ith a 
small double-cone reed and having a conical 
tube. See" Sound," 
 (33), 
"ONDE DE CHOC," See" Sound Ranging," 

 (4). 
OPAL GLASSES, :l\IANUFACTURE OF. See 
" Glass," 
 (35). 
OPHTHAL':\IIC DYNAMO
IETER, LANDOLT'S: an 
ophthaLnic instrument for determining the. 
maximum of convergence of a subject's 
eyes. See "OIJhthallllic Optical Appa- 
ratus," 
 (3). 


OPHTHAL:\IIC OPTICAL APPARATUS 

 (l).-Until the introduction of cylindrical 
lenses for spectacle use, ophthalmic optical 
apparatus was of the crudest, and consisted 
mainly of sets of pairs of spherical lenses 
fitted into horn frames known as "triers." 
\Vith cylindrical lenses and the nece
sity for 
rotation of the lenses, came the full trial. 
case, the ophthalmoscope, ophthalmometer, 
and retinoscope. 
Ophthalmic instruments may be divided 
roughly into a su hjecti ve clas
, where the re
u1ts 
are obtained from the answers of the suhject 
or patient relating his impressions of what he 
actually see
 by means of the instrum('nt, and 
into an ohjective class, where results are arrived 
at by d('ductions being made from what is 
seen by the observer in or of the eye of the 
patient without reference to any qupstioning 
of the patient. 

 (2) 
rB.TE('TIVE INSTRUMENTS. - Among 
subjective instruments we can inclmle : 
Phorometers for testing and exercising the 
Rtrength, deviation, and direction of the 
external o('ular musdes. 
IJerimetefR and I"eotometers for plotting and 
measuring the field of vision. 
Photompters for light }wrception, 
Chl'Omo-optonwters for colour perception. 
Ophthalmic lenses. 
Test-cases of trial lenses (the Donders 
method). 
Test-types for measurement of visual acuity 
and form perception. 
1 f'pp Thr A (nu.o;tulI'lIt find Tn;fillfl of Telescopic 
O?Jjectires, ùy )lcssff'. T. Cooke <.\: :O;ons, York. 


DiffmÜon-area inHtrum('nÜ
 relying up"n 
the di
tortion or aberration produced by 
ametropia. 
Optometers, a term given to Íl1struments 
generally of telescope design, and depeudput 
upon a personal adjustment of focus by the 
patient. 

 (3) PIIOROl\1I
TERS. - Phorometric instru.. 
ments deal with the measurement of oeular 
muscular want of balance, and the muscular 
exercises for its correction. The musclt'
 of 
a normal pair of eyes arc so balanced that 
the eyes involuntarily converge upon any 
fixed object, each eye conveying to th(' 
brain a similar picture. The exact super- 
position of these two pictures creates a Hingle 
picture with stereoscopic relief. Should there 
be some difference in the size or definition of 
these two pictures due to diffC'rence in the 
focal strength of the ('yes, or should a :-;iug.le 
picture be obtained with difficulty, the reHult 
is either that a strain is thrown upon the eÀtra- 
ocular muscles in an attempt to 
e('ure 
in!!l(' 
stereoscopic vision, or else failure to secure <;;uch 
vision results in a more or less pronounced 
squint or strabi
mus, with a temporary sup- 
pression of vision in one eye, in order to av"id 
confusion. It is obvious that, if two separate 
images are seen by the two eyes, a fusion of the 
images can be obtained b
T placing in front of 
one eye a prism, \\ hidl will cau
e one of the 
images to deviate and supprpose itself over the 
other image, and thus secure stereoscopic 
vision. 
Supposing always that thp e
Te refraction 
has been corrected, and pictures of equal Hize 
and dpfinition secured, it is one of the simplest 
of optical procedures to find a prism \\'hich 
will give the required dpviation. The first 
thing i
 to make one of the images seem so 
altered or distorted that the brain no longer 
attempt
 to a

ociate it with the other image, 
and consequ('ntly ceases to make any mu
cular 
effort to superpose the two images. This 
distortion is usually pffpcted hy glas
 rods 
or cones or similar distorting contrivancf's. 
One of the most effective of these is the 
Maddox set of rods or grooves (Fiq, ]), which 
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consi3t3 of a set of short coloured convf'X 
cylindrical thin glass rods, or concave cylin- 
drical groovps fixed sÜ}P hy side in a small 
disc for use in thp oculiHt's trial-frame. "- 
bright small light seen through one of thesc 
rods produces a small fine line as an image, the 
sevpral rods or grooves making in continuation 
a long decided line of light \\ JlH:Ü can ea
ily be 
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fixed by the patient. This line is 
o diffprent 
from the image of the object seen by the other 
eye that there is no effort on the part of the 
patient to secure superposition or O"vercome 
what is called his "dynamic strabismus." 
Succes
iYe prisms are now placed before one 
of the eyes until this streak of light appears 
to coincide in position "ith the original light. 
The Risley or Herschell prism, \\ hich con- 
sists of two equal-powered prisms superposed 
and rotating at equal rates in opposite direc- 
tions, is often used in order to obviate the 
necessity of tr:ying 8uccessÏ"\""e prism
. 
Another method of correcting the defect 
is that of the Stevens phorometer, which 
consists of two equal prisms (one before each 
eye) rotating in opposite directions. 'Yith 
either of such instruments, or some similar 
phorometer, the strength of the external eye 
muscles may be measured. There are many 
varieties of this class of instrument, varying 
chiefly in the number of small trial-case 
accessories attached to save time in adjust- 
ment. 
Xearly all instruments for testing the ocular 
muscles depend upon their ability to create a 
diplopia which will not be overcome mentally 
by the patient, and having created it to in- 
dicate the prism giving fusion or a single 
linage. 
In order to induce diplopia, Thorington 
uses an ingenious form of truncated cone 
ground in two 7'OO-dioptre prisms, separated 
hy an intenyal of plane glass 3 mm. "ide, 
which produce the combined effect of a )Iaddox 
rod and doubling prism in one piece of glass, 
\\ith the important addition of a centre light 
as a starting-point. 
An excellent but little-known instrument is 
the Remy Diploscope, which consists of a "ide. 
short, hollow cylinder blackened on the inside, 
28 em, in length and 9 em, in diameter. 
open at the eye-end, and closed at the other 
end by a disc \\ith four round holes about 
2 ern. in diameter, two of which are 4: em. 
apart, and the others I em. apart. By 
re,-olving a shutter, one pair of holes is kept 
clo
cd while the other pair is open, and by 
re,.oh ing the disc the pair which is open 
may be set at an angle which is required for 
a test. In front of the open end of the 
cylinder thpre is a black square frame to 
hlock out stra,' rays of licrht and a hlack bar 
11,.. 
. 
at the top of the frame can be either lowered 
vertically acro
s the opening, moved at an 
angle to one or the other side or lifted away 
altnf!cther. This cdinder is 'mounted on 'a 
long rod with it:.. 
"is parallel to the rod so 
that the di
(' containing the holes is midway 
between thp two ends. The length of the rod 
is I:?O ('m.. the di
c is thus GO 'cm. from the 
e
n'. "hile the di
tance hetween the centres of 
one pair of holes is approximately equal to the 


distance bet" cen the eyt's. At the other end 
of the rod is a test-card carrying four letters 
arranged horizontally at di:4anees of about 
6 em. apart. If a patient "ith binoeular 
vision looks at the hole:; he will see all four 
letters. Each eve sees a different letter 
through each of the two holes. If he suffers 
from convergent squint only two letters "ill 
be visible. By employing the second disC' 
"ith the holes doseI' together and a second 
test-card on "hich there are two lett.ers one 
above the other, further tests can be made. 
Another popular instrument used in the 
British army is " Bishop Harman's Diaphragm 
te
t." This is the rever
e of Javars wen- 
known bar-reading test. Instead of a bar 
there is a screen "ith a single hole in it (F1'g. 2). 
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Into this hole the patient can look "ith both 
eJ
es without 
uspecting the test to "hich his 
,-i:::;ion is being subjected. The instrument is 
held "ith the end of the bar against the faee 
and a screen with a buitablc design is mounted 
in the holder at the other end of the bar. 
The patient sees part of this screen with the 
right eye, part "ith the left, and a small 
central region "ith both, as shown in the 
sketch. From thp extent and location of these 
various fields the nature and amount of the 
squint, if any, can be deduced. 
The difficulty of fitting prisms to cure the 
defect does not lie in the manipulation of 
the instruments, but rather in the inability 
of the patient, as a rule, to "ear anything 
approaching the prism or .:\Iaddox correction 
which gi,-es pelÍect fusion. possibly due to an 
inconstant variation in eonverg:ence on the 
part of the patient, and also to the distortion. 
astü:.
'matism, and chromatic aberration insepar- 
able from prisms of any strength. It is also 
possible that the exact relation between a 
prism !riving fusion, and the correction of 
eYe-
train and strabismus, has not yet been 
s
tisfactOTily settled. 'Yhen this question 
of fittin
 p
isms and lenses has reached the 
certainh
 of determination of that used in the 
prescription of spherical and cylindrical lenses, 
a new and universal type of spectacle lens 
mu
t immediately folIo". 
In En
land co
siderable attention has been 

iven to the question of muscular anomalie
. 
Of latC' years the tendene," ha
 hepn to recom- 
mend 
uscular e
ercis
s for the cure of 
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shabi
mus or öquint, rather than intel'Íprence 
by surgical operatiun. Xearly all instruments 
that are used are based, more or less, on the 
principle of the stereoscope. 
For determining the maximum of converg- 
ence, an instrument known as Landolt's 
Ophthalmodynamometer may be used. This 
consists of a metal cylinder blackened on the 
outside placed over a small light or candle 
flame. The cylinder has a vertical slit 0.3 mm. 
,,,ide covered by ground glass. The luminous 
vertical line is the object on which attention 
is to be fixed. Beneath the cylinder is a 
tape measure graduated in em. on one side, 
and on the other in a corresponding number 
of meter angles. The cylinder is gradually 
approached towards the patient until double 
vision of the line of light occurs. 
An instrument for testing l
tent torsion is 
the Optomymometer of the Ge
eva Optical 
Company, which consists of two tubes about 
20 in. long, one of which is moved horizontally 
only, while the other can be elevated or 
dppressed to any angle. At one end of each 
tube is a rotatable disc in which a slit is cut. 
On looking down the tubes, one slit is seen 
with each eye; by adjusting the inclinations 
of the tubes one slit may be made to appear 
vertically above the other, and by rotating 
the discs they may be made to appear parallel. 
There are many variations of this instrument, 
one of which is that of the clinoscope of Cooper, 
and the more recent one of Stevens. 

 (4) PUPILO
IETERs.-The size and shape 
of the pupil and its position in the centre or 
otherwise in the iris field is a matter of some 
importance both in discussing pathological 
questions and also in accounting for the un- 
certain results sometimes obtained in the 
estimation of refraction. It has been found 
that the visual axis rarely passes through the 
centre of the pupillary opening. Yarious 
methods have been devised to measure either 
the size of the pupil or its position. The 
simplest, and the one in common use, as in 
Fif}. 3, is to have a series of various-sized 
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black dot3 on a card, and to compare them 
with thp actual pupil, or to make similar 
comparisons \" ith an ordinary wedge-shaped 
gauge. The other methods have been con- 
fined to the laboratory, and have consisted 


chiefly in the use of ophthalmometers with 
the doubling prisms remo\-ed, and bv ad- 
justing the size of the images of the 
mires 
or bringing them into contact on the cornea 
u"ntil they just cover it, an estimate of 
tlIP diameter of the pupil has been made. 
.Another ingenious method due to Landolt was 
to use a Fre.
nel doubling prism, and so adjust 
the distance between the two images until they 
just touch. Photography to scale has also 
been employed. 

 (5) PERE\IETERs.-Perimeters or scoto- 
meters are for the measurement of the field 
of vision from the macula to the peripheral 
parts of the retina, and the plotting out of 
portions of the retina which are totally or 
partially atrophied, The measurements can be 
made for the colour as well as the light field. 
Roughly the field of vision can be ascer- 
tained by making the patient look fixedly at 
a spot, such as the eye of the surgeon. A 
test object, such as a small ball, is thpn placed 
in front of the eye in various position::; until 
the limits of indirect vision are determined. 
Usually elaborate instruments are used, 
allowi
g the travel of a test object along an 
arc having the patient's eye as its centre. 
Such instruments are generally furnished with 
mechanism for the silent and unobserved 
movement of the object, and the simultaneous 
recording of the limits of vision by a puncher, 
pricker, or pencil on a graphic chart behind 
the instrument. 
Aubert and Forster construct.ed an instru- 
ment in 1847 upon which most of the subse- 
quent perimeters have been based, amongst 
which are the l\IcHardy, Skeel, Dana, Stevens, 
Schweigger, Landolt, Bardsley, and Priestley 
Smith perimeters and scotometers. These 
vary chiefly in the mechanism for the test- 
object carrier and the method of mahing the 
chart. Fig. 4 shows the l\IcHarùy instrument. 
Tomlinson, in order to avoid the large and 
cumbersome are, designed a system of a tilting 
mirror which gives an imaginary mo\-ement 
to the object. 

Iany surgeons use the Bjerrum screC'n, 
which consists of a large sq uare black screen 
2 metres in breadth, at a distance of 2 metres 
from the patient. This system has the ad- 
vantage of increasing all the measurements- 
the hlind spot, for instance. measuring 20 cm. 
on the screen instead of about 2
 cm. with 
the ordinary perimeter. Beyond 4.3 0 , measure- 
ments on a flat surfa,ce are not of much use. 
R. H. Elliott has recently made considerable 
improvements on this n;ethod. He uses in 
front of the Bjerrum background a movable 
disc in which there are small illuminated 
o bj ects. 
In the Campimeter of De \Yecker the 
patient fixes a small cross in the middle of a 
black screen on which are marked radial lines ; 
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the te
t object i..;; moved from the periphery to I 
the centre, the limit:-. of reco!!llÍtion bein;.. 
marked on each line in turn. The points oñ 
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the various radiating lines are then joined, 
shomng the area of the visual field. 
The same principle applies to nearly all the 
perimeters. In some like the Priestley Smith, 
the 
IcHardy, the Skeel, etc' r the test objects 
travel on an arc centred round the patient's I 
eye. instead of at a tangent. as in the case 
of the "ecker and Bjerrum screens. The. 
differpnces in the many arc instruments are 
rather in details of workmanship and mechan- 
ism than principle. 
Hand perimeters are rather for clinical or 
bedside uæ. 
The uncertainties of perimetry are due 
chiefly to the tendency of the patient to allow 
hi.8 eve to wander awav from the fixation 
point wand also to the vari
us degrees of intelli- 
gence on the part of the patient. 

 (6) PHOTO:\IETERS. - rntil the war and 
recently, comparatively few experiments had 
been made as to the perception of light in the 
estima tion of refraction and evesÏ!rh t. The 
prevalence of night-blindness, the p
ssibilities 
of malingering, and insurance pro blems. 
brouzht into use some of the manv well-kno'WIl 
photometers. l Perception scales 
uch as tho
 
ùf Parinaud, which consist of ten graded 
squares of !!rev colour from white to LI
ck or 
a black ba
kiround on which various colour 
shade'Ö! are outlined in small squares to be 
counted by the patient. constitute probably 
thf> quicke:,t and simplest method. 
f (ï) CHROMO-OPTO'lETERS. - Since atten- 
tj In h8.3 been dra-wn by the Board of Trade 
::;ee .. Photomdf)- and Jlìumination .. 



 


and Arlmiralty to the nec{:..;..;ity for stril ter 
test..;;, the examination for colour risiun ha
 
become a much more general practice. "orne 
observers emplo) the confusion test of a 

eries of coloured wools (Holmgren), "bile 
ûthe
, such ac;: Butler-Harric;:on and Edridge- 
Green, rely upon the use of lanterns showing 
by rotation and superposition a series of 
colours which the patient is called upon t<> 
classify or compare. 
_\nother useful test is that of the bead-box 
of Edridge-Green, where a variety of coloured 
beads is given to the patient to cla
:::ify. 
An ingenious instrument is that of Chibret. 
in v.-hich a plate of quartz ground parallel to its 
p
is is placed between Sicol prisms. The 
plate is seen coloured, and the colour depends 
on the thickness of the quartz. If the Xicol 
analyser is rotated, the colour changes. At 
-!.
 degrees the field is white, on rutating thf" 
prism to 90 degrees one obtains the comple- 
mentary colour which increase
 the intensifica- 
tion of colour. By replacing the analyser 
with a bi-refringent crystal, in the form of a 
prism. one of the images has the comple- 
mentarr colour to the other. In the instru- 
ment of Chibret. b)- varying the obliquity of 
the prism, it is possible to obtain the whole 
range of colour and intensities. The patient 
is asked to regulate the instrument so that at 
anv dezree of intensitv he is sure to secure 
eq
al ;olouring of th
 t" 0 fields. Failure 
to do this indicates his degree of colour 
sensi ti ,-enes.s. 

 (ð) OPHTHAUIIC LE
SES. - Ophthalmic 
spectacle lenses differ from photographic, pro- 
jection, microscope, or "hat ma
 be termed 
image-forming lenses or systems, in that they 
are usually of approximately one diameter 
or aperture. one thickn{:

. and except in the 
cases of 8pecial bifocal and cemented lenses, 
they are thin single lenses of two surfaces 
on1v. 
Spectacle lenses. are made of ordinary white 
glass similar to that of a good "indo" glass. 
The English glasses are generally very white 
but softer than the French or St. Goban glass. 
Recentlv Schott of Jena have manufactured 
a hard 
nd dense (Yla
 for better cla
 meniscus 
t 
lenses. 
rntil about twenty years ago.. the more 
expensive lenses were made of Brazilian 
pebble or "rock-crystal." It was claimed 
that the extra density of the cITstal alIo" ed 
a thinner lens. and c
oler to the 'eye; but on 
the other hand there were manv faults, such 
as that of double refraction: striae, and 
surface imperfections in working, that made 
them inferior to ordinary good white 
lags. 
The introduction of cvlindrical and pri
m 
lenses resulted in comparativelv fe" len
es 
being made of pebble o"in!! to the diffiC"ulti('
 
and expense of workin!! the surfaces. - 
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'''ith spectacle lenses a large \"i.tricty of 
surfaces and combinations, useful unly in 
ophthalmic lens \\ ork, are employed. 
(a) The pIano-spherical, where one side is 
plane, the other convex or concave spherical. 
(b) TIU' bi-spherical, where both sides are 
spherical, either convex-concave or else con- 
ca ve or con vex. 
(c) The pIano-cylindrical, \yhere one side is 
plane and the other is a simple cylinder. 
(d) The periscopic, a term given in the 
trade, of which one surface is concave, the 
other convex, and ia which the concave side 
is about 1.23 to 2 dioptres in strength, the 
other side having an excess of convexity to 
secure the necessary focus. 
(e) )Ieniscus lenses, practically deep peri- 
scopics, where the conca ve surface ranges 
from G'OO to even 12.00 dioptres. 
(f) Ordinary sphero-cylinders, where one 
side is convex- or concave-spherical and the 
other a convex or concave cylinder. 
(g) Toric lenses, where the one surface is 
that of a segment of a torus, or anchor 
ring. A good illustration of a toric surface 
may be taken from that of a bicycle tyre 
which has two differing curves, one at right- 
angles to the other. The advantage of a toric 
lens is that it provides a sphero-cylindrical 
lens in the form of a meniscus combination, 
Prisms are also used \\ith any of the above 
lenses or combinations. If the prism re- 
quired is comp
tratively weak and the spheri- 
cal power fairly strong, this may be secured 
easily by decentration of the lens in the spec- 
tacle frame, but if the prism required is fairly 
strong, without a corresponding increase or 
ratio of strength in the spherical, then the 
spherical curves are usually worked upon a 
prism or wedge-shaped glass. 
There are some forms of special spectacle 
lenses which call for special mention, not only 
for the special purpose for which they are 
intenlled, hut on account of their very beautiful 
workmanship, such as the bifocal, aspherical, 
and cataract lenses. 
(i.) Bifoc
l Lenses,-The hifocal is a spec- 
tacle lens having two different powers or foci 
set in the same eye-wire or spectacle frame; 
the upper power or focus being used for dis- 
tance and the lower for reading or close work. 
.A bifocal lens is generally useful in the case 
of a person who is ametropic and who requires, 
on account of age, two separate foci, one for 
distance and one for reading, and wishC's them 
to be in the same spectacle frame in order to 
avoid having two pairs of spectacles. 
There are many forms of bifocals, the 
oldest be'in
 the Franklin bifocal, made of 
two half lenses of different foci joined together 
with a straight joining line, The drawback 
to this pattern is that the half-lensC's are liable 
to jump out of the frame, the junetion retains 


, dirt, \\ hile the hm or half presents incon\"eni- 
ence, and is usually too large for the purpose 
for which it is intended. This i:-; sometimes 
avoided by placing the 10\\ er half into a curve 
cut out of the upper piece, Very many 
suggestions and patents have been t<11..en uut 
for bifocals, but most of them have hC'en 
discarded on account of the difficulty of 
securing good centring and also beeau:-;p 
the dividing line or ridge is generally in the 
way. The commonest form of bifocal con- 
sists of small thin I:;egments ot additional 
powers cemented on to an ordinary lens of 
the focus required for distance, The segment 
is usually so thin as to be almost imper- 
ceptible, but is liable to become disturbed 
through heat, strain or concussion. One very 
modern form is generally kno\""11 as the fu::;ed 
solid bifocal, which is made by gIinding or 
gouging out a small depression or curve in 
the lower part of the distance lens, which 
should be of low refraction. Into this de- 
pression or curve or small basin is dropped 
and fused another small lens of vC'ry much 
d.enser refraction. The difficulty in manu- 
facture is to secure a perfect join between 
the two surfaces ,,'ithout introducing air 
bubbles. After fusing. the \"hole surface is 
then ground to a specified curve, in appear- 
ance one lens only, although there are two 
separate foci. The process requires such 
extreme care in manufacture that the lenses 
have become almost a proprietary article. 
Another equally modern form is that of the 
solid bifocal, where two separate cun
es are 
ground on the same surface, A small but almost 
imperceptible ridge is formed between the two 
parts of different foci, which are ground out of 
the same piece of glass and therefore do not de- 
pend on two different refractions. The method 
of manufacture caUs for a kind of optical grind- 
ing that has not been used in any other l"ind 
of optical work. All opticians are aware that 
all optical lC'I1sf's are surfaced by means of 
optical tools having the same curvature, and 
by means of emery and. rouge are polished 
afterward
 on the same tools \\ ith a piece 
of cloth. ThiH hifocal is !!round quite a 
different way, in that the surfaces of all the 
lenses, no matter \" hat the foci, are ground 
by means of a thin ring tube a bout half the 
diameter of the part to be ground out from 
the lens. The end of this tube rotates at a 
different rate from the lens, which is fixed on 
a shaft, and the diffe're'ncp in rotation results 
in varying curves, spherical curves of extra 
curvature being ground. Theoretically the 
one tool grinds every curve. The differf'Il(,c 
in the rate of the abrasion between the outcr 
and inner edges of the cutting tube produc('
 
the curve d('sired. 
(ii.) .As]JlIerical Len8e8.-The optical for- 
mulae of ordinary spherical lenses arc of the' 
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simplest and do not require discussi0n. Yon 
Rohr has pointed, out that the formulae hold 
good only in the case when the aÀis of the 
spectacle lens is directed towards that parti- 
cular object-point that is the principal object 
of contemplation, wmch would mean that in 
order to realise such conditions we should 
have to mo\
e our he
ds continually in looking 
around: this is a\Toi...ed in the ordinary way 
by moving the eye instead of the head and 
thus getting \\ hat is called direct vision. 
The result is that ,yhen the eye moves and 
looks towards the edge of the len
, fresh 
optical conditions are set up ,,-hich result in 
aberration. It has not been found possible 
in actual practice to correct vision by the 
usual combinations such as are met \\ ith in 
photographic cemented objectives on account 
of the expense, weight, fragility, and liability 
of the lenses to become uncemented. Any 
attem pts made to correct this aberration have 
been in the direction of giving definite form 
to the 
urfaces of meniscus lenses, according 
to the resultant focus required. \Yollaston, 
Ostwalt, Tscherning, Percival, Gullstrand, and 
\Yhitwell have at various times drawn up a 
definite series of tables defining the curves 
which are likely to give the least amount of 
aberration \\ith certain foci. The problem 
has naturally been more difficult in the case 
of toroidal 
r cylindrical lenses. Gullstrand 
has devised an aspherical surface of revolution 
where the meridian curve is different from the 
arc of a circle, and includes such surfaces of 
revolution as elliptic, parabolic, and hyper- 
bolic surfaces. Cndoubtedly this is an ideal 
form of cun"ature and is limited only by 
difficulties of manufacture. 
(iii.) Cataract Lenscs.-As lenses for aphakic 
patients are generally above 13.00 D in 
strength, the weight of the lens is a great 
drawback. Attempts have been made to do 
away \\ ith this by cementing on an ordinary 
pIano-lens a small convex lens, which does 
away with "eight and reduces the aperture 
and consequently the aberration. 

 (9) TEST-C -\.SE OF TRIAL LEXSES.- There 
is probably no piece of ophthalmic apparatus I 
which is more unÌ\
ersally used or relied upon 
by both oculists and opticians than the test- 
case of trial lenses. :Ko matter what method 
or instrument may be used, almost invariably, 
at some stagp of the procedure, use is made of 
the test-case and trial-frame. 
The Trial- frame. - Lenses when used for 
tésting a patient's vision are usually mounted 
in a trial-frame, of which there are' numeruus 
patterns \\ith adjustments to suit the patient 
and to rotate the lenses. F1'g.;J iJIustrates 
one form. 
A te
t-case con
ists of a series of the lenses 
furming the various combination" possible of 
spectade lenses. They are nearly ah, ays I 


circular, 38 mm. in diameter, unmounted or 
mounted in metal rings "ith handles. Some- 
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times they consist in their f:implest form of a 
small series of about 50 single spherical lenses 
for use in retinoscopy in the dark room, or 
they may include a full case of pairs of convex 
and concave sets of spherical and cylindrical 
lenses grading by 0.12 intervals up to about 
3.00 D, by 0.23 intervals up to about 4,00 D 
and 0.50 intervals to about 8.00 D. The larger 
cases generally contain very many accessories, 
such as a full set of prisms, blanks, pinholes, 
and stenopaic slit discs, together "ith a full 
range of coloured glasses. Some trial - case8 
also contain extra smaller sets of bifocal and 
cataract lenses. Almost any combination 
can be made by com bining one, two, or three 
lenses together, although the distances from 
the eye and the separation of the lenses must 
be taken into account "hen ordering the 
actual spectacle lenses. 
For that reason, the ideal test-case should 
con
ist of pIano-spherical lenses rather than 
bi -spherical. 
The Optical Society set up some years ago 
a set of standards for trial-eases, and lenses 
are tested to these stand:udi5 at the Xational 
Physic'tl L"1borcttorv. 
The pinhole disc
 consist of slllall \Tarious- 
sized perforated discs "hich afford a speedy 
means of determining whether imperfect 
vision is due to ametropia or to other condi- 
tions. In pure ametropia. the pinhole re- 
duces the cireles of diffuðion and gi,-es good 
\-ision with a certain loss of illumination. In 
other cases it makes the vision worse. The 
cases in which it is likely to be misleading 
are of an unequal surfaced or faceted curnea 
or conical cornea, \\ here better vision is some- 
times secured by a pinhole disc and yet no 
suitable correcting lens can be founù. 
The stenopaic slit acts very similarly in 
cases of astigmatism, where the diffusion areas 
on the retina are greater in one principal 
meridian than in another. The stenopaic slit 
limits them at right an,gleR to its length. 
The ordinary usc of te
t-Ien:,cs i
 to test 
each eye sep
rately, gidng the stronge:;:t 
convex lens in the case of hypermetropia, and 
weakest conca,-e one in the casc uf myopia, 
consistent in each ca
e with be"t \-ision. In 
similar fashion, but applicable to one mcridian 
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only, use is made of cylindrical lenses for 
astigmatism. 'The difficulties likely to be 
encountered in the subjective u::;e of the trial- 
case arise chiefly through having to rely 
upon the answers of the patient and the 
tendency there is to excite the accommodative 
apparatus of the eye. 
Some operators use, in order to save time, 
apparatus consisting of a series of test-lenses 
revolving before the eye of the patient. These 
are sometimes termed refractometers, or by 
various proprietary names. 
Subjective testing, or the use of trial lenses, 
cannot be regarded as thoroughly satisfactory 
until the conditions of the lenses in the trial- 
frame on the patient's face approach those of 
the actual spectacles. To this end the lenses 
should be very thin; if a combination of two 
i::; used, then each trial lens should be half 
the thickness of the spectacle lens. The trial- 
lens should be pIano-spherical or plano- 
cylindrical. The two pIano surfaces of these 
should face each other; the separation between 
them should be almost nil; and the distance 
of the farthest lens from the eye and its tilt 
should be the same as the actual spectacle 
lens worn. These conditions of course are 
difficult to fulfil, although instruments have 
recently been devised to measure the distance 
of the spectacle lenses from the eye, and also 
of the trial lens, and to make comparison. 
Many u
ers of test-cases prefer to estimate 
the refraction by such objective methods as 
retinoscopy, ophthalmometry, and ophthal- 
moscopy, putting up an approximate com- 
bination into the trial-frame and then by 
slight adjustment or alteration determining 
the final correcting glasses. Some, however, 
prefer to rely entirely on subjective methods 
and more or less adopt a definite system and 
rigid routine in its use. 
A careful operator who relies principally 
upon his test-case without preliminary object- 
ive findings nearly always uses some kind 
or other of " fogging "method. This consists 
in blurring the vision by a positive lens of 
pO\\ er in excess of that required for correction 
and interposing negative lenses of gradually 
increasing power until distinct vision is ob- 
tained. By approaching the desired correc- 
tion from this side the patient's accommoda- 
tion is prevented from coming into play and 
produeing an apparent increase in myopia. A 
fan line diagram or similar test chart should 
be used, other\\ ise mixed astigmatism may be 
overlookpd. 
One such modern subjective system consists 
of the use of the usual set of test-letters, a set 
of fan lines and a block or series of parallel 
lines capa blC' of heing rotated to any particular 
I}wridian. Tll(' procedure iH to u
e the teHt- 
letters only to ascertain the visual acuity 
before and after testing, and to rely upon 


fitting separately the two principal meridians 
without further reference to the test-letters. 
The patient is asked to state which lines in the 
fan are the clearest. The set or block of 
parallel lines is then fixed at right angles to the 
clearest line and therefore at the worst position 
at which they can be seen. Convex spherical 
lenses are trif'd upon this, and if the vision is 
improved are increased in strength until the 
best result is obtained; the fan lines are then 
again resorted to and the patient is aShed to 
pick out the best set; a suitable concave 
cylindrical lens is then put in the triål frame 
and turned until the fan lines appear equal in 
clearness. Should, however, convex spherical 
lenses not improve the block lines in the first 
instance, the procedure is repeated from the 
start with the block lines at the opposite 
meridian or axis. If convex sphcricals are still 
useless, concave sphericals are tried and the 
same procedure followed. If the block is still 
seen most clearly without the aid of a lens, it is 
assumed that that particular patient is emme- 
tropic and that a concave cylinder with its 
axis properly oriented is alone required. The 
advantage of such a system is that the most 
difficult complicated cases of astigmatism are 
gradually eliminated at the outset; there is 
little tendency to excite the accommodation, 
and by the use of concave cylindrical len::;es 
only instead of convex the best form of 
periscopic lenses is secured. Any system which 
does not allow of an exact placing of the 
cylinder in the trial frame is haphazard and 
casual. 

 (10) DIFFUSION - ÅREA INSTRUl\IE.NTS. - 
These instruments depend upon diffusion 
areas for the e
timation of refraction. The 
Culbertson prisoptometcr in optical construc- 
tion is rather like an ophthalmometer in that 
it has a double prism which can be revolved 
through the various degrees of the scale. The 
patient looking through the circular opening in 
the centre of the instrument sees two circles. 
If, when the instrument is adjusted, the circles 
fire just in contact, the case is one of emme- 
tropia; if they overlap each other it is myopia; 
and when they separate it is a case of hyper- 
metropia. Theoretically, it is a very ingenious 
instrument, but as the intelligence of the 
patient is called into play, exactness and 
accuracy do not always follow. 
Another ingenious diffusion instrument is 
the ametrometer of Thomson, which consists 
of two very small flames or sources of light, 
one stationary and the other movable on a 
graduated arm, revolving about the first flame 
as a centre. The method is to move one flame 
along the arm until the two flames appear to 
fuse. The approximate strength of the lens 
required is marked on the scale. 
Un<kr the head of different tests ma) come 
that of the Cobalt-blue lens. Fur the purp,)ses 
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of this test a cobalt-blue glass, which appears 
dark Llue but contains as much red, is fitted in 
the trial- frame. Cobalt-blue glass has the 
po" e1' to exclude all but blue and red rays. 
Blue rays are more refrangible, and therefore 
focus sooner than red. If such a glass is placed 
before the patient's eye and a small flame used 
as !t test object an emmetropic patient will see 
a small circle composed of two colours equally 
mixed-that is to say, purple-but a hyper- 
metropic patient will see a red ring of light 
with a blue centre, and a myopic patient "ill 
see a blue ring with a red centre. 

 (11) OPTO:\IETERS.-Optometry is a term 
sometimes applied to all ocular methods of 
estimating the refraction of the eye. 'Ye 
confine the application here to that generally 
accepted in Europe, i.e. to instruments where 
an adjustment of lenses is made by the patient 
in order to obtain the clear image of an object 
and the result recorded on the metric scale. 
Hence the term. Prior to the introduction 
of retinoscopy and phorometry, the opto- 
meter" as almost the only method of estimating 
the refraction other than the trial case of 
lenses. There are pro ba bly more varieties of 
optometers than of all other ophthalmic 
instruments put together, probably due to 
their construction being so closely allied to that 
of the ordinary optical bench. In actual 
practice their use has been almost entirely dis- 
continued, chiefly 0" ing to the uncertain 
accommodation of the patient which so easily 
confuses the result. This involuntary act of 
accommodation is due to the fact that all such 
optometers are pn)\-ided with a small eye- 
piece aperture; and this, combined with the 
need to rely upon the ability of the patient to 
decide very accurately as to comparisons of 
clear focus, call
 into play the accommodation 
and imagination. 
The most of the older optometers rely upon 
the well-knm\ n principle of Scheiner's experi- 
ment that if a card in "hich two small holes are 
pierced at a distance from each other less than 
the pupillary diameter is held in front of the 
eye, a luminous point seen from a distance will 
appear to a normal-sighted person as one light, 
"hereas to one "ith defective vision, it "ill 
appear as two lights. 
De là Hire, Porterfield, Thomas Young, 
Helmholtz, Bull, and many others followed on 
"ith modifications of instruments, all based 
on this principle, but "hile all of them are 
optically interesting they are unsatisfactory in 
actual practice, 
Subsequently Coccius, Donders, De Graefe, 
Perrin, Badal. Hardy, De Zeng, and many 
uthers designed optometers to obviate the 
effects of accommodation. :\fost of these 
employ a fixed convex lens 
en
ing as an 
eye-piecp and a movable illuminated object. 
The patient places the object where he sees it 


most clearly and notes its position relath-e to 
the principal focus of the lens. If it be between 
the lens and the principal focus the rays" hich 
enter his eye are divergent, he is short 
sighted; if it is beyond the principal focus, he 
is long sighted. The difficulty of obtaining 
accurate results is that while optically accom- 
modation may be eliminated, yet the mental 
effect on the patient of seeing something at a 
distance "hich really is close to upsets his 
judgment and he gives inaccurate positions 
for that of the clearest \-ision. 
Optically the best of these is the instrument 
of Badal, "hpre a fixed single bicon\-e"'{ lens 
is placed so that its principal focus coincides 
either with the nodal point of the patient's 
eye or with its anterior focus. In either case 
the size of the retinal image of an object 
situated at any distance in front of the lens 
is unaffected by mo\-ing the object nearer or 
further away, This destroys the sense of 
varying distance and prevents the accom- 
modative efforts which result from this. This 
optometric system is the best if one can rely 
upon the accurate judgment of comparison by 
the patient. J. H. s. 


OPTIC AXIS: a direction in a crystal along 
which there is no separation of the 
ordinary and e::\..traordinary rays, Crys- 
tals having one such direction are known 
as uniaxial; those ha ,-ing two such direc- 
tions as biaxial. See" Polarised Light 
and its Applications," 
 (3). 
Primary and secondary. See ibid. 

 (7) (ii.) 
and (18) (üi.). 
OPTICAL ACTI\TITY: the power possessed by 
certain substances of rotating the plane of 
polarisation of a beam of light passing 
through them. See" Polari
ed Light and 
its Applications, " 
 (20). 
OPTICAL BE
cH, for testing of lenses. 
ee 
"Camera Lenses, 'Testing of"; .. Lenses, 
Testing of Simple." 


OPTICAL CALCCLATIOXS 

 (1) TRIGOXO:\IETRICAL ::\fETHODS. - The 
methods employed almost exclusively in the 
past in the computation of optical systems 
have consisted in tracing step by step the 
paths of a few rays selected according to rules 
which are largely empirical in character. 
From the point of view of the computer this 
systenl has much to recommend it. The 
amount of calculation invoked is limited, 
and "ith a certain amount of past experience 
to indicate in what direction modifications 
intended for the improvement of a Rystem 
already approximately òetermilll'd are mo
t 
likely to prO\-e satisfactory, the evolution of 
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systems attaining such a d('gree of correction 
as has in the p
st proved necessary is pos:::;ible 
in not too prolonged a time. The methods 
most extensively employed are trigonometric ai, 
and it will be convenient to record here the 
systems of equations very commonly used for 
tracing rays through a series of coa
ial 
spherical refracting surfaces. In the first 
example the ra.y lies in a plane passing through 
the axis of the system, and the problem is 
simply two - dimensiunal. This case covers 
by far the greater part of the calculations 
normally made. In the second case the ray 
does not lie in an axial plane, and the portions 
of the path lying in three successive mrdia 
will not usually be coplanar. 
Suppose that there are n spherical refracting 
surfaces having their centres of curvature 
on a straight line coincident with the x axis 
of co-ordinates. Let the surfaces be distin- 
guished by the n numbers 1,2,3, , . . 111, . . . 
n, the order of the numbers being that in which 
the surfaces are met by a ray of light traversing 
the system from the object space to the image 
space. The radius of curvature of a surface 
is denoted by T, to which is add cd as a suffix 
the number of the particular surface. The 
sign convention adopted, which is almost 
universally accepted, requires r to be regarded 
as a positive quantity "hen the light is 
incident on the convex side of the surface, 
negative 'when incident on the concave side. 
Thus with a positive radius of curvature, 
and with the light represented in diagrams 
passing from the left to the right, the centre 
of curvature will be situated to the right of 
thp vertex or point in which the refracting 
segment of the sphere meets the axis. Each 
surface marks the separation of media of 
different refractive indices, and it is con 'Tenient 
to use numbers to distinguish these 
lso. 
The total num bel' of these media is n + 1, 
and they will be denoted by the nurn bel's 
0, 1, 2, . . . n. Thus the' number of any 
medium is the same as that of the surface 
which bounds it on the left or object side, 
and is less by unity than the number of the 
surface forming the boundary on the right or 
image side. This notation is an easy one to 
remcmLer, but several others are commonly 
employed. In some cases even numbers are 
used for surfaces and odd numbers for media, 
in others the converse arrangement is adopted, 
while yet another system involves the 
introduction of half integers. Rueh variety 
in the notation is apt to lead to mistakes, 
and that here adopted, which is less clumsy 
than mo
t alternatives, will he generally 
followed in the artielc, of this Dictionary. 
All the quantities required to specify the 
position of a ray or tl)(' ponfiguration of the 
refmC'ting system can he di,'idpd into two 
groups, in the first of which the quantit
T is 


naturally referable to a particular surface, 
while in the second it is associated "ith the 
medium. In the former group the quantity 
bears the suffix curresponding to the surface, 
in the latter case the suffix of the medium is 
used. Exam pIes of the former are the co- 
ordinates of the point of refraction at a surface, 
or the angles of incidence and refraction; 
and of the latter the refraCtive index, the a
ial 
separatiun of the two bounding smfaccs, and 
co-ordinates gi,
ing the dir('ction of a ray in 
the medium. 
The refractive index throughout the present 
article will be denoted Ly p.. The axial 
distance between the vertices of two surfaees 
is denoted by t, and will for con,Tenience be 
referred to as the thickness \\ hether this 
distance is the actual thickness of a lens or 
the axial separation of neigh Louring surfaces 
of two lenses. The distanee between the 
centres (,f curvature of two surfaces may he 
denoted by a, so that if t i
 ref!ardcd as 
essentially positive, and a is positÏ\
e if the 
centre of curvature of the surface of 10\\ cr 
suffix is to the left of that which follm\ s, tlH' 
rclation 


Tm+ a m=t m +r m + 1 . 


(I) 


will hold in all cases. In trigonometrical 
calculations the formulae present themseh-es 
most readily in a form suited for logarithmic 
computation when the centre of curvature is 
taken as a reference point, and the separation 
of successive centres of curvature must be 
determined from this equation. 
Symbols are required to denote the quantities 
by which the po::;ition of the ray is determined 
in relation to the refracting surfac('s. The 
angle made by the ray with the axis of sym- 
mptry of the system will be denoted by ý; \\ ith 
the addition uf the suffix of the medium. 
The angles of incidpnce and refraction at any 
surface will he represented by ø and 1>' 
respectively, with the surface suffix. 'Yhcn 
the ray lies in an axial plane the point in 
which it meets the axis, together \\ ith ý;, will 
fix its position. This point is refprred to the 
centre of curvature of the surface, and f'onse- 
quently the surface suffix is used. The 


, 

 


-u 


J.l. fJ.' 


Fro. 1. 


distances from tit(' f'entre of C'UlTatUI"f', 
mf'asurp<] in the light direction, to the f'rdssing 
points of an inC'ident and the correRponding 
refI'af'Ü'd ray will he denoted by u a,nd v 
respectively (F1'Y. ]). 
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For a single surface it is evident that 


u . 
sm lþ = - sm ýJ 
r 


is the equation from "hich rþ "ill be found 
when the position of the ineident ray is given. 
lþ' is, of course, determined from the refraction 
relatil)n 


p.' sin lþ' = p. sin lþ, . 


and since the distance on the surlace of the 
point where refraction takes place from the 
axis is given by either r(lþ - ýJ) or r(lþ' - ýJ'), 
the inclination to the axis of the refracted 
ray is obtained from the angular relation 


ýJ' = ýJ - lþ + rþ'. 


The remaining quantity v required to specify 
the position of the refracted ray is derived 
from 


r sin rþ' 
- v = sin ýJ' . 


For a series of surfaces these formulae, together 
\\ith one additional relation transferring the 
reference point for the refracted ray to the 
centre of curvature of the succeeding surface, 
take the form 
. U m . ,f, 
sm lþm= -- - sm ym- I, 
r m 


P.m sin lþ m = P.m-l sin lþm 
ýJm=ýJm l-lþm+lþ'm, 


r m sin lþ'm 
- t' m - sin ýJ m ' 


U m j-l = l'm - U m . 


These equations are obviously well suited 
for logarithmic work, and the only details 
requiring special attention are the signs. 
I.'or paraxial rays 1 the same formulae are 
generally used by trigonometrical workers 
"ith the sines of the angles replaced by any 
convenient multiple of the angles themselves. 
'Yhere this system is used tables of logarithmic 
sines based on the decimal division of the 
radian are much to be preferred to those in 
ordinary use. 
The ehief weakness of this system is that 
when a radius becomes infinitely great an 
entirely distinct set of formulae must be 
used, and that "hen any radius is relatively 
large an increase in the number of significant 
figures is necessary to avoid loss of accuracy. 
To obviate this latter difficulty special formulae 
for long radii are frequently introduced. For 
an account of these reference may be made to 
Appiipd Optics, Steinheil and Yoit, translated 
by French. 


1 I.e. rays always c10
(' to t1w axi
 at the time of 
refraction and only slight I)- inclined thereto. 
VOL. IV 


(2) 


The process of tracing rays tT igonometrically 
when they do not lie in an axial plane is much 
more trmîblesome. The system most generally 
used is due to von Seidel, and is discussed in 
the work just mentioned. The formulae may 
be readily verified by refer- 
ence to the accompanying 
figure. 


(3) 


(4) 


FIG. 2. 


(5) 


The incident ray PO encounters at P a refracting 
sphere of radius r and centre C. PO' is the 
refracted ray. The plane through U normal to 
the axis cuts these rays in 0 and 0', and the 
normal to it through P in Q. An arbitrary refer- 
ence plane through the axis cuts QO and QO' in 
.Y and N'. C, 0, 0' are collinear, and the line 
determined by them makes angles À and À' \\ith the 
incident and refracted rays. Denote the lengths 
CO and CO' by 1 and l' respectively. Let! be tbe 
a:!lgle made by the lines 00' and X
' which meet at 
C, and let QOX, QO'X' make angles 0 and 6' with 
C
---X'. Other letters retain the meanings already 
applied to them in considering a ray in an a
ial 
plane. The formulae to be used suppose that 1, t, e, tf 
are given and that the corresponding quantities for 
the ne
t refraction are to be found. They arc 
cos A=SÏn ýJ cos (0- 
), 


r 
in lþ = l sin A, 
p.' sin lþ' = p. sin lþ, 
À'=A+ lþ- lþ', 
I' _ r sin lþ' ip. sin À 
- sin A' = p.' si
" 
sin ýJ' s in (0' - 5) sin ýJ sin (0 - !) 
---;in A' sin;\' 


sin ýJ' cos (0' - 5)=cos À'. 
These give l', 0', ýJ'; it is evident that 5is unchanged. 
For the neÜ incidence introduce the suffix 1. Then 
eimple projection gives 
II sin (OI-tl)=l' sin (O'-
<-), 
II COS (0 1 - 51)=l' cos (0' - 
)-a tan 1/;', 
which completes the solution on noting that 
0 1 =0', ýJl =ý/. 
A number of other distinct solutions have been 
evolved bv various \\ orkel':', but into these it iR 
unnecessa;y to enter. This e
ample illu
trates 
fairly the compl('
ity of the best trigonomctrical 
methods of tracing skew rays. 


u 
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 (2) ALGEBRAIC .:\IETHODs.-Such methods 
of calculation as have just been described, 
essentially trigonometrical in character, were 
for a period the only means of obtaining 
results of high accuracy for general optical 
systems. The recent development of machines 
for the mechanical performance of arith- 
metical operations has largely altered the 
prospects, and at the present time calcu- 
lations of this kind can be carried out 
much more expeditiously without employing 
logarithms at all. The old formulae for 
the most part seem to be still used with 
the new tools, but this course is not to 
be recommended, for greater accuracy and 
more valuable information become avail- 
able by an entire 
change in the basis 
of the calculations. 
There is no need 
with the new for- 
mulae to employ 
a trigonometrical 
notation, for tables 
need not be used, though in certain cases 
they may be introduced as an inde- 
pendent check on a series of operations. It 
is convenient to have a separate name for 
these newer methods, and the distinction 
just noted provides the convenient distinc- 
tive name "algebraic" as opposed to 
" trigonometric" which describes the older 
methods. 
In developing these algebraic methods it is 
desirable to conform as far as possible with 
the conventions generally adopted in analytical 
geometry of three dimensions, and in some 
branches of mathematical physics. All points 
and lines ,,-ill accordingly be referred to a 
right-handed system of orthogonal axes, of 
which the axis of x is assumed to coincide 
with the axis of symmetry of the optical train. 
The light in general travels in the direction 
of x increasing. The co-ordinates of a typical 
point on an incident ray may be denoted by 
(x, y, z), and those of a point on a refracted 
ray by (x', y', z'). The direction cosines 
of a ray may be represented hy L, .:\1, N. 
The point on a surface at which refraction 
takes place may be represented by (
, TJ, t). 
It is convenient to introduce R, equal to Ifr, 
to represent the curvature of the refracting 
surface. Consider for the moment a system 
consisting of a single surface. The general 
problem awaiting solution is the determination 
of a set of six quantities (x', y', z', L', .:\1', N') 
for the refracted ray when any set (x, y, z, 
L, 
1, N) has been given for the incident 
ray. The origin may conveniently be chosen 
as the intersection of the axis \\ ith the refract- 
ing surface, so that the equation to the surface' 
is 


Kow since (
, TJ, ç) is on the givcn ray, the 
co-ordina tes are of the form 



=x-Lp l 
TJ=y-".:\Ip. , 
t=z- Np , 


t 7 ) 


where p is the distance along the ray from the 
surface to the known point in the positive 
direction of traveL The substitution of thest; 
values in the surface equation gives 


2(x- Lp)= {X2+y2+Z2_ 2p(Lx+
ly+Nz)+p2}R 


as the equation from whieh p is to be found. 
The solution to be chosen is that in which p 
tends to zero with x, y, z: thus 


p=L(x- r)+)Iy+N!- [{L(x- r) +l\Iy+Nz}2 - x 2 - y2 - Z2 +2xr]1 I 
x2_ +y2+ z2_
r ______ 
-L(x- r)+)ly+ Nz+[{L(x- r)+ J\IJ/+Nz}'- x' - y' - z' + 2xr]! ' , 
, 
2x- (Xl +y2 +z2)R 
L- (I x+l\Iy+
z)R+[{L- (Lx +::\Iy + Nz)R}2 +2xR- (x'!+y2+z2)R2]1 ) 


2
 =(
2 + TJ2 + r)R. 


(8) 


the last form being always determinate, 
The point where refraction takes place is thus 
known. It is next necessary to find the 
direction of the refracted ray. To obtain 
this in a suitable form for algebraic calculation 
consider the triangle PUV (lNg. 3), where P i
 
the point of refraction and PU and PV lie 


u 


FIG. 3. 


along the incident and refracted rays. If these 
lengths in some convenient unit are made 
proportional to the refractIve indIces, the law 
of refraction shows that UV "ill be parallel 
to PC the normal to the surface at P. Pro- 
jecting the triangle PVU on the a
es of co- 
ordinates in turn, and noting that the direction 
cosines of PC, and therefore also of UV, arc 
1- 
R, - TJR, - fR, 
p.'L' - UV(l- 
R) - p.L =0, 
jL'M' - UV (- TJR) - ,ul\I =0, 
p.'N' -- FY (- tR) -,uN =0, 


or since 


UV = p.' cos ø' - p. cos ø, 


(6) 


the refraction equations take the form 
p.'L' - p.L _p.')I' - p.l\! _p.

,uN 
1 - 
R - - TJR - - 
 it 
= p.' cos ø' - p. cos rþ. (9) 
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This equation requires lþ and lþ' to have been 
previously determined. The equations for 
these are 


cos lþ=L-(L
 +:\11] +NnR 


from which it is evident that linear relations connect 
any three of the four members of the groupò 
J.loM o , '/7t, PnMn, 7Jn, 


and 


J.l' sin lþ' = J.l sin lþ. 


(10) J.loN o , 5t, Pn
'TI, 5n. 
(3) the coefficients being linear functions of the ,arious 


Finallv the co-ordinates of any point on the 
refracted ray are of the form 
x' - 
 y' - 7] z' - 5 , 
-1/ -- = :\1' = N' = P , (11) 


where p' is the distance of the point selected 
from the place of refraction. 
Although the eq uations as they stand 
provide a complete solution of the probl
m, 
they are not in the best form for numencal 
calculation since an unnecessary amount of 
work is involved. From (10) and (7) 
cus lþ=L-(Lx+:My+Nz-p)R 
=[ {L - (Lx +!\Iy + Nz)R} 2 + 2xR 
- (x 2 + y2 + z2)R2]t (12) 
by (8), a result more directly obtainable 
from a figure in the form 
sin2 lþ=(I-xR)2 +(y2 +.(2)R2 
- {L-(Lx+)Iy+
z)R
 2. (13) 
The use of this equation and the square of 
(3) enables the last of the equal quantities of 
(9) to be calculated on the machine by extract- 
ing two square roots. Of these, that represent- 
ing cos lþ is the square root which appears 
in the final form in equations (8). The 
complete solution thus depends upon these 
two square roots and direct multiplication. 
'Yhen a series of surfaces with their centres of 
curVa ture on the a
is of x are substituted for the 
single surfaGe, the values of 
, '1'], 5" for one surface 
may be taken as the x, y, z, with a correction t for 
the x co-ordinate, for the next surface. It is thus 
only necessary to repeat the process described for 
each surface in turn. The problem may, however, 
be much simplified by noting that no attention need 
be paid to the y and z co-ordinates. Suppose that m 
denotes a typical member of a train of refracting 
surfaces nUI
bered from I to n. Denote by Km the 
quantity 
(J.lm cos lþ' m- J.lm-t cos lþm)Rm, . (14) 
and let 7 m be the length of the ray in
ercepted between 
surfaces m and m + 1. Assume for the moment that 
all the T'S and K's are known. The y and z equations 
in (9) and (II) take the form 


J.lm)Im=J.lm-t
lm-t- 'l']mKm 


and 


Tm 
7Jm+l ='I']m+J.lmMm- 
J.lm 
J.lm N m=Jlm-tXm-t- 5"m K m 
tm+t=5"m+Jlm N m Tm 
fJ-m 


. (15) 


K's and 7'S. The forms of these coefficients may 
easily be found by induction. Construct the 
quantities 
r ('Kt,n êKt,n Ô2Kt,n 

t,n, cKt ' êKn ' êKtCKn 


from the equations 
K -K K êKt,m 
t,m- t,m-t + m------- I 
 
C\..m 
ÔKt,m ÕKt,m-l +K } 2Kt,
 
oK t õKt m êKtêKm 


I 
;-,(16) 


rKt,m 
ÕK m 


ÕKt,m-t 
êKm_t 


7 m - t K 
- t,m-l 
fJ-m-t 


ÔZKt,m ô 2 K t ,m_t Tm-t ÕKt,m-t 
CKtCKm =ÔKtêKm-t J.lm-t êKt 


by putting m in turn equal to J, 2 . . . n. The 
initial values are 


Kt.l =Kt; Kt,o=O; 



K
 = 1 . 
CKt ' 


'"'9 K 
0: t .!! =0. 
c K t 2 


(I7) 


Since the equations are linear the quantities thus 
defined by separate symbols justify the differential 
form selected, which indicates how the four quantities 
to which the equations lead are related to on
 another, 
It is important to note that the four are not in- 
dependent in value. For, on combining the first and 
third of the equations, 
( Tm-t p ) _ p êKt,m ] 
Kt,m= 1- - I
m KI,m-t +Km 
K J 
fJ-m-t C m-t 


and similarly from the second and fourth 
êK hm ( Tm-t ) êKt,m-t +K ê
Kt, !'I_-t_ 
---s--= 1-- Km '"' m " K 
 K · 
<.:Kt fJ-m-t CKt C t f m-t 


and therefore on simplification 


2
t,m . êK hm _ Kt m 
02Kt,
 
CKt CKm 'CKtCKm 


êK hm - t eKt,m-l K é
Kt,m-t . 
oKt . êKm-t - t,m-t rK t ê K m-l 


and is therefore independent of the value of m. 
On putting m = 1 the left side reduces at once to 
unity and thus the relation 


êKt,n 2'K t ,n K ê
KI,n = 1 
CKt . eKn - t,n é K t2 K n 
connects the four quantities. . 
Returning now to equations (15), say the first paIr, 
assume that for some value of m it bas been shown 
that 


. (18) 


and 


J.lml\Im=/(.oMo
 I 
'
-7]lKI,m I 
C 
l 
. (I!)) 
?
Kt.m êKI.m' 
7Jm= - J.lul\Io " K " K - +7]t 
 K 
( I{ m C m 
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both of which are evidf'ntly true for m = 1. From the 
second of equations (15) 
(a 2 KI.m Tm êKI.m '- 
':'m+1 = - ,uoMo ") 
 K ':'I K - - --' K - J 
\ (, IV m ,um r I 
{ ÔKI,m Tm 1 
+'171 cK 
 - ,um KI,m f 


_ _ :\1 }2K I ,m+1 cK I ,1ß+I 
- ,uo.. o':'l K cK +'171 ':'I K ' 
(' I mtl v m+1 


by (16). Hence also 
11 I (JKI,m } 
 (J2KI,mtl } 
Pm+IM m + 1 =,uoJ.fl o ) -':'I K -+ \.m+l 
' K 
 K - 
\. VIe 10 m+1 
{K K êKI,m+1 1 
- '171 I,m + m+l 
 J 
 J 
C \..m+1 
M êKJ.m+1 K 
=,uo 0 -êK
 - '171 um+1 


by the same equations, thus verifying the accuracy 
of the forms assumed in (19). Evidently another 
relation of the same form holds if N and 
 are su b- 
stituted for 1\1 and '17 respectively. The calculation 
of the four quantitif's thus defined therefore serves 
to determine the direction of the emergent ray, 
since two direction cosines are found, and the position 
of the point in which the ray meets the last surface, 
since this is known from two of the co-ordinates. 
The ray is thus completely determined. 
Before considering how the K's and T'S are to be 
found, it is desirable to note the symm{'trical char- 
Acter of the K's found from formula (11.3). If the ray 
already considered were retraced through the system 
in the reverse direction the individual K's and T'S 
would be unaltered. This is evident as regards 
the latter, since they reprf'sent lengths which are 
essentially positive. As regards the former the first 
factor changes sign since the various refracting media 
are encountered in the reverse order; this change of 
sign is compensated by a change in the sign of the 
curvature, for the surface which was before convex 
to:> the incident light is now concave, and vice ver8a. 
The individual powers, like the individual T'S, thus 
remain unchanged. I t follows that the various 
quantities to be derived on retracing the path of the 
ray will be identical with those already obtained if 
KI,n is symmetrically composed of the component 
K's and T'S with respect to the two ends. "
hen n 
is small it is easy to see that this is the case. For 
instance, if n=2, 
KJ 2=KI+K2-
KIK2 
, ,ul' 


3,nd if n=3, 
r T I ( T I T 2 ) r 
K, 3 =KI +K2+K3- -K I K 2 - - +- KIK3 
, <<1 
 ,u2 


T 2 Tl T2 r 
--K 2 K 3 +- -K 1 K 2 I\.'3 
}J.2 }J.I ,u2 


when written out in full. To show it in general 
construct the quantities 


K'l,n, 


rK'I,n 
éI
' 


('-K'I,n (j2K't,n 
(Kn-' ûK
K" 


by f('peated application of 


, , êK'm,n 
K m,n = K m+I,n + Km---;::O-- J r 
C \..m 


'\ 
I 
I.. 


(
O) 


,K'm,n _ tK'm+l.n T m 
, 

 
 1\.. m+l,n 
cKm ch..m+1 Pm 

 K ' 
 } -, 
 . } -' 
() " 
,n _ C \.." 
+I.n +Km
C-_ \.. ::,.-!..n 
t'l\..n tKn d\..mrKn 
ê 2 K'm,n _ (ì2K'm.H ,n Tm êK'm+l,n 
cKmêKn iKm+I,? Kn - }J.m - ÔKn ) 


It follows exactly as before, that 


OK'I,n 
2
 



K' (JqK' 

 - K' - 1,n 1 ( 
 1) 
êKn I,n ('K 1 (iK n ,. - 


and that 
M M (JK'I,n + K ' 1 
,uo o=}J.n n
 'l7n 1 n 
C.n..n ' , 
(J2K'l,n CK'l,n J ' 
7]1 =,unMn aK " K +'I7n---;::::-- l - 
IC n (' \..1 
as may indeed be inferred by analogy on noting that 
the M's and N's are changed in sign with the reversal 
of the ray, while the 'I7'S and ts are unaltered. Now 
eliminate 'l7n from (22); thus 
M êK'I,n K ' 
fJ-o 0 ÕKI - '171 I,n = ,unMn 


(22) 


by (21); similarly on eliminating 1\1n 
a 2 K'1.n êK'I,n 
- fJ-ol\1O d 
 K " K +'I7c" K -=rJn, 
,0 n C n 
with similar relations between the N's and rs. 
Comparison of these rclation.s with (19) shows that 
KI,n and K'l,n are identical. 
It still remains to find the individual 1('s 
and T'S so that four co-ordinates sufficient to 
determine the final ray can be found from 
(9) and the corresponding equations with N 
and 
 substituted for 1\1 and '17. Formulae for 
this purpose may be arranged in many different 
forms, each of which has its own special 
advantage. In general the simplest forms for 
the purposes of numerical work are open to 
the objection that they assume indeterminate 
forms for flat surfaces and cause loss of 
accuracy for surfaces of slight curvature, 
On the other hand, forms may readily be found 
of universal applicability which involve no 
loss of accuracy, but they require a slight 
extension in the number of operations at each 
surface. 
It is not possible in the space available f(lr this 
article to discuss thoroughly any of th<,s{' forms, 
but since accuracy is usually more important than 
brevity one of the many possible arrangcment3 of 
the second class may be noted. L<'t the square 
of the distance of the point of r<,fraction from the 
vertex of the surfacf" b<, denoted by 2X, and the 
lengths intercepted on the incident and refract<,d 
rays between the feet of perpendiculars to them from 
the vertex and the point of refraction be rf'HpeC'th-ely 
p and p'. X is invariant on refraction, and by (6) 

 = X R, 
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and therefore from (9) p and p' are connected by the 
relation 


IL'P' = ILP - X K. 


. (
3) 


while the inclination of the ray to the aili after 
refraction takes the form 


L' =cos lþ' +p'R. 


. (
4) 


It is at once evident that to complete the system for 
tracing rays it is only necessary to deri.e equations 
giving the .alues of X' p, and coo lþ for the neÀt 
surface. Equation (1
) gives 
sin Z lþm-r 1 =(1 +lmRm !-1)Z - {Lm(l +tmRm_l) 
- p',nRm+l} 1- 2Xm a m R m Rz m+l, (25) 


a. result easily derived directly from a figure. bince 
amRmRm
1 =Rm - Rm+l +lmRmRm.l..l, 
every term in the equation is always finite, and 
coo lþm+l, coo q/ m+l, and Km-;-l are deri.ed in the 
lbual way after the extraction of two square roots. 
From equation (8) the .alue of Tm is found- 
tm(2+tmRm+I)-,2 X ml1mRmRm+1 . (2G) 
Tm Lm{l +tmR m + l ) - p mRmi..1 +cos 1>m+1 


anà other obvious relations are 


pm+l=p'm+Tm-tmLm,. (27) 
Xm+I(2+1 m R m + I )=Xm(2- lmRm) + TfII(Pmt-1 +p' m). 
(28) 

 (3) ADV.!STAGES OF THE )IETHoD.-The 
whole process, though quite straightforward, 
is somewhat tedious, but experience sho" s 
that in this respect it is in no way inferior 
to the logarithmic method generally used in 
the past, for the references to tables which 
that system invol\"'"es, and which take up a 
large part of the total time, are completely 
aV0ided. The advantages of the algebraIC 
method do not, however, end here, for the 
results not only give the point of intersection 
of the emergent ray "ith the assumed image 
surface, but it is seen at once whether the 
whole of the image in the neigh bourhood of 
the point to which the rays relate is free from 
defects. In the most usual case both object 
and image surfaces are required to be planes 
normal to the axis. If aberrations are absent 
in the image of the point from- which the rays 
con
idered have been traced, the condition 
for freedom in the neighbouring portion of 
the image plane is that the values of KI,n 
for all these rays shall be identical. Further 
important info;mation is derivable from the 
way in whieh the value of KI,n depends 
upon the position of the object point from 
which the ray has been traced. 
The significance of K I ," and the derived 
quantities is made clear by considering the 
co-ordinates of points on the raY in the 
object and image spaces at selected distances 
(measured along the ray) from the first and 
last surfaces, Let these distances measured I 


in the positi\
e direction from the surfaces 
be denoted by p and pi, so that their co- 
ordina tes satisfy 


Y='YJI +)Iop, 
Z=51 +XoP, 


y' = 'YJn + )Inp', 
z' =5n +Xnp', 


and therefore by (19) 
, ( P' êKI,n ) 
Y +y -KI,n- - K 
ILn C n 


t P pi P êKI'" 
=ILo)I -. - KI,n - - - cKn 
P-o ILn P-o 
pi (KI,n êZKI.n } 
+ JLn êKI - (KtêK" 


_ ILo
Io ( ( P-K + êKI.n ) ( pi K _ 
KI,n ) + 1 '- 
- KI,n l \#0 I,n íK I JLn I,n éKn J 
(29) 
by (18). A similar relation holds if z and 
 
are substituted for Y and)!. X'ow considera- 
tions of symmetry show that \\e should expect 
to find the image point in the same axial 
plane as the object point, or 
y' _ z' _ 
--- -G, sav. 
y z 
 
If the image is plane and free from aberrations 
G is obviously its linear magnification com- 
pared "ith the object, and "ill be positive if 
the image is upright, negative if the image is 
inverted. "
ithout assuming that aberrations 
are absent we may conveniently regard G 
as a magnification associated for a given 
object point with this particular ray. 

 (4) C05J"LGATE POISTs.-Equation (29) 
sho"s that if by conjugate points we mean a 
pair of points on the ray, one in the ,obje
t 
space and one in the image space, which lie 
in the same axial plane, their distances from 
the end surlaces are connected by the relation 


-f , p' KI n _ J!... ê_K
,n + L ê
:,n 
P-o JLn' p-o eKn ILn cKI 


(' 'KI,n 
êKlêKn - 0 
(30) 


and that in terms of the magnification G, 


p êK"n I) 
-;;,KI,n= iKI - G t 
pi K - êK
 _ G J . 

 I,n- eKn 
Particular instances of these results of great 
importance in the theory of optical instruments 
are that the image of the first surface of the 
instrument is within the image space at a 
distance 


(31) 


ê'K"n / êKI,n 
ILn êK I (- K
 êK 1 
from the last surface, and that for light 
tra veIling in the rever:;e direction the image 
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of the nth surface is in the first medium at a 
distance 


()2KI,n / ' 2K"n 
PO :-' K 
 K -;=-- l r 
v 1(' n. (' \..n 


from the first surface. Again, if the ray 
traced is a member of a pencil which is refracted 
telescopically, so that KI,n =0, the magnifica- 
tion is independent of the distance of the 
object if this is finite, and is equal to èKhnlòKn, 
or 1/(2KI,nlêKI)' It is important, however, to 
note from (30) that the fact of a system being 
telescopic does not mean that the image of 
an object at a finite distance is not itself 
at a finite distance. On the contrary, the 
peculiarity of the telescope is that it is only 
objects which are themselves at infinity 
which have an image at an infinite distance 
from the instrument. 
Conjugate points have so far been defined 
as the points in which a skew ray meets an 
axial plane. It is important to extend the 
definition in such a way as to have a definite 
meaning when the ray lies entirely in a plane. 
Equation (30) would serve as a basis for this 
purpose, for this equation remains determinate 
whether the ray lies in a plane or not. An 
alternative definition of importance which is 
consistent with this is obtained by eliminating 
êK hn laK I and <:KI,nl(,Kn from (31) by means 
of (19) and (22). Thus 
ILo:I\I o - GILn
In = GyRI,n = y'KI,n 1 
ILoNo - GILnNn = GzKI,n =z'KI,nf' 


or eliminating G, 
KI,n = IL
Io _ ILn
In = IL:
 _ f-n:1n (33) 
If a ray lies very nearly in an axial plane, say 
the plane z =0, all the N's and rs will be small 
quantities of the first order, and K will differ 
from the value for a ray actually in this plane 
by a second order quantity. It follows that 
the conjugate points for a ray in a plane 
are the points of intersection of the ray with 
the focal line which lies in the axial plane when 
the image is not free from aberration. 

 ( 5) PARAXIAL RAYS A
D COLLINEAR 
IMAGEs.-An example of the first importance 
of the application of the above formulae is for 
rays which meet each surface near its vertex 
and which always make small angles with the 
axis. In such cases, if second order quantities 
are neglected, every cos ø and eos ø' may be 
replaced by unity and every T reduces to t, the 
axial thickness. It is convenient to denote the 
special value of the K in this instance by K, 
so that 


Km =(Pm - ILm-I)Rm, 


and the four fundamental Gaussian constantg 
of the system are derived by applying ef)uations 
modelled on (16) or (20). The quantity ''1,n 


is called the power of the system, and its 
simplest interpretation is expressed in terms 
of the change of curvature an incident 
paraxial wave front undergoes on traversing 
the system. 
Siuee KI.n is invariable for all paraxial rays, 
whether skew or plane, it follows that the 
image of any plane object normal to the 
aÀis formed by such rays itself lies in a plane 
normal to the axis, and since all these rays 
enter and leave the system at points indistin- 
guishable from points in the tangent planes to 
the first and last surfaces at their vertices, 
there will be no aberrations in the images 
formed by the rays, and the image will be 
identical with that which would result from 
collinear theories of imagery. This result, 
however, cannot in general hold for non- 
paraxial rays. For suppose there is no aberra- 
tion over the whole plane image of a plane 
object when the magnification is G. By 
analogy with (31) the object and image planes 
for paraxial rays for magnification G' will be 
displaced along the axis by 
(1/G'-I/G) d G-G' 
ILo an ILn----- 
KI,n K 1 ,n 


(32) 


from those for magnification G. I"'i at onee 
follows from (31) that if Lo and Ln are the 
cosines of the inclination of the ray to the axis 
before and after refraction the magnification 
for the point in which this general ray meets 
the new object plane is G", where 
( 
,, -
) K
,n- = ( 
, -
) L O
I,n ' 
and its conjugate point is not in the new 
image plane for paraxial rays, but at a perpen- 
dicular distance from it equal to 
Pn(G - G/) {G( LnKI,n - KI,n) +G'(L oKI,n - KI, n)} 
KI,n {G RI,n + G /(Lð KI,n - KI,n}} - . 
The conjugate point will therefore only coincide 
with the collinear image point if 


Lo=Ln= KI,n , . 
KI,n 


(35) 


(34) 


a relation which cannot hold for wide pencils 
of rays. It follows that. collinear imagery 
in general is impossible, but that where an 
approach to it is of importance, as in photo- 
graphic objectives, thc most satisfactory results 
will be obtained by so arranging the stops that 
rays shall, as far as possible, lie after refraction 
parallel to their incident directions, or, in othcr 
words, the centres of the 
tops Rhould lie close 
to the nodal points. 
The impossibility of collinpar imagery is 
seen more rpadily from (31) if the rpsult given 
earlier hut not yet provpd is aHHlInwd, that 
Kl,n must have a constant value for rays 
passing through any given point of the abcrra- 
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tionless p
ane image. These equations at 
once show that the conjugate points for some 
other value of the magnification lie on the 
surfaC'es of spherical shells with the points 
in this plane as centres. The confused 
character of the image elsewhere is at once 
apparent on considering the aggregate of these 
surfaces, Evidently the more unequal the 
inclinations of the rays to the axis before and 
after refraction the more complete is the 
confusion out of the proper image plane for 
which the system is corrected, and hence 
follows the supreme importance õf exact 
focussing "ith microscope objectives of large 
numerical aperture. 

 (6) PRI
CIPLES OF hIAGE CORRECTIOY.- 
Equations (31) and (35) show that it is to 
be expected that K 1 ,n, while agreeing in sign 
with KI,n' should be numerically smaller in the 
case of all rays concerned "ith images in the 
outer parts of the field of view. On the other 
hand, for a- single surface at which the devia- 
tion is õ equations (9) give 
( 
 ) 2 _ } 2,u,u/(1 - cos õ) 
- + I , 
K (,u - ,u)2 
so that at every surface K tends to be greater 
than K, which is its minimum value in refrac- 
tion. This natural tendency to bad correction 
is accentuated where T tends to be smaller 
than t, as in a simple converging lens. It 
can e\Tidently be corrected in two ways: 
either there must be in the system some 
surfaces having powers differing in sign from 
that of the complete system, and at which the 
incidence of the marginal and oblique rays 
tends to be greater than in the case of surfaces 
of like power to that of the entire system, or, 
alternatively, the system may be constructed 
of separated lenses so arranged that the T'S 
for the marginal and oblique rays exceed the 
corresponding fs to an extent which more 
than compensates for the increased values of 
the K's due to the oblique incidence. As a 
rule where the principle of separation is 
employed the alternative principle is intro- 
duced as well. These two principles will 
provide a key to the design of many optical 
systems. 

 (7) THIY LENSES.-It will not be possible 
here to attempt any detailed discussion of the 
general problem of lens design, but on account 
of its importance in physical instruments 
some consideration will be given to the theory 
of "thin" lenses and the application of the 
results to lenses which it is possible to construct 
and which mav be called" close" lenses, from 
the consideraÙon that while their thichnesses 
are not negligihle, yet they are kept as small as 
the attainment of the required aperture and 
pO\\er will allow, some margin being allowed 
in addition to secure the minimum substance 
necess
ry both for strength in use and for the 


rigidity in working on which the attainment of 
surfaces of good figure depends. 
Consider, in the first place, a single lens of 
material of refractive index ,u immersed in 
air. Suppose that the axial thickness is 
small, though not necessarily zero. The 
curvatures of the surfaces are Rl and R 2 . 
For convenience write w for 1/,u. Then if p 
and pi are the distances from the two surfaces 
of the conjugate points for which G = 1, 
equations (31) give 


pK I ,2 =1:iJTK 2 , p'KI,
 = -1:iJTK I , 


and similar formulae apply to paraxial rays 
with K and t substituted for K and T. If T 
is not large, and the inclination of the ray to 
the axis is small, the distance of the ray from 
the axis will be approximately equal at the 
intersections "ith the surfaces of the lens 
and at the unit points as defined above. 
Denote the sq uare of this distance by 2x. 
Then these points "ill lie on spheres of curva- 
tures (j and (j' through the axial unit points, 
where 


R 1:iJT K 2 _ 1:iJtK 2 
X 1+ - I r -- +X(j, 

I,I KI,:I 


and 


R wTKl wtK l I 
X 1--= - - +X(j ; 
K I ,! K 1 ,3 


also 


XRl +T=t+XR 2 , 


and therefore, neglecting to this approximation 
the differences between the 1('8 and ,,'s as 
well as the squares of t and T, 
(j - (j' =(R 1 - R i )(l- w), 


= lVK H2' 


(36) 


if the thickness is neglect ed. 
The unit surfaces therefore cannot both be 
planes in a thin lens. It should be noted 
that their relative curvature has the opposite 
sign to that of wave surfaces refracted par- 
axially, for the curvature of the refracted 
wave exceeds that of the incident wave by 
K 1 . 2 . Thus the statement sometimes made 
that a wave front, wrnch at some instant 
coincides with some object surface "ill at 
some subsequent instant after refraction 
coincide with the corresponding image surface 
is incorrect. On the simplest general grounds, 
the idea that the time taken to form the image 
of, say, a plane surface is independent of the 
part of the image considered is evidently 
",ithout foundation. 
From (31) it is easily seen that if the suffixes 
1 and 2 are used to denote two different pairs 
of conjugate points on a ray 


I I 
PI - Pi = Pl - P2 G1G2. 
,un ,LLo 
It follows that the magnification in the 
I immediate neighbourhood.
 of these surfaces 
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is unity in all directions, and that the curvature 
of any object near the fil's1 surface excep(b 
that of the image Ly the constant amount 


liJK1,2. 
It remains to be seen how the exact value 
of the curvatures of these unit surfaces depends 
on the shape of the lens itself. }"rom sym- 
metry the curvatures will become equal and 
opposite in sign when the same is true of the 
refracting surfaces of the lens. On adding 
and simplifying, the equations giving (J' and 
(J" lead to 


(J' + (J" = (Rl + R 2 )(I + w), 
so that the increment of the curvature of each 
surface of the lens by a given amount increase
 
the curvature of each unit surface by (I + liJ) 
times that amount. If the lens is thin and 
the curvature of each surface exceeds that of 
the eq uiconvex form by SK 1 ,2 the curvatures 
of the unit surfaces are 


flliJ+S(l + liJ)} Kl,2 and {-!liJ+S(I +liJ)}K 1 ,2 
respectively. These results can be readily 
derived from the consideration of a positive 
lens of small thickness the surfaces of which 
inter::!ect when the aperture is small, if it is 
assumed thàt unit surfaces exist, that they 
are spherical and pass through the axial unit 
points and the circle in which the lens surfaces 
meet. It is evident from (31) and (32) that 
the shape of the unit surfaces, and hence the 
shape of the lens, affords means of altering 
the relation between .:\1 0 and 1\1 2 or' No and N 2 
while maintaining a constant value for the 
paraxial power. 
The conclusion that the unit surfaces are 
not planes prompts the inquiry whether a 
similar conclusion is true for images remote 
from the lens. The investigation is made 
most simply by considering a lens of zero 
thickness, and regarding the rays which are 
refracted at the common vertex of the 
surfaces. At the first surface 
cos ø. = 1 - 
p102 + N 0 2), 
cos ø/ = I - 2
l
lo2 + N 0 2) approximately, 
and thereforð 


K 1 = K 1 -( 1 + ](1\'1 0 2 + N o 2) + 


l 
, I. 


Similarly at the second surface 
r r.r ) 
K2= K2 lI + 2PI22+N"22) + .J' 


but since refraction is at this point through a 
thin parallpl film 1\1 2 = :\1 0 , N 2 = No' Thus for 
the l('ns as a whole 


K 1 ,2 = K1,2l1 + ;(l\T 0 2 +N 0 2) + . . .}, (37) 


and fur magnification G the object surface in 
the neigh bourhood of the axis is a sphere of 
curvature 


(I + liJ)K 1 ,2 
1-1, 0' 


and the image surface a sphere of curvature 
(I + (0)K 1 ,2 
1-0 


The curvature of the object surface thus 
exceeds that of the image surface by the 
constant amount 
(I + liJ)K h2 , 
a result which it is easy to extend to i:.he 
image of any spherical object since (30) takes 
the form 


I I 
-,--=K. 
p p 


(38) 


It will be borne in mind that in this discussion 
we have interpreted the "image" as the 
intersection of the ray "ith the focal line 
contained in an axial plane. It will 1)e 
necessary later to consider the surfaces in 
which the focal line normal to an axial plane 
meets the ray, and the corresponding results 
will be found to differ from those derived 
above only in the numerical coefficients to be 
assigned to the characteristic terms. 
It is desirable to extend these results to a Rystem 
consisting of any number of thin lenses in contact 
with one another on the axis. For an oblique ray 
refracted through the system at the common vertex 
equations such as (37) and (38) apply to each 
individual lens. and since the K's are directly 
additive the above results may be at once applieu 
to the complete system by substituting 
(1 +liJ 1 ,n)K"n 
for the special case with n=2, liJ 1 ,n being defined Ly 


WJ,nKI n=
WmKm,m+l, 


. (39) 


where the summation includes each thin lens of the' 
sYRtem. 
The results first established relating to thc sllape' 
of the' unit surfaces may now be extende'd. It is 
not permissible, without further examination, to infer 
that the liJ appearing in the' (''-.pressions for the 
curvatures of these surfaces in the caso of a single 
lens may be generalise'd for a group of le'nscs according 
to the law expreRRed by (39). The axial thickness 
will be taken as zero, and the values of the T'S for a 
non-paraÚal ray suffie'iently small for the product 
of any two or more T'S to be negligible'. The assump- 
tion that we are treating rays \\hich traV('fRe the 
system appro-ximatdy at a constant distanc(' from 
the axis gi vcs 


T m =X(R m f-l- Rm), 


and if the e'\.ternal media are of unit refractivo index 


XlT=XH'1 +p, 
X(J"=XRn+p'. 



OPTICAL CALCULA TIOXS 


297 


To the a;>proximation here required 
éK hn 1 .... 
- - K = - -wmTm"-mt-I,n. 
( I 
('K1,n 1 ....- - 
- 
- = - l.U m T m lÎ. l m 
êKn - , , 


Kl,n =Kl,n, 


and therefore 
O"=R! + - 

wm(Rm+l- R m)Km+l.n ) 
KI,n , 
1 
O"'=R n - -
wm(Rm+l- Rm}Kl,m 
Kl,n 


where the summations extend over the internal 
media, i.e. from 'In = 1 to 'In = n - I. Considering 
first the curvature difference 


0" - 0"' = Rl - Rn + 
Wm(Rm+l - Rm) 


n 
= 
Rm(Wm-l- CJ'm) 
1 


Ii 
=1: K m w m_i W m 
1 


= W 1,nK l,n, 


. (41) 


by (39) since we are regarding, as \\e may do without 
any loss of generality, that every alternate medium 
is that in which the whole system of thin lenses is 
immersed, and thus has its w equal to unity. 
By addition (40) gives 
0"+0"'=R 1 +Rn 
- -

wm(Rm+l - Rm)(KI,m - Km+l,n). 
KI,n 


It is convenient to group together the curvatures in 
pairs, taking together each odd m with the next 
hiaher even inteaer. Each w of even suffix is unity. 
The equation th
n reduces immediately to 
(O"+O"')"-I,n=
(Rm 1 R m + I )K m .m+I(1 +liJ m ) 
+
wmKm,m+I(KIJm-I- Km+2,n). 


"here the summation is taken for all the individual 
lenses, 'In having all odd values from 1 to n - 1 
inclusive. Since 0" and 0"' have the dimensions of a 
cur\"ature, we may" rite 


0"+0"' =ßKl,n, 


. (42) 


where ß is a pure number, and if we take 8m a8 the 
deformation of the typical lens from its symmetrical 
form we find, with a slight alteration in the notation, 
ßK,t,n=2
Sm(1 +wm)Km 2 
+
wmKm(Kl,m- Km.n), (43) 
where now "-m is the power of a complete component 
lens, and not of a single surface. 
If the curvature of every surface in the system is 
increased by the same amount SKI,n, it is evident that 

 i..; increased by 


2S( 1 + ûJ I,n), 


. (44) 


a r('<:nlt in complete accordance "ith that found for 
a single lens. It is not difficult to establi'3h the 


(40) 


generalised results (41), (42) from those for the sin
le 
lens in their general form by so bending the system 
as a whole that the corresponding unit surfaces of 
the components ha'\""e the same curvature "hile the 
required difference of curvature in the boundaries of 
the air lens is maintained. 
It would be quite possible to take as the standard 
form for reference in this compound system that 
configuration in "hich the curvatures of the unit 
surfaces are equal and opposite, but it is found more 
convenient to adopt the form determined by the 
condition 


ßK12,n=
:::'ml\m2J 


. (45) 


for reasons which "ill shortly be apparent. In the 
lens combinations found in actual instruments the 
values of ß determined by this condition are invariably 
small, 
The fact that the curvatures of the unit 
surfaces have been found in a form \, hich 
only involves the powers for paraxial rays 
shows that the results obtained apply for an 
rays, whether skew or otherwise, which 
satisfy the assumptions made in this in\estiga- 
tion. In particular no distinction need be 
drawn between the two focal lines, the results 
thus diff?ring markedly from those which hold 
for the images of objects at some distance 
from the lens. The unit surfaces in the 
neighbourhood of the axis of a thin lenfl 
are entirely free from astigmatism, and 
indeed it is this fact which makes the pres- 
ence of astigmatism elsewhere una\oidable. 
It appears necessary for astigmatism to be 
present throughout the field of such systems 
as are of practical importance, with the 
possible exception of limited regions, and to 
obtain freedom from astigmatism where it 
is required, as in photographic lenses, it is 
necessary to introduce it in the neighbourhood 
of the lenses themselves. It is for this reason 
that in systems where the correction of astig- 
matism is desired a number of lenses wen 
separated from one another are emplo:red. 
Such systems tend to be the reverse of compact, 
and m
ch skill is called for in combining to as 
great an extent as is possible the contradictory 
requirements of a compact lens and a field 
corrected for astigmatism. 

 (8) THIX LEXSES-DETAILED COXSIDERA- 
TIO
.-Having now located the unit surface8 
for any thin system it is next necessary to 
consid
r how 1(I,n varies not merely v.ith the 
o bliq uity of the ray but also "ith the distance 
of its point of incidence f;om the axis. A
- 
proximate values of the T s are known, and It 
has been shown that the difference het" een 
the K for any surface and the corresponding 
K depends upon I - cos ô, "here ô is the devia- 
tion at this surface. It is important that all 
the new terms should be expresse'd in terms 
of the external independent variable's, and 
equations (19) and (22) "ill first be t
a
ls- 
formeù to express the direction and posItIon 
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of the ray at an intermediate stage of its 
passage through the system in terms of its 
initial and final co-ordinates. Let 7] and f 
",ithout any suffix indicate the co-ordinates 
derived from (31) by putting G = 1. Then 7] 
and f may r('hte at will to either the object 
or the image space. Equations (32) give 


7]K"n = JLo1\I o - JLn:\1 n t 
fKI,n = JLoN o - JLnNn J. . 


Equations of the form of (19) and (22) pro- 
vitle independent sets of equations for any of 
the intermediate quantities, and on simplify- 
ing by using well-known relations there result 
the relations 
JL:n1\I m K I ,n = JLo1\
oI
m+l,n + JLn1\1:
I,m ì po. 
K - ' 1 cKm,n I cKI,m J -' (4/) 
7]m l,n - JLo
t 0 êKm - JLn1\ naK-:- 
with similar equations for N m and fm. 
.For the special case of a thin system it is con- 
venient to rearrange these equations, substituting 
K'S for K's in the form 


2JLm)Im=JLol\1o + JLn:i\ln -7](K 1 ,m - Km+l,n), 


so that 
2(.l\I m -l\Im_I)= JLm - JLm-l [ - (JLoMo +JLnMn) 
JLmJLm-1 
+7] {KI,m - Km,n - Rm(JLm +JLm-I>}] 


and therefore 


K Km 
m=Km + 8 [(JLoMo +JLn
In)2 + (JLoN o + JLn N n)2 
JLmJLm-1 


- 2{(JLo
Io +JLn:\l n )7] -HJLoN o +JLnNn)f}. 
X {"-"m-Km,n-Rm(JLm+JLm-l)} 
+(7]2 + (2) {KI,m - Km,n - Rm(JLm +JLm-l>} 2]. 


Now introduce the conùit.ions that the external 
media are of unit refractive index, and suppose also 
that the same is true of the media m-l and m+l. 
Then after slight simplification 
Km -j Km H = Km,mH 
+ 
 :(
Io +)I n )2 +(N o +N n )2} 'lVmKm,m+1 
+1{<Mo+l\In)7]+(No+Nn)
} :(Rm+Rm+I)(1 +'lV m ) 
- (KI,m-1 - Km+2,n)'lVm} Km,m+l 
+1(7]2+f2) {4Rm2Km +4Rm2+IKm+1 
- 2(R m +Rm+I)(KI,m-1 - Km+2,n)(1 +'lVm)Km,m+1 
+2(Rm- R m + I )(1 +'lVm)Km"-m+1 


+(KI,m-1 - Km+2,n)2l;rmKm,m+1 
+'lVm(Km 2 + K m 2 +I)K m ,m+l} . 


The simplification of the last term will not yield the 
correct coefficient for (>]2+f2) on summing up for 
the component lenses, for KI,n is less than 
Km 
by the amount 


""Tm 
.A.J-K, mKm + 1 n 
JLm' , , 


and the terms in this sum which invoh.e Rm and 
l{m+l are 


(46) 


l(7]2 + f2)[RmKI,m_IKm,n 
+(R m + 1 - Rm)l;rmKI:mKm+I,n - R m +,I<I,m+I K m+2,n] 
=H1J2+
2)[(Rm- Rm+I)(I- l;rm)KI2,n 
- Rm(KI,m-l- Km,n)2 
- (Rm+l - Rm)l;rm(KI,m - Km+hn)2 
+Rm+1(KI,m+l- Km+2,n)2] 
=1(7]2 + f2)[ 'lV m {KI2,n - (K l,m-l - K m + 2 ,n)2} 
+2(Rm +R m + I )(1 +l;rm)("-l,m-1 - Kmt2,n) 
- (Rm - Rm+I)Km.mtl 
+(I-l;rm)(R m +Hm+l)2]Km,m 1-1' 


On taking these terms into account, it is found that 
KI,n =Kl,n +1 {(l\I u +.M n )2 +(N u +N n )2} 'lV l,n K I,n, 
+1 {(Mo +l\ln)7] +(N o +Nn)r} ß K I2,n, 
+1(7]2+f 2 }(-Y-l;rI,n -1)KI3,n, . . (48) 
where, since 


K13.n.=
Km3 +3
{KI..m - Km,n)2"m. 


f ( K ) 2 
-Y K I3,n = 
l 1- :m +4(1 +2'lV m )Sm 2K m 2 


- 8(1 +'lVm)SmKm(KI,m - Km,n) 
+{3 + 2l;rm)(K I ,m - K m ,n)2}- Km, (49) 


and each K now relates to a separate thin lens. 
"\Vhen the curvature of every surface in 
the system is incmased by the same amount 
SK l,n, 'lV l,n remain8 constant, and the change 
in ß has already been considered. The increase 
in -YK 13.n is, by (49), 
4S
KI2,n
(1 +2l;rm)Km 
+ 8SK l,n
 {(J + 2l;r m)SmK m 2 
- (1 + l;rm)(KI,m - Km,n)K m } 


or 


4(1 + 2Wl,n)S2KI3,n + 8(ßK12,n - 
SmKm2)SKI,n, 
and the meaning of the selection of condition 
(4.3) for the determination of the standard 
form is that we are choosing the configuration 
for which -y is a minimum. Any general 
curvature change from thiR form alters ß 
according to a linear and -y according to a 
parabolic law. 
It is easy to discover a meaning for the new 
quantity -y. Consider a beam of light ariRing 
from a point on the axis placed to give an 
inverted image of a small transverse object 
equal to the object its('lf for paraxial rays. 
To the approximation here required the re- 
fracted ray lies in the direction determined by 
1\f o +1\I ,J =N o +N n =0. L('t A (Fig: 4) be the 
object point, 13 its paraxial image. and B' the 
point in which a non-paraxial ray meets the 
axis. Let this ray meet the unit surfaces 
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whose vertices are at C, C' in the points P, P' 
and the spheres through C and C' with centres 


, 
C C' 
A -W(.Ç;ý J'K - B 


FIG. 4. 


.A and B in Q and Q'. Then Q, P, P', Q' lie 
on spheres of curvatures 


- iKl,n, IT,lT'.!KI,n, 


so that 


QP= !(!hJ,n +IT)(1]1 + [2), 
P'Q' = !(-!"I,n - U')(1]2 + I"2), 


and 


1 1 1 1 
AP + P'B = O
/KI,n) + QP + (2/"I,n) + P'Q' 


= "I,n - A (Kl.n + IT - U')"1 2 ,n(1]2 + I"2) 
= Ie'_,n -1(1 + lV"I,n)KI3,n(1}2 + I"2) by (41); 
or, on comparison \\ith (48), 
1B'B" 1 - 1 _ I _ 11')'12 + >-2 ) 3 
4 I ,n - P'B' 1-" B - 8\", ,) )'KI ,n, 


showing that)' is a numerical measure of the 
spherical aberration for the magnification -1. 
'Vhen )' is positive the axial -intersection 
point B' is displaced towards the lens from 
the paraxial position B, and the aberration is 
conventionally described as positive or under- 
corrected. 
If ')' =0 the axial aberration is removed for 
this image point, and K falls as the aperture 
increases, The apparent contradiction between 
tþis result and that given in 
 (3), to the 
effect that K should be constant for all rays 
from a gi'\'"en object point, is due to the im- 
possibility with a thin lens s,'stem of achiev- 
ing an aberrationless plane image of a plane 
object. 
Since the variation of the power and the 

hapes of the unit surfaces have been expressed 
III terms of three quantities-lV", ß, ')'-these 
suffice to determine completely to this order 
of 
ccuracy the properties of the system for all 
object positions. The calculation of any thin 
system t
erefore reqolves itself into the problem 
of secunng for these quantities arbitrarily 
assigned values, and it is important to kno
. 
"hat values must be adopted to attain the 
effects required. A sliaht aeneralisation of the 
.. 
 0 
1n'\'"est,lgation into the meaning of ')' "ill suffice 
for thIS purpose. If the object and imaae sur- 

aces for magnification G are considered,oand it 
IS assumed that these have uniform curvatures 
8 and 8', the length of the ray between the 
unit surface at M1]2 + I"2)lT, 1], ta
d the object at 
(I/G - 1)/" + l(y'2 + :<:'2)8/G2, y' /G, z' /G being p 


and the corresponding image lenath between 
!{1]2+[2)lT', 1], t and (I-G)/K+!(y'2+ z '2)8', 
y', z' being p', it is readily seen that 


1 1 
-,--=K 
P P 
- 2(1 
 G )2 ( luGI -IT' + K(1 + G + G2)} (1]1 + I";;) 
- 2K(1 +G)(1JY' + I"z') + (K -8 +8')(y'l +Z'I)]. 
Also from (32) and (46) 

 I + ) 1 = 2y' -1](1 +G) K 
... 0 
 n I-G ' 


"ith a similar equation for the 
's, and the 
su bstitution of these values in (48), on replacinv 
the K's by their approximate K values, )ields o 


K K 3 [ 4w 
=K+ 8 (1_G)2 (y'2+ z 'l) 
4 ( I + G ) 
+ 1 - G ß - lJ 1 _ G (1]Y' + I"z') 
+ -( ')' - lJ - 1 - 2ß 
 = g + lV" ( 
 
 g ) I} (1]1 + r) J. 
The relation (38) then gi'\'"es, as the necessary 
conditions for an extended object-image rela- 
tion between the spherical object and image 
the sphericaJ aberration condition, 


_ 1+0 ') ( 1+0 ) 1_ 
l' 4ß} -0 + (3 +_w) I-G -0, 


(50) 


a second condition, which "ill subsequently 
be identified "ith the sine condition, 


l+G 
ß-(2+lV")-=O 
I-G 


(51) 


and the curvature relation 


8 - 8' - (1 + lJ)K= O. (52) 
The discrepancy between (41) and (52) should 
be particu!arly noted. The explanation is 
evident if it is noted that, whatever G may be, 
(.32) holds if 1] = [=0, anu that it is assumed in 
obtaining this relation that the rays invol'\'"ed 
are those which are incapable of predicting 
what the curvature of t,he unit snrfaces will be. 
If the '
alue of ß determined by (51) ia 
substituted in (50) it is seen that 
_ ( 1 + G ) - 
')' - (a +2lJ) I-G =0.. 


(53) 


Introduce now the special convention as 
regards ß and ')' that the addition of the 
suffix 0 signifies that the coefficient relates 
to the system in its zero configuration. Then 
if the curvature addition from this form is 
SKI,n 


')'=')'0 +4(1 +2w)SI, 
ß=ßo +2(1 +lJ)S. 
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If in thið form ß and 'Y have thp values 
required by (51) and (33) the elimination of 
8 gives 
( 1 +G ) 2 ] +G '> 
I-G +2 1 _ G (] +,,"
)(2+l:1)ßo 
- (1 + 2w )ß02 - (1 + l:1)2'YO= 0, 
showing that bending the system as a whole 
will in any given case only yield two object 
positions, other than contact with the lens, 
for which the satisfaction of the sine condition 
is consistent "ith the removal of spherical 
aberration. 
These two solutions are both imaginary 
unless 


(1 +2
)(5 +2w)ß02 + 'Yo 


is positive, and this condition cannot be 
satisfied with most combinations of two 
glasses to form a cemented achromatic doublet. 
Although both these conditions should be 
Eatisfied in such a system as a telescope 
objective, it frequently happens that the sine 
condition is deliberately ignored because the 
use of other glasses simplifies the construction 
from the manufacturing standpoint, and the 
fauIts present are not very conspicuous when 
the field of view is small. 
9 (9) THE CE:\IENTED DOUBLET. - On ac- 
count of the great importance of lenses of the 
cemented doublet class it is desirable to 
consider them in some detail. 
The powers of the component lenses are 
determined by the assigned focal length or 
power of the combination and the colour 
conditions which are to be satisfied. It is 
therefore assumed that these powers are 
known. 
From equations (43) and (45) it is evident 
that the common curvature addition required 
to attain the standard form is 


1 
 J ( 1 ') )8 
- (1 - 2 - ) 
 I +....r.rm mKm 
+ 
 K 1 ( ) ' _ 
-rum KI,m - Km,n I lí.m, 


where in the absence of a suffix I.n is to he 
understood. It at once follows that 


n 
ßo(l +2
)K2= 
(w - T.:rm)(2SmKm - KI,m + Km.n)';m 
1 


and since the range of indices of available 
glasses is very restricted the first factor on 
the fight is normally small, and ßo is a small 
quantity. The foImaIl range in the posRible 
values of l:1 and ßo involves the conclusion 
that the main problem concerns the attain- 
ment of a suitablp value for 'Yo' either by the 
initial selection of suitahle variptips of glass 
or by an arbitrary diviRion of the system. If 
Qm is writtpn for 2S,n K m - KI,m + Km.n, k m for 
(I + 2r.r m )K m , and jm for K 11 )(l - T.'T m ), and the 
double suffix notation is used to dpnote 



ummation, the equations for !'jo and 'Yo may 
be written 
2ßoK= 

QmKm - 

Qml.m' (.34) 


'YOK3 = 
 {jm2Km + Qm2km - 2Qm(K I ,m - Km,n)"m} 
1 
- k {
Qmkm} 2, (53) 
where the suffix I,n is to be understood when 
none is given. It is evident by inspection 
that the equation for ßo is unaffected by making 
any common addition to all the Q's, and the 
same becomes obvious for 'Yo by "riting the 
last equation in the form 
'YOK3 = 
 {jm2Km + }kzl'm{Qz - Qm)2 
+ 2(Qm - Qm+JK l,mKm+l,n}. 
Now assume for Qm the form 


- Qm= PI,m-1 - Pm,n-I +jl,m -jm,n, 


where Ph P 2 . . . . P n - I are (n-l) unknown 
quantities and thp double suffix carries its 
general additive meaning. Substituting for 
the Q's and j's in terms of the S's and ,,'s 
gi yes 
8 Km P S K7n+l 
mKm - 2( J1m -1) = m + m+IKm+1 + 2{J1mtl - 1) 
and 


KI Kn 
SIK I + 2{J11 _ 1) +8n K n - 2 {J1n _ 1) = 0, 
showing that the curvatures of the extreme 
surfaces of the system as givcn by the Q's are 
equal and opposite, and that Pm is the curva- 
ture difference between the consecutive 
surfaces he longing to lenses 7n and m+r .For 
a cemented system the P's "ill all be zero, 
and 'Yo may b
 calculated from 

 f. _ 1 k 1.- ( . + . ) 2 
'YoK3=....lJm2Ií.m+k Z"mJZ,m-1 JZ+-I,m 
+ 2(jm +jm+I)K I ,m K m+I,71 1 
\Yhen thc system consiRts of only two members 
convenient expressions for numerical use are 
ßoK2k= - (WI -lJ 2 )K l lízj, . (;")()) 
which illustrates the general rule that unlike 
l:1 and 'Yo' which are unaltered, ßo changes 
sign when the system is reversed, and 
'YoK3=jI2KI +j22K2 +2jKIK2 +k l k 2 pjk. (37) 
In an achromatic objective one component 
is positive and one npgative, while K, j, k 
agree in sign. Thus only one of the terms 
gives a positive contribution to 'Yo' which has 
a strong tendency to be negative, In thiR 
respect a dou hlet is in marked contrast with 
a single lens, which necessarily has a positive 
'YtJ' 'Yhile this difference enables the ('OIJ1- 
bination to bp corrected for Rpherical aberra- 
tion, it usually prevents the simultaneous 
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correction of spherical aberration and the 
sine condition. From the condition obtained 
earlier it is evident that for the simultaneous 
correction 'Yo when negative must be numeri- 
cally small. It is seen on considering the 
res
lts for a cemented doublet and a sing1e 
lens that the fault lies in too great a difference 
of refractive index between the two glasses 
employed. 
To obtain a general idea of the kind of 
variation of 'Yo implied by the above expression, 
assume that the rpfractive indices of the two 
glasses are given and that the power of the 
cemented combination is unity. Consider 
the change in 'Yo as the power of one component 
falls from a large positive to a large negative 
value, and the other consequently rises from 
a large negative to a large positive value. 
Let component 1 have the lower refractive 
index, that is 'lV 1 > 'lV 2 . At the extremes the 
sign of 'Yo is given by the highest power of 
"1 - K 2 and is obtained by writing i(K l - K 2 ) for 
"1' and -1("1 - K 2 ) for K 2 . The result is the 
value 


(Kl - K2)3(WI - w2)(1 + 8WIW
) 
, 
16(1 - wl)2(1 - 'lV 2 )2 


showing that "ith powerful lenses of opposite 
signs 'Yo tends to assume a positive value \\ hen 
the component "ith the higher index is of the 
same sign as the combination, and a negative 
value when the component with the same 
sign as the combination has the lower index. 
These extreme values illustrate the general 
tendency of the change in the serieR, and agree 
"ith the well-known construction for telescope 
objectives in which the combination and the 
lens of lower refractive index are positive 
or converging, and the system is corrected for 
spherical aberration by benrling to an extent 
dependent on the magnitude of the negative 'Yo. 
It must not be thought, however, that the 
variation in 'Yo is throughout uniform in 
direction. For taking the series in the 
direction from 'Yo negative to 'Yo positive we 
reach K2 =0, KI = 1 before K I =0, "2 = 1. In 
these cases 'Yo reduces to the single-lens formula 
'Yo=(I- 'lV)-2, and since O<w<l and Wl>W2' 
the value of 'Yo in the earlier case exceeds 
that in the later. There must therefore exist 
"ithin the range positions where 'Yo becomes 
stationary. In the neighbourhood of K 2 =0 
equation (57) gives 


1 [ 2K ] 
'Yo = ( 1 _ Wl)2 1 - 
(Wl - 'lV 2 ) . . . , 
showing that stationary points exist ouh:ide 
the region in which both components have 
the same sign. The stationary point near 
thi
 region for which 'Yo is a minimum would 

e of great importance if 'Yo reached values 
m the neighbourhood of zero, but this is found 
not to be the case. A typical curve exhibiting 


the variation of 'Yo in the region of practical 
interest is sho'W11 for (;)1 =1, w2=t, corrp
pond- 
ing to }J.l = 1.5, fJ-2 = 1.6 (Fig. 5). The values of 
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'Yo at the stati0nary points do not differ much 
from those when one component falls to zero 
power. 
If a number of curves of tIllS kind are con- 
structed, "ith one of the glasses of fixed index 
while the other is variable, it becomes pObsible 
to exhibit the variation of 'Yo for cemented 
doublets, when one independent variable is the 
refractive indpx that is not fixed, or a con- 
venient function of this index, and the other 
determines the relative magnitude of the 
powers of the two component lenses, by draw- 
ing lines on a chart, in which these '
aria bles 
are represented by distances measured in perpen- 
dicular directions, through the points which have 
common values of 'Yo' The contour map in 
which one of the variables is (K I -"2)'(K t +"2) 
is most instructive, but for practical use 
in detailed work it is more convenient to 
substitute log ( - K I !K2). The two maps are of 
course quite dissimilar, and it is not easy 
with the latter variable to trace the effect 
of a continuous variation of one of the com- 
ponent powers from positive through zero 
to negative values. Its special advantage is 
that it enables an important group of problems 
to be solved rapidly by sho\\ing which pairs 
of glasses are suitable for the purpose in hand. 
It is supposed that the colour conditions are 
given in a form which fixes the ratio of the 
component powers in terms of the "con- 
stringence" of the glasses, i.e. the coefficient 
v. If, then, two charts are prepared, one 
exhibiting the contour lines for 
/o' and one 
representing by points the various gla:-:ses 
known to be a vaila ble, both charts having 
the refractive indpx represented on the same 
scale, and the other variable being in the fir:5t 
case log ( - KI!"2)' and in the oth:>r log vl!V2 or 
other appropriate representation of the colour 
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condition required, the best pair of glasses 
can be selected by superposing the two charts 
and moving them in slide-rule fashion over 
ùne another, provided the upper one is drawn 
on transparent material. The accompanying 
figures show such a pair of charts for finding 
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glasses fully corrected for colour. The fixed 
refractive index is 1,62, but the same charts 
may be used for a considerable range of values 
for this index. It will be noted that to secure 
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simultaneous correction for colour, spherical 
aberratíon, and coma in a thin ccmented 
objective thc prccise dcnse flint selectcd )
 
of little importance, but that in the crowns 
the index of the ordinary silicate glasses is too 


small while that of the dense barium cro" ns is 
too great. Of intermediate glasses the medium 
barium crowns are suitable, as are also 
the phosphate crowns introduced in 18
6 
at Jena, but since withdra,vn on account of 
their instability, and also the fluor cro" ns 
introduced in 1913. 

 (10) EXTENSION OF THE CEMENTED 
DOUBLETS. - \Yhen suitable glasses are not 
available to meet the conditions that must 
be satisfied, two courses are open, both of 
which have as their object the securing of an 
additional degree of freedom. One of thc3e 
consists in removing the restriction that the 
inner curvatures of the two components are 
to be complementary, so that the lenses may 
be cemented together; the other retains the 
condition that the inner surfaces are to be 
cemented, and secures the required freedom 
by dividing the total power to be con- 
tributed by one of the two glasses into two 
arbitrary parts, the final lens thus consisting 
of the lens of the other glass cemented 
between two lenses of the glass that has 
been di vided. 
Considering first the case in which the 
requirement that there shall be no air-gap is 
abandoned, the value -ÿo for 'Yo when an air- 
gap P is present is given by 
(-ÿo - 'Yo)K 3 k 1 k 2 k= (2Pk 1 k 2 + KIK 2 k + kt k â)2 
- (K 1 K 2 k + klkâ)2. 
In the cases of practical importance k has 
the same sign as K, and k 1 and k 2 differ in 
sign. The introduction of the air - gap thus 
gives a limited opportunity of increasing 'Yo' 
and offers a theoretically unlimited range of 
smaller values of 'Yo. It is thus obvious that 
when an air-gap may be introduced anyone 
aberration condition can always be satisfied, 
a result which does not apply to a cemcnÌ<'d 
objective of two components, and as a rule 
two conditions can -be complied with. The 
problem reduces in all cases to the solution 
of a quadratic equation, since one condition 
gives a linear and the other a q uadrati(' relation 
between the amounts to which the two com- 
ponents must be bent, or, what is equivalent, 
between the bending of the complete lens and 
the air-gap curvature, 
\Vhen one of the lenses is to be di vided tile 
cemented system that is to be determined may 
either be regarded as two achromatic cemented 
lenses cemented together with their likc glasses 
in contact, 1 or treated directly as a triple lens 
without air-gaps. If KI' K2' K; jl' j2' j; "-'I' 
k 2 , k have exactly the same values as they bore 
for the doublet lens, the demcnts for the 
triple lens may be represented by Kl(l - 8), 
K2' K 1 8; jl(1- 8), .12' jl(); "-'1(1- 8), 1..'2' kl}, 
and the values of the Q's "ill be j - jl(J - 8), 


1 See Proc. Pllys, Soc. Lond, xxvii. 4!)5. 
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- jI(l- 20), - j + JIB. The substitution of 
these val ups in (34) and (33) leads at once to 


and 


ßo=ßo(1-28) - 
io -A'= ('Yo -A')(1-2Ð)2, 


where 
A'K 3 = (KKI + jkl)j.
 +jl2Kl +j2 2K 2 +KI K â 


= j2K - jd2(<J 1 - W2)(j +j2)Wh (60) 
and the coefficients with a bar above relate 
to the triple lens, while those "nithout refer 
to the cemented doublet. It ,,,ill be noted 
that the last three terms in the first expression 
for A' have been found in evaluating 'Yo- 
The meaning of A' becomes evident at once 
on putting 8=!, which gives 'Yo=A'. Since 
the lens is then quite symmetrical in con- 
struction, and .:yo = 0 is the condition for 
freedom from spherical aberration at magni- 
fication - 1, it follows that A' =0 is the 
condition that a parallel beam incident on the 
second component of the doublet with the 
external surface flat should be brought to a 
focus without aberration. 
The corresponding result when the second 
component of the doublet is divided to form 
two external lenses may be written down by 
analogy. If the three components are K28, 
KI' K 2 (1 - 8) equation (58) is unaltered, and in 
(59) A' must be replaced by A where 
AK 3 = (KK2 + jk 2 )jl +jl2Kl +j22K2 +KIKâ 
= j2K +jÔ2(WI - <J 2 )(j +jl)"iJ 2 , 
and represents the spherical a berra tion for an 
object at infinity when the light is incident on 
the cemented doublet 1, 2 with the first 
surface plane. 
It is evident that a triple lens may have 
any value of 'Yo on the same side of A' or A, 
as the case may be, as the 'Yo of the cemented 
doublet. As a rule it "ill be possible to 
satisfy 1\\'0 conditions, and four solutions" ill 
in general be found for any given problem, 
two of which have external lenses of one glass, 
and two of the other. 
. These results may readily be generalised to 
YIf'ld simple equations for the solution of any 
problem with two given glasses when the lens 
IS to consist of any number of thin com- 
ponents cemented together, the two glasses 
occurrin
 alternately. 1 In all cases a solution 
may be ohtained by solvina a quadratic 
eq ua ti0n. b 

 (II) A TELESCOPE OBJECTIVE FREE FRO)I 
SPHERICAL ABERRATIO
 AND CO:\IA. - As 
examples of the applif'ation of the foregoing 
('xpre

lOns let it be required to find the 
curvatures for lenses free from spherical 
1 See Proc. Phys. Soc. Lond. xxx. 31. 


(58) 


aberration, and where possible from coma also 
for an object at infinity, with ' 
}J.l = 1'5, }J.2= 1.6, K 1 = 3, K 2 = - 2. 
Then 


(59) 


<J 1 =i, <J2=
-' jl=9, j2= -J:I fI , k 1 =7, k 2 = -
_ 
For a cemented doublet 


w=3xi-2x
=
", 
ßo = i x Ji- X -'/4 x 3 x 2 = 1- 
, 
'Yo = 243 - .!l

 -44 -

 t = - 27{
, 
illustrating the small value of ßo and the 
tendency to negative values of 'Yo. In the 
standard form the curvatures of the end 
surfaces are 
:t i(j - K) - ;k 
Qmkm' 


or 


+4_]9 
- 3" 3Ô' 


or y'1TJ and - -
! respectively_ The equation 
for S, the curvature addition required to give 
freedom from spherical aberration, is 
-27!i+10S2-1
 -14S+3+t=O, 
which has the two solutions 


S=-
+ 
 v41 _ 
10 - 30 
The first solution corresponds to the well- 
known form in which the curvature of the 
last surface is small. 'Yhen the lens is 
reversed so that the parallel beam of light falls 
on the second component, the signs of the 
third and fourth terms must be changed, 
The solutions for this case are therefore 


7 2 ,/5HU 
S= -lU:t-W-- 


The extent to which the sine condition is not 
satisfied is measured by the value of the left 
side of (31). In the four cases just con- 
sidered these values are. with leng 1 leading, 
1 :t 14 ,' 41 
- J.s-' 
and with lens 2 leading, 
20 + 7 ,'590 
- 30 ' 
all large errors with the signs differing in the 
two members of each pair. 
Consider next the removal of this aberration 
by the introduction of an air-gap between the 
two components. The conditions to be satisfied 
are 


and 


'Y=5 +2w 
ß= :t(2+w), 


thp sign d('pending upon whether the first or 
the second component is met by the parallel 



304 


OPTICAL CALCULATIOKS 


beam of light. Instead of making use of 
I::!pecial formulae for this case it is simpler to 
s;)lve from (43) and (49) for SlK l and S2K2' 
The first condition gives 
28(SlK l - J-rQ.) 2 -18(S2K2 -J i 1.)1 + 182116 = 0, 
and the second 
40S 1 K 1 - 2ÜS 2 K2 -1 = :t 11, 
and the solutions are, with lens 1 leading, 
SlKl = 5.841 ) d SlK l = - 1.351 t 
S2 K 2=8.524I an S2 K 2= -2'541)' 
and with lens 2 leading, 
SlK 1 =4.232) d S,Kl= -2.952, 
S2 K 2=Ü.89û) an S2 K 2= -4,157 I. 
Finally, cemented objectives built up of three 
lenses may be considered. From either of the 
formulae given the values 
A= _ 

, 
\'= 1
1 
may be found. The equation from which S 
has been eliminated may be u
ed to find 1- 20 
directly. The general equation with the first 
lens divided is 


{('Yo - A')(l + 'lV)2 + ßo2(1 + 2'lV)} (1 - 20)2 
I+G 
- 2(1 + 2'lV)(2 + 'lV) 1 _ G ßo (1 - 28) 
+ A'(1 + 'lV)2 - ( 
 
 g ) 2= 0, 
and the curvature to be added to the standard 
form is 


1 r. 1+0 ') "' 
2 (1 + r.J) l (2 + w >t -G -ßo(l-...O) J' 
the curvature of the end face of the standard 
form being of course 


:t !(j - K) + (1 - 20)(jJk 2 - j2l'1)/2
. 
Applying these expressi.ons to the solution of 
the present case, the values found are, with the 
first lens divided, 
1 - 20= '5117, 


with extreme curvatures, 


and 


1.741 and -0.925, 
1- 20= - '5545, 


with extreme curvatures, 


2.328 and - 0.138. 
'Vith the second lens divided the solutions 
are imaginary. 
Any other problem in the calculation of thin 
objectives is solved by a method exactly 
comparable to that illustrated. For the 
discussion of the equations to be used in other 
problems reference must be made to other 
sources. 


The problem undertaken is not theoretically 
complete. Any actual lens ,\ill not be .. thin," 
but what may be termed a " close" lens, thc 
separations between the surfaces being such 
as to give the required aperture \\ith a suitable 
additional RU bstance to enable the glass worker 
to secure surfaces of good figure. The curva- 
hIres obtained from the solution in which 
thicknesses have been neglected require 
therefore to be modified in consequence of the 
departure from correction due to the intro- 
duction of thicknesses. Consideration has 
also to be given to the character of thf' correc- 
tion which it is possible to achieve, on which 
the mathematical conditions that should he 
obeyed must depend. In general it is found 
that the first order aberration must not be 
entirely removed, as the errors of higher 
orders tend to produce over-correction. The 
type of correction exhibited by a well-designed 
objective thus shows small positive aberration, 
which rises to a maximum and falls to zero 
for rays which enter near the margin of the 
aperture, and tlIP procedure adopted must 
secure the satisfaction of this condition. It 
is found on investigation that for relative 
apertures such as are normally employed 
this condition is satisfied by making no altera- 
tion in the curvatures of the surfaces, \\ ith the 
exception of the small change in a shallow 
surface necessary for the attainment of good 
colour correction. Owing to this fortunate 
coincidence the calculation of telescope 
objectives by the algebraic method described 
is much to be preferred to the more laborious 
trigonometricaJ methods. 

 (12) SYSTEMS WITH MORE THAN Two 
GLASSES.-A problem which arises much less 
frequently than any of those already discussed 
relates to the calculation of systems in which 
more than two different gLasses are useù. 
'Vhen there is one lens of each of n glasses 
they can be arranged in n! orders affording 
!n! cases to he investigated if a complete 
examination is to be made into the properties 
of the various systems. In accordance with 
what has been said of thin cemented systems 
in general. the most important problem is the 
determination of the values that 1'0 may take, 
and particularly the effect on this quantity 
of variations in the ordpr. It is not difficult 
to show that when there are three separate 
glasses the extreme values of 1'0 are obtained 
hy putting a lens of extreme index in the 
middle, whdher the value is the highest or 
the lowest depending upon whethpr an odd 
or an even number of components differ in 
sign from the complete lens. "Then therp 
are four componcnts extreme values usually 
result by placing aU the positive lenses to- 
gether in the ordpr of their indices, and aU 
the negative lenses together also in ordcr. 
Such complex systems usually arise from 



OPTICAL CALCULATIOXS . 


305 


attempts to reduce second order chromatic 
a berra tions. 1 

 (13) SYSTE:\IS IX WHICH CHRO::\IATIC ABER- 
RATIOX IS KOT hIPORTAXT. - Systems are 
occasionally required for use in circumstances 
where chromatic differences may be neglected, 
and it is thus possible to construct them using 
only one kind of glass. Lenses so constructed 
afford good examples of one or two principles 
of importance, and they are of practical 
interest since they may be made to have 
very small outstanding aberrations for even 
exceptionally large relative apertures. 
lVhen a single lens is employed to form an 
image of an object placed so that the paraxial 
magnification is G, the spherical aberration 
vanishes '" hen 


1 1+0 
(1 _ w)2 +4(1 + 2w)S2 - 8(1 + õJ )8 1 _ 0 
( J + G ) 1 
+(3+2ûJ) I-G =0, 


and when this cannot be made to vanish the 
left side may be put in the form 


1 1 ( 1 + G ) :I 
(1-'lV)2 - 1 +2w I-G 
4 ( I+G } :I 
+ f+2-;;\ (1 +2w)S - (1 +w) 1_G ' 


which attains its minimum value when 


S_ I+'lV . I+G 
-I+2w I-G. 
It is usually said that at this position the lens 
acts like a prism at minimum deviation, the 
air or glass angles between the ray and the 
two normals being equal. This is incorrect; 
for to the order of accuracy here required the 
ratio of the sine of the angle at the first surface 
to that at the second is 


28 - (1 + 0) 1(1 - 0) + 1 1(1 - w) 
2
-(1 +G)'(1-0)-I/(I-lJ)' 
and when S has the value for which the 
spherical aberration ig a minimum this ratio 
becomes 


2,u + 1 - 3G 
3 - G(2,u+ 1)' 


which shows that the supposed law is only cor- 
rect in the special case 0 = - I, for ,vhich the 
system is symmetrical. Since (1 + 2w)/(I - 'lV)2 
exceeds unity for all positive values of 'lV 
less than .t. there is always positive spheri- 
cal aberration for all values of (1 + G)/( 1 - G) 
bet,veen the limits i: 1, that is, for all real 
images of real objects. It is possible, however, 
to eliminate this aberration by substituting 
for the single lens a numher of thin lenses 


1 Trans. Opt. Soc. xxii. 111. 
VOL, IV 


of the same glass in contact. .For such a 
combination (-13) gives 
ß,,2= 2(1 + w)
Sml\m2, 


and (49) 
1 
')'K 3 = (1 _ 'lV)2 
Km3 +4(1 +2w)
Sm2Km3 
- 8(1 + w)
SmKm2(Kl,m - K m . n ) 


+ (3 +2w)
''\m(KI,m - Km,n}2, 


so that the spherical aberration at magnifica- 
tion 0 is measured by 
1 [ 1 
 t 
 ( (1 2 )S 
;3 (I_w)i - Km3 + I+2zv -l + w mKm 
_ _ 1 + 0 ) ) 2 
- (1 + w)(l\l,m - Km,n + h I _ G f Km 
K 3 - 
Km3 K 3 ( 1 + 0 ) 2 J 
-3-(f+2w)-(I+2w) 1-0 . 
Assuming that the powers oÍ all the component 
lenses have the same sign as K, the minimum 
value of this expression is 


3(1 
 2
)[ ( î 
:) 1 
::n3 -I-3(
 
g) IJ, 
and the first coefficient being large compared 
with the other terms, removal of the aberra- 
tion "ill be best effected by making 
Km 3 
as small as possible compared with K, that is, 
by making the power of every component 
equal. If the number oÍ elements is given, 
s::ty n, the aberration is removable for all 
values of 'lV below that which satisfies 



 ( 2 + w ) 2 _1_3 ( 1 +0 ) 2 =0. 
n 2 1 - 'lV I - G 
The smallest number of components for 
correction is evidently obtained for distant 
objects, and the greatest number is necessary 
when the object and image are equal in size. 
If 0 = 0 is taken as a convenient reference case, 
t,vice as many components will be required 
for the same value of 'lV when 0 = - 1 and 
approximately 1.4 times the number when it is 
about -T 3 1.. For 0=0 the lowest refractive 
index that may be employed is evidently 
2n + L 
,u=2 (n-l)' 
special values being ,u > 
 for n = 2, ,u> t for 
n=3, ,u>* for 11,=4, and,u> V for 11,=5. For 
the limiti
g index all the S's are po
itive and 
increasing from the first member of the series 
to the last, the system assuming the form of a 
series of meniscus len3es in contact on the a "is 
\\ith air gaps between them towards their 
edges, the curvature differences of the air 
gaps being equal. 
It "ill usually be necessary for a lens of this 
kind to satisfv the sine condition in addition 
to being fr
e from spherical aberration. 
X 
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Su bstituting in the expression for ß the 
value of SmKm which results in minimum 
spherical aberration, it is founù that 
{1+w)2 I+G 
ß=21 +2 ;-. 1-0 
1 +0 lV 1 +G 
or ß - (2 + (;J) 1 _ G + 1 + 2--; 1 _ G = 0, 
and the sine condition is only fulfilled when 
the object and image are equal. Evidently 
this must be met by an increase in the 
minimum refractive index for a given number 
of components. Let SmKm be given the value 
]+lV 2+lV I+G 
.V m +1 +2r.;.{K 1 ,m - Km,n) + 2( 1 +lV(l-G ' 


where V m is a variable whose value is at present 
undetermined. The sine condition is satisfied 
if 



VmKm=O, 


and the spherical aberration coefficient becomes 


] { ( 2+lV ) 2
Km3 } 1 ( I+G ) 2 
3{1+2üJ) l l-lV 
-l - {I+lV)2 I-G 
4{l 2 ) 
Vm2Km 4w 1 +G
t'mKm 
+ + lV....-+-.-
-, 
K 3 1 + lV I - G 1{2 


and the lowest value of the index .will be 
obtained by making all the v's zero and all 
the powers equal. The equation from which 
the limit is to be found is 



 ( 2 +lV ) 2 -1- 3(1 + 2z;:r ) ( 1 +0 ) 2 =0, 
n 2 1-(;J (I +lV)2 I-G 
which gives when G=O and n=4 the approxi- 
mate solution lV = .648 or fJ- = 1,543. 
If the lens determined by this approximate 
solution has thicknesses inserted without 
change in the curva.tures, the spherical 
aberration will be very slightly over-corrected, 
and the departure from the sine condition 
appreciably over-corrected. The latter is 
remedied by increasing all the curvatures by 
a common value, making the lenses more 
decidedly meniscus, but in so doing the 
spherical aberration ,\-ill be over-corrected. 
This is remedied by a further increase in 
refractive index, solving for the minimum 
spherical aberration and suitable under- 
correction of the sine condition. For a relative 
aperture of about f/l a suitable refractive 
index is approximately 1.6. The zonal 
variations in the spherical aberration and in 
the sine ratio for even so large an aperture 
as this will be found extremely small. 

 (14) .:\IORE CO:\IPLEX SYSTEl\fS,-It is not 
possible in the space available for this article 
to enter on a discussion of the way in which 
the principles applied above in considering 
thin objectives may he extended so as to 
cover systems of complex construction for 
large apertures such as microscope objectives, 


or photographic lenses where large apertures 
are required to be combined "ith a large field 
of view, It must suffice to say that, by the 
aid of theorems which assume a very neat 
form, it is possible to determine the conditions 
which each lens should satisfy on the assump- 
tion that it may be regarded as a thin lens 
finitf>ly separated from its ncighbours, and 
that a definite treatment applied to this 
simplified lens will yield the correct data for 
the real lens. The importance of this procedure 
lies in its automatic evasion of attempts at 
the theoretically impossible, to which pursuit 
the designer ,\ ithout some such guide is very 
apt to devote a great part of his time. Indeed 
little experience of lens calculation::, is required 
to force home the conviction that almost 
every attractive scheme for the removal of 
aberrations involves direct conflict with 
Fermat's principle. Before concluding, it is, 
however, desirable to mention briefly a few 
general results which have many applications. 
It was shown in equations (15) that the 
resolved equations governing the passage 
of light through the system are of the form 
fJ-m:\J m - fJ-m-Il\[m-1 +17mKm= 0, 
17m+1 -17m - fJ-m:\ImTmlVm= O. 
Let another set of such quantities be dis- 
tinguished by the introduction of accents. 
Then, whatever meaning these quantities may 
bear, the value of 
'2:.17m{fJ-' m:\I' m - fJ-' m-I)f' m-I + 17' m K ' m) 
- 
P,ml\Im(17' m+1 -17' m - fJ-' m)l' m T ' m lV ' m) 
- "217' m{fJ-m)I m - P,m-ll\Im-1 + 17m K m) 
+ ""1:.fJ-' ml\'I' m(17m+1 -17m - P,m
\JmrmlVm} 


is identically zero. In other words, 


n 
'2:. 17m17' m(K' m - Km} 
1 


n-I 
+ 
 fJ-mMm,u' m M ' m{T' mlV' m - TmlVm) 
1 


= 17' nJ1n2\l n -17np" n1\1' n -17'I/-lo:\l o + 171P,'o)1'0, 


or 


n 

17m17' meR' m - K m) 
1 


n 
+ 
fJ-ml\lmfJ-' m:\f' m{T' m lV ' m - Tm w m ) 
o 
= y' nfJ-nMn - Yn U ' n"'),l' n - y'ofJ-ol\l o + YolJ.'ol\I' 0' (ül) 
where Yu' Yn' Y'o, y'n are arbitrary points in the 
external media on the two rays, diRtant TO' 
T,I' T'O' T' n from the points in which thc first 
and last surfaces are encountered. 
These expressions give at onc{' the conditions 
that paraxial rays relating to light of different 
colours should form images free from colour. 
Speci:J..I rpsults of importance are ohtain{'d 
by conRidering the case in which both ra.YR 
are initially parallel to the axis, so that 
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::\1 0 = 
I' 0 = 0 and Yn and y' n are made to 
vanish by selecting as the final end points 
the intersections of the ray with the axis. As 
the rays are paraxial T m = T'm = tm' and since 
it ma v be assumed that the difference of 
index 
is small enough for the rays never to 
become appreciably separated if they are 
initially coincident, the second expressjon 
gi yes 


n n-I 

1]m20Km + 
 ,um 2 )Im!t m oü1 m +)In!ovn=O, 
1 1 


where the last medium is non-dispersive and of 
unit index. It is permissible to divide through- 
out by 1]1 2 and" rite for the 1]'S and )l's their 
values in terms of the direct paraxial ray, with 
the result that 


! : ( aKl,m ) 2 n
1 2 
K ot'n + 
 ----;;;-- OK m + 
 tmKI,m O(;)m = 0 
1 CII. m 1 


gives the change oV n in the position of the 
second principal focus as the colour changes. 
The corresponding expression for the first 
principal focus may be written down b
r 
analogy. To find the variation of the power, 
assume ::\1 =)!'n=O. The right side of (61) 
is then yoY' n{K' - K). Dividing throughout 
by y"y'1I and neglecting differences between the 
colours in the coefficients leads to 


:2K I ,m CKm,n n;1 
OK= 
-;::- -;;;--OK m - 
 f m K l mKm+1 nOwm. 
1 (K m CKm l' , 



 (15) CHRO)IATIC ABERRATIO
.-'Yhen the 
system is a thin lens the equations reduce to 
the single condition 


n 

OKm = 0 
1 


for freedom from all chromatic aberrations 
for paraxial rays, as would be inferred from 
the fact that when K is known the paraxial 
rays are all determined. For a discussion of 
th
 properties of glass as regards variation of 
index for colour, reference should be made to 
the article on "Optical Glass." For present 
purposes it will suffice to mention that the 
principal characteristic of any glass is given 
by a coefficient 11 which gives the diffprence of 
power for the C and F lines of hydrogen in 
terms of that for the D sodium lines in the 
form 


K 
D 
K F - KC=-;-' 


and the rays for the C and F lines will thus be 
refracted alike if 


K 


 = o. 
11 


\Yhen this condition is satisfied the outstanding 
chromatic ab('rrations are those generarIy 
considered most satisfactory for images to be 
examined visually. For photographic use it 


is usual to secure agreement between the D 
and G' lines. 
The condition for a thin doublet lens is 
automatically satisfied by giving Kl and KZ 
the values 


K 
Kl=lI l -, 
11 1 - 112 


K 
K 2 = -11 2 -. 
111 - 111 


When three glasses are employed it is generally 
expected to remove the second order differ- 
ences of colour, and the solution of the problem 
is easy when once suitable glasses have been 
chosen. The properties of all glasses hitherto 
manufactured approximate very closely to a 
law which results in the lens having zero power 
when the appropriate conditions are satisfied. 
It is easy to see that a higher degree of correc- 
tion is attained if the glasses vary in such a 
way that when the changes of index between 
two pairs of reference spectrum lines are chosen 
as variables, the points representing the 
glasses when these are plotted in perpendicular 
directions are collinear. For manufactured 
glasses, however, these partial ratios are 
practically linear functions of the lI'S "ith the 
consequence stated above. A way out of the 
difficulty is afforded by the use of transparent 
crystalline materials, of which fluorite is much 
the most important. This substance exhibits 
no double refraction, and its representative 
point on the chart lies almost on the straight 
line about which normal glasses group them- 
selves, while the linear relation between the 
dispersions and the 11 values does not hold 
when fluorite is one medium and glasses are 
selected for the other two. By means of such 
a chart all suitable combinations of glasses 
may be obtained in a few minutes, and when 
the remaining conditions are specified the 
field of choice can quickly be reduced to one 
or two alternative combinations. l 

 (16) ABERRATIOX FOR
luLAE.-Equation 
(61) interpreted in the broadest way forms a 
sufficient basis for the construction of formulae 
for aberrations to any required order of 
accuracy. Such formulae may be arranged on 
many plans, but, though they have what many 
workers will regard as peculiar disadvantages, 
there is much to be said in favour of a de- 
velopment which remains entirely symmetrical 
in the variables for the initial and final media. 
An illustration of a symmetrical development 
will be afforded in the brief consideration given 
later to the application of Hamilton's method 
to optical pro blems. The preceding dis- 
cussion of the properties of thin lenses also 
is symmetrical in character, and the three 
quantities in terms of which the aberrations 
ha'
e been expressed are capahle of immediate 
application to the system used in the reversed 
1 Trans. Opt, Soc. xxii. 99. 
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direction with as much ease as in the origina,l 
direction. This is a comparatively minor 
matter when only first order aberrations are 
under discussion, but it becomes extremely 
important when higher order effects are 
under consideration in order to secure the 
greatest economy uf labour. 
In a number of problems in which (61) 
might be employed it is advantageous to return 
to first principles. As an example, the formub 
giving the positions of the primary or tangen- 
tial focal lines may be taken. Suppose a ray 
is refracted at the migin on a sphere which 
has its centre of curvature on the x axis, and 
assume that t
e ray lies in the plane z = O. 
Consider the length of the patb from a point 
on the surface near the origin to the poin t 
p cos <þ, p sin <þ, O. The point on the surface 
is approximately !R(1]2 + (2), 1], t and the dis- 
tance between the two points is 
. 1]" ( COS 2 <þ ) 
P-1] sm <þ+ 2 -p-R cos <þ 
--" ( 1 ) 
+
 p-R cos <þ + 
and thus the ray through 1], [ from 
p cos <þ, p sin <þ, 0 to p' cos (;/, p' sin <þ', 0 ex- 
ceeIJs in optical path the ray through the 
origin by 
-1](J1.' sin <þ' - J1. sin <þ) 
+?r ( J1.' COS2 <þ' J1. cos" <þ K ) 
2 p' p 
+Ç(
-i-K) + . . . 


In the ordinary instrument there is no uniform 
change of path from point to point of the 
surface, so J1.' sin <þ' = J1. sin <þ, the ordinary 
la w of refraction, is satisfied, which gives 
merely the direction in which the wavelets will 
reinforce one another. The following terms 
indicate the distances in these directions in 
which special concentrations will be found 
corresponding to the foci of geometrical optics. 
The meaning is obviously that considerable 
latitude may be given to [\\ithout producing 
any appreciable change of path in the positions 
given by the law hitherto considered exclu- 
sively, and similar latitude to '1} at positions 
given by the new law 
J1.' cos" <þ' _ J1. cos 2 <þ _ K (62) 
p' P . 
Since the former law may he derived by 
considering a single ray alone "ithout refer- 
ence to neighbouring rays, it is evident that 
(62) represents the differential of that law, 
and it will be expected that rclations derived 
from (62) will exhibit this form when com- 
pared with those obtained from the earlier 
law. 


A simple application of this law of import- 
ance relates to rays passing near the axial 
point of a thin system of lenses. There are no 
changes in the angles of incidence between 
the two surfaces bounding any medium, since 
all are met whcre they are normal to the ax's, 
and the equations for the individual surfaces 
are thus directly additive, giving, since 
1\1 0 =1\ I n, No =N n , 


IlK 

 - Po- I -! {(l\ I o +
In)2 + (No + N n )2}' 
so that the change is equivalent to replacing 
the 'llJ' in the expression for K, when 1] = [= 0 
by 2 + 'llJ'. It at once follows that the relation 
hetween the curvatures of primary conjugate 
surfaces corresponding to (52) for the secondary 
surfaces is 


s-? - (3 +'llJ')K=O. 


(ü3) 


The interpretation of the two results may be 
expressed in a variety of ways; one of the 
simplest, which holds for systems in general 
and not solely for thin systems, is that the 
paraxial region of any image surface is most 
simply referred to a surface whose curvature 
is less than that of the object surface by 'llJ'K, 
and that the relative distances of primary and 
secondary foci from this surface are in the 
ratio 3 to 1. 
It may readily be seen that the defect known 
as coma, which is a manifestation of failure 
to satisfy the sine condition, shows a similar 
ratio of 3 to I for errors in and normal to the 
plane containing the principal ray. Careful 
consideration will show that simple laws 
which may at firRt appear to relat.e to the 
larger errors in fact must be inte!'preted in 
relation to the smaller, and the corresponding 
laws for the former will assume differe'ntial 
forms. The results already quoted will be- 
come evident in the discussion of Hamilton's 
method. 

 (17) A SYSTEM OF THIN LENSES,-It has 
been assumed in discussing the properties of 
thin lenses that reference to the unit surfaces 
provides a convenient means of distinguishing 
one ray from another. 'Vhen a succession of 
separated lenses have to be considered, or a 
stop at a distance from the lens limits the 
aperture so that rays from different parts of 
the object meet the lens a.t different par
s 
of its aperture, it is necessary to adopt a 
different reference system. The results already 
established on change of variable's give aber- 
ration coefficients !ò 1 , !02' !{3ò 3 + w(S - G)2}, 

 {0 3 + 'llJ'(S - G )2}, !04' !05 for spherical aber- 
ration, coma, primary curvature, secondary 
curvature, distortion, and stop aberration 
respectively, where S is the magnifica- 
tion for the stop in the entire system, n 
the magnification for thc image, and the 
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quantities 0 1 , O 2 ' . . 05 are defined by the 
eq ua tions 
401(I-G)-t=ì'-4tlB+(3+2liJ)
I, 
40 2 (1 - G )-3(1 - S)-1 = f - ß(3éj + 
) 
+ (I + w)éì 2 + (2 + w)
!-, 
40 3 (1 - G)-I(l- S)-I= ì' - 2ß(
 +
) 
+ 2(1 + w)9
 + 
I, 


40,,(l- G)-'(I -8)-3 = l' - ß(éj +3
) 
+ w

 + (3 + 
)
I, 
40 5 (1 - S)-t = ì' - 4ßf, + (3 + 2w)
I, 
<'\ I +G _ I +S 
Ð= I_G ' 
= l-S. 


where 


The fact that the three middle expressions do 
not transform into one another by the inter- 
change of G and S is of great importance, since 
it involves very severe restrictions on what 
may be achieved by systems built up from 
thin lenses. This property may be regarded 
as a direct consequence of Fermat's principle. 
The expressions that have been obtained for 
ß and ì' show that the o's for a complex s)-stem 
are consistent "ith the additive laws 


5-r "-1 
(f O r)l,n= 
(for)mG m+l,n Sm+l.n, 
where f is the focal length of the part deter- 
mined by the suffix outside the bracket, and 
Gm+t,n, Sm+hn denote the magnifications of 
the image and stop in the portions of the 
system follo"ing lens m; that is to say, they 
["re the continued products of the subsequent 
magnifications at individual lens or surfaces. 
These additive laws hold generally, and may 
be established from first principles without a 
knowledge of the expressions from which the 
aberrations are to be numerically computed, 
As an example, spherical aberration may be 
taken. The section of the caustic resulting 
from the presence of this aberration must for 
the lowest order be of the form of a semi- 
cubical parabola 


x 3 = ylfo, 
where 0 is a numerical coefficient measuring 
the amount of the aberration, and f is the focal 
length introduced in order that the coefficient 
o may be of zero dimensions. If now a system 
is divided into two parts I and 2, in each 
of which aberration of this type is present, the 
coefficient for the complete lens will depend 
upon the coefficients for the two separate 
portions, since it must vanish if both of these 
are zero. If the first part is without aberra- 
tion the linear coefficient fo for the whole "ill 
obviously be identical \\ith that for the second 
})Qrtion alone. If, on the other hand, the 
second part i
 free from aherration the final 
image mil be the image of the caustic formed 


after the light has traversed the first part, 
and this image "ill be formed according to 
paraxial laws. Thus if G 2 is the transverse 
linear magnification for the second part of 
the system Y2 =G 2 YI' x 2 =G 2 2 xl , and 
x 3 (G 2X )3 x · 
(jOl)I,I= y: a - (G Z Y1 1 )1 - Gzt y:a =G'!.t(fÔl)I' 
Since the errors considered are first order 
effects, the law of addition hi linear, and by 
combining the two cases the general law must 
be 
(/0 1 )1,2 = (fÔ 1 )I G Z t + </OI)U 
and by repeated application the result already 
given is established for r = 1. It "ill be noted 
that when the system is divided by surfaces 
instead of by lenses, so that the refractive 
index is not necessarily unity at the points 
of division, the factors require modification. 

 (18) H.HIILTOX'S 
\IETHoD. - Brief con- 
sideration must now be given to the very 
elegant method of investigating problems 
in reflection and refraction described by Sir 
,,-. R. Hamilton before the Royal Iri
h 
Academy in a series of papers covering the 
years 1824 to 1832. Essentially t.he principle 
is the use of a potential function of certain 
variables the partial derivatives of which 
determine all remaining unknowns in terms of 
these variables. Theoretically the method is 
extremely powerful and its application in other 
fields has proved of extraordinary importance. 
It is thus particularly noteworthy that in its 
application in the field for which it was 
primarily designed it should be generally 
considered to have failed to justify expecta- 
tions. One reason doubtless lies in the nature 
of the subject itself, "hich requires all problems 
to be investigated "ith a minuteness not called 
for or appreciable in other fields. Another 
contributory cause is perhaps that Hamilton 
himself, like most mathematicians, was more 
interested in the broad problems to which his 
discovery was applicable, and in deriTIng 
general results to which it led with great ease, 
than in the tedious task of constructing 
expressions which gave a numerical measure 
of the effects so readily investigated qualita- 
tively, and that this task has proved a formid- 
able one in less able hands. 'Yhatever the true 
cause may be, the result remains that no 
notable use was made of the method in the 
first fifty years after its publication. Perhaps 
the best testimony to this failure is that it 
was largely forgotten that it was to these 
optical problems that potential methods were 
first applied, with the result that Bruns in 
Germany believed that he was breaking entirely 
new ground in so applying Hamiltonian tools, 
and published a very extensive and heavy 
investigation which, for the mo
t part, con. 
stituted a duplica.tion of Hamilton's origina.l 
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work. To the potential funetion which he useù 
for the greater part of his investigations 
Hamilton applied the name "Charaeteristic 
Function"; but use was also made of another 
function, with different variables and allied 
properties, which was designated the "Allied 
Characteristic Function," Bruns, with char- 
acteristic thoroughness, investigated all the 
functions which could he utilised for the 
purpose, and proposed for them the generic 
title of "Eikonal." It is conveIÚent to retain 
Hamilton's name in the sense in which he 
used it, and to restrict" Eikonal " to a parti- 
cular function which, like the characteristic 
function, is symmetrical in its variables, and 
takes for these variables the direction cosines 
of a ray instead of the co-ordinates of a point. 
In both cases the function has the dimpnsions 
of a length, and in the case of the characteristic 
function represents the length of the optical 
path between the points whose co-ordinates 
are taken as variables, and in the eikonal 
the length of the optical path between the feet 
of perpendiculars to the ray from two selected 
points in the object and image spaces respect- 
ively. Instead of introducing the full number 
of variables, since all that is required is the 
identification of the initial and final portions 
of a single ray, one of them in each space 
may be absent, and intersections with fixed 
planes will be derived. 
Assuming that the system is symmetrical 
about an axis, it is convenient in the case 
of the characteristic function to adopt y, z 
and y', z' as variables, the axis of symmetry 
coinciding with the axes of x and x'. If then 
V is the optical length of the path between 
fixed planes expressed as a function of the 
points in which the ray intersects these planes, 
the direction cosines of the ray before and 
after traversing the system are given by 
êV T òV 
p,M = - '( y ' ,u N = - cz ' 
p,
I' = 

 , p,'N' = 

 . 
all oz 
Similarly with the eikonal E, if the optical 
path is expresseù as a function of 1\1, N, 1\[', "N', 
the reference points being on the axis, the 
co-ordinates of the points in which the ray 
meets the planes normal to the axis through 
these reference points are determined from 
?E ?E 
y= ó(p,.M )' z= 3(p,N)' 
, ôE , 2E 
y = - ()(p,':M') ' z = - ê(p,'N 'r 
Since the system is symmetrical about an axiR, 
V will be a function of y2 + Z2, yy' + zz', y'2 + Z'2 
only, anù E a function of ::\12 +
2, 1\[':\[' +:NN', 
1\1'2 + N'2 only. Put (1) = p,2(l\l2 + 
2), 
(2) = ,u.,u.'f
I:\I' + NN'), (3) = ,u.'2pI' 2 + N'2). Then 


E is a function of (1). (2), (:
), and these may 
be transformed into other variables as found 
convenient for discussing particular prohlems. 
Suppose that it is desired to consider tht A 
conditions for freedom from aberration for 
magnification G, the reference points being the 
axial points of the object and image planes. 
Let there be a stop for which the mapuification 
is S. Introduce the variables I, II, III de- 
fined by 
I (S -G)I= (1) -2G(2) +G2(3) ì 
II (S - 0)2 = (I) - (G +S)(2) +GS(3) J "' (û-t) 
III (S -G)I= (1) -2S(2) +S2(3) 


so that 


(1)=S21-2GSII+GzIII, 
(2)=SI-(G+S)II+GJII J - ; 
(3) = I - 2II + III 


(Gf)) 


then, denoting differentiation by a suffix, 
y(S -G)2= (}.tl\1- Gp,'
[')(2EI + En) 
+ CuM - Sp,'l\I')(E n + 2E uI )' 
y'(S - G)2 = (}.tl\:I - G}.t'l\T')(2G E 1 + SEn) 
+ (p,::\I- Sp.
I')(GEu +2SE uI )' ((jß) 


so that 
(y' - Gy)(S - G) = (,uM - GjL'l\[')E u 
+ 2(/J-
I- S/J-'l\I')E UÞ 


and similarly 
(z' - Gz)(S - G) = (,uN - G,u.'N')En 
+2(p.N -Sp,'N')E ul . 


Now if the image of the plane objeet falls 
on the plane and is free from aberration, 
y' - Gy =z' - Gz=O for all rays. Moreover, in 
general MjN =:þl\I'jN', since this implies t.hat the 
rays are restricted to the axial plane containing 
the object and image points. Consequently 
Ell and En! must vanish identically; that is, 
E must be a function of I only, and all rays 
arising from the samp object point must have 
identical values for p.::\I - G,u.'l\I' and,u.N - G,u.'N"'. 
This is a generalised form of the well-known 
sine condition, and reference to (33) shows 
that it involves the result stated earlier, 
that K must have the same value for all 
rays arising from the same point of this 
object plane. 
The sine condition as usually given relates 
only to rays arising from a point on the 
axis. Equation (GG) shows that in this case 
,u.l\I - G,u.'M' must be zero-E I cannot vanish, 
for its constant term is the focallpngth of thC' 
system. The result may, thprefore, he stated in 
the form that the ratio p,Mjp.').[' must be con- 
stant for all rays through the axial point 
and equal to the linear magIÚfication for par- 
axial rays. 
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The connection between K and E is readily 
found from (32) and ((6), 
k = (S 

 )2EI = - E(2) by (64), 
and it li; easy to verify that this relation is 
always true. Thus - E 2 is the focal length 
for the ray determined by the values given 
to the variables. El and E3 serve tJ fix the 
positions of the principal foci on this ray. 
The relations bet" een the two systems enable 
the results of calculation made by one of them 
to be readily stated in terms of the other, and 
in particular they show that phase relationship 
at and near the foci may be directly obtained 
from ray tracing by simple (usually graphical) 
integration. X ohvithstanding the simplicity 
of direct calculations 'of phase differences, 
it will be found that the advanta!5e li{'s with 
tills graphical method. Incidentally it affords 
a convincing demonstration of the very small 
differences in the conclusions to which different 
theories lead for the location of the best focus 
in the presence of aberration, and thus justifies 
the recognised practice of usually disregarding 
the wave theory in calculating the details of 
construction of an optical system. 

 (19) THE COSIXE CONDITlo
.-Investiga- 
tions have been made of the meaning to be 
attached to definite departures from the sine 
condition, and the problem is of great import- 
ance in economising in the volume of calcula- 
tions. Some of the conclusions derived are 
invalidated by erroneous assumptions made in 
the course of the work, and it will not be 
surerfluous to inquire into the problem here. 
It is not necessary to assume that the system 
is symmetrical in any sense, and any reference 
planes may be chosen for thp, object and 
image spaces. 
Consider three neighbouring rays (a), (b). and (c) 
which have respectivply the initial and final direction 
cosines 


(a) L, M, X ; 
(b) L, )[, X ; 
(c) L+
L, )I+
)I, K +
X; 


L'+
L', M +
)l', X'+
X': 
L', M', X': 
I:. JI', X" 


and which intersect tLe reference planes in the points 


(a) 0, 
(b) 0, 
(c) 


y, z; 
y+ðy, z+ð= ; 


0, y'+
v, z'+
2': 
0, y' z'. 


Add to E the suffixes a and c "hen 1\1' +o
l', X' +oX' 
are to be substituted for ::\1' and X', and ::\1 + cDI, 
X +o
 for ::\1 and N respectively. Then 
êE êEa 
J1.Ò Y =ê::\I- aI' 


and expanding Ea by Taylor's theorem in terms of 
E and its derivates 
....2E ....2E 
p.oy= - 
 I -'f' O.M' - .....:,-v,ô N' 
C.J c.ù.. C..liC
'11 
+ higher powers of ò::\!' and oN'. 


Similarl v 

 
2E ....2E 
o c 0::\1' (' oX' 
J1. z = - ôXc)l' 4 - c.=" -êX ' 
 + . , 
'0 ' êE êEc 
p. y = - ê
l' + ê::\I' 


also 


c 2 E ê 2 E 
= õMZ)1' o::\I + êXê
I' o
 + 


and 


"ê 2 E c 2 E 
 
J1. OZ = ....' I -v,o l\I t- ....,y....,..y, O
 + 
c..., C
.. C
..C
.. 
::\Iultiply these four e
pressions by 0
1, oX, 0::\1', oN' 
and add. Then 
p.oyoM +J1.0Z0
 + p.'oy'o::\I' +J1.'OZ'oX' =0 (67) 
to at least the third order in the small quantities 
0::\1, oX, 0}1', oX'. This relation contains the general 
result to be established since the directions of the 
axes are quit-e arbitrary, but it may be clearer to 
express it in a somewhat different form. 
If rays (a) and (c) satisfy a relation of the form 
cos 0 = p cos 0' +q,. . ((is) 
where 0 and 0' are angles made with fixed straight 
lines in the object and image spaces respectively 
having direction cosines 1, m, nand 1', m', n' respect- 
ively, the expression of these two conditions in 
terms of the direction cosines gives 
10L+mo}I+noN +p(l'oL' +m'oM' +n'oX') =0. 
Xow a general point on ray (a) is 
pL, y+pM, z+p
, 
and if this ray is di.;;piaced without rotation through 
a distance d in the direction 1, m, n a point on the 
displaced ray is 
pJ..+dl, y+pM+dm, z+pX +dn, 
and a particular point is 
0, !I+
(Lm-
Il), z+
(Ln-Xl), 


and if t]üs di..placed ray is identical \\ith (b) 
oY=
(Lm- 
Il), o;;=
(Ln- Xl). 
Similarly if ray (c) coincides "ith (b) when displaced 
through a distance d' "ithout rotation 
d' d' 
oy' =ï.:(L'm' - 
I'l'), oz' =î7(L'n' - 
'l'). 
Substitute these values in (67). Then 
p.d(loL +mo::\I +noX) 
+ J1.' cI'( l' oL' + m' o}I' + n' oK') 
= p.dl (LoL+Mo)I +XOX) 
L 
+J1.
:l'(L'oL' +?tI'0::\1' +X'ÔX') 
+third order quantities in 0::\I. oX, o}I', oN'. 
It follows that if these quantities are small all rays 
selected bv obedience to the condition (68) "ill, if 
displaced 'in the object space a small distance d 
parallel to the fi
t dir('('tion. be displaced through 
the distance p . p.d.' f.J.' parallel to the second dir('('tion 
in the image space. As the condition will in general 
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define an object and an image caustic, theRe caustics 
may be displaced without rotation or deformation 
in the given directions, provided the rat.io of the dis- 
placements has the required value. 
The cosine condition (û8), which has been established 
,\ ithout any assumption relative to the aberrations 
present, includes as particular case.s the various 
theorems described previously. If the system is 
symmetrical about an axis, tbe rays from points at 
the same distance from the axis in a given object 
plane \\ ill be refracted similarly, and thus if z =z' =0, 
(öz'/öz) = (y'/y). For such a case equation (33) may 
be applied, Rho\\ ing that p.M/p.'.M' is the magnification 
perpendicular to the plane containing the ray, and 
jJ.ö},I!p.'ö},I' is by (û7)1 the magnification in that plane. 
9 (20) l\IAGNIFICATIO
 FOR DIgPI.ACEl\IENT 
ALO.KG THE AXIS.-Another case of import- 
ance relates to the magnificútion for displace- 
ment along the axis. If the axis itself is 
included as one of the rays of the group to 
be considered, q must have the value 1 - p, 
and the axial magnification is p.p/p,,', where 
p = (1 - cos 6)/(1 - cos 6') = (sin l6/sin !6')2, 
and for paraxial rays this becomes (p.'G/p.,) 2, 
where G is the transvprse magnification. If, 
therefore, no change is to be made in the 
spherical aberration for a small axial displace- 
ment the condition to be satisfied is 
}J. sin (6/2) 
p.' sin (6'/2) - G. 
It has been found that when there is freedom 
from aberrations at magnification G, E is 
an arbitrary function of I. This evidently 
implies that there is one degree of freedom 
remaining in the way in which the aberrations 
of every order are corrected, and this frpedom 
may be interpreted in terms of the spherical 
aberration in the image of the stop. If these 
aberrations are assigned in addition to the 
position of the stop the properties of the 
entire system are fully determined. The most 
important case is when S = I and thp Rtop is 
free from spherical aberration. In this ca'Se 
EK= (I-G)2 ... 11 -I . 
G'
 , 
for if the reference planes are moved to the 
stop planes E becomes E', where 
E',,= _

 }G)2 ",' 1-1 
I-G _ _ 
+(T ,fl- (I) - (1- G) ",/1- (3), 
and when :\1=:\1', N=N' this gives 
E'= y=y'=z=z'=O 
for all rays. It will he observed that there 
are herp three points on the axis for whieh 
spherical aberration of all orders is removed 
1 It should be partknlarly notC'd t1wt for use in 
the ordinary notatir)l1 the third ami fourth t<>rms of 
(67) mUHt have their sians changed, hecause the 
diffcrf'ntials of the direction ('o"linef'l belong to one 
ray fpr tllf' objf'ct space and the other ray for the 
image spa.ce. 


-oIle for magnification G and two coincident 
points for magnification unit.y. The equation 
for freedom from spherical aberration of any 
order is necessarily of even order in tho 
magnification, so there is at least one other 
point where the aberration of any assigned 
order disappears. In general there is no other 
position for which the aberration vanishes for 
all orders. The first order aberration, for 
example, vanishes for the magnification 
I-2G 
- 2-G ' 
and the corresponding value for E" is 
(1-G)2 I-O!_ 
- ----cr- " /1 - I + (1 _ 2G )G I'\;It - (1) 
I -- 0 1 _ _ 
+ 2 - G v'I - (3), 
from which it readily follows that spherica] 
aberration of higher orders is present. 

 (21) S'l'ANDARD FOR
IS FOR ÅBERRA'rrON 
EXPANSIONs.-The fact that entire freedom 
from aberrations for magnification G requires 
E to be a function of I only shows that all 
terms which have pIN' - ::\Ì'N) as a factor 
must vanish. This enables a number of con- 
ditions to be written down without reference 
to the magnification, and these conditions will 
be found to restrict severely the typeB of 
system that can satisfy the conditions. The 
condition for the first order aberration"" for 
instance, is z;:r = 0, and this condition has been 
associated with the name of Petzval. The 
difficulty of satisfying t.his and ot.her conditions 
simultaneously is illustrated by the general 
experience that in even the most highly 
corrected syst.ems a compromise is necessary 
in consequence of which t.his condition is 
usually far from satisfied. The example 
given of a case in which E is expressed in a 
finite form suggests that in systems which are 
well corrected there should be no question 
about the convergency of E or of its derivates 
when expanded in a series of ascending powers 
of (1), (2), and (3). It follows t.hat the evalua- 
tion of the coefficients of the terms in such an 
expansion should in such a system give a 
reliable measure of the outstanding aberra- 
tions. The converse, however. may in some 
inst.ances not hold; it is quite conceivable that 
a system which has small values for the co- 
efficients of the terms 0f low orders may not 
be satisfactory through the corresponding 
expansion for a part of the systpm being 
divergent. It is therefore important that 
systems of novel construction calculatNI by 
means of the expression for these coefficients 
should he checked in a way which docs not 
assume the validity of such an expansion. 
Such a {'heck is furnished by. tracing selected 
rays through the system and comparing the 
results with those found from the earlier \\ ork, 
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It is convenient to ha, e a standard form for such 
C'"\.pansions, and it is highly advantageous to keep 
it s\ mmetrical in form. For this reason, instead of 
ch
sing as the reference planes a pair of object and 
image planes, the planes normal to the axis through 
the principal foci arc selected. Apart from an 
additive constant. which is of no interest, E then 
takes the standard e:\.panded form 


EK = - (2) -l[A'(I)! - 4B'(I)(2) +4('(2)1 
+2(C+w)(J )(3) - 4B(2)(3) +A(3)1] 
- terms of higher orders. 
E"ridently if the light is reversed in direction, to 
Recure similar results it is only necessary to inter- 
change A and A', Band B'. From their definitions 
C and w will be symmetrical ,rith respect to the two 
directions. Assuming that the external media are 
of unit index, the value of E when the reference 
points are in the planes for magnification G is found 
by adding - (I/G) 
/ I- (I) - G ,' 1- (3) , Expanding 
and substituting from (65) gives 
EK= (S- G)I I_ ! [ OlIlP- 40211 III 
2U .. 
+4031I1+2{03+W(S-G)2} 1 HI 
-40,,1 I1+{ O;j- (S-G
S3_G) J II] 


where 


01 =A- G(4B+I)+2G2(3C+w)- G3(4B' +1)-I-GtA', 
02=A- G(3B+ I) +G2(3C+7.V)- G3B' 
-S{B -G(3C+liJ)+G2(3B +1)-G 3 .A'}, 
03=A-G(2B+I)+G2C-2
 
B- G(2C+w)+G2B'} 
+8 1 {C- G(2B' + I) +G2A'}, 
o,,=A- G(B+I)- 8{3B- G(3C+liJ)} 
+8 2 {3C+ör-3Gß'} -8 3 {B'+I-GA'} 
05 =A- S(4B +1)+2
2(3C + w) - S3(4B' + I) +8 t A'. 


Alternatively, substitution from (64) gives 
8 3 - G S2G 2 
A=G- G3 (S_ G)3 +2w (s_ G)I 
(0 1 , O 2 , 0 3 , 0 4 , 05 'ö" 8 - G )t 
+ (8-G)t ' 
B=_G2 83-G RG(S+G) 
(8- 0)3 + z;:r (8 _ G)I 
(0 1 - O 2 , O 2 - 0 3 , 0 3 - 0", 0" - 05 
 8 - G )3 
+ (8-G)t ' 
C=_G _ 83 --G 2

 
(8- G)3 + (8- G)2 
(0 1 - 20 1 +
3, O 2 - 20 3 +0", 0 3 - 20. +oslrS- G)I 
+ (b- G)t ' 
B'- 83-G _ 8+G 
- - (8- G)3 +w (s_ n)1 
(0 1 - 30 2 +30 3 - 0", O 2 - 303+30.- 0 
S- G) 
+ - - 

-G)t · 
A,_I- 83-G I ò l -40 2 +60 3 -40,,+05 
-Ö (
-Gf3+z;:r( S- (;r+ (S-G)t ' 


and the same method readily expres:;es the aberra- 
tions when 8 and G are gh en in terms of the a berra- 
tions for other values S' and G'. 
Comparison of 0 1 and 0 5 8ho"s that the meaning 
of the latter "ith relation to the stop corresponds 
to the meaning of the former for the object. Differ- 
entiation shows that 
M- G
1' 
: y'K, X - GX' 
-;- Z'K 
in accordance with what has been found in (32). The 
first term gives the well-known paraxial laws, and 
the remaining terms correspond to aberrations. 
'Yriting 1]' and t' for point." in the final stop image, 
which "ill be given by 
.:\1- S
1' =1]'K, K - SX' =t'K, 


the image defects are given approximately by 


I 
y' - Gy= - 
[011]'(1]'1 +f'2) 
2(8- 0)3 
- 0 1 {21]'(1]'Y' +f'z') +Y'(1]'1 +f'2>} 
+03 {1]'(y'I+ Z '2) +2y' (1]'y' +f'Z')} 
+w(8 - G)21]'(y'2 +z'%) - 0.y'(y'2 +Z'2)], 
with a corresponding expression for z' - Gz. 
Assuming that a point in the object plane z=O is 
under consideration, z' may be replaced by zero 
on the right, giving 


K I 
y' - Gy= - 2(8 _ G)3 [011]'(1]'1 +f'2) - ozY'(31]'2 + f't) 
+ {3ô 3 +z;:r(8 - G' 2} 1]'y'2 - 0"y'3]. 


I 
Z' = - 2(8: G)3 [0IS(1J'I+ f'2) - 02
!/'1lt' 
+ {03 +w(S- G)2} t'r/I], 


from" hich the character of the various aberrations 
is readily seen. All are familiar" ith the exception 
of that involving ô 2 , the coma aberration, which is 
generally regarded as a rather mysterious effect. 
The displacements are directly proportional to the 
distance of the image point from the axis and to the 
Rquare of the distance from the axis at which the 
aperture is traversed, The introduction of polar 
co-ordinates at the stop shO\\ s the character of the 
defect more readily, the y and z dic::placements being 
then proportional to 
Y'(1]'I+t'2)(2+ cos 28), and Y'(1]'2+t'2) 8in 28 
respectively. A detailed discussion of thk. aberra- 
tion will be found in the text-books on advanced 
geometrical optics. 



 (22) ABERRATJOX COEFFICIEXTS FOrXD BY 
THE HA::\IILTOXIAX .:\IETHoD.-The comparison 
of the curvature terms with tho
e found earlier 
shows that the characteristic relations for 
thin lenses in air are 
A -2B +C= 1, B -2C +B'= w, C-2B' +A'= I, 
and further comparison "ith the terms in 01 
and O 2 gi\es for this case 
ß=B'-B, ì'=4C+2w+1. 
The Hamiltonian methods are sufficient in 
themselves for the determination of the aberra- 
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tion coefficients, by building up thosp for a 
compound system in terms uf the elements. 
If the system is di vid<>d at the foot of the 
perpendi
uhr to the ray from an intermediate 
axial point, it follows from the definition of E 
as a length that 
E-E 1 -E 2 =O. 
l\foreover, if the ray meets the plane through 
this intermediate point in y, z, t.hese are given 
by the equations 
ôEI oE, 
y= - o{ p.l\I)' z= - ô(MN )' 
as well as 


ÔE2 
y= ê(p.l\I)' 


ôE 2 
Z = ô(p.N) ' 


and therefore, since E is a function of other 
variables than :M and N, which concern the 
intermediate medium alone, 
o 0 
o(JL
I)(E - EI - E 2 )= o(p.N) (E - EI - E 2 )=O, 
and these give two equations for ,uM and ,uN 
in terms of the external variables. A similar 
process may, if desired, be applied to the 
external media. The substitution of the 
values for p.l\I and p.N given by these equations 
in the equation for E solves the problem. 
The process is tedious rather than difficult, 
and one reason why other methods have been 
more successful in practice at once becomes 
apparent-the equations present themselves 
in a form requiring reduction, whereas other 
methods give them directly in their lowest 
terms. 
The same process may be applied to the 
characteristic function, and indeed the forms 
of the two expressions are very similar, and 
when one is known the other can be written 
down at once. They each have special 
advantages as well as special disadvantages. 
The eikonal is particularly convenient in 
dealing with problems concerning thin lenses, 
hut fails when the sYRtem becomes -telescopic. 
If the eikonal is regarded as built upon the 
power K, a symmetrical construction which 
remains finite for a telescope may be founded 
upon Ô 2 K/OKl(1K n , but this breaks down in the 
case of a thin lens. The advantage rests 
with the system that has been followed here, 
as it is never essential to deal with a tcleRcope 
as a unit, but a suitable division of the system 
may always be made in which the two parts 
are of finite focal length and the aberrationR 
of which require to be suitahly related. 
A convenient system of equations for the 
calculation of the coefficients of the eikonal is 


A= 
g2h, 
B = "'::.fjy'h, 


A' = 
fJ'2h', 
ß' = 
gg'h', 
_ 1 
 Km 
õJ- 
-, 
K P.m -I,um 


c= '"5:.g'2]I,.= 
glh', 


where the summations extend over all surfa('e
, 
and 
R CKI,m I > OK],m 
fjrn.= ,um-] "m
 - KI,m-1 = fJ-m "\m
 - K] m 
l/Km ('K m " 


, R OKm,n D CKm,n 
(j m=,um-I m---s--+Km,n=,umr\.m-,:;:- + Km+;,n, 
l'Km 
Km 
." = 3K I ,m ( KI,m _ KI,m_l ) 
m OKm fJ-m 2 J1-m 2 -I ' 


h'm= 3K m ,n ( Km;n _
!1! +
 !I ) . 
CK m ,um -I ,um 



 (23) METHOD OF CHECKING THE RESULTS. 
-In checking the reliability of the con- 
clusions reached by the approximate methods 
that have been described, it is convenient 
to have the terms representing aberrational 
effects separated from those which are in 
accordance with paraxial laws. As a rule 
it is only necessary to consider rays which lic 
in a plane containing the axis, and these rays 
may be rapidly traced by means of the formulae 
sin cþ = sin ý; + TzR, 
,u' sin cþ' = J1- sin cþ, 
T{ _ 
= 4
 (sin cþ-sin q/)(sin cþ' + sin ý;) 
sin 2 Ý;o' + (cos ý; + cos cþ + cos cþ')2 l' 
sin ý;' = sin ý;o' - (
' - 
)R, 
and on transference to the next surface 


TzmtI =
' m + t m Sill Ý;m, 
where 
 and Tz' are the perpendiculars to the 
ray from the vertex of the surface before and 
after refraction, and sin Ý;o' is the approximate 
value of the sinp of the inclination after 
refraction given by the paraxial law 


sin Ý;o' = sin Ý; + sin. cþ' - sin cþ. 
It will be noted that the aberration terms 
are those involving 
' -
, and the terms in 
the numerator of the expression for this 
quantity are the first order aberration terms. 
The magnitude of the denominator in com- 
parison with its paraxial value 8 gives the 
ratio of the terms of higher orders to the first 
order values. Rays traced through by this 
method indicate directly where departures 
from the approximate expressions uccur and 
what measures should be taken to secure the 
most satisfactory com promise or, where possi ble, 
to secure thorough correction. The only 
tables needed are a single-page, four-figure 
sheet giving the cosines from the sines. T t 
will be noted that the differences between the 
cosines and unity occur as a small correcting 
factor in the aberrational expression, and the 
four figures give approximately a degree of 
I accuracy comparable with that obtainable 
from six- or seven-figure logarithms m
ing the 
ordinary trigonometrical method of ray tracing. 
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A consiùeration which "ill appeal strongly 
to the computer who is working continuously 
at ray tracing is the reduced mental demand 
the use of this method involves. It has been 
de\'ised particularly for use where calculating 
machines are available, and it is only under 
these conditions that its special advantage 
"ill be realised. 


T. S. 


OPTIC At' CO
ST A
TS, TABLE OF, FOR TYPICAL 
OPTICAL GLASSES. See" Glass," 
 (23). 


OPTICAL GLASS 

 (I) PROPERTIES OF OPTICAL GLAss.-The 
material most generally used for the construc- 
tion of the prismatic anù lenticular portions 
of optical instruments is glass. This is 
available in many varieties, aU specially 
manufactured for the purpose from the purest 
material::3 obtainable, and so treated that the 
finished product is as transparent as possible 
for the whole visible speetrum and the con- 
tiguous spectral regions, is homogeneous, free 
from internal strain and from certain other 
defects, In certain types of glass the entire 
removal of some of the minor defects has not 
been found p0ssible. For example, dense 
bar
.ta crowns almost invariably contain 
throughout the whole mass of the melting 
a number of bubbies. If these are small 
and not too numerous they are of little conse- 
quence in instruments in which the employ- 
ment of these glasses is of special importance, 
and the glass-maker contrives to cut out the 
larger bubbles and any pieces in which the 
bubbles are too numerous before moulding 
the remainder into plates or discs for the use 
of the lens - maker. Again, certain glasses 
which in other respects possess properties of 
great value are very liable to tarnish or even 
to decompose after prolonged exposure to the 
atmosphere, and their use is practically 
confined to combinations in which they can 
be cemented between two lenses of more 
durable glass. A few very dense flint glasses 
begin to absorb light strongly before the violet 
end of the spectrum is reached, and in consider- 
able thicknesses they are practically opaque 
to .blue light. Their use is consequently 
confined to the construction of verv small 
lenses, such as the lenses of mi
roscope 
objectives of high power, where the short 
length of the path of light "ithin the glass 
renders its strong absorption almost innocuous. 
Apart from the presence of objectionable 
qualities such as those just mentioned, 
particular types of glass are selected solely 
for t
eir purely optical properties. The 
optical computer could desire the liberty to 
select arbitrarily the two principal properties 
of the glass he would use, the di::;persion 


which controls the chromatic aberration, and 
the refractive index for a selected colour 
which determines the spherical errors of the 
instrument. (TntH new glasses were manu- 
factured at Jena by Schott u. Gen. the choice 
was limited to glasses of a linear series. If 
J1- is used to denote refractive index, and a 
suffix is added to distinguish the spectral line 
to which it relates, the dispersion is measured 
by the magnitude of 11 where 


(llD - I) 
llF - }1c = ------;;- . 


(I) 


The older glasses obey a relation of the form 



+
=I, 
J.LD 11 
where a and ß are constants having the same 
values for all the glasses. 
Consider now an object glass made up of a 
number of thin lenses in contact, each kind 
of glass satisfying the above relation. Let 
R be the difference in the curvatures of a 
typical component, and write K for R (J.L - I), 
adding a suffix when J.L carries one. From 
equation (I) 


(2) 


.... .... ....KD 
_KF - _KC = 
-;' 


(3) 


showing that the C and F rays will only be 
similarly refracted if 


K D 

- =0, 
" 


(4) 


which is the usual condition for achromatism 
in a telescope objective. Multiplying both 
sides of (2) by K D , 


....KD .....KD_..... 
a_- + ß-- - .....K D . 
J1-D II 


(5) 


It is ordinarily essential for the condition (4) 
to be closely satisfied, so that the term in ß 
disappears from (5). The quantity on the 
right is the power of the system, and the 
coefficient of a is the quantity which determines 
the curvature of the field. It follows that 
with such glasses there is no power to vary 
the curvature of the field of a thin objective. 
The realisation of the limitations implied 
l?y the relation (2), together with another 
property of optical glasses to be mentioned 
presently, induced a numbpr of experimenters 
to search for glasses outside the region to 
which known types belonged. Among these 
Vernon Harcourt and Stokes may be men- 
tioned. Their investigations aclùeved only a 
partial success and led to no results of practical 
utility. It turned out that they just missed 
success, largely through the want of such 
technical advice as a glass-maker could afford. 
Abbe, working in conjunction ,\ith Schott, 
an experienced glass manufacturer, succeeded 
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in overcoming the difficulties of making several 
novel varieties of glass in about two years. 
The results of their work were of such im- 
portance that the J ena glassworks were 
founded for the manufacture of the new 
glasses. A first list of forty - four types of 
glass was published in IS8(), of which nineteen 
represented glasses of novel optical position. 
Other lists have been issued since at various 
dates, and taking all the lists together glasses 
have been listed in the regions indicated in 
Fig. 1, which shows a very different state of 
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affairs from the hyperbolic line which repre- 
sented the glasses obtainable earlier. 
The most important of the new varieties 
ha ve been : 
Phospha te crowns ) 
Barium phosphate crowns 
Boro-silicate crowns f First introduced 1886 
Dense barium crowns 
Borate flints 
Baryta light flints First introduced 1888 
Telescope crowns. 1902 
Telescope flints 190;") 
Fluor crowns . 1913 


Of these glasses much the most remarkable 
in their properties were the phosphate glasses 
and borate flints of the first list. These have 
aU been found to be unstable and have been 
withdrawn. In successive lists it will be 
noted that there has been a general tendency 
to continue to withdraw the more extreme 
glasses, and it may be inferred that stable 
glasses ha ve not yet been made ha ving 
extreme properties in desirable directions. 

 (2) lRRATIO
ALITY OF ÐISPERSIoN.-The 
production of glasses not constrained by the 
normal relation between refractive in(kx and 
dispersion is the most notable permanent 


1'9 


result of the work of the Jena glassworks. 
But though the importance of this achieve- 
ment was not unappreciated, neverthelesH it 
was not the prime motive which inspired the 
researches of Harcourt, Stokes, and Abbe. 
.:\Iuch more attention was given in these 
investigttions to the production of glasses 
with a considerable difference of dispersive 
power, but with a similar division of the 
dispersion for various parts of the spectrum. 
If two prisms are made from an ordinary 
crown and an ordinary flint so as to produce 
as closely as possible the same angular dis- 
persion in the neighbourhood of the region of 
the spectrum to which the eye is most sensitive, 
it will be found that the crown prism will 
have the greater dispersion between this 
region and the red end of the spectrum, while 
the flint wiU produce the greater dispersion 
between this central region and the blue end 
of the spectrum, The conseq uence of this 
irrationality of dispersion is that a telescope 
objective, instead of bringing light of all 
visible wave-lengths sensihly to the same focus, 
has a minimum focal length for some wave- 
length which may be chosen by the designer, 
and for wave-lengths towards the ends of the 
spectrum the position of focus is so different 
that images in light of these colours wiII not 
be seen. :Moreover, the longer the focal length 
the greater is the defect, so that it is parti- 
cularly serious in all large refracting telescopes. 
The relatively advanced degree of develop- 
ment of astronomical instruments at an early 
stage in the evolution of optics led to early 
recognition of this fault, and thus it naturally 
called for the attention of those who sought 
to improve optical glass. The importance of 
the other direction in which freedom was 
desired, the removal of the restriction e-xpressed 
by equation (2), was only recognised as of 
considerable importance with the develop- 
ment of photography. 
.From equations (1) and (3) it is evident 
that in a system for which C and F have 
a common focus, so that equation (4) is 
satisfied, the focus for some other Jine, 
say X, will coincide with C and F if all the 
glasses have the same value for 


J.Lx - J.Lc 
fJ.F - fJ.c 
A ready index of the suitability of two glasses 
for producing very perfect colour correction 
will thus be afforded by tabulating these 
ratios where X is made to agt:'ee in turn "ith 
a number of spectral lines. Such ratios are 
given in the lists issued by glass-makers, the 
usual ratios chosen being 


J.LD - J.L A' 
-, 
J.LF - fJ.c 


fJ.o' - fJ.F 
J.LF - fJ.c 


fJ.F - J.Ln 
-, 
J.LF - fJ.c 



OPTICAL GLASS 


317 


It is not easy, however, from an examination 
of these figures, which must be gi,en to three 
decimal places to be of practical utility, to 
realise what has actually been achieved. An 
alternative method will therefore be adopted 
which "ill show the degree of uniformity 
clearly with the aid of the minimum number 
of figures. The method has the further merit 
of leading directly to a number of conclusions 
of considerable importance. 
A rough examination of the figures of the 
glass lists "ill show that the change of rus- 
tribution of the dispersion runs fairly uni- 
formly with P. 'Ye may, therefore, fit a 
formula of the type 
J.1. - J.1.D =(J.lF - J.1.c)(a + bv) 


to the glasses as a whole for the various 
spectral intervals, and tabulate the outstand- 
ing corrections which must be made to the 
calculated dispersions to equal those observed. 
It is preferable to apply this method to the 
actual differences of refractive index rather 
than to the calculated ratios, for the former 
are likely to be more accurate and the errors 
of the measurements are approximately 
constant in index differences. As a basis it 
is important to employ a list which includes 
many varieties of glass, both ordinary and 
new types, and the list should be critically 
examined for anv internal evidence of un- 
reliability in the 
 figures. The various Jena 
glass lists, though not entirely free from error, 
will be found the most satisfactory for the 
purpose, and these lists have been 
tilised in 
preparing the following tables. 
The formula for the refracth
e index of any 
given wave-length now becomes 


J.1.-J.1.D=a(J.1.F-J.1.d +b(J.1.D- 1 ) +f x 10- 5 , (6) 


where a and b are functions of the wave- 
length only and f is the divergence from 
normality. "Then the wa,e-lenQih for the D 
line is substituted into the form
lae for a and 
b they must both ,-anish. l\Ioreover b has 
the same value for the C and F lines, and for 

hese lines a has values differing by unity. It 
IS found that the outstanding values of fare 
small if the following values are adopted for 
these constants: 


Line. " ave-length. a. b. 
A' o. 768
 - .544 - .00167 
C 0.G5G3 - .
69 -.00045 
D 0.5893 0 0 
I F 0.4861 .731 -.00045 
G' 0.4341 1.404 - 'OO

3 
I 


It is important to notice the meaning to 
be attached to b in lenses composed of glas
f"s 


haTIng f =0. By addition for the various 
glasses (6) gives 

K=a(
KF-
KC> +(1 +b)
KD. (7) 
Thus in a system achromatised for C and F 
the power for any particular wa,e-length is 
1 + b times that for the D line. Thus b 
measures the so-called secondary spectrum, 
and this is invariable for combinations of 
normal glasses forming a thin lens. It will 
be Seen later that b assumes small positi,e 
v:alues some,,
hat on the short wave-length 
sIde of the D line, so that the extreme variation 
of the focus is somewhat greater than the 
preceding figures suggest. By simple trans- 
formation the reference position may be chosen 
at any other part of the spectrum in place of 
the D line, and the precise type of chromatic 
c
rrection may also be chosen arbitrarily, 
wIthout altering the general character of the 
chromatic relations. The equation to the 
secondary spectrum can readily be found 
under any assigned conditions by expressing 
b as a function of the wave-length. 

 (3) REFRACTIVE IXDEX AXD 'V AYE- 
LEXGTH.-:\Iost attempts at fitting a formula 
t
 express the refractive index of glass as a 
function of the wave-length appear to ha,e 
been basf'd upon the study of a few glasses 
for which the indices ha,e been observed for 
a large number of lines. Such a method is 
doubtless satisfactory for the particular glasses 
to which the formula is fitted, but it almost 
invariably happens that these formulae fail 
seriously when applied to normal glasses in 
general. The fact that a formula such as (6) 
expresses a relation which holds "ithin narrow 
limits for such glasses indicates that a high 
degree of accuracy can be attained from a 
formula which invol,es only two distinct 
functions of the wave-length. To determine 
these functions let the term in (J.1. D - 1) be 
eliminated from the equations, and to obtain 
a good distribution of the observed points let 
only J.1.j." J.1.c' J.1.p anà J.1.o' enter into the equation 
so obtained. The relation is eTIdentlv 


(b G , - b F )(J.1.e -- J.1.A') - (be - b A' )(,uG' - J.1.F) 
+ {(ae -aA,)(b o ' - b F ) - (ao
-aF)(bc - b A .')} 
(J.1.F - J.1.d =0, 


or, numerically, 


178(J.1.e - J.1.A') + 122(,uG' - J.1.F) = 131(J.1.F - J.1.C>, 


A shorter very approximate relation is 


17(J.1.c - J.1.A') + II(tlG' - J.1.F) = 12(.u F - J.1.C>. 


Xow the glasses ha,-e two quite distinct 
degrees of freedom, but all obey this relation. 
It follows that each function of the wave- 
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lengths must obey this relation separately. 
The great majority of the functions that may 
be proposed may be ruled out of court at 
once since this relation is not satisfied by them. 
A class of functions which may be considered on 
account of their simplicity is that where the wave- 
length occurs to some power n. As n is given different 
values, the value assumed by 
178 {( .65(3)" - (.'j682)"} -131 {( '48(1)" - (.6563)"} 
+ 122 {( '4341)" - (.48ßl)"} 


or 


122( .4341)" - 253( '48(1)" + 309( 'G5(3)n - 178( .7(82)" 


may be plotted. It is found that the resulting curve 
(see Fig. 2) crosses the zero line for two values of n, 1 
viz. - 0.91 and - 3.40. The corresponding formula 
for the refractive index is readily seen to be 


J..l.-J..l.D 
X-91_ X D -.91 
={.226(J..l.F-J..l.C)+.0062(l-tD- 1 )} ^ -.91 X -. :11 
F -I C 


X -3.4 - ^D -3.4 
+ {'774(J..l.F-J..l.d- .00G2(J..l.D- 1 )},\ -3.4 X - 3.4' 
"F - C 
and from this the equation to the secondary spf'ctrum 
for any type of correction is deducible without 


fJ. A - J..l. c 
J..l.c-J..l.F 


280 
540 550 


with b= +0.00008, and when D and (i' aro united 
as for photographic purposes, b takes the values 
bA' = - .00253, b F = + '00071, 
be = - .00088, b G , =0, 
b D =0, b max . = + .00071 at X = .4972J..l.. 
The formula found above shows (Fig. 3) that of 
those hitherto proposed Conrady's 2 second form 
J..l.=J..l.o+a\-l+b^-
 
is that of most general utility when only two functions 
are employed. If the Cauchy form 
J..l. =J..l.o +aX -2 +bX-4 
were assumed, the. relation 


494(J..l.C- J..l.A') + 245(J..l.G' - J..l.F)=300(J..l.F- J..l.C> 
would be obeyed; it may be shown that no glass 
obeys this law, and the fomula will therefore be 
60 


o 


\ 
\ V 
 
 
V '-....... 


40 


20 


-20 
-4 -3 - 2 -1 0 2 3 
It 
FIG. 2. 


unreliable when applied to the dispersion of glass. 
Other formulae may readily bc found which will 
obey the actual law as accurately as that already 
determined, but in view of the simplicity of this 
result and the present degree of accuracy in refracto- 


600 
J..l.F- J..l. o ' 
J..l.c-J..l.F 


650 


F = Fluorite, 


FIG. 3. 
R=Rock salt. S=Sylvite. 


difficulty. \Vhen C and F are brought together the 
minimum focus i
 found at wave-length X=0.5558 
1 The solution n = 0 is, of course, valueless. 


metric observations there is little gain to be expected 
therefrom. 


I :Monthly Notices, R,A.S. lxiv, 460. 
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 (4) TABLE OF PROPERTIEs.-In the follow- 
ing tables the glasses, as usual, are arranged 
in the order of their v values. The type 
number is given first-G. indicates that the 
ordinary procedure is followed in manufacture, 
S. that the glass is made in special pots on 
a small scale only. As the history of the 
glass is of interest, the date of introduction 
is given, and if the glass has since been 
\\ithdra\\n the date of "ithdrawal also. 
by letters, the 


Where two letter
 appear, the earlier indicates 
the list in which the glass is first mentioned, the 
latter the first list from which the glass is omitted. 
In the descriptions of the glasses the following 
oontractions are used : 


Ba. Barium 
B. Bora te 
BS. Boro-silicate 
Cr. Crown 
d. Dense 
D. Densest 

. Dispersion 
E. Extra 
F. Fluor 
FI. Flint 
G. Glass 


For brevity the lists are denoted 
dates being as follows: 
1886 . A 
1888 . . B 
1892 . . e 


1902 . 
1905 . 
1913 . 


. D 
. E 
. F 


Type. Description. lntreducerl and (Jl.D -1)10.. (Jl.F - ILc)10 5 . 
withdra wn. v. f: A ,. 
- 
O. 
2.3 L. P. Cr. A:D 70.0 5159 73{ + .) 
O. 6781 F. Cr. F 69.9 4933 706 - I 
O. 6500 F. Cr. F 67.1 47 II 702 - .") 
S.40 )1. P. Cr. A:D 66.9 3590 835 + 2 
0.82 BS. Cr. D:E 66.5 494-1 743 - 9 
O. 3296 BS, Cr. E:F 66.5 4991 7.30 - 8 
O. 3258 Cr. 1. fJ.. D:F 65.9 4782 7
6 -1] 
O. 2188 BS. Cr. .D 65.9 5013 760 - I 
O. 7185 F. Cr. F 65,6 41337 707 - 2 
O. 3467 Cr. 1. fJ.. E:F 65.6 46-19 708 - 8 
S,30 d. Ba. P. Cr. A:D 65.2 5760 88-1 + 7 
O. hÛ2 BS. Cr. e 64,9 4967 765 - 5 
rv. 3199 rv. Cr. E 64.4 5035 781 - 5 
S. 15 D. Ba. P. Cr. A:D 64.1 5906 9. B + 9 
0.1-14 BS. ('r. A 64,0 5100 797 . . 
O. 3832 BS. Cr. E 64.0 5163 806 - 3 
O. 3848 BS. Cr. h. fJ.. E 63.5 5199 818 - 5 
0.599 BS. Cr. B 62.3 5069 813 - .") 
O. 3512 BS. Cr. h. fJ.. E 62.3 5301 8,31 - 5 
0.57 L. S. Cr. A 61.8 5086 8
3 + 3 
O. 2388 T. Cr. D:E 61.7 5
54 852 + 2 
O. 3390 BS. Cr. E 61.2 5170 8-1-1 + I 
0, 6367 B:-:. Cr. F 61.0 5088 83,5 - 6 
O. 3ü55 T. Cr. E:F 61.0 5285 81,)6 + 2 
0.40 s. Cr. A:D 60.9 516b 849 + 3 
O. 2122 D. Ba. Cr. h. v. D 60.8 5899 970 + 5 
O. 337 S. Cr. B 60.7 51-14 847- , . 
O. 4817 S. Cr. F 60.6 5028 830 + I 
0.374 S. Cr. B:D 60.5 5109 8-14 - 3 
O. 6223 S. Cr. F 60.5 5118 846 . . 
O. 3453 S. Cr. E 60.4 5191 860 + 4 
0.54G Z. S. Cr. B 60'
 5170 859 - I 
O. üO S. Cr. A 60.2 5179 "HI) + I 
0.138 S. Cr. h. fJ.. A 60.2 5258 872 + .") 
S.52 L. B. Cr. A:D 60.0 5047 840 -19 
O. 4125 S. Cr. F 60.0 52
3 871 + I 
0, GG3-1 S. Cr. F 59.7 5127 858 - I 
O. ,3H7 S. Cr. B 59.7 5134 8,")9 - I 
0.20 S. Cr. 1. fJ.. A:D 59.6 5019 8-12 - I 
O. 2118 Cr. L fJ.. D 59.4 509:5 858 - 5 
0, 227 Ba, S. Cr. A 59-4 5399 909 + 3 
I O. 3712 D. Ba. Cr. E 59.3 6053 1('21 + I 
0.610 ('r. 1. fJ.. B:D 59.0 ,")0ô3 
,")8 - I 
O. 20:
 O. K Cr. A 59.0 5175 8,7 . . 
I o. 
071 D, Ba, Cr. n ,')H.8 ()098 lO:n + I 
I O. .398 R Cr. B:D 58.13 5152 8,9 + .) 
0.312 S. Cr. R:D 58.6 51H2 &(')6 + I 


h. High 
L Low 
L. Light 
)1. )Iedium 
O. Ordinary 
P. Phosphate 
So Silicate 
T. Telescope 
LV. Cltra-violet 
Z. Zinc 


f:l'=f:F. f:{,.' . 
- - 
- I 2 
+ 3 
- I 1 
+ 2 + 5 

 2 
2 I 
- 2 6 
+ 2 
- 3 
+ 2 + 7 
- 3 6 
- 2 6 
+ I + 6 
- I 2 
2 
.") I 
.") .") 
+ I 2 
- I 
+ 3 + , 
+ I + 3 
- I 5 
+ I + 5 
- I 2 
I 
+ 2 
- I + I 
I 
I 
I 
+ I 
- 4 - 14 
+ 1 
+ I 
- I 
+ 4 
- I 3 


2 I 
=_î 1_< I 
ii8 
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I Type. I Ocscription. II 
I 
0, 2W t Cr. 1. fJ.. 
0.13 Pot. S. Cr. 
O. 15 Z. S. Cr. 
O. :Hl D. Ba. S. Cr. 
O. 700 Z. Soda Cr. 
O. 337() Soft S. Cr. 
O. 3351 Z. S. Cr. 
0.153 S. fT. 
O. I:WO D. Ba. Cr. 
O. 5970 D. Ba. Cr. 
0.1l4 Soft S. Cr. 
0.197 B. S. G. 
0, 1615 D. Ba. Cr. 
O. 
094 D. Ba. Cr. 
O. 7550 RI. L, FI. 
O. 3961 D, Ba. Cr. 
O. 7336 Ba. L. FI. 
O. 3775 D. Ba. Cr. 
DV.3248 LV. FI. . 
0.4ß3 Ba. L. FI. 
0.202 D. Ba. S. Cr. 
S.35 B. FI. 
O. 5878 D. TIa. Cr. 
O. G08 Cr. h. .l. 
O. 3419 T. FI. h. v. 
0, 4G79 D, Ba. Cr. 
0.232 n. FI. 
0.722 Ba.L.FI. 
O. 5799 D. Ba. Cr. 
O. R4G Ba.L,FI. 
O. GO:! Ba.L.FI. 
O. 2001 T.FI. 
O. 3439 T.FI. 
0.381 Cr. h. .l. 
0.152 S. G. 
0.583 Ba. L.FI. 
O. 3422 T.FI. 
8.8 B. FI. 
0.543 Ba, L. FI. 
0.527 Ba. L. FI. 
O. 3338 T. FI. 1. v. 
O. lG4 BS.FI. 
O. 2015 D. Ba. Cr. h. .l, 
0.575 Da. L. FI. 
0.214 S. f
. 
0.522 Ba. L. FI. 
O. 7821 BS. FI. 
0.726 E.L.FI. 
O. fii4I O.L. VI. 
0, WI BS.FI. 
0,578 Bu. L.FI. 
0.378 E.L.FI. 
0.3G4 BS.FI. 
O. ()296 O. L. FI. 
S.7 n. FL 
O. 12(i6 Ea, L. FI. 
0.154 O. L.FI. 
0.3i6 O. L. FI. 
0,230 S. FI. h. fJ.. 
0.276 O. L. FL 
O. fJfi9 O. L, FI. 
0.340 O. L. Fl. 
O.IRt 0, L. FI. 
S. 17 d. B. FI. 
0.748 Ea. 1"1. 


OPTICAL GLASS 


ltroduccd and 
withdrawn. 


D 
A:D 
A 
A 
C:D 
E 
E 
A:D 
C 
F 
A 
A:D 
D 
D 
F 
F 
F 
E:F 
E 
B 
A:D 
A:D 
F 
B 
E:F 
F 
A:D 
C 
F 
C 
B 
D:E 
E 
B 
A 
B 
E:F 
A:D 
B 
B 
E 
A:F 
D 
B 
A:D 
B 
F 
C 
F 
A:F 
B 
C 
D:F 
F 
A:D 
D 
A 
B 
A:D 
D 
B 
B 
A 
A:D 
( . 


V. (Jl.D -1)1O
. (Jl.F - Jl.c)10 5 . {;A'. (;C={;F. 
G' 
-- 
58.4 5102 873 + I + I + 4 
58.0 5228 901 + 5 + 2 + 4 
58.0 5308 915 - 1 - I 2 
57.5 5726 90;) + 7 + I 
57.3 5128 804 - 3 - 3 
57.3 5189 004 + 1 
57.2 5127 897 - 3 - 1 
57.2 5160 004 + 2 - I 2 
57.2 6112 1O()8 + 3 
56.9 6:W7 1092 + 4 2 
56.6 5151 910 + 4 
56.5 5250 929 - 6 - 1 2 
56.4 6080 1078 + 3 
56.4 6130 1087 +11 + 1 I 
56.0 5694 1017 + 1 1 
55.8 6119 1 
!)7 +10 + 1 1 
55.7 5682 1020 + 3 2 
55.7 6116 1098 + 4 + 2 + 4 
55.4 5332 064 + 2 - I 2 
55.4 5ü46 1020 + 1 
55.3 ü040 1002 + 5 I 
55.2 5503 90ü -
O - 4 - 16 
54.9 6139 1117 + 3 + 1 
54.6 5140 043 + 4 
54.ü 5154 944 - 9 2 - 4 
54.1 6167 1140 + 4 + 1 
53.8 5521 1026 -17 - 3 - 13 
53.8 5797 1078 + 2 - 1 2 
53.2 6223 1170 + 4 + 1 1 
53.0 5525 1042 + 2 - 1 - 2 
53.0 5ü7ü 1072 + 3 + 1 - 2 
51.8 5211 1007 - 4 - 3 - 11 
51.6 528G 1025 - 8 2 - 7 
51.3 5262 1026 + 2 + 1 
51.2 5368 1040 + 1 
51.2 5G88 1110 + 3 2 
50.9 5257 1032 -10 - 3 8 
50.8 573G lli9 -18 - 4 - IH 
50.6 5637 1115 + 2 
50.4 5718 1133 + ü 
40.9 548:3 1090 - 5 2 7 
49.4 5503 U14 I.) - 4 - II 
- ... 
49.4 6041 I'}'}.) + 3 + 1 2 
49.3 5682 1151 + :
 + 1 
48.7 53ü6 1102 - 1 - 3 
48.2 5554 1153 + 2 + 1 + 1 
48.1 570:3 1185 - 4 - 1 - 4 
47.3 5398 1142 - 4 
47.0 5595 1192 2 2 
46.7 5ü76 1216 - G - 3 - 12 
46.4 5825 1255 + :3 2 
45.9 5473 1193 + 1 I 
45.0 5753 1254 - 9 - 3 - 9 
45-4 5584 1230 - 1 2 
44.3 G08ö 137!1 -14 - 4 - H) 
43.8 6042 1381 + 1 1 
43.0 5710 1327 - 2 - 1 
42.9 5UGO I:nn - 2 
42.5 ()0l4 141!) + 2 + 2 1 
4'>.') 5800 1373 2 - 1 + 6 
41.4 5738 138!) - 4 + 1 
41.4 5774 1:m6 - I 
41.0 5!>OO 1438 - 1 - 3 - 4 
,tf).(i (j4f i 7 Iii!) 1 -}(j - (i - 2;; 
39.1 U23!> l:j9n + ü + 1 + 
--_. 
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T
pe. Description. Introduced an(l (Jl.D - l)lO
.I(p.F - Jl.c)10 5 . 
withdrawn. v. FA'. IFC
FF' E G ,. 
-- 
0,318 O. L. FI. B 38.3 G031 1575 - 2 . . - I 
RIO d. B. FI. A:D 38.0 ú797 1787 -11 - 5 - 24 
0.118 O.FL A 3ú.9 úl:!9 16ÚO - I - .) - 
 
0.167 O,FL A 3ú.5 GlIi9 W91 - 3 - 2 - 2 
O. 3:!{)!) D. Ba. FL D 3G.3 (;570 ISO!) + I + .) + 8 
0.103 O.FL A 36.2 G
O:! 1709 - I - I . . 
O. 38{)3 O.FI. E:F 35.9 (;223 1731 + 3 + 2 + G 
0.93 O. FL A 35.8 G245 1743 . . - 3 - 2 
O. 6131 O. L. Fl. F 35.7 (j:!4G r-.) + 2 + I + 3 
I<J_ 
O. 919 O.FL D 35.7 {)315 1770 + 5 + 1 + 7 
0.2üß 0, :FL B:D 3;3.4 G
87 ]775 - I + I + 4 
0.335 d.FI. B 34.8 G372 1831 + 3 - 2 + 3 
0,102 d. FL A 33.8 (;482 1919 . . - 
 + 3 
O. 192 d.FI. A 32-0 .;734 2104 + 2 - I + 5 
0.41 d. FL A 29.5 7174 2434 + 5 + 2 -I- 13 
0.1l3 d. FL A 28.4 7371 2GOO +11 + 3 + lG 
O,lU5 d.FI. A 27.5 7541 2743 +11 + 3 + 21 
0.198 D. FL A 26.5 7782 2941 +ll --r 5 + 32 
S. 228 D. FL D:E 21.7 9044 4174 +28 +12 + 90 
K 57 D. FL A:D 19.7 9626 4882 +70 +22 +159 


It should be noted in considering the values 
of the E'S that the dispersions are supposed to 
be correct to -t 2 units in the fifth decimal 
plact>. An error of this amount in the meas- 
ured value of fJ.F - fJ.c would introduce an 
error of 3 in the calculated value of fJ.o', and 
as there might be an error in the measurement 
of fJ.G' - fJ.D of 2, it is possible for an error of 5 
uruts to appear in the last column without 
any actual deviation in the glass from normal 
behaviour. The figures suggest that errors 
only reach such a magnitude in one or two 
isolated cases, a check being obtained by 
comparing the behaviour of any glass ",ith 
the normal properties of other glasses of the 
same type, and particularly with those of 
neigh bouring optical position. If glasses of 
higher index than 1.7 be e'\:cepted in addition 
to thuse that ha-,e been "ithdrawn on account 
of their instability, there remain very few types 
\" hose departure from the normal distribution 
of the dispersion exceeds the experimental 
errors of the measurements. It may thus 
be said that, apart from unstable types, practi- 
cally no success has been achieved in the 
manufacture of glass suitable for the elimina- 
tion of secondary spectrum. For alì stable 
glasses the di5persion formula already men- 
tioned is sufficiently accurate, but for special 
glasses such as borate flints an additional 
term in the formula is necessary. 
It is not unimportant to note what values 
are required in the E'S for two glasses to be 
used for a thin achromatic lens to enable the 
secondary spectrum to be eliminated. Let 
the outstanding E'S be dh-ided into two 
portions, the one proportional to the medium 
dispersions of their glasses, the rest propor- 
tional to the refracting power but of opposite 
\OL. IV 


sign in the two glasses. The former portion 
may be neglected, since it simply gives a 
corrected value to a in formula (6). The 
indices may now be written in the form 
{ a v - VI } 
fJ. - 1 = (fJ.D - 1) 1 + - + b + c-------, , 
v v+v 
, 1 ( , 1 ) r a b v - Vi 1 
fJ. - = fJ.D - I I + -, + - C ---; J ' 
v v+v 
and therefore 

K=(1 +b+C)
KD 
for an achromatic combination. There will 
be no secondary spectrum if b + C = 0 for all 
colours, Since b is negath
e for the reference 
lines other than D, the E'S must be positive 
for the crown lens and negative for the flint. 
Taking 1.55 as a mean value for both indices, 
the E'S of each lens must depart from the 
normal tu the folIo" ing extents for the v 
values shown to bring the focus for the lines 
indicated to the same position as that for the 
D line: 


v. I , E =E . E 
V . E (
,. 
A' C l- 
I - 
70 30 37 10 50 
65 33 28 7 37 
60 40 18 5 ()- 
I _<J 
55 45 9 2 12 


Since there are no cro" n glasses availab
e 
which are above normal even as much as is 
indicated in the last rows of figures, the 
greater part of the correction "ill have to 
be borne by the low values of the flint glass. 
These figures indicate clearly that a v difference 
of approximately 10 was the extent of the 
achievement reached for objectives without 
secondary spectrum even" ith unstabJe glasses, 
y 
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The follO\\Íng table gives the mean values of re
;ults obtained by various observeI'd (LandoIt-Börnstcin Tables. 
made at the Heichsanstalt (Z.f. InslrulIlenlenkunde, 1920, xl. 94); they are for a temperature of :!Oo C. find refer 
rock salt and sylvite are for a temperature of 18 0 C. :For particulars "ith regard to the positions of infra-red 
TABLE I.-REFRACTIVE 11\DICES 


o = ordinary ray. 


Calcite (CaCO a ). Fluorite (CaF 2)' 
'Ya ve-length. O. E, 'Ya ve-Icngth. Wavc-Iength. 
fJ p.. p.p., fJ.p., 
Al 190.0 . . 1.577t1G Al 185.4 1.5100G , . . . 
Au 
OO.I 1.90284 1.57tH9 Al 103.5 1.50137 . . , . 
Au 204.5 1.88242 1.57081 Al 190.0 1.40G28 . . . . 
Au 208.2 I.SG733 1.5GG40 Zn 202.5 1.40325 . . . . 
Zn 210.0 1.8G081 . . Zn 20G.2 1.49033 . . . . 
Cd 214.4 1.84.")8-1: 1.55990 Zn 210.0 I i875:
 . . . . 
....> Cd 219.5 1.83082 1.53511 Cd 214.4 1.484GI 
Q; . . . . 
Õ Cd 22G.5 1.813u,) 1,54024 Cd 210.5 1.48154 . . 
.
 . . 

 Cd 231.3 1.80245 1.54554 Cd 22G.5 1.47758 . . . . 
1-< Ag 24-!.G 1.779GG 1.53731 Cd 231.3 1.47522 
.. . . . . 
:; Cd 2f)7.3 1,7G035 1.53017 Ag 244.G 1.4()9G5 . . , . 
Cd 274.9 1.74132 1.52272 Cd 257.3 1.4û481 . . . . 
Sn 303.4 1.71939 1.513G5 Cd 274.9 I.459Gi . . . . 
Zn 330.3 1.70515 1.5074G Sn 303.4 1.45338 . . , . 
Cd 3GI.I I.G9317 1.30224 Zn 330.3 1.44007 . , . . 
I . . Cd 3G 1.1 1.44534 
. . . . . . . . 
p.fJ.. p.p.. fJ. fJ. . 
( Al 39G.2 I.G8330 1.49777 Al 39G.2 1.442W Hg 404.7 1.44151 
H 434.1 l'û7551 1.49428 H 434.1 I .439G2 Hg 435.8 1.43049 
H 48G .1 I.GG78,") 1.49073 H 48G .1 1.43707 He 447.2 1.4:l887 
Cd 508.G I.ß6527 1.489,
9 Cd 508.6 1.43ti20 Zn 472.2 1.437G4 
Fe 527.0 I.GG3.U 1.48871 Fe 527.0 1.43:")57 H 48G.I 1.43704 
d Cd 533.8 I.GG27G 1.48842 Cd 533,8 1.4353G He 501.8 1.43ti43 
::ã Pb 5GO.9 1.6li04G 1.487:J5 Hg 541;.1 1.43497 Cd 508.G I .43G 17 
:
 No, 589,3 I.G3837 1.48()41 Pb 560'9 1.43457 }J g 54G.I 1.4349G 

 H G5G .3 I.G3440 1.484!}8 Na 589.3 1.4338;") Hg 578.0 1.43410 
Li mO'8 I.G53G9 1.48431 H Gr,G.3 1.432,")1 
a 589.3 I .4:
:383 
He 70G.5 1.65207 1.48353 Li G70.8 1.4322ü Zn ü3ü.2 1.4:t?84 
K 7G8.2 I.G4974 1.48258 He 70G.5 1.43171 ('d (i43.0 1.4:
271 
itb 793.0 1.64886 1.48216 K 768.2 1.43094 II (j5G .3 1.4:
248 
t . . . , . . Rb 795.0 1.430G4 He 70G.5 1.431G9 
p.. p.. p.. 
0.8325 I.G4772 1.48176 0.8840 1.42981 0.7707 1.43088 
0.9047 I.fi-!578 1.48098 1.1786 1.42788 0.81m 1 .43037 
0.09J 4 I.G4380 1.48022 1.375G 1.42G90 0.9GlO 1'4
919 
1.0973 I.G4lG7 1.47948 1.5715 1.42.")9G 1.0022 1.42835 
1.2288 1.1;3926 }.47870 1.7G80 1.42505 1.151iO ] .42790 
1.3070 1.1;3789 1.478:31 1.9153 1.42431 1.178{) 1.42787 
1'39'>8 I.G3G37 1.47789 2.0G26 1.42358 1.44lü ] .42658 
1.4972 1.{)34.>7 1.47744 2.3,")73 1.42204 I-G382 I 1.42fíG5 
-d I.H087 l.n:12Iil . . 2.G5W 1.42017 1.7340 ].4:?fí20 
Q I.G14G . . I.4ïG9;; 2. fI-!-()f) 1.41824 1.7G79 1.42504 

 1.7487 1.47G:
8 3.241:3 1.4lGll 2.034:
 1-42373 

 . . 
1-< 1.7G14 1.62974 3.5359 1.4]377 2.1843 1.42293 
..... . . 

 

 1-9085 1.47fí73 3.830ß 1.41119 2.3121 1.42222 
. . 
1.9437 I.G2Ii02 , . 4.1232 1.40854 2.3.172 1.42]97 
2.0.")31 1.(j2372 . . 4.714G 1.40237 2.5430 1.42086 
2.0098 . . 1.474!12 5.303G 1.3f1.>28 2.5754 I.420G8 
2.1719 }.G2099 , . 5.8932 1.38717 . . . . 
2':
243 . . }.47392 () .482.") 1.:n817 . . I . . 
, . . . . . 7 .()(j] 2 I ].:l:ïliHO I . . . . 
. , . . . . 8.8:mS I .:
:107f1 . . . . 
l . . . . . . 9.4291 1.:WH2 . . I . . 
1 I 
- 
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4th ed., 1912, 969-U73). The second column of values for fluorite are the results of recent measurements 
to air at 20:> C., 760 mm. pressure, and 9 mm. absolute humidity. The other values for fluorite and those for 
absorption band.:> and the limits of transmission reference should be made to the Landolt-Börnstcin Tables. 
OF TR-\:XSPARE:XT (RYST-\LS 


E =cxtraordinary ray. 


Quartz (Siû z ). Rock 
alt (SaCI). 
ylvite (KCl). 
'Wave-length û. E. Fused. "a ve-length. "a ve-Icngth. 
p.p.. p.p.. p.p.. 
Al 18;").4 1.6-; 580 1.68997 1.574G4 Al 18.
.4 1.89332 Al lö5.4 1.82704 
Al 193.3 1.65996 1.67343 1.56003 Al 193.5 1.82809 Au 197 1.73114 
Al 199.0 1.65090 1.66396 1.55201 Al 199'0 1.79580 Al 199.0 1.72432 
Zn 206-2 . . . . 1.5427 I Au ::?00.1 1.79016 Au 
00'1 1.718ti4 
Cd 214.4 1.63041 1.64265 1.53392 Au 204.5 1.7û948 Au 204.5 1.69811 
Cd 219..) 1.6249t3 1.63701 1.52910 Au 208.2 1.75413 Au 208.2 1.68302 
Cd 226.5 . . . . 1.52305 Cd 214.4 1.73220 Cd 214.4 1.66182 
Cd 231.3 1.61400 1.62.360 1.51937 Cd 219.5 1.71710 Cd 219.5 1,64739 
Ag 244:-6 . . . . 1.51096 Cd 226.5 I.G9906 Cd 224.0 1.63Ü06 
Cd 257.3 1'5962-! I.G0713 1.3037 I Cd 231.3 1.68
43 Cd 231.3 1.62037 
Cd 274.9 1.58752 1.5981:? 1.49613 Cd 237.3 I.G4611 Au 242.8 1.60041 
Sn 303.4 . . . . 1.48688 Cd 274.9 1.62692 Cd 257.3 1.58119 
Zn 330.3 . . . . 1.48061 Cd 298.1 1.61226 Cd 274.9 1.56380 
Cd 340.4 1.567 -!3 1.57739 1.47877 Cd 340.4 1.58620 Al 308.2 1.54130 
Cd 361.1 1.56347 1.57322 1.47511 Cd 361.1 1.57861 Cd 340.4 1.52720 
. . . . . , . , . . . . Al 358.7 1.52109 
p..u. p.p.. p.p.. 
Al 394.4 1.55846 1.56805 . . Cd 441.4 1.55962 Al 394'4 1.51213 
Al 396.2 . . . . 1.47054 H 486.1 1.55340 H 434,1 1.50493 
H 434.1 1.55397 1.56340 1.46G88 Fe 527.0 1.54915 H 486.1 1.49835 
H 486.1 1.54967 1.55897 1.46317 Hg 546.] 1.54745 Cd 508.6 1.49G 10 
Cd 508'f) 1.54822 1.55746 1.46190 Pb 560.9 1.54629 Hg 546.1 1 49313 
Fe 527.0 . . . , 1.46099 Xa 589.3 ] .54432 Pb 560.7 1.49212 
Cd 533.8 1.54ßSO 1.55599 1.46067 H 656.3 1.54OG8 Xa 589.3 1.49038 
Pb 560.9 . . . . 1-45951 Li 670,S 1.54002 H 656.3 1.4872] 
Ka 589.3 1.54424 1,55334 1.45846 He 706.5 1.53863 Li 670.8 1.48G63 
H 656.3 1.54189 1.55091 1.45640 K 768.2 1.53G66 K 768.2 1.48374 
He 706.5 1.54050 1.54949 1.45516 . . . . . . . . 
K 768.2 1.53904 1.54797 1.45389 . . . . . , . . 
Rb 795.0 1.53851 1.54742 1.45340 . . . . . . . . 
. . . . . . . . . . , . . . . . 
.u, p.. p.. 
0.8007 1.53834 1.5472.5 . . 0.8840 1.53401 0.8840 1.48132 
0.8û71 1.53712 1.54598 . . 0.9822 1.53243 0.9822 1.47998 
0.94ßO ] .53583 1.54464 . . 1.1786 1.53037 1.1786 1.47821 
1.0417 1.53442 1'54;U 7 . . 1.5551 1.52821 1.384 1.4765 
1.1592 1.53283 1.54152 . . 1.7680 1.52744 1.7680 1.47579 
1.3070 1.53090 1.53951 . . 2.3573 1.52585 2.3573 1.47465 
1-31385 1,53011 1.538G9 . . 3.3359 1.52317 3,5359 1'47295 
1.4219 1.52942 1,53796 . . 4.1252 1.52164 4.125 1'4721 
1.4972 1.52842 1';")3ß92 . . 5.0092 1.51898 5.3039 1.46991 
1.6087 1.52687 1,53,529 . . 6.4825 1.51355 6.482 1.4G78 
1.6815 1,52,,)83 1';)3422 . . 7.6611 1.50832 7.080 1.4660 
1.7(;14 1.5241)8 1'53301 . . 8,8398 1.50204 7.661 1.4645 
1.9457 1.52184 1.53004 . . 10.0184 1.49472 8.8398 1.460i6 
2-1719 1.51799 1.52609 . . 12.9630 1.47172 10.0184 1.43662 
2.59 1.5101 . . . . 14.1436 1.46055 12.9ö5 1.4433ö 
3-03 1.4987 . . . . 15.3223 1.4:4749 14.144 1.43712 
3-40 1.4879 . . . . 15.9116 1.44103 15-912 1.42607 
3.80 1.4740 . . . . 17.93 1.4151 17.68 1.41393 
4.09 1.4G20 . . . . 20.57 1.3737 20.60 I .3&82 
56 2.18 . . . . 22.3 1.3403 22.50 1.3692 
. . . . . . . . . , . . . . . . 
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and that appreciable reduction" ith present 
glasses can only be obtained by the use of 
abnormally steep curves. They further in- 
dicate the character of the chromatic focal 
relation to be expected in objectives corrected 
for secondary spectrum. In the outer parts 
of the spectrum there will be a tendency to 
approximate more closely to the normal type. 
Thus there is a general flattening of the focal 
curve, with four points in which the selected 
plane is crossed, not three as is usually stated. 


objective that can be made. The alternative 
is to have recourse to lenses of more complex 
structure in which an essential part in the 
correction is played by the separation.;; of the 
components. That correction may be achieved 
in this way is readily seen. :For consider a 
system built up of a number uf thin achromatic 
lenses of ordinary glasses, separated from one 
another. Each of these produces a similar 
secondary spectrum, that is to say they behave 
as lenses all of the same kind of glass with 


TABLE I1,-REFRACTIVE INDICES OF SPECIl\IE
S OF OPTICAL GI ASS 


Wavf'- 


Type of Glass. 



 


length. I I 
S.204. O. 1151, S. 179. 0.451. 0.1442. O. 4fì9. 0.500. S. Ifi:t 
- 
/.J.p". 
( 276.3 1.56027 . . . . . . . . . . . . . . 
.pI 283'7 1.55648 . . . . . . . . . . . . . . 
288,0 1.55437 . . . . . . . . . . . . . . 

I 298.0 1.55005 1.57093 . , 1.65397 . . , . . . . . 
308.1 1.54625 1.56558 . . 1.64453 . . . . . . . . 

. 313.3 1.544.14 1.56307 1.64024 1.652;)4 
ðl . . . , . , . . 
326,1 1.54046 1.55770 1.59138 1'63134 1.64754 1.73245 . . . . 
I 340.4 I .53660 1,55262 1.58776 1.62320 1.64271 1.71968 1.8fi487 , . 
346.6 1.53;")09 1.55068 1.58632 1.6:W08 1.64077 1.71485 1.84731 . . 
\.. 361.1 1,53195 1.54664. 1.58330 1.61389 1.63683 1.70,")36 1.83263 . . 
fJ..U. I 

r 434.1 1.52092 1,53312 1.57273 1.593fi5 1.62320 l.ù75ßl 1.78
OO 1.944
3 
467.8 1.51769 1.52903 1.56949 1.58772 1.61891 . 1.66725 1.77609 . . 
480.0 1.5W62 1.52782 1.56847 1.58594 1.61770 1.66482 1.772fJ6 . . 
486.1 1.51610 1.52715 1.56794 1.58515 1.61706 1.663fì7 1.77091 1.91890 
508.6 1.514.17 1.52525 1.56G43 1.58247 1.61504 1.65979 1.76539 . . 
om! 534.9 1.51287 1.52327 1.5647(; 1.57973 1.61292 1.6;")(iOI 1.7599;") 1.902(,2 
> 589.3 1.51007 1.52002 1.56207 1.57524 1.6095G I.G4985 1.75130 I. ð8995 
656.3 1.50742 1.51712 1.559:57 1.57119 I -60644 1.64440 1.74368 1.87893 
768.2 1.50426 1.51368 1,55651 1'5ö()69 1.602ï7 I.G3820 1.73530 1.8G702 
fJ... 

J 0.8 1.5044 1.5131 1.5555 1.5659 . . 1.6373 1.7339 1.8650 
1.0 1.5009 1.50
6 1.5;',22 I 1.5615 . . 1.6315 1,7264 I 1.8541 
1.2 1.4979 1.50G9 1.5497 1.5585 , . 1.6277 1'7215 1.8481 
1.4 1.49,")0 1.5048 1.5476 1.5559 . . 1.6246 1.7180 1.8433 
I.G 1.4919 1.5024 I 1.5452 1,5535 . . 1.6217 1.7151 1.8396 

I 1.8 1.4884 1.4999 1.5424 1.5512 . . 1.6193 1.7127 1.8364 
2.0 I 1.4845 1.4973 1.5390 1.5487 . . I.G171 1.7104 1.8334 
I 2.2 . . . . I . . 1.5463 . . 1.6150 1.7082 1.8310 
\.. 2.4 . . . . I . . 1.5440 . . 1.613] . . I 1.8286 


The failure of the attempt to manufacture 
stable glasses which will enable the secondary 
spectrum to be eliminated leads to the con- 
clusion that, apart from new discoveries, two 
methods remain open for the construction of 
apochromatic objectives. The one consists 
in the employment of natural crystals of the 
cubic system fur at least one component of 
the lens. .Fluurite has been generally em- 
ployed, and it is easy to see from the values of 
its dispersion given else\\- here that by its aid 
such objectives ean be built. This method 
imposes severe limitations on the size of 


very small dispersion. If now the com- 
ponents are given the separations which would 
enable simple lenses all of the same glass and 
of the right powers to be chromatically 
corrected to the first order, it is evident that 
the condition for the removal of the secondary 
spectrum "\\-ith the achromatic lenses is satisfied. 
That systems using only one glass may be 
chromatically corrected is well known, but 
they are of limited utility. A discussion of 
the procedure to be followed in applying 
either of these methods lies outside the scope 
of this article. 
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References.-A great deal of information is 
to be found in various journals on optical 
glass. 
Iuch of the work that has been done 
on J ena glasses in particular has been collected 
by Hoyestadt, whose book has been translated 
into English by Professor and 
liss A. Everett, 
and published under the title Jena Glass, and 
reference to this book is recommended for 
further information. For recent work, refer- 
ence should be made to the Journal of the 
Society of Glass Technology, both for special 
articles and for information on material 
published elsewhere. 
Table II. gives the results of a cleries of measure- 
ments on typical <lpecimens of optical glass manu- 
factured by Schott & Gen., Jena (H. Th. Simon, 
Ann. d. Phys. u. Chem., 1894, liii. 555). 
The results of measurements on the temperature 
coefficients of refractive index in the case of trans- 
parent crystals vary considerably. The values 
obtained by a number of observers at various mean 
temperatures are given in Table III. (Landolt- 
Bornstein Tables, 4th ed., 1912, p. 976). 
The .. flow temperature" given in Table IV. 
is the minimum temperature at which the glass is 
in a fluid state. It depends on the duration of the 
heating process and on the size of the specimen. 
The following values are for specimens in the form 
of cubes, the length of the side of which is 25 mm. 
The results refer to specimens of optical glass 
manufactured by the Sendlinger Optische \Yerke, 
Zehlendorf, near Berlin. In the first column the 
figures refer to the refractive indices and JI values of 
the glasses. Thus 510/634 shows that the specimen 
has a refracti\'e index (for sodium D) of 1.510 and a 
1I value of 63.4 (F. \Yeidert and G. Berndt, Z. f. tech. 
PhlJs., 1920, So. 6). 


TABLE IV 
MELT
G TEMPERATURES OF SPECIMEXS OF 
OPTICAL GLASS 


Flow Temperature in 0 C. for 
Analogow three times of Heating, 
Type of G la.ss. Schott 
Type. I 
i Hout'. 2 Hours. 6 Hours. 
I - 
-- 
Kron 510/634 O. 144 850 I 815 775 
Kron 516/640 O. 383:! 810 795 780 
Flint 549/461 0.378 740 725 685 
Barion 573/575 0.211 910 I 885 860 
Barin t 580/538 o -.}.) 845 80.3 785 
. .-.... 
Barion 590/612 O.212:! 845 830 79.3 
Barion 609,589 O. 
O71 870 835 820 
Flint 613/3G9 O.lI8 730 695 G80 
Barion G14/564 I O. 2994 840 81.") 800 
Barint G2G/393 0.748 780 730 685 
Flint 649/ 338 1 O. 102 G60 I 645 I 630 
I I 


::t 
::t 


Table V. gives the tensile and compre::>:,ive strengths 
of different types of optical glass (Landolt-Börnstein 
Tables, 4th ed., 1912, p.54). For the results of more 
recent measurements reference should be made to 
n. Berndt, Verl,. d. D. PIIl/S. Ges., 1917, xix. 314; 
Z. f. lnstrumentenkunde, ]920. xl. 20, 37, 56, 70. }'or 
the elastic constants of tran:e:parent crystals see 
Landolt-Börnstein Tables, 4th cd., 1912, p. 50, 
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TABLE V 


EL.\STIO CONSTANTS OF SPECI"\IENS OF 
OPTICAL GLASS 
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Soda alumina borosilicate 6.76 12(j.4 18,7 
DC'nsest lead silicate 3.28 60.6 18.5 
Alumina lead borosilicate 5.66 105.7 18.7 
Soda alumina borate 4.93 81.2 16.5 
Baryta zinc borosilicate 7.21 84.0 11.7 
Dense potash lead silicate . 6.01 77.5 12.9 
Soda zinc silicate. 7.84 97.8 12.5 
Potash alumina phosphate. 5.46 71.7 13.1 
Potash baryta soda silicate 6.09 91.6 15.0 
Soda lead zinc silica te . 6.42 99.0 15.4 
Potash lime silicate 7.52 68.3 9.1 
Baryta alumina phosphate. 7.42 75.0 10.1 
Potash zinc silicate 8.09 73.9 9.1 
Dense lead silicate 4.97 67.3 13.5 
Soda lime zinc silicate. 7.46 112.9 15,1 


T. S. 
J. S. A. 


OPTICAL GLASS, :MANUFACTURE OF. See 
" Glass," 
 (17). 
OPTICAL IMAGE: ITS DEFECTS. See" Optical 
Parts, The \Vorking of," 
 (3) (i.). 


OPTICAL PARTS, THE 'YORKIXG OF 

 (1) INTRODUCTlo
.-For the production of 
an optical instrument the coHaboration of 
the designer, the computor, and the optical 
worner i::; essential. Particulars of the function 
of the proposed instrument and the conditions 
to be fulfilled having been determined, the 
designer is able to prepare a general scheme 
of the mechanical and optical arrangement. So 
far as the optical portion is concerned, this 
involves a general knowledge of the limitations 
of computation and the accuracy attainable 
in the practical working of the parts. 
"'here possible, the designer avoids the 
introduction of extreme angular apertures 
that might necessitate the use of very special 
types of glass or increase the computational 
difficulties. But the tendency must always 
be towards the imposition of increasingly 
drastic demands, and frequently for one or 
more details of the optical system the designer 
must finally rely upon the utmost skill of the 
computor. Close collaboration between the 
computor and the workshop i
 also essential. 
Thus, for example, it may be desirable to use 
particular types of glass that happen to be 
in stock or standard test plates and tools, 


It is the function of the optical worker, "ith 
whom this article is mostly concerned, to 
form the parts to the specified dimensions, 
to polish the surfaces, to examine the perform- 
ance of the finished w()rk, and when possible, 
to compensate the defects whether of surface 
or substance. 

 (2) l\IETHODS.-As to the methods employed 
in the workshop, much depends upon the 
character of the work. Large astronomical 
objectives for which the demand is extremely 
small are invariably produced singly and 
involve the exercise of very special craftsman- 
ship. 
One renowned manufacturer 1 has stated 
as regards design that object-glasses cannot 
be made on paper. The empirical method 
of producing such parts consists in the 
computation of the objective by means of 
the simplest formulae with a view principally 
to the elimination of chromatism, and thp 
determination of the desired focal length, and 
then in the removal of residual aberrations, 
and more particularly spherical aberration, 
by mechanical local retouching based upon 
optical examinations of the images formed 
by different zones and portions of the 
objective. From the point of view of the 
perfection of the objective this empirical 
method appears to be justified by the excellence 
of the results attained. Other makt>rs of 
large astronomical object - glasses 2 advocate 
the alternative method. By rigid computa- 
tion they determine the curves, thicknesses, 
separations, and apertures of the parts, and in 
the workshop they endeavour to attain the 
desired degrees of freedom from the several 
aberrations by the least possible departures 
from the calculated data. Local retouching, 
howevt>r, can hardly be avoided in the produc- 
tion of large optical parts. Peripheral or 
central zones of one or more of the surfaces 
may have to be retouched in order to produce 
an aspherical surface for the compensation 
of spherical aberration. Regular cylindrical 
retouching may be necessary for the correction 
of astigmatism. Surface imperfections, defects 
of homogeneity, defective annealing, constraint 
during working processes, and thermal effectð 
may all involve irregular retouching. 
But the organisation of most optical work- 
shops is arranged principally for the production 
of moderately small knscs and prÜ;;rns, of 
which comparatively large quantities have 
usually to be produced, as, for example, in 
the manufacture of binoculars and cameras. 
For reasons of cost, retouching of such parts 
is not permi
sible, and indeed rarely necessary, 
if the materials are welll3elected. Thf'Y mm;;t 
be produced within limits specified by the 
1 H. Grubb, " The Production and T('sting of 
Telescope Objectives and Mirrors;' Nature, 1886, 
xxxiv. 85. 
I 
. Vzapski, Zeits, j. l1u.
tk.. ]887, viI. 101. 
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designer and computor, HllfI defective elements 
are rejected. Trial and error method:::; play 
but little part in such an organisation. Each 
step is based upon precise measurements. 
There is an intermediate class of multiple 
work involving parts the size and cost of 
which are such as to make a cprtain amount 
of retouching necessary, although such re- 
touchin
 must always be regarded as un- 
desira ble. 
At the present time the technique of the 
optician is in advance of that of the glass-maker. 
By machinery it is possible to produce surfaces 
that may be regarded as optically perfect. 
A prism, such as is used at the ('nds of a 
ran gefin der, having perfect optical surfaces 
will not npcessarily give a well-defined image, 
0" ing to small imperfections of the glass, 
such as defective annealing or homogeneity. 
The larger the piece the greater is the difficulty 
in obtaining glass that is sufficiently homo- 
geneous to suit t.he requirements of the 
optician. 
In such work it is customary to form and 
polish the pieces by machine, to test the 
perfection of the definition of the parts, and, if 
necessary, of their individual surfaces. Those 
that fail to pass and that exhibit certain 
types of imperfect definition may be saved 
by hand retouching, or, in the more regular 
cases, by machine. Of the remaining defective 
pieces, some may rpquire re-annealing. The 
others must be finally rejected unless they can 
be utilised in instruments of lower power or 
inferior quality. 
There is another class of work, such, for 
example, as condenser lenses and to some 
extent spectacle lenses, in which no great 
accuracy either of form or surface is required, 
and which will not be further considered, 
It "ill be evident from the above general 
remarks that the production of high-quality 
optical parts cannot be reduced entirely to 
purely mechanical operations. A certain 
amount of hand work is involved, not only 
because of the need for the irregular touching 
of surfaces, but also for the production of 
certain delicate and accurate details for which 
suitable machinery has not yet been e
aborated. 
In the most highly organised workshops 
there may therefore still he seen in operation 
the early hand processes elaboratpd by such 
pioneer workers as Huyghen
, Hooke, Xewton, 
Father Cherubin, Herschel, and )Iolyneux. 

 (3) THE OPTICAL bIAGE. (i.) Its Defect
.- 
',"hether for the purpose of final or work-in- 
progress inspection, or for retouching, it is 
necessary to analyse the rlefinition of the 
image produced by the optical part or system 
in question, and to diagnose the probable 
defects with a \Tiew to their possible correction. 
It is not sufficient to make the broad state- 
ment that the definition is bad, because it 


3 ')... 
...1 


may he possible to compensate the defect 
in the case of large and costly parts without 
much additional expense. Suppose the optical 
part to be examined is a thick parallel plate of 
glass whose transmission surfaces have been 
optically worked and may be regarded as 
being unquestionably true, and suppose the 
part is placed in the parallel beam before the 
objective of a telescope which is directed 
upon a collimator or test image comprising 
small holes or lines. If the glass is perfect, 
its insertion in the path of the light should not 
affect the appearance of the collimator image. 
If. to obtain a sharp image, a readjustment of 
the telescope eyepiece is necessary, the parallel 
plate has a focus error. It is equivalent in 
its action to a verv weak lens. Examination 
by means of the 
 interferometer may reveal 
a regular change of uptical density from the 
centre outwards as represented by the circular 
bands of Fig. 1 (a). The defect in question 
may be due to imperfect annealing, or a regular 
defect of homogeneity. Double refraction 
resulting from imperfect annealing of the 
glass may be tested by inserting a half-wave 
plate and observing the extent to which the 
bands are displaced as the half-wave plate is 
rotated. 
If the defect is due to internal stresses, the 
glass should be re-annealed, but if the substance 
itself is at fault the definition may be corrected 
by making one of the surfaces spherical. In 
the case of a prism a transmission face would 
be chosen for the operation in preference to a 
reflecting surface, since oblique reflection at 
a curved surface necessarily introduces astig- 
matism, which again might require to be 
compensated by working one of the trans- 
mission faces to a suitably oriented cylindrical 
form. 
If the image appears sharply defined but 
oval shaped, the defect is one of astigmatism. 
The interferometer appearance of the glass 
may be as indicated in Fig. } (h). L.\. cylindrical 
surface suitably oriented "iJI suffice to 
compensate the defect, but if it is the glass 
that is strained it should be re-annealed. 
Instead of a single clearly defined image a 
complex multiple image may be produced. 
This defect is due to heterogeneity of the 
glass, the structure of which when viewed 
by means of the interferometer may appear 
as in Fig. } (c). Such a structure might result 
from imperfect solution of the constitaents, 
the nucleus of a sphere, in a soda lime glass, 
for instance, being quartz, having an ordinary 
refractive index of }-,")-1-, and the various layers 
being silicates of gradually diminishing re- 
fractive index, approximating to about }'5, 
"hich is the index for sodium silicate. Each 
sphere acts as a small aperture lem;j and 
forms a separate part of the multiple image. 
Local retouching lliay sometimes suffice for 



OPTICAL PART
, THE 'YORh.LKG OF 


328 


the compensation of these multiple imaf!e 
defects. 
If the spheres are distorted and merge into 
one another as indicated by the interferometer 
appearance in Fig. 1 (d), the image produced 
will he indefinite or " fuzzy." Retouching in 
such a case is usually impracticable and the 
part must accordingly be finally rejected. 
These several defects may appear singly or 


(a) 


(c) 


in combination and in various degrees. Thus, 
for example, in practice pure astigmatism is 
seldom found in optically parallel plates of 
thick glass. Usually the appearance of the 
image is attributahle to lenticular and astig- 
matic defects which may be compensated 
by working one surface to a suitable cylindrical 
and the other to a spherical form. 
It should he remembered that in the 
estimation of the various types of definition 
it is neces
ary that the in
pector should 
know to what extent the prrors are attribut- 
able to the defects uf his eye, or to the 


apparatus employed, which Rhouhl inyolvc 
the smallest possible num her of optical part:o:;. 
Veins, if not numerou
, and if unaCCOll1 panied 
by other defects, have no serious effect upon 
the definition. A vein is usually an extremely 
fine thread of glass richer in silicate of alumina 
than the surrounding substance. Each n>in 
is equivalent to a long astigmatic lens of 
extremely short focus, and the separate 


(b) 


FIG. 1. 


(d) 


image formed hy it is usually so diffused as 
to be invisihle. But if the test object is a 
fine line, then by a movement of the eye the 
image may he momentarily occulted by the 
paRsage of thp vein in front of it. A number 
of parallel veins may gÍ\
e rise to a rippling 
appearance of the image, and be sufficient 
cause for the rejection of the part. Often, 
however, the veins in glass are an indication 
of defective homogeneity, amI in the best 
work the use of such glass should he avoided. 
(ii.) 8pheriral Aberration. - For the in- 
vestigation of spherical aberration errors 
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Foucault's 1 original knife - edge method is 
still frequently employed, especially in the 
case of large object-glasses. If the eye of the 
observer is placed close to the focal point of 
the object - glass and receives all the rays 
falling upon it from a star or its equivalent, 
the whole aperture of the object - glass will 
appear illuminated. If then the focus is cut 
transversely by means of a knife edge, which 
should be mounted upon a fine operating 
screw, the whole aperture will become dark 
at the instant the knife edge pè1sses the axis, 
if the 0 bjectin' is ideally perfect. If all the rays 
from the objective do not pass through the 
ideal focus, a number of rays will escape past 
the edge and still reach the eye, and the 
aperture will be partially illuminated, the 
distribution of the light affording an indication 
of the extent and distribution of the aberration. 
In the direct focus
ing method 2 the eye 
receives the focal image, formed by the 
objective, of a natural or artificial star, which 
appears as a system of diffraction rings 
surrounding a central spot of light. By 
examining the image out of focus on the near 
and far sidcs, the nature of the spherical 
aberration either over the whole surface or 
over zones may be deduced from the change in 
the distribution and character of the rings. 
Irregular defects of the surfaces or of the glass 
may be indicated by distortion of the rings. 
Thus an oval-shaped system would denote 
astigmatism. Chromatic abC'rrations may also 
be investigated by using homogeneous light 
of various wave-lengths. These two methods, 
and particularly the former, give qualitati\Te 
results rather than quantitative. The latter 
method in the hands of a skilled observer is 
more precise and the appearances may be 
more directly interpreted. 
Special forms of :\Iichelson's Interferometer 3 
are now frequently employed for the examina- 
tion of prisms and lenses, and even of complex 
optical systems, althou!lh the interpretation 
of the results is then difficult. 'Yhen a simple 
prism or object-glass is examined in this way 
the surface will appear uniformly illuminated 
if the piece under test causes no relative 
retardation of any portion of a plane wave 
front, assuming, of course, that the optical 
parts of the interferometer itself have been 
accurately compensated. 
A concentric ring appearance would indicate I 
curvature of one or more of the surfaces or a 
regular variation of the material. Irregulari- 
1 Foucault's method i$ discussed in the handbook 
On the Adjustment and Testing of Telescope Ohjxtil'es, 
by T. Cooke & Son;;;, ] 896. 
z 011 tlie Adjustment anrl TNltin(1 of Telescope 
Objerti"e.<I, T. Cooke &- Son
. 1896. 
3 F. Twyman, On the ese of the lnterferometpr for 
Testin(J Optiral S!lstems. Traill Taylor I.ecture, 
Roy. Photo SOP., ]918: Phil. Jlag. vol. XXXV., .Tan. 
Hit 
 ; .. Correction oÌ optical Surfacps." Astro- 
Ph !I:;. Journal, xlvii., So. -t, 1918; :\Iichclson, Astro- 
Phys. Journal, June 1918. 


ties of surfaces or substance would be indicated 
hy a distortion of the system of rings. 
The interferometer does not discriminate 
between retardations attributable to the glass 
and to the surfaces, except those due to 
defective annea1ing, which may be detected 
by observing the shift of the rings as a half- 
wave plate inserted before the eye is rotated. 
It is the resultant retardation that is indicated 
by the interferometer, and by the use of the 
interferometer alone it is not possible to 
allocate the component defects to the particular 
elements. But in practice it is sufficient to 
compensate the resultant defect by retouching 
one of the surfaces, and for this purpose a 
contour of the ring system as seen by the 
observer is painted upon the surface selected 
for the retouching operation. By polishing 
a\vay the high portions and repeating the 
observations a comparati\
ely uniform distribu- 
tion may ultimately be obtained. and the 
definition he thereby greatly improved. Only 
large prisms and objectives can be subjected 
to an expensive process of this kind. For 
the production of aspherical surfaces the 
method is particularly valuable. 
(iii.) Chromatic Aberration, - Chromatic 
aberrations may be investigated by the Y ogel 4 
method, provided the aperture is not so small 
that a large shift of the eyepiece is necessary 
to detect a difference of focus. It is also 
necessary that the chromatic effects due to the 
eye and the eyppiece or other parts involved 
should be previously determined. 
In the eyepiece there is mounted a direct 
vision prism which forms a 8pectrum of the 
star ima
e formed in the field of view through 
the intermediary of the part to be tested. 
If the correction is perfect, the spectrum, 
when the eyepiece is focussed, will appear 
as a thin line of uniform width, but if there 
is any chromatic aberration of particular 
colours the corresponding portions of the 
spectrum "ill be broader than the remaining 
parts. A measurement of the aberrational 
dpfects may then be obtained by observing the 
shift of the eyepiece necessary to reduce the 
various widths to a minimum amount. This 
method indicates only the general chromatic 
defect. It can hardh T discriminate between 
zones, and if the aperture is reduced by 
stopping out the peripheral portions, the 
usefulness of the method is diminished. 
Precise measurements of the ,'arious aber- 
rations are obtainable even in the case of 
objectives of small aperture by the Abbe 
Focimeter method. 5 
But rroba bly the most complete and precise 
investi,gation of the spherical and chromatic 
aberrations of any optical part is obtainable 
I B. C. Yogel. J[(mat.r;õI'rirldl' d. Bnl. Ak., If<f<O. 
5 
. (' 7apski. .. )Il'thode und A pparat.c zur Restim- 
mung YOn Brennweiten nach _-\bbe," Zeitsch. f. 
. lnstrk., 1892. xii. 18:>. 
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by the Hartmann method 1 by mC'ans of ,rhich 
the final positions of particular rays arc located 
in a manner comparable with the trigono- 
metrical computation of the paths of rays. 
Symmetrically arranged holes in a diaphragm 
determine the portions of the optical part to 
be traversed by the fine bundles of rays which 
are finally received upon photographic plates 
situated at symmetrical positions before and 
after the fOGal plane. From the spacing of 
the images on the photographic plates in 
comparison with the spacing of the holes in 
the diaphragm the aberrations can be deter- 
mined. Separate observations with light of 
different colours are made for the determina- 
tion of chromatic aberration. The original 
method of examining the optical pf'rformance 
of an objective by means of selected rays is 
described by Father Cherubin,2 who also de- 
monstrates the effects of defective centring 
and emphasises the importance of accuracy in 
this respect. 
From a consideration of the light intensity 
at a focal point Lord Rayleigh 3 has stated 
that" in general we may say that aberration 
is unimportant when it nowhere (or, at any 
rate, over a relatively small area only) exceeds 
a small fraction of the wave-length (À). Thus 
in estimating the intensity at a focal point 
where in the absence of aberrations all the 
secondary waves would have exactly the same 
phase, we see that an aberration nowhere 
exceeding iÀ can haNe but little effect," and 
again, "An important practical question is 
the amount of error admissible in optical 
surfaces. In the case of a mirror reflecting at 
nearly perpendicular incidence there should be 
no deviation from truth (over an appreciable 
area) of more than 
À. For glass, p- -1 =l 
nearly; and hence tho admissible error in a 
refracting surface of that material is four 
times as great." This estimated value of 
Lord Rayleigh of the permissible phase differ- 
ence is generally confirmed by practical ex- 
perience. 

 (4) TEST PLATEs.-Test plates are very 
commonly used for the examination of the 
surfaces not only during the I}rogress of the 
work, but also in the final testing, with a view 
to the allocation of any observed defects of 
definition. 
Sir Isaac Newton 4 has dealt very ex- 
haustively with the colours of thin plates, 
which had previously been observed, but not 
completely described by other workers. 


l;r, H art.mann, .. Ob.irktivuntrTHuClmngrn," 
Zcitsch. J, In,<;trk., 1004-, xxiv.; H. Fassbcndrr, Zeitsch. 
j. In.<;trk., HH3, xxxiii. 177. 
2 Pi're Chcrl 1 bin, Vision pf1rfaitp, ii. to!), also p. 
2:>; William Molyneux, Dioptrics, 16D2, part ii. 
chap. iv. p. 222. 
3 Lord Ray-}Pigh, Srimti{ic Pf1pprs, iii. 100, 104-; 
also L. Silhrrstein. .. Light Distribut.ion Tound the 
Focus of a V'ns," Phil. .11f1[/., 1918, xxiv. 35. 
c Sir Isa::..c Newton, Oplif:ks, 1704, hook ii. part i. 


, Although it is evident from Rewton's <1C'- 
scription that he rC'aliRed that thC'se colours 
afforded an indication of minute irregularities 
of thickness of the intervening layer, it is not 
so clear that it was his practice to test the 
smfaee being operated upon in comparison 
with a test plate having a very perfect optically 
fiat surface. 
These test plates which are the most valuable 
of the practical optician's appliances are 
usually made of quartz. But for reasons of 
economy glass test plates which from time to 
time must be compared with the standard 
quartz plates are employed. Quartz has the 
primary advantage of hardness. The frequent 
cleaning of the test surface that is f'ssential 
soon impairs the definition in the case of a 
I glass ptate, and even in the case of quartz a 
I good worker handles the surfaces with the 
greatest care. 
For flat work the parallel quartz plate, 
having an approximate thickness of about one- 
I fifth its diameter, is polished on both sides 
and worked as perfectly flat as possible on 
I at least one side. 'Yhen the test plate sl!.rface 
is placed upon the surface to be tested, if the 
latter is the larger and the more rigid, a thin 
layer of air is enclosed behveen them. Diffused 
white light which is reflected from the two 
surfaces of the air film gives risc to interference 
colours which may be viewed by a suitably 
placed eye. If monochromatic light is uRC'd 
numerous fine interference lines are visible, 
indicating minute variations that cannot be 
detected when usil!g white light. Since the 
temperatures of the work and of the test 
plate will most probably be unequal, se\Teral 
systems of Newton's rings more or less distinct 
will be visible. As the temperatures equalise 
the rings will broaden, and in the course of 
5 to 30 minutes, or more according to the 
volume of the parts, if the surface is pC'rfect, 
a uniform straw yellow appearance may be 
obtained by skilful manipulation of the plate. 
n the surface is regularly curved eonc'2ntric 
rings will be seen, and the greater the curvature 
the closer will be the spacing of the rings, 
provided the surfaces are clean and dry and 
the test plate is properly handled. Distorted 
rings or bands indicate irregularity of the 
surface relatively to the test plate. If when 
the test plate is gently pressed eccentrically 
by means of a pointed ph'ce of wood, and not 
the finger, the centre of the rings moves 
towards the point of application; the surface 
under test iR convex. It is very important 
that the adjacent surfaces of the work and 
the test plate should not only be thoroughly 
clean and frC'e from the minutest sp('cks of 
rlust, but that they should also be frC'e from 
any trace of moisture, the capillary- action of 
whi<'h would locally distort the pieces and give 
a false indi<::ation. 
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For the best qua.lity of work great skill is 
necessary in the use of a test plate, the indica- 
tions of which require careful interpretation. 
Flat surfaces may be finally tested by an 
analysis of the reflected image in the manner 
described in 
 (2). The reflection test is the 
more reliable, but the test plate has the merit 
of great convenience, and for the greater part 
of the work the optician is called upon to 
perform it is thoroughly reliable and invalu- 
a ble. For curvcd work one surface of the test 
plate is worked to the appropriate curve and 
the other surface is made flat. The radius of 
the curved test surface is. measured by means 
of a spherometer or the radius or focus may be 
determined optically. It will be understood 
that the primary function of the test plate is not 
to obtain absolute measurements, but to de- 
termine the extent and nature of the difference 
between the worked surface and the test pIa tee 
To indicate the permissible amount of irregular 
distortion.i::; hardly possible. If there is any 
noticea ble irregularity the surface should be 
reworked. Slight regular ellipticity may be 
permissible when the astigmatisms of two 
transmission faces are normal to one another, 
Curvature to the extent of one and a half 
to two complete rings is generally regarded 
as being just permissible. It might be 
thought that such a statement would require 
extensive qualification according to the size 
of the part, its function, and its position in 
the optical system, particularly as regards its 
distance from a focal plane. Practical ex- 
perience, however, shows that this limit of 
two rings, which accords with the practice of 
at least one large German firm,1 covers a very 
wide range of work. Factory conditions render 
it practically impossible to adjust the limits to 
suit the requirements of individual parts. The 
tendency is towards the adoption of approxi- 
ma tely one general and high standard of 
optical quality. 

 (5) OPTICAL PRocEssEs.-For practical 
reasons it is customary to divide the process 
of working optical surfaces into three stages: 
{I) The forming stage in which the size and 
ahape of tile part is accurately determined; 
,2) the smoothing stage; and (3) the polishing 
stage. 
Stages (1) and (2) involve the use of abrasives 
and these operations are accordingly performed 
in rooms quite separate from the polishing 
departments, where fine media only are em- 
ployed. But it must not be assumed that the 
polished appearance of the surface as distinct 
from regularity of surface is a phenomenon 
that only takes place as a result of the polishing 
process. Actually a certain amount of polish 
is associated with the use of the roughest 
abrasive. 
1 W. Zschokke, Festschrift, Firma C. P. Goerz, 
p.140, 


It is only within comparati\dy recent years 
that the molecular regularity of polished sur- 
faces has received recognition. The earlier 
conception is very clearly expressed by Sir 
Isaac X ewton 2 in the folIo"" ing words: 
" For in polishing glass with sand, putty, or 
tripoly, it is not to be imagined that these 
substances can, by grating and fretting the 
glass, bring all its least particles to an accurate 
polish, so that all their surfaces shall be truly 
plain or truly spherical and look aU the same 
way so as together to compose one even surface. 
The smaller the particles of those substances 
are the smaller will be the scratches by which 
they continually fret and wear away the glass 
until it be polished, but be they never so 
small they can "ear away the glass no other- 
wise than by grating and scratching it and 
breaking the protuberances, and, therefore, 
polish it no other" ise than by bringing its 
roughness to a very fine grain so that the 
scratches and frettings of the surface become 
too small to be visible." 
There is no indication here that 1\ewton 
regarded the surfaces as being molecularly 
regular or comparable "ith the sUlface of a 
liquid. 
Subsequent writers have not hesitated to 
accept without question and to repeat the 
statement of so authoritative an observer as 
X ewton. Thus, for example, Coddington, 3 
Sir J. F. "T. Herschel,4 and Sir David Brewster 5 
use practically the words of Newton when 
describing a polished surface. 
If polishing were merely a continuation of 
the grating and fretting of the surface pro- 
tuberances it should be possible to observe 
a continuous sequence of appearances from 
coarse conchoidal fractures to a grain of 
ultramicroscopic character. But if the opera- 
tion of polishing a smoothed surface is per- 
formed under the microscope it "" ill be 
een 
that numerous patches of perfect polish akin 
to the still surface of a liquid are formed 
almost instantly) and that these patches exhibit 
no intermediate structure other than accidental 
scra tches and kindred defect.,. 
Lord Rayleigh 6 in a lecture on "Polish " 
appears to have been the first to describe 
their appearance. He states that, "In view 
of these phenomena "e recognise it is some- 
thing of an accident that polishing processes as 
distinct from grinding are needed at all. and 
we may be tempted to infer that there is no 


Z Xe" ton's O]Jticks, 170-1, second book, p. (i8. 
3 Coddington's Optics, 182:>, p. 32, 
C SirJ. F. W. Hergchel,Ency('[opaedia Jletropolitarw, 
1830, .. üptiC:5," p. 44-7. 
Ii Sir Dayid Brewster, o piiNI , p. 13Ð. 
· Lord Rayleigh, .. Poli
h." Royal Institution, 
March 29, IDOL 
ee also Lonl Rayleigh, .. Inter- 
ference Bands and their Applications," Royal 
Institution 
larch 2-1, 1903. Also .. Polighin
 of 
Glass 
urf
ces," Proc. Opt, Conrentioll, .so. 1, ID05, 
p. 73. 
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essential difference between the operations. 
This appears to have been the opinion of 
Herschel (as expressed in the Ene. Jlet., art. 
, Light,' 1 pp. 447 to 830), whom we may 
regard as one of the firRt authorities on such 
a subject. But although perhaps no sure con- 
clusion can be demonstrated, the balance of 
evidence appears to point in the opposite 
direction." . . , " Under those conditions which 
preclude more than a moderate pressure it 
seems probable that no grits are formed by 
the breaking out of fragments but that the 
material is worn away almost molecularly." . . . 
And later he states: "Bùt so much discon- 
tinuity as compared with the grinding action 
has to be admitted in any case that one is 
inevitably led to the conclusion that in all 
probability the operation is a molecular one 
and that no coherent fragments containing a 
large number of molecules are broken out. If 
this were so there would be much less difference 
than Herschel thought betwee
 the surfaces 
of a polished solid and of a lig uid. " 
Although the molecular character of the 
polishing operation and the similarity of the 
surface produced to that of a liquid are quite 
definitely expressed, and although Lord Ray- 
leigh has referred in other of his papers to the 
remarkable pool-like appearance of elementary 
polished patches of a glass surface, it is not 
quite clear whether he regarded the result as 
being due to the removal of the substance 
molecule by molecule as distinct from the 
removal of minute aggregates of molecules or 
as being due to a molecular rearrangement or 
flow of the surface molecules as in the case of 
a liquid. 
This latter conception is attributable very 
largely, if not entirely, to Sir George Beilby, 
who has developed it in a series of papers 2 
dealing principally with metal surfaces, the 
tenacity of which is such that the surface 
amorphous layer is capable of bridging over 
surface cavities even when these are not 
completely filled with debris. It is very 
dou btful if any such bridging over of even 
minute cavities occurs in glass owing to the 
small cohesion of the silicates as compared 
with that of the metals. 3 
According to the molecular flow 4 theory of 
1 Her
chcl's description i8 practically a repetition 
of Newton's earli(.r observations. 
a Papers, n. T. Beilby: .. Surface now in Crystal- 
line Soli<1$ under :Mechanical Disturbances," Proc. 
Roy. Soc., 1003, lxxii. 72: .. The Effects of Heat and 
of Solvents on Thin Films of 
[('tal," Proc. Ro!/. Soc., 
1003, lxxii.; .. The Hard and Soft states in Uctals," 
Phil. Mag., Aug, 1004; .. The Influence of l)hase 
Changes on Tenacity of Durtil<' l\[('tals," etc., Pror. 
RO.IJ. Soc., 1nO;->, A, lxxvi.: .. The Hard and Hoft 
states in Ductile l\I('tals," H)Q7, A, lxxix.; .. Surface 
Flow in Calcite," Proc. Roy. Soc., 1007, A, lxxxii. ; 
.. Transparence or TranslucC'nce of the Hurface J.'ilm 
produc('d in Poli
hed )[etals," Proc. Roy. Soc., lU14, 
A, lxxxix, 
3 .. Some Notes on mass Grinding and Polishing," 
J. 'V. French, Opt. Sar., lOW, xvii. 1\0. 2. 
t 
ee also " Solids, The ],'low of," Vol. V. 


polishing, the forces exercised hy the polislJCr 
upon the surface molecules of the glass suffice 
to overcome the cohesive forces binding them 
together, with the result that the molecules 
rearrange themselves uniformly under the 
action of their surface tension forces. Thus 
it would appear that the grain of a poliRhed 
surface, being molecular, is much finer than 
is actually required for the regular reflection 
of even the shortest visual ravs at normal 
incidence. 
 
Polished layers may be produced in several 
ways although in all eases the action is 
fundamentally the same. Fire-glazed surfaces 
result from the thermal agitation and conse. 
quent flow of the surface molecules. Chemical 
forces produce a similar result. rrovided 
precautions are taken to prevent the accumula. 
tion of fluoride crystals, very perfect light- 
reflecting glass surfaces may be produced by 
the action of hydrofluoric acid. 5 
'Yhen a piece of glass is fractured the forces 
at the cleavage edge so profoundly disturb 
the molecules that they are able to flow and 
form the characteri::;tic polished appearance 
of a fractured surface. 
It is hardly possible to fracture a piece of 
glass so suddenly that its surface is not 
polished. Under the microscope a rough 
ground surface is seen to consist of numerous 
conchoidal depressions the surfaces of which 
are all light reflecting, and which may indeed 
be made to act as so many separate lenses of 
poor quality.6 Closer examination will dis- 
close a rounding of all the ridges where the 
conchoidal surfaces intersect that can only be 
attributable to viscous flow, The ridges have 
a characteristic yellow-green colour whether 
the glass is flint or crown. \Yhere these ridges 
intersect one another elementary polished 
patches are found, and if an attempt were 
made to polish a rough ground surface of this 
type, it would be seen that t.hese elementary 
patches would be extended until they joined 
one another with the ultimate formation of a 
continuous polished surface. 

 (6) AURASloN,-In order that the work- 
shop processes Illay be more fully understood, 
the features characteristic of abrasion and 
polishing must be considered in detail. 
Suppose a small stccl ball is pressed upon 
the polished surface of a glass cube the trans- 
verse faces of "hich are also polished so that 
the stresses introduced may be viewed by 
means of a polariscope. 7 ''"hen the pressure 


Ii Lord Rayleigh, " Polish," Uoyal Inst., l\Iarch 29, 
1001. The writf'r has contìrmed Lord Raylciah's 
experimentR, and h8
 retlucC'd by nwans of hydro- 
fluoric acid the surhce of a polislH'(1 plate to t.he 
extent of avout 50 p- without adversely affecting its 
optical perff'ction. 
· Lord Raylddl, .. Intf'ffl'Tencc Bawls ami t.heir 
Appliration
," Hoyal Jnst., :\[arch 24, 1803. 
7 J. 'V. [.'rench, .. Pl'rcussion Figllrf's in Isotropic 
Soliùs," Nature, l\ov. 20, 10l0, p. 312. 
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is very lip:ht the appearance between the 
crossed Xicols is as in Fig. 2. The central 
black cone has an angle of about 20 0 , which 
appears to he practically indf'pendent of the 
pressure. The cone of strain b, b has an angle 
of about 90 0 . Some surface light is visible at 
d, d. 
\.t low pressures the dark cones c and a 
merge softly into b. As the pressure is in- 
creased the interfaces become more intensely 
defined, but the angles do not alter appreciably. 
Further gentle increase of pressure causes the 
surface layer to rupture as in Fig. 3, which is 
a photo-micrograph of an etched polished 
surface repeatedly ruptured by gentle impact. 
If the Nicols are paralleled black rays will 
be seen proceeding from the edge of the crack 
as in Fig. 4, their direction indicating that the 
crack is normal to the surface. The character 
of Fig. 2 is not appreciably altered. 
A new phenomenon makes it
 appearance 
when the pressure is again increased. Immedi- 
ately under the ball there appears as in Fig. 5 
a sphere pierced by the filament of the cone a, 
and having a black outline tinged with red 
on the outside. The interior is filled with 
green - blue light; otherwise the general 
appearance of Fig. 2 is unaltered. If now 
the Xicols are paralleled, it will be seen that 
the well-known type of conical fracture 1 has 
been produced as indicated in Fig. 6. The 
coloured sphere of Fiy. 5 is a certain indication 
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colourE'd spheres indicative of subsidiary 
planed may be observed as in Fig. 9. 
Kow the grains of an abrasive such as 
carborundum are nodular in part
 and hard and 
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FIG. 3.-Surface etched after rupturing. 
:\Iagnification 40 diameters, 


akin to the steel balls used in the experiment. 
But a rough ground or smoothed glass plate 
exhibits practically no cone fractures, notwith- 
standing t.he vast number of impacts that 


Nicols 
Paralleled 


r&-bIU;;, 
rl 
 Glass 
Red margin 


}) 


Air 
Glass 


FIG. 2. 


FIG 4. 


of the existence of a cone fracture. Examina- 
tion "ith the Xicols in an intermediate pO:iition 
shows that the cone fracture which follows the 
surface of b is tangential to the sphere which 
corers it. If the pressure is again increased 
the crushing point is soon reached. The glass 
under the ball collapses almost explosively, 
a distinct click being audible, and the ball 
sinks deeply through the surface. At the 
moment of this collapse, the cone of light b 
broadens out owing to the extension of the 
area of pressure. The cone fracture also 
may extend horizontally like the brim of a hat, 
thus definitely terminating the depth below 
the surface, and the space "ithin the cone 
becomes cleft by one or by two fracture 
planes normal to one another and having 
their line of intersection on the axis of the 
dark cone a, as in Fig. 7. The diametral 
planes may be extended to the brim as in 
Fig. 8. Under crosscd :Kicols two new small 
1 .. L'Écl:ltpment." Ch. de Frt'-minville, Ren
e de 
JJ1étallurgÜ!, 
ept. 191-l, sect. vii. p. GG, 


FIG. 5. 


FIG. 7. 


FIG. 6. 


must have occurred in the operation. Only 
if the tool carrying the abrasive is lowered 
sharply on to the glass surface will a number 
of cone fractures probably be formed. 
From this it seems evident that the grinding 
of gla.ss is not the result of any such normal 


FIG. 8. 


FIG. fl. 


FIG. 10. 


pressure of the grains, and another explanation 
must be ohtained. In the experiments with 
the steel ball as described ab0ye the force
 
were symmetrical about the vertical axis. 
'Yhen the pre
sur(' is applied near the edge of 
the Rurface, the new appearance cOITespondin
 
with the stage illustrated in Fig. 2 will be as 
illustrated in Fig. 10, from "bich it will be 
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seen that the central cflne is now deviated 
towards the side. Its axis along which fracture 
finally takes place follows the characteristic con- 
choidal section. It is presumably the impact of 
the abrasive grains on the edges of cavities 
that produces thp conchoidal splintering of a 
ground surface as indicated in Fig. 11. 
As it is the transverse movement of the tool 
relatively to the glass that forces the hard 
grains against the edges of the cavities, it is to 
be expected that the rate of grinding will 
depend upon the speed 
of movement of the tool 
relatively to the work, 
and also upon the press- 
ure exerted by the grains. 
This is confirmed, so far 
as the effect of relative 
speed is concerned, by the results of carbo- 
rundum abrasive tests which indicate that the 
weight of glass removed is directly proportional 
to the relative speed, 1 the other conditions being 
maintained constant. To eliminate the effect 
of loss of cut fresh abrasive must be applied 
at intervals of about one minute, and pre- 
cautions must be taken to ensure constancy of 
the general conditions throughout the tests. 
From an examination of the previous Fig. 11, 
.it will be seen that the larger the grain the 
deeper, in general, will be the point of impact 
and the larger the splinters removed. The 
rate of grinding is therefore dependent also 
upon the size of the grain, Thus by reducing 
the coarseness of the abrasive at each stage 
of the grinding operation, a surface of any 
desired degree of fineness may be obtained; 
and indeed the surface may be highly polished 
by means of the same material as is used for 
the rough grinding, provided a sufficiently fine 
grain of a suitable character is obtainable. 
Prior to the time of Antheaulme 2 it was the 
practice of the earlier opticians 3 to make the 
polishing process merely a continuation of the 
grinding stage, the sand first used being ground 
down sufficiently in the operation to serve 
as a polishing medium in the later stages. 
Highly polished optical surfaces have also 
been produced by the use of very fine grades 
of carborundum. As much more suitable 
polishing media than fine carborundum are 
available, this experiment is mainly of interest 
as emphasising that there is no strict line of 
dcmarcation bet" een abrasion and polishing. 
The removal of material and the production 
of the amorphous polished layer occur simul- 
taneously, although to different extents. Thus 
in the coarsest grinding there is removal of 
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FIG. 11. 


1 "More Kot,('s on Glass Grinding and Polishing," 
J. 'Yo French, Trans. Opt. ,';'oc., ,Tan. 1917, xviii. 
:I H i.<itoirp des m(1thernatÙJues, .l\Iontucla, vol. Hi. 
part v. book ii. p, 498. 
3 Rrnat.Ï Descartes Opera Pkilosophica, "Diop- 
trkis," 1656, cap, x.; Johannes Zahn, Oculus .A.Ttifiri- 
nUs Tell'dioptricus, 1702. 


matC'ria1 and only very slight surface flow 
along the ridges 'betwe
n the concavities of 
the surface, since the clea vage flow over 
the depressed surfaces of the conchoidal 
fractures does not contribute except in the last 
stage to the final surface. 4 As the abrasive 
becomes finer the splinters decrease in size 
and the material removed diminishes, while 
the amount of surface flow over the network 
of ridges increases. 
If in the grinding process the flat grinding 
tool is so hard that it rides over the grains, 
the impacts would be more normal to the 
surface and undesirable cone-fracturing would 
occur. The finer the abrasive the harder may 
be the smoothing tool. Lead, zinc, copper, 
aluminium, brass, and cast iron have all been 
userI for various kinds of work and various 
abrasives, but fine-grained cast iron and brass, 
free from surface defects, are most generally, 
and indeed almost universally, employed. 
Steel is too hard for even the finest grades of 
abrasive. 
After the surface has been ground to thc 
necessary degree of fineness, polishing may be 
commenced, the purpose of the process being to 
promote the greatest posRible amount of surface 
flow while avoiding the conchoidal splintering 
characteristic of the grinding process. 
A very small amount of material is removed 
during the polishing action, but the nature of 
the abrasion, if-it can be so termed, is character- 
istically different from that during grinding. 
.Minute grooves are ploughed through the 
amorphous surface layer, and small portions 
of the amorphous su bstance become dis- 
engaged by the action of the polisher and are 
removed. These fragments may be recovered 
by dissolving away the rouge and resinous sub- 
stances. The residue has a sparkling snow-like 
appearance and consists of e
tremelyminuteun- 
resolvable particles cemented loosely together 
possihly by surface fusion along their edges. 

 (7) POLISHING.-A clear distinction must 
be drawn between a polished surface and 
one that is at the same time optically regular. 
This will be more easily understood by 
considering the action of a cloth polisher as 
compared with that of a pitch polisher. 
Suppose in Fig. ] 2, A is the fine ground 
surface greatly magnified composed of flat 
elementary areas wit.h numerous conchoidal 
depressions. A surface of this hind is said 
to be grey, the. appearance being due to 
irregular reflection or scattering of the light. 
B is a laver of soft clot.h or felt cemented to 
the reguÌar surface of the metal runner C, 
which may be of aluminium, brass, or iron. 
Over the flat areas of A the drag, and con- 
sequently the reduction of the general level, 
will be greatest. Over the surfaces of the 
C .. Some Ndes on (HaSH Orinding and Polishing:' 
J. W. French, Trans. Opt. Soc., Nov. 1916, xvii. No.2 
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depressed areas into which the felt partially 
sinks there will be a certain amount of drag 
and polishing action, combined "ith the 
removal of material not only from the flat 
portions but to some extent from the depres- 
sions also. There will be a general rounding 
off of the irregularities, but, as is confirmed by 
practice, the irregularities cannot be eliminated 
by the use of a soft polisher, although a small 
amount of original greyness is rendered less 
conspicuous to ordinary vision, and a false 
appearance of complete uniformity and polish 
may be produced more quickly by means of 
a soft polisher. Suppose a harder type of 
polisher such as a pitch polisher is used. 'Yhen 
uffing the same polishing medium, such as 
rouge. the amount of drag and polishing 
action over the flat portions "ill be greater 
than when using cloth, and, further, as the 
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FIG. 12. 


pitch will not sink into the dppressions to the 
same extent, the rounding and particularly 
the removal of material from the depressed 
portions "ill he less. 
'Yhen using a hard polisher a uniform 
polished surface free from all grevness is 
obtained by the removal of the 
 surface 
material stage by stage until the surface is 
reduced below the level of the deepest con- 
choidal depression. 1 
L"nder the action of the polisher, according 
to the flo" theory, the disturbance of the sur- 
face molecules i; such that they are able to 
rearrange themselvps or flow 
'ith the con- 
sequent formation of a polished amorphous 
layer. )Iinute aggregations of the rouge or 
other medium plough away the surface layer, 
and it is conceivable that there may be al
o 
some swaging action, material being' removed 
from the higher portions and welded upon the 
adjacent depressed areas. As the amorphous 
material i
 removed in this way the underlying 
molecules are acted upon by the polisher, and 
the proce3S is repeated layer by layer as in- 
dicated in Fig. 13. 
If rouge is employed in the last stage it is 
generally p()s
ible by special illumination of 
the surface to detect an open network of these 
fine grooves; but if no medium other than a 
1 .. Polishing of Glass Surfaces," J.,ord RaYleigh, 
Proc, Opt. Conl"ention, 1905, i. 75. 


very fine film of water is used for the final 
polishing operation, the presence of grooves 
"ill hardly be observable. "hen a surface of 
this kind is etched with hydrofluoric acid a 
network of grooves "ill reappear, 2 and it has 
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been assumeù that just as in the case of metals 
the original grooves have been bridged over 
by the amorphous layer and are uncovered 
when the surface layer is dissolved away. 
Numerous experiments, however, seem to 
indicate that the cohesion of the amorphous 
silicates is too small to permit of the bridging 
of the finest surface cracks that can be 
produced. 3 That grooves produced during 
the rouge-polishing stage become filled up 
during the final water-polishing stage may, 
however, be accepted. Thus it is ..probable 
that the groove A in the surface layer bpcomes 
filled up possibly in stages at each stroke in the 
manner indicated in Fig. 14. On the assump- 
tion that the expenditure of energ)T upon a 
substance tends in general to reduce its chemi- 
cal stability, it is to be expected that the 
material filling the grooves would be rapidly 
acted upon and that the grooves produced by 
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etching are really reproductions of the original 
grooves. The course of the original grooves 
will in any case be indicated bv a very fine 
groove B: which would be ext
nded by the 
acid to fonn a deeper groove occupying the 
place of the original one. 
The various stages in the grinding and 
polishing of a glass surface may be summarised 
briefly as follows: 
1. The removal of material bv the breaIcina 
away of splintcrs, the size of which i
 rpduced 
in stages by the use of finer grades of abrasive. 


I .. Interference Rank.;:: and their .-\ pplications," 
Lord Rayleigh. Royal Inst.. )Iarch 
.f. lSfl3. 
3 .. Some Sotes on Glags Grindinl? awl Polighin!!." 
,T. 'r' French, Trans, Opt. Soc., .xOY. 1916, XYÏi. 
X o. _. 
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2. The production of an amorphom; or 
surface flow layer and the gradual rem0val of 
these layers by grooving as distinct from the 
splintering of th(' first stage, the removal of 
material being effected by means of a very 
fine abrasive or polishing material such as 
minute aggregates of pa,rticles of rouge. 
3. The elimination of the grooves produced in 
stage 2 by the use of a continuous medium such 
as a film of water in place of the discontinuous 
medium such as rouge, there being during this 
stage the maximum production of surface flow 
and practically no removal of the surface layer 
material and no splintering action whatev('I', 

 (8) POLISHING :\IA TERIALs,-An abrasive 
to be effective must possess several well- 
defined characteristics. The grains, which 
must be hard, should have an irregular form 
presenting many strong edges or rounded 
points that will transmit the impact forces to 
the glass to be abraded. 'Yhen the grains 
break dmvn the fragments should be of the 
original form in order that the action on a 
finer scale may be continued. .An abrasive that 
breaks down into lamellar fragments is said to 
lose its cut. Diamond, splinters of which are 
illustrated in Fig. 1.3, is the most effective of 
abrasives, but owing to its cost it can only be 
used for special operations such as the slitting 
of glass where the quantities are small. 
Carborundum (SiC) is a compound of carbon 
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FIG. 13,-Diamond RplinterR. :\Iagnification 
15 diameters. 


and silica, resulting from the fusion of car- 
bonaceous materials such as coke or charcoal 
with sand in the electric furnace at a tem- 
perature of about 2000 0 c. Its haròness on 

lohs scale is ahout 9, diamond bping 10. 
From Fig. 16 it "" ill he seen that the grains 
are of the desired irregular shape, whieh is 
retained as they break down. 
Other important abrasives are obtained 


by the combination of alumina and silica in 
the electric furnace, sueh, for example, as 
corundum, alundum, and aloxite. They are 
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FIG.lö.--Carborumlum. Magnification 
40 dian1f'ters. 


most commonly employed in the form of grind- 
ing wheels. As loose ahrasives they are not 
so effective as carborundum. 
Emery is a natural form of artificial corun- 
dum, being a silicate of alumina containing, 
however, oxides of iron and other impurities 
irregularly distributed. It breaks down more 
readily than carborundum and loses its cut. 
The loss of cut is only temporary, however, as 
after washing the material can be used as a 
finer grade of emery. 
Sand is sometimes used for rough abrasion: 
more particularly in estahlishments where no 
facilities exist for the washing and recovery 
of the more expensive types of abrasive. Its 
grains arc frequently rounded and water-worn 
as indicated in Fig. 17, and it readily breaks 
down and loses its cut. 
Separation of an abrasive into the various 
grades of fineness is generally d0ne by a process 
of settling and levigation. Thus three-minute 
emery is the material obtained from the liquid 
that is decanted after a settling period of thrce 
minutes. For carhorundum it is necessary to 
use sieves of va.rious finenesses in conjunction 
with settling, except in the finest stages, for 
which sufficiently fine f'lcves are unprocurable. 1 
A compa.rison of the ahrasive powers of 
carborundum, emery, and sand of approxi- 
mately equal size of grain is obtainable from 
Fig. 18, which also shows how in the case 
of each abrasive the rate of ahrasion is directly 
proportional to tht> preHHure when fresh abra- 
sive is supplied continuuusly. 
If the abrasive is not frcquently renewed, 
1 .. The Grading of Carborundum for OptiraJ 
Purpose9," J. 'V. French, Trans. Opt. Soc., Oct. HH7. 
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the rate of gri
lding would not increase 
regularly "ith the load O\Hng to the loss of 
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cut and a certain clogging action, especially 
at the higher pre:,sures. This is illustrated in 
Fig. 19, from which it "ill be seen that when 
using Xo. 3 carborundum haT"ing dn average 
grain diameter of 0.1 mm. the rate of abrasion 
is directly proportional to the load" hen fresh 
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FIG. 18. 


material i
 applied every half minute, whereas 
there is actually a reduction of the rate at high 
loads when the intervals between the applica- 
tions are of five minutes' duration. 
The series of curves in Fi
. 20 shows how the 
rate of abrasion varies with the size of the 
grains and the load on the tool. Fresh a hrasive 
was applied every half minute, and it will be 
seen that for the coarsest No. 1 carborundum 
having a grain diameter of approximately 
0-2 mm. the abrasion is directly proportional 
to the load. In the case of the carborundum 
VOL. IV 


grades 3, 4, and 5 the curve bends at the highEr 
loads suggesting the need for more frequent 
J renewal of the abrasive, due possibly to clogging 
arising from an admixture of glass powder in 
these intermediate grades. 
A similar series of abrasive curves for 3 
minute, 15 minute, and 40 minute emery is 
1'ß 
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FIG. 19. 


illustrated in Fig. 21. Between the 3 and 
15 minute curves there is a considerable 
interval which corresponds, however, with the 
, grain dimensions, which are 0.13 mm. and 
0-01 mm, respectively. 
From the various diagrams it will be evident 
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that the rate of abrasion of a particular type 
of glass depends upon: 
The nature of the abrasive. 
I ts grade of fineness. 
The load upon the tool. 
The relati,"e speed and to some extent the 
frequency of renewal. 
The material of the tool itself. which has 
some bearing on the rate of abrasion, is 
Z 
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practically determined by the type of abra- 
sive, the materials of widest applicJ.tion being 
fine-grained cast iron and brass. 
Rates of abrasion afford a general but not 
definite irlea of the quality of a ground surface, 
because the same weight of material may he 
removed by the production of large shallow 
splinters or by smaller and correspondingly 
deeper ones. In the grinding process it is 
sought to produce a surface of uniform texture 
free from isolated deep pits which often deter- 
mine the thickness that must be finally 
removed. A record of the texture may be 
obtained by observing the reflecting power of 
the ground surface. l If the surface is viewed 
so obliquely that the irregularities are fore- 
shortened to such an extent that even the 
longest red rays are reflected, a perfect white 
image of, say, an incandescent filament may 
be seen reflected from the surface. The image 
1'6 
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may be as clear and distinct as if viewed by 
means of a polished silver mirror. As the 
reflecting plate is rotated so as to decrease 
the angle of incidence, there will be obs('rved 
an apparently abrupt change from bright 
white to dull grey, followed at a Rmaller 
incident angle by a change to red, which later 
suddenly disappears. These three changes 
take place sufficiently abruptly to provide a 
general record of the surface. Thus in the case 
of a piece of hard crcrwn glass, ground with 
3 minute emery, the reRpective angles of in- 
cidence, the readings of which can be rppeated 
to within half a degree, were FO o , 78 0 , and 75 0 . 
For similar glass ground with an abrasive 
wheel, the corresponding figures were üü o , GI O , 
and 46 0 , thus indicating a much fincr texture. 
In Fig. 22, which gives a comparison of the 
surfaces produced by a series of carborundum 
abrasives, abscis
ae rppresent the Rize of the 
respective grains. and ordinates the cosecants 
1 .. More .xotcs on Glass (:rim1ing amI Polishing," 
.T. W. French, Trans. Opt. Soc., HH7 (Jan.), vol. xviii. 


of the angle between the surface and the line 
of sight. This is equivalent to the projection of 
the texture in a plane normal to the line of 
sight, thus enabling the irregularities to be 
compan'd directly with the lengths of the 
waves regularly reflected. As is to be ex- 
BO 
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pected from the previous abrasion diagrams 
the curves arc straight lines, the projected 
dimensions of the texture being directly pro- 
portional to the size of the grain \\ hen the 
other conditions such as load and speed are 
maintained constant throughout. 
Fig. 23 shows the corresponding results 
obtained when using the three grades of emery 
commonly employed, namely 3 minute, 15 
minute, and 40 minute emery. If the condi- 
tions can be controlled with sufficient accuracy, 
similar straight line curves may be obtained 
for most abrasives, but in the case of such 
abrasives as powdered glass which break down 
readily and lose thpir cut. the conrlitions cannot 
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be easily controlled and the curves generally 
fall away towards the coarser grades. 
Smoothing operations in the case of a single 
piece may be regarded as a continuation of the 
rougher grinding processes, their purpose being 
to reduce as much as possihle the amount of 
material that has to he removed in the polish- 
ing proceSd, but when a numher of pieces after 
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being formed are mounted in one block so that 
they may be polished together, the smoothing 
process preparatory to polishing is necessary 
in order to reduce any irregularity of the sur- 
face levels due to slight errors in the laying 
down of the pieces. 
'Yhether the surface desired is plane or 
curved the final form of the piece must be 
produced before the polishing operation is 
commenced. Any important alteration of the 
fonn is impracticable during the polishing 
process, the functions of which are the forma. 
tion of the brilliant amorphous light reflect- 
ing surface layer, and the production of a true 
figure, that is, the correction of minute errors 
of form not exceeding one or two wave-lengths 
over the whole surface. Greater errors of form 
must be corrected by a repetition of the 
smoothing or fine grinding operation. 
Almost any substance in a fine enough state 
of division, and provided its grains are not 
lamellar in form or soluble in the liquiò 
employed or liable to "eld upon the surface 
of the glass, may be used as a polishing 
medium. Thus glass can be polished readily 
"ith fine charcoal, but hardly at all with 
graphite. 
But in practice the choice may be limited 
to a very few substances, the principal of which 
is rouge, that is oxide of iron (Fe 2 0 3 ). 
Iany 
substances are slow in their polishing action. 
Putty powder, that is tin oxide (Sn0 2 ), which 
at one time was extensively used, is now 
excluded for reasons of health. 

Ianganese dioxide (
In02)' although an 
excellent medium, is very black and is difficult 
to remove from the hands and 
clothing; from the point of 
view of general cleanliness its 
use is often avoided. Other 
media again cannot be ob- 
tained in a consistently uni- 
form condition, and although 
the variety of substances is 
great, there are really few that 
have aU the advantages of 
rouge, which is so extensively 
used, except for the very 
cheapest kinds of optical 
work. Comparisons of the 
polishing media can only be 
made if the conditions are 
carefully standardised, and 
particularly if the texture of 
the original smoothed surface 
is the same in all cases. The 
ra te of polishing, so far as 
poliRhing is determined by the 
removal of material until 
the bottoms of the deepest 
depressions are reached, depend:::; upon the 
following: 
The o
iginal state of the smoothed surface. 


The character of the polishing-tool surface, 
which may be, for example, of cloth, 
pitch, wax, or paper. 
The polishing medium. 
The lubricant. 
The load. 
The relative speed of the tool and the surface 
operated upon. 
The typical chart, Fig. 24, shows how the 
time of polishing and the rate of removal of 
glass are affected by the load on the tool. 
In this particular instance the rate of removal 
of material varied directly "ith the pressure, 
the tool being covered "ith a mixture of 95 per 
cent of beeswax and resin and 5 per cent pitch, 
It is not possible to make any definite 
comparison of the numerous substances that 
may be used as polishing media, because the 
results are greatly influenced by the conditions. 
Substances that are only moderatel
r good 
wben a pitch polisher is used may be much 
more effectiye "hen the polisher is of a different 
type, such as cloth. 
To obtain consistent results it is also very 
necessary to control the conditions, the most 
important being the original state of the 
smoothed surface to be operated upon. 
Ta ble 1. shows the times of polishin
 when 
using a variety of typical polishing materials 
under the particular conditions specified, 
In all cases
the original surface was smoothed 
"ith fine carborundum having an average grain 
diameter of about 1/200 mm" the reflection 
values of the surface being 80 0 grey, 73.5 0 red, 
and 64 0 loss of red. Pitch polishf'rs were used 
throughout. 
TABLE I 

Iachine type, reciprocating arm. 
Ren. of 
pindle, í8 r.p.ro. 

peed of arm, 190 strokes pE>r minute. 
Length of stroke, 1.25". 
Diam. of worked surface, 3". 
Diameter of polisher, 3.... 
Load on polisher, lIb. per sq, inch. 


I Medium. Polishing Qualit) . 
Time, 
I Hours. 
Precipitated rouge 3 l 
Commercial rouge 4 Good polish. 
Glassite 4.1 ) 
Yery fine carborundum 8 Fair. 
Putty powder (SnÜ 2 ) 11 Surface cut and not good. 
Precipitated silica (SiÜ 2 ) . 12 l 
Precipitated chromium oxide , 14 Surface not good. 
(Cr 2 Ü 3 ) ) J 
Precipitated alumina (AI 2 Ü a ) . 14 
Precipitated ferrous carbonate lü 1 Very slightly grey. 
Precipitated hydrous :MnÜ 2 2
 , 


Putty powder and the various pre- 
cipitated media, are better suited to cloth 
polishers than to pitch polishers, but the 
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 pitch with 10% beeswax 
and resin 


Beeswax and resin 
pitch 
Pitch 700/0 with 30% rubber 
compound 
Pitch 700/0 with 300/0 rouge 
Soft pitch. . 


Ebonitc with 100/0 pitch . 
New cloth 
\Vell-singed cloth 
Cork 


superiority of the first three media is still 
marked when used on cloth. 
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Very many substances have been used as a 
covering layer for the polishing tool to hold the 
polishing medium. 
Huyghens 1 polÜ
hed his 
glasses upon the metal tool 
itself, using a specially pre- 
pared mixture of Tripoli as 
a medium, which was reduced 
to a firmer and finer state 
by wiping away the marginal 
portions from time to time. 
To Sir Isaac Newton. 2 is 
attributable at least the sug- 
gestion that a pitch layer 
might be used for the polish- 
ing operation. In his Opticks 
he states that: "An object 
glass of a fourteen foot tele- 
scope made by one of our 
London artificers I once 
mended considerably by 
grinding it on pitch with 
putty and leaning very easily 
on it in the grinding, lest 
the putty should scratch it. 
\Vhether this way may not 
do well enough for polishing 
these reflecting glasses I have 
not yet tried." 
It is quite clear from a 
previous paragraph 3 that 
Newton actually used pitch 
for both the grinding and the 
polisrung of metal reflectors, 
for in the same work he 
states: "Then I put fresh 
putty upon the pitch and 
ground it again till it had 
done making a noise, and 
afterwards ground the ohject metal upon it 
as before, and this w0rk I repeated until the 
metal was polished. grinding it the last time 
with all my strength together for a good while, 
1 C. Hugenii, Opera Reliqua, ii. 218, anù Hmit.h's 
Optw.'1. 
a Newton, Optwks, p. 78. 


Very hard pi tcb . 


and frequently breathing upon the pitch to 
keep it moist without laying on any more fresh 
putty." The application of water alone in the 
final stage is of particular interest as bping 
an important detail of present-day practice. 
Father Cheru bin 4 lined his polishing tools 
with a variety of materials of fine and uniform 
texture. :l\Iore particularly he refers to the 
use of very fine thin leather, fine English 
fustian, fine Holland or any fine linen, silk 
taffety or satin. He describes at great length 
the process of lining the tools with paper 
and the method of removing little lumps or 
irregularities, but the previous use of paper 
is attributable to Antheaulme,5 who used the 
grinding tool itself when lined \\ith paper as 
the polishing tool, the meùium employed 
being Venetian Tripoli. 
At the present day pitch, wax compounds 
and cloth are the materials most commonly 
TABLE II 


SURFACE LAYERS OF POLISHlliG TOOLS 


Material worked, glass-hard crown. 
Surface smoothed with fine carborundum, 
diam, of grain about 1/200 mm, 
Spindle speed, 124 to 130 r.p.m. 
Arm speed, 100. 
Stroke, 1.25". 
Polishing medium, rouge and water. 
Load on polisher, ! lb. per sq. inch. 


Folisher. 


Time of 
Polishing, 


Remarks, 


Hours. 
} 1.5 


Good surface. 


I Fair surface, pitch hard- 
1.75 t ness 0.5 at 37 0 C. 
.Good surface, 


with 10 0 / 0 1 1.75 
j 
1 
J 


2 "" 
2 Fair surface. 
r Goodsurface, pitch hard- 
2.75 l ness 16 at 38 0 C. 
I Poliehed, but cut, contact 
3.5 t I obtained with difficulty. 
4.5 Cood Fmrface. 
Poor surface, cut. 
I I I Fair surface, !;lightly cut 
lowing to had contact. 
, ('uts. owing to difficulty of 
l obtaining good contact. 


6 


6 


6 


Wood, deal. 
Brown paper, impregnated with 
beeswax and resin 
Very thick felt 


a Ibid. p. 77. 


) 6 
J 


Fair surface. 
Surfacp grey and mottled. 


12 


used. Comparisons of a varipty of materials 
when using a particular p(liishing medium 
can be obtained from Tahle I I., which shows 


4 Le Pl're Cheruhin, La Dioptrique oru la ire, ]Gïl, 
part iii. ('hap_ ii. 
I; Montuda, llistoire des mathématiques, vol. iii. 
part v. book ii. p. 498. 
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the time required to polish a piece of cro" n 
glass smoothed in all cases to the same 
standard. For the pTI
oses of comparison 
comparatively slow speeds and loads were 
employed. From the previous diagrams it 
will be understood that the time of polishing 
would be reduced hy increasing these factors, 
and the relative positions of the various 
materials might be slightly modified by the 
use of another polishing medium such as putty 
powder. 
Since the time of Xewton, over two hundred 
years ago, hand-polishing methods as practised 
to some extent in most high-class workshops 
have remained unaltered, except possibly in 
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production of an optically flat surface; if 
two are ground together the respective surfaces 
will become convex and correspondingly con- 
cave, the tendency in practice being for the 
upper tool to become concave. If one of 
these tools, say the convex .xo. 1, is then 
ground with :No.3 tool, the latter will become 
correspondingly conca ,ye, more or less like 
X o. 2. If then the two concave tools X os. 2 
and 3 are ground together, their concavities 
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FIG. 25.-Hanù Working. 


so far as the materials employed are more 
uniform in quality. 

 (9) POLI
HISG TooLs.-Some idea of the 
essentials of the actual flat or prism surface 
polishing operations may be obtained from 
Fig. 2.3. The pedestal (1), which must be 
rigid. has at its upper end a standard nose- 
piece upon which the tools may be screwed. 
Under the work bench there will be observed 
two flat tools (2) and (3) of close - grained 
and well-annealed cast iron, and on the bench 
another (.3) lying face downwards "ith a 
"ooden operating knob screwed into the boss. 
On the pedestal is mounted the tool or runner 
(4) as it is called, which has a uniform flat 
surface layer of pitch, and on the bench there 
is a similar runnf>r (ll), the pitch surface of 
which is exposed to view. 
Three plane tools are necessary for the 


will both be reduced. By grinding No.1 on 
.xo. 2, then So. 1 on Xo. 3, and Xo. 2 on 
Xo. 3 in this way, and repeating the sequence 
of operations as long as may be necessary, 
all three tools become optically flat and may 
be kept in this condition by an occasional 
repetition of the process. 
Sir Joseph 'Yhitworth's name is generally 
associated with this method, which he applied 
to the production of standard surface tableg. 
but although the principle may not previously 
have been clearly expressed, the method 
appears to have been known to the earlier 
opticians. 
The work is ground or smoothed upon one 
of the metal tools, fine grades of carborundum 
or emery being used as the abrasive medium. 
It is eRsential that the surface should be 
ground and smoothed to the desired curvature 
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or flatness, as the time of polishing depends 
upon the perfection of the smoothing opera- 
tions. Removal of material during the polish- 
ing process occurs very slowly, anrl it is then 
impracticable to effect an alteration of the 
shape other than a change of the figure 
involving a removal of material to a depth of 
a few wave-lengths. 
For the polishing process the surface of 
the mêtal runner, which itself need only be 
approximately true, is covered with a layer 
of pitch about 12 nUll. thick, the runner being 
heated gently to ensure good adherence. 
The pitch surface is then moulded by one of 
the flat tools that has been heated just 
sufficiently to soften the pitch upon which it 
is pressed. 'Yhen the pitch is cold, the 
whole surface is divided into small squares 
by deep grooves which may be cut more cleanly 
under water when the pitch is of a brittle 
type. Over the pitch surface there is then 
stretched a piece of open texture muslin 
which is squeezed into the pitch by means of 
the hot flat tool, and is then peeled off, 
leaving its network impression on the surface. 
'''hile the deep grooves help to preserve 
the flatness by breaking the continuity of 
the layer and thus preventing the centre 
parts from being squeezed towards the 
periphery, their principal function as well 
as that of the fine network is to destroy the 
suction that would hinder t.he free movement 
of the work over the moist. pitch surface. 
The grooves also serve to retain any excess 
material that otherwise might collect and 
produce sleeks, that is, minute furro" s on 
the surface of the work, or even cuts. 
After the pitch surface has been prepared 
in the manner described, it is rubbed with one 
of the optically flat metal tools until it also 
is optically flat. Rouge and water are 
commonly used as the working medium, not 
only in the preparation of the pitch surface but 
al:so in the operation of polishing the work. 
By means of the soft brush (7) fine, well- 
levigated rouge and water from the pot (9) 
are laid in streaks on the pitch surface of 
the tool (4), and the harder brush (6) is em- 
ployerl to spread the medium uniformly over 
the whole surface upon which the part to be 
worked is laid, the sponge (8) being used 
throughout the operations to wash away 
excess material from around the edge of the 
tool. 
The operator, whose attitude is illustrated 
in Fig, 25, controls the work around its peri- 
phery by means of the fingers and thumbs, 
and, 'while gently pressing it into contact with 
the pitch surface, he moves it to and fro. At 
frequent intervals, after a few such repeated 
strokes, the work is given a wide-sweeping 
movement over the pitch surface and 
is occasionally rotaterl. At intervals the 


operator also steps round the pedestal, or, 
alternatively, the lower tool may be slowly 
rotated. 
The purpose of these movements is to avoid 
any regular repetition of strokes that would 
tend to local wear of the tool or work, and 
the production of irregular surfaces. If the 
to-and-fro movements in one direction were 
repeated for too long a time, a broad depression 
would be formed on the tool surface, the 
optical flatness of which would accordingly be 
destroyed. 
From time to time the pitch surface is 
reworked or formed by means of the metal 
tool (5), the flatness of which is preserved by 
occasional working with the tools 2 and 3. 
Towards the end of the process \vater only is 
used as a polishing medium and the operation 
is continued until the water is almost entirely 
dried up, which is evidenced by a char- 
acteristic squeaking noise. In this way the 
greatest possible viscous flow of the surface 
molecules is obtained owing to the close 
con tact between the work and the polishing 
tool. 
Surface defects such as sleeks are detected 
by examining the surface with a low-power 
lens, the necessary illumination being obtained 
from the lamp (10). Defects of flatness are 
detected by means of the test plate (12), which 
is placed on the surface of the work lying upon 
a black cloth. It is essential that the tempera- 
ture of the parts should be allowed to equalise 
before attempting to form a definite decision 
as to the character of the surface under test, 
and before using the test plate the parts 
should be t.horoughly cleaned with a linen 
cloth or selvyt (13), and also freeù from dust by 
means of the soft brush (14). 
At night it is convenient to use mercury- 
vapour lamplight, which is approximately 
homogeneous and produces black interference 
rings that may be very readily observed. 
:l\1uch skill is necessary to obtain the correct 
figure or form of the polished surface within 
the limits essential to the production of 
well-defined images, and each operator has 
his own particular method of controlling the 
figure, which indeed to some extent depends 
upon individual chamctcristics such as the 
temperature of his hand:,;. Two methods are 
frequently em played. In handwork, \\ ith the 
tool below the glass which has the smal1er 
area, if the surface becomes concave the 
stroke should be reduced wit.hin the limits 
of the polisher. If the surface becomes con- 
vex the stroke should be widened until the 
defect is corrected. On machine work, with 
the tool having now the smaller area above 
the work, thC'se operations should be reversC'd, 
a ",ide stroke, and especially one that overlaps 
the polishing tool, being employed to reduce 
any concavity of the surface of the work. 
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In the ('asp of large surfaces, such as are 
usual in machine multiple work, the position 
of the polishing tool may be so altered that 
it acts more around the periphery or over the 
centre, as may be desired to correct the figure. 
The second method consists in ringing 
the tool, that is, in broadening the furrows 
or scraping the tool surfaces, and thus re- 
ducing the effective polishing area at the 
centre or towards the edge, according to the 
req uiremen ts. 
Thus, suppose a block of concave lenses 
is too shallow. To correct the figure it is 
necessary to remove material from the centre. 
This m;y be done by lengthening the stroke 
of the block so that at the ends of the travel 
it overlaps the polishing tool, with the result 
that for a portion of the time the outer 
parts, as compared with the ('entre, are not 
acted upon and are not reduced to the same 
extent; or the outer portion of the polishing 
tool may be reduced by Rcraping, or the 
effective surfacp reduced by ringing, so as to 
increasp thp relative effpct of the centre part
. 
A polisher that has been used for a consider- 
ahle time oftpn becomes glazed and loses its 
effect 1 so far as the removal of glass is 
concerned, but not as regards the actual 
polishing action if the contact is good, It 
has been suggested that the glaze which 
may be readily scraped a" ay is a more or 
less continuous layer of glasR. 1 
Particular results are also 0 htained by a 
proper selection of the polishing layer. 
In the case of pitch, which should be a good 
quality of Burgundy pitch, the hardness must 
be varied by more or less prolonged boiling 
to suit the temperature, and to some extent 
the nature, of the glass and work. 
Thus, unless the workshop temperature 
can be kept constant, which is not easy so 
far as the reduction of the maximum summer 
temperature is concerned, a hard, well-boiled 
pitch must be used in summer and a softer 
pitch in "inter. 
Some operators prefer the use of wax 
instead of pitch, and particularly for the 
polishing of curved work. 
From Fig. 26 it "ill be seen that there are 
characteristic differences attributable largely 
to differences in the viscosities of the materials. 
Ahscissae represent temperatures and ordinates 
the rates of penetration of a steel disc under 
a constant load. 'Yhereas the pitch yields, 
even at the low temperatures, very little 
change occurs in the beeswax-resin composition 
until a temperaturp of about 27 0 C. is reached, 
"hen the viscosity ra'pidly changes. 
\.s the 
normal temperature of working rarely exceeds 
2
 C., it "ill be evident that wax layers are 
not so susceptible to fluctuations of tempera- 
1 .. The Surface Layer of an Optical Polishing 
Tool," J, W. French, Proc. Opt. Soc., 1920, xxv. Xo. 3. 


ture as pitch layers. "ax therefore retains 
its shape better than pitch, but its form is not 
so easily manipulated when a modification of 


1'0 


,875 


Q;' .75 
s;;:"!:' 
c ... 
'_ s;;: 
:S'
'625 
s;;: .... 

a:. 


 

 C>} "5 

! 
a:. Ë'375 
t:::: 
c.::::: 
E .25 
'- 


'125 



o 22 24 26 28 30 32 34 00.. 
Temperature 
FIG. 2û. 


the figure is desired, and the difficulty of 
obtaining good contact is greater. 

 (10) POLlSHI:XG PROCESSES. - Only the 
very highpst qualities of optical work or small 
quantitips of individual parts are made by 
skilled hand methods. For the production 
of parts in large quantities considerations 
of cost make the use of machinery essential. 
Although highly specialised machinery has 
been evolved for the manufacture of particular 
products, such as spectacle lenses, 2 there are 
certain well- defined methods and types of 
machinery, a description of which alone "ill 
suffice to indicate the fundamental principles. 
The machine processes may be divided, as 
in the C3.se of hand work, into the three 
groups: 
(a) Forming or roughing. 
(b) Smoothing. 
(c) Polishing. 
Frequently the raw glass is supplied in 
the form of plates which are cut to the approxi- 
mate shape by means of saws, as illustrated 
in Fig. 27. These saws are thin sheet-metal 
discs of a soft character. Iron armature 
stampings are ,-ery suitable for the purpose. 
The edge of the saw is notched. and charged 
"ith diamond dust mixed "ith oil to the 
f'onsistency of a fine paste. In Germany 
it is common practice to cut dpep radi:11 
peripheral slots .about a milJimptre broad and 
to fill these" ith lead, which holds the diamond 
dust more effectively. 
The work, which may be a pile of plates hpld 
"ithin the jaws of an adjustable holder, is 
pulled by a weight against the cutting edf!e, 
the movement being controlled by the ,\ ith- 
drawal of a screwed abutment. 
t ....,clmle der Optik, Glekhen und Klcin J 1914, 
practical section by Klein. 
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Turpentine as a lubricant gives the best 
results, but it has the disadvantage of being 
cm;tly. Petrol is very suita hIe. \\T atef with 
a small admixture of soda to prevent rusting 
of steel part::;, although less effective, is 
commonly used. 
An average peripheral speed of the saw is 
about 1200 feet per minute. 
Labour and expense in cutting may be saved 
by the use of glass that has been moulded to 
approximately the correct shape and size, 
enough excess ma terial only being allowed 
to ensure that when all the irregularities of the 
surface have been ground away the sizes will 
not be too small. 
'Yhen the quantities involved are not large, 
the actual forming of the work to the required 
lInear dimensions and shape within usually 
'Iìl 
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an angular limit of 1- three minutes is some- 
times done by hand, as indicated in Fig. 28, 
the angles being tested by means of simpif' 
aùjust
ble 
augf's 1 or, in the case of If'nses, by 
disc gauges turned to the appropriatf' radius. 
For the roughest grinding, sand or coarse 
carborundum or pmery may be useù, the 
sand being cheapest hut slowest in action. 
If a plant for the washing and grading of the 
abrasive is installed,2 the URe of a singh' type 
of ahrasive such as carborundum, a coarse and 
cheap grade of which only need he purchased, 
is both economical and convenient. 
'\Then two abraRives such as carborundum 
and emery are f'mployed for thf' coarser and 
finer grinding processes respectively, great care 
1 Hflndbuch dpr praktischm Optik. by Halle, H113. 
2 "The Grading of Carhorundum for Optical 
Purposes," Trans. Opt. Soc., Oct. 1917. 


must be exercised to avoid contamination of 
the emery with the harder carborundum. The 
large cast-iron grinding disc in Fig. 2
, "hich 
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runs at a speed of about 25ù revs. pel' minute, 
serves the double purpose of breaking down 
the coarser abrasive preparatory to fine grad- 
ing and of forming the heavier work 
In the case of multiple work the cost of labour 
generally necessitates the adoption of grinding 
.;.- · 4\\ 
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FIG. 29.-Glass l\lilling )[aehinC'. 


machinery, one type of which is illustrated in 
Fig. 29. A number of parts are mounted upon 
an adjustable holder on the table of the 
machine, the hnlckr hein
 so arranged that 
it. can he accurately angled in accordance 
with the indications of a scale, The table 
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runs the work longitudinally Gnder the 
, grinding wheel, and at the end of each stroke 
its motion is automatically reversed, the 
grinding being done during both strokes. At 
the end of each stroke the table is also fed 
trans\-ersely, auto.matically or by hand. 
Either a heavy cut of about Imm. with a slow 
table speed or a light cut of -Iff mm. \\ ith 
a fast cutting speed of 10 feet per minute may 
he used, but generally it is desirable to avoid 
the heavy forces incidental to a heavv cut. 
The grinding wheel, which is fed 
down by 
hand as required, is a fine-grade carborundum 
type, such as 220 J, running at a peripheral 
speed of about 500 feet per minute. 
An ample supply of lubricant, such as water, 
is essential to avoid all danger of the formation 
of minute heat cracks. 
Milling cutters in the form of cylinders of 
copper, the surfaces of which are grooved 
longitudinally and charged with diamond 
dust, have been used by some of the more 
important German opticians, but such cutters 
now appear to have been generally abandoned, 
except for certain minor operations, in favour 
of carborundum wheels. 
Glass mil]ing
 as compared with surface 
grinding, has the disad\yantage of being com- 
parati\-ely slow and therefore relati\.ely costly. 
This will be evident when it is considered that 
there is onlv line contact between the wheel 
and the surf
ce of the work, which for the great 
part of the time is therefore not being acted 
upon, whereas in the case of surface grinding, 
material is being removed continuously from 
every part of the surface. 
Surfare grinding is usually done by means 
of a cast-iron disc 'with loose abrasive, and the 
parts to be operated upon are mounted in 
accurate multiple jigs, the expense of which 
can only be contemplated when the number 
of pieces to be manufactured is large. 
As the work must be formed prartically 
within the final inspection limits
 it is necessar} 
that the machine should be capable of working 
to an angular limit of about 2 minutes and a 
dimensional limit of about -in mm. to -io mIll. 
After the indi,-idual parts have been formed 
to the exact shape they are submitted to the 
smoothing processes preparatory to being 
polished. For this purpose the faces to be 
polished are placed in contact with an optically 
worked tool, Fig. 30, the surface of "hich has 
been thoroughly cleaned and slightly oiled. 
Care must be taken to ensure that the laver of 
oil between the surfaces of the work a
d the 
tool is not too thick, as otherwise a very 
slight pressure on one end of the piece may 
suffice to introduce an angular error of a 
minute. \\Tith a little practice such errors, 
even in the case of faces of a fe\\ centimetres 
length, may be avoided. 
Uver the tool there is then placed a circular 


framework, into "hich is poured a layer of 
plaster of Paris of about 3 mm. thickness. 
After the plaster has solidified the frame is 
filled "ith a special cement "hose volume 
remains practicall.v constant after solidification. 
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FIG. 30.-Block of Prism. 


Plaster of Paris and cements that contain free 
lime have the disad\-antage that, O\\ing to 
crystalline changes in the solid condition, the 
volume after solidification increases for many 
months, the growth being comparatively 
rapid during the first few weeks. 
In such a case, owing to this expansion, the 
smoothed surface of a cemented blork of 
prisms tends to warp to an extent that may 
unduly prolong the polishing time, or even 
necessitate re-smoothing, 
Plaster of Paris mh..tl1res are suitable for 
blocks of 2.3 cm, diameter, and can be used for 
blocks of .30 em. diameter if there is no delay 
between the smoothing and polishing processes 
and if the latter is completed rapidly and in 
one operation. For large blocks of 1 metre 
diameter, such as is illustrated in Fig, 31, 
special cements are essential. 
The frame with the solidified cement con- 
taining the prisms is stripped from the oiled 
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FIG. 31.-:--moothing or Poli
lùng 1Iaclline for 
Blocks 1 metre diameter. 


surface of the plate, and" hen turned o\yer the 
thin layer of plaster of Paris can be removed, 
leaving the surfaces of the prisms projecting 
from the layer of cement, the face of which 
is cleaned and varnished to make it thoroughly 
waterproof and to prevent fragments from 
breaking loose and interfering \\ ith the work 
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of polishing. The thin layer of plaster of 
Pari::; has no appreciable ill-effect, as its thick- 
ness and time of action are both small. 
For the actual smoothing operation a 
machine of the general type, originally devised 
by Lord Rosse, l indicated in Fig. 31, is 
employed, but although the principle involved 
is generally the same in all cwses, the arrange- 
ments vary considerably. 
In a machine tool for the working of metals 
or the forming of glass, such as is indicatf'd 
in Fig. 29, the plane in which the work moves 
and the axis about which the tool rotates are 
both definitely fixed. The accuracy of the 
work is accordingly dependent upon the 
accuracy of the machine. 
As the accuracy requisite for the polishing of 
an optically good surface is nearly ten times 
as great as is obtainable with the best type of 
machine tool, it is necessary for the manu- 
facture of optical work to adopt the floating 
tool principle previously referred to in connec- 
tion with the preparation of flat grinding tools, 
In Fig. 31 it will be seen that the flat 
grinding tool rests freely upon the surface 
of the work, the diameter of ,vhich is about 
20 per cent greater than that of the tool,2 
and that it is moved by a central pin resting in 
the hollow socket of the tool. For the actual 
movement of the tool various mechanisms 
have been introduced, but that indicated in 
the illustration is the most common. 
All the arrangements 3 are particularly 
designed to sweep the tool over the surface 
in a continually and widely varying path 
that only repeats itself after a great number 
of strokes, and further, to provide simple 
adjustments whereby the action of the tool 
may be distributed more or less over the 
central or outer zones of the "ork for the 
purpose of regulating the form or figure. 
Behind the machine there are situated two 
vertical shafts each carrying at its head a 
crank - pin the distance of which from the 
centre of rotation is adjustable. One crank 
drives the end of the main driving arm through 
the intermediary of a gimbal connection that 
ena bles the arm to be raised when neceRsary 
quite clear of the too1. The other crank 
similarly drives a radius bar coupled to the 
driving arm. As the throws of the crank are 
indcpendently variahle and as the point of 
connection of the radius bar with the driving 
arm is adjustable, a large variation in the 
path of the tool is obtainahle. It is important 
that thf' revolutions of the crank spindles 
should not be a whole multiple of the work 
spindle revolutions. A hunting tooth should 
be introduced in the gearing, otherwise a 
portion of the surface will take longer to 
1 Lorù ROg
e'8 Telescopes, 188-1, anù Phil. Tran8., 
1840. 
I flput.'!('hp mpch. Zeit., 1909. ix. 81. 
a Handúuch der praJdischen Optik, lIalle, 1913, 


smooth or polish, thus increasing the time of 
the operation. By adjusting the length of 
the radius bar the tool may be made to act 
more over the periphery of the work, and the 
length of the stroke may be altered by a 
variation of the amount of throw of both 
cranks. These adjustments are necessary for 
the control of the form or figure of the work. 
To determine by calculation the distribution 
of the grinding or polishing action over the 
surface of the work is very difficult and 
laborious. As ,yas pre\TiousÌ y stated, the 
action is practically directly proportional to 
the relative speed of the tool and the work. 
'Yhen the tool is concentric with the rotating 
work, both rotate together, and there is no 
relative movement or grinding action unless 
a partial brake is applied to the tool. As 
the tool passes from the centre towards the 
pf'riphery its velocity changes, and there is 
then relative motion of the tool and work 
and consequently abrasion. This rotation is 
always in the same sense as that of the work, 
but it necessarily varies throughout the 
cycle, although the momentum of a heavy 
tool acquired when in the concentric position 
tends to make the rntation more uniform. 
The action at any particular point depends 
upon the time the part is acted upon by the 
tool, and this varie!; with the relative positions 
of the tool and the work, as the stroke is 
generally such that the tool sometimes over- 
laps the work at continually varying positions 
and by varying amounts. 
The action is also proportional to the load, 
and this is not constant as the area of the tool 
in contact with the work varies in the úver- 
lapping positions. 
From these considerations it will be evident 
that the problem of determining the distri- 
bution of the action even under the simplest 
conditions is a very complex one. 
The object of the smoothing process is to 
remove irregularities of the total surface 
arising principally from small errors in the 
laying down or assembling of the individual 
parts and minor distortions of the mass, 
and to remove any accidental small holes or 
cuts introduced by the coarser ahrasive during 
forming. If the initial work has been well 
done the amount of material to be removed 
is small, but as the rate of removal of material 
during the smoothing operation, when fine 
emery or carborundum is used as an abraRive, 
is much more rapid than during the polishing 
stage when rouge is employed, the importance 
of good smoothing will be evident, 
The polishing process is practically a 
continuation of the smoothing, the same 
methods and type of machine being employed; 
but a polishing medium such as rouge iR uRed 
in the first instance instead of an abrasive, 
and a pitch, wax, or cloth polisher instead 
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of a metal tool. As in the hand-polishing 
process previously described, water only is 
used as a polishing medium in the final stages 
of the operations. 

 (II) POLISHI
G )L-\cHI
E.-Another type 
of machine capable of polishing a block about 
1.5 metres in diameter is indicated in Fig. 32, 
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FIG. 32.-
llloothing or Polbhing Machine for 
Blocks 1'5 metres diameter. 


and the working of a concave block of large 
diameter lenses is illustrated in Fig. 33. 
Two methods may be employed for the 
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production of curved work such as the elements 
of an objective or an eyepiece. 
In the first method, which is not extensively 
adopted on accuunt of the accurate jigs that 
are involved, the lens blanks are ground to the 
final diameter to within a limit of about minus 
1,20 mm. Several piles of discs cementpd 
together preparatory to being ground to the 
correct diameter are shown in Fig. 34-, \\ hich 
also illustrates the carborundum wheel edging 
machine. 


The edgpd blanks after being separated and 
cleaned are mounted in the tool indicated in 
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FIG. 3-l.-Automatic Edging )lachine. 


Fig. 33, and the curve is then ground true 
with the periphery, provided the jig and 
workmanship are sufficiently accurate. 
In the more common method, the unedged 
and partially-shaped blanks are secured indi- 
vidually "ith pitch "ithin the holder. They 
are then ground and polished in the usual 
manner, and after being removed and cleaned 
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.FIG. 35.-Hand Centring and Edging )[achinc 


the periphery of the lens, if circular, is ground 
true with the optical axis of the lens. 
This opera.tion is indicated in Fig. 3.3. The 
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lens to be edged is slightly heated and cemented 
to the nose of the hoBow spindle of a small 
lathe head. \Yhile the cement is soft the 
position of the Jens is adjusted until the two 
reflections of a light or other object from the 
front and back surfaces of the lens 1 do not 
rotate when the spindle is slowly revolved. 
This occurs when the optical axis of the lens 
coincides with the axis of rotation. The 
cement is then allowed to harden, and the 
grinding of the periphery true with the axis 
of rotation, and therefore with the optical 
axis of the lens, is performed by pressing a 
brass plate against the edge while using emery 
or carborundum as an abrasive. 
Various types of machines are employed 
for special operations and more particularly 
for the production of spectacle lenses. 2 
Astigmatic lenses are produced on machines 
in which a cylindrical tool is made to oscillate 
about the axis of the cylinder, the work itself 
being prevented from rotating. For the 
multiple production of toric lenses in which 
the two axes of curvature are approximately 
at right angles to each ut.her, the len
es are 
worked upon cylinders of the appropriate 
radius and ground by means of tools whose 
cross-sections correspond with the curvatures. 
Ringle and special toric lenses are ground 
individually upon sma]] special machines, but 
in an article such as this, which is concerned 
more with general principles than with the 
mechanical appliances, it is not possible to 
describe in detail the numerous types of 
machine that are employed for spectacle work. 
The most complete information on this par- 
ticular subject is obtainable from the catalogues 
of the optical machine tool makers or from 
the practical handbooks already referred to. 
J. w. F. 


OPTICAL PATH DIFFERENCE: the difference in 
the total optical path travelled by rays of 
light which pass through an optical system 
at different distances from the axis. See 
" :Microscope, Optics of the," 

 (7) and (8) ; 
also "Light, Rectilinear Propagation of." 


OPTICAL ROTATION AND THE 
POLARI:\IETER 
THE rotation of the plane of polarisation 
was first observed in the year 1811 by Arago 
in quartz plates. Further, Biot, and also 
Seebeck, discovered the optical activity of 
some organic substances, oil of turpentine, 
and solutions of sugar and of tartaric acid. 
Biot estahlished the nature of the pheno- 
menon and its laws in a long series of important 
1 Dioptrirks 16f12; Molyneux, chap. iv. of 

lechnnick-Dioptricks, p. 220. 
2 Schule der Optik, Gleichen und Klein, 1914, 
Praktischer Teil. 


papers ,yhich exh'nd over a period uf forty- 
seven years (181:
 to 18()()). 
Fre
nel published the theory of the proper- 
ties of quartz and introduced the term 
" circular polarisation " in 1831. 
\V. Herschel and J. Herschel recognised the 
significance of certain faces on the quartz 
crystal for predicting the direction of the 
optical rotation. 
An epoch-making discovery was Pasteur's 
in 1848. He proved in the case of tartaric 
and racemic acids that one and the same 
active substance may occur in two forms, 
with opposite rotatory power, as well as in an 
inactive modification. 
Pasteur stated that substances which are 
optically active as cry:-;tals or in solution 
crystallise in hemihedral forms, i,e. the crystal 
and its mirror cannot be superposed. (Pasteur's 
rule is not reversible. hemihedral crystals do 
not always rotate polarised light) (1). 
Pasteur thought that the optical activity 
might be caused by a lack of symmetry of 
the entire molecule, He imagined that the 
atoms might be arranged in the form of an 
irregular tetrahedron or of a screw. 
No progress of theoretical importance was 
made until 1874, when Van t'Hoff and Le 
Bel, independently of each other, put forward 
the celebrated theory that the optical rotation 
of organic compounds is due to the presence 
of an asymmetric carbon atom. They each 
assumed that the four valencies of the carbon 
atom are directed to the points of a regular 
tetrahedron. If each of these valencies is 
attached to a different atom or radicle it is 
seen that two non-superposable tetrahedra 
result, and these are the left- and right-handed 
forms of the active substance 
Thus the polarimeter has played as cele- 
brated a role in the development of theoretical 
organic chemistry as its essential parts, the 
nicol prism and the quartz plate, have done 
in theoretical optics. 
The rapid progress of synthetical organic 
chemistry in the later decades of the nine- 
teenth century led to the study of a large 
number of new compounds which rotated 
polarised light. 
One of the most celebrated of the prolonged 
researches connected with the polarimeter 
was Emil l
"is('her's on the constitution of 
the sugars, in which the interpretation of 
optical activity played a prominent part, 
The discovery of compounds whm;e optical 
activity was due to t}w asymmetry of a 
nitrogen atom was followed by the brilliant 
work of Pope on optically active tin, etc., 
com pounds. 
Theoretically, optical rotation could arise 
from asymmetric valencies of elements other 
than carbon. These predictions have })(,(,11 
realised. 'Ve are now acquainted with sub. 
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stances whose rotation is due to asymmetric 
nitrogen, tin, sulphur, selenium, phosphorus, 
silicon, chromium, and cobalt (2), English 
investigators, Pope, Peachey, Smiles, Xeville 
and Kipping being chiefly concerned .with the 
first six elements, while 'Yemer was successful 
in obtaining the active compounds of chromium 
and cobalt. 
Besides these inquiries of fundamental 
importance, the polarimeter was employed 
in a classical piece of research by 'Yilhelmy 
in 18.30. He measured the rate of inversion 
of cane sugar and put forward the first correct 
mathematical treatment of the velocity of a 
chemical reaction. The extraordinary con- 
venience of analysing a solution by optical 
means without altering its composition was 
t he motive for employing the instrument, 
)Iuch work has been carried out on rotatory 
dispersion, but the interesting results obtained 
still await theoretical explanation. Technical 
use was made of rotatory dispersion in 1910 
by 
I. E. Darmois, who found that the propor- 
tions of alpha and beta Pinene in rectified oil 
of turpentine could be determined by measur- 
ing the rotatory dispersion (3). 
)Iagnetic rotation of the plane of polarisa- 
tion, discovered by Faraday, was the subject 
of prolonged research by "T. H. Perkin, 
s
nior, who showed that it was a property 
depending mainly on constit
tion, although 
there are some additive relationships. 
'Yhile the study of rotatory dispersion 
prevented a too narrow interpretation being 
placed on the results with sodium light, a 
study of the influence of the solvents showed 
that not only the amount but also even the 
sign of the optical rotation could vary when 
the same substance "as dissolved in different 
solvents. 
Arising out of this purely scientific work is 
an interesting analytical method. The q uanti- 
tative estimation of benzene in cyclohexane 
is difficult and troublesome, but by taking 
advantage of the fact that benzene is almost 
without influence on the rotation of ethyl 
tartrate, whilst cyclohexane exerts a consider- 
able depressing' influence, the proportions 
of the two substances present in a mixture 
may be estimated within about 3 per cent 
by the simple determination of the rotatory 
po"er of a mixture with a fixed proportion 
of the ester (4). 
The influence of the solvent is also clearly 
shown in an important paper by F. H. Ca;r 
and 'V. C. Reynolds (5) on the rotatory power 
of alkaloids. They found, inter alia, that 
hydrastine has a strong dextro-rotation in 
50 per cent alcohol, while it is inactive in 
9.3 per cent alcohol, and laevo-rotatory in 
ah.;olute alcohol. These observations suggpst 
that indirect determinations of inactive 
substanc
8 may often be possible, bJ'" measuring 


their influence on the rotation of an admixed 
active substance. It has been known for a 
long while that boric acid and also acetone 
and other substances have a powerlul effect 
on the rotation of tartaric acid. For the two 
substances mentioned, there are excellent 
chemical methods a\Tailable; where this is 
not the case a polarimetric method might well 
be looked for. 
Although a distinction may be broadly 
made between essential oils, which are optic- 
ally active, and mineral and fatty oils, which 
are optically inert, the exceptions are of great 
importance. Castor oil is the only common 
vegetable oil which exhibits a distinct though 
slightly variable rotation. )Iineral oils were 
thought for some years to be optically inactive, 
but further study has proved that they possess 
a small rotatory power, and this fact has 
supported one of the theories of the origin of 
petroleum. 
The temperature correction may be of 
great importance for the analysis of a mixture, 
thus a mixture of dextrose (+) and invert 
sugar (+ and -, the latter predominating) 
may be ana lysed at 87 0 C., when the rotation 
of i.nvert sugar become8 O. 
Starches can bp determined by the polari- 
meter by Ewen's method and its later modifica- 
tions; thus the products of another important 
industry may be controlled by this instrument. 
The relation between concentration and 
specific rotatory power has been determined 
for a numher of substances "ith a very 
high degree of accuracy, notably cane sugar, 
galatose, cocaine, lactose, maltose, glucose, 
camphor, nicotine, "Synthetic camphor" can 
be distinguished from natural camphor, and 
adulteration of inacthTe oils (such as almost 
all the fatty oils) "ith rosin or rosin oil is 
easily deteC'ted. 
The left- and right-handed forms of actÍ\T
 
su bstances, e.g. sugara, can be separated by 
the action of micro-organisms, such as yeast 
and moulds \\ hich preferentially destroy one 
of the isomers. The isomers differ also in 
their behaviour with digestive enzymes of the 
animal body. 
The explanation generally adopted is that 
the enzymes of fermentation and digestion 
are themselves asymmetric and attach them- 
selves to one optic
l isomer, in ,.irtue of spatial 
arrangements which have been compared to 
the fitting of a key in a lock. 
"The first step in what may prove to be an 
inquiry of considerable I':ignificance in biology 
is marked by the preparation of d- andl-forms 
of simple dyes C'ontaining an asymmetric 
system. The work has not proceeded far, 
hut evidence has alreadv been obtained that 
thcse optical isomeride
 are selectively ab- 
sorbed by \\ 001, and the prospect is thus opened 
out that they may ultimately be used in the 



330 


OPTICAL RQITARE-PERISCOPES 


staining of sections so as to rcyeal more 
com pletely the chemical constitutions of 
tissues. This field of research has not been 
explored by the chemist, and there is ample 
scope for future developments of great 
importance" (6). F. T. 
J. N. G. 
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OPTICAL SQUARE: a device for deviating a 
ray of light through 90 0 irrespective of the 
angle of incidence. See "Rangefinder, 
Short-base," 
 (9). 
OPTICAL THICKNESS: the product fJ-t, where 
fJ- is the refractive index and t the thickness 


of a plate of refracting substance. If p. is 
not constant throughout the material the 
optical thickness is the line integral of p.dt 
along the path traversed by the light. See 
"Interlerometers, Technical Applications," 

 (3), 
OPTO:\IETRY: a term sometimes appJied to all 
ocular methods of estimating the refraction 
of the eye, hut gem>rally confined to instru- 
ments where an adjustment of lenses is 
made by the patient, in order to obtain the 
clear image of an object, and the result 
recorded on the metric scale. See" Oph- 
thalmic Optical Apparatus," 
 (II). 
ORGAN, REED PIPES IN THE. See" Sound," 

 (32). 
ORGAN PIPES WITHOUT REEDS. See" Sound," 

 (33). 
OXIDE OF IRON: a cause of colour in glass. See 
" Glass, Chemical Decomposition of," 
 (1). 
OXIDE OF LEAD: a constituent of glass. 
See "Glass, Chemical Decomposition of," 

 (I). 


-p- 


PARABOLIC REFLECTOR. See "Projection 
Apparatus," 
 (6). 
And elcctric search-lights. See ibid. 
 (8). 
And electric signalling lamps. See ibid. 

 (9). 
Used as a headlight for a motor-car. See 
'ibid. 
 (7). 
PARALLAX (CHRO:MATIC): a parallax effect due 
to the chromatic aberration of the eye. See 
" Eye," 
 (27). 
PARAXIAL RAYS: rays of light comprised 
within a narrow pencil close to the axis of 
an optical system. See" .Microscope, Optics 
of the," 
 (3). See also" Optical Calcula- 
tions," 
 (5). 
PARTIAL FLASH: a term applied to the light 
afforded by a projector when only certain 
parts of the front aperture are seen as of the 
same intrinsic hrightness as the source; 
this term applics also to systems in which 
certain areas of the front aperture are seen 
filled with a "coloured flash" due to the 
"partial flashing" of certain primary 
colours. Sce" Projection Apparatus," 
 (3). 
PELORUS OR BEARINC PLATE, description and 
method of m
e. See "Navigation and 
Navigational Instruments," 
 (17) (ii.). 
PENETROMETER: an instrument for measur- 
ing the penetrating power or quality of 
X-rays. See" Radiology," 
 (21). 
PE
TA"NE I...AMI': a Hame. standard of 10 
can dip-power devispd hy Vernon-Harcourt. 
See" Photometry and Illumination," 9 (6). 


PERIMETER OR SCOTOMETER: an ophthalmic 
instrument used to measure the field of 
vision from the macula to the peripheral 
parts of the retina, and to plot out the 
portions of the retina which are totally 
or partially atrophied, See" Ophthalmic 
Optical Apparatus," 
 (5). 


PERISCOPES 

 (I) PRINCIPLE OF PERISCOPES.-As the name 
denotes, periscopes are optical instruments in 
,vhich the general course of the rays, instead 
of being confined approximately to the neigh- 
bourhood of a single straight line, is deflected 
once or more into new direC'tions with the aim 
of giving an observer a view from a position 
in which it is inconvenient to place his head. 
Among the bpst known examples are various 
forms of trench periscope, ,vhich com;ist 
essentially of small telescopes with reflectors 
at the top and bottom, or even of a small tube 
only to which mirrors have heen attached at 
each end, so that the ray paths tend to con- 
form to the shape of a crude letter Z. By 
the aid of such an instrument thp ohservpr is 
pnabled to see what takes place, sa.'T, on the fa.r 
side of a parapet hehind which he himself is 
protected from bullets. Essentially similar in 
their gf'llPral aim are the periscol}('
 used on 
suhmarine boats to take ohservations above 
the sea while the vesspl rcmains suhmerged. 
These naval Ínstrnn1Pnts are more> comple>x 
than those used on land, anù as they providl' 
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good illustrations of all t.he features which 
are found in periscopes generally, it will be 
convenient to consider the submarine peri- 
scope as the typieal instrument of this class. 

 (2) REFLECTING SYSTEMs.-Although peri- 
scopes have the bent ray path as their most 
obvious characteristic, optically this feature 
is of no importance. Any refracting telescope 
can be converted into a periscope by the 
insertion of mirrors in suitable positions 
without the necessity for any modification in 
the construction of the lenses. If reflecting 
prisms are su bstituted for miITors the necessary 
changes in the system are very slight in char- 
acter, and may be allowed for in the original 
design by supposing symmetrical blocks of 
glass of suitable thickness to be present, as no 
optical difference would t.hen exist between 
the instrument with a straight ray course 
and that in which the light path suffers 
deviations. The reflecting: and refracting 
systems are independent also in another sense, 
for though. the size and the accuracy of surfacf' 
necessary in the mirrors may vary greatly 
with their positions relative to the lenses, yet 
these positions are unimportant as far as the 
t.ype of imagery yielded by the complete 
instrument is concerned. For instance, if a 
certain combination of mirrors and a telescope 
produces an upright image of a clock face with 
the hours incrf'asing on a right-handed rotation, 
no image either inverted or "ith left-handed 
rotation will be produced by transferring t.he 
whole reflecting system so that it is entirely 
external to the telescope, and either precedes 
or follows it. To decide therefore what mirror 
systems are of value for the construction of 
periscopes, it is only necessary to consider 
whether the telescope to be employed is of the 
inverting or of the erecting type. 
The commonest reflecting system consists 
essentially of two plane reflecting surfaces 
parallel to one another (Fig. 1). Light 
successively reflected at 
these two surfaces 
emerges parallel to its 
original direction, being 
merely laterally displaced 
by an amount propor- 
tional to the separation 
of the mirrors and to the 
sine of the angle of in- 
cidencf'. A clock face 
examined by light re- 
flected from such mirrors 
presents the same appearance as when viewed 
direct. Such a system of mirrors in conjunc- 
tion \\ith an erecting telescope gh-es a correct 
view of the scene examined when the observer 
faces the direction of Right. Anot.her simple 
system consists of two plane mirrors at right 
angles to one another (Fig. 2). Since the 
deviation produced in any ray is t\\ ice thC' 
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FIG.!. 


angle between the outward drawn normals to 
the mirrors, the observer must have his back 
towards the direction of sight, and from this it 
follows that an image will appear correct to the 
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FIG. 2. 


observer when it is upright, but inverted left 
for right in space relath-e to the object. Now 
t.he two mirrors by themselve
, if placed one 
above the other ",ith their lines of intersection 
horizontal, will obviously produce inversion in 
the vertical but not in the horizontal direction, 
Since an inverting telescope inverts in both 
directions, the combination of these two miITors 
with an inverting telf'scope will yield images of 
the type required (Fig. 3). If a correct view is 
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FIG, 3. 


req uired ",ith an erecting telescope when the 
observer has his back to the direction from 
which light reaches the instrument, the re- 
flecting system must be of a type which returns 
an image of correct. appearance to the observer 
when used alone. The best kno\\ n system 
of this kind consists of three plane mirrors 
mutually at right angles to one another, and 
many others only slightly less simple may 
be devised. _\ periscope of the reversed vision 
type may therefore be constructed" ith a plane 
upper mirror deflecting thf' light downwards 
through an erecting telescope at the lower end 
of which is a "roof" prism or two mirrors 
forming a roof, the edge of which is normal 
to the first mirror (Fig. 4). Roof prisms 
would be utilised very \\ id('ly in optical 
instruments for their valuable properties 
were it, not that the high degree of accuracy 
rf'quired in the angle between the two re- 
flecting surfacNI to avoid doublf' images 
makes their manufacture w'ry costly. In 
nwnv cases this difficultv can be avoidC'd at 
the 'cost of compactnC's
 hy displaeing the 
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roof combination laterally, so that the light 
always meets the surfaces in the same order. 
Another case in which a roof combination 


FIG. 4. 


may be' used is when an inverting telescope 
is employed with the observer facing the view. 
If the roof prism replace the lower plane 
prism of Fig. 1, the lateral inversion it causes 
compensates the inversion of the telescope 
in the horizontal plane, but the vertical in- 
version is uncorrected. The substitution at 
the upper end of the 
periscope of two mir- 
rors inclined to one 
another in the vertical 
plane at an angle of 
45 0 for the single 
mirror is a possible 
method of completing 
the rectification of the 
image (Fig. 5). An 
alternative of much 
FIG. 5. importance consists in 
the introduction of an 
inverting isosceles prism. 'Yith this com- 
bination an erect image may he secured con- 
veniently whatever the angle between the 
line of sight and the direction of observation 


important that the directions of sight and of 
observation should be ident.ical, and as the 
use of roof reflectors is not free from difficulties 
erecting telescopes become necessary. 

 (3) FIELD OF VIEW AND ILLUMINATIO
. 
-From the point of view of light deflection 
then the periscope offers no new 
problem at all for consideration. 
Optically its special character- 
istic is that, when the extent of 
the field of view n-quired and 
the amount of light necessary 
from each part of the field are 
considered, the instrument is 
of such unusual length thRt 
special forms of construction 
are essential to enable these 
particular features to he realispd 
in an acceptable manner 
(i.) Simple Periscopes.-Rup- 
pose that a distant view is 
seen through a long tube of 
length land diampter d. The 
visible field has an angular 
diameter d/l if the observer's 
eye, sit.uated in the position 
marked E in the figures, is 
stationary and the diameter of 
the pupil is small in comparison 
with d (Fig. 7). 
If a lens of dia- 
meter d amI focal 
length l/6 is 
placed in the 
tube at one-third 
its length from 
the observer's pnel, an inverted image of tll(' dis- 
tant view of angular diameter :
d/l wiìl he seen 
at the principal focus of the lens which is at a 
di8tance l/6 from the ohsPfver's eye (Fig. 8), As 
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may he. The hest known instrumpnt of this 
kind has an upper isosceles right-angled prism, 
a lower roof prism, and an isosceles inverting 
prism placed along the vertical axis of the 
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telescope, so mountpd that it rotatps through 
half the relative displa
ement of the upppr and 
lower prisms. This arrangement i
 illustratpd 
in F1'q. f). 
In submarine periscopes it is considen'd 


E 


FIG. 7. 


far as the fidd of view is concerned the eye is 
virtually placed at e, t.he image of E fornwd 
by the lens. As exception is taken to a system 
such as the ahove, which necessitates focussing 


FIG. 8. 


the eye on a fixed near plane, the singh- lens 
must hp replaced by a tpleseopic system. 
'The Rimplest consists of two single lens('s of 
eq ual focal length wit h their separation dou hIp 
the focal kngth of either. If these arc placed 
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at the ends of the tube the field of view is 
the same as for the vacant tube, but the image 
is inverted (Fig. 9). If the lenses are now 
reduced in focal length and are appropriately 



 
 


placed in symmetrical positions in the tube, . 
the field can be increased up to four times its 
original value when the lens separation is !l 
(Fig. 10). If the symmetrical arrangement 


fall far short of those required in submarine 
periscope
, and the inverted ima..ge is also 
objectionable. The addition of iurther lenses 
enables both defects to be removed. 


J E 


FIG. 9. 



.\. particularly simple form of erecting 
telescope consists of three equal lenses spaced 
at equal intervals, the separations being three 
times the focal length of the indi\iduallenses. 
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is abandoned, the most favourable disposition 
with two equal lenses is reached when the focal 
length is l/5, the distance of the first lens froUl 
the object end of the tube being 21/3, which 


FIG. 10. 


If such a system were inserted in the tube and 
occupied its entire length, the eye would be 
virtually placed a distance 
l in front of the 
tube, and the field of view "ould be 2dll 
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:is also the distance bet ween the lenses (Fig. 11). 
The image of the eye is then half-"ay between 
the front of the tube and the leading lens, and 
it is easy to see that a variation of the system 
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in one direction results in a reduction of the 
field below 5d/l through the failure of the rays 
required to meet the aperture of the first lens, 
and a variation in the other direction leads 


FIG. 11. 


(Fig. 12). As tlw outer lenses are made to 
approach the centrallf'ns and the focal lengths 
of all suitably reduced, the field of view in- 
creases, reaching the best value id,'l when the 
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FIG. 12. 


separations and the distance from the front 
of the tube to the first lens are each 2[/7 (Fig. 
13). This is not the only form of telescope 
of unit magnifying power which ('an be con- 
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to the obstruction of rays between the object 
and the virtual position of the eye by the front 
of the tube. To htke an actual example, if 
the tube is thirty feet in length and six inches 
in diameter, the" natural field of yiew is about 
one degree, and the best with two lenses is 
about five degrees. Fields of this magnitude 
VOL. IV 


FIG. 13. 


structed of thref' equal lenses uniformly spaced, 
for evidently in F1'gs. 9 to 11 a third lens of 
any power could be inserted half-way between 
the lenses shown in the plane of the real image 
"ithout disturbin
 the telescopic charaeter of 
the image. The effect of such a lens is merely 
to alter the extent of the field of view. The 
2A 
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insertion of the lens in this system, however, 
does not influence the inversion of the image, 
so that the one system of three If'nses presents 
an upright and the other an inverted image. 
(ii.) Six-lens Periscopes.-'Yhen a greater 
number of Jensi's is used there is a choice of 
many different separations when the spacing 
is uniform and the lenses are of eq ual focal 
length. Consider, for example, a system with 
six lenses. Two telescopes each having three 
lenses if combined will produce a six-lens tele- 
scope with an upright image, whether the 
image is upright or inverted with three lenses. 


On the principle of com bining two telescopes 
together it is obvious that with twelve lenses 
all these separations would give erect images. 
In addition, with twelve lenses there .would be 
six separations resulting in inverting telescopes. 
The five forms of telescope each containing 
six lenses are illustrated in Figs. I-t to 18 and 
the number of inversions is different in every 
case, the number for each separation being 
given in brackets in the above table. Other 
things being equal, the form in which f is large 
in comparison with t is the most desirable, 
since this implies lenses with slight curvatures. 
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FIG. 14. 
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FIG. 15. 
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FIG. 17, 
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Threc telescopes of t",o knses each will evi- 
dently combine to form an inverting six-lens 
telescope. In addition there are two new 
forms, both inverting, which cannot be divided 
into separate telescopes. Thus, with six 
lenses each of focal length f the separations t 
may have the values given in the following 
table: 


T.\ BLE I 


Inverting Telescopes. Erecting Telescopes. 
t=(2- ,'3)f ( 1 ) t 
J (2) 
[=21 (3) 1=3f (4) 
t=(2+ ,'3)1 (5) 


}'IG. 18. 


But it is by no means. the case that other 
things are equa-l, for the systems differ from 
one another in the extent of the fif'ld of view, 
in the brightness of the image at the centre 
of the field, and in the way in which the bright- 
ness varies from point to point, of the field. 
The system ,,,ith onf> inversion, illustrated in 
Fig. Ì4, is the most desirable as regards the 
curvatures of the lenses. but since the virtual 
eye position is the farthest of the series from the 
leading end of the tube, this form is the least 
satisfactory for the extent of the field of view. 
The systems with three and fiveinversions,illus- 
trated in Figs. If) and 18 rC'spedively, are those 
with the largest fields of view, the two being 
on an equality. Not far behind them is tlw 
system with four inversions shown in Fig. 17. 



PERISCOPES 


353 


(iü.) lliumination.-In order tu consider 
the illumination at the centre of the field of 
view, the extremp rays of an incident beam 
parallel to the a
is are represented in the 
diagrams by thicker lines than those used to 
indicate the extent of the field of view. The 
systems \\ ith one, two, and three inversions 
a;'e on an equality, and transmit to the rear 
of the tube beams of light which on entrance 
and exit completely fill its diameter. \Yhen 
the number of inversions is increased to four, 
and still more when there are five, the \\idth 
of the useful axjal incident beam is much 
reduced, and the last two forms are not nearly 


transmitted at the extreme angle is now less 
than before. Again, in F1'g. 20 a system 
similar to that shown in Fig. 17, but "ith 
rather longer focal lengths for the lenses, has 
been displaced towards the eye through a 
distance equal to half the focal length of each 
lens. The field of "iew is now increased to 
an equality "ith those of the systems "ith 
three and five inversions, but, as in these other 
cases, the illumination at thf' edgp of the 
increased field falls to zero. It is clear that 
a much more detailed analysis is necessary 
to determine exactly "here the balance of 
advantage falls. 
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as satisfactory as those which precede them for 
central illumination. It would thus appear 
that the greatest advantages rest "ith the form 
shown in Fig. 16, but when the illumination 
in the óuter parts of the field of view is 
considered, it is seen that this form has dis- 
tinctly undesirable features. The forms with 
four and five inversions alone show no decided 
change in illumination, as the origin of the beam 
of incident rays departs from the a:\.is of the 
tube, but beyond certain angles the brightness 


FIG. 19. 



 (4) THEORETICAL CO:5SIDERATlo:s.-The 
diagrams just considered show that the field 
of view is enlarged by causing any ray of light, 
instead of travelling straight along the tube, 
to be deviated by a series of lenses from side 
to side. The number of lenses to an oscillation 
is arbitrary, and when the number of lenses 
to an oscillation is large, as in Fig. 14, the ray 
path resembles a sine curve. If there are n 
lenses to the telescope, each of power K, the 
separation of suecessive lenses being t, the 
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of the imagp is dimini.shed through light 
striking t.he interior of the tube as in the other 
forms. At the extreme angular field the in- 
tensity of the light falls to zero \\ith the forms 
of Fig8. 14, Hi, and 18, but is finite "ith the 
remaining forms. 
Figs. 1-1 to 18 are special cases of their 
kinds, as the extreme ravs which determine 
the fields of view ha ve be
n assumed to foUm\ 
paths similar to those of rays which limit the 
axial beam of parallel rays. Other results 
as regards the field of view or the variation in 
illumination are obtained by assuming that 
the entire system of lenses is displaced along 
the tube, the eye remaining at the end of the 
tube. It "ill suffice to consider two other 
cases, in which the lenses of the two erecting 
telescopes are displaced tm\ ards the eye. 
Fig. 19 represents the same sYRtem as Fig, 15, 
but all the lenses have been moved towards 
the eye through a distance equal to half their 
focal length. The fiehi of view i8 evidently 
the same as before, but the amount of light 


FIG. 20. 


power of the complete system K1,n is derived 
from 


KIJn=Kl +Ks + . . . +Kn 
- K1t1K s - K1(t 1 + t 2 )K 3 . 
- K 1 (t, +t l + . . . +tn-,)I\n 
- KztlK. - KI(t l + t 3 )K c . . . 
+ K1t1K1t1K. + . . .J 
as is wen known. On putting all the I\'S and 
t's equal to one another, the coefficients depend 
on the numerical value of the sums of continued 
products obtained by di\iding at r - 1 points 
a line whose length varies from r to n into 
r parts each of a length represented by an 
integer. 'fhe result is 
(n+l)n(n-l) 2 t 
K 1 ,n=nK-- 3 !-K 
+ (n +2) (n +})n( n_-})( n - 2 )1\1[2 
- , 
a. 


( l } r (n + r)! K r +1[r 
+ - (n-r-l)!(2r+l)! 


. . ., 
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so that the system is telescopic if hi is made 
equal to one of the roots of the equation 
....' r (n+r)! "-0 
-r(-I) (n-r-l)!(2r+l) !x - , 
and, like the ray path, this equation, if written 
in the form 
"I;' (_ 1 )" n(n 2 -1 2 )(n S - 22)0 2 - 3 2 )... (n S - r 2 )x" =0 
-r (2r+1)! ' 
is distinctly reminiscent of circular functions. 
This suggests that the circular functions will 
occur prominently in the theory of systems of 
lenses suitable for the transmission of light 
down a tube of constant diameter, and it is 
readily seen that if the four Gaussian constants 
are suitable circular functions the system may 
have such properties as those found in the 
systems already illustrated. If these constants 
are denoted for brevity by A, B, C, D, where 
A B OKl,n C _ OKl,n D _ 02K l ,n 
= KI,n, = OK l ' - (JK'11 ' - CKICk,/ 


the relation BC - AD = 1 suggests cosine ex- 
pressions for Band C and sine expressions for 
A and D. Moreover, the essential equations 
for the combination of two systems are 
A l ,2 = AIB2 + A 2 C l 1 
Bl a = BIB2 + AaDI 
C l : 2 =A,D 2 + C I C 2 J '"' 
D l ,2 = Bl D 2 + C 2 D, 


where the quantities are reckoned for a common 
terminal point to the two systems. For the 
distances x, x' from the selected terminal 
points of a pair of conjugate points satisfy 
the relation 
Axx' + Bx' - Cx - D = 0, 
where x and x' are positive when measured 
from the terminal points in the direction in 
\\-hich light travels through the system. 
Thus, in this case, if x and x' refer to a first 
system which is to be combined with a second 
system for which the distances are repre- 
sented by .r;' and x", the two values obtained 
for x' must he identical, so that 


91

Dl_ 
Alx+ß I - 


B 2 x" - D 2 
A 2 x" - ð-;' 


or 
(AlB2 +A 2 C l )XX" + (BIBa + A 2 Ð I )x" 
- (A I D 2 + C I C 2 )X - (BIDs + CaDI) =0, 
and this m list be eq ui valen t to 


AI,a xx " + B,,2 X " - CI,aX - DI,S =0. 


Also 
(B I B 2 + A2 D I)(AID2 + CIC a ) 
- (AIB2 +A 2 C I )(B l D s + (12 D l) 
=(BIC I - A l D I )(B 2 C 2 - A 2 Ð 2 ) 
= 1 = Rl,2C,,2 - .\1,2Dl,2' 


so that 


(1) 


A,B2 + AaC I = :t AI,b 
BIB2 + A2DI = -t BI,a, 
AIDa + C l C 2 = -t C I . 2 , 
BID2 + C 2 D I = :t D"a, 
and by considering a specia.l case, such as a 
thin lens in which B 2 = C I = 1, At,a = Al + A 2 , 
or a lens in which A 2 is gradually increased 
from zero RO that A'.2 has the same sign as 
Au it is seen that the upper sign must he 
adopted, If now 1 denotes a length it may be 
suppospd that Au B lJ C, are defined by the 
angles alJ ßlJ Î'lJ where 
A _ sin at B _ c<}s (al - PI) C _ cos ( at - Î'l ) 
1- 1 ' t - , 1 - ( 2 ) 
cos ßI COS '}'l ' 
and it then follows from the idpntity 
BC - AD= 1 that 
DI = _ l sin (al - ßt - Î'l) . (2a) 
cos ßI COS '}'1 
If now two systems with the same 1 arc 
combined the addition equations 
ive 
A _sin (al + a 2 ) 
t,2 - --l- 
sin at sin a 2 
+ 1 (tan ß2 + tan Î'l)' 
Bl 2 = cos (a l + all - ßl) 
, cos ßl 
cos (at - ßI) sin a 2 (t ß t ) 
+ ß an \I + an '}'l , 
COS t 


C - cos (al + a 2 - Î'2) 
12- 
, cos Î'2 


sin a l cos (a2 - Î'2) (t ß t ) 
+ an 2 + an Î'l , 
cos '}'a 


Dt \I = _ 1 sin (at + aa - ßl ,- Î'2) 
, cos ßt COS )'2 
1 cos (at - ßI)( cos aa - Î'2) (t ß t ) 
+- - ß an 11+ an)'l' 
cos 1 COS Î'2 


and the com bined system has expressions for 
the Gaussian constants of the same form as the 
components if 
tan ßII + tan Î'l =0, 
that is, if ß2 + '}'t =0. 
The a of thp compound system is th('n the sum 
of the a's of its components, while its ß and "I 
are reRpectively ßI and Î'2' that is, the external 
angles assodated with its components. 
[()re- 
over, if a single lens is considered referr('d to 
its unit point; as terminal points, A is arhitrary, 
Rand C are both unity, and, if the lens is 
thin, D is zero. Since a 
annot hc zero without 
making A zero, it follows that for such a lens 
a - ß=ß, a. - ')'='}', 


or 


ß =)'=1a. 
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The preceding equation for A I . 2 may he in- 
terpreted in terms of each component lens 
referred to its own principal points; if t is 
the separation of the internal principal points 
of the two components this gives 
sin(a l +a 2 )_sina[ + sina 2 _ t sin a ! 
na, 
1 -1,- l . I . l ' 


or t=l(tan lal + tan !a 2 ). 
It follows that in a system of n lenses in which 
the power of the rth lens is 


81n a,. 
K,. = ----,;--' 


and the separation between the rth and (r + l)th 
lenses is 
tr=l(tan 
a,. + tan }a"+l)' . (4) 
the four Gaussian constants referred to the 
external princípal points of the extreme 
components are given by 
A _ sin a 
- 1 
B_ cOS (a -!a 1 ) 
- cos la 1 
C _ cos (a - j-
n) 
- cos Ian 
D = _ 1 sin (a -}al -la n ) 
cos 
al cos 
an 


where 


a = a 1 + a 2 +. + an' 


If a is a multi pip of 7r the system is evidently 
a telescope of unit po" er, inverting if the 
multiple is odd, erecting if it is even. 
9 (5) GEOMETRICAL THEORY. - Equations 
(3) and (4) show that the properties of the 
special kind of system which has been considered 
have a parallel in polygons described about a 
cirde. If radii are drawn (Fig. 21) making 


FIG. 21. 


with one another succ('ssi,Te angles an a 2 , a 3 . . ., 
the sides of the polygon which touch the circle 
whel'f' these radii meet the circumference "ill 
represent the I("ngths of the sections into which 
the lenses divide the periscope if the radius 


(3) 


of the circle iR 1. The focal lengths of the 
lenses are represented by the sides of a rhombus 
having two sides along successive sidps of thp 
polygon and the centre of the circle as the 
opposit(" vertex. By constructing polygons 
in this way the properties of any system are 
investigated more simply than by dra"ing 
detailed diagrams such as Fig.'S. 14 to 20. 
It is convenient to extend this construction 
and replace the polygon by a right prism of 
uniform height. The justification for the use 
to be made of this e:Üension follows from the 
best known properties of Silll pIe lenses. Re- 
ferring to Fig. 22, let 0 be a point equidistant 


(5) 


from two planes which intersect in the straight 
line PP'. Suppose that A i<; the foot of the 
perpendicular to PP' from 0, and that F.Â, 
AF' lie each in one of the h\ 0 planes, OF AF' 
being a rhombus in the plane normal to PP'. 
If the two planes FPP', F'PP' are regarded as 
axial sections of the object space and image 
space for a thin lens with F, F' as its principal 
foci and PP' for its coincident unit planes, 
any object point is connected to its image 
point by a straight line which passes through 
O. The angle which the planes make" ith one 
another is immaterial, and if the image plane 
is rotated about PP' the locus of 0 i:::! a circle 
described about F as centre. Similarly, if the 
image plane is fixed and the object plane is 
revolved about PP', 0 "ill move along a 
circular path with its centre at F'. If a second 
lens is introduced which meets the first image 
plane in QQ', the effect of the second refraction 
may be detprmined through the intermediary 
of the first image plane by projecting through 
a suitable point 0' on to a third plane which 
contains the straight line QQ'. If the second 
plane is kept fixed and the first and third are 
rotated, 0 and 0' describe coplanar circles 
when the two lenses have a common aÀÌs, and 
under suitable conditions these circles inter- 
sect, and projection from this common centre 
gives all the correspondences that exist. In 
the cases considered here these conditions are 
satisfied, and also further projection from the 
same centre is possible, and the effpct of 
many sllccesshTe refractions may thus be 
ex hi bitcd in this particularly simple "a}. 
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The height of the prism corresponds to the 
diameter of the tube, that is, to the diameter of 
the lenses, so that the paths of rays may be 
depicted on the surlace of the prism. It is 
at once evident that, since projection through 
the centre gives all correspondences after any 
number uf refractions, the complete path of 
any ray through the entire system is deter- 
mined by the intersection of a plane through 
the centre of the circle with the prism surface, 
If a plane rotates about an axÏB through the 
centre parallel to the direction of the object 
space axis, the width of the beam which can 
be transmitted is determined by the inter- 


once from t.he properties of the pOlyguIl ur 
prism. For exa.mple, when the sC'ctions are 
the sides of a regular heÀagoll the fucal length 
of each lens ÏB equal to the distance :separating 
successive lenses, and when the polygon is an 
equiJateral triangle each separation becomes 
eq ual to three times the focal length, It is, 
of course, unnecessary to assume that all the 
sections or the focal lengths of aU the lenses 
are equal. The geometry of the polygon 
shows by itself what relations must subsist 
between the focal lengths and the separations 
for a system which is telescopic of power :t 1 
to be secured. In any particular case, when 
a position for the eye has 
been selected, the extent to 
which the tube may project 
beyond the first lens with- 
out reducing the extent of 
the field is determined by 
producing the side of the 
polygon which curresponds 
to the object space until a 
point is reached as far from 
the field axis as any other 
point on the fundamental 
polygon. The variation in 
brightness as the field is 
changed is determined most 
readily by considering a 
movement of the eye pùint 
parallel to the axis of the prism, so that 
the field axis is inclined to a principal section, 
and finding the extent of the field for the 
displaced eye position. Considered in this 
way it is at once obvious that the greatest 
extent of field is visible only when the eye is 
on the axis of the tube. 
Figs. 24 to 30 show the polygonal diagrams 
corresponding to the six-lens systems of Figs. 


FIG. 23. 


Field Axis and Planes 


Aperture Axis and Planes 


section of the plane with the points on the 
prism surlace at the greatest distance from 
the axis. Rotation of a plane a bout another 
axis determines the field of view, the axis of 
rotation in this case passing through the point 
where it is proposed that the eye shall be placed. 
Since the instruffif'nt is assumed to be a 
telescope this point must be on a side of the 
prism parallel to that on which the incident 
light is represented, and the angular field will 
depend upon the angle between the lines in 
which the plane through the centre and the 
eye point meets the plane for incident rays in 
its extreme positions; thesE"' positions are, 
of course, determined by the requirement that 
the plane must everywhere me"et the prism 
surfaces within the limits set by the prism 
height. It is evident that in praetice the axis 
for the aperture and that for the field of view 
will be approximately perpendicular. Fig. 23 
shows in perspective thf' prismatic diagram 
with the extreme planes corresponding to 
Fig. 11. In this simple case the diagram 
shows at once that the separation of the lenses 
must be twice the focal lenf,rth, that the axes 
for aperture anJ. field of vie\\ are preferably 
at right angles, and that the front section of 
the tube may be equal to that of the middle 
section and twice as great as the third section, 
In the diagrams - corresponding to other 
Himple cases the eH
C'ntial relations between 
geometrical magnitudes may be derived at 


e 


E 


:FIG. 24. 


] 4 to 20. To render the exact character of 
the systpm more evident from the diagrams 
:t small separation has hepn introduc'C'd be- 
tween the faces, when these should strictly 
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be represented by coincident line
. In all 
cases but Fig.
. 2,) and 27, corresponding to 
systems 1.3 and 17, the axes for aperture and 
field of view are perpendicular to one another. 


eE8E 


FIG. 26. 


}'IG. :!.;). 


e9> 
 


FIG.i.7, 


}'IG. 28. 


e
 


FIG. 30. 


FIG. 29. 



 (6) TUBES OF V ARIOI:S DIAMETERs.-The 
preceding theories are chiefly of value in con- 
sidering the best arrangement of lenses when 
it is desired to compare alternative systems 
in a tube of given diameter. The actual 
diameter of the tube is of great importance 
apart from the ratio of the diameter to the 
length, since in actual observation the pupil 
of the eye should be approximately filled "With 
light, and thus the ratio of the pupil diameter 
to that of the tube enters into the problem. 
The periscope that has been considered may 
be compared "ith a geometrically similar 
instrument in which the diameter of the tube 
is equal to the diameter of the eye pupil. 
Both have the same field of ,""iew, since this 
depends on the ratio the transverse dimensions 
bear to the longitudinal measurements, On 
the other hand, the periscope with the larger 
diameter transmits much more Ji
ht from any 
given object point, the ratio depending on 
the areas of the cross 
ections of the tubes. 
Some of this will enable the lar
er tube to 
present to an eye on its a"\..is a large field of 
sensibly uniform illumination, ,\ hile in the 


smaller instrument the intensitv will fall off 
directly the ohject point. dep
rts from the 
axis. Much useless light will, however, be 
transmitted in addition in the larger telescope, 
and the instrument can be readily modified in 
a way which enables this un\\anted light to be 
exchanged for an increased field of view, or 
alternatively for a system containing a sma!ler 
number of lenses for a given length of tube. 
Thus, large diameters are of great assistance 
in yielding simple solutions of the optical 
pro blems in vol ved in periscope design. On 
the other hand, in nearly aU military periscopes 
great importance has been attached to a small 
head which renders the periscope inconspicu- 
ous. In su bmarine periscopes these two 
conflicting requirements are to some extent 
reconciled by the ('om bination of a short 
narrow head \\ith a long main tu be of large 
diameter. It thus becomes of interest to 
inquire how the dimensions of the system 
vary when a change is madf" in the aperture 
which the lenses may have. As a result of the 
change of aperture 
 the complete instrument 
when telescopic need not be of unit magnifying 
power, so that the expressions for Band C 
must be generalised by the introduction of a. 
further arbitrary quantity. Bearing in mind 
that the identity 
BC-AD=l 


has to be satisfied, it is natural to consider 
systems in which the four Gaussian constants 
take the form 


sma 
Al = -t - 
B P cos (a - !a 1) 
1 cos !a l 
· p cos lam 
D _ _ lsin Ja -! al-!a m } 
1- cos lo. cos lam 


(6) 


so that when the system is telescopic the 
magnifying power is p. Let these be the 
constants of a first system to which a second 
is to be added with v;lues l' and p' in the places 
of land p. The second system referred to the 
terminal point corresponding to the last lens 
of the first system "in then have constants 


A _s in a' 
1- l' , 


B _ p' cos (a' +tam) 
1- 1 ' 
cos "2am 


C _
os (a. ' - 
-an) 
1- , 1 ' 
P cos 
an 


D _ _l' sin (a' +lam -tan) 
2- eos 
am cos lan · 
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and by equations (1) the Gau::ì::ìian constants 
of the combination of the two systems arc 
given by 
A I 2 = sin (a + a') , 
· L 


B _ p cos (a + a' - !a l ) 
1,2 - 1 ' 
cos 2a, 


C cos (a + a' - Ian) 
12- , 
, P cos !an 


L . ( , 1 I 
D _ sm a+ a -2 al -2 an ) 
1,2 - - - - 1 1 · 
cos "2al cos "2an 


subject to the relations 
L=PI'=þ 1 
P=PP'=
 J' 
the latter of which might have been written 
down at once as obvious from the meaning of 
magnifying power. Consider now a system 
of lenses placed in a tube, of which the first 
portion is of uniform diameter d, a second 
portion in which the diameter increases from 
d to kd, and the third portion of uniform 
diameter l.'d. Let the systems which occupy 
these sections he identified hy the numbers 
1, 2, 3 respectively. Since the l's are pro- 
portional to the sizes of the images that the 
system forms of any given external objects, 
and these for the same angular field must 
vary as the diameter of the tube, the values 
which should be inserted in (7) are 


11,2 = 11,3 = kl 1 , . 


in addition to the conditions that the systems 
in the outer sections are of the type used in a 
tube of uniform diameter, that is, 


PI=P3= 1. 


Considering now the com bination of systems 
1 and 2, equations (7) give as a consequence of 
(8) and (!1) 


l2 = HI, 


1 
]J2=Pl,2= k. 


. (10) 


If the second portion is telescopic t.his merely 
amounts to the statement that the magnifying 
power of this telescope is Ilk. Applying (7) 
now to the com plete instrument, which is 
divided into t,\ 0 parts (1, 2) and 3, the first 
equation gives 


P J,2 1 3 = l,,3, 


or by (8) and (10) 


13 = kIll. 


, (11) 


This result is of the greatest importance, 
since it shows that if the diameter is increased 
k times, and conscqupntJy thp focal length of 
the system enlarged in the same ratio, the focal 


(7) 


lengths of the individual lenses in the enlarged 
portions and their separations will be increased 
k 2 times. Thus, if the diameter of the tube 
is halved the lenses must be packed four times 
as closely, and since this means both a greater 
amount of scattered light and increased 
astigmatism or curvature and a more dispersed 
secondary spectrum, the curtailment of the 
length of the narrow portion of the periscope 
tube to the minimum possible value is evidently 
of great importance. Fig. 31 illustrates the 
modification, as the diameter changes, in a 
system of the type shown in F'ig. 15. 
In actual periscopes the system which 
occupies the section where the enlargement in 
the diameter occurs is not usually a telescope, 
but this is not vital to the argument that has 
been employed, for portions of the systems 
which precede or foJlow may be arbitrarily 
regarded as parts of the intermerliate system. 
It is, however, always possible to regard this 
section as a Galilean telescope, though, in fact, 
no negative lens is employed. The negative 
lens in this case is supPosf'd to be combined 
with a lens of the system in the narrower 
portion of the tube, the two together being 
either equivalent to a positive lens or preferably 
to a single lens of zero power, so that no lens 
is required. In like manner the positive lens 
may be combined with a lens of the other 
system to produce a more powerful lens, but 
this course offers no special advantages. The 
powers and separations of the lenses on 
changing the diameter of the tube then are 
represented by the expressions gi ven in 
Table II., where lens 1Jl- 1 is the last of the 


l8) 


TABLE II 


Powers. 


Srparations. 


(9) 


sin a m - 2 


l(tan 
am-2 + tan 
am-l) 


Hin am_J 


sin am 
kl 


( 1 k - cos am ) 
1 tan 2am-l +-:- - 
SIn am 


sin a m + 1 


( l-kCosa m 1 ) 
kl . +k tan 2am+l 
SIn am 


kll 


k 2 l(tan 
am+1 +tan 
am+2) 


sin am+2 
k 2 l 


smaller diameter and lens rn t.he first of the 
larger diameter. The four Gaussian constants 
when len::;es 1Il- 1, 1Jl, rn+ 1 have just bc('n 
included are given in Table III, : 
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TABLE III 


I 
n. A1,fJ. B"n. C"n. DI n. 
- 
'In-I !':in al,m-l cos(a"m_l - 
al) cos (al,m-l - lam-I) 1 sin(a"m_l-
al-
am_l) 
1 cos 
am-l - cos !a l cos 
am-l 
cos 
a, 
m sin a"m COB (al,
 - !a l ) sin al
m - k sin a1,m-l _ 
 {k 

(al,
-l-
 a!)_-cos(al,m -!a J >) 
kl kcos !a l sin am cos !a l sin am 
m+l sin al,m+l cos(a"m+l - !a l ) k cos(al,m+l - lam-i) kl sin(a,.m+l -!a 1 -!am+l) 
kl k cos !a l cos !am+l I - cos !a l cos !am-t-, 
I 


All these values take the regular form when 
11'= 1. 
If more alterations than one have taken 
place, or if a previous portion of the system 
does not belong entirely to a regular system, 
so that p is not unity before the diameter 
of the tube changes, it is only necessary to 
introduce the factors for all preceding changes 


by considering three circular apertures in the 
object space, one limiting the field" hich is to 
be visible, another the aperture of the objecti,e 
situated at the instrument (the diameter being 
usually the diameter required for the emergent 
pencil multiplied by the magnifying po" er), 
and the last an aperture, usually situated 
between the other two, which cuts down the 



t
 


into the expressions for the Gaussian constants 
and for the powers and separations of the 
lenses as they have been shown to occur in the 
present example. 

 (7) THE LIGHT PrPILS.-It mi&ht appear 
that a knowledge of the details of the leading 
lens system" ould he necessary to enable the 
properties suitable for later lenses to be deter- 
mined, and hence necessary also in deciding 
what field of ,-iew can be included in a svstem 
of lenses to be inserted in a given tube wh
n the 
number of lenses is fixed. This, however, is 
not the case, and a general view of what is 
physically attainable with an assigned number 
of lenses under these conditions may be gained 
"ithout paying any regard to the lens system 
by which the result is to be achieved. To 
make this clear it is desirable to approach 
the problem from a different point, of view 
from that hitherto adopted. For this purpose 
it is convenient to regard the problem as it 
will appear to a designer who is asked, "ithout 
previous experience of periscope design, to 
devise a system to go into a gin>n body and 
transmit light m-er a certain field of view, the 
magnifying power ami the size of the central 
enlPrgent pencil being assigned. "hile the 
illumination should be as uniform as possible, 
and in any case the marginal illumination 
must not be less than a knO\\n fraction of that 
at the centre. 
These conditions are most simply represented 


FIG. 31. 


areas of marrinal pencils without affecting 
those at the centre of the field. Alternatively 
corresponding conditions may be given for the 
image space. The three apertures determine 
a region of space containing all the useful light 
rays, and the instrument should have its 
optical elements of such sizes and in such 
positions that no ray which does not cross the 
boundary of this space iR obstructed in its 
passage from the object through the instru- 
ment to the ohserver's eye. It is assumed 
that the apertures are cir
les lying in planes 
normal to the a
is of symmetry of the instru- 
ment, and that their magnitudes and positions 
are known for either the object space or the 
image space. In the illustrations to be given 
it will be assumed that the various lenses 
betwpen the objective and the eye lens may 
be permitted to have an aperture not exceeding 
a common "Talue d. The modification neees- 
sary when the maximum aperture varies 
from lens to lens will be 0 hvious. 
Suppose, then. that the boundary to the 
channel containing the rays to be transmitted 
hy the instrument is defined by means of three 
circular apertures which are lllet by a plane 
through the axis in P, P'; R, R'; S, S' 
(Fig. 32). The section of the boundary by 
this plane is HIP conyex hexagon RSP'R'S'P, 
the sides SP' and S'P passing through infinity. 
The image of this he
agon formed by any 
part of the optical system of the instrument 
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will likewise be a convex hexagon, and this 
image will determine the channel for tlU' 
refracted rays. Aftpr e'
ery refraction there 
is necessarily some 
part of the bound- 
ary which extends 
to infinity, and this 
may correspond to 
any assigned normal 
section of the 
original channel. 
Only that part of the boundary which lies 
between successive lenses is of interest from the 
present point of view, These various segments 
pieced together and regarded as a whole con- 
stitute repeated outlines of the whole hexagon, 
which always presents its convex side to the 
axis, but the outline has an additional angle 
wherever a lens is encountered. At such 
places one section ends and another begins, 
and the angle at their junction is opposite in 
sign to the angles of the hexagon if the lens 
is positive. Lenses are introduced wherever 
necessary to bend back the boundary of the 
channel from encroaching over the prescribed 
bounds. 
Fig, 33 illustrates the effects that may be 
produced by successive refractions, the cross 


s 


FIG. 3
. 


s p' R' 


S' P R 


FIG, 33. 


lines representing lenses. The various points 
of the original hexagon are identified by the 
!Same letter
 m their refracted images. The 
only limit to the amount of the initial hexagon 
that may be imaged between successive lenses 
arises from the fact that a pair of opposite 
sides of the hexagon always extend to infinity, 
and it is not possible in consequence to image 
one half of the outline on one side of the 
boundary within a single cell of the body. 
The separation between the l("nses limiting 
a given cell is readily found. Suppose that 
the lenses meet the boundary in planes 
corresponding to AA' and BB' of Fig. 
2. If 
each of the transverse lines AA' and BE' has 
its image of diamcter d, the transver
e magnifi- 
cations are d/AA' and d/RB'. By a well- 
known elementary theorem the longitudinal 
magnification will be the product 


d d 
AA' . 1313" 


and the separation of the lenses will thus be 
d 2 , ab 
AA' , ßß" 


where- a and b are the axial points of the planes 


AA' and BB'. The tutal length between tll(' 
extreme lenses after ..mv number of refractions 
is found by adding tog
ther the Ipugths corre- 
spunding to the successi "e intervals. The 
law already derived from different considera
 
tions, that this length will be proportional to 
the square of the diameter of tllP tube and to 
the number of lenses, and inversely propor- 
tional to the diameters of the field of view 
and. of the external aperture of the system, at 
once follows. 

 (8) STANDARD CASES. (i.) General Spacing, 
-Particular cases which require special 
attention occur when the lenses occupy posi- 
tions corresponding to the limiting apertures 
PP', RR', SS'. If a lens is placed at every 
aperture image the greatf'st length is attained 
when the hexagon is developed into a straight 
line, so that the rays occupy the whole avail. 
able space within the body of the instrument. 
The length reached is given by the sum 
d 2 r sp pr rs 
t ss' . p'p + P'P . -l{/R + R 'R . S'S 
sp pr 1 
+ S'S . l ' p' + PP'--:-R R' + . . . j , (12) 


where it is assumed that SS' corresponds to 
the position of the first lens. All the terms 
in this sum necessarily have the same sign, 
as changes of sign take place simultaneously 
in the numerator an.d the denominator. 
Several alternative arrangements suggest 
themselves. Suppuse, for instance, that a 
lens is placed at the image of every alternate 
aperture onJy. The length is then 
d 2 (sr '/"]) 
tss' 
 Wit +R'R 
 I j F' 
+pp r:
 S S' + . . .}, 


(13) 


the terms having exactly the same values as 
before but differing in order. If in these cases 
the total number of lenses is a multiple of 
three the lengths of the two instruments will 
be exactly equal. 
As another example, suppose there were no 
field lenses, so that no lens is placed at any 
image of the aperture PP'. The sum is now 
d 2f sr rs 
l SS' . R'R + R 'l{, . SS' 
sr } 
+ S'S . ItR' + . .. , 


( 14) 


every term being equal to one of the terms in 
(12). The other apertures may be treated in 
the same way, and it is evident that thp first 
and second mpthods of construction \\ ill not 
give either the longest or the most compact 
instruments if the values of the individual 
tprms differ. The estimation of thp rdative 
valtles of the terms is thus interesting, and this 
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('an be done by a w'ry simplc construction. 
Let pf? and Ps meet RR' in t and u respectively 
(Fig. 34). 


s 


p r S 
R' S' 
P FIG. 34. 


The relative values are in the ratios of the 
products 
ps . RR' : pr . SS' : rs . PP', 
that is, of the triangles 
pRs : pSr : rPs, 
which are equal to the triangles 
pRs : pts : pus, 
which are in the ratio of their heights 
Rr : ir : ur. 
The length (12) may therefore be written as 
d 2 . ps f ir ur ir 
pp' . t;:::;' II + Rr + Rr + 1 + :Rr 


ur "\ ( 15 ) 
+ Rr + . . . J . 


a straight line and the lengths of the first 
and third cells "ill be eq uaL If the edge 
illumination is increased, the length of this 
cell is diminished, and if the illumination 
falls, the length may be increased. \rhen 
the width of the marginal beam is greater than 
half the central width, it will evidently be 
possible to attain a greater length per lens 
when lenses at images of RR' and SS du not 
immediately succeed one another. 
(ü.) Cniform Spaâng.-The case when all 
three cells are of equal length is a convenient 
one to take as a standard of reference, and 
systems of this type possess great flexibility. 
It is always possible to attain a given stand- 
ard extent of field with a standard aperture 
and the distribution of illumination charac. 
teristic uf the type .with any given number 
or cells. The length per cell thus gives 
complete information about such systems. 
This may be illustratf'd by the following 
examples. The cells begin "ith the first 
objective, indicated by S, and end with 
the formation of a real upright image of 
the object, denoted by P. If the system 
ended with P' the final image would be 
inverted. 


TABLE IV 


No. of Cells. Lens Positions. Remarks. 
2 S, R', P Sot divisible into separate tele- 
scopes. 
3 S, P', S', P Xot divisible into separate tele- 
scopes. 
3 S, P', R', P Sot divisible into separate tele- 
scopes. 
3 S, R', S', P X 0 field lens. 
4 S, P', R', S', P 
5 S, R', P, S, R', r Xot divisible into separate tele- 
I wop
 
6 15 solutions A lens coincides with at least 
lone image of eaeh stop. 
7 3.3 solutions At least two lenses coincide \\ith 
images of each stop. 


PP' and SS' may be taken 
to represent the actual object 
and the entrance pupil, so 
that the factor outside the 
bracket will be, known. The 
greatest attainable length of 
any cell not bounded at an 
image of the aperture which 
cuts down the marginal light 
has then a definite value. 
The next term gives the 
length of a cell bounded by 
an image of the field and of 
the intermediate stop. As l)S 
may be always considered 
large in comparison with rs, 
the utmost that can be done is to make 
this cell equal in length to the previous one, 
by making the diameter of the intprmediate 
stop image of the same size as the entrance 
pupil. This involves an immediate fall in 
the light intensity as soon as the object 
departs from the axis. The length of the 
third cell, which is bounded by imaaes of 
the intermediate stop and of t'he entrance 
pupil, depends upon the relative illumina- 
tion at the edge and at the centre of the 
field of view. If the width of the marginal 
beam in the a)\.ial plane of symmetry i<:; 
half that of the central beam, PRs will be 


In general" ith 2n inversions and p cells the 
number of solutions is 
p! 
(6n - p - 2)! (2p + 2 - 6n) !' 
where p may ha,Te any value from 3n - 1 to 
6n - 2. 
It does not follow that because several 
soluti()Us enable the same length of body to 
be obtained \\ith the same number of lpnses 
that these are all equally desirable. Other 
things being equally sati
fa.ctory, the solution 
prf'ferred will be that which involn'
 t1lf' use 
of the least powerful lenses. It 
hould be 
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immediately evident that the omi
::!ion to 
place a lens where an image of a certain aper- 
ture is formed will involve increases in the 
powers of the lenses at the two neighbouring 
images, since the deviations at the margins 
of these lenses must be greater. The failure, 
therefore, to fill completely the space available 
for the rays will be associated with increased 
lens powers, and consequently with greater 
trou ble due to secondary colour effects and 
increased curvature of field. To determine 
how serious these defects are likely to be, the 
powers of the lenses are required, There is no 
need to consider the refracted light to determine 
these powers, but attention may be directed 
as before to the object space hexagon. If, for 
example, successive lenses are to be located 
at images of PP', RR', SS', the lens at the 
image of RR' is required to deviate the image 
of RS into alignment with the preceding 
image of PRo N ow the angular magnification 
at any plane is inversely proportional to the 
linear magnification, and the angular deviation 
is equal to the product of the lens power and 
the distance from the axis at which refraction 
takes place. It at once follows that the power 
of the lens required is (RR'fd)2 times the 
power of the lens which would produce the 
corresponding effect in the object space 
boundary. This is in reality the same result 
that has already been reached regarding the 
length of the instrument, since the focal 
lengths of the lenses evidently bear a fixed 
relation to the lengths of the cells, but it 
serves to show how great is the advantage 
from every point of view in making the 
diameter of the body as great as possible. 
Various expressions are easily found for the 
pOWf'r of the lens necessary at RR'. Let this 
be denoted by K(dfRU,')2, so that K is the power 
of the lens required in the instrument. The 
deviation at R is then H Kd 2 fRR'), and the 
area of the triangle PRS by various expres- 
sions leads to the equations, when inclinations 
tu the axis are assumed to be small, 


Kd" 
!tit"'. pr, rs=2pR. ps . (16) 
=pp' . rs+RR'. sp+SS'. pr,. (17) 
where p is the point of intersection of Rr and 
PS. Equation (17) itself shows the result 
reached above in a different way that Kd 2 is 
unaltered by refraction. For it may be re- 
written in the form 
rs sp pr 
RR' :SR' + RS': pp' + PP'
IU{" 
Kd 2 =- 


pr rs 
pp' _ RU,' . Ü
R'
HS' 
and each term on the right is invariant on 
refraction. The expressions of this type for 
the powers of the lenses at images of PP', 


HU', and S
' when no Images arc \\ ithout 
lenses are evidently 
dt. KRSP ' = d 2 K R ,S'p 
=SS, RR'. sp +SS'. p r +P'P. "-8 
'/"S. sp 


d 2 K S 'PR = d2K S P 'R' 
S ( IS' J 
= p'p S'. pr + P'P . rs + R'H, . sp 
8p.pr 


d 2 K pRS =d 2 K p 'R'S' 


=RR' PP'. rs+RR' ._ Sp+S
1 . p
 
pr . '/"8 


where all the factors are considered with due 
regard to sign. In each numerator two terms 
have one sign and the third the opposite sign, 
in each case giving rise to a positive K. In 
the standard case the terms are all equal, and 
the focal length of each lens is equal to the 
length of a cell. This is readily seen geo- 
metrically by considering the intercepts on the 
third aperture by the line forming the boundary 
between the other two. 
The cases in which an image of an aperture 
is without a lens may be treated by analogy 
with (18), 


d 2 K RSR ' =d 2 K R 'S'R = d2K S'RS 
2RR' . SH' 
=d 2 K SR 'S' =- '/"S 


d 2 K Sp 'S' =d"KS'PS = d 2 K p Sp' 
2PP' . RS' , (19) 
= d"Kp'S'p = 
ps 


d 2 K pRP ' = d2Kp'R'P = d 2 K R 'PR 
2PP'. RR' 
- d 2 K - 
- RP'R' -:- pr 


showina that in the standard case the omission 
of a le

 ref{ uires the power of ea.ch neigh bour- 
ing lens to be doubled. Again, if a lens is 
omitted on each Hide of a given lens eJ,.pressions 
are obtained corresponding to (18), but with 
every term of the same sign, so that in the 
standard case the power of the lens is three 
t.imes its preYious value. The expressions are 


d"K pfm ' = d2K p'S'R 
= SS, PP' . sr + 
R
 rp + _ R'R . p
 
rs. sp 


d 2 K R 'PS =d 2 K R P'S' 
= pp, R'R . ps + PP' . 8r + RS' . rp 
sp.pr 


(20) 


d 2 K SR 'p = d2Ií s'RP' 
=R'R SS'. rp + R 'R. p fl + PP'. sr 
pr. rs 
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By considering the various cases that may 
arise it is seen that t.he effect of omitting to 
place a lens at an aperture image is to con- 
tribute for this vacant aperture t\\ice the 
normal contribution to the sum of the powers 
of the lenses, assuming that the standard case 
is under consideration. If account is taken 
of a final field lens but not of an eye lens, with 
2n inversions and p cells the sum of the 
powers "ill he proportiona.l to 12n - p - 3. 
In this respect all arrangements which involve 
the same number of lenses and the same 
number of inversions are on an equality in 
the standard case. 
In the general case the increase in power 
associated ,\ith the omission of a lens at an 
image of P is 


(88' . pr + P'P . rs + R'R. spr l 
dt. . l)r. rs. .sp 
the term in the bracket being that in the 
numerator of the fraction in the second of 
equations (18). The corresponding expressions 
for other cases are easilv written dO\\""1l. The 
sum of the additions inc
rred by each separate 
omission gives the total addition to be made 
to the sum of the powers. 
A convenient expression for the increment 
in power in terms of the lengths of the cells is 


" 21 1 1 2 
--y;-' . 


where K is the power of the lens which it is 
proposed to omit, IJ and 1 2 are the lengths of 
the cells on either siùe, and 13 is the length 
of the combined cell when the omission is 
made. The three lengths 11' I:/., 13 are those 
considered earlier in this discussion when 
the length attainable by a periscope was 
in'\""estigated. 
It is evident that when weight is attached 
both to the attainment of great length and to 
a minimum value of the power sum, the most 
favourable type of construction is that which 
has been generally adopted for submarine 
periscopes, with a lens at e'n>ry image of the 
three apertures. 
(iii.) Ad1'antage of Son-uniform Sr aci1U J.- 
In investigating the attainment of great I 
length attention was directed to each cell as a 
separate element. It h
s. still to be. con
idered I 
whether, when the condItIons permIt of It, any 
advantage ,\ill be gained by deliberately 
introducing inequalities in the lengths of the or 
three cells. Suppose the lengths of the cells 
exceed the mean value L by amounts AI' A 2 , A3' 
where Al + A 2 + A3 = O. From (18) 


1 2 +1 3 -1 1 
KI = 113 
with symmetrical expressions for "2 and K3' so 
that 


KI + K 2 + K3 


3Lt. - 2(A 1 1 + A 2 2 + A3") 
La - lL(A11 + A 2 2 + A3 2 ) + ^IA2 A 3 


(21) 


3 AII+A21+A3 1 . 
L - 2L3 - L(AIt. + A 2 1 + A3 1 ) approxImately, 
showing that inequalities in length tend to 
reduce the aberrations which depend on the 
sum of the powers. In thi:; respf'ct the standard 
form is the least satisfactory solution of its 
class, but the advantage to be gained by uneven 
spacing is small, since it is a second order 
effect. For instance, if the lengths are in the 
ratios 2 : 3 : 4, the reduction in the power sum 
is slightly more than 4 per cent. 

 (9) SEPARATIO
 OF bU.GE AXD FIELD 
LEXSES.- It has hitherto been assumed that 
the lenses will be placed in the planes at "hich 
aperture images are formed. In the case of 
field lenses exact coincidence with the image 
is generally undesirable, and the effect of 
placing the lenses in other planes req uires 
consideration. Obviously the sizes of the 
lenses are determined by the sections of the 
channel to which their positions correspond. 
Suppose in F1'Y, 32 the planes AA' and BB' are 
proposed as lens planes. The relation between 
transverse and longitudinal magnitudes is 


_\A' . pr =PP' . ar + RR' . pa, 


(22) 


and thus if the apertures PP', RR', SS' relate 
to a standard form, 
AA'. SS'. pr =(ar. ps +pa. rs)
 


dt. 
= as . pr. 7' 


showing that a ceJI bounded by AA' and SS 
will be of standard length. Similarly 


PP'. BB'=pb.
, 


and combining the two cases, 
AA' . BB' . ps = pb . as. 
. 


Thus if l' is the length of the cell bounded by 
AA' and BB', 



_ ab.ps 
I - pb . as 
1-1' _pa. bs 
- 1- - pb . as ' 


showing that if two succpssÎye lenses are not 
in planes corresponding to the angular points 
of the hexagon the length of the cell they bound 
is reduced. 

 (10) CO)IPLETIO
 OF THE IXSTRt'"l\IEKT.- 
The theory developed in the foregoing sections 
suffices to enable the Rpecial problem prespnted 
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by the submarine periscope to be solved 
without difficulty in any given case. 'Yhen 
the instrument has only a single magnifying 
pm\ er the arrangement of lenses for the main 
part of the tube may first be investigated, the 
objective may be arranged to fit in with this 
system, and finally the eyepiece be added to 
secure a suitable power. The problems here 
involved do not differ essentially from those 
presented by any simple telescope. 

 (II) BI-FOCAL INSTRUMENTS. - Though 
very great importance is attached in sub- 
marine periscopes to the attainment of a very 
wide field at a low power, it is also advantage- 
ous to be able at will to substitute a higher 
magnifying pmver with a correspondingly 
smaller field of view. In small telescopes 
(q.v.) this is usually secured by the use of a 
variable power eyepiece, but for a submarine 
periscope this method of changing the power 
is unsatisfactory. It has to be rpmem bered 
that the brightness of the image is a factor of 
outstanding importance whether the power is 
high or low, and therefore at the high power 
it is necessary for the pupil to be filled with 
light. If the diameter of the eye pupil for 
which the instrument is designed is e and the 
apparent field of view is Ü, the minimum 
diameter of the beam of light which must be 
carried through the instrument is m 2 e and 
the minimum angular field of view to be 
carried to thp eyepiece is ülm l , where m 1 is 
the magnifying power for the low power and 
m 2 for the high power. The duty to be per- 
formed by the main part of the instrument is 
thus represented approximately by 
enm! 
m l 
when a variable power eyepiece is used. On 
the other hand, when the power is changed 
by varying the objective the corresponding 
expression is en whatevpr In may be. As m 2 
is usually about four times m I , it follows that 
the results attainable with a variable power 
objective are approximately four times as good 
as can be obtained from a variable power 
eyepiece. 
As with a telescope, it is essential that the 
change of power shall not necessitate any 
change in the adjustment for focussing the 
eyepiece on the image. Accordingly, when 
the power has been changed the image formed 
by the objective must remain in the same 
plane as it originally occupied; the consequent 
portions of the system will then transmit the 
light under conditions exactly similar for both 
powers. The discussion of variable power 
eyepieces 1 shm\ s that a continuous variation 
of power \\ ithout a change of image position 
is possible if two lenses move suitably relatively 
to the rest of the system. Arrangements of 


1 See" Eyepiece<;:' 


this kind are considered unsuitable in sub- 
marine periscopes, for they not only involve 
a considerable enlargement of the outer tube 
for the accommodation of the necessary 
mechanism where it is particularly desired 
to reduce its diameter as much as pos- 
sible, but also the likelihood of their failure 
to act through distortion .or slight damage 
to the periscope renders their introduc- 
tion distinctly undesirable in so vital an 
instrument. 
The exclusion of these systems which give 
a continuous variation of power implies that 
the objective is rapidly exchanged for another 
of different focal length, the object under 
examination being momentarily obscured 
while the change is being effected. This 
change has been secured in a variety of ways. 
In an instrument due to l\Iessrs. Ross, separate 
fixed objectives are uspd for the high and the 
low powers, and one or the other is obscured 
by shutters. This arrangement involves a 
slight loss of light at the high power, since a 
reflecting prism has to be slightly cut away 
to allow the low power beam to pass. A 
design by ::\1essrs. Zeiss makes use of the fact 
that with any lens the separation of the object 
and the image is the same whether the magni- 
fication is m or 11m. Thus. if the ratio of thf" 
two magnifying powers is 4: 1, values for 
m of 2 and ! woulù be selected; if the moving 
lens is of focal length 1 and a preliminary 
lens presents to it as an object an image 
distant about tf, this second Jens wiII form an 
image twice the size at a distance of approxi- 
mately 31 (Fig. 3:3). If now the second lens is 


FIG. 35. 


moved a diRtance ! f further away from the 
first lens, the resulting second image "ill he 
half the size of the first or onp-q uarter the size 
of the original sepond image, hut it
 pORition 
in the instrument wiJI he unchan::wd. The 
movement of a single lens along a tube in thiR 
way is not open to the same objections as in 
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tlu" more complicated movements of the vari- 
able power eyepiece type. The chief objection 
to this system is that unless the instrument 
can he corrected for aberration when this lens 
is of symmetrical construction the lens should, 
in addition to its translation, be reversed on 
moving between its two positions. 
An entirely different svstem is one due to 
Sir Howard Grubb (Fig. 36). In this case two 


I 


FIG. 36 


objectives are mounted in the same frame 
which slides in front of the entrance "indo" 
so that either lens may receive the light: 
One of these lenses acts as an objective alone 
for one power. For the other power the second 
lens occupies the position of the first, the 
frame being moved parallel to the tu be axis 
through the distance separating the lens 
centres. It is evidently necessary that this 
lens shall differ in power from the first and 
that another lens shall be introduced into the 
system, in order that the power shall be dif- 
ferent and the image in the same position. 
In the arrangement used this supplementary. 
lens moves about a hinge near one side of the 
tube, and lies close to the tube when the single 
objective is used, but turns through a right 
angle into the optical system when the second 
power is employed. By a simple but ingenious 
mechanism a single movement effects .both 
changes. If t 1 is the separation of the lenses 
when the double objective is used, and t 2 is 
the distance from the second of these lenses to 
the image, so that i 1 + t 2 is with sufficient 
approximation the distance from the single 
objective to the image plane. the powers of the 
leno;es must be for the single objective 


I 
K=- 
t l + tt' 


and for the double objective 


m m-l 
KI=--- 
t l + t z t l ' 


m-l ( 1 1 ) 
Kz = -----:m:- 
 + t
 ' 


giving a power for the combination of 


m 
KI,2 = t l + t ,; 


A particularly attractive means of changing 
the power is that introduced by )Iessrs. Goerz 
(Fig. 37), in which use is m
de of the fact 
that an objective composed of a positive and 
a negative lens well separated from one 
another have their principal planes very un- 
symmetrically situated. Under suitable con- 
ditions the mid-point of the actual lens system 
may approximately coincide "ith the point 
midway between the object and image planes 
when the magnification differs apprecia bly from 
unity. The system is thus a special case of 
the one utilised by )Iessrs. Zeiss, but the 
translation is _converted into a rotation. The 
arrangement actually adopted is to u
e two 
pairs of positive and negative lenses mounted 
as a whole with two right-angled deflect- 
ing prisms. This complete block is rotated 



 


FIG. 37. 


through two right angles about an axis normal 
both to the vertical tube axis and to the 
horizontal axis of the incident light. The use 
of two separate objective systems may be 
due to difficulties in connection with the 
removal of aberrations. This system must. 
be preceded by a fi)..ed negative Ìpns to yield 
a virtual image at the same distance from 
the axis of revolution as the first image 
formed in the periscope tube. If t is the 
separation between the len::;es and d is 
the distance of both object and image from 
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the nearest lens, the system is determined 
from 


1 1 +nt 
Kl =(1 +---;nt, 


1 I+m 
K2=d+
' 


K 1 ,2= -
- (m+
)
, 


where In, of course is negative. 
The most usual powers of hi-focal periscopes 
are I! and 6, the former rather than power I 
giving an impression equivalent to a naked- 
eye view when the apparent field of view is 
limited. The value adopted for e is usually 
about 6 mm. and the apparent field may 
exceed 60 0 . In a 2.3-ft. periscope the narrow 
portion may be 4 ft, in length, and the external 
diameters will be approximately 6 in. and 2-! in. 
for the main and top tubes respectively. 

 (12) SKY - SEARCHI
G PERISCOPE. - The 
earlier periscopes provided only for a view 
towards the horizon, and all light entered 
through a fixed window in the side of the tube. 
It became necessary at a later date to provide 
in addition means for searching the sky from 
the horizon to beyond the zenith. The angle 
here involved is too great to make it practicable 
to include the whole in a system with a fixed 
axis. Apart from this, since the definition is 
only at its best near the axis, it is necessary 
to be able to secure at will a horizontal direc- 
tion for the axis. A movable reflector accord- 
ingly became necessary at the head of the 
instrument, and the most satisfactory arrange- 
ment consists of two isosceles prisms silvered 
on their bases, which are cemented together 
into a frame with their bases parallel (Fig. 38). 


FIG. 38. 


\Vhen the base is parallel to the axis of the 
instrument an axial beam of light continues 
in the same direction after reflection, and, 
as the inclination of the base to the tube axis 
is altered by rotation about an axis per- 
pendicular to the length of the tube, the 
deviation of the light is altered by twice this 
amount. The use f)f two prisms mounted in 
this way gives more equal illumination for 
prisms which can rotate within a given space 


than is possible when only a single prism is 
used. The window through which light first 
enters the instrument, and which is chiefly 
provided to prevent the entrance of water int
 
the periscope, is in this case inclined to the 
axis of the instrument at about 45 0 instead of 
being parallel thereto as in earlier instruments. 
Supplementary systems of prisms may be used 
to secure more advantageous use of incoming 
light. 

 (13) :I\IISCELLANEOUS. - The foregoing 
description is confined to the optical systems 
which have been actually employcd in peri- 
scopes. A great variety of interesting in- 
struments have been dcsigned, offering, for 
instance, !)anoramic views of the whole 
horizon arranged in a circular view with an 
enlarged direct view in the middle, but it is 
impossible in a single article to attempt to 
describe them. Actual periscopes also must 
be provided ,vith much auxiliary equipment 
in order to remain servibcable under the con- 
ditions of use. In somc cases, they are from 
time to time filled with dry compressed air 
to render the ingress of water more difficult 
and to prevent the deposition of moisture on 
any internal surface when the temperature 
of the sea is low. The discussion of all 
these necessary but non - optical auxiliary 
features has not been attempted in this 
articlc. 

 (14) ILLUSTRATIONS OF MODERN PERI- 
SCOPEs.-It will he of interest to add some 
illustrations of recent periscopes sho\\ ing the 
actual appearance of the two ends of the 
instruments. Exhaustive illustration of the 
many variations is impossiblc, but those that 
are given here will scrve not only to give an 
idca of the appearance of the instruments in 
actual use, but "ill also indicate in a few 
directions the developm
nts of which the 
periscope is susceptible. These illustrations 
are from photographs of periscope
 made by 
:l\Iessrs. Barr & Stroud, hy whose courtesy it 
has heen possible to include the illustrations 
and descriptions of this and the following 
sections. Incidentally the principle of the 
arrangement for spcuring two magnifying 
powers which this firm has adopted, and which 
differs from those illustrated in 
 (11), is shown 
diagrammatically in Fig. 42. 
It is not practicable within the limits of 
space imposed by the pages of this dictionary 
to show either a general outline of ordinary 
periscopes or illustrations of the int{'rnal 
mechanism. It may, howevpr, he- said that 
the length of subma
ine periscope-s varies from 
very short instruments for night use which do 
not' greatly exceed 3 me-trcs in length to inF:tru- 
ments æaching I.') mptre
 or more in length. 
In many of the recent instruments the rpduc- 
tion in the diameter of the top section, which 
in early instruments was a very pronounced 
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Íeatul'e, has be3n much more slight or even 
entirelya.bsent. The reason for this is that the 
instruments are used in a different way. In 
approaching the object of attack the small- 
topped periscopes were kept for some consider- 
able time above the surface of the sea. Though 
the peri3cope itself might escape obsenration, it 
was found that the presence of the su bmarine 
,,-as detectable through the track it ma.de in 
the water when used in this way. The more 
general method now is to elevat
 the periscope 
above the surface at intenrals for a few seconds 
only at a time. Under these conditions, even 
with a thick top, the periscope usually runs 
little risk of being seen, and the surface dis- 
turbance created when this method of operation 
is adopted resembles very closely the normal 
surface irregularities, and so is of no assistance 
in detecting the approach of an enemy. The 
possibility of using the thicker head" ith lenses 
of larger diameter is of very special importance 
for very long periscope3, since it is in these 
instruments that the loss of light due to the 
large number of len
e<:; becomes most serious, 
and the narrowness of the smallest section is 
the chief factor, as has been shown earlier, in 
increasing the number of lenses that are 
necessary. The raising and lowering of the 
periscope is usually performed by hydraulic 
or electrical power. 
The material of which the main tubes are 
made is of much importance. ...\ periscope 
made of ordinary steel would ine,-itably be 
strongly magnetic, and would affect the re- 
liability of the indications of a magnetic compass 
in a quite intolerable way. The alternatives 
are to use a bronze or a non-magnetic steeL 
In the early p
riscopes a bronze tube was 
employed, but later this was replaced by a 
special nickel steeL At the best, however, 
tubes of the latter material are somm\ hat 
magnetic, and in addition they are slightly 
corroded by the action of sea-water. This 
corrosion is of more importance than might at 
first sight appear since it may cause the tube to 
work stiffly in the long gland where it pierces 
the hull of the boat, and so cause difficulty in I 
manipulation. In both of these respects a 
better material is available, and )lessrs. Barr 
& Stroud prefer to utilise Immadium bronze. 
This i;;: completely non-magnetic and possesses 
remarkable powers of resisting corrosion in sea- 
water. its surface retaining its original polish 
after prolonged immersion. Xeedless to say, 
it possesses the mechanical qualities necessary 
in a material which must withstand very 
severe stresses without any considerabÌe 
dt'flection. 
Fig. 39 shows a photograph of the upper end 
of a periscope of t.he sky-
earching type. T}lf' 
glass which comes in contact "ith the wate 
is a window with flat surfaces. Inside mav 
be seen the prism by the rotation of w hic h 
VOJ
. IV 


about a horizontal axis the direction of sight 
may be ,-aried from the zenith to below the 
horizon, according to the principle illustrated 
in Fig. 38. 
The lower end of the periscope is illu')trated 
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FIG. 39. 


in Fig, 40. The handles are used to i'otate the 
instrument about its axis, and so enable the 
line of sight to be directed to any part of 
the horizon as required. The bearing of any 
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FIG. 40. 


object to which the periscope is directed may bt' 
read on the scale seen in the upper part of this 
firrure. \Yhen the instrument is not in use the 
h
nJles may be folded into a vertical posit.ion 
out of the way. The eyepiece, surrounded by 
a rubber ('ve-guard, is seen between and slightly 
abm-e the 
ha,ndles. The kind of yiew ohtained 
2u 
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on looking into the eyepiece is shown in Fig. 41. 
In focus together with the image of distant 
external objects, the graduations of vertical 
and horizontal scales are seen. These corre- 
spond to suitable angular intervals by means of 
which the apparent sizes of objects may be 
more accurakly estimated. The need for such 
measurements will be fully realised when the 
more precise measuring devices described below 
are considered. 
Inset in the top of the field of view, so as to 
be visible without taking the eye from the eye- 
piece, is a view of a portion of the bearings 
scale. This is obtained by t.he introduction of 
a small auxiliary prismatic telescope. 
In addition to reading the bearing, it is 
obviously of importance that any desired 
object should be readily brought to the centre 
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FIG. 41. 


of the field under the conditions in which it can 
be best seen, \\ ithout the 0 hserver being under 
the necessity of removing his eye from the 
eyepiece. This evidently involves suitable 
control over the angle of elevation of the line 
of sight in addition to its bearing, and ability 
to adjust the focus, and in special cases to 
interpose or remove rapidly suitably coloured 
screens. In this particular periscope the top 
prism may be adjusted for elevation as required 
by rotating one of the bearing handles about 
its axis, and the focussing adjustment and the 
light filkrs are controll('{l by means of the two 
milled heads sepn projecting from the bottom 
of the periscope in Fig, 40. It will be recog- 
nised that all these controls are plaped very 
conveniently for the ohsprver, Thp polouTPd 
glasses are plaeed within the tube an(llip close 
to the eye lens. The focussing is effected by 
changing thc position in the tube of a movablp 
lens. The principles on which the optical 


system is constructed are shown in Fig. 42, 
which is necessarily diagrammatic and not to 
scale. The eyepiece consists of lenses )[ and N, 
of which the former is cemented to the Inwet' 
prism L to reduce the number of glass to air 
surfaces, and thus to obviate an avoidablp losE' 
in the amount of ligh1 transmitted by the 
instrument. Focussing is accomplished by 
movement along the axis of the collector lens l(, 
This lens, toget.her 
with the eyepiece and 
the objective H, forms 
an astronomical tele- 
scope. To transmit a 
sufficient quantity of 
light down the length 
of the periscope and 
secure a suitable field 
of view, this lower 
telescope is preceded 
by another astro. 
nomical telescope com- 
pospd of three lenses 
E, :F, G. Of these E 
corresponds to the 
eyepiece, F is a field 
lens, and G may be 
regarded as the 
objective. Considered 
in this way this tele- 
scope produces an 
angular magnification 
measured by the ratio 
of the focal lengths of 
lenses G and E. If E 
is regarded as the 
objective and G as the 
eye lens, the way this 
telescope is actually 
used, it appears to 
diminish ohjects 
viewed through it. 
The combination of 
thc t".o telescopes of 
course is itself a tele- 
scope, and as EFG 
produces an inverted 
image, and this is 
su bseq uently rein- 
verted when viewed 
through the second telescope HK:M
, the 
combination yields an upright image. To 
make the system suitable for use as a 
periscope it is only necessary to insert an 
upper prism B, and before this to place 
a plane surfaced window A to prevent the 
ingress of water into the instrumpnt. This, 
in fact, constitutes a high - power telespope, 
the magnifying power being usually 6 with a 
field of vipw of 10 0 . A lo\\er pOWf'r is ohtaÌlwd 
by the very simple device of introducing a 
reversed Galilean telescope in front of the high- 
powpr system. The ]}('gative Ipns of this 
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FIG. 42. 



PERISCOPES 


371 


telescope is marked C and the positive D. 
'Yhen the high power is wanted these are swung 
to one side of the tube as at C 1 and DI. The 
Galilean telescope is ordinarily constructed to 
be of magnifying power 4 when used alone as a 
telescope, with r as the eye lens and D as the 
object glass. As used in the periscope the 
magnifying power is thus -1-, making the power 
for the complete low-power system lk. The 
field of view is increased in the reciprocal ratio, 
and is thus approximately 40 0 . The diagram 
illustrates the passage of a central and of an 
oblique beam of rays through the low-power 
svstem, and the reduction of the area of the 
o
blique beam in comparison with the central 
beam is clearly seen. This reduction may not 
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FIG. 43. 


be carried beyond the point at which the 
difference in intensities at the centre and 
margin becomes apparent to the eye when the 
change takes place continuously from centre 
to margin. . 
'Yhen the high-power system is substituted 
the paths of the rays between D and N are not 
affected, but in the upper portion of the 
instrument the paths are modified and may be 
found by tracing back the paths between D 
and E. The variation in the illumination from 
centre to margin is su hstantially the same for 
both powers, for this depends 'chicfly on the 
spparation of the two ohjpctives G and H. 
The chfLn
e of power is ('ffccÌ('d by rotating one 
of the training handl('s shown in Fig. 40; tll(' 
other, as has been mcntion('d, is u:::ied to change 
the devation of the lin(' of Right. In general 


the low-power telescope is employed, and a 
change is only made to the high power when it 
is desired to observe an object, that has been 
sighted, more minutely than is possible with the 
low power. By using the 100v power, which 
embraces an angular area sixteen times as great 
as the high po" er, large regions can be observed 
much more rapidly than with the high power 
with its smaller field of view. 
As has been mentioned, it is necessary from 
time to time to dry the air within the periscope. 
For this purpose a desiccating chamber is 
provided in which the damp air from the 
bottom of the periscope is dried by passing over 
calcium chloride prior to being forced by a 
pump to the top of the instrument. The 
connections to the desiccator are made at the 
bac k of the lower end of the periscope as shown 
in Fig. 43. 'Yhen the desiccator is not in use 
the inlet and outlet are protected by water- 
tight plugs. 

 (13) RAKGE, COURSE, AKD SPEED )IEAS{TRE- 
l\fENTS.- The periscope as described above 
fulfils functions equivalent to the look-out, 
with or without the aid of a teleEcope, on a 
surface craft. The surface vessel in addition 
makes use of anum ber of other optical instru- 
ments, such as gun-sights and range-finders. 
Any corresponding instruments for the su b- 
marine must assume a periscopic character, 
and as the power of making accurate measure- 
ments is as important for the under-water as 
for the above-water ship, it is natural to find 
that attempts have been made to obtain such 
measurements, in spite of the special difficulties 
inseparable from the peculiar conditions of 
observation from a submerged boat. 
For finding the distance of a visible object, 
one of the simplest methods i
 to measure the 
angle it su btcnds "hen the dimensions of the 
object are known. The graticule seen in Fj"g. 
41, the divisions of which have known values, 
enables an approximate value of the range to 
Le found. The method can be increased in 
accuracy by using a variable wedge to produce 
a double image by placing it in front of a 
portion of the beam. A con,-enient arrange- 
ment is one in which the "edges are annular 
in form, as shown in Fig. 44, "'hen the 
thickest portion of one" edge is superposed on 
the thinnest portion of the other and t'ice 
'er8a, 
the two are equivalent to a plane sheet of glass 
if of equal angle, and the images formed by 
light which has traversed th(' wedges are not 
displaced to one side of those formed by the 
central portion of the pencil. If one prism is 
rotated in one direction and the other turned 
through an eq ual angle in the other direction, 
the outer rays will be displaced in the planp 
perpendicular to that originalIy cOIitaining thf' 
lin('s of gn'atest slop('. and thÜ
 displacempnt 
rccci,?es its maximnm yalue when eacJi prism 
has been turned through one right anglE"', the 
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position illustrated in Fig, 44. ep to this value 
the separation of the images may be of any 
desired amount. If the lines of greatest slope 
now correspond to the vertical plane the two 
images will be above one another, as shown in 
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FIG. 44. 


Fig. 45, and if the height of the smoke-stack 
above the water-line of the vessel sighted is 
known, a setting can be made and the range 
read with considerable accuracy from the scale 
attached to the prisms. If now the two prisms 
are rotated together through a right angle 
horizontal measurements may be made, as ia 
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FIG. 45. 


Fig. 46. As the apparent length of a vessel 
depends upon her course relative to the direc- 
tion from her to the submarine, it is evident 
that when both the height and the length of the 
vessel are known the former is a suitable basis 
for the determination of her range, and the 
latter for finding her course when the range 
is known. 
In addition to these particulars it is eviùpntly 
of importance to find the speed of the vessel 
under observation. The time taken by the 
vessel to cross any fixed line in space is the time 
she takes to travclll('r own length, and thus if 
her length is known and the time taken to cross 
any fi:xed line is observed her spe-ed can he 
determined. It is not satisfa(.tory to take thE:' 
projection of a line fixed relatively to the 


peri::;(;ope as the line fixed in space for this 
purpose, as the errors caused by move-ments 
of the submarine and of the p('rÏscope its('lf 
may be considerable. .Messrs. Barr & Stroud 
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FIG. 46. 


have overcome this difficulty by projecting 
into the field of view the image of a line which 
is controlled in direction by a small spring- 
drive-n gyrostat attache-d to the lower end of 
the periscope. Fig. 47 illustrates an instru- 
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FIG. 47. 


mpnt fitted with this device, the handle seen 
at the bottom serving to start the gyro. The 
system employed is shown dia
rammatically 
in Fig. 48. A is the gyro pivotpd on the 
bracket N, anù ß is the mark controlled hy it, 
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the image of \\ hich serves for tlU' line fixeù in 
space. It is illuminated by the lamp C, and 
the light is introduced into the field of view by 
means of the prism D and the transparent 
reflector F, By means of the lens E, which 
must be arranged to give the proper magnifica 


A 


FIG. 48. 


tion to the movement of the image of B as seen 
in the periscope, the mark appears focussed at 
G in coincidence with the images of external 
objects. The bracket carrying the gyro and 
the whol(' optical system are, of course, 
rigidly attached to the periscope. 
'Yhen more precise range measurements than 
are possible on the principles utilised in the 
instruments just described are desired it be- 



f 
I 
, 


\ 


.. 
\ 
) . 


'- 


FIG. 49. 


comf'S necessary to d('rive distances byobserv- 
ing the difference in dirf'ction from two stations 
on the submarine at a known distance from one 
another. Either the coincidence or the stereo- 
scopic principle may he used to make s('ttings 
as in orùinary range-finders (q.v.), anù in the 


former case the base may be either horizontal, as 
with instruments used on land, or vertical, the 
arrangement which the shape of an ordinary 
periscope suggests as the more convenient. All 
these alternatives have been embodied in peri- 
scope range-finders. Fig. 49 shows the upper 
part of a vertical bas(' range-finder, in which the 
two entrance windows, the separation between 
which is the base from which the measurements 
are made, may easily be recognised. The lower 
end is shown in Fig. 50, the handle on the right 
serving to effect coincidence, and the range 
scale being shown to the right of the eyepiece, 
The appearance of the field of view before 
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FIG. 50. 
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coincidence has been effected is shown in Fig. 
;')1. The view seen through the lower "indow 
is brought to the central rectangular strip, and 
is surrounded by that from the upper window. 
An important advantage of the vertical base is 
that coincidence can be effected in spite of 
movements of the image due to the roll of the 
su bmarine, provided tllis is not so great as to 
cause the image to disappear entirely from the 
field of view. 
The vertical base is not free from anum bel' 
of objections, and to avoid these a horizontal 
Lase must be used, The difficulties caused by 
the rolling of the ship are ov('rcome by special 
features in this range-finder which enable the 
image to be kept in the centre of the field of 
view. Fig..32 shm\ s the lower ('nd of such a 
range-finder having a base of length 2.7 metres 
and a vertical length of ß metres. This in- 
strument is intended to be operated by two 
observers, and is fitted with a number of special 
devices for incrf'asing the rapidity by which 
ranges can be transmitted. The magnification 



374 PETZVAL'S COXDTTIOX FOR FLATNESS-PHOXOGRAPH 


is 20 and the accuracy under good conditions 
of seeing is 24 metres at 5000 metros, and 1 
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FIG. 51. 


metre at 1000 metres. Of the two eyepieces 
8een, the right is that of the range-finder, that 
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FIG. 52. 


on the left being available when required for 
taking direct readings on the range scale. In 


addition there is on the other sidf> a pel'i
cope 
eyepiece for a !;ep:trate trainer. The main 
ppri8copf> tube thus contains two separate 
periscopic sYRtems, one for the range-findf'l' 
and one for the trainer periscope, 
Fig. f>3 illustrates another horizontal base 
instrument, and gives a general idea of the 



 


FIG. 53. 


appearance of a complete instrument of the 
type, In this case the stereoscopic principle i
 
employed. and the two eyepieces are clearly 
seen in the illustration. T. s. 


PETZVAL'S CONDITION FOR FLATNESS OF THE 
}
IELD OF AN OPTICAL. INSTRUMENT. See 
" Telescope," 
 (3); also "Optical Calcula- 
tions," 
 (16). 
PHANTOM RING. See" Kavigation and Navi- 
gational Instruments," 
 (14). 
PHONODEIK, ::\IILLER'S: an apparatus for the 
demonstration and photography of sound 
curves. See" Sound," 
 (60). 


PHONOGRAPH AND GRA){OPHONE, THE 

 (1) HISTORICAL,-The first mechanical re- 
production of sound was effected by Edison 
in 1877. He wrapp('(l a sheet of tinfoil round 
a cylinder and obtained a trace upon it of 
the movement of a diaphragm hy a point 
which produced a scratch of varying depth 
as the cylinder was rotated. On allowing 
the point to travel a se('ond time over the 
same groove the sound was reproduced, though, 
of course, very imperfectly. A horn was 
used in reproducing in urder to intensify the 
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sound. In order that the tinfoil might be 
more easily indented by the recording point 
the cylinder had a groove under the foil 
where the trace was to be made. It was 
also mounted on a long screw so that the 
record was formed on a helix. Edison further 
suggested that the record might be made upon 
a flat disc and that both sides might be used. 
In a later machine the recording style was 
short and was carried at the end of a spring, 
which was connected to the thin metallic 
membrane by two rubber buttons, which 
transmitted the \-ibrations of the membrane 
and at the same time damped the natural 
vibrations of the spring. 
Edison himself dropped the phonograph 
as the result was so poor. It was Graham 
Bell, together with Chichester Bell and C. 
Tainter, who as the Volta Company went 
on with the idea. It was they who substituted 
solid wax for the tinfoil or waxed paper, and 
who cut away the wax with a sharp sapphire 
point instead of indenting it, and later used 
a chisel-end to produce a flat bottom to the 
groove. They, however, dissolved in 1883, and 
then Edison, going on from where they left 
off, made a successful machine and created 
the boom. The pitch of the screw was made 
much finer to increase the number of revolu- 
tions that could be made before reaching the 
end of the cylinder. Later the wax cylinders 
were made thin strengthened with ribs, the 
mandril on which they fitted was made taper, 
and they were driven by clockwork. Also the 
cylinders had no traversing movement, but 
the diaphragm was moved along by a screw 
as the cylinder rotated. The diaphragms 
were made of glass and had the stylus attached 
to them directly. Among other interesting 
devices, Edison, instead of black-leading the 
master wax cylinder, covered it with a film of 
gold by passing an electric current through 
a gold "ire in vacuo, using this film to make 
the wax conducting. 
The chief drawbacks of these instruments 
were the rapid deterioration of the records 
due to their soft material. and the amount of 
space required for their storage: moreover, 
the groove could only move the diaphragm in 
one direction-upwards-the reverse motion 
had to be produced by the spring of the 
diaphragm itself, Thus it had to press some- 
what heavily upon the wax to enable it to 
folIo", the rapid ,-ibrations of speech. 

 (2) THE PHOXOGRAPH RECORDER.-These 
defects were largely overcome by making 
the record a transverse one, that is to say, 
one in which the groove, instead of Yaryi
g 
in depth, is sinuous with approximately uni- 
form nidth and depth; thus if a neerlle-point 
is placed in the groove, it "ill be moved to 
and fro sideways, the whole movement being 
imparted by the groove itself. The needle 


lies in a plane parallel to that of the diaphragm 
producing the sound-not perpendicular to it 
as in the phonograph; it is pivoted about its 
middle point, and "hile one end lies in the 


FIG. I.-The Recorder. 


groove the other is connected to the centre of 
the diaphragm (see Fig. 3). 
'Yhen obtaining a record the singer (or 
instrument) faces the mouth of a large horn 
LX, Fig. I, which is suspended by a string 
::\1 at the mouth and is connected at the small 
end by a swivelling tube to the recording 
box R. This box is nearly counterpoised 
by a weight P. The box R "ith its con- 
nections is carried by an arm which can be 
traverSed along a slide C by a screw So The 
disc of wax upon which the record is to be 
taken is mounted on a turn-table V and 
rotated uniformly by a clockwork usually 
driven by a weight and connected through 
the bevel wheels B "ith the screw S. In 
this way the stylus cuts a spiral groove on 
t he wax. 
The stylus CD, Fig. 2, is brazed to the rod 
AB and strengthened by a rod EF. This little 
framework is pivoted at A and 
B, so as to rock about AB 
(which is parallel to the plane 
of the diaphragm) as axis. Cis 
connected by a short "ire to 
the centre of the diaphragm, 
which is of glass or mica. and 
to which it is cemented \\ith 
wax; the end D is hardened FIG. 2. 
and sharpened and cuts thc 
trace on the wax disc. This disc is made of 
a mixture of waxes-ozokerite 2 parts and 
paraffin wax I part-or of a soap com posed 
of stearic acid, caustic soda, and aluminium- 
hydrate mixed "ith ceresine or Japan wax; 
it must cut cleanlv and not be too soft nor 
too brittle; 
 it is 
\"armed either as a whole 
in an o'\"'"en or locally (by an electric current) 
"hile it is being cut. The wax disC' is next 
black-leaded and an electrotype made from 
it. This electrotype (or a copy of it) is 
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used to form the records. The records them- 
selves are made of a composition of an inert 
powder and cotton fluff, \\ ith shellac or some 
similar material as a binder. The exact 
formulae used for the wax discs and the records 
are naturally kept secret by the manufacturers, 
After the composition for the records has been 
well mixed in the powdered form, it is rolled 
between hot rollers into sheets, cut into suit- 
able-sized pieces, and pressed between the 
heated electros above described. The records 
so made are in the form of circular discs, 
usually either 10 or 12 inches in diameter, 
with a spiral trace having about four turns 
to the mm" commencing about 1 em. from 
the edge and ending about 5 to 7 em. from 
the centre. 

 (3) THE REPRoDucER.-The reproducer or 
" speaker" is very similar in principle to the 
recorder. Instead of a sharp stylus, a rounded 
needlepoint slicles in the groove on the record, 
with ,,,hich it makes an angle of about 60 0 . 
This is hinged on a pair of V's against which 
it is held by two springs, so that it rotates 
through a very small angle about an axis, 
parallel to the plane of the diaphragm (Fig. 3); 
the other end is connected to 
the centre of the diaphragm 
by a smaIJ screw and a touch 
of wax. This diu phragm is 
usually of mica, it has a 
diameter of 4,5 to 6 cm., and 
is mounted between rubber 
rings called " gaskets" to 
prevent it from rattling, to 
damp its vibrations, and yet 
to allow it to move freely. 
Some diaphragms are made 
f 
glass, and it has been claimed that zirconium is 
a valuable ingredient in this glass. Others are 
of silk or other flexible material with a cork 
or card disc in the centre, The diaphragm 
forms the front of a short cylindrical box of 
magnalium or similar metal; the box has a 
metal tu be in the face opposite to the 
diaphragm. This tube is inserted in the end 
of a pivoted conical tube called the "tone- 
arm," which terminates at its larger end in 
the beginning of the horn. The horn used 
to be a bell-shaped metal one, but it is now 
usually made of thin wood of rectangular 
I-Iection. It is found to give the best results 
if the passage from the sound- box to the horn 
has smooth bends everywhere. There is no 
mechanism required to cause the sound- box 
to follow the groove as in the phonograph, 
for if the tone-arm is freely suspended the 
groove itself is a sufficient guide. In order, 
however, that the needle may follow the groove 
easily it is obvious that it should always lie in 
a plane tangential to the groove. But as this 
latter is a spiral of varying diameter this can 
only be approximately achieved. Let P, Q, R 


FIG. 3. 


be points 011 this spiral of "\\ hieh Q is on the 
middle ring, draw a tangent at Q, and \\ith 
a point 0 on it as centre strike an arc of a 
circle, cutting the inner and outer rings of 
the spiral at P and R; it is obvious that OP 
and OR cannot be tangents at P and R. A 
better result is obtained by taking 0 on a line 
making about 14 0 with the tangent as at Q' 
in Fig, 4. This circle will cut the spiral at 


FIG. 4. 


points P' and R', at which tangents will make 
angles which are approximately the same 
with the lines OP' and OR'; thus by .setting 
the plane of the diaphragm at 14 0 with the 
line joining the centre of rotation of the 
tone-arm to the point of the needle, the 
latter will remain more nearly tangential to 
the groove throughout the reproduction. 
It is very important that the angular 
velocity of the cylinder, both in making the 
record and in reproducing it, shall be kept 
perfectly uniform, or the pitch will be affected. 
The linear velocity varies of course according 
to the diameter of the spiral, but as this varia- 
tion of speed is the same in the reproduction as 
it was in the original recording, the resultant 
pitch is unaffected provided the- angular velocity 
is constant. The linear velocity varies from 
about 120 em. a sccond at the circumference 
to 40 cm. a second at the middle. By a 
recent invention the linear velocity is reduced 
to a uniform one of about 40 cm. a second- 
both in recording and reproducing the record- 
and thus the length of the record that can be 
made on a disc is greatly iucrease-d; the 
scratching noise is also said to be reduceù by 
the diminution of the velocity. 
Although tho records arc suffieiently good 
to afford a fair rendering of a mu
ical com- 
po::>ition or song, anù so to give pleasure, they 
are far from perfect. The ùefects most 
commonly met with and the most difficult 
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to eliminate are (i.) a scratching noise, which 
is especially noticeable in the more delicate 
pieces; (ii.) an unpleasant and very obvious 
nasal tone, due no doubt to the horn; (iii.) 
a loss of many of the consonants in speech; 
(iv.) an inequality of rendering of the soloist 
and the accompaniment, due, of course. to the 
soloist being stationed immediately 
 front 
of the horn while the accompani
ent is to 
one side. 
In 1904 Parsons exhibited to the Royal 
Society a reproducer in which the needle, 
instead of being connected to a diaphragm, 
actuated a grid which covered a series of 
slots in a box, and thus opened and closed 
these slots. Compressed air was supplied 
to the box and issued from the RIots into a 
horn when the slots were opened. Thus 
the record controlled the escape of air and 
produced in it variations which gave a power- 
ful and yet good rendering of the record, 
comparatively free from scratch. From this 
has developed the Auxetophone and the 
Stentorphone. 
The movement of the diaphragm of the 
recorder has also been used, generally "ith 
the aiù of a mirror, to deflect a beam of light 
which was passing through an aperture on 
to a photogra phie film, and so to vary its 
inten
ity (Rankine increased the sensitive- 
ness by projecting the image of one grid upon 
another grid); thi'3 photographic trace was 
aftenvards used to control the liaht fallina 
o 0 
upon a selenium cell; the resultant varying 
current was passed through a telephone. A 
great number of attempts have been made 
to use some form of this method for the 
simultaneous recording of speech upon a 
cinematograph film, but so far without much 
success. 


R. s. c. 


PHORO
IETRIC IXSTRU:
IESTS: a type of 
subjective ophthalmic instruments used to 
deal with the measurement of ocular 
muscular want of balance and the 
muscular exercises for its correction. See 
" Ophthalmic Optical Apparatus,'. 
 (3). 
PROT: the unit of illumination on the eG.s. 
s,ystem, equal to 1 lumen per sq uare 
centimetre, or 10,000 lux. See "Photo- 
metry and Illumination," 
 (2). 
PHOTO-CERA:\IIC METHODS OF GRATICL"LE 
PRODUCTIOX. See" Graticules." 
PHOTO-ELECTRIC CELL: an instrument in 
which the Hallwaehs effect is employed 
to measure light, See "Photometry and 
Illumination," 
 (34). 
PHOTO-ELECTRIC EFFECT, application of quan- 
tum theory to. See" Quantum Theor"v" 

 (2). 
 , 


PHOTO-ELECTRIC F ATIGLE: the fall in sensi- 
tivity, with age, of a photo-electric cell. See 
" Photometry and Illumination':' 
 (34). 
PHOTO - ELECTRIC :METHOD OF SPECTRO- 
PHOTO
IETRY: the method depending on 
the use of photo-electric cells. See" Spectro- 
photometry," 
 (15). 
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 (1) IXTRODUCTORy.-The ordinary process 
for the production of a monochrome picture 
of any object by means of photography con- 
sists of two operations-firstly, the making 
of a "negative," and secondly, that of the 
corresponding " posith
e." 
The negative is a record of the form of the 
object expressed, as all monochrome pictures 
are expressed, in terms of gradations of light 
and shade, consequent on the exposure of a 
sensitive surface, composed of particles of a 
silver halide, to an image of the object in the 
camera, the changes induced in the sensitive 
substance being afterwards completed by the 
chemical process termed de\elopment. The 
positive or print in its simplest form is made 
by exposing to the action of light a similar 
sensitive surface under the negative, when 
there results, after development, a picture, 
the light and shade of which corresponds- 
within the limitations of the process-to that 
of the original object. 
The sensitive substance now most generally 
employed for the purpose of making photo- 
graphic records in the camera is silver bromide 
or bromo-iodide emulsified in gelatine. This 
emulsion is c
ated upon glass or celluloid 
and dried, and the coated plates or films 
come into commerce as "photographic dry 
plates" or "films" as the case may be. It 
is proposed in this section to consider the 
instruments, other than lenses,I by means of 
which photographs are made, and, in the 
main, those which are used for the production 
of nega ti ves. 
A photographic camera in its simplest form 
is a light tight, rectangular box terminating 
in two fiat ends which are parallel. In the 
centre of one end there is pierced a very small 
a perture, the pinhole, which is then covered 
by a simple shield that is readily removable. 
If there now be placed inside the box (under 
suita ble "safe" illumination), at the end 
opposite the aperture, a sensitive plate, all 
that is necessary for the production of a 
photograph has been provided. If the bux be 
placed upon a rigid support in front of a well. 
illuminated object, on uncmoering the aperture 
an image "ill be formed upon the plate. If 
exposure to this image be made for a sufficient 
length of time-if the conditions are suitaùle 


See" Photographic Lenses." 
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the periuù \\ illllut be unduly long-the plate 
will yield upon development a negative image 
of the object. 
It is assumed often that satisfactory 
photogra phs cannot be made by the use of a 
" pinhole" in place of a lens, but this is not 
correct, and well - constructed pinholes are 
sometimes used on modern cameras for sub- 
jects where brief exposures are not necessary. 
Provided that the aperture be properly made 
and its diameter in relation to the plate 
distance fulfils the requirements of the optical 
theory governing the formation of pinhole 
images, little objection can be taken, so far 
as "definition" of the image is concerned, 
to photographs of still life, architecture, and 
landscapes, when meant for pictorial purposes, 
more especially if the photographs are fairly 
large in size. The interest of the" pinhole" 
is, however, mainly theoretical, and in practical 
everyday photography of different kinds, lenses 
are used for the formation of images in the 
camera. 
It would be foreign to the purpose of this 
section to discuss the apparatus specially 
designed for the purpose of employing light 
sensitive materials as recorders in investiga- 
tiuns in different branches of science and 
technology, for the apparatus varies greatly 
according to the nature of the inquiry which 
is to 
e made, and is generally peculiar to the 
particular research. :l\Iuch laboratory ap- 
paratus is of standard type and is applicable 
to '" ide fields of endeavour, as for exam pIe 
the camera in conjunction with the telescope, 
the spectroscope, and the microscope, and 
in these respects other sections 1 should be 
consulted, 
In many instances photographic apparatus 
is employed to record the behaviour of photo- 
graphic material itself, as when the spectrum 
camera is used to ascertain the distribution 
of spectral sensitiveness in a dry plate or other 
sensitive surface, or the camera shows the 
appearance under the microscope of the silver 
bromide grains in a gelatino-bromide emulsion, 
and thus provides a permanent picture of 
certain aspects of its physical state. 
As well as being an aid to a large and 
increasing degree in anum bel' uf branches 
of scientific and technical research, it should 
not be overlooked that photography of itself 
is an important industry-either alone or in 
conjunction with other crafts-utilising some 
of the finest products of optical, chemical, and 
mechanical skilL 'Vith its growth there has 
come specialisation, and each branch has 
evolved forms of construction to meet its 
own needs. No one camera will meet con- 
veniently all the requirements in the many 
activities of modern photography, In view 
of the specialisation ordained by these req uire- 
1 Sre "Telescope:' "
licroscope, Optics of the." 


ments, it seems desirable that the essentials 
for an ordinary camera in its simple form 
should be stated. Cameras are essentially 
chambers fur the purpose of exposing sensitive 
plates to the action of luminous images formed 
by optical means. Di.3regarding for the 
moment the precise mechanical form of the 
construction, a camera of simple type as used 
in ordinary photography consists of a snpport 
for the lens (the "front "), used to form the 
image of the object; another support (the 
" back ") for the movable receptacle (the-dark 
slide), usually employed for holding the 
sensitive plate, and a device (the " belluws ") 
for preventing any light reaching the plate 
other than that which forms the image, the 
distance between the" front" and the" back" 
being adjustable, while parallelism is lllain- 
tained. To enable the image tu be examined 
and adjustment made, a screen of ground 
glass (" focussing screen") is arranged in a 
movable frame in the back. To permit these 
adjustments to be made, certain devices for 
movements in the "back" (reversing frame 
and swing-backs) and in the" front" (" rising 
and falling" and sumetimes sliding and 
cross-fronts) are provided. During exposure 
the sensitive plate in its receptacle occupies 
the position previously held by the screen 
and therefore receives a similar image. The 
camera is supported upon a stand} by means of 
which its position relative to the object is 
adjusted and maintained. 
The most important items of photographic 
apparatus, excluding lenses 2 and correction 
and colour filkrs, 3 are 
Cameras, 
B'inders, plate-holders, and changers, 
Exposing shutters, 
Stands, 
Enlargers, 
and in everv division there are differences in 
type and a great variety of patterns following 
the types. 

 (2) CAMERAs.-Discarding arbitrary dis- 
tinctions as far as possible, anù for the purpose 
of description, cameras may be classified as 
follows: 


Stand Oameras. 
Field or porta hIe. 
Studio. 
Copying (including cameras specially designed 
for photo-mechanical photography). 
Kinematograph. 
lland Oameras. 
Plate or "cut film." 
Rollable film. 


AerialOameras. 


:I See" PhotograJlhk J,('nscs." 
8 
ee " Light .Filters." 
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This differentiation should not be taken to mean 
that in no case can a camera designed specially for 
one purpose be used for another. In some cases 
there are limitations, but not necessarily exclusions. 
A field camera, for e
ample, could be useJ in the 
portrait studio, but it "ould not be so suitable for 
many reasons as the studio type. Even though the 
design of the field camera \\ ere good it lacks "stiff- 
ness" (due mainly to reduced material) and, in 
consequence, would be strained by the con.stant 
stress of the lens suitable for portraiture in the 
studio, \\ hich, being of considerable focal length 
and large aperture, is relatively heavy to the lenses 
used normally on a camera of the field type. The 
s\\ing-backs on the field camera would not be so 
convenient for rapid manipulation as those on a good 
studio camera, and the field camera lacks certain 
desirable accessorif'..8 as, for example, the repeating 
back. The studio camera of high grade is a heavy 
rigid instmment of considerable bulk, necessitating 
a strong stand of a different pattern to the portable 
camera-and it cannot be folded for transport. It 
would in consequence be e
tremely inconvenient" in 
the field." 
(i.) Field or PortaUe Cameras.-Two cameras 
of the original patterns of this class are shown 
in Figs. 1--1. Figs. 1-2 represent the" square 
bellows, heavy-form,n and Figs. 3-4 the 
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"conical bellows, light - form, " instrument. 
The" heavy-form" camera of the best makers 
is still pracÌically the same as when introduced, 
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but the" light form" has undergone several 
modifications "ith the object of reducing 
weight and bulk. The cameras following 
the:)e forms differ mainly "With respect to their 


I focussing arrangement, which is the governing 
factor. In the "heavy form" the back is 
movable and the front is fixed, the side of the 
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bellows being parallel, whilst in the "light 
form" the front is movable and the back 
stationary, the bellows taking the form of a 
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rectangular cone, and this construction per- 
mits greater compactness when the camera is 
folded. 
The front and back of the camera should 
move to and fro parallel to each other, and 
this is prorided for in the construction, the 
movement being generally effected by means 
of a rack and pinion. The "extension" 
should preferably be not less than t"\\ice the 
length of the diagonal of the largest size of 
plate that the camera is made to take. In 
many cameras greater extensions are possible, 
but the cameras used in that state under field 
conditions are never so rigid as when more 
closed, and in some" light-form" instruments 
are unreliable e,en before the limit of the 
extension is reached. The normal position 
for the lens is opposite to the centre of the 
plate; the prolongation of its axis should meet 
the plate centre and be perpendicular to its 
surface. In practice variaiions are necessary. 
To give the required movement in a ,ertical 
direction a panel (rising and falling front) 
fits into a groove in the fixed front, and to 
this the lens is attached, and by this device 
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movement up and down is readily effected. 
The rise should be greater than the falL In 
the camera sho.wn in Fig. 1, 8
 x ü!, the rise 
is 2 in. and the fall I in., and in Fig. 1, 12 x 10, 
3 in. and Ii in. respectively. To secure a 
lateral movement (sliding or cross - front) 
another panel is fitted to the vertical front, 
and to this the lens is attached. The rising 
and falling front is a necessary adj unct, but 
the sliding front is much less important and 
may be eliminated without serious incon- 
venience. )Iovements of the lens made by 
means of the cross - fronts are equivalent in 
effect to lateral movements of the plate in 
the opposite directions. To effect movements 
of the plate would mean an impracticable 
complication. The front in a H light-form" 
camera is usually brass strutted to secure 
rigidity, a quite necessary provision in the 
larger sizes. \Vhere more than one lens is 
used the front should be pierced to take the 
flange of the larger, and the smaller is fitted 
when required by means of a brass adapting 
ring. 
\Vhen the front of the camera is set back 
to permit the use of lenses of short focal 
distance the conical bellows tends to crowd 
to the back and so cut off image from the 
margins of the plate. This drawback is 
prevented by providing H tapes" on the sides 
of the bellows, by means of which external 
connection is made to the front, and the bellows 
are thus drawn forward. Photographic dry- 
plates are rectangular and are made to standard 
sizes, and with one exception (lantern slide 
plates, British 31 x 31 in.) have dimensions 
longer on one of their sides than on the other. 
To meet this condition cameras are made with 
the backs square and are fitted with a remov. 
able frame carrying an inner (generally hinged) 
frame bearing a focussing screen equal in 
size to the largest size plate that the camera 
is made to take. The outer frame or reversing 
back being square and removable, it may be 
placed in the back with either dimension 
vertical or horizontal at wilL 
The receptacle (dark slide) for the sensitive 
plate replaces the focussing screen frame, 
which is turned out of the way and generally 
folds over the slide when in position. 
Another movement of importance is the 
Bwing- back system, by means of which the 
plate can be tilted in a horizontal or a vertical 
direction. The swings in the camera shown 
in Fig. 3 take place from the hinges which 
attach the back to the base. In Fig. 2 the 
back is in two parts. The rear portion-to 
which the bellows is attached-draws out and 
swings from the centre on attachments to the 
fixed part. The vertical swing-back is used 
to correct distortion of perpendiculars due to 
camera tilt. Both swings arc used, where 
necessary, as an aid in focussing. 


Several changes have taken place in tho 
early H light - form" camera, The solid 
baseboard has been reduced as much as 
practicable, the central portion being cut away, 
and in its place there is now fitted a light 
combined tripod head and turn-table. This 
eliminates the loose head which usually 
accompanies the tripod. The front is smaller 
and lighter anù is arranged so that it can be 
swung. The rising panel remains, but the 
whole front (which carries the bellows) can 
be raised. This means that a greater rise 
can be obtained without interlerence by the 
bellows. A distinct improvement resulted 
from the addition of back-extension focussing. 
\Vhen the image is small in proportion to the 
object it is immaterial for all ordinary purposes 
whether the front or the back moves for 
focussing, but where the image is large, as 
when objects near to the lens are to be photo- 
graphed, more particularly when the image is 
to be made to a predetermined size, front 
focussing is impracticable, and such cameras 
can only be used by a device which practically 
makes them back - focussing instruments. 
The duplex system is therefore a great advan- 
tage, and it moreover permits the use of 
lenses of short focal length to obtain pictures 
em bracing wiùe angles. 
The result of these changes has been to 
reduce considerably the ,,,eight and bulk 
of the camera, but it is proper to observe 
that such instruments are only reliable when 
their design is united with the best possible 
workmanship. 
Cameras of the H heavy" type in modern 
use are ex em plified by the "Premier" 
(\Vatson) and the" Square Bellows" (Ross), 
and of the "light" type by the "Acme" 


FIG. 5. 


(\ratson), the "Century Field" (Ros::;), and 
the" Sanderson," Fig. 5 (Houghton). 
No departure of moment beyond those indicated 
has been made in portable - stand cameras during 
recent years, and it is probable that the patterns "ill 
persist The high pitch of development reached 
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bv the best forms of modern hand camera has caused 
these instruments to satisfy the requirements of 
some of the most exacting "orkers. The tendency 
since the introduction of the high-class anastigmat 
lens has been to make negatives of small size, and to 
enlarge the pictures when required, a tendency only 
accentuated as improvements in that instrument 
and in other directions take place. Consequently, 
it is not likely, in view of its convenience and excel- 
lence, that the small hand camera "ill be laid aside 
in favour of the instrument generally used in earlier 
da v
. In the more restricted fields of industrial 
ph
tography, with its generally le
s adventurous task, 
as well as in many fields of teèhnical work, the 
ordinary portable camera will continue to be 
used. 
(ii.) Studio CamerM.-The cameras of stand- 
ard form are heavily built, back focussing and 
non-folding. The instrument has long exten- 
sion, fixed or movable front, which is provided 
"ith lens panel for slight rise and fall. In 
some of the better forms the front is movable 
by rack and pinion, so that front adjustment 
"ithout moving the camera can be made, 
which is an advantage when copying. The 
lens is usually fitted to an inner '- lens board," 
readily removable
 behind which may be 
placed the exposing shutter, and this shutter 
being invisible enahles exposing to be done 
"ithout the knowledge of the sitter for a 
portrait. The arrangement of the back is 
different to that in a field camera. The size of 
camera selected for the portrait studio gener- 
ally permits a fair range of sizes, say from 
15J12, 12,10, or 10,8 down to i-plate. In a 
particular studio a certain size "ill be more 
used than others, and will be generally smaller 
than the full size that the camera is intended 
to take. As it is the common practice in 
good portrait studios to take several pictures, 
and rapid manipulation is dE'sirable, provision 
is made for this by means of an auxiliary 
holder (" repeating-back" type). The focus- 
sing screen for the full-size plate-usually a 
loose frame-is remo"\ed, and in its place is 
introduced a larger frame bearing a second 
focussing screen of the smaller size which 
slides between two parallel bars. The plate- 
holder ("' dark slide "), containin
 space for 
two plates side by side, also fits these bars. 
The focussing screE'n is masked from the front 
by a wooden- frame flush "ith the face of the 
rf'peating back (and changeable at "ill), so 
that the operator sees on the screen only an 
area corresponding to the plate that "ill be I 
used. This plan is much more satisfactory 
than the ruled lines on the screen sho"ing 
limits (which are sometimes used), and prevents 
confusion. 'YhE'n the image is focussed the 
screen is moved latf'rally (though it is some- 
times hinged and is s\\ ung out of position) 
and the plate-holder takE's its place, being 
" set" so that the first plate is in po
ition. 
..\fter exposure the plate - holder is moveù 


along until the second plate is brought into 
position, and exposure is then made. The 
shutter or the plate-holder is fully drawn all 
the time, but no extraneous light reaches the 
plate, the repeating back acting as a shield. 
'Yhen the camera is one made to take large 
plates the repeater form of back may be 
employed, but this means considerable bulk. 
The repeating-back principle is frE'quently 
applied to cameras not intended for portraiture 
and is capable of considerable application. 
The plate - holders are made sqÜare (sa ve 
small holders for repeaters) and plates are 
placed "ith the major dimension horizontal 
or vertical at will. 
The back of the camera s" ings in Loth a 
horizontal and a "\ertical plane. These 
movements are important, being often requirE'd 
when focussing images of objects in relief 
near to the camera when lenses with large 
apertures are used, though their use in this 
respect is often abused. The support (stand) 
is frequently combined "ith the camera, 
which makes for con"\enience and rigidity. 
ProYÏsion is made for raising and lowering, 
by rack and pinion, and for tilting the camera 
out of the horizontal. Castors are provided 
to the feet of the stand for ease of mo"\ement. 
Other"ise, independent stands of similar 
construction are used. The combined ap- 
paratus is "ell shown 
in the "1m proved 
Studio" (Ross), 
" Soho" (:\larion), 
and " Combination 
Studio," Fig. 6 
('Yatson). 
For special work, 
as in the portraiture 
of children, the reflex 
principle has been 
a pplied, as in the 
"Studio :i\Iinex U 
(Adams), and twin- 
lens cameras ha ve 
also been used. These 
cameras ha ve the 
advantage that the image can be "\iewed on 
a full-size screen, focussing E'ffected, and ex- 
posure made at the precise moment when 
the arpearance is judged to be satisfactory. 

 (3) COPYIXG CA:\IERAs.-The term" copy- 
ing" is applied to that branch of work" hich 
deals with the photography of flat surfaces. 
For much copying the ordinary studio camera 
is quite satisfactory. 
In pure photography the most important 
branch of copying is that of making transcripts 
of pictures of diffE'rE'nt kinds. For picture 
copying in galleries, museums, and private 
collE'ctions, thE' "hE'a vy - form" porta blE' 
camera, pro\-ided that the instrumE'nt is an 
efficient one of its l..ind a
ld a suitable rigid 
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stand is employed, meets the requirements. 
Cameras of heavier construction and greater 
refinement, if combined "ith special stands, 
would confer certain technical advantages, but 
the inconvenience and cost of transport would 
mean serious objections. In some continental 
photographic houses where picture copying is 
a feature, apparatus of a special character is 
sometimes employed where the camera is the 
dark room. This camera-dark room (in which 
the operator works) and the picture-supporting 
easel are built on a platform mounted upon 
a "rail'Nay" turn-table, "hich permits the 
whole system to be rotated to allow for changes 
in the sun's position. 
The greater part of copying work comes in 
the domain of photo-mechanical photography,l 
which is the branch of the craft producing 
reproductions or transcripts in various forms 
of different kinds of picture-using the term 
in a broad sens
by distinct methods differing 
from those of pure photography, which are 
finally associated with some form of the print- 
ing press (photogravure, photo-lithography, 
collotype, line and half-tone process block 
making in monochrome and colour and com- 
binations thereof), and for this certain forms 
of copying camera have been devised. Great 
accuracy is required in the copying of maps 
and plans and of pictures for colour block 
making and photo-lithography, and for this 
work the modern camera has become to some 
extent an engineer's construction. 
(i.) Details of the C
mera.-A camera system 
for the purpose of " copying" should fulfil the 
essentials of parallelism between the" front" 
supporting the lens and the surface of the 
copy board bearing the subject to be copied 
(the "original "), and between the lens 
" front" and the focussing screen. If by 
proper construC'tion these conditions are satis- 
fied, the principal axis of the lens will be 
perpendicular to the surface of the plate and 
to the surface of the " original." If, however, 
negatives laterally reversed are to be made 
(which is necessary in many processes), the 
focussing screen must be at right angles to I 
the copy board, and a right-angle reflecting 
prism, silvered on its hypotenuse, must be 
mounted in front of the lens, the reflecting 
surface being at an angle of 4:)0 to the lens 
axis. In place of the prism, a plane mirror, 
silvered on its surface, is frequently used. 
The camera and thp copy board must be 
supported so that the centres of the focussing 
screen and the copy hoard, respectively, are 
in line with the lens axis. \Yhen this is done 
the image of an "original" which is placed 
on the centre of the copy board "ill fall in 
the centre of the focussing screen. If the 


1 See .. Ph(,tography and the Printing Pr(,Rs," 
.T. R()y, Srotti,<;h Soc. Art.li, .. Kf'ith" Lednr<,s, 1\"08. 
10) 11) xvii. ; Diet. App. Chpm.) Thorpe. 


I camera be then rotated horizontally 90 0 (the 
prism being mounted in front of the lens) and 
the board be shifted laterally in a plane at 
right angles to the focussing screen to a sum- 
cient extent, the image of the" original" will 
again be centred on the screen, hut it will now 
be laterally reversed. Further, tIJe camera 
and copy board. must be so arranged in relation 
that, at desire, either of these conditions can 
be maintained, whatever be the distance be- 
tween the lens and the" original," i.e. as the 
camera is moved to and fro by the operator 
for various sizes of image. By arrangements 
conforming to the conditions stated, "copy- 
ing" can be done with accuracy and with 
the rapidity necessary to meet the economic 
and other conditions which obtain. A suit- 
able method for large copying systems, say, 
for plates 36 x 24 in. and bc1ow, is to 
mount the camera and the copy board upon 
rigid stands, the feet of these being fitted 
with grooved wheels which engage on parallel 
metal rails laid on the floor of the studio, or 
a pair of rails may be laid at right angles to 
one of the walls of the studio to take the 
camera stand whilst the copy board is fixed 
upon the wall, provision being made for its 
movement laterally for centring when the 
camera is turned into the position (previously 
described) for making reversed negatives. In 
some studios where very large drawings have 
regularly to be copied a large area of the wall 
is prepared as a copy board, and there is then 
sufficient room to accommodate drawings when 
the camera is arranged for either " direct " or 
reversed negative umking. Great care is 
necessary in the construction úf boards to 
ensure fiat surfaces which do not warp-a 
problem of difficulty, more especially when they 
are exposed to the heat of powerful arc 
lamps as in artificial light studios. The floor 
of the studio should be laid firmly upon a 
suitable foundation to avoid vibration. The 
camera stands and copy - board stands are 
made of wood (preferably teak) and metal, 
but the most recent practice is to use only 
metal. Cameras constructed for map and 
plan copying (which are suitahle also for 
general copying) of large size are shO\\'n in 
Fig. 7, "Calcutta" pattern (Penrose), and 
the "Prpcision" pattern (Penrose). The 
stand in Fig. 7 is of wood and metal; in 
another pattern a metal stand is employed. 
Both were constructed for the Survey of India 
office and are in use in many similar establi
h- 
ments. In some studios when large negatives 
are made the "dark room" is the camera. 
The lens is mounted on a suitable panel fixed 
in the wall of the room. The" original" to 
he photographed is supported on a copy hoard 
fixed upon an easel which travels on rails on 
the floor outside the room, whilst the focuRRing 
screen (and eventually the sensitive platC') 
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rests in a holder mounted upon a stand having 
a similar traverse on the floor of the dark 
room. The holder can be moved upon the 
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FIG. 7. 


stand by means of a screw, and is itself fitted I 
"ith adjusting screw
 for producing parallelism 
\\ith the copy board. Setting for size of image 
is effected by moving the stand, the final 
focu::-;sing being made by the screw upon the 
stand which moves the plate holder. 
..:\. brief allusion has already been made (q.r.) 
to photo-mechanical printing processes and 
the difference between these and processes in 
pure or ordinary photography. .For a more 
detailed explanation the reference given should 
be consulted. :\Iaps, plans, and drawings in 
line (broken tone) of different kinds, dra\\ings 
in colour, and oil paintings, nature photographs, 
where the light and shade is continuous (con- 
tinuous tone), may all be copied in the same 
apparatus (the ordinary camera copying system 
as described), provided that the positi,
e or 
print method for which the negative is to be I 
used is confined to processes of pure photo- I 
graphy 1 and to certain others in photo- 
mechanical photography, but not to all. 
Briefly, the visual eff
ct of the continuous 
shading or continuous tone in a wash dra"ing 
or a nature photograph, for e
ample, can 
only be produced by certain important methods 
by translating these shadings into" broken" 
tone. This translation may be, and generally 
is, effected by optical means by the application 
of the half-tone principle of hTes. The most 
important process where this principle is used 
is in the ordinary t
Tpe-high half-tone process 
block which supplies the great majority of 
illustrations accompanying printed matter of 
various kinds, The translation of tone is 
produced in the copy negative, and is brought 
about by placing in front of the sensiti,Te plate 


I 
ee" Photography, Photo-)Iechanical Processes;" 
Diet. App, Chem,. Thorpe, 2nd ed. iv. 236. 


during exposure the so-cal1ed " ruled screen." 
The ordinary ruled screen consists of two 
r:ectangular plates of transparent colourless 
glass-cemen ted together in optical con tact- 
bearing upon their inner surface alternate clear 
and opaque lines usually of equal "idth. 
The lines form angles of 4,3 0 v. ith the sides 
of the plates, but in each one of the pair the 
orientation of the lines is the opposite of that 
in the other. In consequence, when the 
plates are in facial contact there is formed a 
series of lmiformly distributed transparent 
spaces, rectangular, and of equal size. 
The effect of the screen is to break up the 
continuous tones of the original into dots of 
various sizes, and in the completed printed 
picture the illusion of shading is produced 
by optical mixture. 
The surface of the screen when in use must 
be parallel to the surlace of the sensi ti ve 
plate, the interval between the two being of 
small order. This interval is, however, not 
a constant amount whenever a "copy" 
negative is made, but is varied as required in 
harmony with other conditions, the screen 
distance being only one factor out of the total 
number to be considered. The screen plate 
must be held rigidly in a smooth-working 
traversing frame fixed on a support inside the 
camera, which frame can be caused to move 
to and fro at right angles to the lens axis and 
I accurately set v.ithin the limits required. 
The traversing frame holding the screen is 
moved on its support for adjustment as to 
screen "distance" by lever and micrometer 
screw, the screw prm;ding an adjustable 
limit to the position of the lever. This limit 
is the .correct screen distance or " setting" as 
determined by examination of the image ou 
the focussing screen, or by the particular system 
of "orking adopted by the operator, and this 
distance can be read off from the indica tor 
scale provided. If the screen distance has 
once been set the le,Ter can be moved to 
throw the screen back out of position, but 
on reversing the direction of the lever the 
screen can be brought back with exactitude 
to the original" setting," because the position 
of the micrometer screw proTides the limit to 
its mo\"ement. A movement of this kind is 
necessary; because .when the screen has been 
set by examination it is necessary to throw it 
back for the insertion of the plate holder 
(dark slide), and when the shutter of this slide 
is ,\ithdrawn to prepare for exposure of the 
plate the screen must be brought forward to 
the predetei'mined position in front of the 
sensitive plate, and thro" n out of position 
"hen the slide is to be removed from the 
camera. If. on the other hand. the screen i
 
" set ., to a dist."tnce by any othpl' s
'stem than 
visual examination of the image, it 8ufficps to 
fix the micrometer screw to the required dis- 
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tance hythe indicator, and the screen is brought 
up to the required position when the shutter 
of the plate holder in situ in the camera has 
been" ithdrawn. 'Vhen not in use the screen 
holder is thrown back "out of action," and 
if the camera is to be used for ordinary copying 
without the screen the latter is removed from 
its holder. 
Cameras with this provision are termed 
" process" cameras. So far as the camera qua 
camera is concerned the presence of the screen 
gear is not a detriment to its use for other 
copying purposes, which gain indeed from the 
accuracy and rigidity and convenience in 
movements given to the instrument to fit it 
for its special purpose. During recent years 
very great advances have taken place in this 
branch of camera instruction, largely because 
it was recognised from the first that the 
problems to be solved were essentially those 
for the engineer. As far as practicable, ,vood 
as an element in the construction of cameras 
and plate holders has been replaced by metal. 
To obtain the necessary accuracy in cameras 
of this type and to maintain it, strength 
combined with good design and workmanship 
is required. In many studios, particularly 
those situated in hot and moist climates, the 
conditions are extremely trying to apparatus 
and personnel, and these factors are recognised. 
::\Iodern constructions are made as far as prac- 
ticable to meet the most difficult conditions, 
and the adoption of a standardised pattern 
designed to meet not the normal but the 
abnormal is economically sound from every 
point of view, when, as in this instance, it 
means, principally, good design and an in- 
telligent choice of material. 
In modern process cameras of the best 
class the back and front are separately mounted 
on iron base plates which travel upon steel 
runners, the distance a part of the two being 
adj usted by means of screws, and a screw 
and bevel gear is employed for adjusting the 
lens panel. These screws are all worked from 
the back of the camera hy means of one 
removable handle. The focussing screen and 
lens board are detachable. The plate holder 
or dark slide is directly interchangeable \\ith 
the focussing-screen frame. The plate holders 
contain adjusting bars for holding different 
sizes of sensitive plate. 'Vhen, however, a 
large camera is not employed for the full 
or the larger sizes of plate for which it is 
constructed, an ada pting frame (" Studio 
Cameras," q.v.) is fitted in place of the full. 
sized focussing screen. The adapter takes a 
smaller focussing screen and a corresponding 
plate holder. This practice considerably 
reduces the fatigue in manipulating large and 
hea vy dark slides. 
The camera stand and easel for the copy 
board are generally in one construction. The 


precise form varies, but essentially the arrange. 
ment consists of a pair of parallel rails framed 
up in a cradle, which is suspended by springs 
from a second and rigid construction resting 
upon the floor. The easel is fixed at one end 
of the sprung cradle and the camera is sup- 
ported upon a travelling carriagc, which is 
..provided with a turn-table to enable the camera 
to be rotated into the correct position for 
reversed negative making. The camera in its 
carriage will travel to and fro easily (main- 
taining correct relation with the copy board), 
and the arrangement may be clamped firmly 
in any position. The copy board is of wood, 
articulated, to avoid as far as practicable the 
effect of warping, any shrinking occurring 
being taken up hy means of the screws in its 
framing. It runs on the guides whieh form 
part of the easel, and the board is fitted \\ ith 
devices for securing parallelism with the 
focussing screen, and, since arc lamps are 
usually used in reproduction studios for 
illuminating originals to be photographed, it 
has been .found convenient to attach adjustable 
supports for these lamps to the camera stand. 
The best modern stands are wholly of metal, 
the only wood employed being in the copy 
board. The" springing" of the cradle bearing 
camera and copy board is for the purpose of 
avoiding transfer of vibration from floor to 
camera system, but even the best arrangements 
do not wholly avoid this trouble under certain 
circumstances, and great care is required, 
especially when the exposures are prolonged. 
The" Empire" process camera, Fig. 8, and 
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"Empire All Metal Stand" (Penrose) (not 
shown). and the " Arc (}f'ar" process camera 
(Hunter), Fig. 9, are good modern examplcs 
of these constructions. 
(ii.) Automatic Foc1I,c:,c:ing.-For rapidity of 
work it is desirahle that some form of auto- 
matic sf'tting for the respeetive focal con- 
jugates be employed in cupying systems, and 
attention has been given during recent years 
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to the best means of using the principle. 
Given the focal length of the lens accurately, 
and the position of its nodes being known, 
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scales can be prepared and adjusted, so that 
by setting the respective inde},. pointers, 
adjusting for size and sharp image, it would 
appear, could readily be done. In practice, 
however, the employment of this plan is not 
so simple. It is, however, practicable to use 
scale setting as a close approximation and 
finally focussing in the ordinary way. The 
scales for any apparatus are con,veniently pre- 
pared by trial. Such a system can be made 
to effect a great saving of time. )Iore satis- 
factory is a linkage system by means of 
which, on focus..<Jing, the image varies in size, 
but is always" sharp." This plan is adopted 
in certain forms of camera, but it entails 
considerable cost. 
(iii,) Rez:ersing Devices.-Reference has been 
made to the production of late tally reversed 
nega ti ves " hich are necessary in certain 
photogra phic processes. In the wet collodion 
and collodion emulsion processes the negative 
may be made direct and reversed by stripping 
the film from the support, turning it o,yer, and 
causing it to adhere to the glass, or by suitable 
procedure it may be converted into an un- 
supported flexible film, and the same plan has 
been largely adopted ,\ith the so-called strip- 
ping dry plates. Reversal, in practice, may 
be also effected by the use of certain celluloid 
films on which negatives are produced thin 
enough to be printed from either side. Another 
method especially convenient "ith dry plates 
when used in portable cameras employed 
away from the studio is to reverse the 
plate in the dark slide so that the glass side 
instead of film side is to" a rds the lens, aUm\- 
ance being made when focussing. But the 
general practice is to use the optical devices 
referred to previously, viz. the right angle 
prism or the plane reflecting surface, 
VOL. IV 
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I There ha,Te been at aU times difficulties in 
obtaining as a regular supply, blocks of glass 
sufficiently free from internal strain and striae 
to make prisms of more than 3 in. face 
which could be used without detriment in 
conjunction with high-grade lenses, the pro- 
duction of blocks for larger sizes being often 
a matter of uncertainty and considerable time. 
Prisms have, however, been made of 5!, ß
, 
and even 8 in. faces. The mounting of the 
prism of moderate size is not difficult, "ith 
large sizes by no means easy. Prisms are 
mounted in triangular metal boxes with an 
external ring bearing a screw thread which 
engages into the lens mount, the face of prism 
and front combination being as close as prac- 
ticable. The weight of the prism is borne by 
the lens mount, a system to which objection 
might be taken. To adjust accurately the 
face of the prism parallel to the copy board, 
probably the best way is to attach the lens to 
the front by means of a flange supplied "ith 
a rotating coUar provided "ith a clamp (Zeiss). 
The same result can be brought a bout and 
the strain of the prism weight can be taken 
off the lens by means of an adjustable bracket, 
on which the prism mount rests, fixed to the 
lens board. In thi:-; way horizontal tilt of the 
prism can be entirely prevented, and there is 
no tendency to " sag." 

Iirrors are plain glass or metal. The glass 
is surface silvered. The surface of the silver 
tarnishes and requires re-polishing, and being 
delicate is easily damaged. 
Ietal mirrors are 
more durable if care be taken, but they suffer 
in acid atmospheres, and especially" hen the 
air is humid, but are costly, and those produced 
to the time of writing (ì 922) have not been 
perfectly satisfactory. Efforts are being made 
to employ chromium steel, and the results are 
promising. Platinised glass mirrors are at 
present the subject of experiment, but the 
difficulties connected with the vitrification have 
not been overcome. Mirrors are mounted in 
right - angled boxes of "ood, of wood and 
metal, and of metal alone. Boxes of wood, 
which are largely used, are open to con- 
siderable objection. The best form of box is 
of metal "ith cast frame. and provided with 
adjusting screws to set the mirror with re- 
spect to the lens, The mirror is mounted 
behind the lens. This, although not absolutely 
essential, is necessary in practice. The mirror 
is in this way protected from extraneous 
light-a very important condition-and from 
the possibility of mechanical damage. 
--\. serious objection to the prism arises 
from the absorption of photographically active 
light, which increases rapidly as the mass of 
the glass increases. This applies more especi- 
I ally when the proces
 is .. wet collodion" and 
the source of illumination is enclosed arc lamps, 
owing to the particular spectral scnsiti,.e. 
20 
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ness of the silver salt. This cannot be avoided, 
but it may be minimised by a careful Relection 
of the glass. Loss also occurs with metallic 
mirrors, especially when tarnished. \\ïth 
glass mirrors silvered on the surface the loss 
is appreciable even when the tarnish is very 
slight. 
(iv.) Colour Screens. - Provision must be 
made for the support of colour screens, either 
the correction filter-" yellow" screen--f'm- 
ployed in conj unction with orthochromatic or 
panchromatic dry plates, or for the selection 
filters 1 employed in the three-colour process, 
or any method where the colour luminosities 
of the subject are to be controlled. 
In ordinary photography with portable 
cameras simple screen holders provided with 
caps may be attached to the lens, or the 
filter may be mounted behind the lens board 
by any convenient device, the necessities being 
freedom from stress on thf" filter and that it 
be supported with filter face at right angles to 
the lens axis. In the case of reproduction 
cameras where filters are made with optically 
worked glass" flats," great care 
s necessary, 
and it is now usual to employ a filter holder 
as part of the lens front, the carrier for the 
filtf"r flat sliding behind tIu" lens, 
(v.) Ruled Screen Carriers for Special 
Purposes.-It frequently happens that a 
picture made by a half-tone (ruled screen) 
process is to be copied in the camera for the 
making of another printing surface by the 
same principle. Thus, for example, the only 
available picture of which a "half-tone" 
block is desired may be itself an impression 
from a "half-tone" block. A translation 
made in this way will always produce a 
" pattern," 2 which " pattern " may in certain 
conditions amount to a pronounced moiré. 
This phenomenon varies in appearance as the 
angle between the existing screen lines in the 
print, and those in the screen used when 
making the second negative, alters. The 
" pattern " can never be in practice eliminated, 
but the objectionable effect may be minimised 
to an extent that it becomes inoffensive by 
adjustmcnt of the screen when making the 
copy negative. . 
Similarly, when the screen block process 
is employed for producing transcripts of 
pictures in colour, as in the three-colour block 
or other screen process methods, impressions 
from different surfaces in their respective 
colours are superimposed, Consequently, to 
avoid the moiré effect and produce a visually 
negligi ble pattern, the angles of crossing of 
the screen lines of the components must be 
adjusted. The most convenient plan is to 
1 :-':ee" Light Filtf'fS. to 

 Hee Lees, S., .. On the HUV(,fvosing of two Cross- 
line :-kreens at Hmall Angles and the Patterng obtained 
thf'rehy," .\Iem. J..Uanchester Lit. and Plâl. Soc., 
HH8-19, lxiii. 


employ a circular screen fitted in a rotating 
carrier mounted in the screen gear frame, 
when the suitable angular differences for the 
separate negatives can be made. 
9 (4) SELF - CONTAINED CAMERA COPYING 
:::;YSTE
fs.-Photography is widely employed 
to-day for the purpose of rapidly multiplying 
copies of letters, reports and documents of 
all kinds, printed matter, drawings, and 
matter of a like nature. Hand copying in 
many instances would be slow and expensive, 
and would entail always careful checking, 
whereas the photographic copy is in essentials 
free from error. To reduce operations to a 
minim urn, and to enable the work to be done 
rapidly and without photographic skill, the 
apparatus-of which the" Photostat" (Alfred 
Herbert, Ltd,) is the most important examplf' 
-is made complete in itself, and the operations 
of arranging the original, lighting, focussing 
to scale, exposure, development, and finishing 
are practically automatic. The copies are 
rapidly made upon sensitive coated paper 
which is in continuous roll form in the ap- 
paratus, negative pictures resulting. In the 
greater number of cases a negative copy 
answers the purpose, but if positives be 
necessary the negative is copied, when a 
positive of the original subject results, 
9 (5) PLATE HOLDERS A}JD CHA
GERS. (i.) 
Holders. -The plate holder or dark slide 
usually employed with portable field cameras 
is that known as the "double book form." 
This holds two plates back to back, separated 
by a diaphragm, and opens like a hook. 'lov- 
able shutters draw out to e"'{pose the plate 
when in the camera, which shutters fold back 
over the slide. 
Solid (non-opening) slides for two plates 
are now largely in use, particularly for small 
sizes, and when well made are sati
factory, 
possessing many advantages-lessened weight 
and bulk, and greater protection of the plate 
from light and from the possibility of acci- 
dental exposure due to careless handling. The 
slides are filled from the front by withdrawing 
the exposing shutters, and, in this respect, 
with many forms especially, are not so con- 
venient as the book-form slide. The shutters 
are made of hard rubber, ebonite, metal, or 
" compressed fibre," and draw right out of the 
slide for exposure, and in good makes care is 
taken to provide efficient light valves so that 
no harm occurs to the plates when this is 
done. The solid single and dou ble slide is 
also made with flexible "roller blind" or 
"venetian blind" shutters (narrow strips of 
wood in close contact mounted on fabric). 
A prej udice has been shown towards these by 
some photographers, for "hich there iF! little 
or no jURtification, for they met the exacting 
conditions of aerial photography during the 
war when slides were used. .For plates larger 
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than 8} x 6! in., and for standing the "Wear 
and tear of everyday photography, the well- 
made double dark slides in sound mahogany 
would probably be preferred, because they 
are stronger and more reliable for" register." 
Good double slides for small plates are now 
made in metal, and small ,. single" metal 
slides are a vaila ble, and both of these are 
particularly useful for hand camera work 
where it is desired to reduce bulk and weight 
in carrying cases. A refinement and a useful 
one in many slides is a safety catch or indicator 
to obviate double exposure on plates. For 
cameras used indoor, single slides of strong 
construction are usually employed, their 
greatest use bcing in copying and studio 
cameras. For copying cameras" roller blind" 
shutters are almost entirely used, and the 
same applies with modern studio apparatus 
sa ve for small sizes. 'Yhen a slide is to be 
employed for smaller plates than the maximum, 
inner frames or carriers are used, but" nested " 
carriers should be eschewed as they are 
liable to errors in register. In large slides, 
which are often built on a metal framework, 
carrier bars adjustable for different sizes are 
often employed. The essential requirements 
in a plate holder are absolute light tightness 
under the conditions in which it is used and 
accurate" register," which means that when 
the slide is in the camera the sensiti"'Çe surface 
must be in the same plane as that previously 
occupied by the focussing screen when the 
image was focussed. The slide should be 
easily attached to the camera back, and the 
junction between the two must be sufficiently 
close to prevent the entry of extraneous light. 
Cut sensitive coated celluloid films may be 
held in steel sheaths or carriers, "Which take 
the place of the plate, and adjustment for 
register must be made. 
(ii.) Changing Box
.-For holding a number 
of plates magazines termed'" changing boxes "' 
are often used with small hand cameras, 
but their use is not always so confined, for 
changers of different forms are. largely used in 
aerial cameras. and some forms have pro"'Çed 
satisfactory. One of the most reliable for 
use with the ordinary hand camera is the 
simple bag changer. In this the plates are 
held in a box in sheaths (preferably steel) 
and arranged one behind the other, the front 
plate being kept up to the" register" position. 
After exposure the plate is lifted up by a simple 
device and enters the bag at the top of the box, 
and is then grasped-through the bag-at the 
edges and placed at the back of the pile. The 
whole operation is quite simple, and "here the 
boxes are well made the system is reliable. 
In semi-automatic changing boxes the 
flexible bag is replaced by a drawer fitted with 
spring detents, and the action of transferring 
an ('
posed plate from front to back of the 


I magazine is effected mechanically by simply 
pulling out the dra"Wer ("hen the plate is 
projected into the 10" er part of the box by 
springs or falls by gravity) and then replacing 
it, when a fresh plate is ready for exposure. 
The device is fitted with a curtain shutter of 
wood or flexible shutter of metal, which 
protects the face of the front plate when the 
drawer is withdra"Wn, and a pull-out shutter or 
curtain which performs the same function as 
the shutter of an ordinary dark slide. An 
index is provided "hich sl;ows a progressive 
number each time the drawer is pulled out, 
indicating tllP number of plates changed. It 
is necessary to note the number of exposures 
made in one form of box, as the changing 
action does not stop at the last plate of the 
series, but repeats; but in another form the last 
sheath of the series differs from those preceding 
and the drawer "ill not operate, thus indicating 
the completion of the series. 
The ease and reliability of the changing boxes 
of this type, and indeed all changers, depend on 
good design and workmanship in the sheaths. and 
the bo
es will not function when tbey are deformed, 
especially in mechanical changers. A well-kno\\n 
changing box as df'scribed is the .. Ernemann " 
(Ica Co.), \\hich operates by 8prings. This box may 
be used for small or medium-sized plates. rp to 5/4 
the type works \\ith twelve plates; above this size it 
is desirable to reduce the number, as tbe \\eight of 
the greater number is a bar to easy changing. 
Changing boxes of the gravity type are \\ell 
ho\\n 
in the .. Richard" (J ules Richard) and in the 
.. Jacquet" (Tiranty). In this case the plates are 
small. the boxes are made \\ ith precision in metal, 
and tbe system is seen at its best. The e
p('rience 
of years shows that \\ith reasonable care they are 
relia ble. 
All changing boxes require care in usage, and 
some operators are temperamentally unable to 
observe the necessary caution, hence the principal 
difficulties \\ hich arise in their use, As to "bether 
or not they are desirable must be decided on 
considerations of general convenience. 

 (6) PA1\ORA:\1 CA.MERAS. -It frequently 
happens that photographs are required 
embracing a large angular "stretch" of 
country. Several negatives may be made by 
rotating the ordinary portable camera on the 
head of the stand, and prints from these 
negath-es may be mounted edge to edge. Such 
pictures, however, "ill not join accurately. 
If, however, the camera be so mounted 
that the axi" of rotation is "'ÇerticaHy under 
the node of emission, this fault disappears, 
and cameras so mounted-which is quite 
simple-have been frequently used. Pano- 
ramic pictures may be made on film cun-ed to 
the arc of a circle, the image being formed by 
means of a lens mounted at one end of a tube 
which has a narrow slit opening at the other 
end and coming close to the film. The tube 
s\\ iugs through the arc of the circle a bout the 
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node of enllSSlOn of the lens. The image is 
therefore stationary and in focus at all positions, 
and, provided the movement is sufficiently 
rapid, the camera can be held in the hand. 
This principle is utilised in the "Panoram 
Kodak" (Kodak), two models of which are 
available, giving angular pictures embracing 
112 and 142 degrees respectively. A further 
development is the" Cirkut " camera (Century 
Camera Division, Kodak). In this type a 
mechanism unrolls flexible film past a slit 
opening, and by the same means the camera 
is caused to rotate on the head of the tripod 
stand. 
egatives may in this way be maùe 
from 5 to 16 in. high, and for various lengths 
up to 16 ft., according to the camera and 
the lenO'th and width of the film used. 

 (7) oFI
DERs.-These are devices used for 
the purpose of indicating the amount of 
subject which would be included on the 
focussing screen of a given camera placed in 
the same position. In conseq uence, they 
may be employed in lieu of the focussing 
screen when the ordinary method of image 
adjustment by use of the screen is not practic- 
a ble, and further they are required in the 
photography of moving objects. They are 
essential with all types of hand camera (save 
the Reflex, the focussing screen of which 
renders external agency unnecessary), with 
kinematograph and aerial cameras. 
Finders are employed attached to the 
camera (or may form part of it), but finders 
may be used separately for preliminary 
observation, and are then, strictly speaking, 
to be regarded only as "view meters." The 
sim plest device to use as a finder is the d. v. 
view meter, which is a small metal frame fitted 
with cross wires and a centralised rear sight, 
the sides of the frame ha ving the same 
proportions as the camera plate, or is sometimes 
the actual size. The sight is placed at such a 
distance that view angle (plate) equals the 
field angle (subject), which distance may be 
determined by calculation or trial. The eye 
placed at the sight sees the subject through 
the metal frame, when correct pointing of the 
camera can be effected. In practice the eye 
is usually placed a little further away; this 
narrows the angle and gives a margin of 
safety, useful when moving objects are being 
photographed. In lieu of the "ire frame 
there is sometimes employed a double or 
pIano-convex lens with a mask showing the 
plate proportions, which requires a fixed 
sight correctly placed. In practice it is 
difficult to keep the eye fixed, and these 
finùers are not reliable. 
The instrument most frequently employed 
is the "brilliant finder," which consists 
generally of a little box "ith a small lens 
in the front, a mirror fixed at an angle to its 
axis, and a horizontally placed lens which 


acts as a magnifier to the image produccd. 
The view is limited by a mask ha,
ing the 
proportions of the plate, which mask is some- 
times rotating. Other forms of "brilliant 
finders" have been introduced, but the one 
indicated, if well made and accurately adjusted, 
answers the purpose. 
'Vhen the front of the camera is raised or 
lowered the ordinary finder as described is no 
longer reliable. To meet the new conditions 
the front supporting the image lens is made to 
raise and lower, and is in linkage 'with the 
rising and falling front of the camera, so that 
variation in the camera front automatically 
shows in the finder (" Identoscope "), whilst 
in other systems engraved scales are provided 
on finder and camera front, so that after 
arranging the view on the finder, which may 
mean raising or lowering its lens, the scale 
reading indicates the setting of the rising 
front to correspond (" Una ") and (" X, & G. "). 

 (8) EXPOSING SHUTTER
. - These are 
mechanical contrivances for exposing the 
sensitive plate in the camera, generally, for 
brief durations. Several types are in use, of 
which the chief are (a) roller-blind, (b) focal 
plane, (c) between lens, and (d) flap. Both a 
and bare roller-blind shut tel's, but a '" orks 
at the lens, whilst b is used in front of the 
plate. The roller - blind shutter is a flexible 
opaque blind, in which there is a rectangular 
opening travelling vertically across the front 
or the back of the lens, the movement being 
caused by a spring-actuated roller, the tension 
of the spring determining the speed of rotation, 
and in consequence the duration of the 
exposure. The efficiency is increased by 
increasing the length of the opening-which 
should never be less than twice the lens 
aperture-but this requires an increase in 
spring tension as compared with a shorter 
length to secure equal exposure duration, and 
high spring tensions are conducive to vibra- 
tion. The blind opening must be wide enough 
to completely uncover the lens during exposure, 
and the framework of the shutter must not 
act as an obstruction, otherwise the margins 
of the plate will receive less illumination 
than the centre. "'hen the lens is hooded 
the hood should be removed and fitted on 
the mount as close as possible to the front 
combination, otherwise an unduly large shutter 
is required. This shutter is sho\\ n in Fig. 10. 
The focal plane shutter consists of a moving 
blind in which is a rectangular a.djustable 
opening-a "slit" -that is slightly grcater 
in length than the longer dimension of the 
plate. The blind is actuated by spring roller, 
and when released travels acrORS the plate. 
The duration of the exposure at any part of 
the sensitive surface dcpcnds upon thp width 
of the slit opening and the rate at which the 
blind moves. The shutter is built into the 
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back of thp camera. which must he enlarged 
fur the purpose. The construction ::,hould 
permit the blind being 
s close a.s pos
ible t
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FIG. 10. 


the plate, other\\ ise the efficiency is reduced. 
Two types are in use. In one the adjustment 
fur exposure, so far as concerns one de- 
terminant, viz. the ,. slit,'. is effected bv remov- 
ing the hlind from its channel and 
 altering 
the width of opening by varying the length 
of the side cords or chains holding the parallel I 
edges apart. The tension of the spring roller I 
is then adjusted. 'Yith this form of the 
shutter (Fig. 11) care must be taken not to 
open the shutter 
of the dark slide 
before the blind is 
wound, othen\ise 
if the lens be un- 
capped the plate 
"ill be accidentally 
exposed.. To 0 b- 
viate this difficulty 
and to simplify 
setting, "self- 
capping" shutters are employed. In this form 
the slit in the blind is closed until the shutter 
is wound up so that the plate is protected 
from accidental exposure. The slit width is 
determined by an external setting device, 
the effect of which comes into operation 
when the blind is at the end of the wind. 
After exposure the slit automatically closes, 
and is ready for re"inding for a fresh 
exposure. 
Focal plane shutters are necessary for very 
brief exposures. They suffer, however, fro
 
many defects - partly inherent, partly con- 
structional. A serious defect is that the 
images are frequently distorted, due to the 
fact that the whole plate is not exposed at 
once but in sections, and although these defects 
are not always obtrusive they nevertheless 
exist. 
The" between lens" shutter is generally a 
spring-worked sector diaphragm which op
ns 
frum and closes to the centre not interferinO' 
, 0 
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FIG. 11. 


with thp ordinary diaphragm for reducing 
aperture. The shutter mount replaces the 
ordinary mount of the lens. ::;uch shutters 
are very convenient in use, but their efficiency 
is sometimes low, and their marked speeds are 
frequently not reliable. 
Flap shutters are described by their name. 
They are used as aeon venient substitute for 
the cap for exposures of appreciable duration. 
A flap-generally a light frame covered with 
velvet-is fitted in a mount which is fixed, 
generally, behind the lens. By means of a 
le\'er actuated pneumatically or by " antinous" 
release the flap is raised, uncovering the lens, 
and is lowered after the exposure by releasing 
the pressure. They are sometimes made" ith 
the flap in two parts to open in the centre, 
which is the better plan. Such shutters are 
generally only used in the studio. As well 
as "flap" shutters, a form of sector shutter 
actuated by pneumatic device is empluyed 
for this purpose and is to be preferred. 
For the methods of testing shutters, and 
the considerations of their efficiency, see 
"Shutters, Testing of Photographic," Vol. IV. 

 (9) STAxDs.-The support for the camera 
is an essential part of the equipment, and its 
selection is generally an index of the user's 
judgment. Field or portable cameras are 
usually supported upon stands of the folding 
I tripod type, although when employed as indoor 
instruments they are often mounted upon 
the rigid stand-the commonly termed 
" studio" stand-which will, as a rule, be 
found more convenient. The portable tripod 
is made of wood or metal, and ranges in form 
from the massive constructions "ith mechanic- 
ally tilting and rotating heads used for 
cinematograph cameras to the simple rule 
joint folding tripod, which folds compactly 
and serves a less exacting purpoße. 'Yhilst 
wood is the more satisfactory material for 
the portable tripod for ordinary cameras, 
metal may be used, but really good stands 
would be more costly. Excellent tripods are 
made in steel tubing for cinematograph 
cameras. The most suitable wood is good 
well-seasoned ash, but other woods are em- 
ployed-oak, cherry, maple. Rigidity is the 
essential point, and to this other requirements 
must reasonably conform. Tripod legs should 
be long enough to permit of their extension 
to form a wide base without reducing camera 
height below average eye le,-el. For con- 
venience the "legs" themselves are made 
folding and twofold with one adjustable 
element-usuallv termed H threefold "-arp 
satisfactory if \;ell made, the strength of the 
members of the stand being proportioned to 
the size and weight of the camera to be 
carried. The "head" should be for relia- 
bility approximate in "idth to the base of 
the camera. and the terminals of the legs 
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should he fi
ed to this as far apart as practie- 
able. Heads arc frequently provided with a 
tilting top, whieh is useful for architectural 
photography, and with universal heads to 
enable the camera to be levelled when the 
stand is in any position. Small ball-and- 
socket su pports are, however, unrelia LIe, 
except for tiny cameras. "Thatever form is 
adopted, camera and stand should feel as if 
one, and the system should particularly resist 
torsional stress. For cameras used in the 
studio or indoors, permanent stands of the 
rigid tripod or two-pillar form, with tilting 
table and full range of rise and fall, are 
employed, the portable tripod being incon- 
veniènt and sometimes impracticable. For 
indoor work of a technical character a sim pIc 
rigid tripod with rising pillar support, fixable 
by friction clamp, answers quite well, but for 
portrait work in the studio the requirements 
are greater. 

 (10) ENLARGERs.-Enlarging is a general 
term applied to the process of amplifying 
photographic images. Any camera system 
when the camera extension is sufficient to 
provide for the greater focal conj ugate, will 
suffice in principle and is frequently used in 
practice. Actually, the enlarging equipment 
of many photographers is provided by using 
the ordinary camera in a darkened room, the 
instrument with the negative in place of the 
focussing screen (for a simple demonstration) 
being supported with its back before an 
aperture in an opaque screen fitted to the 
windo" frame. Outside the window is fixed 
a white diffusive reflector at an angle of 45 0 , 
which serves to illuminate the pegative uni- 
formly. Opposite to the lens is arranged a 
board covered with white paper upon a simple 
easel. By adjusting the respective distances 
of lens to negative and board to lens a sharp 
image enlarged to a particular amount will 
be formed, and eventually this image may be 
mwsed to fall upon a sheet of sensitive paper. 
In Fig. 12 an arrangement on this principle 
is shown, A carrier for the negative is fitted 


FIG. l
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in the window frame, and the camera (" ith 
reversing frame removed) is arranged with 
its hack close to the negative, extraneous 
light being excluded. The easel centred to 


the le'ns run
 Oil a hoard as shon n, and is so 
fitted as to be parallel \\ith the negative at 
any distance. The apparatus i8 simple, in- 
expensive, and efficient. 
Special apparatus is, however, designed for 
the production of enlargements, and its use 
involves fewer restrictions. Practical con- 
siderations generally require that the work 
be done by artificial light, at least in those 
countries '" here atmospheric condition
 are 
inimical to uniformity, and, moreover, the 
necessity for providing for extended periods 
of work and at all times of the day and season 
require the use of sources of illumination 
additional to daylight. 
The principle of the construction of the 
optical lantern underlies that of the artificial 
light enlarging apparatus, the elements heing 
luminant, condenser, negative carrier, pro- 
jecting lens, and screen, but in many in- 
stances an ., extended source" of light is 
employed, in which cases the principle is 
simplified by the omis::;ion of the condensf'ir. 
A typical enlarging lantern comprisea the 
" lamp-house" (containing the luminant), 
which is connected by bellows with the con- 
denser body, beyond which is the negative 
carrier frame, and this, on the other side, is 
attached by a bellows to the front holding 
the projecting lens. The condens.'r is fixed. 
but the "lamp house" and lens front can 
be moved to and fro. The condenser and 
projector are mounted in line axially, and 
the luminant can be centred with these. 
l\Ieans are provided for raising and lowering 
the carrier, for its lateral movement, for 
swinging horizontally about a central axis, and 
for rotating it in a vertical plane. 
The lantern as a whole may be conveniently 
mounted upon rails, upon which move's the 
screen easel, so that the two can be moved 
to and fro for adjustment of size of image, 
parallelism being ma
tained. 
\Yith respect to the luminant. 
It is desirable that t.his, for optical reasons, 
be small in size, and to secure realSonably 
short "exposures" of the sensitive surface, 
intense. The small "enclosed" arc lamps, 
with right-angle carbon pencils, are convenient 
and efficient, but a " half watt" electric glow, 
with a suitable "concentrated" filament, or 
the tungsten arc (" Pointolite "), have many 
advantages and arp more uniform in radiation. 
Acetylene, incandescent mantle (coal gas or 
spirit heated) are used with success. \"el'tical 
incandescent mantles often occasion difficulty 
owing to the large size of the illuminated area, 
and its frequent unevenness is a source of 
trouble. The inverted form is generally freer 
from these 0 hjections. I t is often found that 
an image of the mantle appears on the scrcpn. 
This may be avoided by placing betwe'en the 
condenser and source a piece of ground glass, 
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This then becomes the source, and rightly uscd 
should be provided with an adjustment to 
control the distance between itself and the 
light. From a purely optical point of view 
its use is to be deprecated. On the other 
hand, optical arrangements are frequently 
considered without taking account of purely 
photographic necessities. The image deposit 
in a negative is, as a rule, appreciably" grainy," 
and this causes "scattering" of the light, 
with the result that the gradations of tone 
in the enlargement are falsified as compared 
with those in the negative. Kot only so, but 
flaws of a mechanical nature in the negative 
are often unduly apparent in the enlarged 
image, and the same applies to the marks of a 
spotting brush or retouching pencil. "Then 
the luminant is small these are. if not ex- 
aggerated, often unpleasantly visible; on the 
other hand, when the light is diffused, as when 
ground glass is employed, this objectionable 
appearance in the enlargement is not so mani- 
fest, so there is often a gain in departing from 
purely optical dictates. The ground glass is, 
however, something which upsets the action 
of the condenser when employed in the usual 
way, more particularly if placed on the 
side next to the negative (which is sometimes 
done), and this should be remembered. 
\Yhen condenser systems are employed, it 
is necessary for even illumination of the 
negative that the diameter of the condenser 
be slightly greater than the diagonal of the 
negative, so that the whole area of the latter 
shall be included in the base of the cone of 
light. In practice this means placing the 
negative as close to the condenser as practic- 
able. The focal length of the condenser 
should be suitable for the projector employed, 
or it may be found impossible even byadjust- 
ing thp distance of the luminant to provide 
even screen illumination for every amplifica- 
tion desired. 
If the negative is to be enlarged as a whole, 
and it he placed centrally, the raising, lowering, 
and lateral moveruents would not be required. 
But in practice it is frequently necessary to 
enlarge a portion only of a negative, and this 
not in the centre. It is desirable to place 
this area central to condenser and projector, 
and the movements named are wanted. 
Tilting devices are for the purpose of 
correcting convergent distortion, which some- 
times is produced in photographic negatives. 
For correct restitution similar arrangements 
must be provided to the screen receidng the 
enlarged image. Complete restitution of con- 
vergent distortion is a difficult and complicated 
mattpr, and the arrangements necessary are 
reasonably omitted from the ordinary enlarger. 
being required seldom and greatly increasing 
the cost. 
The rising panel generally fitted to the front 


of the enlarger, by means of which the lens 
can be moved in a vertical plane, is not 
req uired, its use being wrong in principle, 
for the axis of the condenser and the axis of 
the lens should be one continuous line; more- 
over, it is quite unnecessary. The focussing 
adjustment for the front should be "fine," 
and it is a g.reat advantage to have the means 
of focussing when the user is near to the screen. 
This is sometimes effected with enlargers 
having a central focussing screw (instead of 
rack and pinion at the side) by means Qf an 
extension rod fitted "ith Hooke's joint 
(" Ensign Premier," Houghton). 
The projecting lens used is frequently that 
provided with the enlarger by the makers; 
equally it may be the one employed in making 
the negative, provided that the aperture be 
sufficient and the focal length suitable to the 
negative and the condenser-\\ ith daylight 
enlargers only the negative need be con- 
sidered. The lens should be well corrected, 
and it is desirable that its principal focal 
length be not less than I! times the diagonal 
of the negative to be enlarged. 1:he aperture 
of the projecting lens permissible is largely 
governed by the size of the light source 
-with large sources, as an incandescent 
vertical mantle, a small angular aperture 
would mean inability to obtain an evenly 
illuminated screen. In practice it is desirable 
not to select a lens" ith an aperture less than 
FIG. There is no objection to the use of a 
lens having a greater focal length in relation 
to a particular negative than that specified, 
save on the ground of convenience. The 
increased distance required for large magnifica- 
tion may cause practical difficulties, and the 
ordinary condensers of commerce are not 
made for use with such objectives. In many 
respects increase of focal length would be 
advantageous. 
\Vith' respect to scrpen or supporting sensi- 
tive paper, a plain board mounted upon an 
easel provided with thc means for clamping 
on the rails so as to remain where placed is 
generally sufficient, 
The board should be well framed to prevent 
warping, and may be covered with cork 
linoleum glued down, upon which a sheet of 
white paper has been pasted, or, better than 
the white paper, the linoleum can be painted 
with white "water" paint, renewed when 
dirty. There are, however, several special 
forms of easel which are convenient, and take 
various standard sizes of paper. 
\Yhen a plain board easel is used a lens cap 
should be employed, glazed with a "safe" 
red glass or celluloid, and the paper is ad- 
justed to the image as seen on the easel. 
For making enlarged negatives a special 
easel, "ith carriers to take the plates, is very 
convenient, focussing being effected upon a 
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piece of ground gla::ss used in the carrier. The 
enlargin
 lantern is frcq uently used for thp 
purposc of making ,. reductions," i,e. pictures 
smaller than the original negative, as in 
lantern slide production. .For this purpose it 
is well to have a special easel with a I:;mall 
focussing screen 31 x 31 in., which swings out 
of plane when the image is focuss3d, when 
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FIG. 13. 


the sensitive plate contained in a similar holder 
takes its place. 
:l\Iany efforts during recent years have been 
made to make camera systems, employed for 
copying and enlarging, "self-adjusting" or 
" self-focussing" or "automatic," either by 
setting to scales or, for the adjustment of the 
two focal conjugates, hy meanR of cams and 
other dev'ices, The apparatus is illustrated 
in Fig. 13 (Houghton Butcher). In this, 
focussing is effected by a device which in 
one movement adjusts lens to negative 
and screen to lens. To the lens panel is 
fixed a curved arm attached to one end of a 
right-angle cam, the other end of the cam 
terminating in a wheel that traverses a curved 
rail graduated to suit the focal length of the 
particular projector. The curved rail is fitted 
to an extension of the base of the easel, 'which 
is provided '" ith a rack and pinion. As the 
easel is moved to and fro the wheel on the 
eam moves in the curved rail and adjusts the 
distance of the lens front. Focussing is, 
therefore, automatic, following the adjustment 
of the easel for the size of the image desired. 
A further advance in this direction has been 
made by the introduction of the" Projection 
Printer" (Eastman), shown in Fig. 14. The 
apparatus consists of a camera supported 
above a screen upon which the image is 
projected. The camera unit consists of a 
" lamp-house" holding a 250 watt gas-filled 
metallic filament lamp, supported above the 
negative carrier, the sight area of the negative 
being regulated by means of adjustable 
masks. Below this there is arranged the 
projection lens, which is connected with the 
negative carrier by means of a hellows. 
The mechanism fur "focussing" (using the 
term in its general sense) "consists of a 


cam and gear, the gear controlling the 
movement of the lens in relation to the 
negative, and the cam eon trolling the move. 
ment of the gear as the printer is raised or 
lowered to alter the size of the negative." 
The swinging arms carry the camera unit, 
the balance being arranged that this portion 
of the apparatus move'S 
up and down without 
òifficulty, and as this is 
done the image varies 
in size, ah\ ays remain- 
ing sharp. The paper 
is adjusted upon the 
screen below, and the 
margins are controlled 
'" ."

 by two right-angle 
/ masks. The li g h t is 
. 
 
 controlIed by foot- 
.

 
; 
:. - switch. To eliminate thp 
". , defect in enlargements 
previously referred to, 
that of blemishes or 
marks in the negative being eliminated or 
reduced in the print, there is provided a series 
of optically worked glass diffusion discs which, 
placed over the lens, control the definition of 
the focussed image. This beautiful device is 
part.icularly valuable with portrait negatives 
which have been retouched, for with such 
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FIG 14. 


negatives there is always unpleasant pro- 
minence given in the enlarged print to the 
marks of the pencil in ordinary artificial light 
cundenser enlarging systems, The apparatus 
takes negatives up to 7 x 5 in., and the range 
of amplitude' from this size is from 10 x 8 to 
56 x 40 in. There is a smaller size tn,king 
5 x 4 negatives. 
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If the light source be much enlarged, 80 that 
it is greater than the negative, the condenser 
Iliay be eliminated. This is the "e
tended 
source" system, and is now employed in 
many estabJishments very satisfactorily for 
the making of enlarged prints, particularly 
from big negatives. Enlarging apparatus 
constructed on this system use a brilliantly 
and uniformlv illuminated area behind the 
negative, the Ìight being either" transmitted" 
or .. reflected." The initial source is gener- 
ally a series of fairly closely placed straight 
mercury vapour tubes, or, for compactness, 
a specially constructed M-shaped tube. The 
light from this relati,ely large source is further 
diffused by sheets of suitably disposed ground 
glas
. The system is shown in principle in 
the simple daylight enlarger shown in Fig. 
12, the illuminated ,ertically arranged ground- 
glass screen taking the place of the opaque 
white diffusive reflector shown. In practice 
an indoor enlarging room is constructed with 
suitable movements for adjusting the lens to 
the negative and easel to lens. If an opaque 
screen be employed instead of the translucent 
arrangement it is generally illuminated from 
the front by carbon arc lamps or, for small 
equipments, by a series of gas-filled half-watt 
lamps, the negative being shielded from the 
direct light of the source employed. 
There are many advantages, technical and 
economic, "ith an apparatus of this character. 
The light source requires no alteration for 
different de
rees of enlargement-a matter of 
moment in industrial production-whilst \\ ith 
a condenser system adjustment must be 
made whenever there be a change of amplifica- 
tion. Enlargements made on this prinçiple 
are far better as regards photographic quality, 
because the svstem of illumination by an 
extended diffu
ed source is more suitable to 
the physical condition of the image in the 
negati,e, and, moreo,er, the enlargers are able 
to deal "ith large negatives which would be 
impracticable by means of condenser systems. 
Extended source illumination enlargers- 
non-condenser systems-are becoming largely 
used in the form of vertical enlargers. Here 
the apparatus is fixed to the wall and occupies 
small space. 1 
Enlargements of small amplification. small 
box '" fixed-focus" enlargers, are employed 
generally for daylight, and by these an 
enlarged print may be obtained by the 
simple operation of placing a negative at one 
end and a piece of sensitive paper-generally 
held in a dark slide-at the other. and exposing 
by turning the negative end towards the sky, 


1 For 
pecial apparatus see" The PrintoJ" (Brown), 
British Journal oj Photography, April 
:3. 19
O, p. 
;)7. 
For simple form of this convenient type see d' Arc}" 
Po\\er. H., British Journal of Photography, luü9, p. 
475, and 1916, p. 3
8; and British Journal oj Photo- 
graphy Almanac, 1910, p, 583. 


or towards a' white screen illuminated by 
daylight or on occasion by artificial light. 
)Iore convenient enlarging bo
es are made to 
work in conjunction "ith particular patterns 
of hand cameras for which they are designed. 

 (11) HASD CA:\[ERAS. - The hand - held 
camera implies" exposures" of brief duration, 
and these have been rendered possible by the 
speed of the modern sensiti,e surfaces, and 
the production of satisfactory images by means 
of lenses of large angular aperture, "ith the 
subsequent elimination of the tripod and all 
that its use implies. Convenience dictates the 
employment of apparatus compact and easy 
to carry, simple in operation and quickly 
made ready for use. The employment of small 
plates from which enlargements could subse- 
quently be made has reduced the necessity 
for large direct work, and the use of roll a ble 
film has caused photography to appeal to an 
ever- widening circle. 
It is difficult, unfortunately, to find any 
form of classification for hand cameras which 
shall be really helpful and haye, at the same 
time. the advantage of a logical justification, 
for hand cameras are the most indi,idualistic 
things amongst photographic apparatus. The 
term " hand" camera is not in itself a distinc- 
tion, and certainly not an exclusion, for any 
hand camera can be used as a stand camera if 
the operator so desires. The most distinctive 
introductions, so far as concerns type, have 
probably been the ,. Eclipse," which was the 
parent of one important class of folding camera. 
in use to-day, the" Reflex," and in respect to 
far - reaching effect, the folding .. Kodak," 
which embodied the idea of rollable film- 
holder and camera in one. 
Modern hand cameras are, essentially, small 
picture cameras, the sizes ranging from 2/1') x 
I! to 5 x 4 in., and occasionally 6! x 41 in. 
or "half - pIa tee " They are used for plates 
or cut films, or both, but when the film is 
rollable the camera is generally made for this 
purpose. 
A. consideration or general application is the 
method of focussing. Disregarding the reflex 
(and the now seldom used" twin-lens" type) 
camera the actual image to which the plate 
"ill be exposed is not seen prior to exposure. 
The amount of subject included and the 
position of any portion therein. say the 
principal object, is obseryed by means of an 
external instrument-a" finder" (q.l.'.). The 
focussing may be done by judging the distance 
of the object and then setting the lens for that 
distance by means of a scale provided. The 
minimum distance of lens to plate will be 
when the lens is set for an object at " infinity," 
but in practice this position on the scale is of 
little value save as a datum line, for tbe best 
definition is seldom required f')r object8 at a 
considerable distance. If the camera be of the 
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"fi
ed focu8" type the 
etting uf the lens 
should be for an object at the hyperfocal 
distance of tha,t lens \\ hen used at its llULximum 
aperture. This plan secures sharp definition, 
for the greatest depth of field and objects 
exceeding a cerhÚn minimum distance are a9 
well defined as possible with thut particular lens. 
'Vhen the lens id set this way the depth uf 
field may be tctken, practically, from about 
half the hyperfocal distance onward to 
" infinity." The minimum distance becomes 
less if the aperture be reduced and therefore 
the depth of the field increases. 
The "fixed-focus" cameras are advisedly 
only used for small plates when lenses uf 
relatively short focal length may be employed. 
If, as is generally the case, the angular 
apertures are small the hyverfocal distance is 
near t.u the camera. 'Vhen, therefore, the 
lens is set for an object at the hyperfocal 
distance, the "near point" bdng half this 
distance and the" far point" being" infinity," 
the depth of field is well extended. In 
consequence, by conforming to certain condi- 
tions such apparatus has considerable useful- 
ness. By the employment of supplementary 
lenses readily attached to the camera lens, 
objects quite near may be brought into sharp 
focus, It should be remembered that hyper- 
focal distances are " extra focal." 
In the majority of instances, when the 
camera. has a focussing arrangement it involves 
the movement of the lens, either the front as a 
whole moves or the lens may be moved by a 
" focussing flange," the front remaining fixed. 
For accurate and easy working efficient 
scaling is necessary, more particularly as the 
negatives are frequently used for enlarging. 
It is desirable that a scale in yards be provided 
for the particular lens, so that when the 
index on the moving portion be set to any 
di::;tance - mark on the scale the operator 
may know that an object at that distance will 
be " sharp" upon the plate. l<'ocussing thus 
bf'comes a matter of judgment. But the 
production of the maximum sharpness for 
an object in one plane is only a particular 
case, although one frequently important in 
practice. 1\lore gener'111y the operator desires 
to know the setting which will yield the best 
general definition for a series of objects situated 
within a certain range of distance from the 
camera, and for this "depth of field " scales 
are necessary. This form of scale can serve 
to some e
tent for both purposes, but since 
the numbers are not in simple sequence it is 
better to have in addition a Reparate scale in 
yards suitably graduated for what may be 
defined as " object focussing," for such work 
often entails rapid decisions, and any 
complication militates againRt quick conclu- 
sions. The two scales are now provided with 
somo uf the best. types of camera. and can 


ah\ ays be added to any focu::;sing camera 
"hen desired. 
In a reflex camera focus
ing is performed in 
the usual way. The image formed by the 
lens undergof's a directional change by means 
of a mirror, and is received upon a focussing 
screen at right angles to the plate. '''hen 
the camera is held in the ordinary way the 
focussing screen is horizontal, anù being 
suitably shrouded from eJ\.traneous light the 
operator looking down on the screen sees the 
image formed by the lens. The camera is 
therefore its own finder, and by actuating the 
focussing screen the image may be focus<sed 
as desired, The shutter release as a first 
action lifts the mirror out of place, and when 
the plate or lens is uncovered the image 
observed on the screen falls on the plate. 
Practical considerations dictate compactness 
in bulk, and folding cameras are the most 
generally used. 'Vhen the cameras are small 
the term " pocket" is used, but the size is the 
only criterion for this distinction, 
A most useful form is when the camera 
opens concertina fashion, and the front and 
back are held apart by means uf metal struts, 
or by side wings as in the parent form the 
"Eclipse." The front, when the camera is 
extended, is at such a distance that the plate 
is practically at the" infinity focus" or prin- 
cipal focal distance of the lens; any further 
extension required for fucussing near objects 
is obtained by altering the distance of lens 
to plate by means of the" focussing flange" 
in which the lens is mounted. The exposing 
shutters are either focal plane 01' "hetwC'C'n 
lens." This form is probably the best for 
rapid manipulation. 
A type of hand camera follows the geIlPral 
style of the "light - form" portahle ficld 
camera (q,v.), where the base board falls, and 
the front-to which the bellows are attached- 
draws out on the base, and focussing is effected 
by moving the front to and fro. Consider the 
focussing screen (where present) protected, and 
that the whole of the movements are enclosC'd 
when the camera iR folded, and therf' results 
one of the most important forms of hand 
camera. Such instruments are provided "ith 
focussing adjustments, rising, falling and 
swing fronts, reversing back, focussinf! scales 
and finder. The exposure device is either a 
focal plane or " between-lens" shutter. These 
cameras are employC'd for plates, held in dark 
slides, or for cut films. Examples are shown 
in the" Una" (Sinclair), "Vesta" (Adams), 
" Sibyl" (Newman Guardia), and "Sander- 
son" (Houghton Butcher), 
The typical camera for roll film is the 
folding kodak (Kodak, Ltd.). This apparatus, 
when closed, is self-contained, the sC'nsitive 
material heing held in a spool in the camera. 
The " base.' on release' falls and locks in a 
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horizontal position, and the front draws out, 
::;liding upon parallel 
uid('s in the ba::;e, 
focus::;ing being effected by means <j rack 
and pinion. The essential movements are 
provided as in any other camera, but additions 
and refinements are provided in the many 
forms available. A distinctive feature of the 
kodak type is the employment of the" day- 
light-loading" spool of film, by means of "hich 
the camera can be replenished even under 
open-air conditions, a convenience which has 
had a most important bearing upon the 
diffusion of the practice of photography. 
The sensitive film is changed after each 
exposure by a "inding key, and an indicator 
is provided showing when the change has 
been completed. The exposure is made by 
means of a "between-lens" shutter. In the 
" Kodak" camera known as " Autographic" 
there is provided the means to inscribe the 
title of each exposure upon the film before 
changing, and the developed pictures bear 
their own record. 
The distinctive principle of the "Reflex" 
camera has already been described. This 
camera is advisedly the best for the more 
studied work of those advanced photographers 
with whom careful pictorial composition is the 
rule. Although good composition is deter- 
mined by a visual study of the subject itself, 
it is undoubtedly an advantage to be able to 
see the image upon a screen, the same size 
as the plate, before exposure. Inasmuch as 
the essential requirements of a good camera 
remain constant, there is only the special 
addition to be considered. The ordinary 
reflex employs a focal plane shutter, it being 
necessary to protect the plate "held in 
waiting" from exposure until the mirror is 
lifted out of the way, the perfect closing of the 
top of the camera so as to prevent extraneous 
light from entering through the finder screen 
being essential. The drawback in many re- 
spects to the focal plane shutter is that it 
is -not entirely satisfactory for the relatively 
slow exposures required in much reflex camera 
work, especially that of the pictorial kind. 
This drawback has been overcome in the 
".N.S, Reflex," where the focal plane blind 
has been eliminated and a "beÌ\\ een-lens " 
shutter substituted. A supplementary flap 
protecting the plate follows the mirror when 
the release is pressed; this flap, however, 
only comes into action when the lens shutter, 
open for the focussing, has returned to the 
closed condition. By this device the plate- 
uncovered ready for exposure-is protected 
until the lens is covered, and the mirror having 
risen excludes any light" hich otherwise would 
enter the camera through the ground-glass 
finder screen. At this stage the exposure 
takes place. A most important necessity in 
t he reflex camera. is the perfect functioning 


of the release system whjch controls the 
seq uence heÌ\\ een the raising of the mirror 
and the exposure. 
As an example of the reflex camera the 
" Soho " plarion) may be cited. 
The reflex camera is of necessity somewhat 
bulky and relatively heavy, but "ith the 
tendency to employ small sizes this drawback _ 
to the use of a beautiful instrument is 
mitigated. To overcome the bulk difficulty 
folding reflex cameras have been made, but 
it may be observed that the folding principle 
does not receive its best exemplification in the 
reflex camera. 
As well as monocular cameras the stereo- 
scopic principle is applied to hand cameras, 
and in these to-day it finds its principal use. 

 (12) AERIAL CA:\IERAs.-The aerial camera, 
leaving aside the forms employed in survey 
during the last 60-70 years, owes its develop- 
ment to recent military necessities. As 
originally designed for the purpose of recon- 
naissance, the aerial camera was, essentially, a 
simple fixed focus box camera of wood or 
metal provided with a lens of large angular 
aperture, a focal plane shutter, and a simple 
finder, the plate being placed at the principal 
focal distance of the lens. The plate recep- 
tacle used was either a changing box or some 
form of single or double plate holder. The 
camera was hand held. The principal focal 
distance of the lenses employed was 8.25-10 in. 
To avoid the many difficulties inherent in 
hand-held cameras, the apparatus was after- 
wards fixed externally to the side of the 
fuselage of the machine, or internally. 
Eventually the camera was fitted with a 
simple changing device. The plates held in 
steel sheaths were contained in a magazine, 
'and were received after e
posure in a recep- 
tacle of the same kind. The apparatus was 
operated by hand, the plate being changed 
and the exposing shutter set by one operation, 
exposure following at "ill by actuating the 
shutter release, and the cycle was repeated 
for the next plate. Subsequent developments 
led to a much improved changer system and 
to the building of the cåmera "holly of metal. 
The camera was also separable into t" 0 
portions, the upper part or body forming the 
changer system with the shutter, and the 
lower-the cone-holding the lens. By the 
use of cones of different lengths it was possible 
to utilise lenses ranging from 4-
 in. to 20 in. 
focal distance. The shutter was made detach- 
able and of the self-capping type, with extelnal 
adjustments for slit" iäth. In this apparahis 
changing the plate and setting the shutter is 
performed by mechanism operated by hand 
or by motive power derived from a small 
independent propeller on the exterior of the 
aeroplane, driven by the current of air as the 
machine travel8 through space. The camera 
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can be used intermittpntly for single photo- 
graphs or continuously for a series, determin- 
able at will, so long as plates remain in the 
magazine. The camera mechanism can be 
put in or out of action when at a distance 
from the observer by means of a Bowden 
",ire. To avoid the effects of vibration the 
apparatus is fitted on a epecial cushioning 
device. The negatives made in small cameras 
(5/4 in., 9 x 12 cm, and 13 x 18 cm.) may be 
enlarged, but, in lieu, negatives of greater 
size may be made in cameras of similar form 
to those indicated, using dark slides or 
magazine changers hand operated, or in 
automatically worked apparatus, all of which 
methods having yielded good results even 
under the relatively trying conditions of aerial 
flight. To avoid the use of plates, roll film 
campras of different types, automatically 
driven, have been used. Attention has been 
paid in every country interested in aerial 
photography to the design of these cameras, 
and it is probable that in these the main line 
of development will be made in the. future. 
One of the principal difficulties with film 
cameras is the want of planarity of the film. 
In one form of apparatus it has been sought 
to overcome this trouble by pressing the film 
against a phte of glass, and in other instances 
suction devices have been employed to main- 
tain the film flat in the focal plane, and this 
plan offers probably the fewest drawbacks. 
c. w. G. 
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PHOTOGRAPHIC LESSES 

 (I) I
TRoDuCToRYo-The lens in photo- 
graphy is employed to concentrate a large 
amount of light of certain wave-lengths in the 
form of an image of external objects on a thin 
layer of sensitive matter which is otherwise 
shielded from all light. Convenience requires 
the sensitIve layer to be in the form of a plane, 
and the exceptions to this rule may for the 
purposes of the present article be neglected. 


...\ceordin
 to elementary theory a leuR pro- 
(luces, for light of any gi,'en \Va ye-Iength, 
collinear images of all }loints, and consequently 
the image of a plane is itself a plane. Accord- 
ing to this theory any Ipns. if achromatic, will 
tend to give a plane image of say a picture, 
and this image will be an exact copy of the 
original picture if the axis of the Jens meets 
the plane of the picture at right angles. By 
choosing a position for the lens at a suitable 
distance frum the picture the image may be 
made as large or as small as is desired, and 
thus any lens which transmits a cone of rays 
wide enough to include all parts of the picture 
will be suitable for the reproduction of the 
picture to any size required. This conclusion 
has to be modified when aberrations are taken 
into account, but, except with lenses of yery 
large aperture, it is sufficiently correct for 
most photographic work provided the lens i
 
of good design. 
The case of the plane object, which is almost 
invariably the only one considered in text- 
books, is not the most frequent one in actual 
photographic work. The typical problem is 
the reproduction of a scene out of doors whfl'C 
objects at very varied distances from the 
lens are included within the angle of view. 
Some of these it is desired to have recorded 
in sharp focus on the sensitive layer though 
they may be at different distances from the 
lens, and again it may be desired that other 
objects shall, as far as possible, not be evident 
in the reproduction on the sensitive surface. 
Moreover, some of the 0 bjects may be in motion, 
and the time during which the surface may 
be exposed to light has therefore to be made 
small. Hence the aperture of the lens is 
required to be large in order to transmit 
sufficient light in small intervals of time. In 
many cases the image is required to cover a 
large solid angle also. An these considera- 
tions introduce special difficulties, some 
tending in their influence on the design of the 
lens in one direction, others in an exactly 
opposite direction. It will readily hc appreci- 
ated that under the circumstances considerable 
diversity is called for in the design of lenses, 
and that even so each one represents a com- 
promise between conflicting requirements, 
the aim of the maker being to balance the 
desirable qualities in such proportions that each 
lens he manufactures will bf' found sufficicntly 
satisfactory by a large class of users. 

 (2) CE
TRAL ILLUMINATION. (i.) The 
Stop.-However small they may appear to 
be, all the objects suitable for tcrrestriaJ 
photography must be regarded as of finite size, 
and it follows that in considpring the illumina- 
tion at any part of the image the finitcnc!':s of 
the size of the image must he taken into 
account. Ruppose that thp c<,ntre of the fipld 
of view is occupied by a small plane object of 
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area S placed normal to the lens axis. If the 
distance between the object and the lens 
i<:; d and the area of the stop is A, the total 
amount of light from the source which passes 
through the lens will be represented with 
sufficient accuracy for our purposes by 
ISA 
d 2 ' 
where I is proportional to the light given out 
bv unit area of the object. If the lens is 
p
operly designed, all this light, with the 
exception of a proportion which is unavoidably 
reflected or scattered when the light is re- 
fracted at the surfaces of the lens, wiJI rpach 
the sensiti
ed surface. If the area of this 
image is S', the illumination on unit area ot 
this surface will be 


ISA 
S'd 2 . (I) 
If the stop is so placed that its images are in 
the unit planes, that is to say, if the stop image 
appears of the same size when examined from 
the front of th8 lens as when seen from the 
back, and d' be the distance between the 
second unit plane and the image of the object, 
then, since the magnification m is measured 
by the ratio of the distance of the image to 
the distance of the object, we have 
d'2 S' 
d 2 =m2=S. 
It follows that the brightness of the image is 
proportional to 


IA 


d'2' 


or 


7rI ( a ) 2 
""4 d' ,. 


where a is the diameter of the stop when this 
is circular. 'Yhen the object is fairly distant 
d' differs by a negligible quantity from J the 
focal length of the lens, and the exposure 
required to produce a satisfactory impression 
on the sensitive surface is therefore propor- 
tional to (fla) 2. The sizes of stops a
e most 
generally denoted by numbers which indicate 
the values of Jla, and it is customary to 
designate tbe rapidity of lenses by quoting 
the smalle-::,t value of this fraction for which 
the lens can be used, Thus a lens mav be 
described as having the rapidity ff"!, me
ning 
that the diameter of the largest stop it is 
possible to use is equal to one-quarter of the 
focal h'ngth. Such a lens would only require 
an e
posure of one-quarter the time necessary 
with one in which the largest stop is f18, or 
one-eighth of that wanted when a stop as 
small a
 f,II is required. 
(ii.) Tlle Effect of Di8tance.-"
hen the object 
considered is not very far a way the image is 
removed to a greater distance from the lens, 
so that d' increases; the image falls off in 


brightness though the object remains equally 
bright. This is partly the reason why in a 
photograph of a scene in which both near and 
distant objects are included the former appear 
unnaturally dark. In copying a plane picture 
on any given scale the increasp in the time of 
exposure required is independent of the focal 
length, since under these conditions the ratio 
S : S' is given and d and d' are proportional 
to the focal length. In the case of natural 
objects the result, however, is dependent on 
the focal length, and our standard of com- 
parison is provided by the effects we see with 
our eyes, instruments having a vpry short 
focal length. By a very well known optical 
formula the linear magnification for an object 
distant d from a lens of focal length J is 


f 
( f - d)' 


and therefore (1) becomes 



! ( 
 ) 2 ( 1_.[ ) 2 
4 f d' 


(3) 


(2) 


and the illumination falls off the more rapidly 
the greater the value of J, Taking 15 mm. 
(0.6 in.) as the focal length of the eye, the 
variations in light intensity due to proximity 
will be at least 5 times as great with a lens of 
73 mm. (3 in.) focal length as with the eye, 
and at least 20 times as great with a lens of 
20 cm. (12 in.) focal length. This character- 
istic indicates that under certain circumstances 
there may be a considerable gain in employing 
a lens of short focal length and enlarging the 
resulting picture rather than in taking a view 
directly of the size ultimately required. 
(iii.) Scattered L1.gllt. - It has been mentioned 
already that a certain amount of light is 
inevitably scattered at each refraction. The 
amount so lost is far more detrimental to the 
production of brilJiant images than the sub- 
traction of the corresponding amount of light 
from the incident beam would indicate, for 
some of the scattered light from intensely 
illuminated objects will faÜ upon parts of the 
image corresponding to dark objects, with 
the result that a flattening in the tones of the 
image takes place. It is important to aT"oid 
this as much as possible, and it follows that 
lenses which have a small number of glass to 
air surfaces tend to produce brighter pictures, 
as the amount of light scattered is almost 
entirely due to refraction to or from air, 
that dispersed at surfaces \\ herE' two glasses 
are cemented together being in comparison 
negligible. 
It should not, however, be supposed that 
the presence of a number of such glass to air 
surfaces is the chief caw;;e of flat photograph
. 
Far more serious sources of trouble in many 
cases are due to carelessness in allm\ing bright 
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light from a source outside the proper field of 
view to fall upon the interior of the lens mount 
on the one hand, and to an attempt to secure 
undue compactness in the apparatus on the 
other, which leads to the omission of a lens 
hood, and still more serious, to the use of too 
small a bellows to the camera, causing a great 
deal of light to be reflected from the bellm\ s 
on to the plate. A proper bellows should be 
large enough to allow two or three flexihle 
stops to be inserted which will intercept light 
that might otherwise cause general fogging. 

 (3) ILLU!\'IINATIOK IN THE OrTER PARTS OF 
THE FIELD.-Suppose now there is in the outer 
parts of the field of view another area similar 
to that at the centre, of the same brightness 
and in the same plane. Lpt the angle made 
with the axis by the line joining the centre 
of this area to the centre of the stop be ø. 

uppose the object behaves as a self-luminous 
body. Then the amount of light emitted per 
unit area in a direction making an angle ø 
with the normal to the surface is proportional 
to cos ø, so that I must be replaced by I cos ø. 
The stop seen from the object appears fore- 
shortened, its area being apparently A cos ø 
instead of A. This substitution must there- 
fore also be made. Further, corresponding 
to the distance d we have the increased 
distance d sec ø. Sand S' are of course un- 
changed. Taking all these factors into con- 
sideration, it appears that the illumination 
in the image of an evenly illuminated object 
falls off in proportion to cos 4 ø. The accom- 
panying diagram (Fig. 1) exhibits this graphic- 
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ally in the curve AA'. It will be seen that 
when 


ø =20 0 the ilblmination is reduced by 22 per c('nt. 
ø =2;)0 33 
Ø=30 o 44 
ø =35 0 " 55 


Serious as these figures are. they by no means 
represent the worst, for it almost invariably 
happens that for object points only a smaÌl 
distance from the axis a second limiting 
aperture begins to cut down the light still 
further below the figures given in this table. 
The way in which this comes about is illus- 
trated in Fig. 2. A central beam is shown 
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80 0 


passing through the lens in section at a, a 
beam at 10 0 at b, at 20 0 at c, 30 0 at d, and at 
35 0 at e. The reùuction in cross-section is 
evidently due to the axial separation between 
the extreme lenses, and its influence on the 
illumination is indicated in the curve BB' of 
Fig. 1. It is quite common to find that the 
illumination at 30 0 is of the ordpr of 15 ppr cent 
of that at the centre. In spite of the 7 to 1 
ratio in light intensity which this represents 
it is not usually noticed in photographs, 
because the eye is not very sensitive to gradual 
changes of intensity. If, however, the anglc 
is made unusually large, such as by a vpry 
liberal use of the rising front of the camera, 
or if a composite photograph is made with 
" straight" prints, the variations are noticed 
immediately. 
'Yhen it is necessary to cover a very large 
angle the most ready method of spcuring the 
greatest uniformity in exposure is to prcvent 
the secondary reduction of aperture hy stop- 
ping the lens down until the whole circle of 
the aperture can he RPen from the corn{'r
 
of the image it is rC'fj uired to rpcol'(1. [n SOJl}P 
lenses the stop is so placed that this rpdu('tion 
is of no effect, and in a few cases stopping 
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down actually reduces the size of the total 
field of view and increases the disparity in 
illumination. Quite frequently it is necessary 
to reduce the size of the stop for this purpose 
to a far greater extent than is consistent \\ ith 
very sharp definition in the image. 'Yhen 
this e
pedient i:-: insufficient, recourse must 
be had to special stops contrived to reduce 
the amount of liaht at the centre to a greater 
extent than that at the edges. The principle 
employed consists essentially in the cO
lbina- 
tion of a circular opening in a plane wIth an 
opaq ue circular stop in another pla
e, or 
alternatively with a conical stop (F
g. 3). 



'G.3. #= 


These arrangements date from a very early 
stage in photographic history, and were de- 
veloped by Bow and Sutton. At the present 
time the best known application of this prin- 
ciple is in the case of the Goerz " Hypergon," 
in which a rotating star-shaped central stop 
is used. 'Yith this lens ø may be as great 
as 70 0 . 

 (4) DEPTH OF Focus.- "-hen the view 
contains objects at different distances from 
the lens, it is not possible for the images of all 
of them to be formed in the sensitive layer, 
and the impression produced is that of a more 
or less badly focussed image. The simplest 
way of ascertaining the effect which "il,l. be 
produced is to neglect the depth of the sensItIve 
laver so that only one object plane is supposed 
to
 b
 sharply f
cussed. If P is an o.bject 
point outside thi8 plane, as a
 PI or P 2 (Flg. 4), 


P, 


FIG. 4. 


a geometrical theory leads to the conclusion 
that P, instead of being represented in the 
image by a point, will appear as a patch cor- 
rf'sponding to the image of the circle in which 
the cone, \\ hose vertex is at P and whose 
base is the lens aperture, intersects this plane. 
If d is the di'ìtance of the plane from the lens, 
and d l is thp distance of the plane through P 
parallel to the plane rendered sharply, the 
diameter of the equivalent object circle "ill be 
E, \\ here 


E _ d l - d 
(l - -d I -. 
It follows that if the nearest and farthest 
objects to be rendered in acceptably sharp 


focus are dIstant d 1 and d 2 , the proper distance 
to focus on is d, "here 



 1 1 
a=a;.+a;.' 
and the diameter of the circle in the image 
plane which serves as an image of a point in 
either of the two extreme planes is 


a(J fd l - If d 2 ) 
2TJ 
l/d l--=- l/d 2 ' 
where f is the focal length of the lens and a the 
diameter of the stop in use. 
In applying this furmula it is u::;ually 
assumed that a blurred image of a fixed 
diameter mav be accepted as a standard, and 
the most us
al tables adopt .01 in. a.s this 
diameter. Probably the assumption of a 
fixed diameter is not unreasonable for lenses 
of focal lengths 8 in. or more, but this criterion 
appears 
nsuitable for photographs taken 
with lenses of very short focal lengths such as 
are now common, where it is reasonable to 
assume that every picture must be enlarged 
to be properly appreciatf>d. In these cases 
the diameter of the blur should probably be 
reduced in proportion to the focal length, 
attainina the value for larger lenses \\ hen the 
focal leOngth reaches approximately 8 in. 
For securing a sharp impression there is no 
dou bt that in the case of the longer focal 
lengths ,01 in. is too large a value to assume, 
at any rate for objects of importance in the 
central parts of the "iew, and to attain tI
e 
standard reached by the normal eye thIS 
requires to be reduced to about one-quarter. 
On the other hand, to make sure that certain 
objects will not be distinguishable in 
he 
print, it is desirable that a value exceedmg 
.01 in. should be adopted. 
One of the most important applications 
of the above theory concerns the focus for 
" infinity" in smaÌl hand cameras. Here, 
if anywhere the .01 in. limit is tolerable, as 
the principaÌ objects in views taken" ith such 
camera::; are rarely really distant, and it is 
only important to ensure that the blurring 
of very distant ohjects does not present an 
unnat
ral appearance to the eye. For this 
case the formula becomes 
Distance to obje ct sharply foc ussed for infinity 
Focall eng fh 
Diameter of stop 
= 1 + D' f bl . I . 
Iameter 0 ur Clrc e 


Thus \\ith a lens of 5 in. focal length and fIùl 
diameter 1 in. the object sharply foclIss('d 
when the camera is set for infinity \\ ill hp 
sJightly oyer forty feet away, and the sensitive 
surface "ill be about '0,3 in. from the plane 
conjugate to infinity. 
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g (3) DEPTH OF FOCLS AND PHASE ERRORS.- 
It is intpresting to consider in connection with 
these traditional rules the results which would 
follow from the application of criteria for good 
definition suitable for the teleseope, finding 
the depth of foeus for instance in terms of the 
phase errors consequent on departure from 
the theoretical focus. Considering a point on 
the axis from which a ray to the rim of the 
lens aperture makes an angle tf with the axis, 
the difference in path introduced by changing 
the distance of the point from the lens from 
cl to d l for this extreme ray is 
(1- cos tf) (d l - d), 
and since sin tf =aI2d, this path difference may 
be written as 



2 ( 

 _ !:. ) 
8 d 2 ' 
a 2 ( 1 1 ) 
8 (1- d l . 
If, then, :t c represents the greatest path 
difference consistent with acceptable definition, 
the connections between a, c, the near and 
far di::;tances d l and d 2 , and the distance d 
on which the lens should focus are 


or 


2 1 1 
-=--+- 
dd l d 2 


as before, and 


1 1 16c 
d l - d 2 - a 2 ' 
a formula differing markedly from that 
obtained by considering the area in which 
the ray bundles meet the image surface. 
According to this theory the depth of focus 
is inversely proportional to the area of the 
aperture, instead of varying inversely as the 
aperture diameter and the camera extension. 
The connection between the quantities in- 
volved in the two theories may be written 
Path diffcrence 
= 1 diameter of image circle x sin tfo' 
where tfo is the angle made with the axis by 
the extreme ray in the image space which 
passes through the axial point of the image 
plane. Taking an object fairly distant from 
the lens on which to focus, and assuming 
an aperture of 1/4-5 and a phase tolcrance of 
1 wave-length of yellow light, the diameter 
of the permissible image circle is found to be 
approximately -0007 in. = 1/1400 in. On 
account of the finite thickness of the sensitive 
layer and the appreciable size of the grains 
which bpcome developable as a whole when 
affeeted by light, it is doubtful whcther so 
small a tokmnce is necessary under ordinary 
conditions. The wavp-Iength theory is, how- 
ever, undouhtcdly applicable in considering 
to what extent accuracy in focussing has 


any meaning. Taking, as hefore, the case of 
a lens focussed on a distant object, it would 
be expected that under the best conditions 
im perfection in focussing would begin to be 
visible when the image planp was out of focus 
by about .001 in., and for other stops the 
distance would incrpase as the square of the 
f num bel', and so be proportional to the correct 
exposure. Thus, with an aperture of 118 the 
focussing depth in the present sense would be 
three times that for 1/4-3. 

 (6) TILTED AND DECENTERED USE OF LENS. 
-It is evident from the foregoing discussion 
that when it is desired to record in good focus 
two objects in different parts of a view which 
are at very unequal distances from the lens, 
the latter must either be used with a small 
aperture, or alternatively the lens must be 
used with its axis inclined to the normal to 
the surface on which the record is to be made 
so that both objectf? lie approximately i
 
the plane conjugate to thiR surface. Under 
these circumstances the plane containing the 
sensitive layer and that in which the objects 
are situated will be inclined to one another, 
and it is of importance to be able to make' 
the necessary adjustment with facility. This 
is almost invariably carried out by swinging 
the back of the camera, with which the 
sensitive surface moves, relatively to the lens 
axis, which is pointed as usual to the centre 
of the view it is intended to include. The 
proper adj ustmcnt is indicated by a collinear 
theory of imagery. Since the object plane is 
not normal to the lens axis it will meet the 
first unit plane of the lens in a certain line, 
and hence the image plane must meet the 
second unit plane in a corresponding line. 
'Vith almost all lenses the unit planes are 
very slightly separated from one another, and 
lie between the extreme components of the 
system. It is sufficiently accurate for the 
purpose of adj usting the camera back to 
assume that there is a common unit surface 
which bisects the lens mount. By considering 
where this plane is met by the plane it is 
intended to have in sharp focus, and directing 
the image plane through this line the correct 
approximate adjustment is easily made, and 
if necessary a final correction can be made 
after the image has heen examined. The 
principle followed is illustrated in the accom- 
panying figure (Fig. 5), whe're VQAP is the 
object plane meeting the common unit surface 
va in V, and Vpaq is the image plane. 
Obviously from this figure the view will not 
appear correct in the final picture' unless it 
iR seen from one sidp, or, if the objcct and 
image planes w('re inclin('d to th(' yertÍcal, 
from above or below. In (,e'rtain ease's this 
effect ÍR very ohjectiona hl('. and in particular 
it must be avoided in architectural subjects 
where the use of a lens with its axis inclined 
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to the horizontal causes vertical lines in the 
object to appear to converge in the image. 
The simplest method of dealing -with such 


subjects when, as frequently happens, the 
desired view cannot be 0 btained with the axis 
of the lens intersecting the centre of the 
sensitive surface is to decenter the lens with 
respect to this surface, so that, for instance, in 
taking a dew of a tall building from the ground 
the lens axis may be several inches above its 
normal po
ition. The parallelism of vertical 
lines is thus preserved in the picture and the 
whole face of the building is kept in satis- 
factory focus if the image plane is kept \
ertica1. 
This method, in extreme cases, is, howe\Ter, 
unsatisfactory on account of the poor quality 
of definition in the image in parts remote 
from the lens a
is, and also on account of the 
extreme difference thus introduced in the 
effective exposures for different parts of the 
image. In these extreme cases it becomes 
necessary to use the lens in an inclined position, 
ana to rectify the convergence of vertical lines 
by re-photographing the original record. 
Referring again to the figure, which shows 
a section in the plane containing the a
is and 
the projection of the axis on the object plane, 
let Cv be a line, parallel to the object plane 
PQV, through C, the axial point of the common 
unit planes C'T, meeting the image plane V pq 
in t'. Then 'l,' is the vanishing point in the 
recorù for the con verging lines corresponding 
to the parallel vertical lines of t.he object. In 
copying this record so to correct this converg- 
en('e it is evidently only necessary to ensure 
the parallelism of the linp of greatest slope 
of the new image plane to Cv when pq is 
treated as the object. In order, however, 
to obtain a correct relation beh\een horizontal 
and vertical distances in the final picture, the 
axis of the lens in this second operation must 
intersect the first record now serving as an 
object in the same point a as did the a
ið 
of the lens when the record was made, If the 
final record is to be increased in scale to m 
YOLo IV 


times that of the first record, the unit plane 
in the principal section must be made to meet 
the record in V where Yv=m . ra. If now a 
circle is described on Ya as diameter the axial 
point of the unit plane C must lie on the 
circumference, thus making YCa a right angle. 
It is evident from this construction that the 
only limitation "hich must be imposed on 
the lens used for the second operation is that 
its focal length shall not exceed ! V a or 
!(l + m)l'a where 111 is considered positive. 
The original lens is, in suçh a case as has been 
considered, suitable for the purpose, but one 
of shorter focal length is frequently more 
convenient in order to reduce the axial separa- 
tion between the object and image planes. 

 (7) THE POSSIBLE DEFECTS OF PHOTO- 
GR-\.PHIC LEXSES. - The matters that have 
been discussed hitherto relate to the correct use 
of a lens, and apply to all lenses alike, whether 
they are well or less "ell corrected for aberra- 
tions. The defects now to be considered 
depend upon the design of the lens, and are 
not under the control of the user. 
(i.) Filming.-A defect which is not likely 
to be present in a nen lens, but may develop 
in the course of time, is the filming of one or 
more of the glass surfaces. This is particularly 
likelv to occur with extreme barium crown 
lens
s of the types used in anastigmat lenses. 
'Yhen this filming is slight it is innocuous, 
but in some cases it causes the lens to appear 
of a decidedly bron n tinge when examined 
by transmitted light, while iridescent colours 
may be seen by reflected light. In these more 
extreme examples the rapidity of the lens is 
seriously affected, and it is necessary to ha\
e 
the lens surfaces re-polished. It is needless 
to say that this should only be done by the 
maker of the lens. 
Somewhat similar colours may be seen by 
reflected light when two surfaces "hich are 
supposed to be cemented together have become 
partially or entirely uncemented. The most 
probable cause of this defect is a fall or 
violent shaking. In these cases also the 
lens ought to be returned to the maker for 
correction, 
(ü.) Jlounting Defects.-A lens that has been 
performing satisfactorily may be found un- 
satisfactory after cleaning or re-mounting. 
This is frequently experienced after a lens 
formerly carried in the maker's mount has 
been fitted into a bet" een-Iens shutter. The 
cause may be a scratch on the lens surface, 
which sc
tters light in all directions within 
the camera; strain due to screwing up a lens 
too tightly in its cell; changes in the separa- 
tions of components either through a. lens 
beinO' loose in its cell or to incorrect adjust- 
ment of th(' new mount; the insertion of a 
particular component the wrong nay round, 
or to interchange of front and back com- 
2D 
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ponents; or to inexact adjustment of the 
axes of the various components into coincid- 
ence. The accuracy necessary in some of 
these adjustments is very often not realised, 
and particular care to see that all is in order 
is essential after any disturbance of the 
lenses from their original position, Even 
when all the parts are in relatively correct 
positions the optical axis may be found 
appreciably inclined to the mechanical axis 
of the screw by which the mount is attached 
to the camera front. The figures already 
given on the accuracy desirable in focussing 
indicate the great nicety to which these two 
axes ought to be brought into paraJl3lism if 
satisfactory records are to be obtained. 
(iii.) Faults of tlle Glass.-Defects of a differ- 
ent class are faults in the glass of which 
the lenses are made. Bubbles are practically 
unavoidable in some of the new types of glass 
.which are always used in anastigmatic con- 
structions, but they should not be too numer- 
ous or too large. On these conditions they 
are practically harmless, their chief effect 
being the stoppage of a small amount of light. 
.::\Iore serious are veins and striae. These 
can only be seen under special conditions of 
illumination if they are slight. The simplest 
arrangement is to point the lens at a small 
source of light, and place the pupil of the eye 
at the image of the source formed by the lens. 
The defects will then become apparent as 
lines where the illumination is not uniform. 
Lenses showing such defects cannot be made 
satisfactory, and should not he accepted as 
good instr
ment
, oln the physical laboratory 
lenses or prisms sho\\ ing these defects can 
usually be discovered, a
d are intercsting 
subjects for experiments .with the aid of an 
interferometer and in other directions. 
(iv.) Defect8 of Design. - The remaining 
defects of importance depend upon the design 
of a lens. It has already been mentioned that 
light is rC'flected and scattered whenever a re- 
fraction from glass to air or vice versa takes 
place. For this reason, other things being 
equal, the design with the smallest number of 
such refractions is to be preferred. Another 
defect which may be coupled with this is the 
liability of a lpns to show flare images. These 
images are images of the lens aperture formed 
by light that has been reflected twice at glass 
to air surfaces. As a rule these images will 
not he situated near the image of the object to 
be recorded, hut in certain designs one or more 
of these images may occupy a position where 
it is clearly seen in the record. A lens having 
this defeet is quite unsuited for photography 
und('r certain conditions of lighting. It is 
well known that one of the best known makers 
of photographic lpnse::; was compelled to 
withdraw an otherwise emÌll<'ntly satisfactory 
lens from the market shortly after its intro- 


duction, owing to its marked failure in this 
respect. 

 (8) ABERRATIONS. I-The remaining regular 
dpfects to whieh lensC's are subject are of the 
character known to the optician as aberrations, 
and it is to the removal of these defects by 
the use of suitable materials and hy the 
selection of suitable forms for the component 
lenses that thp designer principally directs 
his attention. 
(i.) Chromatic Aberratiol1s,-The simplest of 
these d('fe('ts are thosp known as ehromatic 
aberrations; the images of the object formed 
by light of different wave-lengths differ in 
size and also occupy different planes. For 
any object position there arp thus two primary 
defects to remedy, and if images at different 
distances from the lens are to be corrected 
three conditions must be satisfied. The 
crudest lenses fitted to some of the very small 
cameras are not corrected for these defects, 
advantage Lein
 taken of the very small size 
of thp lens aperture which renders the fault 
less obtrusive in the picture. In all cases 
whpre a non-achromatic lens is used a visual 
cxamination of the image shows it to be out 
of focus, an impro:ved appearance resulting 
from an increased separation between the 
lens and the image plane. This differenee is 
due to the fact that the sensitive materials 
used to secure a }Jhotographic record are most 
sensible to light of a shorter wave-length than 
that to "hich the eye attaches ('hid "eight, 
and the actinic or photographically active 
image is thU8 nearer to the lens than the 
visible image. The differencp is of the order 
of 2 per cent of the focal length of the lens, 
In more pretentious lenses this difference 
in the position of the image planes is always 
removed by using combinations of positive 
and negative lenses in which the negative 
lenses are cunstructed from glass having a 
greater dispersive power than that used fur 
the positive lenses. The three chromatic 
conditions reduce to one when two thin lenses, 
one positive and one negative, are used in 
contact with one another. '''hen the system 
consists of wpII-separated lenses, or of lenses 
of considerable thickness, attention has to 
be paid to the three conditions independently 
of one anothcr, hut as a rule it "ill not be 
found that the theoretical conditions are 
exactly satisfied, the designer finding it more 
convenient to reduce thr def('cts to a point 
at which they cpase to become evident than 
to eliminate them completely. In one im- 
portant case thp three' conditions r('(luC'e to 
two through two of them assuming an identical 
form. This is when the cornpkte system 
consists of two similar cmnpOlwnts "hethcr 


1 FOf a fullef :U'rount of thC' alWffations of an 
opti('al 
ystpm };('(' h Optkal ('akulatîow;," 
 (7), etc, 
See al:>o .. l\liefosco}JP, Optics of the," 
 (5), etc. 
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of equal or unequal focal length. This is a 
simple case" here the principle of symmetry 
applies, a principle of which great use is made 
in conneetion with other aberrations. It wiJl 
be considered in more detail later. 
It should be evident that little importance 
attaches to equality in the sizes of images of 
different colours when they occupy different 
planes. Accordingly. the chief attention should 
be given to the positions in which the images 
of variou::; wave-lengths are formed, and if 
some latitude is necessary it may be given in 
a slight variation of magnification with the 
wave-length. 0" ing to the properties of the 
transparent materials available for the con- 
struction of lenses it will, as a rule, onlv be 
possible to secure exact agreement of foeu
sing 
plane for two wave-lengths. The two regions 
it has been found most satisfactory to bring 
into agreement are the neighbourhood of the 
D lines of sodium and the G' line of hydrogen, 
the former being not far from the dominant 
wave-length for visual observation, and the 
latter near the wave-length to which the 
photographic emulsions are most sensitive. 
This method of correcting enables a view to 
be correctly focussed for photographic re- 
cording by visual examination of the image. 
(ü.) Spherical Aberrations.I-The remaining 
defects are of the type known to the optician 
as the spherical errors. The amount of these 
will also depend on the wave-length. They 
should usually be corrected for a wave-length 
in the neighùourhood of G' rather than for D. 
If this is done the photographic record "ill 
present a better appearance than the vidUe 
image, and it may be a matter of import[!nce 
to concentrate attention almost entirely 01 the 
portion of the image in the neigh b
urhood 
of the lens axis" hen judging the best position 
of focus visually. If the correction were 
made in the alteI
atÍ\
e way the visible image 
would appear very pleasing and the photo- 
graphic record distinctly disappointing. In 
lenses for special purposes this consideration 
may not apply. 
(a) Distortion, - In consequence of the 
spherical errors the image of a point in the 
object formed by light of a given wave-length 
will not on a ray theory be a point, or in one 
case its position, if a point, will be displaced 

rom that which it should occupy were the 
Image an exact projection of the object. This 
particular defect is kno"\T1l as distortion, and 
the displacement is necessarily directly to- 
wards or away from the point' in which the 
image plane is met bv the lens .axis. The 
displacement may m; represented mathe- 
matically by a series of odd powers of the 
distance the point would he from the axis 


. ] For a di,r-n,...inTl of t!lC expre:--sion" gh"en bf>low 
tor the 'arion... abrrration'i see "Lens Sy
t{'m
. 
.-\ herratiolls ni." . 


were the defect absent, Thus, if y, z be the 
co-ordina tes of a point in the image plane and 
we take the axis of y parallel to the direction 
in question, so that y represents that distance, 
õy = a1y 3+ a2y5 + 0 3y 7 + . .., ÕZ =0. 

he coefficients aI' a 2 , a 3 . . . may be used as 
measures of the extent to which the defect 
is present, and are named the coefficients of 
distortion of the first, second, third. . . 
orders. If the defect is serious it becomes 
obvious that lines in the image "hich corre- 
spund to straight lines in the object are 
appreciably curved. This want of straight- 
ness, as the above equation shows, gradually 
makes its appearance as the shortest distance 
between the line and the point of the image 
plane on the lens axis increases. 
. (b) Spherical .Aberration.-Another aberra- 
tion of a very simple kind is central spherical 
aberration, the "central" referring to the 
distinctive property that, though equally 
present in other parts of the field of view, it is 
only aberrations of this group which appear in 
images on the axis itself. This aberration 
consists essentially in the rays from narrow 
zones of the aperture, bounded by nearly equal 
circles centered on the axis, coming to foci 
on the axis which vary gradually from one 
zone to another. The rays which in an ideal 
lens should pass through a single point of the 
axis, in a l
ns suffering from this defect, will 
touch a caustic surface which has two branches, 
one being a surface of reyolution about the 
axis and the other a length of the axis itself. 
If 1'], [" are the co-ordinates of the point in 
which the ray meets the stop, the intersection 
of the ra

 with the imag
 plane will be dis- 
placed f>:om its ideal position given by y, z, 
by a distance whose rectangular co-ordinates 
õy, ôz satisfy 
ÕY_ÕZ_ b 2 b ...A b 6 
-:;; - I - I r + 2 r + 3 r + 
where r 2 =..,,2+ ["2. As before, b I , b 2 , b 3 
are aberration coefficients of the first, second, 
third. . . orders. In telescope objectives, 
the removal of this aberration is of outstanding 
importance, but it is common to find appreci- 
able amounts of central spherical aberration 
present in good photographic lenses, the 
reason being that up to a certain point this 
defect is less harmful than some other aberra- 
tions which cannot in the particular design 
be removed simultaneously with this central 
aberration. 
(c) Cllrl'atllre and Comatic ...1berration.
.-Be- 
tween the two simple aberrations considered 
in (a) and (b), there lie a series of ot1U'rs "hose 
number and charaderdepem1s upon th(' order 
of th(' aberration. SeverètI of these ha\
e 
recei\yed name
 sugg-ested hy the shape of their 
trace in the image plane or by some other 
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outstanding character. A very rough classi- 
fication, based only on the aberrations of the 
first order, has been found sufficiently inclusive 
to group these under for testing purposes, and 
will serve for the present discussion. The loose 
character of the classification must, however, be 
borne in mind, as confusion may otherwise be 
caused when a more exact division is called for. 
Under this grouping the remaining defects 
are classed as curvature errors or as comatic 
errors, the former class containing those 
members which tend to produce a symmetrical 
deviation from the ideal image point, the 
latter to those in which the departure tends 
to be unsymmetricaL Comparing this division 
with the two spherical aberrations already 
considered, central spherical aberration is 
evidently symmetrical in character, for 
corresponding to any displacement ay, az in 
a ray from a given object point we obtain the 
complementary displacement - ay, - az by 
selecting the ray which meets the stop in 
-?J, - t instead of ?J, t. On the other hand, 
distortion is an unsymmetrical aberration, 
since ay has a definite sign for all rays from a 
given object point. The characteristic feature 
of these aberrations in mathematical language 
is that the symmetrical aberrations may be 
represented by terms which contain odd 
functions of 1] and t, and even functions of 
y and z, while with the unsymmetrical aberra- 
tions the reverse is the case. Taking the first 
order aberrations, from which the classification 
is derived, it m3,y be shown that the defect 
known as còma involves displacements of the 
ray intersectiong given by 

.1 =2(1]2+ S2) + (1]2 - t 2 ) 
Cll 
--=r2.í2+ cos 20), 
aí. _'j r- 2 . 20 
- -....7
 -r SIn , 
cy 
when
 1]=r cos J, s=r sin 0, 
and L ili a constant, showing that the rays 
which pass through a narrow circular zone of 
the aperture intersect the image in a circle, 
the radius of which is proportional to the 
square of the radius of the zone. TIH' circle 
has the prop('rty that light from anyone half 
of the annulus in the stop plane is diRtributed 
over the whole circle; it is thus formed twice 
over by the light from the complet(' annulml. 
The aberration is most ìik('ly to be detected in 
photographic prints by a fuzzy edge to one sidp 
of a narrow ohject, such as a pole, whieh stands 
out strongly against its background, while th(' 
other edge appears much sharper. The removal 
of thi
 aberration is particularly important 
in photographi(' l('Jl
(,S on account. of tho 
large field of vicw involved, to ".-hich this 
particular aberration is proportional. 
The remaining first order aberrations relate 


to departures of the image surface from the 
plane. Two independent constants e, e' occur, 
so that two aberrations are prm;ent, the 
formulae for the di8l,lacements being 


and 


2ay (3 ' ) 
-:;j2=?J e+e 
2 az ( ' ) 
2=pe+e. 
y 


It can be shown from these expressions 
that for points on a sphere of curvature 
proportional to (3e + e') having its vertex in 
contact with the plane in which the image has 
been assumed to lie ay will aRsume zero value, 
and that similarly az ,,,.m vanish for points on 
a sphere whose curvature is proportional to 
(e + e'). These spheres are 0 bviou!':ly the loci 
of the focal lines of the pencils which form the 
image. The aberration corresponding to e 
is caned astigmatism, since, if e is finite, the 
two spheres are distinct, so that no point 
image exists. The other aberration denoted 
bye' is caIled the curvature, sinee this is the 
curvature the image surface would have if 
point images existed in the outer parts of the 
field of view. The form of the expressi0n 
shows that it is only when e vanishes that the 
curvature can be represented bye', the possible 
range in other cases lying definitely to one 
side or other of this value, according to the 
likeness or unlikeness of the signs of e and e'. 
The removal of aberrations of this type was 
for long an obstacle in the way of improvements 
of photographic lenses, and was not realisecl 
until the introduction of novel types of glass 
had resulted from the work of Abbe and 
Schot.t at .1ena. These n('w glaRsPs were 
of particula.r importance in enahling e' to he 
controJIed in value. Together with this im- 
provement it is necessary, if e is to receive a 
satisfactory value, for the optical system to 
contain lenses appreciably separated from one 
another. 
(iii.) Aherrations in General.- In closing this 
very brid description of the aberrations to 
which lenses are subject, it is necessary to 
point out that the values of the constants by 
which the defects are measured arc dependent 
on the position of the object. It follows that 
a len8 which is corrected for an object in one 
position will not give so good an image when 
the object is considerably displaced. The 
magnitude of the defects depends largely on 
the size of the lens aperture, so that a lens of 
large aperture is ne('essarily less Ruitable fur 
general work than one in which the ap('rtnre 
is smaIler. In particular, if a lens corrected 
for an object at infinity is reye!'s('d and RtiJI 
us('d for a distant. ohject t.he imag(' \ViII not hp 
satisfactory unless tlH' ap('rtur(' is 1('88 than a 
definite value, An indication of this valuc iH 
afforded by the largest aperture for which 
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symmetrical objectives are offered for the 
photography of distant scenes. Thp advantagp 
to a manufacturer of the symmetrical con- 
struction is sufficiently great to ensure his 
utilising it as far as it can be satisfadory. A 
lens of this type cannot possibly be thoroughly 
corrected except for the reproduction of 
obje
ts on full scale, Actually, such lenses 
are made for general work up to apertures of 
//5'ü. This affords a direct means of finding 
the standard of accuracy which manufacturers 
find necessary in their objectives. 
It must further be remembered that these 
first order effects are modified in the parts 
of the field of view more remote from the axis 
by the presence of aberrations of higher orders. 
These may tend in many instances to reduce 
the evil effects of the aberration of lower 
orders; for instance, the surfaces containing 
the focal lines may be caused to depart from 
the spherical form and made to approach the 
ideal image plane again. This condition is 
fulfilled in several modern objectives, the two 
focal surfaces crossing in or close to this plane 
near the edge of the useful field of view. 
Strictly speaking, this is the condition which 
k held to justify the application of the term 
" anastigmat" to a lens, though, on the one 
hand, this usage is far more free than mathe- 
matical cunceptions "arrant, and, on the 
other hand, the term is also applied by their 
makers to lenses which du not even attain 
this limited degree of stigmatism. 
The actual appearance of the image in any 
lens depends upon the combined effect of all 
the aberrations which are present, and is also 
modified by the finite wave-length of the light 
forming the image, The classification of the 
defects into a number of separate aberrations 
is entirely artificial, its justification being the 
convenience of dealing \\ith the defects in the 
manner descri bed. 

 (9) TYPES OF LESSEs.-The most varied 
forms have been proposed and used for photo- 
graphic lenses, and it is impossible here to 
attempt any detailed historical treatment 
of the subject. )Iuch interesting matter "ill 
be found in the writill!!s of ,yon Rohr 1 and 
Gleichen,2 which should be consulted bv all 
who desire fuller information. A broad di\
ision 
of the forms in use at the present day may be 
drawn between the symmetrical and the un- 
symmetrical classes. The former group may 
be subdivided into 
(a) Fully symmetrical; 
(b) Hemi-symmetrical; 
(c) Quasi-symmetrical; 
and in each of these su bdi \Tisions there ma v be 
anastigmatic or astigmatic types, combina- 
.1. T
e(}rie und Geschichte des pllúloqraphÜwhen 
Ot/Jell /I"S. 
b 2 'file Theory of Jlodern Optical Instruments, trans. 
Y Llll.;ley anù Swaine. 


tions built upon cemented or uncemented 
components, or on still more complex forms. 
The unsymmetrical forms may be built 
from 1, 2, 3, 4, or 5 components, some or all of 
which may themselves be compound len
es. 
The cases of most importance are 
(a) The single lens; 
(b) The double lens; 
(c) The telephoto lens, a special case of the 
double lens; 
(d) The triple lens, 
As practically all lenses of the symmehical 
type are obtained by combining together two 
systems which are themselves unsymmetrical 
lenses of classes (a) or (c), it appears the 
simplest course to consider the unsymmetrical 
forms first. 

 (10) r
'SY
DlETRICAL TYPES. (i.) TILe 
Single Lells.-This form of lens may be con- 
structed from one or several pieces oÍ glass 
cemented together. All lenses of this type 
are used "ith an aperture stop some distance 
in front of them, and are meniscus in external 
form, presenting their concave surfaces to 
the incident light. This arrangement is 
adopted to secure a pseudo-flattening of the 
image bJT selecting for different parts of the 
field of view pencils which have been refracted 
through different regions of the lens. The 
device is only effective when either central 
spherical ab
rration or coma or both are 
present in the image, The stop must not 
under these circumstances be large, and as this 
method of disguisin!! curvature of the field 
necessarily introduces distortion, systems of 
this kind cannot be used on large fields con- 
taining numerous straight lines which do not 
lie near the lens axis. It is readily seen from 
the diagrams (Figs. 6 and 7) that the pres
nce 


FIG. 6.-Cun-ature Correction in the Presence of 
O,'er-correcteù 
pherical Aberratioll. 


of coma is of greater assistance than spherical 
aberration, and that when either is l>resent 
alone the coma should be under-corrected and 
the spherical aberration oyer-corrected. The 
sign required for the outstanding coma 
accounts for the use of a lens strongly concave 
to the incident light. 
In some of the more complex modern forms 
a ruling factor in the design i
 the presence of 
at least two cemented surfaces at which the 
angles of incidence may be large in comparison 
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with those at other 
mrfàce8, one of these two 
being of positive power and the other of 
negative power, the system further containing 


FIG. 7.-Curvature Correc,tion in the Presence of 
U nùer-corrected Coma. 


at least one lens of barium crown glass which 
combines a high refractive index with smaH 
dispersion. .For a fuller account of such 
lenses reference may be made to the treatise 
by von Rohr, already mentioned, or to 
Lummer's Photographic Optics, translated by 
Thompson. The earliest lenses used in photo- 
graphy appear to have been single lenses of 
one glass of the form devised by 'Y ollaston. 
The earliest achromatic lenses were of the 
ordinary telescope form with a double convex 
crown lens, but at the present time a form 
with both crown and flint of meniscus shape, 
and with the crown lens nearer the stop, is 
invariably used, as it yields more satisfactory 
images over an extended field, 
(ii.) Systems composed of Two Dissimilar 
Lenses.-Such lenses when separated by an 
appreciable distance comprise one of the most 
important classes of objective. By far the 
most celebrated design which has yet been 
evolved, the Petzval portrait lens (Fig. 8), 


FIG, 8. 


belongs to this group. This lens was produced 
in the very early days of photography, when 
the need fur great rapidity was acute on account 
of the slownm;s of the sensitive materials at 
that time available, and in many respects 
it has hardly been surpassed by any later 
designs. In either its original form or in the 
modification introduced by Dallmeyer (Fig. 9) 
it is extensively used as a cin('matograph pro- 
jection Jens at the present day, the relative 
aperture varying from //3.5 to about f/2, 


These lenses ar(', of course, made \\ ith the old 
silicate glasses. 
The furm of Petzval's objective generally 
correspond::; to that which would be indicated 
by basing the design on the conditions for the 


FIG. 9. 


removal of first order aberrations as far as 
this is possible with the glasses available. As 
any actual dcsign involves a balance between 
aberrations of different orders which cannot 
be effected simultaneously, the results given 
by the expressions for these first order aberra- 
tions are subject to considerable modification 
in the evolution of the final svstem. 
The other mem bel's of thi
 class which re- 
quire special mention are anastigmatic lenses, 
and so utilise barium crown glasses. They arc 
gencrally composed of an achromatic ('om- 
bination of the older types of glass, which is 
over-corrected for central spherical aberration, 
on one side of a central stop, and an achro- 
matic combination of a light flint with a dense 
barium crown, which is necessarilv under- 
corrected for central spherical abe;ration if 
the surfaces are spherical, on the other sidE' 
of the stop. Both eomponents are meniscus 
in external form, and present their concave 
sides to thc stop, the ordinary aehromat 
being of the form usual in single lenses but 
being placed before the stop, the other lenses 
resem bling in shape the ordinary teleseope 
objective with its flint component npxt to the 
stop. Under these 'conditions the cemented 
surface of the front component is of negative 
power and that of the back component of 
positive power. The need for 
presenting the concave sides of 
both components to the stop 
arises from the conditions for 
the removal of coma and dis- 
tortion. Among the best known 
lenses of this class are the 
Protars of ..MesHrs, Z('iSH (F1.g. 
10), The Aldis lens, which in form is a double 
objective, is most simply fPgarded as a special 
case of a triple ohjectivc. 
(iii.) The T
lep'lOto Objective.-ThiH form, as 
a self-corrected lens in which the eomponents 
stand in a fixed relation to one another, is 
of comparatively recent development. The 
e
H('ntial feature is that a pOHitive l('ns is 
followed at a considerable distance by a 


@
 


FIG. 10. 
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negative lens, \\ hich increases the focal length 
of '--'the sy::;tf'm \\ ithout extending the sepa'--'ra- 
tion between the front lens and the image in 
the same proportion. Such a combination of 
a positive and a negath-e lens, each corrected 
for colour, lend"\ itself very readily to the 
cunstruction of an anasthrmaticallv corrected 
system Among these ';;ystems 
 the large 
aperture telephoto lens 
(Fig. 11) made by 
\r\\ 31essrs. Taylor, Taylor 
JJJJ & Hobson may be 
mentioned. 
Although telephoto 
lenses made of two 
single glasses are not emplo,yed as an un- 
symmetrical objective, such systems require 
mention, as they provide the basis of many 
symmetrical objectives. In particular, the 
Gaussian form of telescope objective is used 
in more than one of these more complex 
lenses. 
(iv.) Lense.s with Three Components.-Among 
the early attempts to improve photographic 
objectives systems consisting of three separated 
components are of frequent occurrence, the 
external components being of posithye power 
and the central one of negative power. In 
most instances each component was achro- 
matised independently. Xone of these lenses 
survive to-day, and their present interest is 
chiefly due to the claim they may have to be 
considered as forerunners of the 
Cooke lens (Fig. 12), designed 
by 311'. H. Dennis Taylor of 
:Messrs. T. Cooke & Sons, and 
made by 3Iessrs. Taylor, Taylor 
& Hobson. "-hen account is 
taken of the large number of 
conditions \\ hich have to be 
satisfied and the simplicity of the means 
adopted to achie,e them, the design is one 
which must command general admiration. 
The excellence of its actual performance is 
sufficiently attested by the reputation of the 
lens among photographers. The general form 
of the lens, as in other cases, may be derived 
by considering aberrations of th
 first order 
only. 
Another well-known lens of this type which 
may be considered a slight elaboration of the 
Cooke is the Tessar (Fig. 13), produced by 
3[essr8. Zeiss. The chief differ- 
ence between the two lenses is 
tha t in the Tessar the back 
lens of the Cooke is replaced 
by a cemented doublet. In 
theory at least the additional 
degre
s of freedom attained 
by the introduction of one 
more glass 
hould enable' a somewhat lar
er 
field of vie\\ to be covered with satisfactory 
definitiun by the Tessar than by the Cooke: 


a 


FIG. 11. 



 
 


FIG, 12. 
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FIG. 13. 


whether in fact the gain, if any, actually 
achie\yed, justifies the complication, is de- 
batable. Some indication of the excellent 
results attain a ble with the Cooke desian is 
provided by the extensÏ\-e use of such 
nscs 
of large aperture and long focal length by the 
German army in the war for aeroplane photo- 
graphy. So far as is known to the writer, the 
Tessar was not used for this purpose. The 
only serious drawback to lenses of this type 
appears to be the rapid deterioration in the 
definition outside the field which the lens is 
intended to cover, so that the extent to which 
the lens can be decentered is distinctly small 
compared with that possible in some. of the 
double symmetrical types "hen a small stop 
is used. 
The .Aldis lens (Fig. 14) may be regarded as a 
modified Cooke, in \\ hich the first two lenses 
are of substantial thickness 
and are cemented together. ill 0 
The reduction in the n'--'um bel' 
of glass air surfaces which 
results from this modification 
is of distinct advantage, but 
the accompanying restriction FIG. U. 
in the number of variables 
at the disposal of the designer greatly increases 
the difficulty of attaining as high a standard 
of definition as "ith a true triple lens. These 
difficulties have been ably met, and this lens 
appears to be as close an approach as is 
possible with spherical ::;urfaces to the highest 
tri pIe standard. 
31any miscellaneous types of unsymmetrical 
lenses ha\ye been constructed by combining 
on the different sides of a central stop dis- 
similar types of double and triple lenses. 

 (11) SY
DIETRICAL LEXSES. (i.) True 
Symlltelricals.-Turning now to lenses of the 
symmetrical class, the true symmetricals, 
obtained by combining together two exactly 
similar lenses of equal focal length in such a 
manner that one occupie:; the position of the 
image of the other in a plane mirror coincident 
with the central stop plane, may be considered 
fir::;t. Among the simplest of these lenses is 
one due to Sutton, in which ,\ ateI' is the 
refracting agent, this being enclosed beh\ een 
two thin concentric glas.s hemispherical shells. 
The use of such shells enclosing various liquids 
has been repeatedly suggested. but, thougb 
satisfactory pictures ha\-e 
been produced by their (( I )) 
means, they ha \?e not come , 
into use for obvious rea.sons. 
Closely allied to this lens is 
the Hypergon of )[eS81'8. 
Goerz (Fig. 1.3), con::;isting FIG. 13. 
of two very df'ep positive 
meniscus len
('s of a single gla
s, so placed 
that the e"terllal surfaces very approxi- 
mately form a sphere. This lens is used 
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with a rotating star stop to eq ualisp the 
illumination over thc plate, and cùvers an 
angular field sew'r<tl times as gn'at as iH 
attempted" ith lenses of other typps. Fur a 
long p<:'riod the best lens for general purvoses 
was obtained by using two achromatic meniscus 
lenses of the type described earlier to form a 
symmetrical lens. :l\lany namcs were in use for 
such lenses (Fig. IG), 
ill ill though in essentials they 
differed very little from 
_ one another. The names 
FIG. 16. by whiC'h they became 
best known are the 
"rapid rectilinear" and the "aplanat," 
the former describing the characteristic im- 
provement on the single lenses used previously, 
and the latter description being justified by 
the improved dcfinition which enabled a 
larger relative aperture to be employed, 
though in the modern sense in which aplanatic 
is used the term is not correct. 1 
Among modern constructions of the anastig- 
matic types many are of this symmetrical 
class. The simplest clements from which 
they can be constructed in the case of cemented 
components must contain at least three 
different glasses to yield cemented surfaces 
whose powers differ in sign. The commonest 
types have either (Fig. 17) a positive 
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FIG. 17. FIG. 18. 
H =Highest index, 
1\1 = 11eùium inùex. 
L = Lowest inùex. 
double convex lens cemented between two 
negative lenses, or (Fig. 18) a duublp concave 
lens cemented between two pusitive lcnses. In 
either case the refractive indexes of the glasses 
form a descending sequence on proceeding from 
the external medium towards the stop. In 
another form (Fig. 19) a positive meniscus lens 
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FIG. 19. 


FIG. 20. 


of iow refractive index is placed betwepn a 
double convex lens of a dense barium crown and 


1 In carlÏf'r writings ëllllanatic signilìes merely 
frf'pdom from ccntr;tl spherical alwrration. Abbe 
introduced thf> Hl<,aning now J.!<,nerally adopted hy 
impo-.;ing the additional conlUtion that the sine 
condition must be satisfkd, so that the' tprm now 
implies simultaneous ('orrection for central spherical 
aberration and for coma. 


a double cuncave lens of a light flint, the latter 
of course being nearest the 
top. In a fourth 
form (Fig. 20) the central meniscus lens presents 
its concave instead of its convex sidc to the stop, 
and all the component lenses are meniscus, 
the negative lenses occupying the extremc 
positions. Still more complex forms are fuund 
if more than three glasses are used, and lenses 
of this class having four and five glasses to a 
single component are made. 
In anothcr class of symmetrical objectiye 
_ the central lens of the third type of triple 
cemented component is replaced by a meniscus 
air lens (Fig. 21), each compunent thus con- 
sisting of a double convex dense barium crown 
lens separated from a double concave lens 
made from a light flint glass. In a limiting 
case this type mergps into the triple lens of 
the Cooke class. One further class in which 
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FIG. 21. 


FIG, 22, 


an air-gap is used remains, corresponding to 
a form of triple cpmented component which 
does not appear to have been utilised. In 
this class the objective may be considered 
a derivative uf the Gaussian objective, 
consisting of separated positive and nega- 
tive meniscus lenses. The best known lens 
of this type is the Homocentric uf Messrs. 
Ross (Fig. 22), A more complex lens con- 
structed for reproductive work and available 
with apochromatic correction is the Planar uf 
:Messrs. Zeiss (Fig. 23). The cemented lens in 


FIG. 23. 


this construction is composed of two glass('s 
with different dispersions hut approximatcly 
equal refractive index. 
(ii.) Theoretical Considerations.-It has often 
heen claimed for the symmetrical construction 
that its use automatically removps distortion, 
coma, and all aherrations of the unsymmetrical 
clasH, whatever the position of the object may 
be. As this question is of very great import- 
ance it is worth inquiring what advantages 
a s
7mmetrical construction does necessarily 
secure. For this purpuse it is quite un- 
necessary to consider the details of the lens 
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constructiun, the symmetry itself being the 
only pertinent factor. 
Suppose, then, that C (Fig. 24) is the centre of the 
stop, and thus symmetrically situated with respect to 
the t\\ 0 components. Any ray through C ",ill strike 
the components in corresponding points and will be 
refracted by the separate components into exactly 
corresponding positions. The incident and emergent 
mys \\ill thus strike similar and symmetrically 
situated surfaces in points which also correspond. 
In particular, if the intersection "ith the object and 
image planes for magnification -1 are P and P', 
the distances of these points from the axis are equal, 


and the objective is therefore free from distortion 
for this particular magnification. 
Again consider two parallel rays ST' and TS' in the 
space separating the components, which meet the 
central stop plane in diametrically opposite points. 
Symmetry again sho"s that the incident ray corre- 
sponding to ST' is parallel to and correspondingly 
situated with the emergent ray belonging to TS', and 
?:ice 'Versa. Thus the intersection R of the two 
incident rays is symmetrically situated with respect 
to the intersection R' of the emergent rays. 
Iore- 
over, the previous result shows that the ray from R 
through C passes through R', and the more general 
case is easily established, that corresponding to any 
ray through Rand R' another ray through the same 
two points may be found which is parallel to the 
former ray in the stop space and meets the stop 
in the diametrically opposite point. These results 
are readily interpreted to mean that the lens sym- 
metry automatically secures freedom from all 
unsymmetrical aberrations when the magnification 
is -1. It is to be observed that there is no need 
for the various pairs of rays such as ST' and TS' 
to be parallel in the stop space to QQ' or to other 
pairs of rays ari!'ing from the same object point, so 
that the uncorrected character of the half lens is 
of no consequence. 'Yhen we proceed to consider 
conjugate planes for a different magnification the 
arguments which haye served to establish this result 
for the magnification - 1 break down. For example, 
in the case of distortion, freedom from this aberration 
evidently involves the absence of aberration in the 
image of C in a single component. To secure the 
absence of all chromatic aberration the single com- 
ponent must bring a parallel bundle of rays incident 
in the stop space to a single focus in the image space, 
and must also form an image of C in the same place 
for the different colours. 
'Yhen coma is considered in a similar way for a 
magnification other than -1 the rays concerned in 
the formation of the image of a partic
ar object point 


which intersect the stop in opposite ends of a diameter 
do not lie parallel to one another in the stop space, 
and in the absence of such snnmetry conclusions 
can only be drawn when more. is kno
'n of the un- 
symmetrical aberration" for the magnification -1. 
Algebraic investigation is in this case more simple, 
and leads definitely to the conclusion that "ith the 
symmetrical construction the only magnifications 
for which the aberrations generally can be removed 
are +1 and -I, the former corresponding to the 
Gtop and the latter to a real image. 
'Yith moderate sized stops the fact that a sym- 
metrical objective is free from unsymmetrical 
aberration when copying full size may be taken to 
involve small but not zero values for the unsym- 
metrical aberrations for objects in other positions, 
but for large apertures the conclusion is unavoidable 
that this construction is undesirable. The design 
of a symmetrical objectiye for copying the same or 
approximately the same size is particularly simple, 
since it reduces to the design of a half component 
which is free from symmetrical aberrations alone 
Jor parallel beams incident on the surface presented 
t'J the stop, together with the correction of the image 
of the point in which the stop meets the axis for 
colour and spherical aberration. The conditions 
to be satisfied are thm considerably fe"er in number 
than with a complC'te unsymmetrical objective. 
(iii.) Hemi-symmetrical Objecti
.es.-These are 
formpd by combining together two components 
of similar design but of different focal lengths. 
The position of the stop should di,ide the 
Rpace between the inner surfaces in proportion 
to the focal lengths of the components, and, 
as in the fully symmetrical systems, the image 
of the axial point of the stop plane should be 
free from chromatic and spherical aberrations. 
The want of symmetry which exists in the 
paths of other rays shows that we cannot in 
this case infer absence of unsymmetrical 
aberrations for the magnification determined 
by the ratio of the focal lengths of the com- 
ponents, though when these focal lengths are 
not extremely dissimilar in magnitude con- 
siderations of continuity lead us to expect 
that aberrations of this kind will not be large. 
Lenses of this type are chiefly used as a 
variation of the funy symmetrical type to 
secure a lens of somewhat different focal 
length at the cost of half a lens, one component 
only of the fully symmetrical lens being 
replaced by another of the same design but 
of different focal length. 
(iv.) Quasi - symmetrical Systems. - It is 
e,ident from the preceding discussion that 
for the best results for distant objects with 
large apertures the symmetrical construction 
is unsuitable. In a number of lenses this 
difficulty is overcome by introducing slight 
differences between the two components, as 
bv alterine: one or two curvatures and possibly 
a
 separati
n also in one component compared 
\\ith the other. In this way the advantagcR 
which the symmetrical construction offers 
to a manufac'turer may in part be retained, 
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and the design uf the len
 is also simplified. 
since ea.ch component must l)e given properties 
\vhich differ in known directions from those 
which yield correct images for full-size copying. 
Such lenses may be 
called quasi - sym- 
metrical objectives, 
and among them 
may be noted the 
C.elùr (F1'g. 23) made 
by .Messrs. Goerz 
with an aperture of 
f/3.5, while several 
forms of the Cooke 
lens and of its vari- 
ants may be regarded as special cases of quasi- 
symmetri('allenses. In most of these object- 
ives the outstanding feature of the modifica- 
tion is that the front portion, in comparison 
\vith the back, has surfaces more strongly 
convex: to light proceeding from external space 
to the stop. 


FIG. 2;). 
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PHOTOGRAPHIC LE
SES FOR TELESCOPES. See 
" Telescope," 
 (9). 
PHOTOGRAPHIC l\lETHOD OF SPECTROPHOTO- 
METRY: a method of great value in the 
ultra-violet part of the spectrum. See 
" Spectrophotometry," 
 (17). 
PHOTOGRAPHIC REPRODUCTION OF GRATICDLES. 
See" Graticules." 
PHOTOGRAPHIC SURVEYIXG. See" Surveying 
and Surveying Instruments," 
 (9) (vii.). 
PHOTOMETRIC .l\IETHODS OF TEMPERATURE 
DETERl\U:XATION. See" Photometry and 
Illumination," 9 (112). 


PHOTO:
lETRY AND ILLUMINATION 


I. GENlmAL PRINCIPLES AND DEFI"XITJO
S 

 (1) GENERAL.-Photometry is that branch of 
applied physics which deals with the quantita- 
tive comparison of light sources and their evalu- 
ation iri terms of some agreed stand'1l'd, It 
will be seen from Part III. on " Photometrie 
:Methods.' that this comparison or evaluation 
is always af:hievt'd by means uf a. comp:uison 
of the brightnesses of surfaces illuminatcd by 
the sources, and this compari
on has always 
to "be made by the human eye. There is 
therefore a natural limit to the accuracy with 
which two sourt3es of light can be compared, 
viz. the limit hevond which the human eye is 
incapable of pe;cPiving differences of bright- 
ness, This limit varies with the absolute 
value of the brÏt:!:htnesses compared, any 
difference that m-ay exist bf'tween their 
spectral di
t.ribution, the state of the eye, 
and other factors wl1ich are disclU;sed el
e- 
whpre (see article on ,. The Eye as an Optical 
lu;:;trument "). 


In photmlletry there is always an ordered 
sequence ()f phenomena each of whieh has to 
bp separately considpred. Some object, '
aned 
a "luminous source," emits radiation which 
is capable of affecting the retina of the human 
eye and thereby producing the sensation of 
lil!ht. This radiation, or some portion of it, 
reaches a lliven surface and therpby " il1umin- 
ates" it; the surface reflects some portion 
of the radiation it receive
 and then is said to 
have a t3ertain .. Lrightlle
s." 
The consideration of this sequence leads to a 
system of definitions of photometric terms. 

hese may be baRed on the luminous power of 
the source as the primary conception,l or 
alternatively, the rate of flow of radiation (i.e. 
luminous flux) may be regarded as funda- 
mental, all other phenomena, including the 
source, being referred to this as the primary 
conception. 2 

 (2) DErIKITIOKs.-The following defini- 
tions of the more important photometric 
quantities may be given. Those marked with 
an asterisk (*) were adopted by the Inter- 
national Commission on Illumination in 1921. 
* (i.) Luminous Flux.-It is the rate of 
passage of radiant energy evaluated by refer- 
ence to the luminous sensatioil produced by it. 
Although luminous flux should be regarded 
stl'ictly as the rate of passage of radiant 
energy, as just defined, it can, nevertheless, 
be accepted as an entity, for the purposes of 
practical photometry. since tIIP velocity may 
be regarded as being constant under those 
conditions. 
It is measured by the quantity of luminous 
energy falling per second on a surface of unit 
area placed at right angles to the flow. 
* (ii.) The Cnit of Luminous Flux is the 
Lumen. It is equal to the flux emitted in a 
unit solid angle by a uniform point source of 
one international candle. 
(iii.) A Luminous Suurce, or source of light, 
is one whieh emits luminous flux. 
* (iv.) The Luminous Intensity (candle- 
power) of a point source in any direction is the 
luminous flux per unit solid angle emitted by 
that source in that direction. (The flux 
emanating from a source whose dimem;Ìons 
are negligible in comparison with the distance 
from which it is observed may be eonsidered 
as coming from a point.) 
* (v.) The Unit of Luminous I'utensity 
(cundle-pou'er) is the international candle, such 
as resulted from agreements effected hetween 
the three National Standardising Laboratories 
of France, Great Britain, and the "Cnited 
States, in 1000. 
I A. P. TrottE:'r, Ilium. Eng., London, UH4, vii. 
330. 
2 .. Re'port of the Committ('e on Nomcndatnre 
and Standards of the' Illuminating Enginf'f'ring 
Society" Am. Ilium. Eng. Soc. Trans" HH 7, xii. 
438. ., 
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1his unit has been maintained since th('n by 
means of incandescent electric lamps in these 
laboratories which continue to be entrusted 
with its maintenance. 
These laboratOlies are: the Laboratoire 
Central d'Électricité in Paris, the Xational 
Physical Laboratory in Teddington, and the 
Bureau of Standards in \Vashington. 
The International Candle is thus an arbitrary 
standard in terms of which luminous intensity is 
mea&ured. 
* (\
i.) The Illzunination at a point of a 
surfa.ce is the surface-density of the luminous 
fl.u
 at that point or the quotient of the flux'" 
by the area of the surface, when the latter is 
uniformly illuminated. 
:;. (vii.) The Practical Unit of Illumination is 
the Lux. It is the illumination of a surface 
one square metre in area receiving a uniformly 
distributed flux of one lumen, or the illumina- 
tion produced at the surface of a sphere having 
a ra.dius of one metre by a uniform point 
source of one international candle situated at 
its centre. 
In view of certain recognised usages, illumina- 
tion may also be expressed in terms of the 
following umts : 
Taking the centimetre as the unit of length, 
the unit of illumination is the lumen per square 
centimetre; it is known a.s the Photo Taking 
the foot as the ur.lit of length, the unit of 
illumination is the lumen per square foot; it 
h; known as " Foot-candle." 
1 "foot-candle" = 10"764 lux 
1'0764 milliphot. 
(viii.) The Brightness of a luminous surfa('e 
in a given direction is the candle-power per 
unit projected area of the surface in that 
direction. It is pxpresserl in ('andles per square 
millimetre or per square metre.! 
..v.E.-Confusion has been caused in the past by 
the use of thp illumination unit" foot-candle" or its 
modification (, equivalent foot-calidle " to express 
brightness. Brightness should preferably be ex- 
pre:;sed in term:; of candles per unit area. 
(ix.) The Jlean Horizontal Candle-power of 
a lamp is the average candle-power in the 
horizontal plane passing through the luminous 
centre of the lamp. 
It is here assumed that the lamp (or other 
light source) is mounted in the usual manner, 
or, as in the case of an incandescent lamp, 
with its axis of symmetry verticaL 
(x.) The Average Candle-power of a lamp id 
the average value of the candle-power measured 
in all directions in space. It is numerically 
equal to th
 total luminous flux emitted bv the 
lamp in lumens divided by -!7T". This has' oepn 
generally termed the" mean spheri('al candle- 
power," and similarly the term" mean hemi- 
1 Xormal brightness i,; the brightness of a suriace 
when \ iewed in the direction of its normal. 


spherical candle-po\\er" of a lamp (upper or 
lower) has been u
ed for the average candle- 
p
nver of a lamp in the hemisphere con.sidered. 
It is recommended that for this purpose the 
name of the hemisphere in question should be 
added to the term "average candle-power," 
thus: ., average candle-power (upper hemi- 
sphere)." In the pa
t the term "Efficiency" 
has been genemlly used to denote the per- 
formance of a lamp in terms of the watts of 
electrical power consumed, divided by the 
luminous intensity in candles. It is recom- 
mended that this should be called t be "watts 
per candle" of the lamp. 

 (3) FU
DA:\IE
TAL RELATION OF PHOTO- 
l\IETRY.-From the fact of th(' rectilinear propa- 
gation of luminous radiation it at once fnllú\'S 
that, \,ith a uniform point source: (a) the flux 
incident per unit alea, on a vpry small surface 
normal to the direction of the light, varies as 
the in verse sq uare of the distance of the 
surface from the source; and (b) the flux 
incident per unit area, on a very small surface 
at a given distance from the source, varies as 
the cosine of the anQ:le between the normal 
to the surface and th"-'e direction of the light. 
Thus, if the distance between a surface and a 
luminous source so greatly exceeds the (limen- 
sions of both that these may be neglected by 
comparison, the illumination E of the surface 
varies (i.) directly as the çandle-power J of 
the source in the direction of the surface; 
(ii.) inversely as the square of the di'3tance of 
separation, d; (iii.) directly as the cosine of 


.. 
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the angle 0 between the normal to the surface 
and the line joining it to the source (st'e Fig. 1), 
or, in symbols, 
E=J cos Ofd 2 . 
The second and thin} of these laws are known 
as the" inversp square law" and the" cosine 
law" of illumination respectively, and it is 
upon the equation just given that the whole 
of the science and practice of photometry is 
based. 


II, PHOTO
IETRIC STAXD.-\.RDS 
The standards to be dealt \\ith in this 
article include t\\O groups: (a) primary stand- 
ards, in terms of which the candle-powprs of 
all sources are expressed; and (b) secondary 
standards, for practical use in ev('ryday 
photometry. 

 (4) REQ"t'IRE:\IEXTS OF PRDIARY STASD- 
ARDS. - The conditions which a primary 
standard should fulfil arp those required of any 
ph
'sical standard, viz. ease of reproducibility 
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from spe('ification. maintenance of value 
over long periods, small correction factors 
for change of conditions such as b:uometric 
pressure, temppratllre, etc. In adJition to 
theae, a standard of candle-power must fulfil. 
as far as possible, the condition that the 
spectral distribution of its light Hhall ap- 
proximate to that of the light sources measured 
by comparison with it. This condition is 
due to the great difficulties introduced into 
photometry by difference of colour between 
the lights being compared (see 
 (102) et seq.). 


:l\Iany sugge'ltions have been made at 
different times for the production of a satis- 
hctory primary 
tandard of candle-power. 
.None of these fulfils, even approximately, all of 
the conditions outlined above. :1\1ost are difficult 
to reproduce with sufficient accuracy and are 
greatly affe(.ted by change of exterior condi- 
tions. None fulfil:; the condition as to fo1pectral 
distribution, the colour of the light being. in 
every case, much redder than that of the 
source
 of light in common use to-day. 

 (5) KI
DS OF STANDARDs.-The proposed 
standards which have so far received any 
degree of support may be dividcd into two 
groups: (i.) flame standard
, depending on 


the candle-power of a luminous flame burning 
uncler speC'itied C'onditions: (ii.) incamkscence 
standards, depending on the candle- POWt'I of 
a specified area of some 
ulid or molten material 
at a given temperature. 
Of the flame standardR the most important 
are the British standard candle, the Ven1On- 
Harcourt Pentane Lamp, and the Hefner 
Amyl-AC'etate Lamp. 

 (6) BRITISH STA
DARD.-(i.) The Rritish 
candle was set up un(ler the :Metropolitan Gas 
Act of ] ht>O a'3 the official standarcl for the 


D 


c 
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FIG. 2. 
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pnrpose of testing London gas. It was de- 
scribed as a spermaceti candle weighing one- 
sixth of a pound, and burning at the rate of 
120 grains per hour. 
(ii.) This sbndard has now been superseded 
for practical purpoRe
 by the pentane hunp 
rlevised bv Vemon-Harcourt in 1877. This 
hmp is sh
\\ n dia!;rammatically in Fig. 2. The 
saturator A holds the fuel, liquid pentane, 
a highly inflammable and very volatile hydro- 
carbon distil1ed from petroleum. Thi
 
saturator is filled to about two-thirds of its 
capacity before the lamp is li
hted. The 
levcl of thp liquid (observed through the 
window in the side of the saturator) is ne\ er 
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allowed to {all below one-eighth of an inch 
when the lamp is in USf'. The saturator is 
connected, by means ("If a wide india-ruhber 
tubf', with the hurner ß, which consists of a 
stea tite ring pierced with :m holes, anrl at 
which the i
suing mixture of air and penbme 

apl)ur is ignited. The rate of flow. of the 
mixed vapour, and therefore the heIght of 
the flame, C'an be adjusted by means of the 
stop-cocks 8} and S2 on the saturator. The 
chimney tube CC is furnic;hed near its ba
e 
with a 
miC'a window, upon which is marker} a 
horizontal line 88 nun. a bove the bottom of 
the chimney. The chimney is set, by menns 
of a cvlind
ical wooden gauge G, so that its 
lower 
nà is exactly 47 mm. above the steatite 
rin
 burner, Surrounding the chimney CO is 
a c
ncf'ntric tube D up which a current of air 
is drawn by thf' heating of the chimney, and 
this hpatcd air passes into the hollow snpport- 
ing pillar E and so down throu
h. F to t
e 
centre of the steatite rin
 where It IS used 11l 
the combustion of the pentane. It is important 
that the chimney CC be brought centrally over 
the burner E, and three screws are provided 
at the base for the purpose of making this 
adjustment. H iR a conical 
hade for protect- 
ina the flame from drauaht. 'V hen in use, the 
la
p i3 :;let up with the O pillar E vertical, anrl 
the stop-cocks 8 1 and S2 are so adjusted that 
the tip of thf' flame just rises to a level half- 
wav between the bottom of the miC'a window 
in CC and the cross bar. (A slight variation 
in thf' hei(1ht of the flame, however, does not 
affect its :Jcandle-power.) The mica 'Window 
must, of course, be turnf'd away from the 
photometer head, while H is turned so that 
the whole of thf' flame is visible from thf' 
photometer, except the portion at t
e top 
which is cut off bv the lower part of the chImney. 
The saturator ...\ is at first placed npon its 
bracket as far from the cf'ntral column as 
po
sihle and thf' lamp is left alight for at least 
a quarter of an hour before any photometric 
measurements arf' made. If it is found at 
the end of this period that the flame has a 
tendeuC'v to fall in hei.
ht, the saturator is 
moved 'slighth' towarrls the central column. 
Tn makin
g photomf'tric measurements all 
distances are re
konf'd from the centre of the 
flame, i.e. the geometric centre of the steatite 
ring. 
Ùii.) The Pentane Lamp as Standard.- 
\Yhf'n burnt under standard conditions of 
temperature, pr(,
3ure, and humidity, the pen- 
tane lamp is recognised as having a c3ndle- 
po'\\'er of ten international candles. For a 
morp accurate and detailed specification of the 
lamp, anrl of the preparation of the pentane, 
th", Notification of the )Ietropolitan Gas 
Referef's for the year HH6, published hy H.:\I. 
Stationery Office, should be consulted. A copy 
of this notification, together \"\ith working 


dra'\\ings of the pentane lamp, is deposited 
at the Xational Physical Lahoratory, and may 
be there consulted. 
The value of the candle-power of the pentane 
lamp depends on the humidity and harometriC' 
pressure of the atmosphere in which it is 
burnin
. Several determinationc; have been 
made 
f the effect of these \
ariables on the 
candlf'-power of the lamp. The latest is that 
of C. C. Paterson and B. P. Dudding at the 
Xational Physical Laboratory,! and for the 
details of their experiments their origin
l 
w0rk should be consulted. The result they 
obtain is given by the formula 
C.P. =10{1 + 0'0063(8 - e) - 0.00085(760 - b)}, 


where C.P. represents the candle-power of the 
lamp when burning in an atmosphere at a 
rre
sure of b mm. of mercury with a humidity 
of e Jitrf's of water-vapour pf'r cubic metn' 
of the moist air. The constants of the above 
equation agree f'xceedingly wpll with those 
given by Butterfield, Haldane, and Trotter,2 
but Rosa and Crittpnden 3 find values for the 
constants which are notably lower than those 
given above, viz. 0.00.367 and 0.0006. It has 
been suggested that this difference in the 
constants may be accounted for on the 
a8sumption that the lamp really rossesses 
a temperature coefficient, but that as humidity 
and temperature are so closely related in any 
one locality, their separate effeC'ts cannot be 
determined by the usual method of observa- 
tion. Differences in the relation between 
these two quantities at "
ashington and at 
Teddington might explain the observed 
differences in the humidity C'oefficients found 
at these t" 0 places. The values of the con- 
stants are obtained from a very large number 
of comparisons \\ith an electric glow-lamp 
sub-standard of the same colour, observations 
bf'inO' made undf'r all a\Tailable conditions of 
ð 
pressure and humidity. The most probable 
values of the constants are then found by the 
method of leas.t squares. The value for tile 
humidity correction found in 191 i by' K, 
Takatsu and )1. Tanaka 4 \\a
 0.OOô38, and 
thev suaaest that the different value found 
. 00 
in America may be due to the use of a hood 
and ventilating. duct, if the effect of this is not 
the same at all humidities. 

 (i) THE HEFXER LA:\IP.-The standard 
of candle-power adopted as legal in Germany 
and some other European countries is the 
lamp devised in 1884 by VOll Hefner Alteneck 
and shown in Fig. 3. It consists of a con- 
tainer C, made of brass, iO mm. in diameter 
and 38 mm. high. It holds about 1I5 c.c. 
I .. The rnit of ('anrllf' Pow('r in White Light," 
Phlls. Soc. Proc., 1913, xxvii. 
81. 

 JOltTn. of GaR-Lighting. 1911, exy. 88. __ 
3 Am. Ilillm. Bng. Soc. Tram:.. 1910, Y. I J3. . 
t Elt'dro-Teehn. I.aborat., Dept. of CommUnIca.- 
tions, Tok}'o, Oct. 19li. 
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of amyl acetate, a specially pure grade of 
this compound being required for photo- 
metric purposes. The liquid should always be 


G 


T 


5 


1] 


:FIG. 3. 
emptied out of the container when the lamp 
is not in use, as otherwise corrosion is liable 
to take place even though the inside of the 
container be tinned or nickel-plated. A thin 
German silver tube T, constructed very 
. accurately to the dimensions of 2!) mm. in 
hei
ht, 8 mm. in internal diameter, and 0.15 mm. 
in thickness of metal, holds a wick of 15 to 
20 strands of untwisted cotton ,vhich can he 
adjusted in height hy means of the screw S. 
G is a gauge consisting of a lens and ground 
glass screen ,vith a horizontal cross-line. The 
lens forms an inverted image of the flame on 
the screen, and hy this meitns the tip of the 
flamp can be verv accurately adjusted to the 
correct height o{ 40 mm. above the level of 
the t.u be. The candle-power of the flame 
depends appreciably on its height, and one of 
the chief disadvantages of this standard is 
the fact that the flame is very lambent and 
sensitiye to draught, so that in the absence of 
anv chimney its use is attended with great 
difficulty for practical measurement. 
Liebenthal finds that a variation of ] mm. 
in the height of the flame causes 2.7 per cent 
chancre in candle-powèr. The gauge on the 
lamp/:? may be raised 4 mm, to permit adjust. 
ment of the flame to a hpight of 44 mm" at 
which heiaht the eandle-po",er has been found 
to approximate very closely to the unit derived 
frOlT\ the pentane lamp. 
\\'1th the Hefner, as with the pentane lamp, 
allowance has to be made for pressure and 
humidity of the air. The formula in the case 
of the Hefner lamp is 
C.P. = I + 0.006(8.8 - e) - 0.000 II (7ÛO - b), 
where e and b have the same meaning as before. l 

 (8) THE (lARcEr
 LA:\,yP. - The flame 
standard officially adopted in France for 
1 K Ott, Journ. of Gas-Li(//di1I(I, UH!), cxxxii. 378; 
and Electrician, lü15, lxxvi. 227. 


gas-te
ting is the Carcel lamp. which is a 
lamp burning colza oil with an Argand burner 
and glass chimm>,\-. The wick is continually 
supplied with oil by means of a clockwork 
pump, and the correct candle-power is ob- 
tained when the rate of oil consumption is 
42 gm. per hour. In actual use the wick 
is adjusted to give approximately this con- 
sumption, and a correction is applied for the 
departure from this theoretical valup. The 
actual consumption is obtained by burning 
the lamp on a form of balance, a.nd noting 
the time at which the lamp loses ten grammes 
in weight. The difficn lti(
s attending the use 
of this lamp are very great, and diff{'r{'nt 
observers are unah]e to obtain results either 
consistent among themselves or in agreement 
with one an0ther. 

 (9) THE VIOLLE STANDARD.-Of the in- 
candescence standards which have be{'n pro- 
posed two require some description, viz. the 
Violle platinum standard, and the positive 
crater of the carbon arc, The former, which 
was proposed in IR8l by Violle, is the Jight 
from one square centimetre of a su rfa('e of 
molten platinum at the temperature of solidi- 
fication. The Violle standard, on account of 
its obvious theoretical advantages, has been 
regardpd as a promising advance on the exist- 
ing flame standards, and unsuccpssful attempts 
have been made at variom; times to place it 
on a satisfactory practical basis. The most 
recent careful work on this standard is that 
of Petavel,2 who used a semicircular har of 
platinum heated by an electric current to 
such a temperature that the inner core of 
the bar melh'd whil(' the outer shpll remained 
solid. The second form of the standard on 
which he made measurempnts was an ingot 
of platinum fused in a crucible of pure lim{' 
by means of an oxy-hydrogcn blow-pipe. The 
metal was first completely melted and then 
heating was stopped and photometric measure- 
ments of the brightness were made at 10- 
spcond intervals during cooling. The readings 
when plotted showed a constant value over 
the region corresponding to the timp of 
solidification, and the mean of the ohservations 
!1t this period was taken as the "a]ue required. 
It was found that the values obtained by this 
method did not depend on the shape or mass 
of the ingot. but that the effpct of contaminating 
the platinum with either silica or carbon was 
very marked. Petavel's final conclusion was 
that th(' prohahlp variation in the light emittcd 
bv moltpn platinum undpr standard conditions 
,;as not greater than onp per cent, and that 
with more experimental refinements an pvpn 
greater accuracy than this might be attainable. 
It cannot be said, howpvpr, that. one per c('nt 
i" snfficipnt to hring the Yiolle standard, "it h 
its additionnl disadvantage of rednpss of light, 
2 ROll. Soc. Proc., lSnn, lxv, 4tH. 
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into serious competition "With the existing I 
standards. 

 (10) LC)DTER- K"LRLBAU)I STANDARD.- 
One other platinum standard which has been 
proposed, and may be mentioned in pass- 
in!!, is that of Lummer and Kurlbaum. 
Tìiis consists of the light emitted by one 
sq. em. of a platinum strip raised to such a 
temperature that a layer of water 2 em. in 
thickness transmits 10 per cent of the total 
resultant radiation. This ratio is determined 
by means of a bolometer. Although this 
standard is used at the Physikalisch-Technische 
Reichsanstalt for the checking of Hefner 
lamps, Petavel has found (loc. cit.) that the 
bolometer method of temperature adjustment 
is not sufficiently exact to enable this apparatus 
to fulfil the conditions of a primary standard. 

 (11) CARBO
 ARc STAXDARD.-The other 
incandescence standard, on which a con- 


J ----------- --------l D - 
FIG. 4. '- 


siderable amount of work has been done by 
)forris, Forrest,l and others, is that provided 
by a square millimetre of the positive crater 
of a carbon arc operating under conditions 
designed to ensure steadiness. In the Forrest 
arc (Fig. 4) two negatives are employed, each 
at an an
le of about 100 0 with the positive. 
Under these conditions, and using carbons of 
8 mIll. diameter with a total current of 7 to 
10 amperes, it was found that the brightness 
of the crater was uniform over the whole of 
its surface, and photometric measurements 
were made of the candle-power per sq, mm, 
by inserting in front of the crater at D a 
small diaphragm of accurately known dimen- 
sions. Forrest found that the arc would work 
quite silently over a considerable range of 
currents, and that the crater brightness was 
independent of the current under these con- 
ditions. The value he obtained was 172-174 
candles per sq. mm., and more recent work 
on the same lines bv ABen 2 has confirmed 
his general conclusio
s and gives 176 candles 
per sq. mm. as the intrinsic brightness of the 
positive crater of a silent arc. 
An advantage which this standard possesses 
1 Electriciall, HH3, lxxi. 729 and 1007, 
2 Phys. So
. PTOC.
 1921, xxxiii. 62. 


over any other is that the colour of the light 
is bluer than that of most present-day sources, 
a difference which" ill diminish as thf" efficiency 
of practical iHuminants increases. 
g (12) BLACK BODY STASDARD.-The pro- 
posal to use a definite area of a total radiator 
(black body) at some definite temperature 
has been made during recent years,3 and as 
early as 1908 \Yaidner and Burgess sug- 
gested the use of one f::q. centimetre of a 
blaC'k body at the temperature of melting 
platinum. The chief difficulty is that, as "ith 
all incandescence ðtandards. the light emitted 
varies as a high power of thf> temperature of 
the radiator, so that the accuracy of the 
temperature measurements needs to be at 
least ten times as great as the desired 
accuracy of the light standard. 

 (13) GLOW - LUIP SUB - STAXDARDS. - 
Finally, it is necessary to describe the 
electric glow - lamp sub- 
standards which are used 
for daily work in practical 
photometry. Specimens of 
such lamps as uSf>d at the 
X a tional Physical La boratory 
are sho\\ n in F1"g. 5, f::ome 
ha ving carbon and some 
drawn tungsten filampnts. 
In the case of the latter the 
filaments are disposed in 
grid formation so that the 
plane of the whole filament 
can be brought accurately 
over any mark on the 
photometer bench. Such standards as these 
can be operated at any given efficiency so that 
an approximate colour match may be obtained 


lli 
 jj 


FIG. =>. 


"ith the source "ith which thev are to be 
used. Paterson has found -1 that, if not 
overrun, these lamps will maintain their 
3 E. Warburg, Zeits, l'ereilles Delltsch. 1110., 1917. 
xxx. 3-10. 
I ltu
f. El. E1/fl. Jo-llm., 1907, xxxviii. 287, anù 
Pltys. Soc. Proc., 191=>. xxvii. 2ïO. 
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candle- power values for many hours of burning, 
so that if used only for a few minutps each 
day, they do not need recalihration for long 
periods. 1.'01' this reason they have Y<.'ry 
largely sup{'rseded the actual primary standards 
in ev<.'ryday photometry, and standards such 
as these, after comparison with master stand- 
ards at a Xational Laboratory, arc used in 
most photometric laboratories for practical 
work. Since the candl<.'-power of a carbon 
filament varies as the sixth and that of a 
tungsten filament as the fourth power of the 
voltage applied to it, it is necessary to make 
the electrical measurements with 4 to ß times 
the accuracy required uf the candle-power 
measurements. \Yith proper battery supply 
and potential measuring apparatus, however, 
thi
 presents little difficulty. 

 (14) RELATIVE V.ALUES OF THE STAND 
ARDs.-The following table summarises the 
relative values of the different standards 
above described. 


TABLE I 


- 
Pentane. Hefnrr. Carcf'l. Violle. 
- 
Pentane 1 11.1 ].05 0.5 
Hefner . 0.00 1 0.004 0.045 
Carcel 0.9ü 10"6 1 0.48 
Violle 2.0 22 2.1 1 


Since 1909 the standard derived from the 
10-candle pentane lamp has been adopted 
by the National Laboratories of France, 


Great Britain, and U.S.A., and has' 
been subsequently preserved by m<.'ans 
of glow-lamp sub-standards. This is 
now tcrmcd the International Candle, 
and is equal to the old l
'rcnch "Bougie 
décimale. " 


III. PnoTo:\l ETRIC :l\IETHODS 


A
 has alrea(ly heC'n stated in the sec- 
tion on General Photometric Principles 
(q,v.), the comparison of light sources 
is always made by comparing the 
brightness of surfac<.'s illuminated by 
thcse sources. Thus every photometer is 
psscntia1Jy an instrument for the ready com- 
parison of brightnpss. Photomet<.'rs may, 
however, be groupcd in two classcs accorù- 
ing as they are primarily intended for the 
comparison of light sources, or for the 


measurement of illumination at a given 
position. 
In the case of the former c1as8 the two 
sonrces are generally placed one on either side 
of the photometer, and thcir resppctive dis. 
tances from the pomparison surfaces in the 
instrument are then adjuRted until equality 
of brightness is obtained, Assuming hoth the 
surfaces to have the same reflection ratio, 
and to be equally inclined to the incid<.'nt light, 
this condition gives the distanpes at which the 
two sources produce equal illuminations, and 
hence the candle-pmvers of the sources (in 
the direction of the photometer) are in the 
same ratio as the squares of their resp
ctive 
distances from the photompter surfaces. 

 (15) THE BUNSEN PHOTOMETER.-As a 
convenient example, the simple form of thE" 
Runsen Grease-Spot Photometcr may be 
described. This p(jnsists of a sheet of opaque 
white paper rendered translucent oyer a small 
circular region in its centre by the application 
of paraffin-wax. This sheet S (Fig. 6) is 
mounted in a box which is hlackened on the 
inside and provided with two mirrors l\1.
I 
by means of which the two sidE's of the sheet 
may be simultaneously observed. The box is 
mounted between two sources of IÏ!rht, the 
sheet of paper being perpendicular to '-'the line 
joining them, and is moved to and fro along 
this line until the observer obtains an identical 
appearance for the two sides of the paper as 
viewed in the mirrors. The candle-powers of 
the sources are then in the ratio of the squares 


of their rlistances, d t -. d 2 , from 
the paper sllPet in t.he photo- 
meter hcad, i.e. if J 1 and J 2 
are the candle - powers of the 
sources in the dirpction of the 
photometer, then 
J 1 d 1 2 
J 2 =d 2 2 " 

 (16) ILLUJ\IINATION PHOTO- 
METERs.-The principlp of an 
illumination photometcr is 
somewhat different. This in- 
strument is used for (ktpr- 
mining the illumination at a given position 
by plaping a matt white surface in that 
position and m
asuring its hrightness hy 
comparison with that of another 8urfaee pon- 
taincd in the instrument. The illumination 
of this surface is variable at "ill by the motion 



 


}'IG. 6. 
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of some part of the instrument, so that, with 
a scale previously calibrated, the value of the 
illumination of the outside surtace can be at 
once obtained, Fig. 7 shows a typical form of 
illumination photometer. 
P is the photometer case containing L the 
electric lamp, 8 2 the surface whose brightness 
can be varied by moving L, and E an eye- 
piece. 8 1 is the other surface placed at the 
point at which it is desired to measure the 


8, 


FIG. 7. 


illumination produced by lamp F. The sur- 
faces 8 1 and 8 2 are observed simultaneously 
through E, and the handle H is moved until 
8 1 and 8 2 appear equally bright. As the 
mon'ment of the handle regulates the illumina- 
tion at 8 2 each position taken up by it corre- 
sponds "ith some definite illumination. These 
illuminations are marked on a scale over which 
mm
es a pointer attached to the handle, so 
that when there is equaJity of brightness the 
scale reading indicated by the pointer gives 
at once the value of the illumination at 8 1 , 
which was de:-;ired, 
* (I7) )1oDERx )1ETHODS OF PHOTO)IETRY. 
-)1odern photometry, as far as it is concerned 
VOL. IV 


with the comparison of light source
, and 
their mea
urement in a gin'n direction by 
comparison "ith standard sources, depends 
on the use of a comparison photometer of the 
most sensith-e type a,ailable, together with a 
photometer bench specially designed for the ac- 
curate determination of the distances involved. 

 (IS) THE LGJDIER-BRODHrx PHOTO)IETER. 
-The form of photometer head generally 
employed for work of the highest accuracy 
"ith lights of the same colour is the Lummer- 
Brodhun contrast type, the first form of 
which was described ill lS89
 though it has 
undergone se,eral improvements since that. 
date. The principle on "hich the instrument 
works will be best undelstood from Fig. S, 
which shows on the left a plan ,iew of the 
interior of the photometer head, and on the 
right an enlarged ,iew of the prism system P. 
8 is a central screen (approximately 4 mID. 
thick) constructed of "hite plaster with as 
matt a surface as can be obtained. The two 
sides of this screen are respectively illuminated 
by light from the two lamps to be compared. 
)1 1 and )1 2 are total reflection prisms, and by 
means of these the light from the two sides 
of the screen is brought to opposite faces of 
the prism system P. 
This system, as may be more clearly seen 
from Fig. 8A, consists of two right-angled 
prisms placed "ith their hypotenuses in 
contact. The hypotenuse of the left - hand 
prism, however, is sand-blasted with the 
pattern shown shaded in Fig. SB, and thus the 
only parts of the two prisms which are in 
optical contact ha,e the form of the white 
pattern in that figure. The result is that 
light passing into prism PI is transmitted 
"ithout change to prism P 2 in the pattern 
shown white in Fig. SB, while the rattern 
shown shaded in that figure is the pattern o,er 
which total reflection takes place in prism P 2' 
i.e. the pattern over which the light from )1 2 is 
seen by the obser,er at O. In effect, there- 
fore, the obser,er at 0 sees a pattern of this 
form in which the brightness of the shaded 
portion is due to light from the right-hand 
side of S, while the brightness of the white 
portion is due to light from the left-hand side 
of 8. Clearly, when the two sides of S have 
the same brightness the pattern "ill disappear. 
Disa ppearance, howe'-er
 is not the condition 
of which the eye is capable of judging most 
sensitively, and therefore sheets of glass G I 
and G.) 
re inserted as shown in Fig. SA, so 
that the liO'ht forminrr each of the rhomboidal 
o 0 
patches is reduced by 8 per cent, and the 
condition to be arrived at is then equality of 
contrast between the patch and its back- 
{Tround in both halves of the field of ,iew. 
The observer is prm-ided "ith a telescope 
at 0, by means of which the pattern of the 
field is brought into accurate focus for his eyf', 
2E 
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as without sharpness of focus it is diflicult to 
obtain accurate settings of the photometer. 
The whole of the optical part of the ap- 
paratus is mounted rigidly in a brass box 



 S 
 

 ----- ------- 
------- 
.. 
- - - - _ _..L. 
.......---------- 
- -- ---7
 .:
,
......--------- 
/ / / ", ", '''.. 
/ / / ", ", ", 

 //
/ .." 
 ,..: ': 
M M 2 , "'( 
/ 1 , '" 
, , , 
" " " " , 
" "" p ,',',/ 
""" ,',,' 
" " ,',' " 
" ' , 
,,
, , 
" ...:--- 
,. 


1!'1G. 8. 


which is capable of rotation about a horizontal 
axis. Further, the screen S can be removed 
for alignment of lamps on the bench, or 
for reversal of screen to eliminate differences 
ùue to Jack of equality in reflection ratio of 
the h\ 0 plaster surfaces. The photometer 
windows are provided with brass shutt(>r
, 


occasions and using the method of procedure 
described later in this section. 

 (19) THE PHOTOMETER BE
CH. - The 
photometer bench must next be described. 


FIG. 8A. 


o 


FIG. Bn. 


The pattern designed and used at the 
National Physical l...aboratory is shown in 
general view in Fig. 9. It consists of two 
!:;traight steel bars, 3000 to 5000 mm. long, 
supported rigidly at interval." the distance 
bet,\ een the bar!:; being 300 mm. Carriages, 
one of which is shown to a larger scale in 


and these should always be kept closed when 
the instrument is not in use, as othen\ise 
both the plaster screen and the glaRs surfaces 
of the prisms become dusty, and the field of 
view is covered with specks so that the accuracy 
of the rf'adings is much impaired. 'Yith ex- 
perienced observers. lights of the same colour 
can be compared with this photometer to an 
accuracy of 0.1 per cent by taking the mean 
of a number of observers working on several 


Fig. 10, support the lamps to be compared, 
and the photometer head. These carriages 
consist of aluminium base plates B supported 
on three roBel's with V -shaped grooves which 
run smoothly along the bars of the bench. The 
centre upright of the carriage has an adjust- 
ment for raising and lowering the plate P, and 
the latter is also capable of rotation about its 
axis, and carries a scale of degrees, so that it 
may be brought to any desired position. 
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Different fittings are attached to the yarious 
carriages according to the particular apparatus 
"hich they are intended to bear. The speci- 


FIG. 10. 


men shown in Fig. 10 is designed to hold a 
lamp. Others -are adapted for carrying a 
rotator, apparatus for polar curve measure- 
ments, or a photometer head 
and screening system. 
Sub-standards and com- 
parison lamps are mounted 
in specially designed holders, 
mth tubular stems (as shown 
in Fig. ] 1) which fit into a 
central hole in the carriage 
pillar, a slot S at the bottom 
engaging in a key at the base 
of the hole, so that when a 
definite mark on the degree 
scale of the table is opposite 
the pointer the lamp 
is in a definite posi- 
tion "ith respect 
to the axis of the 
bench. 
Test lamps are 
accommodated in special 
holders which have sockets 
designed to take lamps with 
ordinary standard ca ps. 
These holders terminate in 
tubular stems similar to 
those on the sub-standards, 
S and they are provided "ith 
FIG. 11. two paiTII of leads, both of 
which are soldered to those 
parts of the sockets which make the contacts 
with the lamp cap. One of these pairs of 
leads is used for supplying current to 
the lamp, while the second pair is used 
for volta!!e measurement. In this wav the 
voltage i
 measured at points \\ hich ;re as 


near as possible to the actual lamp contact
, 
and no allo\\ ance has to be made for yoltage 
drop in the supply leads. Each pair of leads 
is connected at its free end to a special form 
of ebonite holder, which is designed to facilitate 
connection "ith terminals carried on a small 
ebonite board at the end of the ben('h (Fig. 12). 
The carriage bearing the photometer head 
also carries a steel bar along "hich arc placed, 



 
Volts 

 G 


FIG, 12. 


at conyenient interyais, a number of blackened 
aluminium screens with yarying sizes of 
apertures. The relative sizes of the screens 
and their apertures, and the inten-als at which 
they are placed along thp bar, are so related 
that the screen of the' photometer head is 
completely shielded from rays of light proceed- 
ing from anywhere but a natTow region 
surrounding the lamp to be measured (see 
Fig. 13). 'Yhen the bench is in use black 
curtains are hung on either side of it throughout 
its length, and black velvet screens are placed 
behind the lamps being compared, so that, as 
far as possible, stray light is completeJy 


,/ 1..-...-.J ...--.1 
[
--
' ,,' ---- -- 0 
::
<

:::
1::=====1--------1 


FIG. 13. 


prevented from reaching the photometer. 
One source of 
tray light which is sometimes 
found to give trouble is the specular reflection 
of the light from the lamp by the polished 
surlaces of the steel rods of which the bench 
is composed. This may be avoided byebonis- 
ing the rods (thouf!h eyen in this case specular 
reflection still takes pla('e) or, better, by 
covering the rod;; at the half-way point "ith 
a piece of black velvet. The importance of 
adequate screenin
 cannot be overestimated 
in accurate photometric work. 

 (20) PROCED"LRE I
 l\IAKIXG A PHOTO- 
METRIC )!EAS"LRE:\IEXT. - The photometric 
procedure adopted at the Kational Physical 
Laboratory may be convenientJy described 
by analogy with the double-balance method 
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of weighing. As in thi8 method the object. I 
,vhose mass is req uired is first balanced by 
an unknown mass of sand and is then re- 
moved from the scale pan and replaced by 
weights sufficient to balance the sand again, 
so in this method of photometry a lamp of 
unknown candle-power is used on the right- 
hand side of the photometer bench, and 
this is termed the " comparison lamp." The 
carriage holding this lamp is clamped to the 
carriage holding the photometer head by means 
of a bar of convenient length, so that the two 
carriages may be moved as one unit and the 
illumination on the right-hand side of the 
photometer head remains constant (see Fig. 9). 
To adjust this illumination to 10 metre- 
candles a glow-lamp sub-standard of accurately 
known candle-power is placed in a carriage 
at the zero mark on the left-hand end of the 
photomf'ter bench. The distance of this lamp 
from the photometer head, which gives an 
illumination of 10 metre-candles on the screen, 
heing accurately known, the corresponding 
distanc
 for the comparison lamp (termed its 
"fixed distance") is found by photometric 
balance between the two. In actual practice 
this fixed distance is found as the mean of 
observations with four or five sub-standards 
and two or more observers, depending on the 
accuracy of the work to be undertaken. The 
distance between the photometer head and the 
comparison lamp is then fixed, by means of the 
bar, at the value thus obtained, and the bench 
is then ready for the measurement of the test 
lam ps. 
A test lamp having been placed in the left- 
hand carriage of the photometer bench, and 
the axis of its filament (or mean plane of 
filament when dealing with grid filaments) 
having been carefully adjusted to be over 
the zero of the photometer bench, the observer 
makes a number of settings of the photometer 
head. An assistant notes these down, and 
the square of the mean distance in metres 
multiplied by 10 gives at once the candle- 
power of the test lamp in the direction of the 
photometer T t is generally the case that 
two observers will obtain values for the fixed 
distance of the comparison lamp differing 
by several miUimetres in 1300 to 1500 (the 
distance for a lamp giving about 20 candles). 
It is therefore customary to set the fixed 
distance at the value found by one observer 
and to correct the observations of the other 
observers so as to make these correspond 
with the fiXf'd distances found by them. 
It may be mentioned in passing that the 
observer at the photometer head never sees 
his own readings until they are aU taken and 
entered up, so that he has no chance of heing 
unconsciously biassed in one direction or 
another. For really accurate work, such as 
the standar(lisation of sub-st
ndards, w}lcre 


values are certified to an accuracy of a 
quarter per cent, the procedure above outlined 
is gone through on three or four separate 
occasions, flS it is found that the relativp values 
obtained by two or more observers" ill differ 
slightly from day to rlay, so that it is desirable 
to ha ve the mean results of sey-eral days' 
o bserva tions. 
(i.) Errors.-It will be f"een that this method 
of photometry avoids four of the errors to 
which a simple comparison of test lamp 
with standard is liable. These t:'frors arc: (i.) 
photometer screen error, (ii.) zero error of 
photometer head, (iii.) unequal reflections from 
extraneous objects at the two ends of the bench, 
and (iv.) observer's personal error. The first 01 
these errors, due to lack of symmetry in the 
photometer head, as has already been men- 
tioned, can be compensated by reversing the 
photometer head, but this does not apply 
to the other errors, which still remain unless 
a substitution method is employed. 
It will be clear that the bench, in addition 
to its millimctre scale, may bear a "square" 
scale so graduated that the position of the 
photometer head, when the illumination is 
equal to 10 lux, gives the candle-power of 
the test lamp directly without calculation; 
for \vith a reading of n millimetres the candle- 
power is (n/l000)2 x 10 candles. It will be 
noticed that no allowance has been made 
above for the thickness of the plaster screen 
of the photometer head. If the distances of 
the two lamps from the photometer are 
approximately equal, or even in the ratio of 
2 to 1, with distances of 1300 mm. or over, 
the error introduced by this neglect does not 
exceed 0.15 per cent. For work at short and 
unequal distances, however, the semi-thickness 
should be subtracted from the distance of the 
test lamp, assuming that the distance of th(' 
sub-standard has been given as that necessary 
to produce an iUumination of 10 metrf'-f'andles 
on the actual surlace of. the photometer screen. 
(ii.) Alternative .Jl ethod. - It somctimes 
happens that the method of fixed distance 
described above is not practicable, either 
on account of the high candle - power of 
the test lamp and insufficient length of the 
bench, or when measuring a source in a 
number of positions in which the canrlle- 
power varies over a wide range. In this 
case it is necessary to faU back on actual 
candle-power measurements of the comparison 
lamp, and the use of th(' inverse square law, 
both lamps being held stationary, while the 
photometer head alone is moved. In this 
case, if d is the distance bet\veen the two 
lamps, .J the candlc-power of the comparison 
Jamp, and x the distance of the photometer 
head from the test lamp, the candlp-powcr of 
the test lamp is given by the formula 
Jx 2 f(d - x)2. This method, of coursf:', involves 
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much more calculation than the fixed diRtancc 
metho,l. 
:For the measurement of very high candle- 
power sourceq at the Xational Ph
sical 
Laboratory, a 3-metre photometer bench is 
mounted on a. table fitted "ith roìIC'rs, 
which move along a rail track 30 mptres in 
length, 

 (21) BEST ILLU
JIXATIOs.-An important 
factor which has to receive consideration in 
accurate photometry is the degree of illumina- 
tion desirable on the photometer screen. It 
seems to be generally agreed that an illumina- 
tion of beÌ\\ een õ and 
o metre-candles is thJi t 
at which the eye is capable of giving the best 
results with the Lummer-Brodhun photometer 
head. Out
ide these limits the accuracy of 
judgment oi eG. uality begins to diminish, 
(i,) Absorbing Screens. - In the case of 
very illgh candle-power sources of light it 
is sometimes inconvenient or impossible to 
place these sufficiently far from the photo- 
meter to ghTc the desired degree of illu- 
mination, and various methods have been 
proposed for reducing the intC'nsity in a de- 
terminable ratio. One such method, the usc' 
of a neutral-tinted glass plate (or double- 
wedge), placed in the path of tbe li
ht, has 
the disadvantage that tnlly neutral glass is 
unobtaina ble, so that in practice it is necessary 
to determine the transmission ratio of a gin'n 
spC'cimen of glass absorber by means of light 
of exactly the same colour as that "ith which 
it is intendpd to be used. An alternative is 
that proposed by I ves and Luckeish, l and 
elaborated bv Krüss,2 This consists of two 
glass plates 
led with fine opaque black lines, 
exactly equal in breadth to the spaces between 
them. The
e two plates slide one behind the 
other, and so a variation in transmission of 
50 per cent to zero can be olJtained. 
(ii.) The Sector Disc.-The most gpnerallv 
used apparatus for the purpose, h()'

'ever, is 
the sector disc in one of its many fOl'ms. 
The pattC'rn devÜ:ed and used by Abney is 
shown in F1'g. 14, and possesses the advan- 
tage that the angle of the sector opening!? 
can be ,-arierl "hile the disc i
 in motion. 
The disc is placed so that its upper portion 
alternately intercents and transmits the bcam 
of li!!ht ';hich it i

 proposed to reduce. The 
shaft carries near one end a grooved ruI1ey 
driven at any desired speed by an elC'ctric 
motor. At the other end is a disc A, of 
which three equal sectors ha.ve been re- 
moved, except bv the 
haft and the rim. A 
second, eX3ctl
? s'imilar, di
c is placed behind 
thi" one, and is rigidly attached. to a flange 
fixed to a sleeve which 
lides on the shaft, 
and has a -rin engaging in a '3piral 
roovc C'ut 
in the shaft. Thus, the longitudinal position 
1 Phy.r:. Rei'., un 1, xxxii. 5

. 
I Zeit."]. InstrumRntenk., HH7, xxx,'ii. 109. 


of the sleeve along the axis of thc shaft controls 
the relative positions of the Ì\"""O discs, and so 
the width of the sector openings is ca pa hIe 


FIG. U. 


of control by means of a grooved wheel 
attached to the sleeve and acted upon by a 
pin iT] a h=ver L, which moves over a divided 
scale
. It has been shown by E. P. Hyde 3 
that the transmission ratio of a disc of this 
kind, if due precaution be taken to avoid 
stray light, is aC'curately the same as the ratio 
of the total angle of opening to 360 0 . Of 
course, the smal!
r the opening the more the 
accuracy of the transmiss10n ratio depends 
on the accuracy "ith "hich thp sectors are 
cut, and for this reason it is not generally 
advisable to use openings smaller than 10 0 \\ith 
a disc of ordinary construction. The speed 
of rotation has to be Rdju::;ted until all flicker 
of the field diðappears, and therefore need
 
to h!' higher the smaller the transmission 
ra tio. 

 (22) ERROR D"LE TO SIZE OF SO{TRCE. 
-An important consideration in the photo- 
metry of sources of light of large dimensions, 
or where the candle-po" er is so small that the 
distance from the photometer has to be made 
comparable with the dimensions of the sourC'e, 
is the limit at which the in,?ersc square law 
may be taken to apply with the necessary 
accuracy. This law is, of course, only strictly 
applicablp to a point source of light, and in 
the practical case of a source of finite dimen- 
sions, the illumination of the photometer 
screen is the sum of the partial illuminations 
due to all the elementary portions of which 
A 
-f 
 
l)r 0 
- 1 0 
J a ): 
B 


FIG. 15. 


the source is composed, the inverse square 
and co
ine laws being applied to each such 
elementary portion separately. Thus. in the 
case of a circular disc AB (Fig. 13), the illumina- 
3 Bureau of StalldardN Bull., 1 gOO, ii. 1. 
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tion of an elementary surface at a point 0 
along the axis of the disc, due to an element 
of the disc ()f area a situated at its centre, is 
alla2, where I is the normal brightness of the 
disc. If the disc is a perfect diffuser, the 
amount of flux it emits in any direction is 
proportional to the cosine of the ang1e which 
that direction makes with the normal to the 
surlace. The illumination produced by a 
similar element at A, therefore, is only 
al cos 2 81A02, for the amount of flux emitted 
by the disc per unit area in the direction of 
AO is I cos 8, and since this meets the surface 
at 0 at an angle 8 with the normal to that 
surlape, the illumination is again subject to 
the factor cos 8. Hence the illumination at 
o due to A is al cos 4 8Ja 2 . By integrating 
this expression over 
the whole disc it is 
found that 'the 
illumination at 0 
due to the whole 
disc is 'r 2 E/( a 2 + r 2 ), 
where r is the radius 
of the disc and E 
is the illumination 
calculated on the 
assumption that the 
size of the disc is 
negligible in com- 
parison \\ ith its 
distance from O. 
Similarly it may be 
shown that for a 
single straight fila- 
ment of length 2l 
the illumination at 
an elementary 
surface distant a 
from its centre is 
E/2[all tan-Ilia + a2/(a:!. + 72)], where E has 
the same meaning as before. Clearly, in 
theRe two particular examples, if the error 
is not to exceed 0.2 per cent, then in the 
firnt case ria must not exceed 4.5 per cent, 
and, in the second case, lla must not exceed 
4 per cent. In Fig. 16 are given graphs of 
the percentage errors introduced by assum- 
ing discs or lines of various dimensions to 
behave as absolute point sources. These 
graphs give therefore the dimensions of the 
largest sources for which the inverse square 
law mav be assumed to hold to any desired 
degree 
f accuracy. . 
* (23) Y ARIATI()Y OF CANDLE-POWER WITH 
VOLTAGE.-As has been already stated above, 
the candle-pm\er of electric gl
w lamps varies 
at a much more rapid rate than the voltage 
applied to the filan1f'nt. Actually it has been 
found that for tungstpn fila
ent vacuum 
lamps, a voltage change of 1 per cent causes 
a 3.7 per cent change of candle-power, while 
for carbon filament lamps this change is as 


much aiJ 5 per cent. For tungsten filament 
gas-filled lamps the figurp is generally not 
much different from that for tungsten filament 
vacuum lamps, For tungsten the change pro- 
duced by a gi,'en current variation is approxi- 
mately half that producpd by the f:ame per- 
centage change of voltage. 
(i.) roltage Regulation.-From this it "ill 
be seen that to attain an accuracy of one- 
tenth per cent in candle-power measurements 
it is necessary to ensure that the electrical 
measurements and regulation shall be accurate 
to at least 0.02 per cent. Either voltage 
01' current regulation ma.y be employed; 
the latter has the advantage that it is not 
necessary to ensure that the electrical measure- 
ments are made at the terminals of the lamp, 
but the former 
method has the 
advantage of greater 
sem;.itivity, and is 
the method gener- 
ally employed in 
photomptric labora- 
tories, 
(ii.) r oltage and 
Current JI eaS'llre- 
ment. - For work 
where an accuracy 
of 1 per cent in 
candlp- power is the 
best aimed at, in- 
dicatinginstruments 
of a large scale pre- 
cision type are good 
o enough if constantly 
.02.04.06'08 .10 .12 .14 .16 .18 .20 .22 '24 '2'3 '28 '30 .32 ,34 ,36 checked a!!ainst a 
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a a standard cell and 
accurate potentio- 
meter. For more 
accurate work, however, a potentiometer 
method of voltage measurement must be 
employed, and it is essential that the volt- 
age of the supply shall be absolutely free 
from momentarv fluctuatioI'ls. In the most 
accurate work a
storage battery, of reasonably 
high capacity for the loads to be taken, is 
essential. The leads from this supply are 
brought through adjusting resistances to the 
current terminals on the photometer hench. 
From the voltage terminals, leads are carried 
to the terminals of a potentiometer, which is 
repeatedly checked during the courfo;p of a day 
against a standard 'Yeston cell. If measure- 
ments of the current passing throuf!h the lamp 
are also desired, it i
 nece
sary to introduce 
into the main circuit of the lamp an accurately 
measured resistance capable of carrying the 
current without 
ufficient change of tempera- 
ture to affect the value of the resistance. The 
voltage across the endR of this standard resist- 
ance can then be measured by means of the 
potentiometer and the value of current deduced. 
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Frequently, when using two electric lamps 
on thf' hench at the samc tim(', it is con\Tenient 
to be able to have a constant indication of the 
voltagf' on each lamp, and in this case an 
electrostatic voltmeter may be usefully em- 
ployed on the comparison lamp circuit. This 
lamp has normally to be run for a considera ble 
length of time at a constant voltage, and 
therefore a voltmeter with a sufficiently 
enlarged scale (that used at the Xational 
Phy
ical Laboratory has a scale of 12 feet 
radius on which one volt is represented by a 
length of 2! inches) 1 may be used for main- 
taining a watch on its voltage. The indication 
of this voltmeter has to be checked at intc!'vals 
throughout the day on account of the slow 
upward creep due to the lag of the suspension. 
'Vith this arrangement, the potentiometer is 


FIG. 17. 


free to give a constant indication of the 
correctness of the voltage on the test lamp or 
sub-standard. A sketch diagram of the 
electrical connections is given in Fig. 17. 

 (24) OTHER TYPES OF PHOTO)IETER.- 
The above is a general description of the 
methods usually followed when using a com- 
parison photometer of any ordinary type and 
for the purpose of illustration; the Bunsen 
grease spot and the Lummer-Brodhun contrast 
photometers have been described. The method, 
however, is perfectly independent of the 
particular form of photometer head employed, 
and som(' of the other types which have been 
de"\'"ised must no" be described. The total 
number of thf'se is very large, and it is im- 
po:,sible to do morf' than gi\e a brief outline 
of a few of the best known in the space here 
available. For the others, a text - book on 
photometry, such as that of Liebenthal, 
PraJ..tische Pholometrie, or Trotter, Illllmina- 
tion, Its Distriblltion and JI easurement, should 
be consulted. All of them depend, of course, 
on the comparison of brightne

. hut the 
arrangement of the surfaces to he compared 
and the form of the line of separation differ 
in the different instruments. Further, while 
the majority depend on the law of inverse 
1 .. Photometry at the Xational Physical Labora- 
tor
-," Ilium. Enù., London, 1908. i. 8-15. 


squares for the variation of the illuminations, 
some uc;e other means. such as polarisation, 
for this purpose, 
o that in these latter instru- 
ments the sources and the photometer are not 
altered in relative position" hile the measure- 
ments are in progre
s. 
Of the first class, depending on the in\ersf' 
square law. the Rumford, the Harcourt Gas 
Rf'ferees, the Ritchie, Conro\, Thomson- 
Starling, Joly, and Trotter types will be 
described, while the )Iartens will be taken as 
a model of the polarisation type. 

 (25) THE Rr)IFORD PHOTO:\IETER.-The 
earliest form of photometer capable of ac- 
curate work was desianed by Count Rumford in 
1793, and consisted 
f two 
 vertical cYlindrical 
rods Rl R 2 (Fig. 18), contained in a blackened 
box at the meeting-point of two table
. The 
tables carried the two sources to bf' compared, 
and these cast shadows of the cylinders on a 
white surface at the back of the box. The 
relative positions of the cylinders were so 
adjusted that the two central shado"s were 
just in contact at the centre of the white 
surface, while the two outer shadows were 
cast on a blackened surface and so lost. An 
opening in the centre of the front of the hox 
enabled an observer to compare the intensities 


FIG. 18. 


of the two shadows, and to obtain equalÍty 
between them by moving one of the sources. 

 (26) THE HARcorRT PHOTO)IETER.-The 
Harcourt photometer used by the )Ietro- 
politan Gas Referees consisted, in principle, 
of a box, ha\ing on one side a circular 
opening co\ered "ith translucent paper and 
on the other a diaphragm with a rectangular 
opening 2.3 mm. high and 7 mm. broad. The 
two sources of light to be compared were 
placed on the diaphragm side of the box, 
each slightI,\7 to one side of the line joining the 
diaphragm to the screen (see diagram Fig. 19). 
In this way each source caused the diaphragm 
to throw a bright rectangular patch on the 
screen", and by suitably a1terill
 the positions 
of the Jights these tWfJ patches could be brought 
into juxtaposition, 80 that their brightne-.s 
could be readily compared. "
hen equality of 
brightness was obtained, the candle-power.:; of 
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the t,
o 

>urce3 w
re in the ratio of the squar('s I made of dul
('d Bristol l!oard the error intro- 
of their dIstances from the screen S. It was, of duct'd by sluft of angle IS not neady as gleat 
course, essential that the normal to the screen as would be expected from the f'imple cosine 
law, owing to the special 
behaviour of this material 
L, 
when the light is incident 
at an angle of 30 0 to 3.3 0 . 
An an
l; of üU() to 70 0 
is therefore best if the 
Ritchie wedge is made of 
this material. 
Two modified forms 
of the Hitchie wedge 
photometer have been used. The first of these 
was introùuced in 18R3 by Conroy and the 



 


s 


FIG. 19. 


should exactly bi::;ect the angle between the 
lines joining the centre of the screen to the 
two Jight source
, and in the actual instrument 
a mirror attachment was provided for the pur- 
pose of making this adj ustmen t. 

 (27) THE R.JTCHIE 'VEDGE.--The photo- 
meter designed by Ritchie in 1
26 consists 
of two incJined mirrors 
I.:\I (see Fig. 20). 
These reflect the light from sources L 1 , L 2 , 
to a piece of translucent paper P. If the 
angle be1\veen the mirrors be rather more 
than 90 0 , the hright patches produced on the 
tranc:;lucent paper may be brought into 
accurate contact, and then balance is obtained 
in the same way as with the Bunsen photo- 
meter by altering the distance of one or both 
lamps until equality of brightness between the 
patches is obtained. In a modification of this 
photompter matt white surfaces are used in 
place uf the mirrors, and the t.ranslucent 
paper is removed, so that the surIa('es of what 
has been termed the "Ritchie wedge" are 
directly viewed by the 0 hserver. 
A very important factor in all photometers 
is the a:3curate placing in exact juxtaposition 
without interval or over!apping (as far as the 
eye is concerned) of the surfaces to be compared. 
Even a fine line of tleparation, either darker or 
brighter than the surfacf?'s compared, impairs 
the accuracy of equality judgment, though this 
is of less importance in a contrast type of field. 
'Vith the Ritchie wedge, therefore, the front 
edge must be exceedingly fine, and further, on 
account of the cosine law of illumination, it is 
most important that the light shall impinge 
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FIG. 21. 


second by Starling and S. P. Thompson in 
1893. They are shown in Figs. 21 and 22 
respectively, and from these diagrams the 


FIG. 22. 


principles of the designs are self-evident. To 
ensure a sharp line of junction in the Thompson- 
Starling pattern, the edges of 
the cards facing the observer 
should be sharply bpvelled. 

 (28) THE TROTTER PHOTO- 
METER.-Trotter's "Perforated 
Disc" photometer is shown in 
plan in Fig. 2:J The t\\ 0 
inclined cards A and Bare 
of Bristol board \nth the 
glaze removed by pa.s
ing over 
it a damp rag. A has a 
star - shaped hoie cut in its centre, the 
length and height heing so proportioned, and 
the edges bevell('d so th:lt the observer at 0 
sees a perfectly sharp-edged and symmetrically 
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on both surfaces at exactly the same angle, 
Trotter has shown. I ho\vever, that for wedges 
1 Illwninat iUII, Its Distribution and Jl easurement, 
p.9á 
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shaped cavity behind which appear
 the surface 
of B. 
.\. and B being illuminated by the t\\ 0 
sources, it is pussible to obtain an accurate 
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balance of brightness between them when the 
ed!!e of the :star becomes almost invisible. A 
si
ilar design, independentJy proposed by 
'f eber, is termed the "Roof" photometer. 
from the appearance of the cards when seen 
from aboye. 

 (29) 'THE JOLY PHOTO)IETER.-The photo- 
met.er desif!ned by ,Joly in 18ð
 con<;ists of 
two blocks of paraffin wax, or tran,;lucent 
gla
<;, placed side by side. Light from 
the two source'3 fallq 
upon the side of the 
blocks which appear 
to be suffused with 
light, and the bright- 
ness match is ob- 
tained bet\\ een the 
two sides B I , B 2 
(Fig. 2-1). For an 
illumination of 10 
lux with paraflìn wa '( 
as the material, block::) 
about 5 mm. thick 
gi ve a con ,enien t 
brightue::;s. If thicker 
block6 are used the 
illumination must be 
increased. "hen 
nearly balanced the 
less brightly illumin- 
ated block appears to 
have a grey band 
next to the dividing 
line, and as the point 
of bahnce is passerl 
this band appears to shift from one side 
of the line to the other, The point at 
which this shift appe:us to take place gi\Tes 
a very sen:,iti\Te criterion of the eÀact po:sition 
of balance. 


8, 


8 2 


JfIG. 2-!. 



 (30) THE )l-\RTEXS POL-\RI
_\TIOX PHOTO- 

fETER.-The chief example of a photometer 
emp
o
ing polarisation as the mean
 of vary- 
ing the brÏ!!htne
s üf the comparison surfaceR 
i.s :\Iartens' Polari
ation Photomet('r, ::;hO\\ n in 
dia
rammatiC' 
ection in Fig. 2,). In thi.; 
instrument the light from thf' test lamp 
ilJuminates a pla
ter screen I", The light 
from this is Jeflectf'Cl by two right-angled 
pri
ms P, Q throug
 the \Y ollaston prism 'Y, 
and the bi-prism B to the anaIY
f'r X. Light 
from a small compari
on glow lamp G illu- 
L, 


T 


ill 


FIG. 
;j. 


minates an opal glaas plate b, and this also is 
seen after transmission through \\T, B, and N. 
\V and B are so arranged th;t the light from 
the opal plate b which reaches the eyepiece is 
polal'i8f'd at right angles to that by which F 
is seen. Hence, equality being obtained by 
rotating the Xicol K, the ratio between the 
candle-powers of any two lamps placed suc- 
cessively at equal distances from F is the 
same as the ratio of the square of the tangents 
of the angles of rotation of X from the zero 
position. -The tube T is capable of rotation 
about the axis pas-sing through the centres 
of the prisms P, Q. 
* (31) THE ACCLR.<\CY OF )IEASLRE)IE
T. 
-The relative merits of the different patterns 
of photometer are very difficult to decide. 
The- accuraC'y oùtainabl
 in photometric work 
depends very largely upon the illdh-idual and 
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each ob
erver will obtain the best results 
with the particular instrument to which he 
is accustomed. Even the same observer differs 
in accuracy from day to day, and with the 
extent to which his eye has been fatigued by 
previous work. The time taken in making 
a reading differs ",ith different ubservers, 
but if too long a time is taken, the precision 
(Jf judgment tends to diminish after the 
first twenty seconds or so. The part of the 
apparatus which has to be moved to obtain a 
balance should be light enough to require 
very little manual effort on the part of the 
observer. It is often found convenient to 
approach the position of balance by over- 

hooting on each side anum bel' of times in 
succession, the amplitude of the overshoot 
being diminished each time. If the eye is 
allowed to see anything blighter than the 
field of view in the photometer, its power of 
accurate balance is destroyed for a time 
depending on the brightness of the object seen 
and the time for which the eye has been 
ex posed to it. 

 (:
2) PHYSICAL PHOTO:\iETERS. - All the 
photometers hitherto described have depended 
on the comparison of brightness by the 
human eye. It is self-evident that, in the 
case of all measurements of light, the eye 
I:.1ust be the final judge of equality, but since 
individual eyes differ slightly from one another 
in their judgment it is inevitable that the 
results obtained by what may be called 
physiological photometry cannot be inde- 
pendent of the peculiar characteristics of the 
observer, and many proposals have been made 
to place photometry on a semi-physical 
basis-i.e. to design some instrument which 
will respond to light in the same way as the 
" normal eye" or ,the average of a very great 
number of individual eyes none of which 
possesses any marked abnormality as regards 
light perception. 
The instruments proposed for the purpose of 
physical photometry may be grouped in three 
classes according as they depend on (i.) change 
of the electrical properties of a material when 
illuminated, (ii.) the electron emission of a 
metal surface under the action of light, or 
(iii.) the action of light ra(liation on a thermo- 
pile or bolometer. 

 (
3) THE SELEXIU)! CELL,-OI thf> first 
class, the most commonly used substance is 
selenium. It has long been known that the 
electrical resistance of selenium falls when 
illuminated, and many devices for the auto- 
matjc lighting of lamps depend on the rise of 
resi
tance of a selenium cell when the daylight 
illumination falls. 
One form of selenium cel] may be made hy 
taking a small 
heet of ground glass and 
spreading this with a vpry thin layer õf purified 
amorphous selenium by means of a hot glass 


rod. If now four strands of fine hare copper 
wire are wound round the platC" so that the 
whole of the selenium surface i
 coveI'C"d, and 
two alternate strands are then removed, the 
other two strands are left separated for the 
whole of their length by a space equal to the 
diameter of a wire. To make the cell sensiti,'e 
to light it is heated in an oven to a temperature 
of 180 0 C. for about five minutes, when the 
transformation from amorphous to metallic 
selenium should be complete. The resistance 
of such a cell, formed on a plate 1 x 3 x 0.1 Clll.. 
has been found by Pfund 1 to be of the order 
of 2 x 10 7 ohms, and the sensitivitv sueh 
that the resistance is decreased to 
10 per 
cent of this value by an illumination of IjO 
to 200 metre-candles. The cells should be 
protected from moisture by being placed in 
a ,acu urn tube or waxed to a sheet of glass or 
mica. 
A selenium cell is very selective, having a 
maximum of sensitiyity at a waye-Iength uf 
about 700 fJ-fJ-. The most sensitive cell made 
by Fournier d' Albe 2 was capable of detecting 
an illumination of the order of 10- 5 metre- 
candles. He found that. the change of re- 
siRtance of a cell was, for a given period of 
recovery, approximately proportional to the 
square root of the illumination. 
The chief disadvantage attending the use of 
a selenium cell is its slowness in recovering 
its resistance after exposure to illumination, 
the period taken for recovery increasing with 
t.he intensity of the illumination to which it 
has been exposed. 

 (34) THE PHOTO - ELECTRIC CELL. - The 
second class of physical photometer, gener- 
ally called the" photo-electric cell," depends 
upon the fact, discovered by Hallwachs 
i
 18
8, that a body carrying a negative 
charge of electricity loses that charge when 
ultra-violet light falls upon it. Elster and 
Geitel in 1889 3 showed tha.t 
odium and 
potassium exhibit this same effect when 
exposed to light in thp yisiblp spectrum, and 
they and other workers have devoted much 
careful - experimental work to the study of 
this effect and the possibility of its application 
to physical photometry. 
A convenient form of the apparatus for 
fairly high illumination intensities is shown 
in Pia. 26. 4 The photo-elf'ctric cell itself 
consists of a glass globe Z contaimng a mixture 
(If helium and argon at low pressure. Into 
the cent.re of thi
 cell projccts a platinum 
wire which acts as the anode of the cell and is 
connected to the terminal K 2 of the photo- 
mpter. The cathode consists of a surface 
of potassium which makes contact "ith a 
silver plate Ag and is connected by means 
1 Phys. ReI'., 1909, xxviii. 324. 
2 Roy. Soc. Proc., 1!113-14, lxxxix. ï5. 
3 Annal. d. Phyxik., 188n, xxxviii. 40, 497. 
.. Elster and Geitel, Phys, Zeit., HH2, xiii. 740. 



PHOTO:\IFTRY AXD ILLU:\IIXATIOX 


427 


of a platinum wire sealed into the glass "ith ' 
the terminal Kl of the photometer. A 
guard-ring SI connected to earth prevents 


R 


FIG. 26. 


leakage over the surface of the glass bet" een 
the two electrodes. The light enters by the 
tube R, which i:::; closed by a cap when the 
photometer is not in use, so that the cell is 
completely .shiel fled from light except when 
in operation. J is an iris diaphragm, and :\1 a 
plate of matt uviol glass. The box containing 
the cell is blackened inside and is capable 
of rotation about the axis defined by the 
platinum" ire Pt. Thus the whole instrument 
is mounted like a theodolite, and the tube R 
can be oriented in any desired direction. 
L:::;ing a potential differe
ce of 40 to 60 volts 
between the electrodes on the cell, the current 
produced by sunlight illumination is of the 
order of 10- 6 amperes. The current dlJe to 
an illumination of 1 metre-candle i:::; of the 
order of 10-1l amps., and it has been found 
that if proper precautions are taken to elim- 
inate possible disturbing factors very accurate 
proportionality exists between current and 
illumination over great ranges of intensity 
of the latter (0.07 to 6000 metre-candles).l 
It has been calculatefl by H. S. Allen that 
an alkali cell of the most sensitive type
 
used in connection with a tilted electro- 
scope capable of measuring currents of 10- 15 


1 Rirhtmrer, Phys. ReI'., 1909, xxL"{. iI, and 1910, 
xxx. 385. 


amperes, should be capable of detecting the 
light from a candle at a distance of 2.7 
miles. 2 
(i.) r T ariation of Sensiti'City v:ith Jr a
'e-length. 
-One of the chief difficulties in the use of 
photo-electric cells as physical photometers 
is the difference between the behaviour of 
such a cell and the human eye as regards 
response to light of different wave-lengths. 
Xormally, the sensitivity of the cell Fhould be 
greater the shorter the wave-length of the 
light, but although the alkali metals are 
selective in the visible spectrum, their char- 
acteristic curve is far from even a pproxima ting 
to that of the eye. so that the photo-electric 
cell in its simplp form can only be used for 
the comparison of lights having exactly the 
same spectral distribution. In order to make 
the measurements obtained "ith them of 
absolute photometric value, it would be 
necessary to introduce some colour filter to 
reduce their curve of sensitivity at different 
wave-lengths to approximate equality with 
the sensitivity curve of the average eye. 
Yarious metals and alloys have been tried 
in different gases and mixtures of gases. 
Both sodium and potassium have been used 
separately and alloyed, and the hydrogen at 
first employed has been replaced by a mixture 
of helium and argon. Elster and Geitel have 
prepared very sensitive cells by first heating 
the alkali metal in hydrogen to a temperature 
of about 350 0 C. The clear colourless crystals 
of hydride thus obtained are then bombarded 
with cathode rays, large quantities of hydrogen 
are evolved. and the hydride becomes brightly 
coloured. These coloured substances, "hich 
Ester and Geitel consider to be the metal 
in a colloidal state dissolved in the solid 
hydride, are from thrce to four times as sensitive 
as the pure metal surface prepared by distilla- 
tion The hvdride crystals have to be removed 
fron
 contact with h'ydrogen, and this is re- 
placed by argon or l-elium after the colouring 
has been produced. 
(ii.) Photo-electric Fatiy'ue. - The second 
disadvantage attending the use of photo- 
eJectric cells is the possibility of loss of 
sensitiveness by what is known as "photo- 
electric fatigue." This fatigue may take 
place when the cell is standing idle and 
s 
fairly rapid in the presence of a gas. l\Iucn 
work has been done on both the theory and the 
practical effects of this fatigue when the 
pressure of the gas is reduced to that gener- 
ally used in photo-electric cells (I to 3 mm. 
of mf"rcury), but no conclusive f"vidence of 
complete absence of fatig
.le in any particular 
form of cell has been produced so far. 

 (3.3) RADIO
IETERs.-The third class of 
physical photometers, depending on radio. 
metric measurements by some instrument such 
I H. S. Allen, Photo-eùctri.dty, p. i 4. 



428 


PHOTO:\IETRY AXD ILLU:\IIKATIOK 


ac; the thermopile, ha:::; 1.een developed by I ves 
and Kingshury in America. 1 
The Therllwpile. - It is clear that the 
thermopile, since it measures total radiation. 
cannot be used alone to evaluate luminous flux, 
but that some auxiliary device is necps
:mry to 
reùuce the radiation in each wavp-Iength in 
such a proportion that the relative effects of 
the different wave-lengths on the combined 
apparatus may be the same as thpir relativp. 
effects on the human eye. An approximation 
to ihis condition may be arrived at by means 
of a eoloured solution whirh transmits such a 
proportion of the whole incident radiation 
in each wave-length that the effect on the 
thermopile is proportional throughout the 
spectrum to the effect of light of that particular 
wave-length on the human eye. The solution 
arrived at empirically by I ves and Kingsbury 
(loc. fit,) is as follows: 


Cupric chloride 
Cobalt ammonium sulphate 
Potas..,i urn bie llroma te 
Nitric acid (1'05 sp. gr.) . 
'Vater to 


fiO.O gm. 
14.5 grn. 
1.9 gm. 
]8.0 c.c. 
] litre. 


The form of apparatus used by them is shown 
in Fig. 27. T is the thermopile, consisting of 


from tht' Hefllt'r lamp to an ordinary tung:-;tC'11 
filament vacuum lamp, the agreements between 
the yisually and physic-any detC'rmined vahlC'
 
of transmission ratio of yellow and blue ie::;t 
solutions were idpntical to one-half of 1 l)er 
cent. 
As an alternative to the solution method 
of reducing total radiation to agref" with the 
sensiti'Tity curve of the eye, I ve::; has propu::;cd 2 
the analysis of the light from the sourC'e into 
a spectrum band, by means of a prism. This 
spectrally distributed light is then transmitted 
through a sector disc having apertures cut in 
it of such a shape that the relativC' amounts 
of each wave-length transmitted hy the disc 
are proportional to the sensitivity of the eye 
at that wave-length. The apparatus is shown 
in plan and elevation in Fig. 28, where L is 
the light source, S the slit, and P the prism 
producing a spectrum S'. D is the sector 
disc, and it will be seen from the end view, 
with one aperture passing over the sppctrum, 
that the different "ave -lpngths can be 


D 


s' S' 
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IH hismuth-silver junctions arranged linearly 
in series, and having a total resistance of 2l> 
ohms. G is a d'Arsonval galvanometer with 
an internal resistance of 12.5 ohms and critical 
damping re<;istance of 32.5 ohms. Its sensi- 
tivity is 33 mm. per microvolt. L is the 
luminosity curve solution (above described) 
in a glass tank one ccntimetre thick. K is a 
protective water tank at least four cm. thick, 
to cut off infra-red radiation. S is a Ahutter, 
S', S' tin screens, and D a sector disc. J is 
the source of light, a lamp of 100 candle-power 
placed 2.j em. from the thermopile. I twas 
found that with this apparatus, the lamp 
running at the colour of a 4 watt per candle 
carbon filanwnt lamp and giving a candle- 
power of 4.j candles, the deflection on the 
galvanometer was 7 cm. It was found that 
over the range of cciour represented hy the 
commoner illuminants anù standards, 'l.e. 


1 J>ltys. Bel'., 1915, vi. 319. 


s 


FIG. 27. 


weighted in such a manner that the sen
itivity 
curve of the eye is reproduced on the thermo- 
pile T when the transmitted spectrum is 
recom bined by the lenses C, C. 
The chief difficulty lllet with in the nse of 
total radiation is that, owing to the very 
small proportion of the total radiation from 
the source which is in the vi
ible spectrum 
(gpnerally le:;s than 1 ppr cent), the effect 
of scattered heat radiation is very serious, and 
special precautions have to be takt'n to en
nre 
that this error is avoided. For details of the 
methods by which it has hepn sought to do 
this, the original papPI'S above referred to 
should he consulted. 

 (3ß) SPECIAL PHOTOl\IETERS. -- Descrip- 
tions of photometric apparatus spC'cially 
designed for particular hranchf's of photo- 
metric work (e.g. the flicker photometf'r for 
heterochromatic photometry, the Ulbricht 


II PJiys. Bel'., ]!) 15, vii. 334. 
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globe for the measurement of average candle- 
power, and the various forms of illumination 
photometers) will be found under the sections 
dealing with those particular branches of 
photometry. 


IV. LIGHT DISTRIBuTIO
 
The section on Photometric )Iethods dealt 
only with methods of measuring the candle- 
po
-er of a source in one single direction, but 
in the case of all sources met with in practice, 


the orclinary squirrel-cage type, the candle- 
power in the direction of the axis. of the 
lamp is very much less than that measured 
in a direction perpendicular to this. It is 
actually found that the candle-po" er is by 
no means the same in all directions per- 
pendicular to the axis, and Figs. 29 and 29A 
illustrate these statements. These diagrams 
are what are generally termed" polar diagrams 
of light distribution." In these curves the 
length of the radius ,ector at any angle gives 
the candle-power at that angle, and the cur,e 
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the candle-power varies in different directions, 
and it is therefore impossible to compare the 
performance of two sources by a single candle- 
power measurement unless the direction in 
which that measurement is made has been 
carefully defined. It is partly for this reason 
that sub-standard electric glow lamps are 
constructed "ith the filament in one plane. 
The candle-power in the line perpendicular 
to this plane is the one taken for purposes 
of measurement, and this arrangement has 
the great ad,antage that a slip:ht departure 
from the true position has practically no 
effect on the candle-power in this region, 

 (37) POLAR DIAGRA)JS. - It is, ho,,- 
ever, ohvious that in the case, for example, 
of a vacuum glow lamp with a filament of 


FIG. 
S. 


of p..tg. 29 shows the variation in candle- 
power at the different angles in a plane 
passing through the axis of the lamp, while 
Fig. 2fL\ gi,es similar information for a plane 
perpendicular to this axis. 

 (38) )IEÅ
 HORTZOXTAL CAXDLE-POWER. 
-The different methods by which these polar 
curves are obtained "ill be dealt with in this 
section, but first it is necessary to describe 
a method for finding by a single measurement 
the average value 
f the candle-power in all 
directions in a plane perpendicular to the 
lamp axis. This avera!!e, called the mean 
horizontal candlp-po"er (m.h.c,p.) of the lamp, 
is a figure very frequently used for the rating 
of vacuum lamps of the ordinary type. 
The method consists of rotating the lamp 
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about its axis (placerl so as to be vertical) 
sufficiently fast to obtain on the photometer 
head an average illumination. A speed of 
120 revolutions per minute is generally 


190 


180 


FIG. 29. 


sufficient. The canrlle
power corresponding 
to this illumination is then called the mean 
horizontal candle-power of the lamp. The 
cruef difficulty of this method is to emmre 
a steady contact for current supply to the 
rotating lamp when this is being driven 
sufficiently fast to eliminate flicker in the 
photometer. This difficulty has been over- 
come in the form of rotator, shown in Fig. 30, 


T 


T 


l"IG. 30. 


which was designed by C. C. Paterson for this 
purpose. 
(i.) TIle Lamp Rotator..- The rotator con- 
sists essentially of two parts, one fixed rigidly 
to the stand, the other capable of rotation 
and carrying the lamp. The arrang('mf'nt 
is best seen from the sectional diagram of 


Fir;. 30. 
\ is an euonite diRc h('aring two 
C'oncentric copper rings, "hich are respectively 
conneded to the terminals T, T. From 
these terminals flexible leads are conveyed 


o 


FIG. 29A. 


inside the vertical tu he R to the lamp 
holder. Rigidly attached to this tube is a 
so!irl brass disc D which is friction-driven 
by a small wheel driven through a shaft and 
pulley system from a small cledric motor. 
C is a second circular ebonite block hearing 
two annular grooves concentric with the 
copper rings of A and half filled with mercury 
so that these rings can rotate freelv with 
about I-inch of their lower edges dipping 
into the mercury. The mercury in these two 
grooves is connected to four terminals S, S to 
which are attached the current supply lca(h
 
and volt,age measuring leads from the bench. 
\Vith thi
 apparatus, if the mercury troughs 
and copper rings are kept dean, there is 
generally no difficulty in maintaining the 
current through the lamp perfectly steady. 
(ii.) Step-by-step JI cthorl for Gas-filled Lamp.'
. 
-The above method of obtaining the mean 
horizontal candle-power can only be applied 
to vacuum lampFl, as a gas-filled lamp may 
change candle-power by several per c('nt if it 
be rotated. 1 In the case of thcsf' lamps, 
therefore, the method of measurement at 
different positions round the lamp must bf' 
employed. For finding the polar curvf' in 
the horizontal plane, i.e. the plane per- 
pendicular to the axis of the lamp, supposed 
upright or pendent, it is only necessary to 
rotate the lamp and its holder in the photo- 
meter carriage and take candle-power measure- 
ments every 10 0 . The correct positions are 
easily found by the aid of the degree scale 
on the t.able fitteò. to the carriage (see Fig. 10). 
For the dctprmination of the polar curve in 
a vertical plane the lamp may he mounted 
1 :\lj(1<11f'kal1ff and Skogland, Bureau of Sta1ldards 
Bull., HH5-16, xii. 595. 
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in the fitting 
hown in F1.g. 31. This consist
 
of two semi-reetangular frames of iron, 
jointed at thf' open ends, so that one frame 
can be clamped at any 
desired angle "ith the 
other. A graduated mal 
is fixed to the lower frame 
(which is made to fit into 
a photometer carriage) so 
that the angle of tilt of the 
upper frame, bearing the 
lamp, can be ascertained. 
By this means a curve 
shm\ing the distribution 
of candle- powf'r of a lamp, 
in a plane passing through 
its axis, can be obtained. 
A curve thus obtained for 
an ordinary " squirrel 
cage" tungsten - filament 
vacuum lamp is shown 
in Fig. 29A. 

 (39) TIlE :\1IRROR Ap- 
PARATUS FOR POLAR 
CURVE DETER)II
ATIO:Y. 
-It is not possible, how- 
ever, to tilt all light 
sources. Gas flames or 
mantles clearly cannot bE' 
tilted, and so
e gas-fillcd electric lamps change 
can(lIe-po" er appreciably according to the posi- 
tion in which thpy are burning. l For such 
sources, thE'refore, it is necessary to have 
recourse to some arrangement of mirrors, _\. 


I source of E'rror in thig apparatus. If the 
radius about which ),f swings be not small in 
comparison with the distance of :\1 from 
the photometer, then the 
light is incident obliquely 
on the photometer disc, so 
that a change in its reflec- 
tion ratio as 
1 rotates may 
cause a small error. Of 
coursf', the distance to be 
used in computing the 
candle-power must be that 
of the photometE'r from the 
image of the source as seen 
in the mirror. The reflec- 
tion ratio of the mirror 
must also be aHowed for, 
a
 if the mirror only reflects 
SO per cent of the incident 
light, the measured candle- 
powers must be multiplied 
by 1.2':;. The reflection 
ratio of the mirror may 
be readily determined by 
making a candle - power 
measurement "ith the 
centre line of the mirror 
1\1 in a horizontal plane, 
and then rotating L until 
the part which was originally seen in the mirror 
from the photometer now faces the photometer 
directly. The ratio of the candle-power in 
this position (the mirror being screened) to 
the candle-power prenously obtained, gi,es 


FIG. 31. 
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simple form of apparatus for this purpose is 
shown in Fig. 32. The source remains fixed at 
L, and the mirror .:\1 rotates about an axis 
passing through L. If 
1 be tilted so as to 
bring the light from the source on to the 



L 


1 
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the factor by which the mirror measurements 
have to be multiplied in order to obtain true 
values of candle-po" er for the cur,es. 
(ii.) The Thr!'e - mirror Apparatus. -The 
error referred to in the preceding paragraph 


M-------------------------
 



 


photometer head (the direct light from L being 
!"!creened), then the photometer readings give 
the candle-powers in different directions round 
the Source in the plane of rotation of :\1. 
(i.) Errors and Corrections.-There is one 
1 .Middlekauff and 
kogland, loco cit. 


FIG. 33. 


is avoided bv the use of three mirrors 
arranged as sl
own in plan in Fig. 33. The 
principle of the method remains the same, 
hut the light proceeds axially from the third 
mirror, and the candlp-po"" ers measured after 
allowing for the reflection ratio of the mirror 
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system, are not affected by changes in the 
reflection ratio of the photometer disc. 

 (40) POLAR CURVES FOR LARGE SOURCES. 
-The apparatus just described can only bp 
used on the bench for sources of comparatively 
small dimensions. rery frequently, however, 
it is necessary to ubtain polar curves for 
sources of large dimensions Fluch as arc 
lamps, or for a lamp in a refledor fitting 
where -lamp and fitting must be regarded 
as a single unit for purposes of measurement, 
In cases such as theRe, eithf'r of the methods 
described above may be employed, ,,,,ith the 
neces
ary modifications in the design of the 
apparatus. It is, of course, necessary to 
have the mirrors larger than the source or 
unit to be measured, and this sometimes 
necessitates a long swinging arm with con- 
sequent accentuation 
of the error referred 
to above in the de- 
scription of the single- 
mirror method. At 
the same time, the 
weight of large mir- 
rors and the difficulty 
of arranging a three- 
mirror apparatus for 10 
large sources have 0 
resulted in the use 
of the single-mirror 
method in many 
laboratories for 
sources of large 
dimensions. A polar 
diagram showing the 
difference of light 
distribution from a 
gas-fille(l lamp "ith- 
out reflector, and 
the same lamp with a large shallow reflector, 
is given in Fig. 34. 
\Yith large sources the candle-power is often 
considerable, and to keep within the best 
illumination range for accurate photometry 
it is necessary to have the photometer head 
at a great distance from the source. This is 
further desirable '" hen working with a single 
mirror, as has been pointed out above. It is 
therefore often convenient to mount the 
source and the mirror on the wall of the room 
in which measurements are to he made, and to 
have a photometer bench of ordinary length 
mounted on a table on castors so that its 
distance from the wall can be vaIied. At the 
National Physical I..aborator:v, the bench is 
actually mounted on steel rollers which run 
in a track on the floor, and brass marks are 
fixed close to this track at intervals of a 
metre, sn that, by means of a pointer on one 
leg of the }>hotometer table, the bench can 
be moved an accurately known distance away 
from, or towards, the sour('e. 


eo 



 (41) UNSYl\Il\IETRICAL SouRcEs.-In all 
t.hat has been descrihed above, it has been 
assumed that the source is symmetrical about 
a vertical axis, so that a polar curve in one 
vertical plane should be the same for all such 
planes. This, however, is not the caso in 
practice, and therefore it must be agreed 
to take the vertical distribution curve in 
some plane, defined with respect to the flource, 
or the source may be rotated about its ver- 
tical axis while the measurements are being 
made, so that the candle-power shown for 
any angle () (measured from H.e vertical) 
represents the ayerage value ahng all the 
lines forming a cone with the source as apex 
and semi-vertical angle (). 
\Vhen this is done, the speed at,,, hich the 
lamp has to be rotated may be reduced, or 
the flicker at any given 
speed may be lessened, 
by using two mirrors 
symmetrically placed 
with respect to the 
source instead of a 
single mirror. If this 
arrangement be 
adopted it is neces- 
sary to cutoff the 
o inner curner of each 
mirror so that both 
may be used at angles 
near the verticaL 

 (42) A V ERA G E 
CANDLE - POWER OR 
l\I.S.C.P. (i.) The 
Roussea u Diagrfllll.-- 
It. might be concluded 
from the abovf' de- 
scription that t.he re- 
lative performance of 
two lamps or lighting units of approximately 
symmetrical distribution could be seen at once 
from their respective po]ar curves, obtained by 
one of the methods described above; but 
whj}e it is true thåt this information can 
be deduced, after computation, from these 
curves, the appearance of the curves them- 
selves can be most. misleading. This may 
be very well demonstrated 1 bv a considera- 
tion of the two curves sho,,:n in Fig. 35. 
All the radii vectores of the first curve are 
dou ble the corresponding ones of the second, 
so that it is obviom: that the total amounts 
of flux emitted by the two lamps must 
be in the ratio of twu tn on('. Y éÌ it is 
equally obyious that the areas of the curves 
are in the ratio of four to one, while the 
volumes of t heir solids of revolution about the 
vertical axis are in the ratio of ei
ht to one. 
ClearJy neither the area of the polar curve 
nor the volume of its so]id of revolution 
about the vertical axis can give a mental 
1 :\Irs. Ayrton, The Electric Are, p. 454, 
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FIG, 34. 
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conception of the relati\-e amounts of flux 
emitted bv the lamps. ThiR can only be 
obtained by computation of the average 
candle - power of 
the lamp measured 
in all directions 
in space. This 
figure, kno"ìl as 
the average 
candle-power 
(a.c. p.) or mean 
spherical candle- 
power (m.s.c.p.) of 
a source, can be 
obtained by calc-n- 
FIG. 35. lation from the 
polar curve in the 
case of a source "hose candle-power per- 
formance is s
""Illmetrical about the axis of 
the polar curve. For, if J be the candle- 
pO\\er in a direction making an angle 0 
with the vertical, then if we suppose a sphere 
of radius r to surround the source, the area 
of the zone of this sphere from which the 
source appears to have the candle-power J 
is clearly 271'"r 2 sin OdO, so that the average 
candle-power is ! {1rJ sin Odf). The value of 
, 0 
this expression may be obtained by a simple 
graphical method due to Rousseau 1 and 
termed the Rousseau diagram. Fig. 36 shows 
on the left the polar curvp of a source of 
light. At the ends of the radü vectores, 
horizontal lines are dra'\ìl through a vertical 
line A.B, and from the point of intersection of 
any such horizontal a length is cut off equal 
A 


FIG. 36. 


B 


to the length of the corresponding radius vpctor 
on the polar curve. Thus CD is equal to OL, 
EF to 0)1, and so on. A smooth curve is then 
dra"ìl through all the points such as D, F. 
From the method of construction of the 
diagram it "ill be clear that the distance 
ex is equal to r cas 0, so that. in the limit, 


1 La Lllmihe électriqlle, xxxvii. 41;). 
VOL. IV 


, CE =r sin 0'/0, and therefore half the area of 
the cun-e A.DFB gives the average candle- 
power of the source. This area may be 
obtained either by means of a planimeter, 
or by erecting a series of equidistant ordinates 
on A.B as base, and using one of the forms of 
Simpson's rule. 
(ii.) Rw:.:sell Allg1es,-In the above method of 
obtaining the Rousseau diagram it" ill be seen 
that me
surements of cancÙe-pO\\er are made 
at regular intervals of 10 0 (or whatever interval 
may be selected), and that'these measurements 
are then spaced to gi,-e them their correct 
respective weights in determining the area of 
the curve. R usselr s met hod 2 consists of a 
predetermination of the angles at which 
measurements must he made to give equaIIy 
spaced ordinates on the Rous
eau diagram. 
The spacing of these angles is sho"ìl in Fig, 
37, where it "ill be seen that the sphere 


FIG. 3ï. 


is divided by the broken lines into 10 zones 
of equal area, and then candle-power measure- 
ments are made at the half-way points of 
these zones. so that the area of the Rousseau 
diagram may be calculated at once by 
Simpson's rule ,,-ithout any need for the 
diagram to "he dra"ìl. The Ru:-.seH angles to 
be used when the sphere is divided into 20, 
10, and:> zones respectively are as follows: 
TABLE OF RrssELL AXGLES FOR ('ALCULATIO
 
OF AVER-\GE ('-\XDLE-POWER 


20 Zones. I 10 Zones. I S Zones. 6 Zones. 
2.9 5-7 7.2 9.6 
86 17.5 2
.0 30.0 
14.5 30.0 38.7 56.4 

0-5 44.4 m.o . . 
26.7 64.2 . . . , 
33.4 . , . . . . 
40-5 . . . . . . 
48.6 . . , , . . 
58.2 . . , . . . 
71.8 . . . . 


J lnst. Elect. Ell(/. Jvum., 1903, xxxii. 631. 
2F 
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 (43) BLO
DEL'S 
I.S.C.P. PHOTOMETERS. 
-The above method of determining the 
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FIG. 38. 
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average candle-power of a source necessitates 
the determination of the candle-powers in a 
certain number of fixed directions. 
The same information can be obtained 
in a single measurement by the use 
of a form of apparatus which concen- 
trates on to the photometer head 
the light, or a known fraction of it, 
from a circular ring surrounding t.he 
source. Blondell has proposed two 
different methods of doing this. In 
one of these, shown in Fig. 38, he 
places the sourcp S at the centre of a 
spherical blackened globe en. This 
globe has cut out of it two lunar 
apertures LL, and the light from S 
passes through these and strikes an 
ellipsoidal mirror E, from which it is 
brought to a focus at P where the 
photometer is placed. In a modifica- 
tion of this method the mirror E is 
replaced by an annular diffusing ring, 
In each case the instrumf'nt is cali- 
braterl by mpans of a lamp of known 
a Vf'rage canrlle- power. 

 (44) THE l\IATTHEWS - DYKE 
PHOTOMETER.-l\Iatthews' apparatus, 
as moclifipd by Dyke, 2 is ::;hown in 
plan and e1f'vation in Fig. 39. 
Eleven pairs of a(ljustable mirrors 
1\1 1 )1 2 are carried on a sf'micircular 
support A. L i
 th(' 
ource placf'd 
at the centre of the ring of mirrors 
1\1 1 , These are 
o plac
d that th(' 
light reaching them from T.. is reflected 
to the mirrors :\J
 and from the latter 
proceeds to the photometer head P. 
The case of this is cut away so that 
light may reach the photometer scr('('n from 
all angl('s. r t will be s('('n that by this 


method the total illumination of the photo- 
meter screen is proportional to the average 
candle-power of the source L, provided tl
is 
is symmf'tricat For light emitted by the 
source in a direction making an angle () with 
the vertical, on reaching the photometer, 
makes the same angle with its surface, so that 
the illumination is reduced by the factor 
sin (), Provided, then, that the diffuse re- 
flection ratio of the photumeter screen do 
not vary with the angle of incidpnce of the 
light, the photometer will !!ive the average 
candle-power directly, if the apparatus be 
calibrated with a lamp of known average 
candle- power, 
The apparatus ,vas used by Dyke to deter- 
mine the ratio of the average to the mean 
horizontal candle-power of a source. For 
this purpose the light from L is reflf'cted hy 
two other mirrors N, N to the opposite side of 
the photometer head. These are mounted on 
a stand which slides on a graduated scale T, 
A 


A 


1 ('omptes Rrudll.<;, 1 R
I;), ('xx. 311 aIHl 3;)0. 
2 Phys. Soc. Proc, xix. 300, and Phil. II/ag., 1905, 
ix. 136. 


FIG, 39. 


and by balancing thp photometer the ratio 
hetwpen the mean horizontal and mean 
Rp}wrieal candle-powers can be ohtain('d by 
a singl(' measurem('nt. For the method of 
correcting for the lack of constancy of reflec- 
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tion ratio of the photomf'ter screen. Dyke's 
original paper should be consulted. 
* (45) IXTEGRATIXG PHOTO
IETERs.-In all 
the above methods of determining the average 
candle-power it has bepn necessary to assume 
that the polar curve is the same in all planes 
passing through the axis of the lamp, or else 
that this is sufficiently nearly the case for 
rotation of the lamp to give a true mean, 
In the apparatus now to be described thi
 
assumption is not made. The distribution ùf 
light from the source may be quite irregular, 
and yet the correct value of average candle- 
power will be obtained by a single measure- 
ment, providerl the theoretical conditions of 
the apparatus be sufficiently closely fulfilled. 
AC'tuaUy, as will be seen, the departures 
from these conditions rendered necessary by 
practical considerations make the values 
inexact for very unsymmetrical sources, and 
the cause of these errors and their elimination 
will be the subject of the concluding paragraphs 
of thiR section. 

 (46) THE 'YHITEXED SPHERE. - ,Yo P. 
Sumpner first pointed out in 1892 1 that if 
ABCD (Fig. 40) be a principal section of a 
globe, with a per- 
fectly matt "hite 
interior surface, then 
the amount of radia- 
tion reaching any 
point of the surface 
B from an element 
of the surface A was 
the same whatever 
the relative positions 
:FIG. 40. of A and B. For 
if 0 be the centre 
of the s.phere, and F the radiation emitted 
from A in the direction AO, the radiation 
emitted in the direction AB "ill be F cos 0 AB. 
Also this radiation :::;trikes the surface at B 
at an angle from the normal equal to OAB. 
The amount of radiation re3-ching B i'3 there- 
fore proportional to F cos 2 OAB/AB2. But 
.\B =2r cos O_\B. and hence this expression 
becomes Ff4r 2 , which does not dppend on the 
positions of A and B. Hence the radiation 
received from A 
y all parts of the interior 
of the sphere is the same, since any two 
points of a sphere can be joined by a great 
circle. 
If, then, a source of light be placed inside 
a whitened sphere, a certain amount of light 
from it reaches each part of the surface of that 
sphere. The amount diffusely reflected bv 
that part to every other point of the sphe;e 
is the same and is proportional to the diffuse 
reflection ratio of the surface (for normally 
incident light if the source is placed at the 
centre of the f;phcre). Thus any particular 
spot on the- sphere rf'ceives, in addition to its 
1 J>hys. Soc. Proc., lS92, 
ii. 10. 


own share of the direct light from the source, 
a constant proportion of the light received by 
every other point of the sphere, and thus the 
illumination of a 2iven point shielded from 
the direct light is proportional to the light 
received by all the other parts of the sphere, 
i.e. to the average candle - power of the 
source. 
The exact mathematical investigation is a
 
follows: If ø be the amount of flux per 
unit area "hich reaches the point A from the 
source, and if R be the reflection ratio of 
the surface of the sphere, then the amount of 
flux per unit area which reaches every other 
part of the sphere, due to reflection from A, 
is Rø/rr. 1/4r 2 , since ø, the flux reflected 
normally by a perfectly diffusing surface, is eq ual 
to the flux received bv that surface divided 
by 7r (see section on .: Illumination "). It is 
clear, therefore, that if <Þ be the total fluÅ 
emitted by the source, the amount of flux 
received, per unit area of the sphf're, by a 
ingIe 
reflection from each other part of the sphere, is 
R'Þ/rr, 1/4r 2 . Similarly. the amount re('ei,
ed 
by two reflections is R2;Þ/rr. 1/4r 2 , and so on. 
Hence the total flux received by reflection 
at any point of the sphere is found to be 
<ÞJ4rrr2{R+R2 + ... to infinity} =<ÞR/4rrr 2 (I-R). 
But if J be the average candle-power of the 
source, <Þ =4rrJ (see 
 (2). "Definitions "), so that 
the above expression reduces to J /r2 . R/(l- R). 
But J/r 2 is the flux per unit area reaching the 
surface of the sphere, supposing all reflections 
absent and the source uniform in all directions. 
In the case of a sphere of one metre radius, a 
source of one candle would produce an 
illumination by direct light of 1 metre-candle. 
If the diffu
e reflection ratio of the surface 
of the sphere be 80 per cent, the illumination 
by reflected light is O.R/(l- 0.8) =4 times as 
great as this, i.e. 4 metre-candles. 

 (47) THE "GLBRICHT GLOBE. (i.) Desrrip- 
tion.-The first proposal to use this principle for 
the determination of average candle-power was 
made by 'Ulbricht in 1900,2 and many devf'Iop- 
ments of the design and contributions to the 
theory of the sphere photometer have been 
made bv him and others since that date. 3 
RecentJ)
 a large photometer of this type has 
been constructed at the Bureau of Standards. 
This consists of a sphere of 88 inches internal 
diameter, built up of reinforced concrete on a 
steel network, and finished off inside to a 
truly spherical surface. 4 There are t" 0 holes 
in the sphere as shown in the sectional diagram, 


J Elpkf. ZPUR.. HIOO, xxi. 593. 
3 rlbricht, Elekt. Zeits., H 1 05, XXyi. 512: 190G, 
xxyii. 50. 803 ; Bloch, Elekt. Zeits.. 1905, XXyi. lOn, 
107 -1; 1906, xxyii. 63; Corsepius. Elekt. Zeits., 1nOl), 
xxvii. -168: 
rona
('h, Elekt. Zeits., HI06, xxyii. 669. 
695; Bloch. Ilium. EIl(J., London, 1 9n
, i. 
7 -1: Cor- 
sepil1
, Ilium. Ellg., J o}Hlon, 1908, i. 
O I, f'9j: :-;harp 
awl 
Iillar. Am. Ilium. Eng, Soc. Trans., 1908, Hi. 502. 

 Rosa and Ta;ylor, Am. [[[urn. Erlg. Soc. Trmls., 
1916, xi. -1:>3. 



436 


PHOTO:\IETRY _\XD ILLU)IIXATIOX 


Fig. ..U. The top hole is covered with a flat 
wooden disc which ('an he lo\\ered from above 
in annular sections, so that a lamp can be 
suspended insidf' the sphere from above if 
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FIG. 41. 


desired. On one side of the sphere is a hinged 
door of segmental form with maximum dimen- 
sions 37 x lß.5 inches. In the wall directly 
opposite the door, on the equator, is a milk 
glass window which can be removed at will, 
but which is perfectly flush with the inside 
surface of the wall when in place. By an 
ingenious arrangement of hinged rods carrying 
the lamp socket, lamps can be brought to the 
door of the sphere for changing and then 
automatically returned to their correct position 
within the sphere. At a point about 27 inches 
in front uf the window are hvo vertical rods 
which hold a runner for carrying the screens, 
These are of four sizes, viz. 11, 21, 30, and 
37 cm. in diameter. 
As has been stated already, the inside 
coating of the sphere mu
t bp as non-selective 
as possible, owing to the number of reflections 
which much of the light has to suffer. In 
many cases a pure zin; white has hf'en found 
sati
fadory. In the Rureau sphere the inner 
coating i
 of Keene's cement, which was 
found to have a reflection ratio of 92 per 
cent. 


The photometric apparatus consists of a 
1.5 metre bench \\ ith a photometf'r head 
s}>pcially dpsi
ned for the dirf'ct comparison 
of the brightnes
 of the sphere window with 
the brightness of a diffusing glass illuminated 
by the comparison lamp. 
(ii.) Errors.-Tests \\ere made to determine 
the magnitude of the errors introduced into 
average candle-prmer measureruents by lack of 
uniform distribution of light from the source. 
The maximum error found for many sources 
having different types of distributiun was 1.7 per 
cent. Thf' percentage reduction of the measured 
value by the presence of hlack discs in the 
sphere was found to be 10 times their relative 
area (i.e. ratio of area of disc to area of 
phere 
surface). For white disC's, such as the screens, 
this reduction was about one-third of that 
for black discs. Tests with a source giving a 
heam of light showed a maximum variation, 
according to the orientation of the beam, of 
4 per cent. The effect of the distance of the 
source from the window was found to be 1 
per cent with the lamp half-way hetween the 
window and the centre of the sphere. 'Yith 
the lamp at a distance of 10 inches from the 
window the error was 2 per cent. 
(iii.) Calibration.--At the Bureau of Stand. 
ards, the sphere is calibrated before each period 
of use, by means of a lamp of accurately known 
average candle-po-wer im
erted in the same 
lamp soeket as that which suhsequf'ntly holds 
the test lamps. This is the method also 
adopted with the cube photometer used at the 
National Physical Laboratory, to be described 
later. 
Ulbricht's original suggestion, howf'ver, "as 
to have both test Jamp and sub-standard in the 
sphere during both calibration and test. This 
arrangement is shown in Fig. 42, where 1. 1 
is the sub-standard, 1. 2 the teRt lamp, and 8 1 


:FIG. 42. 


anrl S2 screens shielding the "indow from 
these two sources respectively. A small Rereen 
S iR also inserted to prevent specular reflc-dion 
from one lamp when the other is alight. 
Calibration is effected by halancing the com- 
pari
on lamp with T
l on and 1. 2 off. The 
tests are then maùe ,\ith LI off and L 2 on. 
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If the \\ indow of the sphere does not form 
part of the photometer head, the t" 0 must 
be kept rigidly fixed in relation to each other. 
A useful adjunct is an iris diaphragm between 
the t\\ o. so that, when using the sphere for 
sources of very high candle - powers. the 
illumination on the photometer can be reduced. 
Of course, the diaphragm must be at the same 
aperture for both calibration and test. 
(i\-.) Correct 'ons.- It "ill be seen from the 
theory outlined abo\e that the illumination 
of the window is only truly proportional 
to the average candle-power of the source 
so long as the sphere is perfectly empty. 
The very pr<:>sence in the sphere of a source 
of finite dimensions is a \iolation of this 
condition, and the fact that b('reens ha\-e 
to be introduced to shield the win do" from 
direct light at once introduces a further de- 
parture frum the ideal conditions. The error 
caused by tbe presence of these bodies in the 
sphere is grpater the larger their dimensions 
compared with those of the sphere. Clbricht 
has laid it down that the diameter of the 
sphere should be not less than six times 
the diameter of the globe of the largest lamp 
to be measured in it. The screens, also, must 
be as small as possihle and whitened on both 
sides. "
here Llbricht's arrangement is 
adopted the approximate errur due to the 
screens, Sand S', pro\ided these do not exceed 
5 per cent of the area of a principal section of 
the sphere, has been gi\en as (80s - 100s ) 
per cent to be added to the measured \alue, 
where sand s' are the ratios of the areas of 
the screens S and 
' to the cross - sectional 
area of the sphere. \Yhere the screens are 
larger than this, more complicated formulae 
must be employed, and for these Llbricht's 
original paper should be consulted (loc. eit.). 
"
here the substitution method of ('alibration 
i" used, the error due to the screen may be 
taken as that found experimentally and given 
above under the description of the Bureau 
of :::'tandards sphere. 

 (-18) THE \YHITEXED CrEE, - Yarious 
modifications of the L'lbricht globe ha\e 
been suggested. One of these consists of 
a whitened hemisphere, another takes the 
form of a "hitened cube. This was suggested 
by Sumpner 1 and has been adopted at the 
:Kational Physical Laboratory. 2 Though 
theoretically less accurate, this form possesses 
the advanta
es of simple construction and 
greater ease of manipulation of the light sources 
in
ide it, and for the comparison of lamps of 
similar light distributions it has been found 
to give \ery accurate results. Buckley has 
shown 3 that for 
ources ae;; dissimilar in lÜ!ht 
distribution as a tungsten-filament ,-acuum 
1 Ilium. Eng.. London, UIlO, Hi. 3
3. 
I Paterson, 'Yalsh, Taylor, and Barnett, [,E.E. 
Trans., U)
O, Iviii. 8:3. 
3 lnst. Elect. Eng. JO.1TIl., 1921, lb.. 143. 


lamp, unshaded, and a similar lamp of which the 
whole of the upper hemisphere has been co\ered 
by an opaqup shade, the difference introduced 
into the values of a\erage candle-power meas- 
ured by the cube do not exceed 4 per cent. 
In all types of the globe photometer and its 
modifications, it is of great importance that 
the reflection ratio of the diffusing surface 
shall be uniform throughout; and if a photo- 
meter of this type is much used, especially for 
arc-lamp work, it must be repainted at frequent 
interval:;:, as, although frequent calibration 
will avoid error due to an e\en deterioration 
of the whule surface, it will not allow for a 
greater deterioration in one part of the surface 
than another. 

 ( 49) AVERAGE CAXDLE-POWER )IEAS'LRE- 
)IEXTS IX SPECIFIED ZO
ES. - For certain 
purposes it is sometimf>s more important to 
measure the total amount of light given by 
a source in the lower hemisphere. This is 
e
pressed by taking the a \erage of the candle- 
powers of the source measured in all direc- 
tions below the horizontal plane, and is 
termed the average candle-power (lower hemi- 
sphere) or mean lower hemispherical candle- 
power. Its value may be ohtained by ob\Ìous 
modifica tions of the methods descri bed a bo\e 
for the determination of a\erage candle-power. 
Less frequently used \alues are (i.) the mean 
upper hemispherical candle - power, and (ü,) 
the mean zonal candle-power, i.e. the a\erage 
of the candle-powers of the source measured in 
all directions within a gi\en zone defined in 
any particular case. 

 (50) GEXERáL COXSIDERATIO
s.-There 
can be no doubt that the use of an "Clbricht 
globe, 01' one of its modifications, will be- 
come of increasing importance owing to two 
facts. First, the tendency in the design of 
modern illuminants is to pay much more 
attention to the total light emitted by a 
source than to the particular manner in which 
that light is distributed, so that the a\erage 
candle-power is of much more significance than 
the candle-po"er in any arbitrary direction or 
directions (such as the mean horizontal candle- 
power). Secondly, the imposc::ibility of rotating 
many present-day illuminants--e\en the !ras- 
filled lamp changes its candle-power \'alue 
when rotated-makes a photometer such as 
the Blondel or )Tatthews useless for the deter- 
mination of the a\erage candle-power. There 
seems to be little dou bt, therefore, that the 
use of the L"1bricht globe-in comparati\ely 
small sizes for the measurement of lamps of 
the size generally employed in interior lighting 
-will shortly become universal in photometric 
la bora tories. 
A very complete bibliography of the inte- 
grating photometer is gi\en by Rosa and 
Taylor (loc. cit.) and by {;lbricht in Dað Kugel- 
plwtometer. 
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v. ILLr:\lI
ATIO
 A
D ITS :\[E.\SeRE:\IE:\T 
The previQus sections of this article have 
been concerned with the measurement of the 
candle- power of a source of light. J n the 
present section, however, no attention "hat- 
ever is paid to the source. All that is dealt 
with is the actual illumination received at a 
surface, and this may be due to one or many 
sources of the same or of different kinds. 
A yery frequent error in terminology is the 
confusion of ,. illumination" with "bright- 
ness." The distinction has been mentioned 
in the definition of the latter term in the 
section on " Definitions," but it may be further 
elaborated here. Illumination is concerned unly 
with tIle amount of radiation which reaches 
a given surface. A piece of white paper 
and a piece of black velvet lying side by 
side may well be equally illuminated, but 
their brightnesses will be very different. The 
brightness is concerned only with the luminol1s 
radiation which a surface emits in the direc- 
tion of the eye, and therefore two surfaces of 
different reflection ratios, but equally illumin- 
ated, will have brightnesses which are propor- 
tional to their respective reflection ratios. 
In illumination photometry, as in candle- 
power photometry, the actual comparison is 
always behveen the relative brightnesses of two 
surfaces, and this necessitates a brief considera- 
tion of the way in which the brightness of any 
given surface varies with the illumination and 
the angle at which it is viewed. 

 (51) .MATT A
D POLISHED SURFACES.- 
Surfaces may he very crudely divided into 
two classes, poli
hed and matt. In the case 
of a polished surface, su('h as a metal mirror, 
very nearly the whole uf the reflected light is 
emitted in a single direction, viz. that making 
an angle with the normal equal to the angle 
which this normal makes with the incident 
light. A perfectly matt surface, however, 
returns light according to a co
ine rule. This 
rule states that, for a perfectly diffusing surface, 
the radiation emitted in a direction making an 
angle e with the normal to the surface is equal 
to ø cos e, where ø is the radhtion emitted 
in the normal direction. Thus if A (Fig. 43) 
be an element of a perfectly diffu-.ing surface. 
the polar curve of distribution of the light 
emittcd from A is the circle ABC, for AC equals 
AB cos e, From this rule it results that 
the total flu x: emitted by such a surface is 
rr 
r i <Þ cos e . 27r sin Ode if <Þ is the flux emitted 
.0 
per unit solid anglf> in the normal direction. 
This expression is equal to 7rCÞ, so that the 
average ('andle-powpr of A is l-<I> or the mean 
hemisp}lf>ri('al candle-power i
 
CÞ. 
The brightness of a surface should generaH:v 
be expressed in terms of candles per unit area, 


so that a square centimetre of a surface which 
is emitting <Þ lumens p{'r unit solid angle in the 
normal direction has a brightn('

 of <þ candles 
per square centimetre 
in that direction. If B 
the direction be not 
normal to the surface. 
the brightness must 
be expressed in 
candles per unit. area 
of the surface :pro- 
jected perpendicular 
to the direction. For 
a square centimetre 
viewed in a direction A 
making an angle of 60 0 FIG. 43. 
with the normal pro- 
du('es an image on the retina which is only 
half the area of that produ('ed by a square 
centimetre of surface viewed normally. 
Hence to obtain the illumination of the 
image on thp retina, the criterion of bright- 
ness as far as visual effect is concerned, the 
radiation emitted per unit projected area must 
be considered. 
It will be seen at once that, since this pro- 
jected area bears to the true area a ratio equal 
to the cosine of the angle of projection, it 
fol1ow
 that a perfect diffuser appears equally 
bright at whatever angle it is viewed, for if 
the brightness be <Þ candles per sq. em. in the 
normal direction, the radiation emitted per 
unit solid angle by unit projected area (i.e. 
see e sq, em.) will be <I> see e in the normal 
direction, or <Þ in the direction of vision. 
It is for this reason that matt surfaces, i.e. 
surfaces which approximate as closely as 
possible to perfect diffusers, are always {'m- 
ployed in illumination photometry. For then 
the angle from which the comparison surface 
is viewed is less important than it. would be if 
a glazed or semi-polished surface were employed, 

 (52) RELATION BETWEEN ILLUMINATION 
A:KD BRIGHTNI':SS.-It will he usefnl here to 
obtain the relation between the illumination 
of a perfectly diffusing surface, its reflection 
ratio, and the resulting brightness. If the 
illumination be E metre-candles, the flux 
received per unit area of the surface is E 
lumens. The total amount of flux emitted 
is therf>fore R E if R be the reflection ratio. 
Now if B be the brightness in candlf>s pH unit 
area, the flux emitted per unit solid angle 
in the normal direction is B lumens. Hcnce 
the total amount of flux rpflel'ted is 7r R 
lumens. Therefore 7rB =RE or B = TIE/7r. As 
an example. a perfedly diffw;;ing surfa('e 
having a reflection ratio of 7:> per cent and 
illuminated to the extent of 10 metre-candles, 
has a hrightness of 7.5/7r=2.39 candles per 
square metre. 

 (53) PHOTOMETER SCREE
S.-It ha3 bpen 
found that no surface behavcs at all angles 
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as a perfect diffuser, and in SOIlIf' which are 
generally regarded as matt the departure 
from the cosine rule is very considerable. 
This departure depends not only on the 
direction from "hich the surface is viewed, 
but more especially on the direction of the 
incident light. There is always some specular 
reflection, and the brightness is a]ways high 
where the direction of vision and the direction 
of the incident light make equal angles with 
the normal in the same plane. Trotter 1 has 
made a large number of measurements of 
this effect in the case of many surfaces. 
He finds that Bristol board, unglazed by 
passing a damp cloth over its surface, or 
white celluloid rendered matt by rubbing 
over its surface "ith pumice powder, gives 
very good results if the direc- 
tion of specular reflection be 
avoided, a maximum error of 
3 per cent being found for 
the last-named material. 
In some photometers the 
comparison surfaces, or one 
of them, consist of sheets of 
matt opal glass, and for these 
the rule of cosine emission holds 
very well over quite a wide 
range of anglps. 

 (5-:1) ILLlJ:\I1sATIOS PHOTO- 
:\IETERS.-A general account of 
thp principle of n orking of 
illumination photometers was 
given at the beginning of the sec- 
tion on " Photometric .Methods." 
The number of instruments 
which have been designed for 
the measurement of illumina- 
tion is very large, and all that 
can be given here is a brief 
description of some of those 
which have been most frequently 
employed by workers in the field of illumina- 
tion engineering. 

 (.35) THE PREECE PHOTo.:\lETER.- Thp first 
photometer to be designed for the purpose 
of making illumination measurements was 
that of Preece rlescrihed in 1883. 2 This con- 
si:;ted of a box containin
 an electric glo,,- 
lamp and furnisherl at the top with a Bunsen 
grease-spot screen. The current through the 
hmp was varied until the grease spot 
disappeared, and the illumination of thp 
screen was then known from previous calibra- 
tion against the illumination produced by a 
standard source of Jight at various known 
distances. In a mfldÙìcation of this instru- 
ment, due to Trotter, the variation in the 
illumina'tion of the under side of the O'rease- 
to 
spot screen was effected by altering the 


o 


ø 


1 Illumination: its Distribution and JleasllTcment, 
p. 93, and II/urn. En(J., London, 1919, xii. 243. 
Z Roy. Soc. Proc., 1884, xxxvi. 270. 


position of the lamp instead of its candle. 
po" er. 

 (56) THE TROTTER ILLrl\UXATIOX PHOTO- 
l\IETER.-The latest form of the Trotter Illu- 
mination Photometer is shown in v('rtical 
ec- 
tion in Fig. 44. L is a small 4-yolt glow.lamp 
mounted in a screw socket which is carried on 
a bracket sliding on a vertic.al bar B. By 
this means the distance of L from a mirror 
)1 can be varied to suit the candle-power of 
the particular lamp used in the photometer 
at any time. The light is reflected by 1\1 to 
a matt white celluloi(l screen C "hich is 
capable of rotation about an axis perpendicular 
to the plane of the paper. This rotation is 
effected bv means of the snail cam _\ which 
bears 011 ; pin D. This cam is so shaped that 
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FIG. 44. 


the angular motion of the celluloid surface is 
much slower than that of the cam at the 
positions where the light from )1 falls very 
obliquely on to C. For at these positions it 
follO\\ s from the cosine law that the illumina- 
tion "ill vary very rapidly "ith the inclination 
of C, so that unless a earn such as that shown 
is provided, the Rcale becomes very compressed 
at the lower valups of illumination. A lif!ht 
leaf 
pring E gives just enough friction to 
hold the screen in any position while yet 
allowing a very free movement of the cam. 
The pin D is held in closp contact "ith the 
earn hy means of a flat spiral spring fixed to 
C. R is a knife-switch by means of which 
the lamp L can be lighted from a 2 - cell 
accumulator connected to the terminal,; T 1 , T 2 
of the photometpr. At the top of the box is a 
second matt white celluloid 
urface F, and the 
photometer is placed so that this surface is 
in the spot at which it is desired to measure 
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the illumination. A plan view of F is shown 
in Fig. 4-!A, and the mpasurement is made by 
viewing C through the slit in F and arljusting 
the hrightnpss of the 
former Ly tilting it with 
the earn handle, until F 
and C a pp('ar equally 
{") <1 bright. Illumination at 
F is then given hy the 
p{)
ition of a pointer con- 
nected ,\ith the handle 
by which C is turned. 
FIG. 44A. The scale is obtained by 
previou
 calibration with 
known illuminations provided hy a standard 
lamp at different fhed distances. To ensure 
that F is always viewed at a constant angle, 
C is provided with two small black pointers. 
These must be just visible at the ends of the 
slot in F (as in Fig, 44A) when the measurement 
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FIG, 44B. 


is being made. The direction actually used 
is 20 0 from the vertical. Even with this 
precaution of constant angle of vision, if the 
sheet F is not perfectly matt and the li
ht is 
incident upon it at an angle of ahout 20 0 , 
there is danger that specular reflection may 


8 1 


cause an appreciable error. It is best, there- 
fore, to view the photometer in a plane perpen- 
dicular to that of the in('ident lil!.ht, as sho","11 
in Fig. 44B, which also gives 
 view of the 
complete im;trument. 

 (57) THE HARRISON PHOTO)fETER. -In 
the Harrison photometer, the surface illu- 


minated by the outside lights consists of a 
disc from which two diametrically opposite 
quadrants have been 1'('moved. This diRc is 
set spinning pneumatif'ally, and thus the 
instrument ads on the flicker prineiple and is 
adapted for use with lights of colours different 
from that of the comparison lamp contained 
in the photometer hox (see section on .. Colour 
Photometry"). 

 (58) THE \YFBER PHOTOMETER. - The 
\Yeber photometer was one of the first illu- 
mination photometers designed. l It is shown 
in vertical section in Fig. 45. L is a ben- 
zine lamp which acts as a source of standard 
candle-power, S is a translucent scref'n mov- 
able along the tube T l , its position being 
marked by a pointer moving over a scale 
engraved on the outside of this tube. C is a 
Lummer-Brodhun cube, and P is a total 
reflection prism for use when the tube T 2 . 
which is capable of rotation about the axis 
of T 1 , is used in the vertical position (as 


T 2 


T 1 
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FIG. 45. 


shown). The upper end of T 2 is dosed by an 
opal glass disc, and this forms the surface the 
illumination of which is to be measured. 

 (59) THE SHARr-:MILLAR PHOTOMETER. 
-A much more elaborate photometer on a 
somewhat similar prin('iple is that of Sharp 
and l\Jillar, descrihed by. the latter in a critical 
paper on illumination photometers. 2 The 


H 


F 


FIG. 46. 


plan of this instrument is seen in Fi
. 4
. 
L is the lamp, a 4-volt glow-lamp, wInch IS 
capable q{ movpment along the box by means 
of an endless wire moved by the handle H. 
The position of the lamp is indicated hy the 
1 Wif'd. Ann., 1883, xx. 32(). 
tAm. Illum. Eny. Soc. Trans., H)o7, ii. 475. 
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shadow of a pointer on a translucent celluloid 
scale at F. This lamp illuminates an opal 
screen SI' and the brightncs'3 of this is com- 
pared, by means of a Lummer-Brodhun cube 
viewed through the eyepiece E, with the 
brightne
s of a second opal glass screen S2 
reflected in a 4,")0 mirror, contained in an 
elbow tube of which T is the plan. The 
illumination to be measured is that at 8 2 , 
and the range of the instrument i8 increased 
by the insertion of neutral glasses, with known 
transmission ratios, between C and either R 1 
or 
2. 
This photometer possesses the great. ad- 
vantage that the test plate 8 2 is viewed from 
below, so that its illumination is completely 
unobstructed hy the person of the observer 
or any part of the apparatus. This is of 
considerable importance, since, 
when the number of sources con- 
tributing to the illumination is 
large, it is often difficult for the 
observer to avoid shading one 
or more of them from the test 
plate" ben this is viewed, as is 
usually the case in illumination 
photoUleters, from above. 
It is also claimed for this 
photometer that the brightness 
of the comparison disc 8 1 varies 
exactly as the inverse square of 
the distance from it of the lamp L. This is 
probably the case unle
s this distance is 
made too short, when the inevitable effect of 
interior reflections \\ ill be such as to cause 
departure from the exact 
inverse square scale. 

 (60) THE ::\1 -\RTEXS 
PHOTOJIETER. - The 
::\lartens photometer is 
shown ill side elevation 
in Fig. 47 and in section 
along the line AB in 
Fig. 47.-\. J
 is a benzine 
lamp which is used as a 
comparison source, and 
which illuminates a 
ground glass plate G by 
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FIG. 47. 


reflection in the mirrors :\1 and a total reflec- 
tion prism P. S is a white spreen, the illumina- 
tion at which is desired, and comparison is 
made in thp eyepiece between the brightnesses 
of 
 and n. 
A slight modification of the :\lartens polarisa- 


tion photometer deReribed in 
 (30) enables 
thi.'\ instrument to be used as an illumination 
photometer. The plaster screen F is replaced 
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hy an opal glass sereen, and the tube T is 
turned so that this sereen occupies the position 
where it is desired to measure the .illumination. 
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 (61) THE LUXOJIETER.-Two very portable 
in
truments employing a test sereen which 
may be quite separate from the photometer 
are the Luxometer, whieh is a modification 
of the Trotter photometer, and 
the Lumeter due to Dow and 
)Iackinney.l The first of these 
is shown in section in Fig. -:18. 
L is a small 2-volt glow-lamp 
which illuminates the tilting 
spreen s. Thi
 s('reen is re- 
fleeted in the mirror :\r and is 
seen in thp plate C which i
 
sih-ered over one-half of its 
surface. The test pIa te T is 
seen by direct vision through 
the unsih-ered half of C, and 
the two halves of the field are 
brought to equality of bright- 
ness by tilting S. 

 (62) THE LG)IETER.-The 
lumeter is seen in plan in Fig. 
49. The 2-volt glow-lamp L 
illuminates an opal glass plate 
G. Behind this plate a cylin- 
drical shutter C with a care- 
fully graduated opening is moved by a 
handle carryin
 a pointer ,\ hich travels over 
a scale on the outside of the instrument. 


L 


1 Opt. SOl'. Tra1l!
., 1910-11, xii. (ìtt rThi
 pap<,r 
tkscribf's the ori!:rÏnal form oì tht' in4rument which 
ha
 now been rf'yiyed. The d{'gcription hf'r{' gh cn 
reiers to a moditicù form introduced aùout HH
.j 



442 


PHOTO)IETRY AXD ILLIDnXATIO
 


The light from the part of G exposer! 
by C illuminates the screen S, which con- 
sists of an exterior ring of white l")paq ue 
material, and an inner clear circle. This screen 
is \-iew<:>d through the eyepiece, the pxterior 
test plate P being seen through the clear 
central portion of S, while the brightness of 
th(> opaque portion is varied to equality with S 
by altering the position of C. The shape of 
the opening in C is seen in t he lower part of 
the figure. The breadth of the larger portion 
is ten t.imes that of the f1mallpr, so that at 
the transition point the scale is enlargf'd ten 
times. Theoretically the scales should be 
linear, but in practice errors IIp to 5 per cent 
and more are found with a linearly divided 
scale. 
Tust at the point where the larger 
opening begins to come int.o operation, the 
error is, naturally, very large. 



 


p 


.FIG. 49. 


Both these instruments are adapted for 
measuring low illumina.tions by the provision 
of neutral glasses N, N, of known transmission 
ratiof.!, whi-ch can be inserted at will between 
the test surface and the eyepiece. I n the 
lumeter thp
e consist of double weùges, so 
that adjustment to convenient ratios, such 
as 0-1 and 0.0], is possible. 

 (63) THE SHARP FooT-CA
DLE :l\IETER.- 
For rapid approximate measurement of illu- 
mination a portable photometer has bef'n 
devi
ed hy Sharp and modified by Sackwitz. 1 
It consists of a box containing a trough, 
over which lips a white screen with a line of 
translucent ('irc1es in it, this screen being 
illuminated from beneath by a lamp placed at 
the end of the trough. The brightness of the 
circles diminishes gradually from one end of 
the screen to thp other, and when the box is 
placed in any position, one of the circles is 
found to diSfl ppear, those on the right still 
1 Rharp, Elect. W orlrl, HH6, lx'\'iii. ;:;(jf\; Sackwitz, 
Am. Ilium. Bn!J. ,ç,'oc. Trans., IUI8, xiii. 2U2. 


showing bright, while tho
e on the left nO\\ 
appear dark. Previous c:dibration ghres the 
value of illumination at which each cirde 
vanishes in thiH way, and thus the instrumpnt 
can be used for obtaining quickly an approxi- 
mate value of the illumination at any point. 
The lamp is supplied from a dry cell ('on- 
tained in the box, and a small voltUleter and 
regulating resistance are supplied to enable the 
fall of voltage of the cell to be compensated. 
A somewhat similar instruUl{'nt was de- 
scribed 2 by H. T. Harrison in 191 O. 

 (64) THE l\lEASUREMENT OF BRIGHTNESS. 
-In hoth the luxometer and the lumeter, 
the test surface is quite separate from the 
photometer, and in fact these instruments 
may be w;;ed for measuring brightness as well 
as illumination. For, if the reflection ratio 
of the white card be R, then an illumina- 
tion of n metre- 
candles gives it a 
brightness of n R/7r 
candl<:>s per sqnare 
metre. Thus if the 
balance be obtained 
by means of the in- 
strument when the 
test card is replaced 
by some other surface, 
the reading of the in- 
strument multiplied 
by the factor Rf7r "ill 
give t.he brightness of 
the surface in candles 
per square metre. 
C Similarly, if the in- 
strument be calibrated 
(as is usually the case) 
in foot-candles, multi- 
plication by R/7r gives 
the brightness in candles per square foot. 
It has frequently been the custom to express 
brightness in equival<:>nt foot-('andles, i.e. in 
terms of the brightness of a. perfectly diffusing 
surface of 100 pt'r cent reflection ratio, illu- 
minated to the exteut of one foot-candle. 
This figure is obtained at once from the 
readings of an illumination photometer 
multiplied by the simple factor R, Unfortun- 
ately this system has given rise to much 
confusion between illumination and hrightness, 
and it is desirable that the latter should 
always be expressed in candles per unit 
area. 

 (65) VOLTAGE REGULATION.-
It \\ill have 
been noticed that a number of illumination 
photometers depend, for their standard of 
comparison, on a small 2- or 4-volt electric 
glO\\ -lamp fed froUl a portable battery. .KO\\, 
as has been already stated, the candle-power 
of an electric lamp varies as the fourth or 
fifth power of the voltagp, so that constancy 
2 Illuminating Bngineer, London, lUlU, Hi. :3ï3. 
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of battery \-oltage is of first importance. 
Jlost such photometers are provided \\ ith a 
s\\itch so that the lamp can be switched on 
only when the reading,; are being taken. The 
disf'harge of the battery is thereby much 
reduced, and, as the current of the lamp does 
not. generally exceed half an ampere, a storage 
cell of 10 to 20 ampere-hour capacity \\ ill 
maintain a constant supply voltage over a 
considerable period of use. The voltage of 
the battery on discharge must be frequently 
checked, and recharging shoulrl be commenced 
as soon as the voltage has dropped 5 per cent 
of its value. During this time the readings 
of the photometer must be reduced by 3.7 
or 5 per cent. for every 1 per cent drop in 
voltage, according as the lamp filament is of 
tungsten or carbon. The cell when first taken 
off charge should be discharged at about half 
an ampere for at least an hour before being 
used on the photometer. This a ,
oids the 
initial over-voltage. 

 (66) PRECACTlOXS I
 USIXG A PORTABLE 
PHOTO:\IETER.-The most frequent source of 
trouble in porta hIe photometers employing an 
electric lamp, is faulty contact at some part of 
the circuit. At the very low voltage used, the 
slightest fault in a contact causes a noticeable 
decrease or fluctuation in the light. The 
leads to the battery should be tightly screwed 
down on to perfectly clean terminals, and it 
is inadvisahle to unùo them during the taking 
of a set of readings. ...\.11 contacts inside the 
photometer should be soldered, and the la.m p 
socket must be of the screw type with the 
lamp well screwed down into the socket. If 
a switch is provided for the lamp, it is neces- 

ary to ensure tha t it makes good and 

onstant contact when in the" on " position. 
All portable photometers require frequent 
cheeking at two or three points of their 
scale, against known illuminations provided 
by a sbndard lamp at definite distances 
from the test plate. \Yhen all the precautions 
detailed above have been observed, the best 
of the
e instruments may be relied upon to 
an accuracy of about 2 to 3 per cent over the 
most favourable part of its sf'ale. 
The measurement of illumination, both bv 
daylight anrl artificial light, is becoming 
increasingly frequent and important. In 
several countries corles of illumination re- 
q uired for particular kinds of workshop and 
factory processes are enforf'ed by legislation. 
Extensive rules have also been framed for the 
lighting of schoolrooms, and the illumination 
of shop "indows, public halls, churches, 
theatres, and other buildings has lately re- 
ceh"'ed considerable attention. l 

 (67) THE JIEAS"LRE.:\IEST OF ILL"L)nXATIO
. 


1. Yide Illuminatiny Engineer, London: Trans- 
a
wn,
 of the. Illuminating Enyineerino SocietJl of 
J.' ew lork; Ll.{/hting Journal, and other publications. 


-The method of makin
 illumination measure- 
ments is to place the test plate at the position 
where the illumination is required, and to 
determine this by means of a photometer 
similar to one of those above described, taking 
care that the body of the observer shie1rls 
as little lit!ht as p
ssible from the test plate. 
rnless otherwise stated or clearly implied, 
it. is usual to assume that the test plate is 
placed horizontally, and very frequently the 
floor level or the I-metre level is adopted 
for all the measurement
. 
Iore frequently, 
however, the plate is placed horizontally on 
the desk, loom, bench, lathe, etc., where it is 
desired to know the illumination. Sometimes, 
as in planning a picture 
allery, the illumina- 
tion of a vertical surface is of primary 
importance. In such f'ase
, of course, the 
vertical position is adopted for the test 
plate. 

 (68) THE CALC"CLATIOX OF ILLDIIXATIOS. 
-If it be desired to predict by calculation the 
distribution of illumination which" ill result 
from any given 
arrangement of 1 _- 
light sources, this 
may be done from 
the polar curves h 
of the sources to 
be used, For (Fig. 
50) the illumina- 
tion of a horizon- ---------------- A 
tal plane at A, due FIG. 50. 
to a source at 
L of which the candle-po"er in the direction 
LA is J, will be J cos OjLA2 or J cos 3 0flt 2 , 
where h is the vertical height of L above the 
horizontal plane through A. Thus the total 
illumination at A will be 
J cos 3 0/h 2 , the sum- 
mation being made for all the s
urces which 
send light directly towards A. 
In illumination calculations it is usual to 
assume some simple form of polar distribution 
which approximates to that of the actual light 
source to be used. The great variety of the 
polar curves of present-day sources make it 
useless to do more than give a single example 
of such caJculations. For other examples 
the reader is referrerl to some book on illumina- 
tion engineering, such as Gaster and Dow, 
Jlodern Illuminonl-8 alld Illuminating Engitleer- 
ing; Trotter, Illumination: its Distribution 
and JJ eas1lrement; Bohle, Electrical Photome1ry 
and Illumination; Vppenborn, Le/lfburh der 
Photometrie; Steinmetz, Radiation, Ligllt and 
Illmnination; etc. 

 (69) THE ILLr)IIxATJON CLRYE. - If 
we have a number of equal light sources 
of known polar distrihution placed in line 
at a giyen hei2'ht, the curve 8ho" ing the 
variation of illumination along the line 
vertically beneath the 
ources can be yer," 
readily 
btained. From the expression giYe
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aLoye, it is easy to obtain, from the polar 
curve of the source, the diagram connecting 
the illumination at a point P, due to a single 
source, with tllf> horizontal distance of P 
from the source, This has been done in 
Fig. 51, where the heavy line is the curve of 
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illumination along a line 10 metres below a 
source having the polar diagram shown. If 
now the sources be spaced 20 metres apart as 
shown in Pig, 52, a curve like that in Fig. 51 
is placpd in its proper position under each 
source and the ordinates are 
added to produce the fun line 
curve which shows the dis- 
t.ribution of illumination due 
to all the sources together. T t 4 
will be obvious thai the 
 
-....I 
method may be applicd to 
other arrangpments of sources 
or to a variety of different 
sources, though thp calcula. 
tions " ill not be quite so 
simple as in the case of the 
example given above. 
The curve of Fig. 52 is 
termpc) an illumination curve. 
It shows onlv the distribution 
of illuminati
n alon
 a single 
line, If it be desired to 
show the distrihution over an area, this is 
most convf'niently done by means of an 
iso-lux ù.ia
ram, or contour map of equal 
illumination. Trotter] has des('rihed the 
method of constructing :;;uch a map. The 
simplest case is that of two sources. Strips 
of paper are marked off 'with a scale represent- 
ing the illuminations due to a single source 
1 Illumination: its Distribution and J[ easurement, 
p.46. 
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at various horizontal distanC'es from that 
8ource. Such a scalp corrpsponding to the 
curve of Fig. 51 is shown at thc hase of that 
figure. Two 
;uch seales are pinned to a 
sheet at points representing the positions of the 
two sources (see Fig. 53) and marks are made 
at the points of intersection of the sC'ales 
where the sum of the graduati()Ils has a given 
value. .Fer example, the 4-lux contour is the 
line joining the points ,vhere the scale marks 
0.5, 3.5; 1, 3; 1,3, 2.5 on the two scall
s 
respectively are coincident. The complete 
contour map is shown in 
Fig. ;"')3. The larger the 
number of sources, the more 
complicated become the 
necessary calculations. A 
large number of such maps 
are given by Trotter (inc. 
cit. ), Blundel, U ppen bprn, 2 
Steinm{'tz,3 anù l\Iart'cha1. 4 
It will be seen that, 
although either an illumina- 
tion curve or an iso-lux 
diagram may be used to 
obtain a mental conception 
40 of the effeet of a gin.'Il 
system of light sources of 
known distribution, yet it 
is still necessary to have 
some definite figure by which the illumina- 
tion performances of two lighting sYRtems 
may be compared. This is analogous to the 
comparison of the Jight-giving power of two 
sources by means of their average candJe- 
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powers instead of by the morp detailed but 
comparatively cumbrous polar diagrams. 

 (70) THE AVERAGE ILL"CJ\nNATlo
.- 
Various sugge-stions have- hef'n madp for a 
basis of comparison of differf'nt illumination 
systems. On the wholp the average illumina- 
tion, or, what is equivalent to it, the average 
II {Tppenborn and ::\Ionasch, loe, cit. 
3 Ht('Ìnm('tz. loco rit. 
e L'Éclairage à Paris 
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flux per unit area (generally expressed in 
lumens per sq uarc metre or per square foot), 
has been most generally adopted for indoor 


FIG. 53. 


illuminati
n. This means that, for a direct 
lighting system where the reflection from walls 
and ceiling can be neglected to the approxi- 
mation desired, the average illumination in 
mptre-candles will be equal to the total mean 
lower hemispherical candle-powers of all the 
sources in the room, multiplied by 27T" and 
divided by the area of the room in square 
metres. 
(i.) The r ariation Factor. - This system 
giyes no indication as to the distribution 
of illumination over the room. If there be 
only a few sources of high candle - power 
the illumination will be concentrated in the 
regions underneath a source, leaving the outer 
part
 of the room in comparative darkness. 
For this reason a second figure, giving the 
ratio of ma:\.imum to minimum illumination 
in thp uspful area of the room, has been 
proposed as an addition to the average 
illumination. This figure may be termed the 
" variation factor." 
(ii.) Trotter' 8 " Cha racteristic Cun'e."- 
Another mpthod of dpscribing an illumina- 
tion system has been called bv Trotter 1 a 
characteristic curve. This is a 
curve having 
for its abscissae areas, and for ordinates the 
values of the minimum illumination over those 
areas. Thus, referring once more to the illu- 
mination diagram shown in Fig. 51, it will be 
seen that the illumination at all points within 
a circular area of radius 10 metres equals or 
exceeds 2.1 metre-candles. The area of this 
circle is 314 sq uare metres, and therefore the 
point (314, 2.1) is a point on the characteristic 
curve which is shown in Fig, 54. Since the 
absci
sae of this curve represent areas, the 
mean ordinate of this diagram, as far as any 
given ordinate, is equal to the illumination 
over the circle having an aff'a represented by 
that ordinate. Thus the average illumination 
1 Loc. cit. p. 58. 


over a circle 1000 sq, metres in area is equal 
to the mean ordinate of the area OABC on the 
diagram, i.e. to 1.86 metre-candles. 
(üi.) Bloch'8 JI ethod of calculating A l'erage 
Illumination.-Two methods which ha-,e been 
proposed for the approximate calculation of 
the average outdoor illumination due to lamps 
having a givpn distribution will be shortly 
described. In the first, due to Bloch,2 the are
 
is divided into a number of rectangles so that 
there is a lamp in the centre of each rect- 
angle. The radius of the circle which has an 
area equal to that of the rectamrle is then 
found, and the average illuminatio'n over this 
circle is obtained from-the polar diagram of the 
source. This is equal to the total radiation 
emitted by the source within the cone having 
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the lamp as appx and the circle as base, 
divided by the area of the circle. 
In this method the effect of neighbouring 
lamps is neglected, making the calculated 
value too low; but, on the other hand, the 
conversion of the rectangle into a circle makes 
the valuð too high, so that these errors tend 
to neutralise each other. Bloch proposes that 
for street lighting the ,alue so obtained shall 
be multiplied by thp factor (1.2-0'1)'), where 
'Y is the ratio of the distance between the lamps 
to the width of the street. 
(iv.) Hõgner' 8 J1 ethod of calculating At'er- 
age Illumination.-Högner's method is more 
accurate, but rather more laborious. The 
rectangular area surrounding a source is 
divided into four smaller rectangles with 
their common corner at the point vertically 
below the lamp, Each of these four rect- 
angles is then further subdivided into still 
smaller areas by the construction shm, n in 
Fig. 55. Points Xl' X 2 . . . Y I , Y2 . . . are 
marked off on AB and AC, so that the lines 
Xl L, X 2 L. . . and Y I L, Y2 L . . . make angles 
of 10 0 , 20 0 . . . "ith the ",prtical. .i\lutually 
perpendicular ordinates drawn through Xv 
X 2 . . . and Y I , Y 2 . , . di"ide the area into 
a number of small rectangleR such &.s PQRS. 
X ow each of thesp rpctangles i8 regarded as 
forming the base of a pyramid haying L as 
apex, and the solid angle w, and the indination 
to the vertical 0, of the line joining its centre 
2 Elektrot, ZeUs., 1906, xxvii. 493. 
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to L has been found and tabulated for each 
such rectangle. It only remains, therefore, to 
find the candle-power of the lamp at any angle 
e, and to multiply this by the value of w (in 
steradians), to find the total flux reaching 
the base of the pyramid. The total flux 
over the "hole area being thus found by 
adclition, the average illumination can be 
calculated. 
It will be clear that the illumination due to 
a gi vpn system of sources cannot be altered in 
distribution if the candle-power of all the 
sources be altered in the same ratio. It there- 
fore follows that to determine the candle-power 
required for a given illumination EI' using 
sources of known distribution arranged in 
a certain way, it is only necessary to calculatf' 
the illumination due to such a system of 
sources of candle - power J. Suppose 
this illumination is found to be E 2 . Then 
the candle-power required is JE 2 /E r 
This refers equally to illumination at 
a point and to average illumination 
over an area. 

 (71) FACTORS INVOLVED IN I
DooR 
LIGHTlKG DESIGN.-'Yhat has been said 
above refers to the measurement or 
calculation of the 
actual illumination at 
a point, or the average 
illumination over an 
area, due to a given 
system of light 
Fources. But it will 
be obvious that in 
designing any system 
of lighting ihe degree 
of illumination pro- 
duced is only one out 
of several factors, all of which have to receive 
consid{'ration. Every particular case will pre- 
sent its 0"11 special problems, and only the 
most genera! rules can be given here as an 
indication of the principal factors which enter 
into the design of all lighting systems. 
The problems of indoor illumination must 
be treated quite separately from those of 
street lighting and outside illumination 
generally. The requirements of an indoor 
system may be hriefly summarised as (1) 
adequate intem;ity, (2) proper distribution, 
(3) absence of glare, (4) avoidance of excessive 
contrasts-and these will be dealt with in turn, 
For a discussion of the particular problems 
presented by the many classes of indoor 
illumination, and of the manner in which these 
may be dealt with, the reader is referred to 
chapter ix. of J[r;dern lllllminant8 arlfZ Illu- 
minating Engineering, hy Gaster and Dow. 

 (72) ILLU'UNATIOS REQUIRED FOR V -\RI- 
OUS PROCESSES. (i.) The tm01lnt.-The neces- 
sary illumination for va riou
 types of room, 
worhshop, {'tc" depend:i almost entirely on the 


L 


nature of the work For reading, writing, and 
similar work an illumination of :JO to üO llletre- 
candles has been proposed. For such places as 
foundries, where t.he ilJumination has to be 
general and no fine work is done, 10 to 20 
metre-('andleR is generaHy regarded as sufficient, 
while for a drawing-office 
O m('tre-cancUes 
is needed, and in the special case of a shop 
window, where display is required and the 
goods to be shown are of a dark colour, as 
much as 200 metre-candles may be used with 
advantage. Tables of the intensitips suggested 
for various purposes have been frequently put 
forward,l It has been found that for similar 
work ,,,,ith material
 of different r('flection 
ratio<;; the illumination required is inversely 
proportional to the reflection ratio. 2 
(ii.) Distribution of Illumination. - The 
proper distribution of the light is most 
important. A room in which nearly all 
the light is concentrated in one com- 
paratively small area, while the re- 
mainder is in semi-darkness, ('annot be 
regarded as well lighted. If work is 
carried on only at one or more particular 
parts of a room, a genera] illumination 
of 2 to 5 metre-candles should he pro- 
vided, with the addi- 
tion of lo('al lights 
to give the necessary 
illumination at the 
points where it is 
specially needed. For 
reading, the light 
'Shonld preferably 
come from behind, 
while for writing it 
should come from 
the left front. 
(iii.) AV01"dance of Glare. - The avoidance 
of glare is of the utmost importance if eye- 
strain is to be a voided and the light pro- 
vided is to be properly appreciated by the 
eye. Even sources of low intrinsic bril- 
liancy should be shielded from direct vision, 
and it has he{'n generally agreed that an 
intrinsic briHiancy of 3 to 5 candles per 
square inch should not. be exceeded in any 
source, shade, or reflector which the eye is 
liable to see by direct \?ision. It is a matter 
of common 
xperience that expm:ure to a very 
brightly illuminatNI surface renders the eye 
less ('::tpable of properly appreciating the forms 
of objects having a lower intrin
ic hri1lian('y, 
so that if glare he not avoided a much higher 
general illumination is required. 
Excessive contrast
, generaHy in the form 
of de{'p r-:hadows, are annoying to thp eye in 
domestic lighting, anc] may he sources of the 
utmost danger in street or factory lighting. 


'R' 


FIG, 55. 


, (;astf'f amI Dow, 10('. ('if. p" 32!). 
Z Report of ])l'/mrfml'lIfal Committee on Lioldill() 
1
n Fa('forie.
 and Works/lOp,,;, i. 37. 
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On the other hand, an almost complete absence 
of shadow is most unsuita ble for work requiring 
perception of fine detail, such as sewing, watch- 
making, etc,l The attainment of the above 
requirement'3 in any particular case is a matter 
requiring much experience of iHumination 
engineering. 
(hr.) Direct and Indirect Lightil1{J.-For the 
sake of C'onvenience, systems of indoor light- 
ing ha"e been classified as direct, indirect, 
and semi-iu(lirect. In the first-named system, 
the light from the source reaches the area to 
be illuminated hy a direct path and does 
not suffer any ch9.nge of direction once it 
has left the lighting unit. In an indirect 
system, on the other hand, the light is all cast 
upwards to the ceiling, or to a reflector placed 
above the source, so that the Jight reaching 
the lower part of the room has suffered at 
least one reflpction on its way. In the semi- 
indirect system of lighting, part of the light 
from the source illuminates the room directly, 
the remainder by reflection. In addition to 
the ceiling, the upper part of the walls has a 
considerable share in the distribution of the 
light from an indirect or semi-indirect system. 
Roth of these systems, o'\\ing to the great area 
from which the light is received by the lower 
part of the room, avoid all pos
ibility of glare, 
and cause a very great softening of shado" s. 
'Yith a totallv indirect svstem, the lack of 
shadow may be so pron;unced as to cause 
inconvenience if the room is used for certain 
kinds of work. 
Combination of indirect general lighting 
with direct local lighting is frequent and 
possesses many of the advantages of both 
systems. 'Yith indirect or semi-indirect 
systems and, to a less extent, with direct 
systems of lighting the reflection ratio of walls 
and ceilings has a marked effect on tllP in- 
tpusity of the sources required to produce a 
gi"en il1umination. "
alls with a very high 
r('flection ratio may increase the illumination 
by 40 to .30 per cent over that obtainable "ith 
,-rery dark walls. 2 In general it may be assumed 
that with a white cei]inO' the sources used in 
an indirect systenl of li
htinO' re q uire to haTe 
. 
 0 
double the intensity of those used for a direct 
system. Useful tables of the consumption of 
Po\\ er by various illuminant
, when producing 
an illumination of one foot-candle on the 
working plane, have been given by Gaster and 
Dow 3 and by r ppen born. 4 

 (73) OrTDOOR ILLonxATIOx.-The re- 
quirements in the case of outdoor illumination 
are somewhat different. In street lighting 
the need is for as even an iJIumination as 
po:;;sible with the comparatively "ide spacing 
1 flppartmelital ('ommittpe OIL Lighting in Factories 
alld n orkshop.<;, loco cft. 
:! Ga:.ter and Dow, loco éit. p. 3
6. 
8 J DC. eit. p. 323. 
t Lehrbueh der Photometrie, p. 179. 


necessary. This is partly accomplished, either 
by specially designed reflectors which con- 
centrate the light in a direction only slightly 
below the horizontal, or by placing the lighting 
units at a considerable distance above the road- 
way. A minimum illumination of 1 metre- 
candle is regarded as necessary for important 
thoroughfares. 5 
Other problems which come under the head 
of outdoor lighting are the illumination of 
railway platforms and goods-yards, parks, 
bridges, and open spaces. The illumination of 
I signboards and building exteriors for spectacular 
purposes are also cases requiring special treat- 
ment. For these a work on illumination 
engineering should be consulted. 

 (74) ÐAYLIGHT.-'Yhat has been said so 
far has been with reference to illumination 
bv artificial light. But it will be obvious 
I that the methods of illumination measure- 
ment, and the photometers which have 
been described, may be employed equally 
well for the measurement of daylight illu- 
mination. The chief difficulty met with, that 
of the great colour difference between dav- 
light and the light from the comparis
n 
source u"\ed in a photometer, may be o"er- 
come to a certain extpnt by the use of a 
blue glas
 or gelatine filter between the com- 
parison lamp and the surface it illuminates 
(see 
 (101) in "Colour Photometry"). This 
has the disadvantage of reducin
 the illumina- 
tion of the comparison surface, whereas the 
illumination to be measured is generally high 
in the case of daylight. This has led to the 
use of a yellow filter placed between the test 
surface and the eyepiece, but this has the dis- 
advantage that the transmission ratio of the 
filter may vary "ith the colour of the daylight 
to be measured. 
(i.) Daylight Factor. -A further complica- 
tion in the case of measurements of interior 
illumination by daylight arises from the fact 
that the daylight is constantly val'}ing in 
intensity. A simple measurement of the illu- 
mination at a point im
ide a room on a 
particular occasion. therPfore, does not give 
the information required, for clearly this will 
depend on the iBumination prevailing out- 
side the building, and hence a knowledge of 
simultaneou
 values of indoor and outdoor 
illuminations is e.5sential if any information of 
permanent "alue is to be obtained. On a dull 
day "ith a grpy sky, the illumination at a 
point inside a building bears a "ery nearly 
constant ratio to the illumination at a point 
outside. This ratio, expressed as a percentage, 
has been termed the daylight factor at the 
point and is taken as giving smue indication 
of the illumination at the point when the 
out
ide illumination is known. 
(ii.) rariations of Dnyligld.-It i
 
cl<l()m 
5 l:aster and now loco cit. p. 419. 
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realiscd how rapid and how great are the 
variations which take place in daylight illu- 
mination. Some experinlC'nts on thesp have 
been described by C. C. Paterson and the 
author. l 
The conditions exerting the greatest influence 
on daylight iHumination are three, viz. (i.) 
time of day, (ii.) time of year, (üi.) meteoro- 
logical conditions. 
(iii.) Variation Leith TÙne of Day. --As to 
the first, experiment has shown that the 
gradual rise of illumination at sunrise closely 
corresponds with the fall at sunset, and that 
the change of illumination takes place at a 
more uniform rate when there is a dull grey 
sky than when the sky is blue and cloudless. 
The sunset and sunrise illuminations do not 
vary with the time of year, but only with the 
meteorological con(litions, and may be assumed 
to lie, generally, between 100 and 500 metre- 
candles; 250 metre-candles may be taken as 
a fair average value. 
(iv.) Varifltion with Time of r ear.-As to 
the variation with time of year, the average 
results of a vcry large number of observa- 
tions extending over nine months gave the 
curves shown in Fig. 56 for the variation of 
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FIG. 56. 


daylif!ht from 5 A.M. to 7 P,"M. on average days 
at different times of the year. On this diagram 
the horizontal scale represents the time of day, 
and the vertical scale foot-candles of illumina- 
tion under an open sky. There are three 
curves, representing average days in June, 
September, and Decemher respectively. A 
horizontal line has I>een drawn through the 
curves at the f)00 foot-candle level for the 
purpose of illustration, and it will be seen that 
the line cuts the December curve at 10 A."I\J. 
and 2 1'.:\1. It follows that any room in a 
building for which the daylight factor is below 
0.2 per cent will have less than I foot-C'an(Ue of 
daylight illumination before 10 A.M. and after 
2 P.M. on an average day in Decemb('r, while 
in June the corresponding times are 6 A.'I. and 
ß 1'.1\1. respectively. 
It may be said, further, that there is, on the 
1 Fir.<;t R('port of fliP f)p partrnmfal Committee 
Lighting in Factories and JV Qrkshops, Un;), i. 63. 


average, an outside illumination of about 100 
foot-candles 30 minutes after sunrise and 
before sunset, so that a position in any building 
with I ppr cent daylight factor has, on the 
average, an illumination of ] foot-candle 30 
minutps after sunrise and before sunset. 
Although the sunrise and sunset illumina- 
tions do not vary appreciably from summer to 
winter, the mid-day illumination fallR from an 
average of about 4000 foot-candles in June 
to 700 foot-candles in December, the inter- 
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mediate distribution being of the nature of 
that shown in Fig. 57. 
(v.) r ariation with Jl eteorolo[Jical Conditions. 
-The variations in the daylight illumination 
arising from even small changes in atmospheric 
or cloud conditions are often surprisingly grC'at 
and take place with extreme rapidity. The 
diagrams in Fig. 58 show the magnitude of 
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such variations on representative days, The 
on I first gives an approximate record of the day- 
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liaht illumination observed on a bright day in the variability of daylight, it would appear 

.huch (17th), when there was a large number that the only satisfactory method of specifying 
. of grey and white clouds over the sky. The the daylight illumination of a room is by its 
. second shows the comparative steadiness daylight factor, either the minimum, or an 
found on a day with a very uniform and dun average for the whole room, being taken. 
grey sky at the same time of year plarch 30th). This involves simultaneous measurements of 
It will be seen from the first example that illumination inside and outside the building. 
the illumination may vary by upwards of 80 A convenient method of arranging this is to 
per cent within a few minutes. Also two days have one observer taking readings at regular 
of a different. type, though in the same month, one-minute intervals on a test plate so situated 
may give widely different average illumination that it receives unobstructed light from the 
values at the same time of day. Thus the whole sky. At the same time, another observer 
midday illumination on one day "hen it was inside the building takes readings at convenient 
very dull and drizzling "a<; 130 foot-candles, intervals (consisting of an integral number of 
while three days later, at the same time of minutes), and the daylight factors are 8ub- 
day, it was 1200 foot-candles. Of the various sequently calculated from the two sets of 
fa
tors affecting the iHumination, the number data. This was the method adopted by the 
and brightness of the clouds are, perhaps, the author in making 4000 measurements of day- 
most important. A bright cloud upon which light factors for the Home Office Committee 
the sun is shining has a brightness far exceeding on Lighting in Factories and \Y orkshops. 
that of the surrounding blue sky, and as such (Report, voL iii.) 
a cloud changes its position in the heavens its 
 (76) TROTTER PHOTO:;\IETER DAYLIGHT 
blight ness, as well as its capacity to produce ATTACHl\IExT.-There is one difficulty in apply- 
illumination at any particular position, will ing the method to buildings in crowded areas, 
both change considerably. \Yith a large viz. that of finding a sufficiently open space for 
number of such clouds in the sky it is not the outside measurements. This may be par-' 
surprising that the illumination should fluctuate tially overcome by the adoption of a device 
rapidly. The clearness of the atmosphere, too, described by Trotter and 'Yaldram. It may be 
has naturally a considerable influence on the readilv shown that if E be the illumination of a 
illumination; but this effect is not capable of test pÌate which is receiving unobstructed light 
such rapid variations as that due to clouds. from a complete hemisphere of sky of bright- 
The probable limits between which the day- ness B, then E =71" B. If now a vertical tube 
light illumination at any time may be ex- be placed over the test plate, and if an opening 
pected to lie are indicated in the table. The at the upper end of this tube be of such a size 
values there given are based on 9! months' that the solid 
observations taken at the Kational Physical angle it subtends 
Laboratory from )Iarch to December 1914. at the centre of 
ObsenTati
ns over a more extended period the test plate is 
might lead to some modification of the averages 271"{1000, then the 
given. The values of illumination considered I illumination of the 
throughout are those measured on a honzontal test plate "ill be 
plane placed in an open field with a practically I only 2E/IOOO, so 
unobstructed horizon. The direct sunlight that by providing 
was always shielded from the test cards. the top of the tube 
with discs of vari- 
ous known aper- 
tures, the bright- 
ness of the test 
plate can he re- 
duced to a corre- 
sponding fraction 
of the ill umina tion 
it would have 
received from the 
whole sky. The 
method of apply- 
ing this to the Trotter photometer is shown in 
Fig. 59. Thus only a very small proportion of 
unobstructed skv is needed, but of course the 
assumption is m
ade that the sky iR uniformly 
I br
ght all over, and this 
s usually ver
' far 
rolll 

 (7,j) )IEASLRE:\IE
T OF D1YLIGHT FACTOR. bemg the case except wIth a dull grey sky, 
-In view of what has been said above as to It is usual, in rnaking daylight illumination 
20 


TABLE 


:\Iidday Illumination (Foot- 
)Ionth. candles). 
Highest. Lowest, I Mean. 
1914. \ 
April 5340 710 3
OO 
May 5430 10,')0 3:!OO 
.J une 5160 24:!O 4100 
July , :Sufficient oh.:ervations not 
AUf!u!'>t , available. 
Sept em bt>r . 3030 I 8iO I 1180 
October 2() 10 1,)
 I 1300 
Xovember . 
500 130 llOO 
Decem ber . llûO 3GO 720 
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FIG. 59. 
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llwasurements, to shield direct sunlight from 
the test card. though the fact that this has 
heen done is geI1Prally stated. The average 
daylight factor for side-lighted room:'! of usual 
construction varies from 0.2,) to 1 per cent. 
A room where the average daylight factor is 
4 per cent or over :may be considered to 
possess exceptionally good natural lighting. 


VI. LU'E TESTING OF ISCAXDESCENT LAMPS 

 (77) CÓNNECTION BETWEEN LIFE AND EFFI- 
CIENCy.-There are, in the main, two charac- 
teristics of an electric glow-lamp which deter- 
mine the quality of its performance from the 
economic point of view. The first of these is 
its efficiency-i.e. the candle-power which it 
gives per watt of electrical energy consumed- 
while the second is its life, i.e. the number of 
hours for which it may be expected to give 
this candle-power within certain specified limits. 
These two characteristics are so intimately 
connected that if the efficiency be increased by 
raising the voltage applied to the lamp ter- 
minals the life is inevitably reduced. This 
fact will at once explain both the great im- 
portance of the life testing of electric lamps 
and the necessity for ensuring that such a life 
test is carried out under the efficiency condi- 
tions at which the lamps are to operate in 
practice. 

 (78) FALL OF CANDLE - POWER, AND 
"S
IASHIXG-POINT."-ln general, it is found 
that the candle-power of an electric glow-lamp 
of either the carbon or tungsten filament type 
falls gradually as the lamp is run (after. a 
short initial period of somewhat uncertain 
behaviour, generally including a preliminary 
rise), and this fall of candle-power continues 
until the filamcnt is fractured either by acci- 
dental mechanical shock or by some appar- 
ently spontaneous action while in use. It may 
frequently happen that the fall in efficiency 
of the lamp, after a certain period of time, 
reaches the point at which the additional 
power necessary to give the requisite amount 
of light is more expensive than the rcplace- 
ment of the lamp by a new one. The point 
at which this occurs is often t('rmed the 
" smashing-point" of th(' lamp, and it is for 
this reason that it is necessary carefully to 
define the term "useful life" as applied to 
an electric lamp. Very frequently this is 
defined as the time which elapses hefore the 
candle-power falls to 80 per cent of its initial 
value (the voltage being m3intained constant 
throughout the run), or to previous failure, 
provided this does not take place by accidental 
means (i.e. when the lamp is not hurning). 

 (79) LIFE-TEST CONDITIONS.-A life test 
may hc made under sew'ral different sets of 
conditions, and these conditions must be 
carefully specified in order that the desired 


information may be afforded by the test. 
The simplest form of test is that in which 
the lamps are run throughout at constant 
(generally rated) voltage, all th(' photometric 
measurements being made at this voltage. 
Such a test does not, however, giye the most 
reliable information as to the life !)('I'Íormanec 
of a set of lamps. Since life testing must 
necessarily be by sample, it is essential that 
the conditions under which the sample lamp 
is run shall be such a::; to give the nearest 
approximation to the average life of the lamps 
which it represents. This is best attained by 
a t('st at definite efficiency, 1'.e. the average 
working efficiency of the batch of lamps re- 
presented by the life-test lamps. This of 
course involves the adjustment of the voltages 
on each of these lamps to the values at which 
they give this definite efficiency. In general, 
therefore, each life-test lamp must run at a 
voltage p('culiar to itself, and provi
ion must 
be made for this arrangement in designing any 
equipment for the life testing of electric lamps. 
A less satisfactory alternative, wh(,11 this correct 
procedure is not possible, is to s('lect as life- 
test lamps those whose efficiency at. rated 
voltage happens to be nearest to the mean or 
rated value. These 1amps are then tested for 
life at rated voltage. 

 (80) FORCED LIFE TEST. - The -life of 
most modern electric lamps at norma.l working 
efficiency is from 500 to 2000 hours, and many 
attempts have been made to avoid the long 
delay occasioned by tests such as those de- 
seribed above, and to su hstitute tests at a 
higher efficiency, By this means a shorter life 
is obtained, and then some form of correction 
factor is applied in order to calculate the life 
at normal efficiency. Such a test is termed a 
" forced" life test, The chief difficulty of this 
method lies in the fact that correction factors 
differ widely for lamps of different construc- 
tion, and reliable factors can only he obtained 
as the result (If life tests of large numbers of 
similar lamps under. normal and "forced" 
conditions. Even with this information the 
correction factor can only be applied over a 
comparatively small range of efficiency, but 
nevertheless a considerable amount of time 
is saved by adopting this procedure where 
accuracy is of less impOl'tanee than speed. 
The subject of the correction factors applied 
in forced life tests will he referr('d to again in 
the concluding para
raphs of this section. 

 (81) LIFE - TEST IXSTALLATION, - From 
what has been said above, it will he clear that 
in any life-test installation two requirements 
of first importance are (1) a current supply of 
which the voltage is carefully regulated, and 
(2) arrangements for applying any desired 
voltage to each particular lamp on test. 
The apparatus used for this purpose at the 
large testing laboratories are generally 8imilar 
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differing only in details of arrangement. The 
de::;cription here given is of the instaJIation at 
the Xational Physical Laboratory,1 but that 
of the Bureau of Standards 2 is not greatly 
different in general principle. 

 (82) YOLTAGE REGULATIOX. -.An alter- 
nating current supply of 55 cycles and 240 
volts from a dynamo, coupled "ith a Tirrill 
regulator, feed':! an autotransfonller from which 
leads are taken to a number of racks supported 
in an iron framework. A diagram of the 
"iring of one of these racks is shown in Fig. 
60. The pick-off points of the transformer 


roooo ð ðððð
OOðOOOðOOö]"1 
240 Volt Generatol' 


FIG. 60. 


permit of any desired voltage in steps of 
5 volts being applied to the leads of any 
rack, This voltage is further adjustable by 
means of a series resistance so that if lamps 
are being run at specified voltage they can be 
put in the sockets on the rack, and the ter- 
minals TIT l , T2T2' etc" can be connected by 
short pieces of copper "ire. 
lore frequently, 
however, the voltage at the terminals of each 
lamp on the rack is different, and then small 
re
istan0es of the form shown at R in Fig. 61 
R 


Lamp, 39A 
Test Card. 26 
Frame No., 2 
Rack No., 2 
Socket No., 72 
Rack Volts, 25 
Res. 0'6 0 
Set up, Sept. 
28.'20 


FIG.ß1. 


are in
erterl between the terminals TlTI' 
T 2 T 2 , etc. Each of these resistances i5:, to 
the nearest tenth of an ohm, that required to 
give, with the current taken by the lamp to 
(
 l P
terson and Rayner, Ilium. Eng., I.onrloo, 
1. 08. 1. R.1.5. 
:I :\liddlekanff, '[uI1hmn, ami Skoglan
l. Bureau 
of .5trl11dards Bull., 1!H6, xii. 60i. 


which it applies, the necessary voltage drop 
between the rack lead::; and the lamp terminals. 

 (83) CAXDLE - POWER :\IEASUREMEXTS.- 
Before the lamp is put on life test, measure- 
ments of candle-power and current at various 
voltages are made in the usual way (see 
 (20)), 
and the voltage at which the desired efficiency 
is obtained is then deduced. This voltage 
then becomes the life-test voltage of the lamp, 
and no attempt is made to alter this voltage 
as the efficiency of the lamp faBs '\\ith lapse 
of time. Further, the candle-power measure- 
ments at stated intervals during the run are 
made either at this life-test voltage or, more 
frequently, at rated voltage. These measure- 
ments are often made at the expiration of 
0, 50, 100, 200, and each 
ubsequent 200 hours 
after the commencement of the test. In the 
case of a forced test the intervals at "hich 
candle-power measurements are made may be 
much shorter than this, as the total life is 
reduced in length. 

 (84) POSITIOS OF THE L,UIPS.-The card 
shO\\'11 in Fig. 61, close to a lamp, is a very 
useful auxiliary in practical working. It 
shows, for the lamp in question, the reference 
number of the lamp, its position on the life- 
test rack, the voltage applied across the rack 
leads, and the resistance necessary to reduce 
this voltage to the life-test voltage of the 
lamp. The racks are so arranged on their 
framework that the lamps can be burnt 
upright or pendent, the latter being the more 
usual condition. The racks are inspected at 
frequent intervals and failures are noted, as 
far as possible, to the nearest hour. It is the 
usual practice to regard any lamp, the filament 
of which fractures "hen no current is passing 
through it, as having been accidentally broken. 
The results on such a lamp are then not 
included in determining the average life of the 
group to which it belongs. If the filament of 
a lamp break, and fall across another portion 
so as to complete the circuit through the lamp 
and cause it to burn, that lamp is ne"Vertheless 
regarded as broken, and remo"Ved from the test, 

 (85) LIFE - TEST CrRvEs. -Lamps are 
generally run until failure of the filament 
occurs, or until the candle-power, measured 
at one of the intervals mentioned above, shows 
more than 2() per cent drop below the initial 
value. The interpretation of life-test results 
is a matter requiring very careful considera- 
tion. It is usual to draw the candle-power 
time curve for each individual lamp, and then 
to draw two curves sho" ing respectively the 
average candle-power and the a"Verage "Value 
of watts per candle for the whole number of 
lamps burning at any time. Thus in drawing 
these latter curves. lamps remo"Ved from the 
test, either on account of breakage or candle- 
power fall, are not included in computing the 
averages for times subsequent to their removal. 



432 


PHOTO)IETRY AXD ILLU:\(fXATIOX 



 ""'- _T -- oQL 
-........: ,,,,,=:::::::::.,.,:: :-- 

 

 -- -- '
 
l; 
"0::::::,"",- e,. 
'" 
 - - -- - 
;:::. - .4. '" Å 

- - - 
 I I r 
- 
- -- 
........: ---êo. l1 d , e 
per J,' 
I-- - 1-J o.ftS-l 


A set of such curves for a batch of six lamps 
is shown in Fig. ü
, where the individual 
candle-po\\er curves are shown on the left, 
and the mean candle-power and average 
watts-per-candle curves are ::;hown respectively 
above and helow on the right. The removal 
of a lamp from the test is indicated by an 
arrow at the appropriate point on the time 
scale. 

 (86) I
TERPRETATIO:Y OF RESULTs.-For 
specification purposes, however. it is desirable 
to have, in addition to the full information 
afforded by the curves, some figure of merit 
for the life-test lamps by which it may be 
possible to judge of the probable performance 
of the lamps they represent. The figure 
adopted by the British Engineering Standards 
Association in this country is the " test life," 
defined as the average number of hours burnt 
by all the lamps in a group throughout a 
specified running period. J t is therefore the 
total number of hours burnt by all the lamps 
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in a group, throughout each running period, 
divided by the number of lamps. 

 (87) FORCED LIFE EFFICIENCIES. - The 
advantages of speed and economy of power 
possessed by a forced life test were pointed 
out earlier in this article, as well as the diffi- 
culties attending the correct interpretation of 
such tests. These difficulties are diminished 
in proportion as the extent of the" forcing" 
is reduced. The extensive life tests carried 
out at the Bureau of Standards 1 are made at. 
efficiencies corresponding to about 0.9 to 0,95 
watts per candle for tungsten lamps rated at 
from 1 to 1.15 "atts per candle, and in many 
other cases the use of forced life tests is 
customary. 
The determination of the conditions at which 
a forced test is to be run may be made in two 
different ways. The first method is to measure 
the voltage at some stated watts per candle, 
and to multiply this by a constant factor to 
determine the forced test voltage. A forced 
test voltage in common use with this method 
in America is I
O per cent of the voltage 
1 )tiddlekauff, Mulligan, and Skogland, ioc. cit,; 
and Am. Ilium. Eng. Soc. Trans., 1015, x. 814. 


at which the Jamp absorbs 1.23 watts per 
candle, 2 
The second method is to run the lamps at 
the voltage which gives them, initiaHy, some 
specified wa Us per candle higher in efficiency 
than the normal by a constant amount. 
The life-test voltage having been determined 
as above, it is usual to make the photo- 
metric measurements at rated voltage for 
the sake of consistency and simplicity in 
records. Since the life test is considprablv 
shortened in length of timp taken, the intervaÌs 
between the photometric measurements are 
correspondingly reduced. 

 (88) R EDUCTIOK OF FORCED LIFE RE- 
SULTS.-It is usual to reduce the life results 
of a forced life test to those of a test at normal 
efficiency by means of a relationship such as 
the following: 
(Life) = (constant) x (watts per candle)ß. 
For although Cady 3 and Edwards 4 have 
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FIG. 62. 


shown that n is not constant over a "ide 
range of variation of the efficiency, yet 
within the limits of 15 per cent in voltage 
a Love and below normal the error in the 
computed life will not be serious if the departure 
of the efficiency from the normal value is not 
too great. Le\\inson has shown 5 how much 
the value of the exponent n depends on the 
construction and type of the lamp under 
test. For 100-watt lamps of various construc- 
tions this exponent. varied from 6.2 to 8.2 
with a mean of 7.4. For lamps of various 
sizes the value of n was also found to vary 
according to the following table: 


I V;atts. n. I 'Vatt::;. n. 
15 6.8 40 7.4 
20 7.2 f)O 7.5 
25 7.3 I 100 7.8 


Middlekauff, Mulligan, and Skogland 6 uHe 


2 I.ewinson, Am. Ilium. Euy. Soc. ?'rans., H)] 6, xi. 
817. 
3 Am. Ilium.. Ell(J. Soc. Tram;., 1 n08, iii, 4:)9. 
4 Oen. Electric Rel'., 1914, x\"ii. 282. 
I Loc. cit. p. 822. II Loc. cit. p. 82G. 
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the value 7.-1 for all 
izes of tungsten lamps any appreciable e},.ternal series re
istance, 
frum 23 \\ atts upwards, and the value 5.83 othen\Ïse the failure of one lamp will increase 
for carbon lamps. the effective re::;istance of the lamp portion of 
The same value of n cannot be applied to the circuit, with consequent rise of voltage, to 
all interpretations of a forced life test. The act adversely on the life performance of the 
figures given above refer to a ,. useful life" remaining lamps" Constancy of voltage is, in 
interpretation, 1".e. life to 80 per cent of initial fact, one of the chief requirements of a reliable 
candle-power or earlier burn-out. For the life test, and the B.E.S..rl., Specification, referred 
60-watt lamp the value of n given by Lewinson to above, calls for a limit of variation \\ hich 
for a ,. total" life interpretation-i.e. life to shall not exceed 1 per cent as regards 
burn-out-is 6.6, while for an 80-per-cent life- momentary fluctuations, or what is appreciable 
i.e. life to 80 per cent of initial candle-po" er on an ordinary large - scale type Indicating 
,rith all burn-outs eliminated-it is 7"6 instead voltmeter as regards permanent error in the 
o
 the figure of 7,5 given in the table above. voltage at which the lamps are run. The 
.An important factor in the los::; of candle- reason for this requirement i
 readily under- 
power during the life of a lamp is the blackening stood from the high value of the life efficiency 
of the bulb, especially if this be small compared characteristic when it is remembered that this 
with the size of the filament. Some lamps means a life-voltage exponent of between 15 
contain bulb - blackening preventives, which and 20 for a vacuum-type tungsten-filament 
depend for their effective operation on the lamp. The degree of dependence of life upon 
temperature of the bulb. It "ill be clear that efficiency for gas-filled lamps has not yet been 
if the variation of the action of this preventive determined, and it will probably prove to be 
with change of temperature is different in two extremely variable owing to the large number 
classes of lamps the life efficiency factor "ill of independently variable conditions in this 
be different also, and this effect requires type of lamp. 
consideration when forced life tests are being 
 (92) EFFECT OF .rl.LTERX ATD\G OR CON- 
made. Tlxrors CURREXT.-It has been customary 

 (89) SPECIAL LIFE - TEST COXDITIO:KS.- to consider that a life test may be run on 
"
hat has been said above applies, in the main, either continuous or alternating current, and 
to life tests of all classes of lamps, but in the experiments by :Mongini 1 show that the 
case of lamps required for use under special results obtained by both methods are practi- 
conditions it is often desirable that the life cally identical. The same conclusion is 
test should be carried out as nearly as possible reached by ::\lerrill, Cooper, and Blake,2 who 
under the conditions of usc of the lamps found that actual switching on and off did 
represented. Thus, for example, lamps to be not appreciably affect the life of the lamps. 
used in confined spaces should be represented If, therefore, it be assumed that the only effect 
on life tests by lamps burning in similar-sized which might have a tendency to decrease the 
spaces. Lamps to be run off small-capacity I I life on alternating current is that of the rush 
portable accumulator
, where the lamp may be of current "hich takes place when a metal 
subjected to appreciable over-volta
e at the I filament lamp is fir'St switched on (due to the 
beginning of each run, may be required to be lower resistance of the filament when cold), 
tested for life on a circuit in which this over. the smallness of the effect on the life found 
voltage is imitated. Special life tests of this for actual s"itching on and off can only be 
nature require special arrangements of the diminished" hen the current impulses follow 
electrical circuits. one another so rapidly that the degree of 

 (90) .XG:\IBER OF LA:\IPS REQUIRED FOR cooling in the filament is comparatively slight. 
LIFE TEST. - It is also desirable that the 
number of life-test lamps should be a larger 
percentage of the total number of lamps 
represpnted than is the case "ith more normal 
tests. The standard sp
c
fication of the 
British Engineering Standards Association 
calls for a life test on at least one-half of one 
per cent of the lamps in a batch, "ith a 
minimum of fi,-e lamps, in the case of ordinary 
tests, and this number should he doubled or 
trebled in the case of special or of forced tests. 

 (91) DEPEXDE
(,E OF LIFE OX YOLTAGE. 
-'Yhen setting up lamps on life te
t it is, of 
course, necessary to ensure that failurp of one 
lamp does not 
entail exces!'ol voltage on any 
of the others, Thus life-test lamp
 must not 
be set up in parallel on a circuit containing 
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 (93) EFFECT OF COLorR DIFFEREKCE 
IX PHOTO:\IETRy.-!n the other sections on 
photometry it has been assumed throughout 
that the two smfaces whose brightnesses are 
being compared appear to the observer to be 
of the same colour. Such a condition is, 
however, the exception rather than the rule 
in practical photometry, except in cases where 
the work is confined to the measurement of 
sources which are very uniform in character. 
The eye is a very se
sitive judge of colour 
difference, and when two exactly similar 


1 Atti dell' A.,.'i"oc. Rlettr. UIlI.. 1913, xyii. G90. 
:i Am. J.E.E. Proc., 1910, xxix. 945. 
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surfaces are seen side by side in a photometer 
(as, for example, in the Lunuuer-Brodhun head), 
if they are illuminated by two tungsten lamps 
operating at efficiencies differing by as little 
as 2 per cent, a colour difference is ju
t per- 
ceptible to the eye of a practised observer. 
Actually, in such a case, the light given by 
the less efficient lamp is very slightly yellower 
than that given by the other, but the appear- 
ance in the photometer head is, by contrast, 
that of a slightly pink patch on a bluish field 
and vice versa. Even such a very slight colour 
difference as this is sufficient to reduce quite 
seriously the accuracy of a photometric 
balance. The colour difference makes it 
impossible to obtain exact equality between 
the two halves of the field, and the eye has 
to allow for the difference in hue when en- 
deavouring to obtain a balance of brightness. 
Of course much more serious differences are 
met with in practice when comparing electric 
glow -lamps with flame standards, or when 
measuring gas or acetylene sources by means 
of electric glow-lamp sub-standards. 'Vhen 
it is a case of measuring daylight illumination, 
or the light from a high-intensity electric arc 
by means of tungsten-filament sub-standards, 
direct comparison becomes very inaccurate 
indeed, and the majority of observers will, on 
different occasions, obtain readings differing 
by as much as 20 per cent. Further, different 
observers do not obtain result::! in agreement 
with one another, and it is therefore necessary 
that special methods shall be adopted for the 
comparison of lights in which the colour 
difference exceeds even a small amount. 
9 (94) METHODS OF HETEROCHROMATIC 
PHOTO
IETRY. - Theoretically no physical 
equality can ever be obtained between lights 
of different colours, because the things being 
compared differ in kind as well as in degree. 
But physiologicaHy it is a matter of experience 
that, provided the difference in kind be not 
too great, equivalence in degree can be 
established within assignable limits by 
observers having normal vision For even 
when signal-green and ruby-rpd lights are 
being compared, it is possible to raise the 
brightness of the green to such a degree that 
no doubt is left in th<.' observer's mind that 
the green is definitely the brighter of the two, 
while similarly there is a much lower intem:;jty 
at "hich the red can quite confidently be 
asserted to be the brighter. The aim of 
heterochromatic photometry is to reduce 
these limits as much as possible for the cases 
met with in practical photometry, and this 
pro blem has been attacked, in the main. along 
three lines, viz.: (i.) the flicker method, (ii.) 
the use of coloured glass or gelatine filters or 
solutions, and (iii.) the division of the colour 
difference to be dealt 'with into a number of 
smaller colour steps. 


9 (95) TH g FLICKER PUOTO:\I.ETER. - The 
flicker method depends upon the pheno- 
menon of visual diffusivity in the human 
eye (see article on "The Eye," 
 (19)). 
\Vhen two bright surfaces are presented 
t,o the eye in rapid alternation a flicker 
is perceived, the degree of which depends 
both on the rapidity of the alternation and 
also on the identity of the two surfaces 
as regards brightness and colour. The more 
nearly identical the surfaces the slower the 
speed at which flicker ceases to be percep- 
tible, and the principle of the flicker photo- 
meter lies in producing a rapid alternate pre- 
sentation of the two comparison surfaces to 
the eye of the observer, and the adjustment 
of their relative brightnesses until no flicker 
is observed at a comparatively low frequency 
of alternation. 

 (96) THE 'YHIT
IAN PHOTO:\IETER.- 
Several instruments have been designed on 
this principle. That of \Vhitman 1 is Rhown 
in plan in Fig. 63. C is one comparison 
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surface, and AB the other. AB consists of 
a disc of the shape shown in the right-hand 
bottom corner of the figure. Rotation of 
AB about the axis K causes the eye at F 
to see first one and then the other comparison 
surface in succession. A photometric balance 
can be repeated "ith this instrument to auout 
2 per cent when using lights of the same hue. 
The accuracy is of course less with different 
coloured lights. 

 (97) THE BECHSTEIN PHOTO:\IETER,- 
Rood employed a pIano-concave cylindrical 
lens oscillating in front of a Ritchie wedge so 
that first one side and then the other "as 
brought into the field of view. This principle 
has been developed by Bechstein,2 who us<.'s 
the lens and prism system shown at L in 
Fig. 64. In the position shown in the figure 
the eye at A sees a circular field of "hich the 
outer annular portion is due to the right-hand 
side of the prism P, while the inner circular 
portion is due to the left-hand side of P. If 
now L be rotated as a whole through 180 0 the 


1 Ph.llß. Rer., 189;)-96, iii, 2-1l. 
2 Zeits. Instrumentenk" 191(;, xxvi. 249 
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outer and inner parts of the field arE" respect- 
ively illuminatE"d by the IE"ft- and right-hand 
sides of P, so that as L is rotated by a small 



 -----.rJffi]I----______n___ J A 
----'
 - - - --
- .-- u- - - - ------:.:. -""'10... 0..-- 1 
L I 


FIG. 6-1. 


electric motor an alternation of contrast is 
obtained in the field of the photometer. 

 (98) THE SnDI.ASCE-ABADY PHOTO
IETER. 
-In the flickE"r photometer of Simmance and 
Abady 1 a plaster disc consisting of a com- 
B E bination of t\\O truncated cones 
is used. Its formation may be 
F best understood froUl Fig. 6.3. 
ABCD and EFGH are two exactly 
similar truncatE"d cones, divided 
rE"spectively by the planes AC 
and EG. The portions ABC and 
G EG H are removed, and EFG is 
then placed on ACD so that the 
rE"sulting solid has the form shown 
in Fig. 66, which represents it as 
SE"en edge-on in four positions 90 0 a part. It 
will be clear that if the two sides of such a 
disc be illuminated by the two sources to 
be compared, the line of demarcation will 
s\\ ing back and forth across the field of ,iew 
for every rotation of the disc, and thus a 


A 
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FIG. 66. 


flickering field will be obtained as before. 
Disc:; de::;igned on an exactly similar principle, 
and giving 4 or 8 alternations instead of 2 
for each rotation, ha,-e been designed by 
Krüss. 2 

 (99) THE \YILD PHOTO
1ETER. - The 
flicker photometer designed by \Yild 3 consist
 
of a Bunsen (lisc in which a semicircle or two 
quadrants arp waxed, the remainder of the 
disc being plain. It is mounted 80 as to be 
perpendicular to the direction of the beams 
of li
ht to be compared, and both sides of 
the disc are vie\\ ed simultaneou::;lv by means 
of mirrors. Rotation of the disc b; cl
ckwork 
or by a small electric Illotor, prod';'ces the field 
alternation. The criterion in this photometer 
i
 not ahs.encf of flicker, but equality of flicker 
on both :-:ides of the field. It therE"fore possesses 
the advantage that the appearance of the 


I Pl/11.o;. Soc. Proc.. 1 ()03 xix. 30. 
:I Zeits. Ino;trumentenk., tOO;), xxv. 98. 
3 Ilium. Eug., London, 1908, i. 825, 


field, when out of balance, indicates the 
direction in which the head has to be moved. 
This instrument has been stated to have a 
sensitiveness of 0.5 per cent with lights of the 
same colour and 0.9 per cent" hen comparing 
red and green lights. 
9 (100) EFFECT OF SPEED ox SEXSITIVITY 
OF FucKER.-The speed of a flicker photo- 
meter has a very noticeable influence on it
 
sensitivity. Dow,l has investigated this 
problem and finds that for lights of different 
colours the speed gh-ing maximum sensitivity 
is much higher than it is for lights of the sam
e 
colour. The range of speed over which 
ma
imuUl sensitivity is obtained is also more 
restricted in the c
se of different coloured 
lights. The most favourable speed varies 
both with the illumination and with the 
difference of colour of the two fields, the 
results obtained when comparing green and 
white lights being shown graphically in Fig. 
67. The abscissae are frequencies of field 
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alternation (i.e. the number of change
 iJE"r 
minute), "hile the ordinates show the per- 
centage change of illumination which can 
be made without flicker, i.e. the difference 
between the illumination ratios at the t\\ 0 
positions at "hich flicker just begins to 
a ppear. The accuracy of setting can bE" 
made much closer than this, since the mean 
of the t" 0 positions at which flicker is just 
perceptible may be taken as the position of 
balance. For illuminations greater than 20 
metre-candles the range of sensitiritv is 
approximately the same
 as for that illm;lÌna- 
tion, while it can also be assumed that a 
colour difference less than that of the experi- 
ments \\ ill give a greater range of speed for 
maximum sensitivity, and that the actual 
speerls \\ ill be 10wE"r, tending to limits of ,)00 
· Electrician, 1907, lix. :!55. 
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to 100 for lights of th(' same colour when the 
illumination is 2 metre-candles. 

 (101) THE COLOL"R-FILTER :\IETHoD.-A 
second method by which it has been proposed 
that lights of different colours should be 
compared is that involving the use of some 
coloured medium which will either (a) bring 
the hue of one light to approximate equality 
with that of the other, or (b) enable a com- 
parison to be made of the relative intensities 
of both lights at some particular part of the 
spectrum. To the former class belong the 
" photometric" gelatine filters devised by C. K. 
l\Iees. 1 In 
 (6) "Visibility" of the article 
"The Eye" (q.1.'.) it has been stated that a 
curve may be constructed showing the relative 
brightnesses which the average eye" ill assign 
to equal quantities of energy at different parts 
of the visible spectrum. This curve, called 
the visibility curve, is shown in Fig. 2 of that 
article, and if its ordinates be multiplied by 
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the relative energy ennSSlOns in the different 
wave-lengths, of a given source of light, a 
curve will be obtained ::!howing the relative 
contributions of the different parts of the 
spectrum given by thÜ
 source to its total 
luminosity. Such a curve for a black body at 
a temperature of 2000 0 K is shown in F1.g. 68, 
curve A, 
Now by means of a Apcctrophotometer 
(see article on "Spectrophotometry") the 
transmission ratio of a coloured transparent 
medium may be measured for light of any 
wave-length. If, then, the ordinates of curve 
A in Fig. 68 be multiplied by the corresponding 
transmission ratios of a colour filter, a curve 
will be obtained sho\\ing the luminosity 
reaching the eye through the filter. Such a 
curve is shown in Fig. 68, curve B. The 
ratio of the areas of the two curves A and B 
gives the over-all transmission ratio of the 
1 Amer. Illum. Enlj. Soc. Trans., H)14, ix. 9DO. 


filter for light of the spectral distribution 
assumed, and hence this value of transmission 
ratio can be assumed for aU sources the spectral 
distribution of the light from which approxi- 
mates to that of the curv(' used for the 
calculations. 

 (102) COMPARISO:S OF DH'FERENT 
COLOURED LIGHTs.-In this way a tungsten- 
filament lamp, or even daylight, may be 
compared with a flame standard by using a 
blue colour filter, which, when placed between 
the standard and the photometer, will produce 
a colour match in the photometer head. A 
knowledge of the energy distribution curve of 
the standard and.. the visibility curve of the 
average eye gives at once the luminosity curve 
of the standard. This and the transmission 
ratio curve of the filter give the over-all 
transmission ratio of the filter for the light 
from the standard, and hence the candle-po" er 
of the combination of standard and filter. 
Instead of a blue filter in front of the standard 
it is often desirable to use a yellow filter in 
front of the light of higher efticiency. In this 
way an undue reduction of candle-power on 
one side of the photometer may be a voided. 
The above process of finding the transmission 
ratio of a colour filter is very laborious, and a 
less fundamental but much 
simpler method is 
that employed at the Bureau of Standards 
and at the Physikalisch-Technische Reichs- 
anstalt. In this method it is assumed that 
the mean value of candle-power obtained b} 
a large number of observers with a direct 
comparison photometer, such as the Lummer- 
Brodhun, approximates very closely to the 
true value even when the colour difference 
involved in the comparison is consiùerable. 
The transmission ratiö of a colour filter is 
determined by comparing the candle-po\\cr 
of a given lamp (of Hefner flame colour) \\ ith 
a standard (a) without the filter and (b) with 
the filter placed between the lamp and the 
photometer head. The ratio of the candle- 
power in case (b) to that in case (n) is then 
assumed to be the transmission ratio of the 
filter for light of th3,t colour, and the combina- 
tion is used for the determination of candle- 
power of test lamps as usual. 
The advantage of this method over a direct 
comparison involving colour difference in every 
case is that the ddermination of transmission 
ratio can be made by a large numhcr of 
observers, and when this has heen done, the 
photometry of test lamps involves no further 
colour difference, so that a much smaller 
numher of observers is sufficient. 

 (103) THE ('ROVA ,rAYE-I.ENGTH METHOD. 
-The second alternative, of u
ing a colour 
filter having only a narrow hand of trans- 
mission in the yellow part of the I"}>ectrum, 
was suggested by Crova in ISHI. 2 He founù 
I Comptes Reudus, 18tH, xciii. [j 1
. 
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that if the visihility curves of various sources 
haring approximately the same spectral dis- 
tribution as a black body at various tempera- 
hIres \\ ere plotted with equal total areas, 
these curves all intersected, i.e. had equal 
ordinates, at the wave
length 0.58:? p.. It 
therefore followed that a comparison of such 
lights at this wave -length gave a correct 
comparison of their total candle- powers. This 
wa,-e-Iength, termed the Crova wave-length, 
has been redetermined and probably lies more 
nearly in the region 0.35ï p. to 0.562 p.. One 
great advantage of this 
method lies in the fact 
that an\y filter which 
has only' a narrow band 
of transmis:;ion must 
necessarily reduce the 
intensity of the light 
,-ery greatly. Crova 
suggested the use of a 
combination of solu- 
tions of perchloride of 
iron and chloride. of 
nickel in a glas;:; veFsel 
7 mm. thick. This 
combination transmits 
between the wa ve- 
lengths 0.630 p. and 
0.33-:1 p. with a maxi- 
mum at 0.582 p.. 

 (10-:1) THE CASCADE 
METHOD. - The third 
method of colour photo- 
Il?etry does not attempt 
to eliminate the colour 
difference, but simply 
divides it into a number 
of sman steps. This is 
the method employed 
for the measurement 
of the electric sub- 
standards used at the 
:x a tional Ph vsical 
Laboratory. B
tween 
the flame standard, in this case the Yernon- 
Harcourt pentane lamp, and the highest 
efficiency suh-standards used, viz, those operat- 
ing at 0.67 candles per watt, four sets of 
tungstf'n or carbon filament sub-standards are 
interposed, as shown diagrammati('all
- in Fig. 
69. The lowest efficiencv set consists of 
tungsten - filament lamps' operating at 0.11 
mean horizontal candles per watt and the 
light from these matches that from a pentane 
lamp; the other lamps are respectively (1) 
!'ingle carbon loop-filament lamps operating 
at 0.20 m.h.c. per watt; (2) double horse- 
shoe carbon filament lamps operating at 0.26 
m,h.c. per watt; (3) metaIIised carbon fila- 
ment lamps operating at 0,33 m.h.c. per watt : 
(-I:) tungsten grid filament lamps operating at. 
0.32 m.h.c. per "aU, and (.>) tungsten grid 
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filament lamps operatin
 at 0.67 m,h.c. per 
" att. 
These efficiencif's are such that the colour 
difference between any t\\ 0 neighbouring sets 
is approximately the same throughout the 
series, and each set of lamps is compared with 
the set below it by not less than six observers, 
each taking at least 30 observations on each 
lamp. The observers work in pairs, every one 
of the pos
ible combinations of observers being 
employed. Thus the values obtained by each 
observer on each lamp are taken on fi,-e 
different days. Bv this 
method th
 effe
t of 
colour difference on the 
comparison is mini- 
mised, and a direct 
comparison of set 6 
\\i th set 1, made in an 
exactly similar way to 
that described above, 
shows that, in fact, the 
sum of the probable 
errors of the different 
steps in the comparison 
by what is called the 
.. cascade" method is 
slightly les8 than the 
probable error of the 
direct comparison. 
There is, ho\\ ever, 
another much greater 
practical advantage in 
the cascade method. 
Ordinary photometric 
com parison is made by 
not more than two 
observers, so that in the 
case of a considerable 
colour difference the 
chance of any two 
observers obtaining a 
result in agreement" ith 
that obtained by a much 
larger number has to be 
considered. The interf'omparison of the sub- 
standards, on the other hand, b carried out 
bv at least. 
ix obsen-ers, and then for anv 
s
bsequent photometry a sub-standard is avaiÌ- 
able of a colour quite close to that of the 
test lamp. The small remaining colour differ- 
ence is then all that remains to be considered 
when assigning the accurac)- of comparison 
by two observers, 
. 
 (10,5) THE CO::\IPARISOX L.nIP n. CASCADE. 
-It is often the practice, when "orking with 
small colour difference:;;, to use a comparison 
lamp giving light of a hue midway between 
that of the test lamp and that of the nearest 
available sub-standard. In this way the colour 
difference is halved, hut as the same difference 
appears on opposite sides of the photometer 
in standardisa,tion and in the test -lamp 
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measurement, it is doubtful \\ hether any in- 
crease in accuracy re
ult8 frum this procedure. 
\Vhen working with sources far bluer than the 
highest efficiency sub-standard a " half-way" 
colour filter may be used on the comparison 
lamp side, or the method adopted by the 
Bureau of Standards (
 (102)) must be used. 

 (106) OTHER :\IETHODS OF HETEROCHRO:\I- 
ATIC PHOTO)IETRY.-üther methods, not de- 
pending on any of the three principles above 
described, have been proposed and may be 
briefly noticed. 
lacé de Lépinay suggested 
placing in front of eyepiece of the photometer 
first a green and then a red solution. The 
ratio of the intensities found in these two 
cases gave, by means of a tablp, the intensity 
for the whole spectrum. \Vybauw used a 
" compensation" photometer in which the 
light from the (more powerful) source to be 
measured illuminated one side of the photo- 
meter, while the other side received light from 
the standard and, in addition, a fraction of 
the light from the source to be measured. 
Thus the hue difference was reduced, but the 
sensitiveness of the measurement was also 
diminished. 

 (107) THE VISUAL ACUITY 
lETHoD.-An- 
other method, which has been proposed by 
\Veber and others, depends on the amount of 
light necessary for the visual perception of 
detail. Patterns consisting of concentric black 
circles of different thicknesses, or a series of 
fine dots of progressively diminishing size, are 
illuminated in turn by means of the lights 
to be compared, and it is assumed that 
equal ease of discrimination corresponds" ith 
equality of illumination for the different lights. 
The theoretical soundness of this form of 
colour photometer has been frequently called 
in question, and it appears more than doubt- 
ful whether visual acuity can be used in this 
way as a judge of equality of brightness 
without reference to the colour of the light 
used. 

 (l08) THE CONTRAST PATTERN ::\IETHOD.- 
A colour photometer devised by Von Czudno- 
chowski 1 depends upon the production of two 
sets of shadows form
d by mutually perpen- 
dicula I' wire gratings, each set being illuminated 
by one of the sources to be compared. The 
field produced consists of t,\O shadow patterns 
which appear grey on a white background, 
with dead black intersections. If one of the 
sources is moved sensibly out of balance one 
of the patterns becomes coloured. 
9 (109) EFFECT OF VARIOUS FACTORS ON 
FLICKER SEXSITIVITY.-The various phenom- 
ena underlying the comparison of lights of 
different colours have heen the subject of 
investigation by many workers. Notably J. S. 
Dow 2 has shown that, while a single observer 
1 Ilium. En(J., London, l!)OR, i. 283. 
2 Phil. J/ag., 1UOü, xii, 120, 


may obtain yery consistent results on a single 
occasion when using an equality of brightness 
photometer to compare lights of different 
colours, yet the same observer, after a few 
hours' rest, may obtain another series of read- 
ings, equally con:=istent among themselves, 
but differing from the first set by 5 or even 
10 per cent. Dow also finds that the readings 
are affected by the size of the image produced 
on the retina by the photometric field, It 
results from this that the size of the surfaces 
used for the purpose of comparison, as well as 
the distance of the eye from these surfaces, 
are of importance in heterochromatic photo- 
metry. He found in a particular case of 
comparison between red and green lights that 
there was a 23 per cent difference in setting 
according as the telescope of a Lummer- 
Brodhun photometer head was in its extreme 
" in" or "out" position. He also investi- 
gated the effect of the Purkinje phenomenon 
in colour photometry, and found that this had 
no appreciable effect on illuminations above 
1 metre-candle, so that it may be neglected in 
ordinary photometry. The experiments, how- 
ever, seemed to show that the effect was less 
with the flicker than \\ith the equality of 
brightness photometer. 3 

 (110) CO:\IPARISON OF FLICKER AND 
EQUALITY OF BRIGHTNESS ::\[ETHODS.-Ives 
carefully investigated the relative merits of 
the different methods of colour photometry,4 
and came to the conclusion that the flicker 
method was more sensitive than the equality 
of brightness method. and that the results 
obtained by its means were more reproducible 
in the case of lights differing considerably in 
hue. This opinion was confirmed by Critten- 
den and Richtmyer, 5 but they found that for 
sources having a relatively high intensity at 
the blue end of the spectrum, the values given 
by the flicker photometer departed appreciably 
from those given by the contrast type, the 
difference being estimated at a') much as 3 per 
cent for such sources as the gas-filled lamp. 
They also came to the conclusion that for 
individual observers, or for small groups, the 
flicker photometer gave a result which was closer 
to the mean than that found with the contrast 
instrument. Reference 6 should also be" made 
to the work of ::\Iiddlekauff and Skogland. 
A critical discussion of the rplative merits 
of the two methods has been given by Hyde,7 
who, in his determination of the visibility 
curve of the human eye, preferred the equality 
of contrast method as being the most Ruita ble. 

 (111) COLOUR DIFFERENCE IN ILLu:\n
A- 
TION l\lEAsuREMENTS.-The above description 
has been practically confined to ordinary 
a Phil. Jlfl(1., 1!)10, xix. ûû. 
t [bi,l., 1!)1
, xxiv. 14f1, 
6 .Amer. Ilium. HI/Y. Soc. Traml., l!)Hì. xi. 3j3. 
e Burpau of Standards Rull., Ifl18, xiii. 287, 
7 .Astrophy.<], J., 1918, xlviii. ü,j. 
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photometry, Lut in the measurement of 
illumination the problem of colour difference 
is even more important on account of the 
many different types of illuminants met with, 
often in the same building. Further, the 
brightness of the test surface may sometimes 
fall below the limit at which the Purkinje 
effect cannot be neglected, so that colour 
difference bet" een the light to be measured 
and the comparison source may cause con- 
siderable errors at these lower values of 
illumination. Above all, the colour differ- 
ences met with in ordinary photometry never 
approach the difference experienced when 
measuring daylight illumination by means of 
a portable photometer in which the comparison 
lamp is an ordinary tungsten-filament vacuum 
glow - lamp. The use of a colour filter is 
almost universal for daylight iHumination 
measurements. This may take the form of a 
yellow filter plaéed bet,,:een the test surface 
and the photometer, or a blue filter used in 
front of the comparison lamp. The latter 
scheme has the disadvantage that it reduces 
the upper limit of working of the photometer. 
Instead of interposing a yellow filter between 
the test surface and the photometer, a yellow 
test surface is sometimes used. The constant 
of such a surface, or filter, can be found on 
the photometer bench by a number of ob- 
servers, and it may then be used in the 
portable instrument by a single ohserver, The 
transmission ratio of a yellow filter must, of 
course, be determined for light of daylight 
colour. It should be noticed, in this connec- 
tion, that the colour of daylight is by no 
means constant. The colour of the light from 
a clear blue north skv is much richer in blue 
rays than the light derived directly from the 
sun or from white clouds illuminated by it. 
The difference, however, is not sufficif'nt to 
invalidate the transmission ratio of a yellow 
filter determined for light of the colour of 
sunligh t. 

 (112) DETER:\U
ATIO
 OF FILAl\IENT TE::\I- 
PERATURE.- The ease \\ith which the eve can 
distinguish colour difference in an ordinary 
equality of brightness photometer has been 
used by C. C. Paterson and B. P. Dudding 1 
for the determination of the true temperature 
of an incandescent body. They found that 
the light from an ordinary tungsten or carbon 
filament vacuum lamp approximated very 
closely in spectral distribution to that of a 
'" black body," and that a close and invariable 
relationship existed between its efficiency, ex- 
presseù in candles per" aU, and its temperature. 
TllU
 if one side of a photometer be illuminated 
by such a lamp" hile the other side receives 
light from an incandescent body" hose radia- 
l II The Estimation of High Temperatures by the 
)[et
od of Colour Identity;' Phys. Soc. Proc., "1915, 
XXVll, 2:
O. 


tion has the same spectral di
tribution as a 
., black body," the efficiency of the lamp may 
be altered, by changing the voltage applied to 
it, until the two sides of the photometer appear 
to be of exactly the same colour. An exact 
equality of brightness must be maintained by 
mming the photometer between the sources 
during the process of obtaining this colour 
match, and the temperature of the incandes- 
cent body may then be assumed to be very 
closely the same as that of the lamp filament. 
The lamp filament may be calibrated by an 
exactly similar method against a standard 
" black body," but the authors above quoted 
(loc.cit.)have found that for all drawn tungsten- 
filament lamps of ordinary vacuum type and 
disposition of filament, the relation between 
temperature and efficiency follows the rela- 
tionship 
L ( 1 + I T 15 ) , 
log \y = C - m loglo T - 183 10glO 
where L/\V expres
es the efficiency of the lamp 
in lumens per watt, T is the absolute tempera- 
ture, and C and l1t are constants having the 
values 21'51, 4.58 and 23,31, 5.1 respectively 
for carbon and tungsten filaments. They have 
also found that the watts consumed by a lamp 
vary "ith the absolute temperature according 
to the relation 10glo \Y = C 1 + 4.58 loglo T and 
10glO \Y = C 2 + 5.] 10glo T for carbon and tung- 
sten filaments respecth-ely. 


VIII. THE PHOTO:\IETRY OF PROJECTORS 
The photometry of light-projection apparatus 
falls into a class by itself on account of the 
many difficulties involved and the special 
means which have to be employed in order to 
overcome them. At the same time it. is of 
the utmost importance to obtain information 
as to the relative performance of ilifferent 
types or patterns of apparatus such, for in- 
stance, as searchlights, motor-car headlights, 
signal lights for marine or land serdce, and 
similar special 'optical de,Tices. 

 (113) DIFFICL"LTIES DUE TO BEA:\I CON- 
CEXTRATloN.-The chief difficulties met "ith 
in these tests arise from the fact that the 
light does not diverge from a source of "hich 
the dimensioIl
 may be neglected in com- 
parison "ith the distance from it at which the 
measurements are made. In all the cases 
mentioned above, the light from the source is 
redistributed by optical devices, and it is 
therefore necessary to en
ure that the measure- 
ments are made at such a distance from the 
apparatus that the inverse square law may be 
assumed to hold within the accuracy dt'sired. 
It is not necessary, of course, that 
 distances 
should be measured from the source itself, and 
uften it is assumed that the optical centre of 
the device lies at the meeting lJOint of the 
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extreme rays of the projected beam. This 
assumption, however, is generally no more 
than a convenient approÚmation to the truth, 
for it cannot always be assumed that the light 
is emitted in all directions from a single point. 
Often the light emitted jn two different 
directions may behave as if it emanated from 
points which are separated by a distance far 
from negligible in comparison with the distance 
at which measurements have to be made. 

 (114) l\1I
IMU
I DISTÅ
CE FOR PHOTO- 

IETRIC ::\IEASURE:\IE
TS.-It may be generally 
assumed that the inverse square law holds for 
distances greater than fifty to four hundred 
times the diameter of the optical aperture 
with beams of 20 0 to 2 0 total divergence. As 
a very approximate guide it may be assumed 
that the inner limit of distance at which the 
beam has attained its final distribution is 
given by Kdje, where e is the total angle, 
measured in degrees, of the cone of light formed 
by the beam, rl is the diameter of the aperture, 
and K is a constant lying between 600 and 
1000. 
This rule leads to the result that for such 
apparatus as motor-car headlights, where the 
diameter of the mirror is of the order of 
10 inches and the divergence may be as little 
as 50, photometric measurements should always 
be made at least 100 feet away from the 
headlight. On the other hand, for a lens such 
as that used in a ship's navigation light, where 
the divergence may he aH much as 20 0 with 
a lens height of 7 inches, a di'3tance of about 
20 feet is sufficient. In both these cases the 
chief difficulty is that of obtaining sufficient 
light to enable measurements to be made at 
these comparatively great distances, and very 
often a compromise has to be effected by 
making measurement.s at two shorter dis- 
tances, and obtaining an approximation to the 
desired result by an extrapolation. 

 (115) "EFFECTIVE" CANDLE - POWER.- 
The information usually desired is that given 
by a curve of distribution of illumination on 
a screen placed so as to be pèrpendicular to 
the axis of the beam at a convenient distance 
from the source. This distribution may often 
be conveniently found b,v aC'tuaJ measurp- 
mcnt of brightness at different portions of a 
white screen placed in the path of the light, 
using a form of portable illumination photo- 
meter (see p. 441). It. is often more convenient, 
however, to keep the photometric apparatus 
fixed in position and to move the source either 
in altitude or azimuth. 
Ieasurements of 
illumination can then be made by means of 
a photometer head fixed in a given position, 
with a comparison lamp movHble along a 
bench directed away from the source. Alter- 
natively, the test surface of a portable photo- 
meter (see p. 441) may be fixed in a convenient 
position, and measurements of illumination at 


this position may then be made for any desired 
orientation of the projector. The results may 
be expressed either directly in terms of illumi- 
nation, or, by calculation, in terms of the 
candle-power which would be required of a 
point source placed in the position of the 
projector in order that it might produce at 
the scrf'en the illumination actually measured 
there. The latter figure is general1y termed 
the" effective candle-power" of the source in 
the direction considered. 

 (116) DISTRIBUTION CURVE FOR BEAl\IS.- 
'Ybichever method of expressing the results is 
employed, the di
tance from the source at 
which the measurements have been made 
should always be stated. The results may be 
exhibited graphically by means of a curve in 
which the abscissae repre
ent either illumina- 
tion at a given distance or effective candle- 
power, while the ordinates are the correspond- 
ing angles of deviation from the axis of the 
apparatus. Such a curve, for a motor head- 
light beam of small divergence, is shown in 
the upper diagram of Fig. 70. The lower 
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FIG, 70. 


diagram is a polar curve for the same beam, 
and illustrates strikingly the failure of a polar 
diagram to give an intelligible representation 
of light distribution from any form of projection 
apparatus. 
For photometry of small projection ap- 
paratus, such as motor headlights, ships' 
light lenses and hand signalling lamps, the 
distances required by the formula given above 
do not generally exceed 100 feet; and conse- 
q uently measurements can be carried on in 
the laboratory, where all that is required in 
addition to ordinary photometric equipment 
is a tilting table for movement in altitude, and 
a horizontal turn-table for variation of angle 
of azimuth. If the beam is roughly sym- 
metrical about its centre, sufficient information 
is generally given hy a curve, such a
 that 
shown in Fig. 70, representing the mean of 
measurements made across the horizontal and 
vertical diameters of the heam. If the beam 
is not symmetrical in shapp. similar curves 
are obtained along other specified lines of 
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traverse, Occasionally the patch of screen 
illuminated bv the beam is divided into 
squares, and the illumination on each of these 
squares is measured and noted on a figure 
representing the appearance of the patch. 

 (117) AT:\IOSPHERIC ABSORPTIo
.-In the 
photometry of searchlight projectors matters 
are very different. The di,yergence of the beam 
may be as little as 2 to 3 0 , while the diameter 
of the mirror is from 2 to 4 feet. Consequently, 
distances of at least 500 to 1000 feet are 
necessary for accurate beam tests, and in 
practice 
 it is customary to employ mstances 
of one-half to two miles. At. such distances 
as these, attainable only in the open, atmo- 
spheric ab::)orption cannot be neglected. Even 
a slight ground mist may cause errors of as 
much as fifty per cent, which are by no means 
constant from hour to hour, or even from 
minute to minute. 
The effect of atmospheric absorption may 
be allowed for in one of three ways. First, 
a "standard" searchlight beam of known 
constant characteristics may be used. This 
beam directed towards the distant measuring 
station at intervals throughout a test "ill 
ghye, by measurement 
of its candle-power, the 
correction to be applied 
on any given night to 
the observations made 
on the other search- 
light beams tested dur- 
ing that night. Such a 
beam may be that given 
by a large size tungsten 
arc, or a steady carbon 
arc burning under 
standard conditions, In 
either case the source of 
light must be used in 
conjunction \\ith a given 
parabolic reflector as no 
two reflectors can be 
relied upon to give exactly the same distribu- 
tion of light in the beam, 

 (l18) THE TELEPHOTOMETER,-A second 
method depends on the use of a telephoto- 
meter, in which a simple double convex lens 
forms an image of a large screen (situated at 
the observing station) on the centre of a 
Lummer - Brodhun cube. This cube forms 
part of a photometer of ordinary construction 
at the station where the searchlight is placed. 
Simultaneous readings of the brightness of the 
screen as measured by the telephotometer and 
by an ordinary portable photometer at the 
observing station give at once the atmospheric 
absorption when the calibration of the tele- 
photometer is known. 

 (119) THE TWO-ST-\TIO
 )fETHOD.-Thc 
third method is more direct than either of the 
foregoing. In this, two observing stations are 


, 
, 
, 
, 
, 
" 
, 


used at known distances d l and d 2 from the 
searchlight. The light i
 direded first to one 
station and then to the other, and measure- 
ments of the illuminations are made. If these 
be II and 1 2 , and t the transmission coefficient 
of the atmosphere per unit length (assumed to 
be the same throughout the region over which 
the measurements are made), while C is the 
effective candle-power of the searchlight, then 
C C 
II = l -.)f!l and 1 2 = d 
td2, 
(.1 
 2 
so that Ild12 -- f(d 1 - d 2 ) 
I 2 d 2 2 - - . 
If for convenience d l =2d::., then C=I 2 2 d';!.2J4Ir- 

 (120) THE 15TEGRATIXG HE:\IISPHERE.- 
Atmospheric absorption is only one out of 
many difficulties attending the measurement 
of candle-power distribution in the beam of 
a searchlight,1 and for many purposes sufficient. 
information is obtained by a measurement of 
the total luminous radiation in the beam. For 
this purpose Bome form of integrating photo- 
meter must be employed. Either the arc may 
be placed out of focus, so as to cause the beam 
to converge on to a white reflecting surface 
placed inside an integrator of the sphere or 
cube type
 or the beam may be directed on 
to a hemispheIical integrator as illustrated 
on the left - hand side of Fig. 71. This 
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FIG. 71. 


integrator consists of a hemispherical matt 
white surface, furnished at its centre "ith an 
aperture and photometer, and having in front 
of the aperture a con,yex mirror with foliated 
black screens as shown enlarged on the right 
of the figure. These screens are so designed 
as to produce on the photometer \\ indow an 
illumination proportional to the total flux 
received by the hemisphere. A full description 
of the method has been given by Benford. 2 

 (121) THE Foco:\IETER.-Another difficulty 
in the beam testing of searchlights is the 
necessity for ensuring that the arc crater is 
kept constantly in the same position \\ith 
respect to the mirror. Tills can be done either 
\\ith a special focometer fitted to the side of 
1 Pater
on. 'Yal
h, Tavlor and Barnptt, Inst. 
Elect. Eug. JOllrn., 19
O, IviÌi. 83. .F. A. .Benford, Gen. 
Et. Ref'., 1919, xxii. 668. 
2 Am. IUlon. Eng, Soc. Trans., 1f1
U, xv. 19. 
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the projector case, or by observation of the 
diyergence of the resulting beam. The 
measurement of the surface brightness of the 
positive crater of a carbon arc is of very 
great importancp, since, for a given angle 
of divergence, this quantity determines the 
brightness of the illumination produced by 
the beam at a given position. A method by 
which this quantity may be measured has 
been indicated in Part II. on "Photometric 
Standards" (
11). All searchlight photometry 
is affected by difficulties of colour difference, 
and the use of coloured glasses is general on 
this account (see 
 (102)). 


IX. THE PHOTO:\IETRY OF FLUCTUATING 
SOURCES OF HIGH CANDLE-POWER 

 (122) PHOTO:\IETER FOR I
STANTANEOUS 
READING.-It is sometimes desirable to obtain 
an approximate estimate of the candle-power 
of intermittent or rapidly fluctuating sources 
such as flares, parachute lights, landing lights, 
etc. The photometry of such sources presents 
the special difficulty that photometric balance 
cannot be obtained except for a brief instant 
of time. Consequently any photometer in- 
volving the use of moving parts for adjust- 
ment to equality of two comparison surfaces 
is out of the question. The problem has been 
dealt ,,,ith by a committee of the Illuminating 
Engineering Society, 1 who used a photometer 
of the form shown in Fig. 72. This consists 
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of a tube 2.5 in. long and 3 in. in diameter. The 
interior is whitened and illuminated by a 
small electric glow -lamp placed at one end 
as shown in broken line. A slot extending 
for nearly the whole length of the tube is 
covered by a strip of thin metal painted white 
1 A. P. Trotter, Ilium, Eng., J.ondon, HilS, xi. 253. 


and having in it perforations in the form of 
letters of the alphabet. Since the illumination 
inside the tube decreases gradually from top 
to bottom, the top letters appear hrighter 
and the bottom letters darker than the surface 
surrounding them. An intermediate letter 
can be found at which the illumination of 
the interior of the tube is the same as that 
of the outside of the strip. This particular 
letter becomes practically invi
ible with a 
steady light, but "ith a flickering light the 
point of balance is continually moving up 
and do\\ n. Letters of the alphabet were 
chosen because they were monosyllabic and 
therefore quickly transmitted from the 
observer who had to watch the photometer 
continuously, and the assistant who "rote 
down the observations at close and regular 
intervals. 

 (123) CANDLE-POWER OF FLAREs.-The 
flares on which tests were made hy the 
committee burned for various intervals of 
the order of half a 
min ute, and a typical 
curve shmving the 
variation of candle- :!... 

 
power during this 
 
time is given in Fig. 
 
73. Candle - powers :g 
as high as 130,000 
 
\vere dealt with. The 
results can be most 
con venien tly ex- 
pre
sed, for compara- 
tive purposes, in 
candle-power seconds pel' gram of composition, 
a particular example of flare being found to 
have the value 4000 for this quantity. 
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X. :MEASUREMENTS OF Low I
TRI
SlC 
BRIG HT
ESS 
A third class of photometric measurement 
demanding special treatment is that in which 
the brightness of the luminous surface to be 
measured is very low (below 1 metre-candle). 
This problem arises, principally, in connection 
with the study and use of self-luminous com- 
pounds, either those depemling on photo- 
luminescence or those in which the e'{citing 
agent is some radioactive material, generally 
radium and its disintegration products. 

 (124) THE COLOUR PROBLEM AND J>PRKINJE 
EFFECT.-It is impossible by any optical means 
to increase the briahtness of a surface, so that 
as these luminous 0 compounds. either in bulk 
or as applied to surfaces in the form of figures 
or other markings, have luminosities varying 
from 0.5 to 0.001 metre-candles or even less, 
the problem of accurate brightness measure. 
ment becomes a very difficult one. The 
difficulty is increased by the fact that the 
light given by these compounds is often 
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restricted to one part of the spectrum. Thus, 
for example, the light given by a compound 
in wmch a specially treated zinc sulphide is 
rendered luminescent by the action of radium 
is a yery decided green (see article on " Radio- 
activity," 
 (13)), and as the brightness is 
below the limit of the Purkinje effect, it is 
necessary to ensure that the surfaces whose 
brightne
ses are being compared are as nearly 
as possible of the same colour. It is also 
especiaJly desirable, in the case of low bright- 
ness photometry, to ensure that the dividing 
line between the surfaces being compared shall 
be as fine and imperceptible as possible. 
In the case of a luminous compound, the 
problem of photometric measurement requires 
different treatment according as the bright- 
ness of the compound in bulk or that of 
the markings of the finished design are in 
question. 

 (125) PHOTO:\IETRY OF Lu'n
ous CO:'.I- 
POU
D I
 BULK.-In the first case the measure- 
ment may be readily made by means of the 
apparatus shown in Fig. 74, S is a sheet of 


FIG. 74. 


matt white celluloid, having at its centre an 
oblong aperture, so proportioned that when 
looked at through the tplescope T it has the 
appeara
ce of a small square. This aperture 
is cut with a sharp bevel to ensure as little 
separation as possible at the edges, The 
luminescent compound is contained in a glass 
tube G, and wedge-shaped guides are arranged 
inside the box to assist in placing it centrally 
behind the aperture in S, no matter what the 
diameter of the tube. The celluloid sheet S 
is illuminated by a standardised lamp, the 
light from which. after passing through a green 
glass or gelatine filter, enters the box at O. 
The illumination at S is calculated from the 
candle-power and distance of the lamp, the 
transmission ratio of the green filter being 
determined by measurement of the brightness 
of a gh-en sample of compound by a number 
of observers \\ith and "ithout the filter in 
use. 
The only filter remaining is that relating the 
brightness of S, as seen in the direction of the 
telescope, "ith its illumination from the 
dir('ction of O. This may be determined by 
JTleasuring, "ith a surface-brightness photo- 
meter {see 
 (64)), the brightness of S as seen 


in the direction of T, and the blightness of a 
similar piece of white celluloid placed in the 
position of S but normal to the incident light. 
The factor obtained in this way embodies 
both the reflection ratio of the card under 
the particular conditions of use, as well as 
the reduction of illumination according to the 
cosine law. This form of apparatus is that 
used at the 1\ational Physical Laboratory,1 
but somewhat similar forms of apparatus, 
designed for the same purpose, ha ve been 
described by Blok 2 and Clinton. 3 A method 
in which a circular disc of the materiat 
under test placed side by side with a disc 
of variable brightness has been described by 
Andrews,4 while Dorsey 5 places the tube of 
('om pound in front of a surface of variable 
brightness. 

 (126) ADAPTATJO
 OF THE EYE.-In all 
measurements of low intrinsic brightness the 
observer's eye must be "dark-adapted" by 
a lengthened stay (of at least a quarter of an 
hour, or more if the general illumination to 
which the eye has been previously exposed 
be very great) in the photometer - room. 
Further, as many radioactive luminescent 
substances are also photo-luminescent, the 
compound to be measured should be kept 
away from daylight or strong artificial light 
for at least half an hour before measurements 
are made. Luminous compound is generally 
measured while enclosed in a glass containing 
vessel. If new, the absorption of the interyen- 
ing glass wall may be assumed as 9 to 10 per 
cent, but the action of the rays from the 
radioactive material is such as to cause a 
darkening of the glass with lapse of time so 
that the absorption may increase by as much 
as 1 per cent per month even "hen the 
glass is thin. 

 (127) PHOTO:'1ETRY OF LU
IIXOUS-PAIXTED 
DIALS.- The measurement of the brightness 
of the markings on a dial painted "ith lumin- 
ous compound iR again a Rpecial problem 
in photometry. 
o constant relation exists 
between the brightness of the original com- 
pound and the luminosity of the markings, 
and two dials painted \\ith the Rame compound 
may have very different luminosities. 
The apparatus used at the Kational Physical 
Laboratory 6 for the purpose of luminosity 
meaRurements of dial markings is shown in 
Fig. 7:5, L is an electric lamp, the light from 
which, variable at R, passes through a green 
filter F and illuminates two screens S, S. 
each consistin a of two thicknesses of thin 
white paper \\ith a space bf'tween them. This 


1 Patpr
on. Walsh, and Higgins, Phys. Soc. Proc., 
l!H 7. xxix. 219. 
2 Illum. En(l.. London, HHi, x. 76, 
3 llJid., 1918. xi. 260. 
.. (Jell. Elerl. Eel'.. 19Hi. xix. 89
. 
Ii Trash. Acad. Rei. JOlIrtI.. un i, vii. 1. 
I Pat(,fson, "
algh, and Higgins, loco cit. 
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arrangement ensures perfect diffusion of the 
light and an en'n brightness over the whole 
surface of the second sheet. ] n front of the 
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FIG. 75. 


screens are placed two stencils T, T, each 
consisting of a sheet of thin brass with figures 
or markings cut out on an engraving machine 
so as to be identical with the luminous markings 
of the dials under examination. Two compari- 
son dials are used, one on each side of the 
test dial, so as to overcome errors due to 
inequalities in sensitivity to green light. on 
different parts of the retina. The instrument 
is calibrated by mcasuring, for different values 
of the current passing through the lamp, the I 
brightness of the surfaces immediately behind I 
T, T, using for this purpose a surface-brightness 
photometer, The surface brightness of the 
luminous mad..ingb of dials such as those used 
for aircraft instruments is between 0.2 and 
0.05 metre-candles when the compound has 
been freshly mixed. The luminosity falls off 
with lapse of time, however, and dials which 
have been painted for six months or a year 
may have dpteriorated in hrightness so much 
as to he practicalJy useless 1 for their intended 
purpose. J. w. T. W. 


PHOTO::\IETRY applied to the estimation of 
refraction and eyesight, generally by the 
use of perception scales. See" Ophthalmic 
Optical Apparatus," 
 (6). 
PHOTOPHONE, RANKINE'S, for transmission of 
speech by light. See" Sound," 
 (61). 
PHYSICAL PHOTOMETERS: instruments in 
which physical phenomena are used to 
measure light, instead of employing visual 
effect. See "Photometry and Illumina- 
tion," 
 (32) et sqq. 


PIANOFORTE, THE 


THE piano helongs to the percussion class of 
mm;Ícal instruments in which the sound is 
producf-'d by giving a sudden impul
e to the 
vihrating sy!'tf-'m and then leaving it to itself 
-as contrastcd with wind instruments, for 
1 
ee " Luminous Compound
," 
 (6) iv, 


in!'tancf-', in which the vinration is maintained 
as long as (ksircd by the continuous supply 
of energy. The sustaining power of percussion 
instruments is determined by the amount of 
energy that can be supplicd initi<1.l1y and the 
way in which this energy is dissipated. 
The piano is a development from the harp 
in which the strings were plucked by hand, 
the next stage being the spinet and harpsi- 
chord, in which the wires were plucked by 
quills. But this method of sptting the wires 
in motion gave none of the light and shade 
so necessary for the artistic rendering of a 
musical compo
ition. Hence the complica- 
tions of the lat.er harpsichord, in some of which 
by means of st.ops, as on an organ, thp number 
of wires that were plucked when a key was 
depressed could be varied; also to some there 
was added a venetian shutkr, which could be 
opened or closed by a pedal in thc same way 
as the swell box of the organ. All this was 
done away with and control of the sound was 
restored to the performer by the substitution 
of a hammer for the quill, which was first 
effected bv Christofori, an Italian, about 
1709. Fro
 this original and very primitive 
instrument the pianoforte has developed bv 
very many steps, generally small, the most 
important of which have been the invpntions 
of the actions now used in the upright 
and grand pianos and the introduction of 
the iron frame. \Ye shall return to these 
later. 

 (1) THE \VIREs.-The original vibrators 
in the piano are the wires. or strings as they are 
called. rrhere are three to each note from the 
treble down to about the 32nd note from the 
bass end (say to E in the bass clef). In long 
grands they continue another octave. Hence 
the term trichord. Each of thes
 is a simple 
wire of high tensile steel, left hard from the last 
one or two drawings so as to give it as high 
an elasticity as possible. The breaking strain 
of a good pianoforte wire exceeds 140 tons 
per sq. in. The nineteen notes from D:;: down 
to about A in the bass have two covered wires 
to each note of steel alJout I mm. diameter 
wrapped with soft copper wire of .6 mm. 
diameter. The last twelve notes haye only 
one 'wire to each note; these are also of steel 
ranging from about 1.1 mm. to about 1.5 mm. 
diameter, hut wrapped with copper of in- 
creasing size from 1.016 mm. diamet.er to 2 
mm. diameter. The lowest notes of all pianos, 
except of some of the long grands, have two 
layers of the copper wire, and t.he total diameter 
of the wire may be as great as 7 mm. 
\Yhen a wire i
 stretched between two fixed 
support.
 and set in vihration it will, as is 
shown in the text-books on sound, execute 1 J 
vibrations a second, where p=' T/m /21; l 
heing the length of the vibrating 
egment in 
em., T the stretching force in dynes, anù 
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111 the mass in grams of the "ire p{'r em. 
len(,th. The wire maY, however, vibrate r:ot 
onl
 as a whole-in ,
-hich case 1 will be the 
wh
le length L of the" ire between the two 
supports-but can also ,.ibrate in 2, 3, 4, or 
more segments, and then 1 will become 
L 2, J...,3, L -I-. Thus (ne
lecting rigidity) the 
same wire may be caused to give anyone of 
a series of notes of which the frequencies 
are p, '2p, 3p, Ip, P being the frequenc.v of 
the "ire when it \-ibrates as a whole. In 
all ordinary cases when a "ire is plucked or 
struck "ith a hammer it does actually move 
in such a way as to be equivalent to the 
superposed effect of all these frequencies. 
Its equation at any time t is thus given by 
y=
 An sin (27rlltj'Z) sin (7rllxjL), 
 being the 
I 
periodic time of the fundamenbJ; the quality 
of the sound it will produce depends upon the 
relative amplitudes of the component terms in 
this series. 
The ma
imulll energy that can be given to 
a "ire is dependent on the mass of the wire 
set into vibration; it can therefore be increased 
by using larger and longer "ires. The three 
"ires of each note are tuned to unison and 
struck simultaneously by the hammer; this 
is obdously a de,-ice for multiplying the 
energy which can be given to the "ires and 
by them di
persed via the sound board as a 
mu
ical sound. The introduction of the iron 
frame, by making it possible to increase the 
tension on the wires, and therefore to use 
longer and heavier ones. is one of the chief 
factors which di;;;tinguishes the modern piano 
from that of say fifty years ago. But the 
increase in strength of the frame would have 
been useless unlesR the tensile strength of the 
"ire had been increased to correspond, and if 
this strength can be still further increased 
it may be possible to get a still greater 
sustaining po" er. 
The series abm-e given only represents the 
motion of the "ire to a first appI'o
imation, 
for the rigidity of the wires influences the 
pitch of the higher notes and of the upper 
partials of all the notes. causing the frequency 
to be higher than that given by the formula; 
for the restoring force due to the tension of 
the" ire is augmented by that due to its stiff- 
neRS, and although the latter has little effect 
on the long vib(ating segments of t he lower 


partials, it oln-iously will play an increasingly 
important rôle as these segments Lecome 
shorter. Thus the higher partial
 of any 
string in 'Tibration "ill be sharpened, The 
effect on the pitch is the same as if the 
wire were perfectly flexible and the stretch- 
ing force increased lJY 7r 3 r 4 y / 11 2 dynes. "here 
r is the radius of the "ire, I the length of 
the vibrating segment, and Y iR Young's 
modulus of ela-sticity. This sharpening is 
not in general noticeable, for the amplitudes 
of the partials after the third or fourth is 
\Tery small, and they can only be heard with 
difficulty. But should the crof'3-section of a 
"ire be an ellipse instead of a circle, the rise 
in pitch due to the rigidity will be greater 
for vibrations executed in the plane containing 
the major a}..iR of the ellipse than for those 
executed in the plane at right angles to this. 
Thus, as usually the wirf' will not be vibrating 
wholly in one of these planes, each partial 
"ill )ield two frequencies differing slightly 
from one another, "hich will therefore beat 
with one another. 'This beating is easily 
heard, although the partials which give rise 
to it would other" ise ha '-e been too weak 
to be percei,
ed, and, as it makes the "ire 
-:;ound out of tune, such a " ire is de- 
scribed as "fal
e." The only remedy i
 
the replacement of the "ire b): another: It 
can thus be seen that the perfect circularity 
and uniformity of a piano '\1ire is of great 
importance. 
It is e,-ident from the formula that as the 
freq uency depends on the three factors-length, 
tension, and mass--anY two of the three may be 
taken as independent 
 variables and be ch
sen 
arbitrarilv, and then the third can be deter- 
mined t
 obtain the pitch required. In 
practice the tension is made unüorm for all 
the strings of a piano; for pianos in which 
the tension is the same throughout have been 
found to keep in tune best, no doubt because 
with a uniformly distributed load
 temperature 
variations affect the instrument as a whole 
and do not thro" the notes out of tune with 
one another. The tension adopted by various 
makers range from 1 ßO to 190 Ibs. on each 
string. This is well below the limit of 
elasticity of all but the smallest gauge "ires, 
as can be seen from the following table which 
has been extracted from figures giyen in 
,y olienden's Art of Piano Construction. 


I Lencth Dianwtcr of ''''ire Breaking :-,train Actual Tension 
Xotf' and Sumber. in )[m. in )[m. in :Lh
. in l.bs. 
(' 88 .3.40 .800 .")-- 173 
_10.) 
(' ïG lO.:?O .8JO 30G 1';:1 
(' 64 I f).:?') .uoO 33:? 173 
(' !í:? :1ü.4o .9JO 3üü 17:1 
(' W üS.So I.OUu 384 173 
(' :?8 131 I.OJ!) 410 lï3 
'Ot... TV 2n 
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The tension of the intermediate notes varies 
from 173 Ibs., for the same gauge wire is 
always used for several successive notes, 
and as thp lengths are increased in a regular 
manner, the sudden variation in the sizes 
of the wire has to be compensatrd by corre- 
sponding rhanges in the tension. 
It Illight at first sight seem possible to 
keep to one size wire throughout and to use 
the length only as the factor to obtain the 
change in pitch. The wire for any note would 
then be double the length of the wire belonging 
to the octave ábove. This is nearly done for 
the upper octavf's, but it must not be forgotten 
that rigidity plays an important part, and if 
this relation were adhered to, it would make 
the top notes too short and too stiff, and those 
of the lower octaves would be too limp as well 
as unmanageably long. The length of the wire 
is therefore graduated to the extent of reducing 
the ratio to 17 : 9 for all but the lower octaves. 
In ordf'r to allow of the use of wires of lengths 
following this ratio as far down towards the 
base as possible, the practice has arisen of 
" overstringing," that is to say, the b3ss wires 
are carried more or less diagonally across the 
tenor wires, the latter wires sloping some 20 0 
to the vertical down wards to the left, while 
the former slope an equal or greater amount 
to the right. The change from the last wire 
sloping one way to the first sloping the other 
is caBed a "hreak," and as these wires pass 
over different and widely separated bridges 
on the sound board, there is liable to be a 
serious difference between the sound yielded 
by these two notes, and it requires judgment 
and skill to minimise this. Other changes 
are for this reason usually avoided at this 
point; for instance, the change from the 
simple steel wire to the covered wire is often 
made four or five notes above this point. 
Even "ith the extra length that over- 
stringing gives, the lower octaves cannot 
continue to increase in If'n
th 111 the same 
ratio
 in fact the wires of the last octave are 
practically all one If'ngth, the change in 
pitch bein.
 producpd by the additional 
thickness of the copppr "ire which is wrapped 
round the c('ntnt! steel core. Rometimes in 
cheap pianos the makers lower the tension 
in this octa\
e to reduce the weight of the 
costly hpavy cop{>pr win'. In any case, except 
in the long concert grand, the resultant quality 
of the octave is usually poor; but these notes 
are of comparatively small importance as they 
are much If'sS freq uf'ntly used prominently, 
and are gf'll('rally accompanied by the octave 
above, which helps to mask thf'ir poor quality. 
Strips of felt arp threaded in and out 
between th(' wires above the top bridge, and 
between tl1f' bottom hridge a.ml the hitch- 
pin, to P1'<' \"('nt these portions of t hp wire 
from vihra.ting; one or two makers have 


endeavoured to make thp lower end of the 
"ire equal in length to the part between the 
bridges, in the hope that this would form an. 
additional resonator. It is difficult to see 
how such a wire can add to the initial enf'rgy, 
but it might help to a\Toid a useless dissipation 
of energy in the felt just l'f'ferrred to. 

 (2) THE SOUXDBOARD. - Although the 
wires are the original vibrators in the piano, 
thf'ir vibrations arc themsf'hTes to all intentE 
and purposes inaudible; for as the wire S\\ ings 
to and fro, the air in front of the moving wire 
slips round to fill the space left hehind it by 
its motion, and no compressions and rarefa.c- 
tions of appreciable amplitude are produced in 
the air. To a slight extent the pressure of the 
wire on the fixed .upper bridge transmits the 
vibration to tllf' iron frame, thence it passes 
to the case of the instrument and the floor of 
the room, and these in turn transmit it to the 
air. Bnt in the main the transmission of the 
vibrations of the wire to the air is bv the 
medium of the soundboard, this thus' plays 
almost as important a part in the speaking 
quality of a piano as does the body of the 
violin ill the tone yielded by that instrument. 
The 8oundboard of the piano (as of the violin) 
is made of a \vood in which the rat.io of the 
elasticity to the df'nsity is as high as possible. 
Pine fulfils this best, and" belly-wood," as it is 
called, is usually Norway spruce, P1'cea excelsa, 
or sometimes Abies pecti nata. The best trf'es 
are those growing in high altitude's on a moun- 
tain side where the growth is slow and rf'gular. 
Bf'fore the war the best came from the 
Roumanian fOl'ests; some is now being 
obtained from British Columbia, The wood 
is cut on the quarter (i.e. radiany) into strip:::; 
7 to 10 cm. wide and about 1 cm. thick, and 
these are carefully jointed up to form a more 
or less rectangular board with the grain 
running approximately parallel to the long 
hridge, that is from the top right-hand corner 
to the bottom left-hand comer at an angle 
of about 40 0 to the horizontal. This board 
is stiffened at the back by about ten parallel 
wooden bars, 2 to 3 em. square, usually 
tapered off at the ends, which are glued across 
the sound board at right angles to the grain of 
the latter. In gluing them on the makers 
attach great importance to "bllcl,in
" the 
sound board-that is to Ray, making the front 
surface convex. The ce'ntre should he ahout 
1 em. above the erl,!;!e. This curvr.:!:urf' is 
produced in one or more of thref' ways: 
(1) By planing tllf' bars to a curve so that 
when they are glued on thpy shall tend to 
draw the hoard round to tllf'ir own curyaturp. 
(2) By thc use of a concave tablp on which 
the hO(lnl is laid while t he hal's are being 
glued nn, and into whi('h it is forced hy the' 
pressure of a larg(' numher of !In-bars \\ hi('h are 
sprung in between the bars and the roof. as 



PL\XOFORTE, THE 


467 


shown in Fig. ], where BE is the hollow-top 
table on which the sound board CC is placed; 
A.A is a F.rm wooden roof; DD are the bars 
to be glued on the hack of the soundboard; 
GO, diG' are the go-bars which are sprung 
in between DD 
and the reof; E 
is a block of 
wood to prevent 
the go-bar from 
denting the bar, 
(3) By heating 
both the bars and 
the sound board 
for some time 
before gluing. 
This eanses the 
bars to eÀpand 
lengtln\ise, and (by drying it) causes a 
contraction of the soundboard arross the 
grain. So when the whole is cold and it 
has reabsorbed a little moisture it tends to 


A 


A 


FIG. 1. 


rurve. 
This curvature helps the soundhoard to 
sustain the pressure which is caused by the 
down-bearing, or the resoh-ed part normal to 
the surface of the sound board of the tensions 
in the wire; for in order to keep the wire 
well down on the bridge during its vibration 
the top of the bridgp is left at such a height 
that it raises the "ire a little (2 to 5 mm.) 
abm-e its natural position. The pressure of 
the wires forces the bridge dO"ìl, but it i:;: 
considered fatal if it should be forced dO"ìl 
so mueh that the soundboard becomes con- 
cave. The dm\ll-bearing is usually measured 
by the angle the two segments of the "ire 
make with one another. This may be as 
great as Il o . 
The edges of the soundboard are fixed very 
firmly by hard wood fillets to the wooden 
framework or b(lcl
 of the piano, which back 
also carrirs the iron frame and is the foundation 
of the case of the instrument. Any want of 
rigidity round the edges of the sound board 
will not only lead to a dissipation of energy 
in friction which should have been giyen out 
as sound, but may also cause noises which are 
difficult to locate 
 and eliminate. 
By placing the piano with its sound board 
horizontal, 
catterinp' sand upon it, and then 
striking a string with a hammer, nodal lines 
are often obtained. Thi
 shm\"s that to some ex- 
tent stationary waves are formed, and that the 
sound board does not vibrate as a whole, but 
that some parts of it are in a different phase 
to the rest. This partly explains a fact which 
at first sight seems curious, namely, that it 
has been found ad,-antageous to limit the 
siz(' of the soundboard. r suallv the lower 
ri
ht-hand corner, and sometin;f's also the 
top le
t-hand conler, are either cut away or 
are prevented {mm vibrating hy a h
avy 


wooden bar glued on behind called a dumb- 
bar. 
tTust as the varnish on a fiddle is supposed 
to be of great importance, so some have held 
that the varnishing of the soundboard is also 
of great importance. But it seems doubtful 
if the varnish plays any other part than that 
of preserving it from damp. 
:l\rost makers F;eem to have had at some time 
the idea that by imitating the violin and using 
a douhle soundboard, with or without aper- 
ture8, it "ould be pos
ihle to improve the 
piano; but all such attempts have been 
failures. 
In order to give the greatest possible length 
to the bass strimrs, and at the fl.ame time to 
avoid the want ';;f response which would be 
caused by placing the bridge close to the edge 
of the soundboard, the !Short briQge on which 
the overstrung wires are carried is usually a 
.florrting bridge. The meaning of this is shown 
in the diagram, where B is the fillet at the 
edge of the soundboard A, \Y the over8trlmg 
wire which passes over the bridge C and 


w 


w 


H 
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D 
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FIG. 2. 


terminates at the hitchpin H. The bridge 
C, instead of being glued directly on the 
soundboard A, is carried on a thin board D
 
which is glued to a block E attached to the 
ðùundboard at some distance from its edges. 
This de, ice enables the \
ibrations to be 
communicated to a flexible part of the sound- 
board and greatly improves the quality of the 
tone produced. 
9 (3) THE HA::\uIER.-The oldest hammers 
were of wood covered" ith leather. The old 
hand-covered hammers were of wood covered 
with a number of layers, of "hich the inner 
ones were hard felt ;nd the outer ones softer 
felt. The modern. .. machine - covered" 
hammer has only one layer of felt mTer the 
"ood. The whole set for a piano is eoyered 
in one operation. The felt "hen first made 
is 10 to 13 cm. thick, but it is shrunk by 
the makers until it is about 2 em. thick 
at the bass end, 3 to 4 mm. thick at the 
other. It is then cut to a roof shape as shown at 
BB, Fig. 3. It is glued and bent up round the 
row of hammers AA, being pres
ed upon them 
bv hot metal moulds in a mac-nine. Anv 
d
!!ree of hardnes
 required can be ohtaine
l 
by- suitably regulating the pressure on the 
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moulds. 
are cut 
way a 


\Yhen the glue is dl'Y, the hammers 
apart with a shal'p knife. In this 
very regular gradation of weight, 
thickness, and 
elasticity from 
bass to trehle 
can be obtained. 

I 0 reo v p r, the 
density of the 
felt in any 
hammer is 
greatest in the 
centre of the felt 
next t he wood, 
and gets kss as 
the outer surface is approached. This is a 
very important matter, for it determines the 
relative intensities of the fundamental and 
the upper partials, or in other words, it 
determines the quality of the sound produced. 
To under3tand the action of the hammer. 
strekh a wire thirty or more feet long with a 
small force - say a pound weight - gently 
pluck it near one end, amI put a finger lightly 
upon it. The plucking will produce a pulsf' 
which will travel to and fro along the \\Ïre 
and can easily be felt each time it arrives at 
t he finger. If it be struck with a rod a sort 
of momentary dent \\ ill be formed which will 
travel away along the wire in both directions 
from the point ::;truck. W'hen it reaches the 
end the dent will hû inverted and return as a 
hump. [n so doing it is evident that it 
will give the support an impulse, just as a 
man who is exercising with a pair of heavy 
dumb-bells can shake the floor by bringing 
them down or up suddenly. It is this reYen
al 
of the pulse in the wire each time it arri\
es 
at the bridge that is mainly responsible for 
the communication ()f the vibration of the 
wire to the sound board. To return to our 
experiment, it is evidf'nt that while a smart 
blow with a mctal rod will cause a sharp 
dent, a blow with a soft felt hammer (suph 
as a bass drumstick) wi1l cause a smooth 
dent of muph less curvature. If the hammpr 
were of such weight and consistency that the 
blow laHted for half the natural period of the 
stret.ched wire, while its 
trength gradually 
increased to a ma:'\.imum and then died 
gl'Mlually away as th{
 hammer rebounded, 
the pulse produced would have a length equal 
to the length of the wire; thus an analysis 
into the Fourrier series to whie-h it is equi- 
valent and which exprcsses the motion, 
would result in a series in "hich the amplitude 
of the fundamental was prC'dominant; a 
similar analysis of the pulse produced by a 
metal rod would require a largpt' numher of 
tpI'ms to I"f'prespnt it with any elos('nes!'!. 
Thus if the sound producpd nhen the piano 
wire is struck by the hammer is to he largely 
composed of thc fundamental and the fir
t 


A 


FIG. 3. 


on(' or two partials, the hamm('r mU8t ha'
e 
suit.able weight and elasticity. It should 
strike a blow which commences gently, riscs 
to a maximum in a time which "ill vary 
with the piteh of the note, and t}wn di
s 
away as regularlv. A moment's thOlwht 
will 
 show that if tÌw outer laver be soft 
ld 
curv('d so that it touches first' at a point, the 
blow will commence gently, then as the blow 
procee(ls, if the d('pper layers are hauler, the 
pressure will increase rapidly attaining a 
maximum at the moment of greateRt compres- 
sion of the felt when the hammer amI wire are 
relativ('ly at r('st: after this as the hamm('r 
rebounds the pressure will die awa.y. .A8 
the coefficient of restitution of felt is not very 
high, the force will be less during thf' rebound 
and the pressure-time curve will not be q uitC' 
symmetricaL 
The point of impact of the hammer on the 
string is of great importance. :From about 
the 40th notf' from the bass end downwards 
to the bass end the string is struck at about 
one-eighth of the length of the speaking 
part of the string (that is the distance between 
the two bridgf's) from the upper bridge. 
From this Iwte upwards towards the treble, 
the fraction of the length from the top hridge 
gradnall
r changes until at the top it becom('s 
one-fourteenth or even one-sixteenth of the 
spf'aking length. Helmholtz showed that when 
a string was struck at any given point every 
partial which had a nodp at that point should 
be absent, and he thought that by striking 
the string at one-sevputh or one-ninth of the 
distance from the ('nd these partials which 
are inharmonic would be eliminated; but it 
is obvious that this cannot be the controlling 
factor, since at onp-eighth the partials 
eliminated would he in tune. and this is the 
fmction ChOSC'Il for all those notes for which 
such partials would he most obvious. Now it 
is a fact that the amplitudes of the partials 
above the third and fourth in a good piano 
are relatively small, arid though their existence 
can he proved by m('ans of rpsonators, they 
are almost inaudible without such aid and are 
prohably negligible. Thus it i::; much more 
probable that thr point found most suital.lc 
is really dctermined by the motion of the 
hammer. The makers say that the tre
)lp 
notes become more b.'.:lliant whf'n the wires 
are Rtruck nearcr the End. Towards tIle top 
notes of the pinno the thud produced hy the 
blow of the hamm('r is audible if the point 
of contact is not nearpr the end of the 8tring 
than on('-('if!hth of its lcngth, and this may, 
thC'I'efore, bc anot}wr reason for the point of 
contact c];ospn for those note's. 

 (.t-) Tn E .A(,TIO
.-Tll{' 1letion now uni- 
vprsally adopÜ'd for all upri!!ht pianoR is 
devplop('(l from th(' action patent('d by an 
Englishman named 'Y ornum in 1826, 
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,rornum's action is virtually an adaptation 
of an earlier one of Backer"s for a horizontal 
piano. It was "ery nearly the same as the 
action illustrated, except that he continued 
the use of an inclined plane to throw the jack 
out of the notch of the hammer-butt. The 
bell-crank lever was first embodied by EraI'd 
in his grand action, and was not used in the 
upri
ht action till much later. 'YOTIlllm 
found it impossible to induce the English 
makers to adopt his action, and it \\ as the 
French who took it up, so that it became known 
as the French action. l\Io::;t English makers 
continued to use the old "sticker" action 
until nearly the end of the nineteenth century 
-lon(T after 'Y ornum's action had been 
adopt
d universally abroad. A good action 
(1) must give the perforwer full control (If 
the blow, so that hf' can vary the intensity of 
the sound produced "ith ease and certainty; 
(2) must 
yithdraw the hammer from the 
Rtring immedia tely-even if the performer 
hold the note down-or the motion of the 
string will be damped by the hammer; (3) 
must not allow the hammer to bounce back 
and hit the string twice, unle6s a second 
movement is imparted to the key; (4) must 
enable the performer to obtain rapid repetition 
of the blow when desired, and (5) this repetition 
should be ohtainable "ithout waiting for the 
key to rise to its initial position. All this the 
'Yornum action provides. 'Yhen the front of 
the key K is pressed down the pilot p, which is 
screwed into the back end of the key, presses 
against the rocker A, 
which is pivoted at T. 
To the rocker is pivoted 
the jack J. The top 
of the long end of the 
jack rest
 in a notch in 
the butt B or hinge of 
the hammer, and thus 
pushes this up. causing 
the hammer to move 
towards the string FF'. 
Just before the hammer 
strikes the string, how- 
ever, the rocker A 
brings the toe of the 


M 


p 


K 


jaek up against the set-off Q, and this pauses 
the jack to rotate clockwise, and so lift.;: its top 
forward out of th(' notch of the butt n, leaving 
the lattcr frep. ThiR should happen \' hen the 
hammer ig 2 to 3 mm. from the" ire. so that 
it is oply the inertia of the hamnlPr which 


causes it to strike the "ire. It will then 
re bound and would fall back on the rail R 
were it not for the check C. which comes 
against E, which has been raised by the motion 
of A to which it is attached. In this way the 
hammer is held up a short distance from the 
string as long as E is held against the check C, 
i.e. as long as the performer keeps the key down. 
This hac;; two important results: (a) it catches 
the hammer and prevents it bouncing back 
to strike the string a second time; (b) it 
holds the butt up so that as the key is raised 
the jack can fall back into the notch almost 
3S soon as it is free of the ::;et-off, and this 
enables the performer to cause the hammer 
to strike again without having first to let the 
key rise up to the top, a
 he would otherwise 
have to do. The damper D is carried on a "ire 
inserted in a wooden lever hinged at M, and the 
10\\ er enù of this lever is pressed to the left 
by the spoon S when the rocker A is rotated. 
The hinges or centres, as they are called, 
of this action are made by bra;:;s wires passing 
through a hole bushed with thin cloth. This 
yields a smooth working hinge free from 
back-lash and noise. The bearing surfaces of 
the several parts of the action are covered 
with ...vft fabrics to avoid noise. The top of 
the notch in B into "hich the jack falls is 
lined with doe-skin, as it has to transmit the 
blow, but the back of the notch is lined "ith 
soft felt, as it merely has to receive the end of 
the jack and stop it as noiselessly as possible. 
An interesting point arises in rpgard to the 
best position for the interface between the 
pilot P and the foot of the rocker A. In 
order to reduce "ear at this surface it is 
o 1}vious that there should be no sliding motion 
beh\een P and A, ann that it should be a 
pure rolling one if possible. Xow P is rotating 
about the fuJcrum of the key K, "hile the 
rocker rotates about the cent;e T, so that to 
produce a rolling motion the point of contact 
bet" een P and .-\. should lie throughout the 
motion on the line joining T and L. This 
determines the depth of the foot of the rocker. 
(It should also determine its curvature, but 
thi'3 is usually ignored.) The same considera- 
tion applies to the point of contact between 

I and 
 which should lie on the line joining 
t he centres )1 and T: also to the contact 
between J and Q which should lie on the line 
jaining T and the centre or hinge of the jack. 
An important feature of this action is the 
tie Y, which has two objects: .firstly, as the 
hammer is only about 3 0 from the vertical 
"hen it strikes the \\ ire its weight cannot help 
it to come away after the blow, and if the 
blO\\ were a gentle one it l11ight be too slow 
in returning after the blow; and secondly, the 
jack might get below the butt inst('ad of 
merely falling into the notch. Hence \\Yornum 
provided the string to connect the hammer 
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block with the rocker, and so to prevent any 
such undue separati0n. 

 (5) THE GRAXD ACTIox.-Thi
 beautiful 
action was invented by Sebastian EraI'd in 1827 
and is now used almost universally. The 
underlying principles are the same as those of 
the upright action, already described, but the 
mechanism by which the results are achieved 
was q uiÚ
 original. Fig. 5 shows a modern 
form of this action which is almost identical 
with the action as EraI'd left it. The wippen 2 
15 
20 


6 14 


FIG. 5. 
which is pivoted at its rear end to the flange 21 
carries the jack 3, which presses against the 
roller 6 attached to the hammer shank 5, and so 
causes the hammer head 7 to strike the string 20 
when the key 1 raises the wippen 2. Just before 
this happens, the toe of the jack 3 comes into 
contact with the button 8, and this rotates 
the jack clockwise and removes it from below 
the roller 6; so that the hammer is quite 
free when it strikes the wire. After the blow 
it fall8 back upon the check 11. The repetition 
lever 4, ,vhich is pivoted near its middle to an 
upright fixed on the wippen 2 (and therefore 
moves with it), assists the check in holding up 
the hammer for a repetit.ion of the blow. 
This it does because its front extremity comes 
into contact with the rail 14 before the jack 
reaches the button 8, and being held up by 
spring 19 it remains in contact until after the 
jack has left the button. The dampE:'l' 15 rests 
on the top of the string, and is lifted by the 
lever 16, which is pivoted to the flange 21 
and lifted by the far end of the key 1. 
R. S. c. 
PIANOFORTE: a stringed musical instrument 
in \\ hich the sounds are excitc>d by felt- 
faced hammers striking the strings and then 
leaving them to vibrate. See "Sound," 

 (29); also previous Article. 


PIANO-PLAYER, THE 

 (1) DEVELOPMExT.-The piano-player has 
developed from the old barrel-organ, in which 
the music to bp played was produced by 
opening the pallets by stiff wirps set in a 
woodpn or metal barrel. A patent was taken 
out in lü!)4 for a machinp for playing on any 


kpyed iIH
trunlf'nt, including the virginal and 
harpsiehord, so that mechanieal players are 
of some antiquity. The pierced paper rolls 
appear to have first been us
d for wind instru- 
ments. TIlP openings in the rolls wpre pasi'>ed 
over other openings communicating with 
cham bers in which harmonium reeds were 
placed. The air was able to pass through the 
reed and cause it to sound when the opening 
in the paper came over a hole. The paper 
rolls evidently could not be used to strike 
a note on a piano directly, but it is obvious 
that the admission of the air through a cut 
in the paper could be used to operate a bellows 
to strike a note, In 1 
ß3 j.'ourneaux in 
France took out a patent for striking a note 
on a piano by the aid of air: but it was GaIly 
of New York in 1881, Bishop and Down in 
England in 1883, and Kuster of Kew York in 
1887 that really developed the pneumatic 
player. The player was sold as an independent 
instrument up to 1902, and even after that 
date many separate players were sold. Gradu- 
ally, however, its incorporation into the piano 
itself has become universal. 

 (2) PNEUMATIC ACTloN.-The main prin- 
ciples of the pneumatic action had Leen 
developed by the pipe-organ builders; it was 
the provision of means for varying the force 
of the blow, traversing the music roll over 
the tracker-bar, adjusting and varying the 
tempo, and emphasising the melody, which 
required to be developed in order to make 
the player a satisfactory instrument. 
The mode of action of the player is shown 
in its simplest form in the accompanying 
figure (1). A long sheet of thick perforated 
paper 2 travels from the music roll 3 to the 
take-up spool lover the tracker-bar 4. This 
bar is pierced with a row of 88 narrow slots 
about 3 mm. apart, each hole corresponding 
with one note on the piano which it is to 
actuate. \Vhen a perforation in the paper 
passes over one of these slots, it allows a 
little air to enter the duct 5, which communi- 
cates by the tube 6 with the primary chamber 
7. This chamber is divided into two parts 
by the thin flexible circular diaphragm 8. The 
upper part of this chamber 9 is maintained 
partially exhausted of air, so the suddE:'n differ- 
ence of pressurE:' between the upper and 10\\ er 
parts of this chamber lifts the diaphragm. 
Just above this diaphragm is the lower end or 
disc of the dumb-bell-shaped primary valve, 
which is therefore also lifted. The movement 
of the valve cl()
es the communication between 
the valve tube 12 and the exhaustE:'d primary 
cham bel' 9, and puts it into connection with 
the atmosphere by the lifting of the upper 
end 11 of the valve. Air is now able to pass 
through the valve-tube 12 into one side, 14([, of 
the seconda,ry pneumatic chambl'r 14. This 
chamber is also divided into two parts by 
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tht secondary diaphragm 13; the pa rt 14b 
is kept partially exhausted of air, and thus, 
when air is admitted to the other side of 
the diaphragm, the difference of pressure 
cause
 it to move, carrying with it the 
secondarv valve 15, 16 to "hich the 
diaphrag
n is joined. This movement 
closes the opening from the open air 
to the channel 17, and puts this channel 


5 


FIG. 1. 


into connection with the exhausted chamber 
14b, so that air is withdrawn from the 
pneu
jlatic 18, causing it to collapse, and to 
lift the action 20 by means of the connecting 
rod 19. There is a tiny hole 8a called a 
bleed-hole connecting the chamber 9 with 
the tube 6; so t.hat when the perforation has 
passed across the aperture in the tracker-bar 
and the slot is once more closed the pressure 
becomes eq ualised on both sides of the dia- 
phragm 8. This then falls and allo" s the 
primary valve to fall also. The air is there- 
fore sucked out of the tube 12, the valve 13 
is drawn back, and the pneumatic 18 is 
allowed to open, ready to give another blow. 
All this is very similar to the operation of the 
pneumatic action in the larger pipe-organs. 
g (3) BELLOWS AYD RESERVOIR.-The two 
chambers 9 and 14 of Fig. 1 are kept ex- 


FIG. 2. 


hausted by being connected through the 
action-hox 8 (Fig. 2), trunk 7, and the bellows- 
board 5 to the reservoir 6. 


I The reservoir is a bellows kept open by a 
spring: the air has to be continuously removed 
from it by working the foot-pedals 
1, which through the pedal-bars 
2 force open the bellows 3 against 
the pressure of the spring 4. The 
pneumatics of a pipe-organ are 
worked by air, which is at a 
pressure of about 30 em. of water 
above that of the atmosphere; 
but while it is obvious that both 
primary and secondary pneu- 
matics might be arranged to work 
with an air pressure which is 
either above or below the atmo- 
spheric pressure, the latter is now 
always used in players, as the 
reduced pressure holds the music 
roll down against fhe tracker- 
bar, and leakage is avoided. 
g (4) )IoToR.-To carry the 
music roll from the roll 3 on to 
the take-up spool 1 of Fig. 1, 
the latter is rotated by a 
pneumatic motor, wbich is aJso 
driven by air passing to the reservoir 6. 
The motor consists of five simple bellows 


19 


FIG. 3. 


1, 2, etc. (Figs. 3 and 4), each joined bv a 
connecting rod 4 to a five-throw crank-sbaft 5, 
the cranks being at 72 0 
to one another. The same 
shaft works slide-valves 7 
by arms 6, which alter- 
nately admit air to each 
of the bellows and put 
it into communication 
with the reservoir through 
the exhaust 8. 

 (5) EXPRESSIOY.-The 
player as it has so far 
been described would run 
at a constant speed, strike 
every note with the same 
force, and altogether fail 
to pick out a melody. 
Thus although its e)\.ecu- 
tion might be perfect, it FIG. -1. 
would give none of the 
light and shade and no variety of tempo 
(except such as might be incorporated 
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Into the original cutting of the original 
music roll). In fact, it \\ ould, artistically, 
be a failure; for although the soft pcdal 
in the modern piano throws the action for- 
ward and so shortens the blow, this alone 
would be insufficient. A much greater range 
of power can be produced by the rate at which 
the bellows are worked; but the change of 
air pressure so produced would, of course, 
alter the speed as well as the blow. Some 
means of adjusting the air pressure of the 
motor independently, and al80 that of the 
chamber 14 (of Fig. 1) of the s2condary pneu- 
matic which actuates the final pneumatic 18, 
is therefore essential. This is achieved by the 
pressure-control va,lye of which the action is 
illustrated in Fig. 5. There is a cham bel' 2 
communicating both \vith a small bellows 3 
and with the reservoir through the rectangular 
aperture 1. A spring connects the top of 
the bellows with a kver 6. The top of the 
bellows is also connected with a knife-valve 5 


6 


FIG. 5. 


by the rod ü. As the pressure diminishes 
in 2 the pressure of the atmosphere on the 
outside of the bellows causes it to collaIJse 
and to close the valve 5, so stopping the exit 
of the air. Thus the pressure of the air in 2 
is maintained constant; the actual pressure 
depends upon the position of the lever 6, 
which latter is joined by the rod 7 to a lever 
under the control of the operator-generally 
at the front of the keyboard. One of these 
valves is put between the motor and the 
reservoir. It controls the tempo at which 
the piece is to be played and is set at the 
beginning of each roll, A second one is put 
in scries with this to enable the operator to 
produce accelerations, or retardations, or 
even pauses, in the piece at pleasure. One 
or more similar valves control the suppJ,v of 
air to the final pneumatic 18 (Fiy. 1). 1 1 '1'e- 
quently there is one to affeet all the upper 
notes on the piano and another to operate 
upon the lower notes. 

 (6) SOLO DEVICE. - For pla,ying some 
chords louder than others, ur a mdody louder 
than the accompaniment, thprc arp numprous 
devices. Only two can he deRcl'ihcd herp. 
In one of these the note ur notes to be em- 


phasised are cut a little bd1Ïnd the ot!let 
notes that should hc playcd togcthcr, aR 
shown in Fiy. 6, whpre 5, 6, are to he pbyed 
quietly. but 2, 3, 4, are to be emphasised. 
The slots of the latter being a little behind 
those of the 
former, the cor- 
responding pneu- 
matics will act a 
fraction of a 
second later. At 
the edge of the 
music roll there 
is an extra p('r- FIG. û. 
foration 1, which 
actuates a special pneumatic whose function it 
is to c hang(' over the secondary pneumatic 
chamber 14 (Fig. 1) from communication \\ith 
one of the control-valves just dc::;cribed (Fig. 4) 
spt at a lower exhaustion, to a second valve 
set at a high exhaustion. Thus after th
 
blows have been given by 5 and 6 with a HmaU 
pressure difference, the other notes are struck 
with a greater force. The pnpUluatics for tho 
louder notes wiJI be actuated a little Jatl'l" 
than the rest. Though this later speech of 
the emphasised notes might not necessarily be 
disagreeable, it is possible that the notes are 
actually struck almost simultaneously, for 
although the hammers (If these note..'l will start 
an instant later, yet as they are given a greater 
velocity they may reach the wires and striko 
the notes at the same time as the quieter ones. 
The second method makes use of a group 
of perforations at the side of the tracke1'- har 
as shown in F1'Y, 7. The perforations of the 


FIO,7. 


notes thems3lves which are to he emphasised 
are not alterc(l in any way. Each of the sidc 
perforationH 1 admits air through a tube 2 
to a primary pneumati.c 3, which in the usual 
way actuates through 4 a secondary diaphragm 
5. This diaphragm l('ts a plate 6 come <10\\ n 
upon the opening 7 and clu::ies it. The plate 
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is pierced" ith a small hole only, and when it 
closes the <'pening 7 it obstructs the passage 
of the air, and only allows the pneumatic 8 
(which will be actuated if a perforation arri\-es 
orer the opening 9 in the tracker-bar) to 
close gently. Thus if the aperture 9 is opened 
"hile I is closed, the note is struck gently, 
but if 1 is open the note is struck loudly. It 
might be thought that as the perforation 
which is to open 1 has to pass over the other 
holes la, Ib, it might cause other not{.'s to be 
louder than those desired; but if the distance 
hetween I and la is less than the time interyal 
between two notes on the roll, this cannot 
happen. For it "ill not affect the note if I 
is open either before or after its note is struck, 
it is only operative if 9 is opened while I is 
open. It is obvious that this is a more com- 
plicated way of producing emphasis, but it 
is a positive method. To some extent it does 
involve taking liberties with the timing of the 
notes, in order occasionally to avoid emphasis- 
ing a note that does happen to require a 
perforation that would have acted just \\ hen 
the side perforation was passing over its solo 
hole. 

 (7) TRACKER DEHCE. - It is of course 
essential that the paper roll shall register 
correctlv with the tracker-bar, so that the 
slots cut in the music roll may pass exactly 
over the holes they are intended to open, 
To accomplish this, two holes (1 and 2. Fig. 8) 


P:'e added to the bar; they are close to the 
edge of the roll and are covered by the roll 
when it is in its correct position. The holes 
are connected with the bellows 3 and 4 by 
tu bes as shown. The bellows are normally 
kept exhausted by small bleed-holes (5 and 6) 
connected to the air re::;ervoir. \Yhen the 
paper does not go quite straight, it opens one 
of the holes, 1 or 2, and the corresponding 
bellows hegins to close slowly. By means of 
the bar 5 (which joins the bellows together, 
and so has been balancing their pulls) and 
the le\?er 6 the tracker-bar is cau.;;ed to slide 
along. until it once more regi
ters "ith the 
music roll. 

 (8) ELECTRIC' PLAYER
.-These have also 
been made, a brush making contact with a 
metallic plate through the perforations. In 


the eariier mac-hines the cUrJt'nt energised an 
electromagnet \\ hich acted <lirectly upon the 
piano action, This was yery unsatisfactory, 
as if it was attempted to reduce the blow 
by reducing the CUlrent the armature might 
not be moved at all, on account of the 
rapid decrease of attracti\-e force with the 
distance. In an interesting player a metal 
cylinder is kept in continual rotation. The 
armatures are arranged a little below and in 
front of this cylinder. Loose straps pass 
from the armature over the cvlinder to the 
piano action. l \Yhen the armat
re is energised 
the strap is gently tightened, and the friction 
of the revohing cylinder rubbing against the 
strap lifts the action and strikes the blow. 
Power is of course supplied by motors, which 
can be controlled either by varying the current 
or by brakes. 

 (9) ArTOYATIC RECORDI
G. - Electricity 
has been very successfully applied to recording 
the actual performance of a pianist. Con- 
tacts on the piano keys are connected to 
electromagnets in a punching machine, so 
that the exact instant when the note is 
struck. the length of time that the key is 
held down, the use of the pedals, and the 
minutest variations in tempo are all recorded. 
In reproducing such a record the operator has 
therefore only to concern himself with the 
intensity of the blow. 
:\Ian): records have the music printed upon 
them, so that the operator can render the 
expre;:ò
ion more intelligently. This is especi- 
ally neces;';8,ry in records which are intended to 
be used as accompaniments to the voice or 
violin. 


R. s. c. 


PICCOLO: a wood-" ind mu!':ical instrument. 
See" Sound," 
 (34). 
PIPE, COSICAL, calculation of frequencies of 
vibration of. See" Sound," g (52) (v.). 
PIPE, OPEX, calculation of frequencies of 
vibration of. See" Sound," 
 (52) (ii.). 
Correction for mouth and open end in 
calculation of frequencies of vibration 
of. See ibid. 
 (.32) (iii.). 
PIPE. 
TOPPED. calculation of frequencies of 
,-ibration of. See Sound, S (.)2) (iv.). 
PITCH OF 1IrSICAL I
STRL)IE
T::;, effect of 
C'hange of temperature on. tabulated. See 
.. Sound," g (,)2) (,-ii.), Tahle X, 
PITCH OF A ::\lrSICAL XOTE: a term used in 
music to denote the property of the note 
which determines its position in the musical 
range; the number of vibrations per 
second. or frequency, of the sound is adopted 
as a precise physical measure of the pitch. 
See '" Sound," S (1). 
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PrTCHE:-:, TYPICAL ':\IUSICAL, IX ('HRU
OL()Ca('AL 
ORDER. tabulated. t;ee .. Sound," 
 (7), 
Table III. 


PITCHBLEXDE, occurrence of, as ore of radium, 
See " I
adiul1l," 
 (2). 
PLAXCK'S RADIATIO
 FORl\ITTLA. See" Radia- 
tion Theory," 
 (6). 
PLANE-TABLES A
D ACCESSORIES. See" Sur- 
veying and Surveying Instruments," 
 (17). 
PLA:NE-TABLES A:KD :\IETHOD OF PLANE- 
TABLI
G. See" Surveying and Surveying 
In8truments," 

 (9) (iv.), (In). 
PLATE-GLASS, .:\IA
UFACTrRE OF. See" Glass, 

 (18) (v,). 
PLEOCHROIS:\1. See" Polarised Light and its 
Applications," 
 (17) (i,). 
POISSO

S RATIO: the ratio of the lateral 
contraction to the longitudinal extension 
of an elastic material; its value in glass is 
0.21-0.28. See" Glass," 
 (26) (iv.). 
POLAR DIAGRAMS, as us
d in phl\tometry: 
diagrams showing graphically the candle- 
power of a light source in various directions. 
See" Photometry and Illumination," g (37). 


POLARIMETRY 

 (1) DESCRIPTIVE AND HISTORICAL.-\Vhen 
certain crystals and liquids are placed between 
cros8ed Nicol prisms, the light will not in 
general remain extinguished. If the light 
source is homogeneous, or approximately so, 
by rotating the analyseI' (i.e. the polarising 
prism nearer to the eye, the farther one being 
called the polariser) a new position is found 
where complete extinction is again obtained. 
This can be eXplained by regarding the crystal 
or liquid as ha,ying rotated the plane of 
polarisation of the light as it passed through 
the su bstance. 
The phenomenon can be illustrated schem- 
atically by means of Fig. 1. Consider the case 


FIG. 1. 


of a plane' polarised beam of light passing 
through a crystal of quartz along its optic 
axis, the beam before entering the quartz 
being polarised in the azimuth perpendicular 
to All. The plane of vibration is in the plane 
of AB. "'hen the light entprs the quartz, this 
plane is gradually oriC'ntatecl by an amount 
that is proportional to the thickness of quart.z 


travC'rRPcl. until it C'B1C'rges at G, with the 
direl'tion of thC' yibration nm, lying in the 
plane A'B'. Now that the light has left 
the "optically active" quartz, the plane of 
vibration of the farther course of the beam 
will be that of A'B'; and the plane of 
polarisation "ill he rotated, by passage throu1[h 
the quartz, by an angle equal to that between 
AB and A'B'. 
Arago 1 observed in 1811 that the pffpct 
produced when a plate of quartz cut per- 
pendicularly to its axis is placed between a 
polariser and analyseI' di:ffC'rs from that caused 
by a plate of mica in the same position. 
Biot 2 was the first, however, to point out, 
in 1812, that a rotation of some kind was in- 
volved; he showed 3 also, in HH5, that this 
property was E'xhibited by turpentine and a 
number of other substances. The rotation 
depends on the thickness of active medium 
traversed and on the wave-lC'ngth of the light 
being inversely proportional (approximately) 
to the square of the wave-length. The name 
Rotatory Di:::;persion has been given to this 
property. 
Biot's polarimeter 4 had as polariser a 
plate of black glass, set at the polarising angle, 
viz. the angle at which polarisation was most 
complete. This was connected with a fixed 
divided circle by means of a V -shaped trough 
in which tubes conta.ining liquids could be 
placed. The" analyseI' " consisted of a double- 
image prism, a prism, that is, giving two 
images, one formed by the" ordinary" and one 
by the "extraordinary" beams, these bC'ing 
polarised in planes pE'rpendicular to each other. 
This prism was mounted in a tube carrying an 
index arm by which the angular rotation of 
the analvser could be read on the divided 
circle. The analyseI' was rotated until the 
image of the light source formed by the 
extraordinary beam was most near to extinc- 
tion. 'Yhen the optically activE' substance 
was placed in the trough, the image "(from the 
extraordinary beam) would again appear, and 
the analyseI' rotated until extinction was 
obtained once more. It was with this vpry 
simple apparatus that Biot made the elcment- 
ary observations that are of fundamental 
importance in polarimetry. 
Ventzke 5 Rhortly afterwards employed 
Nicol prisms as polariser and analyser, thus 
securing complete polarisation at the polarising 
end, and the elimination of the double image 
at the analyseI'. 


1 _\rago, lIlém. de La premo classe de l'In8f., 1811, 
).ii. !l3. 
2 Hiot, ..lTfm. de la premo cLasse de l'Tnst., 1012. 
Part I. pp. 2()2-2(j
. 
3 Riot. Rull. Soc. Pliilmnat., 1815, p. 100, or Ann. de 
Chim. et de PhllS., 1817, iv. fin. . 
4 THat, ('ompl. Rpnrl., lR40, xi. 413; Ann. de Chun. 
et de PhllS., 1840 (2), lxxiv. 4-01. . 
5 Ypntzkf', Erdman's Journ, jür praktisrlte Chemle, 
1842, xxv, 65. 
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l\Iitscherlich 1 ,\ as the first to appreciate 
the importance of monochromatic light in 
polarimetry; he also improyed the illumina- 
tion by placing a convex lens at the polariser 
end. Landolt, in using the )litscherlich in- 
strument, determined the point of extinction 
by setting the dark band of complete polarisa-- 
tion central in the field, and this was the 
forerunner of the accurate method used by 
Landolt in the construction of his polarimeter 
(d. infra). The mean error in the readings 
with the 
Iitscherlich instrument was about 
0.1 0 . 
The Soleil 2 double quartz plate, or "bi- 
quartz," \\ as added to the polariser by 
Ro biq uet, 3 and the polarimeter was there by 
made much more sensitive. 

 (2) THE BIQUARTZ.-Biot had observed 
that the yellow rays of white light were 
rotated through an angle of 90 0 by a plate 
of quartz 3.7.3 mm. thick. Soleil's biplate, 
which utilised this effect, consisted of two 
semicircular discs of quartz of that thickness, 
the one half being right-handed quartz ('i.e. 
quartz that orientated the plane polarised 
beam in a clockwise direction as viewed by 
the observer) and the other left-handed 
quartz. The principle underlying its action 
can be seen from Fig. 2. Let AA' be the 


FIG. 2, 


plane of polarisation of the white light 
entering the biplate. On emerging from 
the biplate the planes of polarisation of the 
red, yellon, 
reen, etc., rays are indicated 
by dotted lines drawn from 0 and 0', 
the points of emergence of the rays. Owing 
to the structural difference in the two kinds 
of quartz, the planes of polarisation are 
rotated in opposite directions, the one pheno- 
menon being a mirror image of the other. 
'Vhen the ana lysing nicol is parallel to the 
polariser, the yellow rays (which have been 
rotated an angle of 90 0 to AA') will be cut 
out entirely. A portion of the light intensity 
1 )lits('herlich, Lehrbuch der Chemie (4th ed.), 18H, 
cxi. 36. 
2 :-,(MiI, Compt. Rend., 1843. xx. 1803. 
3 Rohiquet; cf. Sider
ky, Polarisation et Sacl'ha- 
rimf'trip (
nrl ed.), p. 48: Landolt, Das optische 
lJrehungsfernlögen, 1898, p, 294. 


of thc red, green, and other rays "ill, how- 
eyer, be transmitted, the intensity transmitted 
being proportional to cos 2 e, where e is the 
angle that the plane of polarisation (of any 
particular wave-length), after emerging from 
the quartz, makes with that of the analyseI'. 
The resulting colour of both halves of the field 
is rose-lilac or amethyst. 
In this position e is, for the red rays, a 
little less than 90", and for the green and 
green-blue a little more than 90 0 , while for 
all these rays 90 - e is not more than 4.3 0 . 
Thus in the right half of the field a slight 
rotation of the analyseI' in a clock" ise direc. 
tion will cause the intensity of the red rays 
rapidly to increase, and that of the green and 
green-hlue to diminish appreciably, the result 
being a very rapid change to a di:::;tinctly red 
hue. For a like reason the rotation causes 
the left half of the field to change as rapidly 
to a distinct blue. 
Thus in the sensitive region where measure- 
ments are made the two halves of the field 
will have the same colour or tint only when the 
analyseI' is parallel to the polariser. If now 
an optically active substance be interposed, 
equality of tint can only be obtained by a 
rotation of the analyseI' to compensate for the 
rotation of the active substance. "'hen the 
thickness of quartz is, as described above, so 
chosen that the yellow rays are extinguished 
by an analyseI' that is parallel to the polariser, 
the residual colour is exceedingly sensitive, 
turning either red or blue with a very slight 
rotation of the analyser. For this rea:::)on it 
has been called the sensitive tint, teillte 
de passage, or Übergangsfarbe. In orùer to 
have a complete explanation of why the 3.75 
mm. quartz plate gives the most accurate 
results, the following factors must be con- 
sidered: (1) Rotatory dispersion of quartz; 
(2) energy distribution of the white light 
spectrum; (3) relative sensibility of the 
a"erage eye to radiation of different wave- 
lengths. These together with the )Ialus cos 2 0 
law and the three primary sensation curves 
(red, green, and blue), such as given by Exner,'" 
will give the change of tint with a gi,.en 
rotation of the analyser, by the method 
indica ted bv I ves. 5 
The disadvantages of this type are at once 
apparent: it must be used with white light, 
and the rotation obtained is approximately 
that for mean yellow light. Even if colour- 
less substances are examined, there is no 
position of the analyser for which the tints 
in both halve:::; of the field are the :::;;.1I11e, 
because of the rotatory dispersion of the 
substance itself, and thus systematic errors 
are introduced, of a kind extremely difficult 
to determine. This difficulty is considerably 
t Exner, ðitz. Wit'll. Almd., l
U
, abt. IIa, c
i. ðj7. 
I; Ive:3, J()llTn, Frank. Illst., HHj, dxxx. t.iï3. 
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increased when the substance is colourC'd. 
'Yhile it is almost impossible for a colour-blind 
person to U3e this method, tncre will h(' pC'r- 
ceptible differences in the readings of normal 
Imrsons, as the relative sensibility curves of 
individual eyes (to radiation of different 
wave-kngths) show ('onsidC'rable variation. 
.For these reasons the Soleil double plate is 
never employed in moùern measuremC'nts. 

 (3) J ELLETT'S PRIS'!. - The next and 
probably the most important deveJopmpnt 
in polarimetry is due to Jellett,l who utilised 
the photometric principle of matching two 
illuminated fields by varying their relative 
intensity. The eye is able, under favourable 
conditions, to detect very small differences of 
intensity (when no colour difference exists), 
and it is this principle that underlies the 
construction of all modern polarimeters and 
saccharimeters. A rhom b of Iceland spar is 
cut so as to form a right prism, as in Fig. 3. 
It is then cut in two in a plane E'BC parallel 
to the long edges of the prism and making a 
small angle a with the longer diagonal DD' 
of the upper face. The one part is then 


JfIG. 3. 


FIG. 4. 


reversed, and cemented to the other as shown 
in Pig. 4. This composite prism is then 
mounted as the analysing prism, and the 
di viding line 0 bserved by means of a lens. 
This analyser receives a parallel circular beam 
from the pulariser, and this beam is divided 
into four parts as in Fig. 5. The ordinary 
beams (on(' through each 
prism) remain central and 
svm metrical about the 
v'ertical interface; whilC' 
the extraordinary images 
are refracted to the pusi- 
tions E and E'. These 
extraordinary images can 
be screened off by means 
diaphragm at the eye side of 



 
AW
 


J!'IG, 5. 


of a suitable 
"bhe analvser. 
J
et (i;l Fig. ß) CD rC'pres('nt the plane of 
polarisation of the }Jolariser, and OA, Oß the 
planes of polarisation in the two parts of the 


1 ,Jplll'tt. ['Tor. Roy. 1ri.<;/1 Arad., June 
5, lR(j(): 
ihid. .Jan. 22, 18G:3. Th(' dt'RtTiption of the' llRf' of 
this prism u
ually given sppmR to originatt' in an in- 
corrpl't re
uling of R('p. Brit. ...:!.ssoc., l
üU, ii. 13, and 
i
 incorrect. 


,Jpllett analy
er. The two halves of the field 
will appeal' equally bright if the comp()]l('nts 
of OA and Oll on CD are eq ual, i.e. if OA. is 
taken to equal OR, then they both make 
eq ual angles with CD. 
U now the analyseI' 
is rotated so that the 
polariser is in a posi- 
tion C'D' with respect 
to OA and OR, the 
components of the 
latter (C'O, OD' re- 
bpectively) are no FIG. 6. 
longer equal, the ratio 
of brightness being givC'n, according to the law 
of Malus, as (C'0)/(OD')2. It wiJl he S(,PIl 
that. under these conditions an ('quality of 
brightness in two halves of thp field affords a 
sensitive means of determining optical rotation. 

 (4) CORNU'S PRIS)!.-Cornu 2 improved on 
JeJlett's original prism, using a Xicol prism 
instead of the natural rhomb, the 
ic()J pri-,1Il 
being divided in two in the sallle way as in 
Jellett's rhomb (Fig. :3). Instead of rpversing 
the one half so as to have a resulting prism 
of the inconvenient and wasteful shape sho\\n 
in Fig. 4, Cornu removed a thin wC'dge of 
spar, the apex of which was parallel to the 
long edges of the prism (see Fig. 7). The two 
parts were then cemented together without 
reversal. the planes of polarisation of the 
two parts making an angle with 
each other equal to the angle of (jJ) 
the wedge of spar removed. 
This composite prism was placed 
at the polariser end, and a Nicol , . 
prism being used as analyseI', 
the npt result is much the same FIG. 7. 
as that of the .Tellett arrangement 
previously despribed, with the main differenC'es 
that the double images of the Jellett prism 
are entirely eliminated. and that while J eHett 
used his prism as analyser, Cornu used his as 
polariser. This form of polariser is gC'nemlly 
known as the Cornu-Jellett prism, and it re- 
mains in common use up to the prespnt time 
for inexpensive polarimeters and sacchari- 
meters. 
It is evident that the angle hetwe('n the 
planes of polarisation of the Cornu-,Jdlett 
prism is fixed. This angle is called th(' " half 
shadow" angle, since to it is due that at the 
critical position of matching the field is l1C'itlH'r 
dark nor yet compktdy illuminated. If this 
angle has been made comparatiyeJy small 
(say 20_30) in order to obtain greatC'r sC'nqith.c- 
ness, the prism may become no hetter than an 
ordinary nicol for examining the rotation of a 
light-abfHJrbing substanpC', since the brightnpss 
of thp fìpld at the matching point, compared 
with the maximum brightness obtaina hIe. is 
proportionaÌ to sin 2 (nj2), where a is thp ha'f- 
2 Cornu, Bull. Soc. Chim. Paris, 187U, ).iv. 140. 
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shadow anglp. Further, as will be seen later, 
it is not desirable to make this hali-shadow 
angle too great, as the sen:5itiveness is reduced 
proportionately. 

 (3) THE L-\"LREXT POLARl'rETER. - In 
order to overcome this dpfect in the Cornu- 
Jellett polariser, Laurent 1 used a quartz plate 
covering hali of a plane polarised beam from a 
Xicol prism. The principle can be understood 
from Fig. 8. The quartz plate 
-\.. "hose 
optic axis lies in the 
plane of the paper, and 
has a direction 0 B, CoVP! s 
hali of the circular a per- 
D ture of the field of the 
Xicol prism in front of 
it. The thickness of the 
plate is chosen so that 
the difference between 
the paths of the ordinary 
and extraordinary rays, 
into which the incident 
plane polarised beam is divided, is some odd 
multiple of hali the wave-length of the light 
that i:5 used. If no and ne are the refracth"e 
indices of the ordinarvand extraordinary rays 
in the quartz for a gi\yen wave-length < the
 


c 


A 


FIG. 8. 


- d ) - ( ') I ) \ 
0- (ne-no - _m+ ;)' 


when d is the thickne!':s of the plate. awl 
o the path difference introduced. For the 
sodium light Dl and D
 the minimum thick- 
ne
s is 0.032-1- mm., but, as this platp would 
be too thin and fra!rile in practical use, some 
odd multiple of this thickness i" chosen so 
that the plate is approximately .5 mm. thick. 
Let OE represent the plane of polarisation, 
and its length the amplitude of the linearly 
polarised homogeneous light coming from the 
polariser. whose plane of polarisation makes an 
angle 8/2 "ith the optic axis OB of the quartz 
plate. The plane polarised beam, the direction 
and amplitude of which is given by OE. "m. 
on entering the quartz plate, be di,-ided into 
two parts, the one polarised in the plane of 
the optic axis OB and the other pprpendicular 
to it in the plane CD. Thus OG and OK will 
represent thp amplitudes and directions of thp 
components at the moment that OE enters the 
plate. These components are in phase with 
each other, 
:;;;ince the component of the beam represented 
by OK is accelerated in its passage through 
the quartz by an amount (2m+ 1)\/2, In 
being an iute,ger. as compared" ith the extra- 
ordinary ray 00, the position at emergencp 
can be represented graphicaJIy by rever
ing 
the direction of OK. thp cOIllponeut
 in phase 
on emergence heing no anel (),J. Thus the 


1 Laurent, .]OllTll. d. Ph.II.fiI.. lð; -l (1.). iii. lð3; 
lX;9, viii. 164; Dingler's Puly. JOllTlt., 1877, ccx)"iii. 
6üS, 


resultant OF will represent the plane of 
polarisation after transmi
sion of the beam 
through thp quartz. If CD represents the 
plane of polari!'ation of tllP analyser, then a 
matching of the fields i:;; obtained when 
the component OJ on CD is equal to the 
component OK from the unobstructed half of 
the field. 
In order to vary the half-shadow angle, all 
that is required ið to rotate the plane of 
polarisl1.tion of the polarising nicol: the angle 
tha t this plane makes with the optic a:)..is of 
the plate is one-half the hali-shadow angle. 
This Laurent polariser, "hile alIo" ing a 
varia hIe half-shadow angle, is limitpd as to 
light source, the only permis:,ible one being 
that for which the half-\\ ave plate ha
 been 
cut. The sensith-eness, as in all half- 
shadow polarisers, depends upon the magni- 
,tude of this angle, and on the intpnsity of the 
light source used. Heele 2 somewhat increa!'ed 
the sensitiveness by arranging the half-\\ ave 
plate as a circular one mounted on a larger 
glass plate. as in Fig. 9 (i.), and Pellin has 
introduced the modifica- 
tion shown in Fig. 9 (ii.), 
when the retarding plate 
forms a ring around the 
centre of the field a<;; shown. 
\Yhen using a bright 
sodium light "ith a sUlall 
hali-shadow angle (about liO) and taking 
the precaution suggested by Laurent of using 
a thin plate of potassium bichromate to cut 
off the other radiations of sodium, consistent 
I setting
 can be made to within :t !'. 


(!)@ 


(iJ (;;) 
FIG. 9. 


Lippich 3 has. ho" e, er, shown that the Laurent 
polariser cannot be relied on a
 an e
act means of 
measurement. Since the relati,'e importance of 
this type of polariser has become considerably smaller 
during the last Ì\\ enty years, it "ill be sufficient 
to mention some of the main results of Lippich's 
analysis. The technical difficulties of making the 
plates perfectly parallel, with the optic a"\.is lying 
exactly in the same plane. and of exactly the correct 
thickness for the particular wave-length chosen, are 
with modern methods perhaps not in
uperaùle. But 
Lippich found that they certainly "ere not made 
with sufficient accuracy; and even had the\' been 
ideally perfect it would 
 ha ve been neces
ary, 
l order 
that different instruments might agree. that the 
thicknesses of all Laurent pbtes should be identical, 
and not mereh-- any odd number of half-wave-Iength 
retardation. Again. e,en if agreement "ere tl
 us 
secured, the precise significance of rotation measure- 
ments depended on a kno" ledge of the rotatory dis- 
persion of the su bstance under te4. which kno" led
e 
could not be obtained on instruments uf the Laurent 
type. 
Finalh-. one and the same instruments give different 
measure
lents of a rotation with difl"crent half- 


II Hl'e1e, Zt it.filch. In..-;tkde., lSflß, x,'i. 2ßfI. . 
3 Lippkh, Sitz. JrÚ'n. Akad., l
!IU, abt. IIa, XC'I"\.. 
695, 
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shadow angles. All these faults re<;ult from the 
imperfect homogeneity of all practical light ROurccs. 

chulz 1 has recently examined the error8 due to 
elliptic polarisation caused by the obliquity of the 
rays falling on thc Laurent plate. He finds that if 
A is the diameter of the aperture or diaphragm at 
the polariser and B that of the analyser, and L is 
their distance apart, then if A + B = '023L, the error 
cåused by obliquity of the rays is not greater than 
,001 0 . If A and B are to be the same, then for a 
polarimeter to take 200 mm. tubes (L=230 mm.) 
the yalue of A =2.G mm., for a 400 mm. instrument 
(L=430 mm.) A must not exceed 4.9 mm. 
I\otwithstanding the above criticisms, it cannot be 
doubted that the large discrepancies usually found 
in results with different Laurent polarimeters must 
be mainly due to defective manuf
cture and lack 
of purity of the quartz. 

 (6) LIPPICH'S POLARJSER.-Thp polarising 
system of Lippif'h,2 which is in general use 
in the best polarimeters at prpsent, combines 
the advantages of a variable half-shadow 
anglp, and freedom to use either a hetero- 
geneous light source or homogeneous light of 
any desired wave-length. 
In the Lippieh system an ordinary nicol A 
(Fig. 10) is followed by a smaller nicol B 
covering half the field. The 
planes 
f polarisation of the 
prisms A and B make an 
angle e with each other, and 
thus it is possible to employ 
the photometric principle of 
J cliett in measuring rota- 
tions, as has been previously 
described. In order to have 
a field of uniform bright.ness 
at the matching point., the 
nicol B must be so designed 
that all the rays followed 
back from any point within 
the diaphra.gm )I
 of the 
analyser must pass into A 
without any partial obstruc- 
tion hy the small prism B, 
If a/2 is the half-cone 
angle su btended by the 
anaJyser diaphragm at C, 
then in order that no light 
from A shall pnter the 
analyser after pxternal reflec- 
tion at the surface CF the latter must. 
make an angle with thp axis 00' slightly 
greater than aj2 (say (af2)+f:3). If the ray XC 
traced back from the analysf'r is to pass 
through B, without internal reflpC'tion, then 
in order that the ray CG should make a small 
angle f with the siùe CF the anglp FCD must 
he suitahly chosen. It is found that if f 
and ß arp made about 10', the angle FCD 


a 
I 
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FIG. 10. 
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1 
l"IlUl7.. Ph !f.'? Z/,jf
rhr., lf120, xxi. 33. 
2 LiJlJlkh, Lotn.'?, 1 X/:'\O, ii.; Zf'it,'?chr. J J/.<;tkrli'., 1 kR:!, 
ii. 1fi7; IH!I:!, )o.ii. 3:
:3; IH!H, xiv. :t
(j; JVien. Bn., 
18R
. Ixxxy. 2G8; 188;), xci. !OiU; 1890, xcix. G95 ; 
18U6, ev. 31.7. 


m u
t be betwef'n 9
r and 94- o . ThÜ:: small 
prism is commonly called the "half Lippich 
prism. " 
Ijppich improyed on his original twu-field 
systE"1l1 hy having two half Lippich prismR B 
and C mounted as shown in Fig. 11. The 
resulting field (DEF) is 
divided into three parts. 
The original intention of 
Lippich was that t.he planes 
of polarisation of the half 
prisms Band C should be 
slightly inclined to one 
an(lther, so that if a match 
is madp between D and E, 
the difference in brightness 
between E and F is just dis- 
cernible. By this means the 
range of uncertainty in set- 
ting should theoretically bp 
hal ved. 
Perhaps t.he greatest advan- 
tage of the three-field system. 
however, lies in the fact that 
it enables the observer to 
correct any sJight error in the 
alignment of the light source 
with the optical axis of the 
polarimeter. The distribution of the in- 
tensity of illumination over the field is 
liable to change rapidly with a 
light dis- 
placement of the light source, and an error 
due to t.his cause would generally hp far greatpr 
than that due to the lack of sf'nRitiveness of 
the eye, especially if the 0 hserver has had some 
practice in making polarimetric measurement
. 
Lummer 3 has constructed a polariser \\ ith a field 
divided into four equal parts. This is done by 
adding to a double-field Lippich system two moro 
very small half Lippich prismi'! each of which coyers 
a field equal to a half of prism B in Fig. 10. These 
are placed at the outer edges so that the field is 
divided into four equal parts. In this polariser it 
is not a condition of uniform brightness that is aimed 
at, but the equally distinct appearance of t\\O of the 
parts on a uniform background. 
\Yhether this type of polariser shows any real 
gain of sensitiyeness over the Lippich three-field 
polariser does not appear to have been adequately 
tested. The arrangement is too complicated e,-er to 
come into general Ul-1e, unless its advantages were 
very real. In practicE" it is found difficult enough to 
adjust, and keep in adjustment, the Lippich three- 
field type. 

 (7) Y ARJATION OF SE
SITIVENESS WITH 
THE HALF-RHADOW ANGLE.-It has been 
mentioned that the sensitivencss or accura('y 
of setting with the photometric matching 
principle of Jellett deppnds on the half-Rhadow 
angle. I t is generally assumed that the e
'e 
can rec()gni
e a difference of brif!htnE"ss of 
about 11;er cent when f'xamining two adjacent 
fields. 
3 l.ummer, Zl'itscltr. I llstkrle., 1 RfI(;, x,-i. 
O!J. 




 
L-; I I =-..J 
I I I I 
I I I I 
I I I 
I I I I 

 
@ 


FIG. 11. 



POLARI)IETRY 


479 


Let OA and OR (in Fif]. 1
) represent the \ " angle of about 9 0 _10 0 the accuracy of setting is 
planes of polari
ation in each part, and their considerably greater than that shown by the 
length" represent their amplitudes which 
re theoretical curve. Thi
 shows that under 
assumed cqual, and let AOA represent the favourable conditions thc eye can detect a 
plane of polarisation of the analyseI' when the change of intensity of illumination of about 
two fieldd are E'qually .7,3 per cent, 
bright. Then, if the It is usually assumed t hat the cause of the 
analyseI' be rotated a rapid lo&:; of sensitiveness as thE' half-shadow 
very small angle 0 into angle becomes less than 1 0 is that the general 
the position A'O_\ illumination then becomE's too faint for accurate 
such that the beam matching. The chief reason, howevE'r, is that 
originally polarised in with such half-shaduw angles the effect of the 
the dirE'ction OA is, elliptic polarisation becomes appreciable. The 
after passage through light incident on the analysE'r is assumed to 
the analyseI', just per- be completely plane polarised, whilst in prac- 
ceptibly brighter than tice it is always to a slight extE'nt ellipti('ally 
that of the other half of the field, OA polarised, to an E'xtent dE'pE'nding on the total 
and OB w1l1 then make angles of 90 - 8 - 0 amount, and azimuth of the double refraction, 
and 90 - 8 + 0 with the new plane of polarisa- present, between the oil or balsam film of the 
tion of the analysE'r. The ratio of the intensi- polariser and that of the analysE'r. There is 
ties in the two halves will be, according to the also always a slight admixture of dE'polari
E'd 
law of .:\Ialus: light. The effect as seE'n through the analyser 
sin 2 (8 - 0) can be regardE'd as merely 'adding an equal 
Sll1 2 (i f+ 0) = p. amount of general illumination to each fiE'ld. 
This is not appreciably altE'red as thE' half- 
shadow angle is made to approach 0 0 , and as 
the intE'nsity of illumination from thE' plane- 
polarised component becomes a smaller and 
smaller proportion of the total intensity of the 
field, the analyser has to be rotated a corre- 
spondingly greater amount bpfore the eye can 
discern a change of intE'nsitv. This can be 
easily ,erified l,y observing 'the sensitiveness 
of a pohuimeter with a half shadow of 2 0 _3 0 
using a vE'ry poor light 
ource, so that the field 
at the matching point is YE'ry dark, 'Yith such 
Remembering that 8 in Fig. l
 is half of the an arrangement a much higher accuracy "ill 
half-shadow angle, the solid line in Fig. 13 be attained than" ith a half-shadow angle of, 
say, 4 0 , even when in the latter case the light 
source is so improved that thE' intensity of 
illumination at the matching point i
 con
ider- 
ably brighter than with thE' larger half-shadow 
angle. 
It can hp shown that. in conSE'que'llf'e of the 
inE'quality of the intE'nsity of illumination in 
the two hah-es of an ordinary Lippich polariser, 
a systematic error is madE' in the measuremE'nt 
of 'a rotation either if the sub
tan('e undE'r 
examination is slightly bi-refringE'nt or if a 
small amount of accident.al doublE' re.fraction 
is othE'rwisE' introclucE'rl into thE' path after 
the zero reading of the polarimE'tE'r has beE:'n 
takE'n. 
This has not yet beE'n fully investigatE'd, but 
it, is found that wit.h a half-shadow angle of 
about 3 0 and an E'llipticity of 1,100 (ratio of 
minor to major axis) the error is of thE' 
ordE'r of 1'. 

 (8) "TILDE'S POLARI'IETER.-OthE'r forms 
of I'olariser have bf'en sUf!gp:)Ì(>d from time 
to tinH', nOllE:' of which, howE'n>r, han> come 
into !!eupral use. 
In L the form of polarimeter de\Tised hy 
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which giyes 
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- (1- ,p) t 8 
u - ,_ an . 
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(In obtaining this expression, which gives 0 in 
circular measure, 0 is taken to be 80 small 
that cos 0 = 1 and sin 0 =0.) 
If p is taken to be '99, which is equivalent 
to saying that 1 per cent change of intE'nsity 
can be detected, thE'n 
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repreSE"nts the kind of variation in sensitiveness 
with half-shadow anale that is to he E"xpE'cted 
on thE'orctical grounrls. The actual cun-e of I 
mp
n E"rror (dottE'd line) giYE'n by Schulz and 
filclchen I indic:lÌp8 that with a half-shadow 
. 1 S
}lUlz 11THl (;JeidH'n, Pú/rtri.Wltiunapparate uml j 
1hre J erll'i'nc/u)/!/, ::;tuttgart, UH!>, p. 66. - 
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\\-ilcle,l both the- polarise-r and analyseI' are 
ordinary Xicol prisms. In order to obtain an 
accurate sC't.ting, a Ra\-art plate is mounted 
in front of the analysing nicoL As this con- 
sists of platps of Iceland spar or quartz, the 
optic axe-s of which make- an angle of 4,3 0 with 
the dire-ction of tlw light, and who
e principal 
sections are at right angles, a system of inter- 
ference fringes is seen in general. "'lwn the 
plane of polarisation of the beam from the 
polarising nicol coincides with the principal 
section of either of the plates, the fringes 
disappear at the c
ntre of the field. By 
reducing the intensity of the light sourc;, 
the breadth of thp band showin g no frinaes 
. b 
can be consIderably narrowed, and this can 
then be spt symmetrically with respect to a 
pair of cross lines placed at the focal planp 

f two lenses that form a telescopic system 
mterposed between the Savart plate and the 
analysing nicoL 
The instrume-nt, can hp used with a homo- 
geneous light source of any wave.length, and 
bas the great advantage that a strong light 
SOl1rce is not require-d. Considerable practice 
is required before the 0 Lserver can obtain an 
accuracy of setting comparable with that of a 
half-shadow polariser, as the termination of 
the fringe system is not sharply defined. For 
this reason the 'Yilde instrumcnt is very 
rarely used, 

 (9) LANDOLT AND LIPPICH, - Landolt 2 
observed that when a yery intense light source 
is examined by a P air of wide-anC:led Nicol 
. 
 
pnsms, the field, instead of being uniformly 
dark, is crossed by a narrow black band only. 
This was first e-xplained by I.ippich, 3 who 
showed that, clue to the varying obliquity of 
the rays incident on the prism, the directions 
of vibration at different parts of the field were 
not. strictly parallel. He showed further that 
in the casp of 1\icol pri
ms whose enJ faces 
wpre perpendicular to the axis of the prism 
the direction tlf the vibration was represented 
by a system of conver,2:in
 lines which met at 
a point P outside the prisms. The direction 
of the plane of polarisation l\ ill therefore be 
given by arcs of circle with P as eent,re, In 
Fig. 14 the solid arcs abcd, e-tc., "ill indicate 
thlJ direction of the plane of polarisation at 
any point in the field. 
A similar state of affairs holds in the case 
of the analyseI', when the dofted arcs a'b', etc" 
will represcnt the dircction of the planes of 
polarisation of the analyseI' at various points 
in the field. 


1 Wiltlp, Ü!Jrr ein nru('!; P()!rtristrobomptrr, nprn 
lR()2: rin/('ljrlhr.<;schrijt fin .J..\'ctturf. Ges., Zürich: 
18
8, xliii. :)7: 18
n, xliv. 1
6. 
2 Landolt, n(l.<; opt ;.<;rh(' /Jrehu 1I(1.'11'erm;j(len org(H/ i- 
schn Suh.'ltanzf'Þ/ (lHt pd. 187
), p. 
)5. 
3 J.i))pich, Silz. Wien. AJ,."d.. lR82, Ixxxv. 2ß8. 
Latpr ill\'p
tigation haH Hhown that the analysis of 
Li)lpkh is only a closp approximation. Cf. 'Berek, 
Verh. d, D, Phys, Ors., 1919, xxi. 338. 


It will he notic<,ò that thPRC' two RctR of 
curves are only p<'l])('ntlicular to eaeh other 
along the locus FG-J, and therefore complete 
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FIG, 14. 


darkness \" ill occur only along this line. A 
slight rotation of either the analyseI' or 
polal'iser will ob'Tiously change the Ì)osition 
of this locm;. l..ippich made use of this fringe 
in the construction of a JH)larimeter, when 
the position of the fringe "ith reference to a 
pail' of cross-hairs se-ryed as the criterion 
instead of the matching of fields as in a half- 
shadow polariser. By this means Lippieh 
states that it is possible to set the ana lysing 
nicol to within two or thrC'e seconds of' arc
4 
an accuracy considerably greater than that 
obtained by any type of half-shadow pCìlariser. 
In order to see ,the fringe, the light source 
must he very intensp (e.g. sunlight or the 
electric arc), and so the method cannot he con- 
veniently applied for polarimetric work, since 
it is difficult to obt
in the necessarily homo- 
geneous light sourcp of the required i
tensity. 

 (10) LUl\1:\lER'S POLARIMETER. - In the 
polariser evolved by Lummer,5 plane polarispd 
light falls on a 4jO prism the hypotenuse- face 
of which has silvered strips S (Fig, 13). The 
light ente-rs the prism normal to thc face 
ABCD. The portion falling on the umÜh"crpd 
part pf the hypotenuse face AREI.... is totally 
reflpcted, while the light falling on tlH' sih-ered 
surface suffers metallic reflection, If t.he plane 
of polarisation of the incident beam is parallel 
or pcrppndicular to thc plane of reflection, 
t,he planes of polarisation of thc reflected 
beams (total reflection anù mctallic reflpction) 
will be coincidcnt. [f the polarisillg nicol is 
rotated through an angle e, the portions of 
the heam suffering total reflection will he 
rotated an angle eo from its original azimuth, 
& n. Hruhat anti )1. Hanot. daim that it is not 
possi bl(' to mp
lsur(' a rotation of t 11(' orcIn of 20' 
hy this m('tho(l with an ('rror less than l' With 
intpnse SOIlr('PS. e.g. BlPfeury arr. thi
 prror. ('an 1)(" 
fp(ltlC'Pc1 hy half. Arw!. .sciencp, Paris, Ma\" :W. 1021. 
6 Lnmnll'r, I'erh. d. Ges. })f'llf.
('h. No/w;.f. u. Ár?f o 
Wit'n, 18U4 (J1.), i, 7U; Z('it.'1ch.für 111.';/.:(/('., tHOj, xv. 
2D3. 
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"hùe that reflected from the silver strips "i1J 
be rotated through an equal amde in the 
opposite direction. A half - shadow arrange- 
S 


FIG. 15. 


ment is thus obtained, as in the case of the 
Lippich system, "ith a half-shadow angle of 
21J, which can be varied as required. 
O"ing to the comparatively large amount of 
glass in the path, the effect of small amounts 
of double refraction, which is negligible in thin 
plates, no" becolllp" appreciable and the field 
at the matching point is not uniform, haring 
brighter or darker patches in the field of riew. 
"Yith a large half-shadow angle, the linearly 
polarised light becomes elliptically polarisecl, 
and, as can be shown from the electroma{!netic 
theory, the ellipticity will be different in the 
t" 0 cases. For half-shadow angles as used in 
practical "Work, the ellipticity 
introduced at 
reflection i
 negligible, the only dra"Wback 
being the double refraction due to lack of 
homogeneity and annealing of the glass. 
It is possible that, as the technique of 
optical glass manufacture is improved, this 
type of polariser may COllie into common use. 
A detailed investigation of its properties has 
been made by Y olke. l 

 (11) GE
ERAL CO
SIDERATIO:XS.-A large 
number of polarisers have been dm-ised which 
depend on the double refraction or rotatory 
power of quartz for their half-shadow effect, 
and a typical e
ample, the Laurent plate, has 
been described in detail. 
A most serious objection to this class of 
polariser is the great scarcity of optically 
good quartz, the purit.y of which immediately 
sets the limit to the accuracy and sensitiveness 
of the particular polariser. 
 From this cause 
alone a con:,iderable ,-ariation is to be ex- 
pected between the performances of individual 
polarisers of anyone type. 
(i.) Poynting'8 Polariser.-The polariser of 
Poyntin[! 2 is made by di,-irling a circular platE' 
of quartz. cut perpendicular to the optic 
a
is, along the diameter. One haU is sliahtlv 
reduced in thicknps
 and the two 
IY
s 
reunited. The half-shado" effect is obtained 
by the difference of the rotation produced in 
each half of the plate. The half-shadow angle 
1 YoIke_, /naliUliral- nisserlafioll, Bre:,lau, 1909. 
:-.pe aI.;;o 'oIke, Ann. d. Ph!/Si
., 1910, xxxi. 609. 
! Poyntin
, Phil. Jlag., '1880 (5), x, 18. 
VOL IV 


is therefore a fixed one, and furthermore it 
is necessary to em ploy a homogeneous light. 
source to avoid the effects of rotatory dis- 
persion. 
I (ii.) Sakamura's Polariser.-Xakamura 3 has 
I shown that maximum sE'n
Üti,-eness of a Soleil 
double quartz plate is obtained when the 
plate is approximately .4 mm. thick, instead 
of 3..) mm. or 7 mm. as oriainallv used. 
"Yright 4 independently arrived 
at tl
e same 
conclusion, and as this polariser admits of 
only one fixed half -shadow angle, the latter 5 
has evolved an ingeniou
 application, which 
not only affords a variable hali-shadow ande, 
but also gives this variation without a cha
ge 
of the zero po
ition of the analyser-a mo
t 
important consideration in the ca
e of sacchari- 
mE'ters. It con'3ists of two wedges of quartz 
of equal angle but of opposite rotation, the 
one mounted above the other as shown in 
I Fig. 16, and immediately behind each half 
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FIG. 16. 


wedge is a parallel plate of quartz of opposite 
rotation, The dimensions suggested by 'Y right 
for polarimetric work are gh-en in the figure. 
It will be seen that at a point 3.3 DUll. from 
the thinner end of the wedge the total rotation 
is zero in both parts, since the thickness of the 
double wedge i" then the same as that of the 
double plate of opposite rotation. The field 
of vie" when the nicol:; are crossed "ill there- 
fore be comparatively bright, except for a 
narrow dark band at this point. which "ill 
run ,-ertically across the field. If either nicol 
is given a slight rotation the part of the dark 


3 Xakamura, CentralblaU flir JIin., 1!)O::;, pp. 26ï- 
2;9. . 
& Wri
ht. A mer. J(mrn. Sci., 1908, xxvi. 3ïï. 
:; Ibid. pp. 391-398. 
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band in the upper wNlge will move rapidly 
in one direction, whilst the dark band in the 
lower wedge will move a corresponding 
distance in the opposite direction. In using 
this device an approximate setting is first 
made, and biq uartz wedge is then placed in 
the path, the accurate reading being obtained 
by rotating the analysing nicol until the black 
hand
 are brought in alignment. 
As the thicker end of the double wedge is 
moved into the field, the coincidence of the 
two parts of the hlack band remains unaltered, 
the field it
elf becoming generally brighter 
whilp the band itself is not so sharply defined. 
\Vith wedges of the dimensions given in Fï'g. 
16, illumination, equivalent to that given by 
a Lippich polariser of 1.')0 half-shadow angle; 
is obtained when the thicker end uf the wedge 
is in the field of view. As only one magnify- 
ing lens is needf'd, the usual light-absorhing 
observing telc3cope can be dispensed with. 
This form of polariser has not yet been 
employed in any commercial polarimeter or 
saccharimeter. 
(iii.) Brace's Polariser.-Probably the most 
sensitive and accurate form of half -shadow 
polariser is that of Brace. l Essentially it 
consists of two plates of mica mounted 
between cl'Ossed nicols. The fir8t consists of 
a strip (about ,00017 mm, thick or T
1)À 
retardation) covering part of the field, and 
is fixed; the second "compensator" plate> 
covers the \vhole field and has a retardation 
of !À. T" 0 positions of the compensator plate 
can be found at which the intensity of the 
light is uniform over the whole field. By 
varying the angle which the principal section 
of the strip makes "ith the azimuth of the 
polariscr (or analyseI') a variable ha.If-shadmv 
effect is obtained. For a complete account 
of the principles underlying its use, reference 
must be made to the original papers. The 
main advantages of this polariser are that the 
separating line is vanishingly fine, and that 
the double refraetion due to strain between 
the polariser and analyseI' is reduced to a 
minimum, so that it can be successfully used 
with what is equivalent to a very small half- 
shadow angle. It is mORtly used for deter- 
mination of ellipticities; \\ ith a very thin 
sensitive strip a change of phase of 6.2 x 10- 7 
can be detected under favourable conditions. 
Bates 2 has applied this type of polariser to 
a spectra polarimeter and found the extreme 
differences of readings less than .007 0 . The 
Brace system is, however, rather fragile, and 
its use is not recommended except in work 
requiring the highest obtainable precision. 3 

 (12) CO
STRUCTION AND 1\lECHANICAL 
DESIG:8 OF POLARI:\lETERS. Simple Types.- 
I Brace, Phil. .1[(((/., 1903, v. 1m ; Phy.C? Rel'., 1004, 
xviii. ïO; Ph.lls. Rel'., 1004, xix. 218. 
2 Ratf.
, Ann. d. Ph.ll.c;ik, 1003 (4), xii. 1006, 
· Cirri, Rur, ..'ita., IV18, Xu, 44, p. 12. 


Since the requirements in polarimetry are 80 
varied, it i$ only to be expected that tlw 
various types available should be numerous. 
For many purposes, such as urine analysi
, an 
accuracy of measurement of .JO is sufficient, 
and a simple instrument sueh as is 8ho\\ n in 
Fig. 17 is all that is required. The pol arising 
system P is connected to a divided circle C 
C 


s 

 


FIG. 17. 


by means of the bracket B. The analysing 
system can be rotated by means of the lever 
Ä, and its azimuth is giv
n by the indcx arm 
L The observation tube T re
ts on suitable 
supports at each end, and the whole instru- 
ment is supported hy a tripod stand Y. 
In making an observation, the sodium light 
source S is either focussed on the polariser end 
P or brought a:s near to it as is possible \Üth- 
out unduly 'warming the }Jolariser, the tube 
T is filled with water and placed in position, 
the eyepiece H of the observing telescope is 
either pushed in or drawn out, until a sharp 
image of the separating line of the polariser is 
seen. The arm A is rotated until a position is 
reached when the> two fields are equally dark. 
If the index arm I does not then read exactly 
0 0 or 180 0 , the procedure is as follows. The 
analysing nicol iR mounted in a tube with a 
short arm L fastened to it. This tube again 
in turn fits in the outer tube to which A is 
fixed, and the analyser ean he rotated a 
mall 
amount with re
pect to it hy means of thumb- 
screws whieh bear on L in the manner shown. 
The arm A is moved. therefore, until the index 
arm reads 0, and the thumh-Rcrews tUrJ1Pd 
until a mateh is obtained, Thp tube T is now 
filled with the liquid to be examined, and in 
general both parts of the field will appear 
bright. The arm A is again rotated until a 
po;ition of equal darkne
s is obtained. The 
new reading of the index arm will give the 
rotation of the substanee. 
In some forms the whole instrument can be 
inelined, and damped in any position by means 
of a swivel joint and holt. This ob\-iate
 
the neees8ity of raising or lowering the light 
source to suit. the instrument. The circle C is 
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generally about 3 in. in diameter and divided 
into degrees; the possible error in measurement 
is therefore .1 0 or .2 3 . "
hen slightly greater 
accuracy is required, a vernier reading to 0.1 0 
is en
ra ved on the arm I instead of the single 
fiduciary line, and it is often the practice to 
mount a magnifying lens on this mova hIe 
index arm, with a small mirror attached to it 
that projects outside the circle and reflects 
on to the scale and vernier enough light from 
the source 8 to make a reading pos
iblp in fin 
other"ise darkened room. 
The optical arrangement is shown in Fig. 18. 
The source 8 being either focussed on or close 
to the aperture A, the latter can be considered 
as the virtual light source. The position and 
focal length of the condenser C are chosen so 


ON 



 
I 


L 
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that the image of the stop A falls on the 
objective )1 of the observing telescope. The 
polarising system immediately follows the 
condenser. In the figure the Laurent polariser 
is shown, D being the polar
ing nicol, and E 
the half-wave plate covering a part of the 
field. In this type of instrument having a 
fixed half - shadow angle, the Cornu - Jellett 
polariser is often employed instead of the 
Laurent. _\ second diaphragm F limits the 
heam and prevents stray illumination by 
reflection from the 
ides of the observation 
tube GR. The calcite prisms are difficult to 
clean without scratching; a thin protecting 
"indo,," K' is therefore mounted in the aperture 
F, and a similar one K at J. A low-power 
telescope 
IX immediately follows the analyseI' 
L, and this is adjusted to gi\e a clear image 
of the separating line of E in the field of "View. 
Since the radiation from a sodium burner 
consists of lines in blue and other parts of the 
spectrum as well as the strong yellow radiation, 
a filter B (Fig. 18) of potassium bichromate is 
placed close to the aperture A. This usually 
con
ists of either a thin plate (about 1 mm.) 
of potassium bichromate crystal balsamed in 
between two glass cover plates, or a glass cell 
containing a solution of the bichromate in 
water, 
The instrument described above is as 
manufactured by Pellin; in a corre
ponding 
simple polarimeter of Schmidt and Raensch, a 
Lippich polariser "it h a fi}".ed half- shadow 
angle is employed. 
In the corresponding polarimeter of Belling- 
ham and Stanley, which read"J bv vernier to 
,0,)' , the polaris
r consists either 
f a Laurent 
plate or a modified JeUett prism. In the latter 


case, instead of re\ersing the one half prism 
as described by JeUett (see * (3)), two small 
natural rhombs are taken, and a section abed 
(Fig. 19) is cut" ith the long sides ad and be 
parallel to the clea\age edges of the rhomb, but 
"ith ab and cd making an angle 90 0 - 8 with 
the principal section EF which contains the 
optic a
is of the crystal: while in the second 
rhom b ab is made to give an angle 90 + 8 with 
EF. 'Yhen these are joined or cemented to- 
gether "ith their corresponding faces abed in 
contact, the principal section of the one half 
makes an angle of 20" ith that of the other. In 
order to ha,-e a sharp separating line, the one 
rhom b is placed a few millimetres behind the 
other so that the single edge ab of the one rhomb 
forms the separating line. The corner G of each 


FIG. 18. 


F 
rhom b is ground into a Bat surface parallel to 
the line ed, but making a small angle "ith the 
plane abed. This allows greater latitude in 
adjustment without the extraordinary ray 
from G coming into the field of \iew. This 
polariser forms a single detachable unit that 
can be quickly interchanged. 
The circle is bevelled at 4.')0 to its own plane, 
and the vernier is engraved on another fixed 


E 


circle similarly be\eIled, The graduated scale 
and vernier therefore lie in the same surlace, 
and no parallax error can be introduced. 
ince 
this vernier is engraved on a second completf' 
circle instead of on a narrow index arm, the 
danger of widening the space between the scale 
and vernier, caused by accidental knocks, is 
considerably lessened. In this instrument the 
vernier is fixed while the circle rotates \\ ith the 
analyseI'. In order to avoid the accidPIltal 
tilti
g of the instrument, "hich is liable to 
occur in the type sho\\ n in Fig, 17 when the 
thumb-screw of the swivel w has not been 
sufficiently tightened, the girder connecting 
the polariser and analyse'r Ì:'; furnished with 
two bored holes into either of which the' 
upright of the tripod can be placed. The one 
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supports the instrument in a rigid horizontal 
position, and the other inclines the polariser 
end downwards, at an angle of about 1.3 0 . 
This instrument has a movable trough, con- 
<;;isting of two close - fitting circular tubes. 
Except for a narrow portion at each end, 
nearly a half of each tube is cut away, so that 
the tu be holding the liquid to be examined can 
be inserted. \Vhen the inner tube is nm\' 
rotated by a suitable knob through an angle of 
approximately 180 0 , the observation tube is 
completely enclosed, The chief advantage of 
this kind of trough is that no hinges are 
req uired; these often corrode after coming in 
contact \\ ith some of the liquids used in polari- 
metric analysis. 
The vernier is engraved to r
ad directly to 
,03 0 . 

 (13) HIGH ACCURACY POLARDIETERS.- 
\Vhen an accuracy of .01 0 is required, several 
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FIG. :!O. 


changes are necessary, the most important 
being that of eliminating the eccentric error 
in the circle graduation. After the circle 
has been turned, it is usually mounted 011 
the spindle of another machine for dividing, 
consequently the common centre of the radial 
graduation lines will not coinp,ide with the true 
centre of the circle when a small particle of 
matter is lodged between the spindle and tlw 
sleeve of the circle. Unless exceptional care 
is exerciseù, the error in measuring an angle of 
about 9U o may amount to 'U2 0 . If two verniers 
are used, mountpd approximatply at 180 0 to 
each other, this error is eliminated if thf' mean 
value of a rotatio!l (as given by each vernier) 
is taken as the true rotation. This will hold 
good for eccentricit.ies up to any likely to 
occur in practice. 'Yhen the use of the polari- 
meter is not confined to a special purpose, a 
variable half -shadow angle becomes alnl()Ht 
a npcessity. :Furthermore, it is dø.;irable to 
make the instrument as rigid as possible, and 
Hince a small change from alignment with the 
light source may causc an appreciable error 


in the measurement, thp instrument should 
stand firmly on the taùle or bench. :For these 
reasons it is usual to design the more accurate 
instruments tu have trestle mounts with a 
substantial base. In addition, the space sur- 
rounding the optical axis of the instrument, 
between the polariser and analyser, should be 
as free as possible, to allow for the interposi- 
tion of plpctromagnets, thermostats, or electric 
furnaces, as may be required. 
In order to show the mechanical construc- 
tion of a modern accurate polarimeter, the 
construction and setting of one instrument will 
be described in detail and the more important 
differences in the design of other manufacturers 
will be noted. 
(i.) Adam IIilger, Ltd.-In t.he polarimeter 
illustrated in Pig. 20 (made by Adam Hilger, 
Ltd., London) the half-shadow angle of the 
polariser is varied by means of the small levpr 
arm A which moves behind 
a small fixed scale giving 
directly the half -shadow angle; 
by means of the small thumb- 
screw shown, it can hp clamped 
in any }wsition. The verniers 
GG at the analyseI' end are 
fixed while the circle can be 
rotated with the analysing 
nicol. The verniers are 0 b- 
served by means of the low- 
power eyepieces :\1:\1. 
A monochromatic light 
source is placed in alignment 
with the optical axis. of the 
instrument, and in sueh a 
position that a real image 
of it is formed approximately 
at the analyseI'. The eye- 
piece N of the low-power observing tele- 
scope is moved in or out until the edges of 
the half Lippich prisms at the polariser arc 
sharply in focus. The circle F is set at the 
zero position. If the threC' parts of the fipld 
arc not of equal intensity, thp analyser is 
slightly rotated by means of the thumb-screws 
at L while the circle remains stationary. 
The trough C can be raised or lowered or 
slightly tilted by means of knurlpd nuts on the 
screws DD. If a large observation tuhe is to 
be used the trough must be correspondingly 
lowered so that the centre (If thp tubp 
corresponds with the optical axis of the 
instrument. 
The ohRervation tu1w bping placed in posi- 
tion, the circle F will have to be rotated to a 
new position before a match of the fields iR 
obtained. "Then this pORition has heen found 
approximately the screw }lPad H is tightened. 
A ring with a projecting arm J fits smoothly on 
a collar that forIlls an integral part of the 
circle. 'Vhen R is tight,enl'd, this ring, and 
consequently the arm J, i
 clampeù to th(' ('jrele, 
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The latter can therefore be slowly rotated by 
turning the screw K which bears against the 
arm J. \\Tlwn the end of the screw K is IY'oving 
away from J, the latter is kept in contact with 
the screw by pressure of the spring and plunger 
H on the other side. A slow motion arrange- 
ment. such as the one explained above is practi- 
cally a necessity when settings have to be made 
to within .01 0 . 
The trough C slides on the pins E for 
centring, and can be quickly removed when 
required. If necessary, the bar B connecting 
the polariser and analyseI' can also be un- 
scre" ed and removed, as thp trestle mounts 
PP are sufficiently rigidly attached to the 
massi ve iron base R. 
(ii.) Bellingltarn and Stanley.-In the corre- 
sponding Bellingham and Stanley (London) 
polarimeter special attention has been devoted 
to the illumination of the circle. as shown 
diagrammatically in Fig. 21. The scale and 
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FIG. 21. 


'Verniers are turned conically away from the 
observer, and are illuminated by light from 
the source. A plane mirror set approximately 
parallel to the face of the vernier and scale, 
as shown, serves to reflect the light into the 
low-power eyepiece 1\1. A similar arrangement 
(not shown in the diagram) is mounted on the 
opposite side so that the eccentric error can 
he eliminated. The scale circle can be rota ted 
and set approximately by means of the capstan 
heads PP, the final adjustment being made 
with a slow motion similar in principle to 
that already described. 
For very accurate work it is necessary to 
have the room in complete darknpss, so that 
the condition generally known as the" dark 
adapted eye" may be obtained. All the light 
from the source other than that entering the 
polariser must then be screened off, and the 
scale and 'gerniers have to be illuminated 
independently as in other instruments. But 
it is an appreciable advantage of this arrange- 
ment that the graduations do not become 
clouded with moisture from th", breath of the 
observer, as the scale is turned away from 
him. \Yhen a variable half-shadow p"olariser 
is required "ith this instrument, a modified 
Lippich system is supplied inRtead of the 
Jellett arrangement previously descrihed. Here 


the long rhombs of spar (that form the com- 
ponents of the .Jellett prism) are placed in the 
usnal positions of the half Lippich prisms, and 
the large nicol is rotated to vary the half -shadO\\ 
angle as usual. A circular trough is used 
instead of the V-shaped trough of thp Hilger 
instrument; this can be quickly removed, and 
two adjustable v-shaped supports can be used 
to hold an observation tube that is either too 
large or too small for the trough. 
(üi.) Schmidt and Haensrh. - Correspond- 
ing polarimeters of Goerz and Schmidt and 
Haensch (Berlin) are generally similar in 
design to the Hilger instrument described 
above, except that the circles in these instru- 
ments are completely encased so as to keep 
the scales from tarnishing in a chemical 
laboratory. In the Goerz instrument the 
parts PP and S of Fig. 20 are one casting, 
PP being massive iron pillars. 
It is also customary to fit a small circular 
table on the base S, which can be raised or 
lowered as required. 
The large polarimeter made by Schmidt and 
Haensch at the instance of Landolt has some 
interesting features, The trestle holding the 
analyser circle is about two inches thick. so as 
to ensure a smooth-running circle; the bush in 
which the rotating tube from the circle turns 
is long enough to ensure that there "ill be 
no sagging of the circle due to the projecting 
weight. The optical axis of the instrument is 
only about 6" above the upper face of the 
base, compared "ith 9" as is usual, thus 
making the instrument exceptionally rigid. 
Instead of a single trough, a series of four D re 
mounted side by side on a common axis, so 
that anyone trough can be quickly brought 
into the optical axis of the instruments. This 
serves for the rapid intprcomparison of the 
rotations in two or more observation tubes 
without the necessity of handling them and 
the consequent temporary rise in temperature. 

 (14) SPECTRO-POLARDIETERS.-It is often 
necessary to determine the rotation of sub- 
stances for various wave-lengths that cannot 
be obtained singly "ith the same pase as the 
yellow doublet of sodium. In the method 
devised bv Fizeau and Foucault,l a slit is 
placed at the polariser of a simple polarimeter 
(consisting of two Xicol prisms and a graduated 
circle) \\ ith a prism and tplescope. Sunlight 
is used as the light source. The nicols are 
crossed in the a bsence of the opticall
T active 
material; when the latter is placed in the 
path a spectrum is seen at the telescope. On 
rotating the analyser, a dark band "ill be 
seen to move across the spectrum, and the 
rotation of the substance for a gi'Ten wa,'e- 
length is given by the amount that the analyser 
has to bf' rotated until the black band is at the 
position of that wave-length in the spectrum. 
1 Fizeau et Foucault, Compi. Rend., 1845, x
i. 115
. 
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The method has been nnproved hy Lippich 1 
and others, but it only gives good results when 
the rotatory dispersion is large. 
A convenient method of accurately deter- 
mining the rotatory power of substances for 
different wave-lengths is shown in Fig. 22, 
the arrangenlPnt being similar to that used by 
Lowry 2 in his investigation on the rotatory 
dispersion of quartz, The light source S is 
placed at the focal plane of the short focus<;:ed 


plane of polari
ation is parallel to that of the 
analyseI', there is no appreciable reduction of 
intensity on transmission through the analyseI'. 
It follows, therefore, that in order that thesE; 
radiations may not influence the sensiti,?eness 
or the position of matching for thp particular 
wave-length that is desired, the proportion 
passing through the slit must at most be of 
the orùer of .1 per cent. Owing to slight 
scattering at the refracting surfaces of the 
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condenser \Y, which is close to 
the slit A, so that the latter is 
uniformly illuminated. To secure 
brightness of the final image the 
Iocal length of the condenser is 
so chosen that the light from S 
(which has a definite magnitude) 
fills the objectÌ\Te B of the col- 
limator, or so much of it as is operative in 
forming the final image. The parallel beam 
emerging from B enters a constant deviation 
prism C, and the resulting spectrum is focussed 
at the slit F of the polariser by means of the 
long focussed objective D. The Lippich 
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FIG. 22. 


deviating prism, lenses, etc" this spectral 
purity can never be attained in practice. It 
is therefore desirable to use a second spectro- 
scope in the form of a direct vision prism V 
at the analyseI'. If, for example, a quartz 
mercury lamp be used as the source, and it 
is desired to observe the rotation uf a substance 
for the green line (54(1), this line is set on 
the slit F of the polariser. \Yhen the ann lyseI' 
is rotated to the matching position, Ð,nd the 
slits F bein.g narrow, the green band as seen 
through N will be accompanied by slightly 
fainter bands of yellow and violet. "Then a 
rotatory dispersive medium is placed between 
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, . 
: : polariser N t N 2 , which is usually 
:: of the three-field type, is ar- 
:; ranged so that tIle separating 

-A lines are horizontal. G and H 
:: are glass protecting covers for 

 
 the polariser and analyseI' 
<;::> W nicols. 
: : \Vhen the fields are matched 
.: with a half - shadow angle of 
"8 I!O, the intensity of illumina- 
tion is only about .1 per cent of the intensity 
when the polariser and analyseI' are parallel 
(theoretically it is ,Of) per cent, but a slightly 
higher percentage is transmitted owing to the 
almost inevitable elliptic polarisation in the 
light when it reaches the analyser). \Vhen 
an active substance is placed in the tube, the 
planes of polarisation of other wave-lengths 
may lie in azimuths considerably different 
from that of the analyseI', so that the latter 
only reduceR their intensities slightly. In the 
extreme case of a particular wave-length whose 
1 Lippich, Jrien. 8itzuny!
ber., 188
 (II.), lxxxv. 30i. 
2 Lowry, Phil. :I'rans., 1912, cc>..ii. 261. 


the polariser and analyser, these may become 
so important as to prevent an accurate reading 
of the rotation of the green ray, as described in 
general terms above. 
One of the writers has found t.hat somewhat 
better results are obt.ained \Vlth an arrange- 
ment as shown in Pig. 23, Here the light 
source S is focussed on the slit A by means 
of the.condenser \V, and the light of a particular 
wave-length emerging from the priqm C is 
focussed by means of the lens D on the 
objective 0 of the obsen-ing telescope (the 
usual condition of illumination in polarimetry). 
The whole of the field at F is uniformly 
illuminated, and the slit can be opened until 
the yellm\ and green bands (supposing a 
mercury light source is used) as seen \" ith the 
direct vision prism nearly overlap. 
The diaphragm Q in Figs. 22 and 23 serves 
to eliminate the effects of internal rpflection 
in the observation tube. 
The IDPchanical construction of the spectro- 
polarimeter, made hy Adam Hilger, Ltd., can 
be seen from Pig. 24, The monochrumator, 
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polariser. and analyseI' form separate units 
that can be clamped in any position along 
the girder bed. In thp illustration they are 
arranged for a trough to take observation 
tube
 up to 100 em. long. The drum of the 
monochromator has a long rod attached to 
it so that various wave-lengths can be set from 
the analyseI' end. "Thile it is not absolutely 
llece::;::;arv, it is best to use a direct vision 
prism that does not greatly deviate the par- 
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as the light source. The small aperture 
diaphragms are removable so that the instru- 
ment can also be used fer ordinary polarimetry, 
where the supply of a substancp is sufficient 
for the usual observatinn tubes. 
(ü.) Diabetometer.- "'hen the total rotation 
of the substance is small it is possible to 
dispense with the circle and yet be a hIe to 
measure a rotation accurately. In the dia- 
betometer of Y von, as made b
T Ph. Pellin 


ticular wave-length that is employed; thus 
a set of three interchangeable prisms giving 
direct vision for the red, green, and violet 
respectively are required for a complete ex- 
amination of the rotation of a substance over 
the whole visible spectrum. 
In a spectro-polarimeter of Bellingham and 
Stanley, the light source is placed directly 
above the prism (no collimator and slit being 
used), whilst in the Schmidt and Haensch 
instrument a direct ,.ision spectro- 
scope is mounted with a second 
slit, at the focal plane of the con- 
denser in the polariser head. 

 (15) POLARDIETERS FOR 
SPECIAL PURPOSES. (i, ) JI icro- 
polarimeter.-"Then it is necps- 
sary to find the rota tion of 
substances that can only be 
obtained in small quantities, 
diaphragms are mounted at both 
F and J (Fig, lð) so as to limit 
the beam. The tube into which 
the su bstanC'e is placed has often 
to be a capillary tube of about I mm. diameter. 
In the instrument made by Schmidt and 
Haensch the diaphragms at F and ,J have, 
therefore, apertures slightly les
 than this, in 
order to avoid possible reflections from the 
walls of the tube. A" the fipld of view is so 
small (it is not practicable grpatly to increase 
the magnification of the observing telpscope 
without makin a the field too faint for accurate 
setting) it is 
st to use a two-field Lippich 
polariser, the separating line of the half 
Lippich prism always bisecting the fipld what- 
ever size diaphragms are used. This instrument 
is fitted with a direC't vision spectroscope (as 
described above), "ith a Xernst lamp attached 
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FIG. 24. 


(Paris), the analy
ing nicol is mounted in the 
tube .Å (Fig. 23). "Then the screw D ii'turned 
by means of the divided drum E, the part B, 
being pngaged to the screw, is rûtaterl about 
the centre of A. The block C is merely to 
prevent E from turning too easily, as the screw 
,\ill have to move this backwards and fOr\\ards 
against the frictional pressure of the spring. 
The scale on the drum is gradu- 
a ted so as to give directly the 
number of grammes per litre 
of sugar or glucose in diabetic 
urine, allowance being made for 
the addition of 10 per cent (by 
volume) of subacetate of lead 
needed for clarification. 

 (lß) I
IGHT SorRCES FOR 
POJ,ARIl\IETRIC ,y ORK. - As 
sources of sodium light a very 
large number of lamps have 
been designed. For most pur- 
poses it is sufficient to use a 
piece of fused borax on the 
grid of a :\Iekel'-BunsPIl burner; 
in many commercial lamps, the salt is con- 
tained in a platinum boat, and espedally 
when a coal gas - oxygen flame is used. 
the intensity is considerably greater. The 
Bureau of Standards found 1 that for an intense 
sodium light source it is best to feed some 
form of f
sed Xa:!C0 3 into an oxy-hydrogen 
flame. The bora"\: must not be allowed to melt 
too quickly, otherwise a rerersal of the linps 
is obtained. For precision work. the Xa lines 
must be recrarded as an inferior source, since, 
although the separation of the lines (6 .\.) is 
too great to consider the doublet as a homo- 
1 Cirel. Bur. Strlllr/ard,
, HHS (
nù eù.), So. 44, 
p.15. 
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geneous source, yet the lines are too close 
for convenient spectroscopic separation, 
The green line of mercury (J461 A.) forms a 
very suitable light source for spectro-polari- 
metric work Although this line has a com- 
plex structure when ana lysed 1)y means of 
an echelon grating or other high resolving 
apparatus, the difference in wave-length be- 
tween its extreme satellites is less than -4 Å., 
fifteen times less than the separation of the 
two sodium lines, and it is found that it can be 
regarded as homogeneous for rotations as 
great as 2,,0 0 . If a quartz mercury-vapour 
lamp of the type manufactured by the "Testing- 
llOUSC CoolJC'r-Hewitt Co. is used, this source 


unfortunately no reliable cadmium vapour 
lamp has yet been put on the market. 

 (17) OB:::;ERVATIO
 TrEEs.-The simplest 
form of polarimeter tu he is shown in the ldt- 
hand part of Fig. 26. It consists of a straight 
tube of glass of an internal diallwter of about 
10 nun. and with walls about 2 nUll. thicl{. 
The ends are ground to the correct length. 
and should bf' parallel to within a minute 
of arc. The ring C, the outside of which is 
threaded, is cemented on the glass tube, so 
that the latter projects slightly. The end cap 
D screws on the ring C, and this carries the 
end plate or cover glass G. In order that 
the plate should be held evenly against the 
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is of great intensity, and can be used inde- 
finitelv with little or no attention; although 
its radiations are, owing to the higher pressure, 
not so homogeneous as those of the glass tube 
lamps of the same company. The violet 
linp of mercury, though not so prominent, can 
be successfully employed; the yellow lines 
cannot be so readily used, since here we are 
confronted with the same difficulty as in the 
case of the bodium doublet, a separation of 
only 21 A. The most useful lines are therefore 
5461 (green) and 4339 blue (the blue-green 
K R 
[I 
 


end of the glass tube, a soft rubher washer H, 
is placed between the plate and the face of 
the en,} cap. 
Unless the tube is verv carefuJIv filled a 
small bubble of air is left'in the tuOhe, which 
often materially obstructs the path of the 
beam. This difficulty was overcome by 
Schmidt and Haensch (Berlin) by enlarging 
one end of the tube a
 shown on the right-hand 
side of Fig. 26. The bubble rises to the top of 
the enlargement S, which is outside the direct 
path of the heam. The same purpose is 
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4916 is only about half the intensity of the other 
lines and does not prove very satisfactory). 
Lowry 1 has suggested that, in addition to 
the sources and lines mentioned above, the 
following lines are useful fGr spectro-polari- 
metry: the lithium reù 6708 and the cadmium 
lines 6438 (red) and 5086 (green). The lithium 
line is obtained as in the case of the sodium, a 
small oxy-hydrogen flaulP being us('d if great 
brightness is rcq uired, while t.he cadmium lines 
are given by a rotating arc. The electrodes are 
made of 28 per cent cadmium and 72 per ('ent 
silver, and are rotated in opposite directions at 
a speed sufficiently high to prevent flickpring. 
A more convenient cadmium source is the 
cadmium vapour lamp of Sand,2 a modification 
of which has been suggested by Rates,3 but 


Lowry, Phil. .1[((g., ] !)O!), xviii. 3
O. 
foiand, Proc. Ph!!.,;. 80('., 1!)1;)-16, xxviii. 94, 
Bates, Sci. PapeT BUT. Sta., 1020, No. 371. 


f'ffected in the tubes of B.ellingham and StaIÙey 
(London) by blowing a small IHlbLIl
 or en- 
largement at the ('entre of a straight tubo. 
The cemf'nt with which C is fasten('d to the 
tube often becomes loose in tiBIf', and the spr('w- 
ing of the end cap t('uds to draw the ring over 
the end of the tube, virtualJy lengthening the 

olumn of liquid and so introducing an error 
in the rotation per unit It'ngth. In order to 
avoid this Neumann 4 has designed the tube 
shown in Fig. 27. Both ends of the tube 
are ground conically. The ring T is ground 
to fit the cones of the tu he exactly, and is 
placed in position hy splitting the rings along 
SSe Another ring R is screw('d up as shown 
and serves to keep the split ring tightly 
pJamped t.o the cone of the tub('. The endR 
A are then ground to t.he corr('pt length and 
parallel, the end cap K and the cover glass 
t 
cumann, Chern. Zeitllll{l, IB13, 
o. 51. 
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D being the same as in the ordinary tube. 
The great advantage of this type of tube is 
that it can be used ,..-ith ether, alcohol, chloro- 
form, benzol, zylol, etc., which attack the 
cement in many of the ordinary tubes. The 
tube can be made of fused silica or porcelain 
and used for high temperature work in an 
electric furnace, when the cement of the 
ordinary tube would melt. It is made by 
Schmidt & Haensch (Berlin). 
In very accurate work, it is necessary that 
the temperature of the substance should be 
uniform and that it should be accurately 
known, since rotatory power is a function 
of the temperature. The most convenient 
way of doing this is to surround the tube 
with another metal tube having small side 
tubes in it that can be connected to a thermo- 
stat. The better made" ater-jacketed tubes, 
as they are called, have baffles mounted be- 
tween the outer and inner tube, so that the 
flow of the water should be helical and envelop 
the inner tube. An o
ning in the middle of 


l 


the inner tube (see Fig. 28) provides for the 
insertion of a sensitive thermometer, the rota- 
tion not being measured until the temperature 
has become steady. 
'Yhen rotations have to be determined for 
temperatures below the dewpoint of the 
atmosphere, the end plates must be protected 
against the condensation of moisture. "Tiley 1 
employed a second cap made of some non- 
C'onducting material such as hard rubber; 
the air-space in between the two CO\Ter glasses 
contain some desiccating substance. 
The jacketed tuhe is not very satisfactory 
for use at comparativel
T high temperatures 
owing to the fall of temperature along the tube 
due to conduction, etc. It is then preferable 
to have the tube in a thermostat mounted 
between the polariser and analyseI'. a 
The measurement of rotation in fermenting 
liquids (for biochemical work) has to be 
carried out at 37 0 C. Abderhalden,3 in 
conjunction \\ ith Schmidt and Haensch, has 
evohTed an ingenious arrangement whereb
T 
six small tubes are mounted on a horizontal 
1 "ïley. Journ. Amer. Cllem. Soc., 18{1û. xviii. 81. 
:a Paul. Zpit,ç('lIr, ]Jh!f,<;. Chem., Imû, xci. ï 4;). 
S Abdf'rhalden, Hoppe-Seyler's Zeits. jür pllysiolog. 
Chem., HH3, lxxxiv. 300. 


wheel in a circular box, anyone of which can 
be brought in line with th; optical axis of the 
polarimeter. The tubes are electrically heated 
and the temperature can be kept constant at 
3ï 
 C. by mf>ans of a rheostat. 

 (18) ApPLICATIO
S OF POLARUIETRY.- 
The property of optical rotation is of prime 
importance in organic chemi'3try. The work 
of Pasteur (1848) showed that substances 
otherwise identical can E"xist in a right-rotating, 
left-rotating, and inactive form. Later he 
introduced the conception of molecular 
assymetry, which led van't Hoff and Le Bel 
(both in 1874) to the discovery that optical 
activit)? always indicated assymetric dis- 
tribution of the carbon valencies in the 
molecule. The further developments of this 
theory are fully dealt with in text-books on 
stereochemistry. 'Yilhelmy in 18.30 used the 
polarimeter to measure the rate of inversion 
of cane sugar, and employed the results 
as a basis for the first correct mathematical 
treatment of the velocit
y of a chemical reaction. 


FIG. 28. 


The polarimeter is extensively used in 
analytical chemistry for quantitative deter- 
mina tions. In this connection, the term 
8pec
fic rotation. introduced by Biot, is 
employed. By this tt-rm is meant the angle of 
rotation caused bv a length of 10 em. of a 
solution containing 1 grm.'""' of a.ctive substance 
per C.C. This will vary with the wave-length 
used and with the temperature, and is 
o 
designated by the abbreviation r a 1 20 , which 
D 
indicates the specific rotation of a substance 
at 20 0 C. using the yellow (D) lines of sodium 
as a light source. 
It then follows that [a]D = all x c. where a 
is thf' observed rotation and c the number of 
grammes of the substance per C.C. of solution. 
[a] varies not only with the wave-length and 
temperature, but also" ith the concentration, 
the relationship being somewhat complex; for- 
tunately the rariation is usually small, and 
need only be taken into considC'ration in accu- 
rate worl
 such as the determination of sugars. 
Knowing the specific rotation, the polarimeter 
can be used for a large number of analytical 
determinations, such as the estimation of the 
alkaloids. camphors, and essential oils. Basin 
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or castor oil may be detected in mineral oils 
by their optical activity. 
The use of the instrument is not necessarily 
confined to the determination of optically 
active substances; a large number of inert 
substances exert a powerful inflnence on the 
rotatory power of active solutions. Thus 
acetone or boric acid can be determined in 
solutions of tartaric acid of known strength. 
The solvent used to (lissolve an optically 
active substance has considerable influence on 
the rotatory power of the latter, and this 
property will very likely be capable of many 
new analytical applications in the near future. 
The instrument forms a useful tool for the 
study of fermentation and other problems in 
biochemistry. w. E, w. 
F. T. 


POLARISATION, PLANE OF: the plane of 
incidence of a polarised ray upon a reflecting 
surface when the reflected ray is of maximum 
intensity. According to the electromagnetic 
theory of light, the plane of polarisation is 
at right angles to the direction of the 
electric force and parallel to the direction 
of the magnetic force in the wave front. See 
"Polarised Light and its Applications," 

 (2). 
POLARISATION OF LIGHT, PLANE, CIRCULAR, 
AND ELLIPTICAL. See" Polarised Light and 
its Applications." 
POLARIS A TION PHOTOMETERS. See "Photo- 
metry and Illumination," 
 (30). 
POLARISATION SPECTROPHOTOMETERS: instru- 
ments in which the brightness match is 
obtained by the rotation of a polarisation 
device. See" Spectrophotometry," 
 (12). 
POLARISCOPE, TOURl\IALINE. See" Polarised 
Light and its Applications," 
 (9). 


POLARIS ED LIGHT AND ITS 
APPLICATIO
S 



 (1) INTRODUCTIo
.-Fresnel's original con- 
ception of the disturbance producing the sen- 
sation of light was, briefly. a train of waves 
propagated by vibrations of ether particles 
taking place in all directions perpendicular 
to thp direction of propagation of the diRturh. 
ance. Later, he modified thiH concpption to 
ohviate the mechanical objection to two 
adjacent particles moving in totally different 
directions, and he postulated a vibration at 
any given moment of all particles along 
parallel linC's, but with so rapid a change in 
the common direction of motion that a period 
of vibration in anyone direction C'annot be 
isolated in the analysis of a beam of ordinary 
light. Under special conditions, however, the 


vibrations may be restricted in such a "ay that 
anyone particle continues to dC'scrihe the 
same path, whC'ther it be linear, cÍ1'cular, or 
clJiptical, and all the particles affected by thp 
disturbance describe exactly similar paths. 
lt is this rpstriction of vihration that is kno\\ n 
as the polarisation of light. 

 (2) DISCOVERY OF FUNDAMEXTAL PHE.KO- 
:\IENA. - Two and a half centuriC's ago 
Erasmus Bartolinus discovered tllf' POWPI' of 
a crystal of Iceland spar to resolve a beam of 
ordinary light into two sC'parate rays; twenty 
years later Huygpns repeated his work, and 
found that two rays were produced unless the 
light was travelling parallel to the crystallo- 
graphic axis of the crystal, and, moreover, 
that each ray could again be subdivided by 
its passage through a second crystal unless 
the latter was orientated in one of four 
definite directions relative to the first crystal. 
In that case the two rays were transmitted 
without further division. 
\ few years later 
Newton confirmpd these observations, hut 
still no explanation was forthcoming, although 
both these pioneers rccognised the fundamental 
property of rolarised light, namely, its asym. 
metry about its direction of propagation. 
"Have not," wrote Npwton, "the rays of 
light several sides endued with several original 
properties? " 
Early in the nineteenth century :Malus 
made the chance discovpry that light reflected 
from glass possessed in part the characteristics 
of rays emerging from a calcite crystal, and 
that these characteristics became most marked 
for a definite angle of reflection. ExperiulPnt- 
ing later with light reflected from other 
surfaces, he found that this hpld good for "all 
reflecting surfaces other than metals, hut 
that the angle producing the maximum result 
varied with each individual substance. En- 
deavouring to find an pxplanation for these 
facts, he rejected the wave theory of light as 
offering no possible solution; at that time 
Young's longitudinal. vibration theory had 
not yet been supcrspded by Jfrmmel's more 
far-reaching transverse vibration thC'ory, and 
obviously the former could give an even less 
satisfactory explanation than could the older 
corpusC'ular theory of Newton. Malus con- 
cluded that the phenomena must be due to 
some induced property of the corpuscles 
transmitting light ray
, eomp'1rable "ith a 
magnetic or eleC'tric chargc, and producing in 
the light a definite bias or "polarity," and 
this gave hirth to the title of " polariRation," 
which has rlUrvived the destruction of t.he theory 
to which it owcs its origin, The group of 
workers responsible for IC'ading thC' explanation 
along new theoretical lines included Young, 
Fresnel, Arago and Brewster, \\ ho suggested 
and clabOI:ated a theory of polarisation based 
on a wavo theory of light. Nevertheless, 
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although his efforts at explanation did not 
stand the test of time, :Malus accumulated a 
mass of results from minute and accurate 
observation on the behaviour of polarised 
light which furnished conclusive evidence for 
the law which bears his name. 
The asymmetry of a ray polarised by reflec- 
tion becomes very e\Tident when the ray 
suffers reflection from a second surface, and 
)Ialus found that the intpnsity of the final 
ra.y was dependent upon the plane of incidence 
at the second surface. He attributed to each 
ray a plane passing through its path which 
bore a definite relation to its asymmetric 
properties; this he called the Plane of Polarisa- 
tion of the ray, and defined it as the plane of 
incidence of a polarised ray upon a surface 
when the reflected ray was of maximum 
intensity. The angle of reflection from a 
surface for which the polarisation of the light 
was most complete he termed the A ngle of 
Polar isat ion. His Law of Polarisation could 
then be stated as follows : 
'Vhen a ra.yof light polari::;ed by reflection at 
one surface falls upon a second surface at the 
angle of polarisittion, the intensity of the twice- 
reflected ray varies as the square of the cosine 
of the angle between the two planes of reflection. 
The foundations of the theory of polarisation 
which holds to the present time \\ ere laid by Young 
and Fresnel in their conception of light transmission 
by transverse wave motion. Fresnel saw the im- 
mediate application of the conception to the case of 
polarised light, and suggested the restriction of the 
vibrations to a definite unchanging path at fight 
angles to the direction of propagation. Accepting 
his hypothesis, we shall for the moment consider 
only light whose vibrations are linear and take place 
in one definite direction. To this has been given the 
name of Plane Polarised Light. 
A crucial test of Fresnel's theory lay in the in- 
vestigation of the behaviour of two plane polarised 
rays under conditions which might be expected to 
produce interference. Fresnel and Arago carried 
out this work, and thcir results added evidence in 
favour of the wave motion hypothesis, and led to thc 

stablishment of the following five laws governing 
the interference of polarised rays, known as the 
Fresno.l-Arago Lazcs: 
1. Two rays polarised in the same plane interfere 
with each other under the same conditions as 
for ordinary light. 
2, Two rays polarised at right angles to one another 
do not interfere 1mder these conditions. 
3. Two rays polarised at right angles, if obtained 
from unpolarised light, may subsequently be 
brought into the same plane of polarisation 
without acquiring the power of interference, 
4. Two such rays derived from plane polarised 
light will, under the same <,onditions, sho" 
interference. 
5. In the latter case a phase difference of 1r, 
equivalent to half a wave-length, must be 
added to the estimation of the path difference. 
At about the same time Brewster deduced 


from e
perilllental data another law govern- 
ing the size ot the angle of polarisation. 
Breu'ster's Law may be eÀpressed simply in 
the statement that the tangent of the angle 
of polarisation is equal to the indeÀ of refrac- 
tion of the reflecting substance. From this 
it follows that at the polarising angle the sum 
of the angles of incidence and refraction is 
90 0 , or that the reflected ray is perpendicular 
to the refracted ray, and that "hen light 
travelling in a medium is polarised by reflec- 
tion from the bounding air-surface of the 
medium the refractive index is the cotangent 
of the polarising angle. Evidently, therefore, 
the polarising angle will vary with the wa ve- 
length of the light used. "ith most substances 
the dispersion is too low to show the effects of 
this la\\, but with substances of very high dis- 
persive power, such as nitroso-dimethyl-aniline, 
the effect is ,isible in the distinct coloration 
of the image of a "hite source of light, and in 
the variation of the colour "ith the angle of 
incidence. 
By the examination of light polarised by 
refraction through a crystal or by reflection at 
a glass surface various definite facts " ere 
deduced. The two rays emerging from a 
crystal of calcite "ere found to be polarised 
with their planes of polarisation parallel and 
perpendicular respectively to the plane 
containing the incident ray and the crystal- 
lographic axis. The ray reflected from a 
polished non-metallic surface was polarised in 
the plane of incidence and the refracted 
portion was partially polarised in a perpen- 
dicular plane. After a second refraction at the 
polarising angle the percentage of polarised 
light in the refracted ray" as increased, while 
again the reflected ray "as wholly polarised 
in a perpendicular plane, and this process 
could be repeated at any number of surfaces 
until the final refracted beam contained no 
appreciable amount of unpolarised light. 
These facts are capable of simple explanation 
on the" ave theory of light propagation. 

 (3) E
PLA
ATION ox 'YAYE THEoRv.-A 
transverse vibration in any dire-ction may be 
resolved into two component vibrations at 
right angles in the same plane; moreover, it 
can be ShUWl1 that an elliptical or circular 
vibration can be resol,ed into two simultane- 
ous linear vibrations at right anglps to each 
other differing in phase. It may be supposed 
that a crystal such as calcite has an inherent 
po" er of resolving: light vibrations in this" ay ; 
a separation of the t" 0 rays would be effected 
if we suppose that the one set of vibrations 
possesses a different rate of propagation 
through the crystal from that of the perpen- 
dicular set. This subject will be investigated 
more fullv a little later in the gcnpral discus- 
sion of the behaviour of crystals in trans- 
mitting light. Turning now 
to the question 
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of polarisation by reflection, the wave theory 
supplies an equally simple explanation. 'Vhell 
a beam of light meets a flat surface of a 
transparent medium, part of the light is 
reflected, but the greater part is transmitted. 
If in a ray of light incident on a surface at the 
pol arising angle the vibrations are resolved 
into directions parallel and perpendicular to 
the plane of incidence, the polarised reflected 
ray can be regarded as derived from the 
retlection of part of the component whose 
vibrations are perpendicular to this plane. 
No part of the component in the plane 
appears in the reflected ra/y. The refracted 
light then consists of the remainder of the 
perpendicular component together with all 
the light vibrating in the plane of in- 
cidence, and the preponderance of vibrations 
in the latter direction causes the refracted 
beam to appear partially polarised in the 
corresponding sense. On a second reflection 
the degree of polarisation of the refracted ray 
is increased by a repetition of the same process, 
while the reflected light again consists of 
vibrations perpendicular to the plane of 
incidencc, and reinforces the beam reflected 
at the first surface. Each additional surface 
augments this double process of reflection 
and refraction until the final refracted ray 
is deprived of all vibrations perpendicular to 
the plane of incidence, and consists wholly of 
vibrations taking place in this plane. 

 (4) RELATIO
 BETWEEN PLANE OF POLAR. 
ISATION A
D DIRECTION OF VIBRA'l'ION.-SO 
far no definite relationship has been established 
as existing between the plane of polarisation, as 
defined by 
Ialus, and the plane in which the 
vibrations take place. Various investigators 
have assumed the alternate possibilities of the 
parallelism or perpendicularity of these planes. 
Fresnel, to whom we owe so much of our 
knowledge in this branch of Optics, assumed 
a
 a basis for his mathematical investigations 
that the vibrations were perpendicular to 
the plane of polarisation: :\l'Cullagh, on the 
other hand, deduced as a consequence of his 
theory that the vibrations were in Malus's 
plane of polarisation. At the present time the 
electromagnetic theory indicates the existence 
of vibratory motion in both planes; the 
electric force is perpendicular to the plane of 
polarisation, the magnetic force is in that 
plane, and both these are concerned in the 
tra.nsmission of the light. 
Stokes, working on the ("lastic solid theory, pro- 
duced his Dynamical Theory of Diffraction,! wherein 
he arrived at a result which could be employed as 
a criterion of the actual vibration dirt'ction in plane 
polarised light. He showed theordically that, 
if plane polarised light is diffracted, t'ach diffracted 
ray is also plane polarised, and further, that if the 
plane of polarisation of the incident ray is inclined 
1 J1 athematical and Physical Papers, 1901, ii. 


successively at regularly increasing angleR to the 
plane of diffraction, the planes of polarisation of 
the corresponding diffracted rays are crowded 
togeth("r towards the plane of diffraction or towards 
a perpendicular plan(" according as the vibrations 
are parallel or perpendicular to the plane of polarisa- 
tion. Experiment with finely ruled gratings sho\\ed 
thë1.t the latter effect is produced, which indicates 
the correctness of Frefmel's hypotht'sis. 
Another suggestive experiment was carried out. 
by Tyndall. A ray of polarised light was passed 
longitudinally through a tube containing very fine 
particles in suspension, If the vibrations of the beam 
were confined to one plane, say the vertical plane, 
the beam would possess no energy capable of I)ro- 
ducing horizontal vibratiolls. It has been sho" n 
that the intensity of plane polarised light scattered 
by fine particles is zero in the direction parallel to 
the vibrations of the light; consequently, there 
would in this case be no scattered light visible in 
the vertical direction; the vertical vibrations "ould, 
however, render scattered light visible in the hori- 
zontal direction perpendicular to the axis of the tube. 
Using light polarised in the horizontal planC', Tyndall 
found that scattered light was visible only in a hori- 
zontal direction, which may be taken as an indication 
that the vibrations in a plane polarised ray are per- 
pendicular to its plane of polarisation. 

 (5) DOUBLE REFRACTION.-It "ill be con- 
venient at this point to consider the general 
behaviour of crystals in transmitting light, as 
upon this we are dependent to a great eÀtellt 
for the production, analysis, and technical 
applications of polarised light. 
A substance in the crystalline state differs 
from an ordinary isotropic medium in that 
many of its properties may vary in different 
directions. All crystals can be referred to 
definite systems of crystallographic axes,2 and 
are divided into classes according to the 
relative length and inclination of these axes. 
In its natural form the shape of a crystal is 
governed by the character of the axes, which 
determine the size of the angles contained 
by all possible crystal faces, and just as 
the morphology of . a crystal varies along 
the different axial directions, so there is a 
corresponding variation in other physical 
properties, mechanieal, thermal, cIeC'trical, 
magnetiC', and optical. In short, a crystal is 
possesscd of a definite molecular structure on 
which depend the physical properties along 
any definite direction, In the most regular 
system, the cubic, the three axcs arc all equal 
and perpC'ndicular, and the optical propC'rties 
aro constant in all directions, hut in other 
systems, as the relation bet\\ een the crystallo- 
graphic axes hccon1('s morc complex and less 
rcgular, corresponding variations appear in 
all physical properties. 
It has aln'ady been notcd that the property 
of douhle refraction in I('cland spar \\ as 
discovered as e!},rly as lß70, and later Huygcns 
a.nd othC'rs estahlishcd dpfinite facts connected 
2 See" Crystallography," 
 (4), ctc, 
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with this pppnomenon. A ray of light in 
passing through a calcite crystal is in general 
divided into two perpendicularly polari
ed 
rays, only one of which obeys the laws of 
ordinary refraction. They are termed re- 
spectively the ordinary and extraordinary rays, 
and they travel along slightly different paths, 
the separation between them varying with 
their inclination to the crystallographic axes, 
and becomÜlg zero when the light travels 
along a definite direction in the crystal known 
as the Optic A.Ús. All doubly refracting 
crystals may be clasF:ified as 'Uniaxial úr 
biaxial according to the presence in the 
crystal of one or of two directions along which 
there is no sepa
ation of a refracted ray. 
Since the case of uniaxial crystals is vel'S 
much simpler, we shall deal first with that 
alone; moreover, this class is of the greater 
importance in optical work, as -it includes the 
two crystalline media most commonly used, 
namely, quartz and calcite. 

 (6) UXL\XIAL CRYSTALs.-The separation 
of the rays proùuced by refraction indicates 
the existence of two 'Values of the refractive 
index of the C'rystal for rays polarised in two 
p
rpendicular planes. If the direction of 
the incident ray is varied it is found that tile 
refractive index corresponding to the ordinary 
ray is constant for all directions througb the 
crystal, while t.hat for the extraordinary ray 
vari
s, reaching extreme values parallel to 
tI'e optic axis, when the index is that of the 
ordinary ray, and perpendicular to the axis. 
It can be shown, too, that the ordinary ray 
is always polarised in the principal plane, 
that is to say, in the plane containing the 
refracted ray and the optic axis, so that its 
vibrations arc always pprpendicular to the 
optic axis, while the extraordinary ray is 
polarispd in the plane at right angles to the 
principal plane. 
(i.) Huygen.s' Construction for Path of 
Rays.-Although \\ ith his conception of the 
nature of light, transmission Huygens could 
not explain the polarisation of dou bly refracted 
rays, he was able to represent the formation 
and paths of the two rays by a graphic method,l 
attacking the problem by a consideration of 
the wave-fronts of light disturbances travelling 
in a crystalline medium. Supposing a disturb- 
ance to emanate in all directions from an 
isolated point in the crystal, two separate 
wa'
e-surface
 will be formed, that of the 
ordinary rays tra ,-eBing at the same speed in 
all directions, and spreading out in the form 
of a sphere with ever-increasing radius. The 
rate of propagation of the extraordinary ray 
will vary along different directions. and 
consequently the wave-surface will no longer 
he spherical. H uyrrens assumed that it 
'would take the for
 C of a spheroid gf'nerated 
1 See" Light, Double Refraction of." 


by the revolution of an ellipse, thf' axis of 
revolution coinciding with the diameter of the 
spherical wave-surf;ce that is parallel to the 
optic. axis. 'Ihis assumption s1'lti
fied the 
necessary condition that the refractive index 
for the extraordinary ray should have an 
extreme value in the direction of the optic 
axis, and a second extreme value in all direc- 
tions perpendicular to the axis. 
Huygens' graphical method ('If determining 
the position of a refracted plane wave-surface 
by considering each point on the refracting 
surface as an origin of secondary di
turbance is 
well kno\\ n. Suppose AB (Fig. 1) represents 


FIG. 1. 


a section of the plane waye-front impinging 
on the plane surface AC of a doubly refracting 
medium, both planes being perpendicular to 
that of the paper. The point A may be taken 
as an origin for the two disturbances propa- 
gated in the crystal, one of which will spread 
in a spherical form, and the other in a spheroidal 
form. Let the plane ABC contain the optic 
axis, "hich lies in the direction AP; then thest" 
wave-surfaces may be repre
ented by the 
circle through P and 0 with its centre at A., 
and the ellipse through P and E with AP 
and AQ as its axes, where AP/BC and AQ/BC 
represent the extreme va.lues of the refractive 
index, the former for both rays travelling 
along the optic axis, and the latter for the 
extraordinary ray tra\elling perpendicular 
to it. The refracted wa,-e - fronts of the 
whole beam will consequently be repregented 
by the tangent planes 2 respecti\ely to the 
ordinary and extraordinary wa,e - fronts. 
These will be perpendicular to the paper and 
cut it in lines CO and CE respectively. It is 
clear that in the ca
e of the latter ray the 
sines of the angles of incidence and refraction 
bear no constant relation to each other, and. 
moreover, the "a'
e-front CE is not perpen- 
dicular to the direction of the ray AE unle
s 
the latter is travelling parallel or perppndicular 
to the optic axÍ!õ:. 
If the optic axis is not co-planar with AB 
and AC, the plane through C and the intersec- 
I See" Light, Propagation of." 
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tion of the incident wave and the refractory 
surface tangential to the spheroid described 
round A will not touch the spheroid in the 
plane of incidence ABC; in this case. therefore, 
the extraordinary ray does not obey either 
of the laws governing ordinary single refrac- 
tion. Various special cases can be examined 
by applying the necessary modification to the 


B 


. ha ving two sheetR: as shown in Fig, 2 t.he 
section of the surface by each of the principal 
planes is a circle and an ellipse. 
FLETCHER'S I
DIC-\TRIX.-Another widdy used 
rppresentation of the optical properties of a crysta] 
is Fletcher's Indicatrix, It is idC'ntical "ith the oldC'I 
" Index-ellipsoid" of l\l'Cullagh, the ellipsoid being 
constructed on semi-a""{es proportional to the three 


c 


graphical representation of the simple caðe 
considered here. 


Much work has heen done by later investigators, 
proving that Huygens was justified in his assumption 
as to the shape of the wave-surface of the extra- 
ordinary ray. There are two possible cases to be 
considered: the refractive index for the extra- 
ordinary ray perpendicular to thp optic axis may be 
either less or greater than that for the ordinary ray. 
In the former case the wave-sur- 
faces within the crystal will take 
the form of a spheroid enclosing 
a sphere, haying a common diameter 
parallel to the optic axis; calcite 
belongs to this class of crystals, 
which are said to possess 7lPgative 
birefringence, or, more shortly, to be 
negative crystals. In the other case 
the spherical wave-surface encloses 
the spheroid, and the crystals are 
said to be positÏt"e. (
uartz may be 
instanceù as an example of a posi- 
tive crystal, although it will appear 
later that owing to its rotatory 
power the two wave-surfaces in a 
quartz crystal do not touch at any 
point, that is to say, the difference in 
refractive inùex for the t\\'o rays reaches a minimum 
along the optic axis, but never disappears entirely. 

 (7) BIAXIAL CRYSTALS. (i.) TVm'e Sur- 
face.-Huygens did nnt extend hh theory to 
explain the phenomena exhibited by biaxial 
crystals, and his construction is not applicable 
to this case. It is to Fresnel that we owe the 
earliest complete theory of double refraction, 
dealing with bnth biaxial and uniaxal cr:ystals. 
Rome account of this will be found in the 
article " l.i
ht, Double Refraction of." l\fean- 
while, it is suffident to say that the wan'- 
surface is of a somewhat complicatpd form, 


J!'IG. 2. 


c 


refractive indices referred to before (article" Light, 
Double Refraction of "). Space does not permit of 
a full explanation of the properties of the Indicatrix, 
which may be found in the larger treatises on 
Crystallography, or in the original paper by its 
inventor; 1 it must suffice to state that in any section 
of the ellipsoid the axes arC' proportional to the 
refractive indices of the two l)olarised rays whose 
wave-fronts move along the normal to that s('ction, 
and indicate the vibration directions 
in the rays, while their difference in 
length gives a measure of the double 
refraction along the normal to the 
section. 


(ii.) Primary and Secondary 
Optic Axes.-Tbe position of a 
plane wave for which there is 
only single refraction through 
the crystal will, as we ha ve 
seen (article "Light, Double 
Refraction of"), be the plane 
tangential to the two wa,-p- 
surfaces. Taking a section in 
that plane t.hrough two axes of 
the ellipsoid in which t.wo f'hppts 
of the wave-surface intersect in 
N (Fig. 3), l\I
I' represents the common tan- 
gent which touches the circular section in 1\1 
and the elliptical section in 1\1'. 01\1, the nor- 
mal to the tangent plane through :\1, represents 
the direction in which a single wave-front is 
propagated, and, therefore, is the optic axis. 
ON, joining the cpntre to the point of inter- 
spction of the circle and ellipRe. and representing 
the direction in which a single ray is propa- 
gated, is sometimes deserib('d as the Secondary 
Optic Axis; or it is describpd more completclJ 
by the name Axis of Single Ray Velority. 


z' 


Fm.3. 


x 


1 J.lIi71. Mag., 1891, ix. 278. 
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(iii.) Conical Refractinn.-Xow if the com- 
plete wa\-e-surfac
s are considered and not 
merely the sections in the ZX plane, it can 
be p;oved mathematically that the common 
tangent plane through ::\DI' touches the sur- 
faces in a circle and not merely in two points, 
as Fresnel originally assumed. 
If, then, a plane wa'\e is incident on the 
crystal parallel to the tangent plane ::\DI', 
any line joining points on this circle of inter- 
spdion to the centre 0 will be possible direc- 
tions for rays entering the crystal. The 
direction will be determined by the plane of 
polarisation of the incident light; if the latter 
is unpolarised, that is to say. if it contains 
vibrations in all possible directions, the 
refracted rays \1 ill take tbe form of a hollow 
cone of ray
, each element of the cone being 
polarised i.n a seI)arate plane. This pheno- 
menon, knm\Il as internal conical refraction, 
was predicted by Sir 'Yilliam Hamilton, 1 
and verified practically by Dr. Lloyd. 2 An 
analogous effect, kno" n as external conical 
refrartion, is produced by the refraction out 
of a crystal of a ray travelling along OX, or 
the axis of single ray velocity. The direction 
of the wave normal in the cr:rstal will be nor- 
mal to the plane touching the wave-surface 
at the point where it is intersected by the ray 
inside the crystal. Since the ray OX meets 
the wave-surfaces at the apex of a cone, there 
are an infinite number of tangential planes to 
the wave-surfaces at this point, and the nor- 
mal1: from X to these planes "ill form a hollow 
cone. The ray OX when refracted out of the 
crystal "ill therefore form a hollow cone of 
light. The practical demonstration of both 
these phenomena, which are consequent on 
the theory of birefringence in crystals, helps to 
establish the correctness of that theory. 
(iv.) Relation betu'een ]lorphological and 
Optical Propertie.s.-It is essential from the 
point of view of practical work "ith actual 
('rystals to ha,-e a clear idea of the relation 
between their morphology and their optical 
properties. 3 It has already been stated that 
crystals exhibiting the highest possible sym- 
metry, and therefore belonging to the cubic 
s
'stem, posse
s identical optical properties in 
all directions, and from an optical point of I 
,iew behave in all respects as an isomorphou::! 
medium. Crystals of the tetragonal, hexa- 
gonal, and trigonal systems are uniaxial, 
their optic axis coinciding "ith the main 
crystallographic axis, Crystals of other 
systems, the rhombic, monoclinic, and triclinic 
systems, are biaxial. In a rhom bic crystal 
the axes of Fresnel's or of Fletcher's ellipsoid 
coincide with the crystallographic axes in 
direction, although not necessarily in length. 


I Trans. Roy. Iri.
h Arad.. 1833. xvii. 
t Phil. Jlag., 1833, ii. 112 and 207. 
3 See" Crystallography," 

 (i) and (21). 


A monoclinic crystal possesses one crystal- 
lographic axis perpendicular to the plane 
containing the other two, which may be 
inclined to each other at any angle, and this 
a
is, about "hich the crystal is symmetrical, 
coincides with one axiR of the ellipsoid. The 
other two axes of the ellipsoid lie in the 
perpendicular plane of symmetry, but neither 
of necessity coincides with a crystallographic 
axis, and their position may show changes 
with a change of temperature or wave-length. 
In a triclinic crystal, which possesses no 
symmetry about any crystallographic axis, 
there is no definite relationship between the 
positions of the morphological and optical 
axe
. 


DISPERSIO
 OF AXES A
D BISECTRICES. - In 
dealing \\ith the position of the optic axes and the 
bisectrices of the optic axial angle it \\ as assumed 
that thc waTe-length of light remained constant. If 
white light is used in the examination of a crystal 
there may be different directions in the crystal 
for different wa\e-Iengths along \\ hich there is no 
doublp refraction, and this \\ ill causr a dispersion of 
the optic axes. Dispersion of the bisectrices also may 
take place, the effects varying in different classes of 
crystals. In all cases in \\ hich an optic axi!" or a 
bisectrix coincides \\ ith a crystallographic a
is there 
can be no dispersion; hence in uniaxial crystals 
the position of the axis is independent of wa'Ve-length. 
In rhombic crystals the bisectrices coincide \\ ith 
crystallographic axes, so that dispersion is limited 
to the optic axes. In some cf)'stals it is almost too 
small for measurement. but in extrt'me cases the 
optic axial angle for red light is large, decreasing \\ ith 
decrease of \\ave-Iength until the crystal becomes 
uniaxial for light of a definite wa \'e-Icngth; for still 
shorter wave-lengths the optic aÚal angle opens 
out again but in thc perpendicular direction. This 
phenomenon is kno\\ n as crossed axial dispersion. 
In monoclinic crystals dispersion of the bisectrices 
may also occur, since of the ellipsoidal axes onJy c,ne 
coincides \\Ïth a crystallographic a
is. The effect 
produced varies according as this crystallographio 
axis coincides with the acute bisectri
 or the obtuse 
bisectrix, or is perpendicular to the optic a
ial plane. 
Dispersion of the optic axis mayalsoappearsimultane- 
ously and in certain cases may bc unequal for the 
two axes, For fuller information on this subject 
thc reader is referred to the Rtandard text- books on 
Crystallography and Petrographic :\lethodR by 
Tutton, 
Iiers, Johannsen, Rosenbusch, "'einschenk 
and Clark. and other \\ riters. 



 (R) )lETHODS OF PROD"{;CTIO
 OF POLARISED 
LICHT.-The various methods of producing a. 
ray of plane polarised light from an ordinary 
unpolarised beam all depend fundamentally 
upon the resolution of the light into two 
components \1ith ,ibrations in perpendicular 
directions, combined "ith the isolation of one 
component. 
(i.) By Re.flertion.-W'e ha'\e seen that this 
can be effected very simply 1))' repeated 
refractions of a ray ÏIl<'ident at the' polarising 
I angl('. A pile of thin f!la:-:
 plates may be 
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userl for the purpo"le; while an increase in 
their number tends to increase the degree 
of polarisation of the transmitted light, it 
decreasps the intensity simultaneously, and 
to minimise this disadvantage the plates useù 
should be as thin as possible consi
tent with 
a fair degree of rigidity. Seven or eight 
platcs of the thickness ust'd for cover-glasses 
are sufficient to produce satisfactorily complete 
polarisation of both the reflected and the 
refracted light, while not reducing too greatly 
the intensity of the latter. 
It is frequently desired to study the 
behaviour of various sub::;tances in polarised 
light, and generally, as well as a means of 
polarising the incident light, we require a 
means of analysing the final transmitted or 
reflected rays. The same instrument is 
usually capable of fulfilling both purposes, 
for if it transmits light vibrating in one 
direction only, thereby acting as a polanser, 
it can also be used as an indicator of the 
vibration direction of a polarised beam, and 
fulfils the function of an analyseI'. For some 
purposes the vibration direction of the 
analyseI' is arranged parallel to that of the 
polariser, but more usually their vibration 
directions are perpendicular; in the latter 
case the polariser and analyseI' are said to be 
" crossed." . 
(ii,) By Refraction.-For some purposes for 
which a small readily handled contrivance 
is preferable to a more perfect instrument 
req uiring careful manipulation, a plate cut 
from a large tourmaline crystal parallel to 
the long hexagonal axis is found of use. 
Tourmaline is strongly birefringent, and also 
possesses a different coefficient of absorption 
for the two rays, with the re:sult that the 
ordinary ray is completely absorbed, while the 
extraordinary ray is transmitted. Selective 
absorption lends the transmitted light a deep 
green colour, however, which greatly reduces 
its intensity and renders this method of pro- 
duction unsuitable for many purposes, 

 (9) TOUR)IALI
E POL-\.RISCOPE.-A simple 
polariscope can be constructed of two tour- 
maline plates mounted one above the other, 
and held in a pair of wire tongs in such a way 
that either plate can be rotated relatively to 
the other. The contrivance is well adapted 
for a rough examination of the behaviour in 
polarised light of a crystal specimen placed 
between the two plates. The lower plate 
acts as a polariser of light passing upwardR 
through it, while the upper plate is used to 
analyse the light emerging from the specimen. 
If the plates are so orientated that the vibra- 
tion direction of the extraordinary ray in the 
upper is at right angl('s to that for the lower 
plate, no light can pass through both plates, 
unless the presence of a crystal slice betwpen 
them causes a rotation of the vibration 


direction of light transmitted by the' lower 
plate. Any such effeet can. be e
amined by a 
rotation of the upper tourmaline. 

 (10) XICOL PRIs)J.-The h('avy loss of in- 
tensity due to the strong seleetive absorption 
of tourmaline is obviat('d if calcite is useå, 
and this is employed in the construction of 
the Sieol Prism, which i
 the most generally 
used instrument for the production and 
examination of polarised light. 'Vith a rhom h 
of cakite special means have to be adopted 
to eliminate one of the two polarised rays. 
Early in the nineteenth century 'Yilliam 
.Nicoll devised a means of attaining this 
result by slicing a rhom b of calcite diagonally 
and symmetrically through its blunt corners, 
polishing the cut surfaces and cementing them 
together with a thin lay{'r flf Canada balsam. 
The success of the dovice depends upon the 
fact that the refractive index for Canada 
balsam lies between t.hat for the ordinary 
ray in calcite and the ma
imum refractive 
index for the extraordinary ray. Thus the 
dimensions of the prism must be so designed 
that the ordinary ray falls on the balsam film 
at an angle greater than the C'ritical angle, 
and is totally reflected, while the extraordinary 
ray is transmitted. The ratio of the l(\ng 
edge of the crystal to the short end - face 
should be between] : 3.0 and 1 : 3.7 ; the sides 
of the prism are blackened to absorb the 
reflected light and the end-faces are polished. 
This represents the Sicol prism in its simplest 
form; modifications \\ ill be treated Of later. 
On looking through a Nicol prism and 
varying the angle of ohlilluity the obsen-el' 
sees that the polarised field is limited on one 
side by a blue haze which gradually obscures 
the light, and on the other by a narrow band 
of interf('rence fringes beyond which t.he inten- 
sity is increased but all images are dou bled. 2 
A consideration of the actual passage of rays 
through the Nicol will show that th('se limits 
mark on the one hand the heginning of t.he 
region of total rcfle'C'tion of both rays, and on 
the other the end of t}w region of total refleC'- 
tion of the ordinary ray, tllf' fringes being 
produced by the interference of the two ra
p
 
within the balsq,m film; in the region beyond 
the fringes the increase in their path separation 
causes the formation of dou hl(' imag('!':. 
Fig. 4 represents a section of the prism 
perpendicular to the cut section. In the 
natural crystal the three fares bounding tIl(' 
obtuse solÙl angle A (Fig. .3) make equal angles 
with one anothpr and with the crystallographic 
axis, which coincides with the optic axis AG. 
This latter lies in the plan(' A BCD, and makes 
an angle of about 4.')0 with the end-face AD, 
the whole angle DA B being about 10D o . The 


t Rdinburgh New Phil. Journ., 1833, vi. 182, and 
183f1, xxvii. 33
. 
2 Thompson, Phys. Soc, Proc., 1877, ii. 185, 
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ne of se
tion AC is inclined at ,ery nearly 
Jjo to the end-face AD. If the transparent 
film is of Canada bals:lID, the critical angle 


D 


:FIG. 4. 


for the ordinary ray passing from calcite to 
balsam is 67 0 53'; this limits the polarised 
field to an angle of 3 0 from the longitudinal 
axis in the direction of A.B. :Now although 
the ma 
imum refractive index for the extra- 



 
D C 
FIG. 5. 


ordinary ray is greater than that of the 
balsam, as the angle of incidence with 
.\C 
increases, the ray is travelling more nearly 
parallel to the optic axis, and its index 
decreases to a smaller value than that of the 
balsam, so that at a certain angle of incidence 
the extraorùinary ray strikes the balsam at 
the critical angle. The value of this angle 
will vary with the wave - length, for the 
refraction at the end-face AD will cause the 
red rays to fall on the balsam film at a more 
oblique angle than the violet rays; hence 
the red rays are the first to suffer total reflec- 
tion, and a blue fringe shows the limit to the 
useful field on the side nearest DC. The fringe 
appears at an angle of obliquity of about 11 0 
inside the prism; the useful field within the 
prism is therefore limited to 14 0 , which 
corresponds to an extf'rnal angular field of 
about 24 0 in air. The middlf' line of the 
field is inclined to the lonaitudinal axis at 
about 10:>, and t,his gave ri
e to the custom 
often used of grinding the end-faces to make 
an angle of 68 0 with the sides before sectioning 
the prism On the other band, Ahrens has 
adopted the practice in late years of trimming 
the end-faces by about 3 0 in the other direc- 
tion, and then cutting the section plane 
perpendicular to them; this has the effect 
of increasing the field of view at the cost of 
making it less symmetrical with regard to 
th? long axis of the prism. Sq uare-ended 
prIsms are also cut, and this not only decreases 
the percentage of light lost by reflection at the 
end-surfaces, but obviates any displacement 
VOL. IV 


of the image as the prism is rotated about its 
axis. 
:Since the extraordinary ray is polarised in 
a plane perpendicular to thf' principal plane, 
that is, perpendicular to the plane ADCB, 
its vibratisns will take place in this plane. 
The trace of the vibration direction of trans- 
mitted light on the end-face of the prism "ill 
therefore be along AD, the shorter diagonal 
of the rhombic face. 

 (11) OTHER POLARISI5G PRIS::\ls.-Yarious 
devices have been adopted to give impro,e- 
ments in the directions of widening the field of 
view, lessening the percentage of light lost by 
reflection, increasing the working aperture re- 
lative to the length of the crystal, and of gi\.ing 
uniform polarisation over the whole field. 
To these ends modifications have been made 
in the inclinations of the section plane and 
end-faces to the long sides, and in the substance 
used for the transparent film. A full account 
of thf' detailed construction of the Xicol 
prism, together \\ ith a description of other 
cognate forms of polarising prisms, is gi,en 
by Silvanus P. Thompson. l The chief modifica- 
tions are due to : 
Hartnack,2 who widened the field of view 
by cutting the section perpendicular to the 
optic axis, at a great cost of material. 
Foucault,3 who dispensed with the difficulties 
attached to cementing the interface by using 
an air-film. This gave a very narrow field 
of ,iew and introduced thp disad\-antage of 
multiple reflections caused by the air-film. 
Glan,4 who designed a square-ended Foucault 
prism with the plane of section containing the 
optic axis. 
Jamin,5 who reversed the construction of 
the Xicol, and used the ordinary ray trans- 
mitted by a thin plate of spar placed between 
rectangular prisms of carbon bisulphide con- 
tained in a metal tube with glass ends. This 
was further modified by Zenker,6 who used 
prisms of dense flint, and by Feussner. 7 
Leiss,8 who proposed the substitution, for 
economical reasons, of a prism of glass of 
similar index for th e second half of a Sicol 
prism. 
Tho-mp8on (loc. cit.) also describe
 many 
different forms of prism de,ised by himself, 
with references to several other in\estigators, 
including Do\
e,9 Glazebrook, 10 and Bertrand,ll 
who have sought to find the ideal mean 
1 Thompson, Optical Ccmre1Jtion Proc., 190;), p. 216. 
21 Hartnack and Prazmow::;ki, .Ann. Chim. et 
Phys., 1866 (4), vii. 18J. 
3 Cmnptes Rendus, 1857, xlv. 238. 
t Carl's RepertOTium, 1880, xvi. 5iO; Journ. de 
Phys. x. 1 i5. 
6 Comptes Rendus, 1869, xh Hi. 221. 
· Zeits. /nstrumente1Jk., 188,j, iv. 135. 
7 Zeits. /nstrumentenk., 1884, iv. 49. 
II BeT. .Akad., 189i. p. 901. 
· Pog(1. AmI.. 1864. cxxii. 18 and 4,j6. 
10 Phil. .Uag. (5), xv. 352; Phys. Soc. Proc. v. 20.1. 
11 Soc. JIinéralogique de France Bull., ] 

4J }). 33H 
Comptes Rendus, xcix. 538. 
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between a prism of greatest utility and one 
in vol ving small waste of mat.erial, an almost 
equally important consideration owing to the 
small supply of large flawless crystals of 
Iceland spar. 
Ahrens 1 devised a triple prism (Fig. 6), 
consisting of two calcite prisms cut with their 
refracting edges parallel to the optic axis, 
cemented on either side of a calcite prism cut 
with its edge perpendicular to t.he axis. A 


FIG. 6. 


rectangular prism of flint glass cemented to 
the third prism serves to deflect the unused 
ray 60 0 from the normal. This prism has a 
comparatively large angular field. A later 
form consisted of a triple prism cut from a 
rectangular block of spar (Fig. 7), the three 
wedges being cemen ted together with balsam. 
The ordinary ray ig deflected partly to the 
right and partly to thp- left, and the extra- 
ordinary ray passeg through normally, per- 
pendicular to t.he opt.ic axis. The prism 
possesses a large aperture relative to its length. 
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FIG. 7. 


Other polarising prisms have bE'C'n df>sip-ned 
by several authors. 
Abbe' 8 2 design consisted of two 30 0 crown 
glass prisms cemented with a suhstance of 
the same refractive index t.o the sides of a 
60 0 prism of calcite ('ut with its refracting 
edge parallel to the optic axis. The refractive 
index f(>r the g]ass must be that for the 
extraordinary ray in calcite, so that this ray 
1 .TOltTIt. ROIl. l'1!irTo.<l. Sor.. 18R4 (2), Iv. 533, 
and 18R6, vi. 476; Phil. Jlag., 1884: (5), xix:, 60, 
anù 188fì. xxi. 47G. 
21 S('C nro
sp, Die gebriiuchlichen Polaritutions. 
prismen, 1887. 


passE's undeflected through the block, while 
the ordinary ray is dC'viated, The prism has 
a field of view of about 23 0 . 
Stolze 3 designed a l)olarising prism con- 
structed entirely of glass. A ray entering 
normally is twice internally reflected, first at a 
silvered surface, t.he polarisation taking place 
at the second surface by tot.al reflection at 
the }Jolarising angle, after which the ray 
emerges normally from the C'nd-face. The 
lateral disl)lacement of the emergent ray and 
its incomplete polarisation, due to almost 
unavoidable strains prC'sent in the glass, 
detract from the utility of this prism. 
Schulz's 4 design obviates both these dis- 
advantages, but the prism is not so simply 
constructed (Fig. 8). The surfaces AE and 
BD are silvered, and a ray entering Aß 
normally leaves EF normally and is reflected 
at the polarising ang
e from CE, the enwrg('nt 
beam being in line with the incident beam; 


c 


.B 


D 


FIG. 8. 


the polarisation is unaffected by strain in the 
glass since it takes place outside the }Jrism. 
Ten per cent of the inciùent light is transmitted 
as compared with 
5 per cent to 40 per cent 
by the Nicol prism, but since no calcite is 
used there is not the sal1lP objection to using 
a larger prism if a 3reater amou:!
t of light is 
required. 5 
g (12) VoeBLE - DrAGE PRISMS. - Various 
prisms have also becn designed to produce t\\O 
widely sel>arate images of a single object. 
TV ollaston' 8 Prism consists of two rectangulai' 
prisms of calcitf' ABC and DAC (Fig. 9) 
cemented together to form a rectangular 
block. The prism ABC is so cut that the 
optic axis of the crystal is parallel to the 
surface AB at which t.he light enters, \\ hile 
in the other prism the axis.is still parallE'1 to 
the surfaces AB and CD but turned through 
90 0 . A ray of light entering All normally 


3 AtelieT d("T Photographen, 1805, p. 140. 
c Ze1.t.'1. In,'1tmmentpnk., 191 1, xxxi. 180. 
r; A devir{" used before the invention of the Xirol 
prism was th(' truncation of the blunt corners of a 
calcite rhomh, ('ach cut limiting the field of view 
laterally 80 as to pr('vf:>nt the cl('ar passage of the 
ordinary ray through the prism. A somewhat 
Rimilar rlcvice has rcccntlv becn reintro<1uced fOf 
nse in polarimetry an<1 othpf pllrpogps where a wide 
field of view is not ('s<;pntial; thr Jlrism
 give goo<1 
polarisation and are fr('e from the disadvantagcs 
attached to a cemented prism. - 
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will travel perpendicularly to the axis and 
will be diddE"d into t\\O coincident po]arised 
rays vibrating parallel and perpendicular to 


o 
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E 
'
 


B 


FIG. 9. 
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the plane of the paper. On crossing the plane 
of section the ordinary ray of the first prism 
bccomes the e)"traordinary ray of the second, 
and rice t'ersa; the refracti\e index therefore 
increases for one ray and decreases by the 
S.1me amount for the other ray. so that both 
are deflected in opposite directions from the 
normal to AB. The divergence of the rays is 
further increased on their refraction at the 
surface CD, and they form two \\ idely 
separated images polarised in perpendicular 
planes. On rotating the prism about the 
normal to AB the two images rotate simul- 
taneously, each retaining the same position 
relative to the prism. If thE" prism is tilted 
so that the rays are incident obliquely the 
images are seen to separate or approach 
according to the direction of tilt, always 
supposing the tilt to be in the plane containing 
the two images. A modification is sometimes 
made by using one calcite prism and one glass 
pri
m. In this case the change of refracti\e 
indE"x for each rav at the interface is less. 
though still in opposite directions, so that 
such a prism, although cheaper in construc- 
tion, does not give as great total de\iation. 
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FIG. 10. 


Rorlwn's Prism (Fig. 10) is :-(imilar in 
general dcsÍ!;n, except that the optic a
is in 
the first prism is }JeI1>endicular to the entrance 
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face. No separation of normal light occurs 
in the first prism, therefore, and on passing 
into the second half the ordinary ray tra ve]s 
on unchanged in direction while the extra- 
ordinary ray is deviated further from the 
normal to the plane of section. On emergence, 
therefore, the rays form two images of which 
only one is deflected from the normal, and on 
rotating the prism only the latter image rotatps 
while the ordinary image remains stationary. 

 (13) GEKERAL EQUATIO:KS REPRESE:KTlliG 
'
IBRATIOXS OF POLARISED LIGHT.
SO far we 
have dealt only \\ ith polarised light in "hich 
the vibrations are restricted to rectilinear 
motion, and it was merely noted in passing that 
light may also be polarised in such a fashion 
that the particles describe circular or elliptical 
orbits. The relation of such \ibrations to 
those of plane polarised light is best 
hown 
by an examination of the mathematical 
equations representing them. 
The simple equation representing the displacement 
at any moment of a particle moving in simple har- 
monic motion in a straight line is 
. t 
y=a sm 27r-, 
T 


where a is the amplitude, T the period of the vibra- 
tion, and t the time that has elapsed since the particle 
'Was in its zero posi- y 
t ion. 'Ye may 
equally well look 
upon y as a periodic 
electrical force. 
KO\\ suppose this 
eq ua tion to rerre- 
sent the vibration 
of a plane polarised 1] 
ray striking a doubly 
refracting plate. 
Let OX. OY (F,'y. 
11) represent the 
directions of vibra- 
tion in the plate, 
and let OK, the 
direction of vibration of the incident ray, make 
an angle i with the direction OY. On entering the 
plate the vibration OK is decomposed into com- 
ponents along OX and OY, repref:cnted hy 


p 


r 


x 


I 
O


 


FIG. 11. 


t ':) t . . 
'" =a 81n _7r T SIn I, 


. ,} t . 
1]=a sm _7r T COS t. 


These two vibrations in general tra yel through the 
cryshl plate with different velocities, so that if 0 
and E represent the distances travelled in air in the 
times taken by the ordinar
- and eÀtraordinary "aves 
respectively to traverse the plate, the difo;placement8 
will be 


t: ... ( t 0 ) 1 
ç=a sm t 8m 
7r T-
 
. , '" ( I E ) . 
1]=a cos I !':m 
7r TOC> 
 ., 
.. ( I 0 0- E )J 
= a cos I sm 27r l' - 
 + 
 
I wllerc \ is the wave-length of th(' light in air. 


. (1) 
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The two waves emerge parallel and the light rc- 
fracted from the plate \\-ill be resultant of two super- 
posed vibrations of the same period and amplitude 
but differing in pha!'e by an amount (0 - E)/X, which 
v3ries with the thickness of the plate. 
Combining equations (1) by the elimination of t 
we shall obtain an expression for the resultant 
vibration. 
Let 27r(4-
) =8 and 27r( 0
E ) =cþ. 


Then equations (1) may be written 

=sin 8, 
asm
 



-Bin 8 cos cþ=cos 8 sin cþ. 
a cos 
 


Squaring both sides of the second equation and 
substituting for sin 2 8 and cos 2 8 from the first, 
we obtain 


7]2 t2 t"Y} 
--- +
 cos 2 cþ - '> -" - cos cþ 
a 2 cos 2 i a 2 sin 2 i oJ a 2 sin i COR i 


= ( 1- 2 
.
 ) sin2 cþ. 
a sm 
 



2 7]2 2
"Y} cos cþ . 2 
Hence - --:---; + - --: - - -:--.---: = sm cþ, 
a 2 sm 2 z a 2 cos 2 
 a 2 sm 1. cos Z 


or 

2 2. 2' 2' nt .. . '> 0 - E 
t cos 
+7] sm 
-
çrJ sm 
 cos 
 cos..7r X 
=a 2 sin 2 i cos 2 i sin 2 27r 0 - E . (2) 
X 


This indicates that the general form of the 
resultant vibration is an ellipse one of whose 
axes is inclined to the vibration direction in 
the plate at an angle i. 
Special cases may be considered. 
(i.) Plane Polarised Light.-If the differ- 
ence in optical path 0 - E = nX/2, so that 
27r(0 - E)/X=n7r, equation (2) reduces to 



2 cos 2 i + 7]2 sin 2 .i i 2
7] sin i cos i = 0, 


or 



 cos i = :t 7] sin i. . 


. (3) 


Hence if the plate is of such a thickness 
that the phase difference on pmergence is 
equal to any whole number of half wave- 
lengths, the resultant vibrations are plane 
polarised. If 11, is even, 
/7] = + tan i, and thp 
vibrations are parallel to those of the incident 
light. If n is odd, 
/7]= - tan i, and the 
vibrations are in a direction equally inclined 
to the Y axis but on the side of it remote 
from the incident vibration direction. 
Moreover, this is the only condition which 
reduces equation (2) to the rectilinear form. 
(ii.) Circularly Polarised Light.-If, howen'r, 
o - E = (2n + 1 )X/4, and i = 45 0 , we have 
sin i=cos i= 1/,/'2, 
and 27r(0 - E)/X= (2n + 1)7r/2. 


Equation (2) then becomes 

2+rJ2=a2/2, (4) 
representing uniform motion in a circle of 
radius equal to the amplitude of the original 
vibration. "Then, therefore, the phase dif- 
ference between the two rays is equal to an 
odd number of quarter wave-lengths, and 
when the plane of polarisation of the incident 
ray is equally inclined to those of the rays 
traversing the crystal plate, the emergent ray 
will be circularly rolarised, A crystal plate 
which fulfils this condition of phase difference 
between its emergent vibrations is known as 
a quarter-1cave plate (X/4 platp), and provides a 
ready method of producing circularly polarised 
light. 
(iii.) Elliptically Polarised Light. - If 
0-E=(2n+l)X/4, but i is not equal to 43 0 , 
equation (2) becomes 



2 7]z 
8in 2 i + 008 2 i =a 2 . 


(5) 


That is to say, if a quarter-wave pJatp is so 
orientated that its vibration directions OX 
and OY are not equally inclined to the 
vibration direction, OK, of the incident light, 
the emergent ray is elliptically polarised, the 
axes of the ellipse being parallel to OX and 
OY. It is obvious that in the limiting cases 
when i = O'J or 90 0 , the ellipse becomes a 
straight line parallel to OY or OX, that is to 
say, the crystal transmits one ray only. 

 (14) CIRCULARLY POLARISED LIGHT. (i.) 
Production by Refraction.-Circularly polarised 
light can be produced, as mentioned above, 
by the use of a quarter-wave plate. Such 
a plate is most easily prepared by split- 
ting mica along its cleavage planes into ,-ery 
thin sheets; by trial a sheet can then be 
chosen such that it produces between the 
transmitted rays a phase difference of X/4 for 
any fixed value of X. For use with sodium 
light the thickness of.a quarter-'\\ave plate of 
mica is 0.032 mm, It is useful not only to 
know the vibration directions in the plate, 
but also to be able to distinguish between tho 
directions of slower and faster transmissions. 
The vibration directions are easily found by 
holding tho plate between crossed Nicols. 
'Vhen it is in such a position that the field 
remains dark its vibration directions must 
be parallel to those of the Nicol pri
ms. A 
method of distinguishing definitely between 
thp directions of the fast and slow trans- 
missions is given by R. ,Yo \Y ood.! If the 
mirrors of a :\Iichelson interferometer are 
adjusted to give a system of fringes in \\ hite 
light plane polarispd in a horizontal plane, 
the introduction into the path of one ray of a 
quarter-\vave plate with its vibration directions 


1 Physical Optics, 1 Û 14, p, 32û. 
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horizontal and vertical \\ill produce a retarda- 
tion in that ray relative to the other, and a 
shift of the fringes will ensue. X ow if the 
plate is turned through 90 0 , there will be a 
further shift in the fringes. If it is in the 
san
e direction as before, it is clear that a 
further retardation of that ray has taken 
place; that is to say, the direction which 
was at first horizontal is the direction of 
vibration of the faster moving component. 
(ii.) Production by Reflection.-\Ye have seen 
that when a plane polarised ray strikes the 
dividing surface between two media at tht" 
polarising angle the reflected ray and the 
refracted ray are polarised in perpendicular 
planes. Now if the conditions be those 
required for total reflection. both ravs will be 
reflected along the same path, but there will 
be a phase difference of ^/8 between their 
vibrations. Two total reflections of the rays 
will therefore produce the phase difference 
of 
^/4 necessary for the production of circularly 
polarised light, and the only other necessary 
condition is that th(' original plane of polarisa- 
tion should be at 45 0 to the plane of incidence. 
Fresnel constructed a glass rhom b through 
which a plane polarised ray could pass (Fig. 
12), suffering two total internal reflections 


FIG. 12. 


at the polarising angle of 34 0 , and thus attain- 
ing a phase difference of À./4 between the two 
emerging components. Since the polarising 
angle for a glass-air surface varies \-ery little 
with change of wave-length, the phase difference 
of the emergent rays is nearly independent of 
the colour of the light, and in this respect 
this method of production of circularly 
polarised light is preferable to the usp of a 
quarter-wave plate. 
(iii.) Jletlwds of lJetection.-It is obviou
 
that circularly polarÜ:ed light differs from both 
plane and elliptically polarised light by 
pos
essing no unique pair of perpendicular 
planps about which the path of a vibrating 
particle i" symmptricaI. ron
equt"ntIy when 
examined by an analysing prism a circularly 
polarised beam shows no change on rotation 


of the prism. In this respect it resembles 
unpolarised light, but can be distinguished 
from the latter by its behaviour in conjunction 
with a quarter-wave plate, for if the plate be 
so orientated that it neutralises the phase 
difference existing between the two components 
of the circularly polarised light the emergent 
light will be converted to plane polarised light, 
which can then be extinguished by a l:Iuitable 
orientation of the analysing prism. 
It is of use in some connections to determine 
the direction of rotation of circular vibrations, 
which, if produced by a crystal plate, will vary 
according to the character of the crystal and 
the plane of polarisation of the incident light. 
This "ill be clear on reference to Fig. II. 
Suppose OP represents the vibration direc- 
tion of the incident light.. The force moving 
a particle from 0 towards P will be resolved 
in the plate into two perpendicular forces 
tending to move the particle from 0 towards 
X and Y, where OX and OY are the vibration 
directions of the ordinary and extraordinary 
rays respectively. In a positive crystal the 
ordinary ray travels the faster, so that the 
vibration along OX, sa.y, is executed more 
quickly than that along OY. After a certain 
interval of time there is a phase difference 
between the rays of ^/J., that is to say, while 
the particle is about to move from X towards 
o there i3 an equal force propelling it in a 
perpendicular direction upward:;. Hence it 
will move by a circular path in a counter- 
clockwise rurection from X to Y. If at this 
moment the rays emerge from the plate there 
will be no further change in the phase differ- 
ence, and the \yibration will continue to be 
circular and counter-clockwise. In a negative 
crystal it is obvious that under the same 
conditions the path of a \yibratillg particle 
would be clockwise. These deductions, tu- 
gether with a consideration of the case when 
the \yibration direction of the incident ray is 
perpendicular to OP, leads to the rule that 
if the vibration direction of the incident light 
is turned in a clockwise direction throu
h 
45 0 from the direction of fastest vibration in 
the crystal plate, the circular path of the 
emerging vibrat.ions will be described in a 
clockwise direction also. 
The direction of vibration can be found ex- 
perimentally by means of a quarter-wave plate 
for which the direction of the faster vibration 
is known. Bv a suitable orientation of thp 
plate the pha
e difference of thp light under 
examination can be neutrali
pd or doubled. 
with the production of light plane polarised 
parallel or perpendicular to the incident 
light, and the directions of fast and slow 
vibration
 in the unknown plat(' can be 
deducpd. An application of thc constnwtion 
given above then determines the rotational 
direction. 
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 (15) ELLIPTICALLY POLARISED LIGHT, (i.) 
Prodllction.-

rom what has already Leen said 
it is evident that the conditions under which 
circularly polarbed light i
 produced are 
special cases of the conditions necessary to 
produce elliptically polari::;ed light. The pro- 
duction of the latter, therefore, generally 
requires the fulfilment of one condition less 
than the number necessary for the production 
of circular polarisation, For example, dealing 
first with method::; of production by refraction, 
if a quarter-wave plate is used, elliptically 
polarised light is produced if the plane of polar- 
isation makes any angle with the vibrations in 
the plate between 0 0 and 90 0 ; at an angle of 
4.')0 the elliptical vibration becomes circular. 
The condition regulating the thickness oi the 
plate for the production of circular polarisa- 
tion may be relaxed for elliptical polarisation, 
which will result from the passage of plane 
polarised light through a thin plate producing 
any phase difference that is not a multiple 
of "X/4, but in this case the axes of the ellipse 
will be inclined to the original direction of 
vibration. 
For production by a mflection method, it 
is obvious that the necessary conditions are 
fulfilled by a single internal total reflection 
in a glass prism of plane polarised ray at the 
polarising angle, for this produces a phase 
difference of "XIS between two coincident per- 
pendicularly polarised rays. 'Vhen the plane 
of polarisation of the incident light is inclined 
to the plane of incidence at an angle of 45 0 
the light reflected from any medium is to 
some extent elliptically polarised. "\Vith trans- 
parent media the eccentricity of the ellipse 
is so great that the vibrations are very nearly 
linear, but if the reflection takes place from a 
metallic surface the ellipticity of the polarisa- 
tion is pronounced, and when the incident 
light is polarised at an angle of 45 0 with the 
angle of incidence the polarisation of the 
reflected light is nearly circular. 
Drude 1 explains this product
on of elliptical 
polarisation by postulating a gradual, in place of an 
abrupt chanO'e of refractive index at the surface of 
the m:dium. 0 Further work by Lummer and Sorge 2 
on solid media and by Lord Rayleif!h 3 on liquid 
surfaces shows that a higher surface refractive index, 
due in the former case to the action of polishing 
materials and in the latter to the presence of a thin 
film of grease, tends to produce dliptical polarisa- 
tion of reflection, but the two former authors have 
also "hown that in some cases the phenomenon is 
probably due to th0 presence of fmrface strains in the 
medium. and iR affected by subjecting the medium 
to pressure. 
(ii.) ]1,[ etlwd8 of DetfJction and A nalysis.- 
'Yhen examined with an analysing prism ellip- 
1 Lehrburh cla Optil', ] 900, p. 26G, Eng1. trans., 
1920, p. 287. 
21 Ann. d. Physik. 1 !HO. xxi. 325. 
a Phil, Mag,. 1908, xvi. 444; Scientific Paper.IJ, 
ill. 496. 


tically polari::5cd light shows a wa}"ing and wan- 
ing of intensity on rotation of the prism, the 
maximum and minimum points occurring wl}('n 
the vibration direction of the :Kicol is parallel 
to the longer and shorter axes of the ellipse 
respectively, but no orientation of the analyser 
wholly extingui::5hes the light. In tIllS respect 
elliptically polarised light behaves like a 
mi}"ture of plane polarised and unpolarised 
light, but it can be distinguished from the 
latter, as in the similar case of circularly 
polarised light, by its reduction to plane 
polarised light by means of a quarter-wave 
plate suitably orientated. The direction of 
the axes of ellipse can be deduced at the same 
time, for they must of necessity be parallel to 
the principal planes of the quarter-wave plate 
when it is in position to render the emergent 
light plane polarised. The ratio of the a}"es 
can be calculated by determining, by means of 
a Nicol prism, the angle between the vibration 
direction of the emergent plane polarised light 
and the directions of the axes of the ellipse. 
(iii.) Babinet's Compensator.-A more accu- 
rate method of determining the constants of an 
elliptical vibration is by the 
use of Babinet's Com.pen.c;ator. 
This consists of two rectangu- 
lar prisms of quartz (Fig. 13) 
placed with their hypotenuses 
in contact so that together 
they form a plane parallel 
plate, the thickness of which 
can be varied by sliding the 
prisms along their interface. 
The optic axes are parallel 
and perpendicular to the plane 
of the paper in. the two 
hakes as represented by the .FIG. 13. 
shading of each prism. Plane 
polarised monochromatic light entering the 
plate normally is resolved into two rays whose 
separation is further increased on entering 
the second prism. The relative retardation 
produced between th"e rays by their passage 
through the whole plate is proportional to 
(e] - e 2 )(p- e - P-o), where e 1 and e 2 are the distances 
traversed in the two prisms, and P-e and p-() are 
the two extreme refractive indices. Along 
certain lines parallel to the prismatic edges the 
phase difference between the emE"rgent rays will 
be equal to a whole number of wave-lengths; 
there will therefore be equidistant lines of 
plane polarised light occurring in the emcrgent 
light, which can be made to appear as dark 
bands by the use of an analy:.;ing prism 
crossed with reference to the polariser. 
Between the bands the light will be elliptically 
polarised in gen('ral; half-way betw('en cach 
band the light will be plane polaris('d in a 
direction obliquf' to the plane of polarisation 
of the first set, being pf'rpendicular to it. 
If the plane of polarisation of the incident light 
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is at 4.3:1 to the \ ibration directions of the 
prisms, this condition gives the best defini- 
tion to the bands when examined with an 
analvser. 
The compensator can be used as a measure 
of phase difference, .,ince the space between 
each dark band or graduation corresponds 
to a difference in retardation of ^/2. If now 
one prism is slid over the other through a 
certain distance, the system of dark bands 
moves unchanged through half that distance. 
If a is the linear distance between two adjacent 
bands, a shift of the prisms by an amount x 
will produce a change in the retardation at I 
any point of lAx/a. Any change taking place 
in the state of polarisation of the transmitted 
light will be accompanied by a change in the 
retardation produced, and this can be measured 
by the relative alteration in position of a dark 
band. The original form of compensator was 
provided with a cross-wire controlled by a 
micrometer screw, the prisms being fixed in 
position; Jamin adapted the instrument to 
the special study of light vibrations, and 
replaced the movable cross-wire by a fixed 
 
wire, at the same time connecting one prism 
to the micrometer screw. 
To determine the phase difference of the 
two components forming an elliptically polar- 
ised ray thp cross-wire of thE" instrument is 
f'et on 
the central dark band, corresponding 
to zero phase difference. Elliptically polarised 
light is then substituted for the incident plane 
polarised light, and the quartz wedge is moved 
by the micrometf'r screw to bring the central 
bånd and cro
s-wire into coincidence again. 
This gives a measure of the phase difference 
producing the elliptical vibrations; if the 
compenE'ator is rotated until the phase differ- 
ence is \/4, the axes of the elliptical vibration 
will be parallel to the vibration directions in 
the quartz prisms, while their ratio is given 
by the tangent of the angle between one of 
these directions and the vibration direction I 
of the analysing Xico1. 
(iv.) Savart's Polariscope.-Sarart's polari- 
scope, which is used for the detection of small 
quantities of plane polarised light in a partially 
polarised beam, is constructed to give similar 
parallel dark bands. A plane parallel plate 
i5 cut from a quartz crystal at an angle of 
4,)0 to the optic axis. The plate is then 
sectioned parallel to the plane surfaces, one 
h1.lf is rotated through 90 0 relative to the 
:>ther, and the t'\\ 0 are cemented together. 
The greatest sellsiti\ ity is attained when the 
:lirection of the polarised vibration !s per- 
pendicular to the dark bands produced bet\\ een 
crossed Xicols; in t his position as little as 
1 p!:'r cent of polarised light can be dctech>d. 

 (16) BEH.\.VIO"LR OF CRYSTAL SECTIOXS I
 I 
POLARI
ED LIGHT.-One of the chief applica- 
tions of polariscd light is to the examination 


of thin crystal sections, for the variation in 
their behaviour towards transmitted light is 
one of the most valuable criteria for the 
identification of crystals.! In general the 
crystal to b
 examined is obtained in the 
form of a rlane-parallel plate, too tbin to 
cause the total separation of the ordinary 
and extraordinary rays when both are pro- 
duced, but thick enough to give clear indica- 
tions of the i
otropic or birefringent nature 
of the crystal and its general optical character. 
The most eE
ential instrument for the 
ex:amination of crystal sections is some form 
of petrographical mif'roscope, fitted "ith 
removable polarising and allalysing Xicols 
which can be rotated together relatiye to the 
specimen or separately relath-e to one another. 
The microscope should also possess fittings to 
hold a quarter-wave plate, quartz wedge or 
gypsum plate, the use of which" ill appear 
later. The whole subject of crystal examina- 
tion is vast and intricate; it is proposed to 
giye here only a brief indication of the main 
characteristics of crystal sections and the 
general methods employed. It must be borne 
in mind that, although it is mainly the 
characteristics of principal sections of crystals 
that are dealt with, an examination of a 
microscopic slide will in general show crystal 
s3ctions cut in all directions, in which case 
their properties will be modifications of those 
descri bed. 
There are two main classes of phenomena 
displayed by crystal sections: firstly, those 
displayed in parallel plane-polarised light, 
and, secondly, those occurring when tbe polar- 
ised rays are convergent. The former class, 
as being the simpler, will be considered first. 

 (17) CRYSTAL SECTIOXS I
 PARALLEL 
LIGHT.-It has been shown that in many 
respects the character uf a crystal may vary 
in different directions. This may be al)pli- 
cable also to its powers of absorbing light. 
(i.) Plæochrois1ìl.-Some crystals show differ- 
ent powers of selective absorption for the 
ordinary and extraordinary rays,with the result 
that a section parallel to the a)..i:::; may appear 
of one colour when the ordinary ray only is 
transmitted and a different shade of the same 
colour, or an entirely different colour, "hen 
it is seen by extraordinary rays only. The 
coloured mica known as biotite is a good 
example of a pleochroic crystal, as it is termE"<1 : 
the extreme case of tourrnalinp has already 
been mentioned, and in sections not sufficiently 
thick to absorb the ordinary ray completely 
there is a variation in colour from a pale 
bluish-green to an almost opaque brown as 
the plane of polarisation of the incident light 
is rotated. 
(ii.) 11lterlerence Tints.-Thp appearance of 
crystal plates between a pair of Xicols depends 
1 See" Crystallography," 
 (21). 
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on the nature of the rays emerging from the 
crystal. In general the two rays produced 
by a birefringent crystal emerge with a 
definite vha
e difference depending upon the 
nature of the crystal, its thickness, and the 
wave-length of light used. Assuming that 
the section is of a standard thickness, 30 that 
the effects produced by different sections can 
be correlated easily,l the polarisation of the 
emergent light will depend upon the wa ve- 
length of the light; if white light is uSNI, 
the difference in retardation for different 
wave-lengths will lead to the plane polarisation 
of light of some colours and elliptical or 
circular polarisation of light of ot.her colours. 
If the Kicols are crossed, the observer will 
lose light of all wave-lengths for which the 
phase difference in the plate is any multiple 
of À (remembering tllat the resolution of the 
two perpendicularly polarised rays to the 
vibration direction of the analyseI' causes a 
further retardation of À/2), and the resultant 
lifTht will possess the colour coml>lementary 
t
 that absorbed. The colours corresponding 
to retardations of varying amounts are given 
in the well-known Newton Scale of Interference 
Colours. A crystal of low birefringence wil1 
produce a small phase difference equivalent 
only to one wave-length for some particular 
shade. That colour alone will be eliminated, 
and a tint of the first orùer avpears, clear 
grey, yellow, or red; higher birefringence 
entails the loss of more than one colour, 
and is indicated by the brilliant second order 
tints, while very powerful double refraction 
gives the soft impure tints of still higher 
orders. 
(iii.) Extinction.-If the vibration direction 
of the analyser is parallel to one of the vibra- 
tion directions in the se('tion, the polarised 
light will pass through the crystal unresolved, 
and will be cut off completely by the analyser. 
Thus if a crystal section is revolved in its 0" n 
plane between crossf'd Nicols, in four per- 
pendicular positions the field al1pears dark; 
these are known as the positions of extinct1'on, 
and the line in the section then parallel to 
the vibration direction of the polariser is 
known as the dirertion of extinrfion. The 
anfTle between the direction of extinction and 
a 
rystalJographic axis illdicates the nature 
of the crystal; uniaxial crystals have" straight 
extinction," that is to say, their extinction 
angle is zero. ACC'luate measurement of this 
angle, either with t.he microscope or by other 
methods, is of great importance in the 
systematic investigation of a crYHtal. Sedions 
of birefringent crystals peI1>endicular to an 
optic axis and all sections of a cubic crystal 
1 The thj('kn('
!; of a rock !;('ction or crYi4tal i4cction 
cut, for gcnpral examination ii4 usually hf\twe(>n 
0.0] mm. an(l 0.02 mm., producing in Iluartz the 
dear grey and )Tellow of the first order interference 
tints. 


will, of course, apvear dark in all positions 
between crossed Nieols. 


(iv.) Sign of Birefringence.-Thc sign of the bi- 
refringence may be Ùf'duCf'd by the use of a gypsum 
plate. I"uch a plate is a thin clcavage section of the 
monoclinic crystal gypsum (selcnite), thc cl('avllge 
being parallel to the plane of symmetry, which con- 
tains the optic axes. A section of suitable thicknefis 
shows a uniform interference tint of first. order n.d 
between crossed NicolR, and a slight change in the 
phase difference is enough to changé the tint 
sharply to the lower first order blU('-
rey or thf' 
higher second orùer yellow. Kow, if a crystal 
section whose extinction directions are known is 
superposed on the gypsum plate between eros!>ed 
Kicols, so that one extinction direction, that is to 
say, the vibration direction of one ray, is Pllrallel 
to one vibration direction in the plate, a raising of 
the colour tint to yellow will indicate that the direc- 
tions of fast vibration in the two crystals coincide. 
It is only necessary to have the directions of fast 
and slow vibrations marked on the gypsum plate 
to be able to deduce at once the corresponding direc- 
tions in the crystal, and thenc(' by rf'ferpncc' to the 
posit.ion of its optic axis, or axes, to determine the 
sign of its birdringence. 



 (18) CRYSTAL SECTIONS IN CONVERGE:KT 
LIGHT. - The second class of phenomena 
shown in the examination of crystal plates 
is produced when the section is viewed in 
convergent or divergent polarised li
ht, and 
takes the form of the well-known "rings 
and brushes" produced by interference. }'or 
this purpose the microscope has practically 
to be converted into a telescope; details of 
the necessary arrangement may be found in 
Spitta!s .J..1Iirroscopy, p. 203 (1907).. or in F. E. 
'Vright's ...1! ethods C!f Pctrograph1'c .11hcroscop1'C 
Research, p. 3f) (If)ll), (To the latter work 
the reader is also referred for a very detailE"d 
aJcount of the apparatus and methods used in 
the exact microscopic measuremE"nt. of t,he 
optical constants of a crystal) 'Yith this 
arrangement any point on the field uf view 
corresponds not. to any spE"cial point on the 
section, but gives the total effect of all rays 
travelling through t.he section at a certain 
angle, thf" centre of the field corrE"spondin
, 
of course, to the effect produced hy light 
parallel to the axis of the system and normal 
to the section. 
(i.) Uniaxial Crystals.- Let us com;Íder first 
the behaviour of a platp cut from a uniaxial 
crystal perpendicular to the axis. Suppose 
the light to be di\Terging from S, and polari
('cl 
to vibrate vertically (Fig. 14A), and let P 
repreRent the erystal section whose optic 
axis is in the direction of OS. Any oblique 
ray will emerge from the plate with a defi
lite 
phasc diffprencf' between its two perpendIcu- 
la.rly polarised components. The pha
e 
lif. 
ference will vary with the angle of oblIqUIty, 
assumine: that thf' thicknesq of the plat,e 
3.nd the wave-length are constant. Hence 
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for a certain ray Sp the phase difference 
produced by the plate will have a value ^, 
and when examined through an analyseI' the 
corresponding point in the field of view will 
appear dark. The locus of all points corre- 
sponding to rays passing through the pIa tp 
with the same obliquity but varying azimuth, 
must by symmetry be a circle round 0; 
consequently there will be a dark circular 


p 
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FIG. 1-1.\.. 


FIG. HB. 


fringe visible marking a phase difference of ^. 
Simihtrly, there will be other concentric circles 
marking the locus of points where the retarda- 
tion is 2;\, 3\, . . , n \, their I?epa,ration 
decreasing toward
 the edges of the field. 
)Ioreo\-er, any ray lying in the planes parallel 
or perpendicular to the \-ibration direction of 
the polariser wiJ1 not undergo resolution in 
passing t.hrough the plane, and will be cut out 


FIG. 16. 


entirely by the analyseI'. This will result in the 
field of view being crossed by dark rectangular 
diagonals parallel to the vibration directions 
of the ]Jolariser and analyseI', and the appear- 
ancp of the field wiJ1 be similar to that shown 
in Fig. I-lB. 'Yith monochromatic light the 
fringes will be black; white light will give 
coloured fringes. The black fringes, known 
as isochromati(' line8, represent the intersection 
with the crystal plate of the isochromatic 
8u!facps. which are the loci in space of all 
points at whieh the phase difference is the 
same. For uniaxial crystals each isochromatic 


surface i'5 formed by the rE"volution of a hyper- 
bolic curve a bout the optic axis. Thhi surface 
is shown in Fig. 13 together with the more 
complicated form for biaÀial crystals. Sections 
of a uniaxial crystall)erpendic
llar to tIlE" optic 
aÀis show circular fringes, as we have already 
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seen; in sections parallel to the optic a},.is the 
intersection with the isochromatic surfaces 
wIll be hJl)erbolaE". Photographs of the 
interference figures for uniaxial crystals are 
shown in Figs. 16 and 17. The case of quartz 
and other optically active crystals is worthy 
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FIG. ] Î. 


of comment. The interference figure for 
quartz cut perpendieular to the axis is sho"n 
in Fig. 18. It will be noted tbat it resembles 
that of other uniaxial crystals e
cE"pt in that 
part representing rays travelling along or 
close to the o}Jtic aÀis, As will be sho" n 
later, the rotatory power of quartz leads to 
the deduction that a ray parallel to the axis 
is resolved into two circularly })o]arised rays 
which combine on emergence to form lip-ht 
polarised in a direction de))endent on the 
thickness of the crystal. EÀcept for certain 
thicknesses of quartz, therefOle, the cent.Ie 
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of the interference pattern produced will show 
bright between crossed Nicols. 
(ii.) Biaxial rrY8Ials.-In the case of biaxial 
crystals a section perpendicular to the acute 
bisectrix will show the iS0chrom '.ttic lines as 
a family of lemniscates enclosing the points 
corresponding to light travelling along the 
optic axes. These will be crossed by dark 
brushes, the position of which varies with the 


FIG. 1
. 


position of the optic axial plane in the section 
relative to the vibration directions of the 
Nicols. Fig. 19 shows the appearance of the 
fringe3 when these directions are paralkl; 


FIG. 19. 


if the section is rotated through 45 0 the 
brushes become hyp
rbolae, whose vertices 
are at the points corresponding to the direc- 
tions ot the optic axes (P'ig. 20). If white 
light is used the effect is complicated by 
dispersion of the optic axes and bisectrices. 
(iii.) JI ertsurement of Optic Axial.Al'I(Jle.- Itis 
this latter 4,:)0 position that is used for measur- 
ing the optic axial angle. By tilting the section 
ah')ut an axis in its plane perpendicular to the 
line joining the optic axial points, the position 
of the hyperbolic fringes is changed, and the 
tilt can be adjusted until one vertex lies on 


the cross wires of the microscope. TheIl rays 
parallel to the axis of the microRcope must 
tra vel along an optic axis. If both vertices 


)i'IG. 20. 


are brought in turn on to the cross wires the 
angle of tilt between the two })ositions gives 
the angle between the OlJtic axes in air. It 
may be necessary, if the optic axial angle is 
vrey large or very small, to use a liquid of 
high refractive index between the objective 
and the section, so that both axial rays can 
be brought normal to the fidd in tur
; by 
obtaining measurements in sections cut 
perpendicularly to the acute and obtuse 
bisectril'es the actual optic a
ial angle in the 
erystal can be obtainpd.1 
(iv.) Sign of Birefringence.-
lention must hc alRo 
made of the use of a quarter-\\ave plato and a, quartz 
wedgo in determining from the interference figure the 
sign of birefringence of a crystal. Supposc a quarter- 
wave plate of mica is inserted between the analyser 


:FIG. 
l. 


and a section of a uniaxial crystal cut perpendicular 
to the axis, the dircetion of fast ,ribration in the mica 
being along AA' (Fig. 21). A displacement of the 
1 For a full account of the' nlf'thodf; of mm
l1re- 
mf>nt employed anù the mathcmatical r{'lation 
bctwee'1 the aIJparent and tfll{, optic 3xbl angle's 
ce 
F. E. Wright (10('. cit.), an(l Jlanu.al oj Petrographic 
JJI ethods, J channscn, p. 102. 
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ring system \\ ill occur, adjacent quadrants expanding 
ami contractin
. If the crystal is positive the rings 
in qU:ldrant
 A and A' "ill e)"pand and those in B 
and B' will contract; "ith a negative crystal the 
n'sult "ill be rewrsed. This follo\\ s very simply from 
a consideration of the retardation at a point P, say, 
in the qU.1drant B. If P lies on BB' the retardation 
in the crystal \\ ill take place between rays vibrating 
parallel to OB and OA, and if the cryo;tal is positive, 
OA "ill be the dm.ction of faster vibration. "hieh 
therefore coincide., with the faster vibration direction 
of the mica plate. The retardations of the crystal 
and the mica "ill therefore be additive, and the total 
phase difference increased: this \\ ill apply to all 
points in the quadrants Band B. Hence a smaller 
thickness of the crystal \\ ill, together \\ ith the mica 
plate, produce a rehrdation of ^. and consequently 
in these quadrants the fringes \\ ill close in towards 
the centre. In the alternate quadrants A and A' 
a corresponding decrease in the total phase difference 
will produce a movement of the rings 3\\ ay from the 
centre. 
'Yith a biaxial crystal a similar effect is observed, 
and the closing of the curves in the quadrants joined 
by the direction of slow vibration in the mica plate 
again denotes a positi\-e birefringence. The move- 
ment is not always easy to trace, however, and a 
better indication is obtained by the use of an elongated 
quartz u-edge cut with its line of greatest slope and 
itg edges parallel to the optic axis. The section is 
placed with the trace of its optic axial plane at 45 0 
to the vibration direction of the incident light, and 
the thin end of the wedge is inserted along the line 
of the optic axes. The faster vibration in the quartz 
is perpendicular to the long a)"is; if the crystal is 
positive its direction of faster vibration is perpen- 
dicular to the axial plane; hence the quartz and the 
cryshl will have a subtracti, e effect. and the fringes 
will open as the wèdge is pushed further in and a 
greater thickness of quartz is brought into operation. 
\Yith a positive crystal there is a corresponding con- 
traction of the fringes as the \\ edge is inserted parallel 
to the line joining the optic a)"es. 

 (19) DETECTIO
 AXD )IEAS"CRE:\IE:KT OF 
STRAI:X IX ISOTROPIC )IATERIALs.-An im- 
portant application of polarised light is its use 
in testing glass for strain. Brewster called 
attention to the production of birefringence in 
igotropic media b
7 mechanical t:::tresses, and 
later Clerk JIaxwell l attacked the problem of 
a strained plate mathemat.icall
T. A full descrip- 
tion of the methods used will be found else- 
where and wiìl not be treated of further here. 
An analo!!ous method is also elll})loyed to 
obtain quantitatin.' mea'3urements of stresses 
present in mechanical constructions. although 
at present the whole subject has hardly pm.sed 
beyond the e
pf'rilllental stage. A comprehen- 
sive summary is rriyen bv -Low in the Aero- 
nrillticnl Journal, I!HS, x
ii., together with a 
full bibliogral)h
7 of other reRearches and 
pu blica tions. 2 The general method may be 
outlined here. 


1 Roy. Soc. Edin. Trans. xx. Pf!rt I.; Scientific 
Paf)f'rs, i. 30. 
I ::'ce also Roy. Inst. Proc., HHf>, X1V., Lowry, 


_\ model of a mechanical construction is 
cut out of an isotropic medium; gla
s has 
been used, but xylonite, although not so 
trans})arent, seryes the pUI'J1ose better, inas- 
much as it is easier to "ork and can be 
obtained in thick sheets sho\\ ing no strain, 
and resembles in its mechanical prolJerties 
the actual metals used in the full-scale 
construction. The IHesence of stref'ses in 
the model canses the stressed portion to act 
as a birefringent medium, and transmitted 
light is resoh-ed into two rays polarised parallel 
and perpendicular to the direction of stress. 
The ra) s tra yel \\ ith different speeds, and as 
in the case of a thin crystal plate, the emergent 
light is coloured owing to the elimination of 
certain wave-lengths by interferenc
 The 
tint produced ,aries "ith the retardation 
between the rays, \\hich in turn is dependent on 
the amount of stress present. It is po
sible, 
therefore, by means of a block subjected to 
known stresses, to tabulate for any given 
thickness of the medium the stresses corre- 
sponding to the various tints produced, and 
from this table to deduce the stress present 
in any model giving a certain interference 
tint. A more accurate method of quantitati, e 
measurement depends upon the fact that" hile 
two superposed similar stresses haye a simple 
additive effect if l)arallel, the total effect of 
two similar perpendicular stresses is propor- 
tional to their difference. Thus an unkno" n 
stress coloration may be balanced by super- 
posing a plate subjected to a stress of knO\\D 
amount and direction to produce between 
crossed Kicols a uniformly dark field. 
It is of importance to note that the bi- 
refringence isdependen t upon the stress presen t 
and not upon the strain; a plate strained 
beyond its elastic limit may sho"\\ no optical 
effect if the actual stress is removed. 

 (20) ROTATORY POLARISATIO
 (i.) Crys- 
tals. - "Then discussing the beha yiour of 
crystals in the transmission of polarised light, 
the optic axis was defined as a direction in 
the crystal along which light travels "ithout 
division of path. "-hile in many crystals this 
is equivalent to a statement that polarised light 
tra, elling along an optic axis emerges from 
the crystal unchanged, some crystals, most 
notably quartz, haye the po\\er in the direc- 
tion of the a
is of rotating the plane of polar- 
isa tion. All such crystals, kno" n as optically 
a(th'e 81.lbstance...'I, belong to those classes of their 
rcspecti ye crystallogra phic systems " hich 
posses::; no plane of symmetry; they are all 
enantiomorphous, all but one class possessing 
only symmetry of rotation about an axis, the 
other class possessing no degree of symmetry 
at all. 'Yith the
e crystal
 two forms are 
pos
ible, each being the mirror image of the 
other, but not capable of complete identifica- 
tion with the other by any change of orÏenta- 



508 


POLARISED LIGHT AXD ITS APPLlrATI0XS 


tion. In all cases in which the two forms have 
been obtained it is found that similar plates 
of the two cut perpendicular to the optic axis 
rotate the plane of pohrisation of transmittcd 
light by equal amounts hut in opposite direc- 
tions. The two crystal forms of quartz are 
well known, and can be distinguished morpho- 
logically by the position relatiye to the 
fundamental prismatic and pyramidal faces 
of six pairs of slllall faces occurring three at 
each end of the crystal and known in the 
::\Iillerian system of notation as {412} and 
{4I"2} . The second of the pair is often 
absent, but the presence on the {4J2} face 
of striae parallel to its line of intersection 
with the {4 12 } face indicates what would be'the 
position of the latter if developed, and shows 
the right- or left-handed nature of the crystal. 
There is considerable confusion 1 in the 
definitions given by various authors of " right- 
handed" and" left-handed" rotation of the 
vibration plane; this, no doubt, is due partly 
to the fact that the convention adopted is 
based on the aspect of the phenomenon as it 
appears to an ob
erver, and is not descriptiye 
of the motion taking place along the pa th of 
the ray itself. An optically active substance 
is S<1id to produce right-handed rotation, or to 
be dextro-rotatory, when to an observer looking 
along the path of the light towards its source 
the vibration direction is rotated in a clock- 
wise direction; if the rotation is counter- 
clockwise the substance is said to be laevo- 
rotatory. 
Examples of' crystals possessing rotatory 
power are found in the various crystal systems; 
sodium chlorate and sodium bromate, crystal- 
Ii sing in the eu hic system, and therefore 
possessing no unique axis, show optical 
activity to the same extent in all directions; 
sulphate of strychnia, a tetragonal crystal, 
and the double sulphate of potassium and 
lithium which bclongs to the hexagonal 
system are other examples, while cinnabar, 
a trigonal crystal, shows a rotatory powe'r 
nearly twenty timcs as strong as that of quartz. 
(ii.) Liquids and Gases. - ::\Iany optically 
active crystals lose their power when in solu- 
tion, or whcn in a non-crystalline state; quartz 
in solution in potash or in a fused amorphous 
state is inactive, but sulphate of strychnia is 
an exception to this rule, and shows actiyity 
hoth when erystal1ine and when dissolvcd. 
This power is shal'(\<l by many organic liquids 
and 8úlutions of organic compounds; in the 
process of other iln"estigations Biot accident- 
ally disco'
ered the laevo-activity of oil of 
turpentine, and on inquiring further into the 
matter found that a similar activity was 
displayed by many otlU'r liquids. Thc rota- 
tory power of sugar solutions is well known, 
1 :-;ce "PolarilllPtry," 
 (1); "Quartz, Optical 
Rotatory Power of." 
 (1), 


and forms the basis of the uni, ersal method 
of testing and examining sugars. [A separate 
article dealing with polarim(.try and sacchari- 
metry \\ ill be found elsewhere', to which 
reference may he made for full informa- 
tion on the subject.] Substances which are 
optically active in solution were found by 
Biot to retain thC'ir powe'r in th(' solid state 
if they did not crystallisc; since all these on 
solidification formed biaxial crystals, the signs 
of rotatory power were complPÌdy masked hy 
birefringent effects. Later work by Pockling- 
ton 2 and lJufet 3 on cane-sugar and variou!' 
salts crystallising in the rhombic and mono- 
clinic systems has demonstrated the' pre'sencp 
of optical activity in the crystals and the 
possibility of measuring its value along an 
optic axis. Biot further showed that the 
transformation of a substance to a gaseous 
state does not destroy its optical actiyity, 
and later Gernez 4 proved by experiment that 
the rotatory power of a certain tubc-length 
of vapour is equal to that of the column of 
equal crosl:>-section of liquid into which it 
condenscs. 

 (21) OPTICALLY ACTIVE Srn
TA:K(,ES. (i.) 
Rotatory Power.-Apparently, the'n, there are 
two classes of optically active substances; some 
substances, like quartz, dcpend for their power 
on their crystalline state, that is, prpsumahly, 
on the grouping of the molecules forming their 
crystals, while in others the rotatory power 
appears to be an inherent property of each 
molcculc, since their separation by solution 
or vaporisa,tion does not affect the power. 
This conception led to the introduction of 
the term "molecular rotatory 1JOWer"; if a 
solution of density d containing p grams of 
an optically actiye substance in q grams of 
solvent is contained in a tuhe 1 dedme'tres 
long, and if R is the angular rotation produced 
by the tube, 


pd 
R=(p) - . l, 
p+q 
pdl(p + q) being the amount hy weight ùf the 
su bstance in unit volume of the liq uid. (p) was 
taken to be a constant for tlU' substance for 
any specified temperature and wave-length, 
and was denoted by the molecular rntfltory pmcer 
or spprijir rntation of the suhstance. Putting 
q=O an(11= I, (p)= Rid; hence the molecular 
rotatory power may he more specifically 
de'fincd as the angular rotation of 1 (keimetre 
of the suhstance in the pnre' Rolid state' dÏ\ i<kd 
by its de'nsit
T. This is the definition which 
should he adopted, for Biot showed that the 
angular rotation produce'd is not strictly 
proportional to tlU' alllount of su l Js tance 
2 PMl. .1[((fI., HIOl. ii. 
ûR. 
3 .Juur. dt' PhIl!;'. l!)U-l, iii. 737; Bull. Soc. Fran. 
de J!in., 1004, xxyii. I :)n. 
4 80c. ])h'l.<;. 8éatlc('.<; and ('ompf('s Rcndus-many 
publications' between 1887 and 1892. 
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present. Landolt,1 after careful investigation, 
deduced the formula 


R = A + Bq + Cq2, 
where R is the rotation produced by 10 cm. of 
a solutiún containing q parts by weight of 
the solvent in 100 parts by weight of the 
solution, A is the molecular rotatory power 
of the pure substance. and Band Care 
constants to be determined for each sub- 
stance and solvent by observations on 
solutions of differe
J.t strengths. It should 
be possible, if B or C is negati,
e, for the 
same solution to exhibit positive and negative 
rotation at different concentrations, and this 
has been shown to occur in the case of malic 
acid, which is de
tro-rotatory in concentrated 
solutions, and laevo-rotatory when dilute, a 
solution containing 63'7 I)er cent of water 
being inactive. 
The effect of temperature on the angle of 
rotation is considerable, and is of importance, 
especially in connection "ith polarimetric 
work; it will be treated under that head, 
therefore, and not further described here. 
(ii.) r ariat ion Leith Jr a l'e-length of Light.- The 
variation of the rotation with wave-length is, 
however, of more far-reaching importance. 
Biot's observations led to the result that the 
angle of rotation is approximately inversely 
proportional to the square of the wave-length. 
From Biot's figures for quartz Stephan pro- 
posed the empirical formula 


R= -1,-01 0.80403 
oJl) + \2 ' 


which gi\es results in fair accordance with 
the observed values, the first term representing 
the amount of departure from the inverse 
square law. Boltzmann 2 suggested the addi- 
tion of a fourth order term to Biot's simple 
proportion formula, putting 


/.. /.'" 
R=X
+^4+ . 


. ., 


which yielded more accurate results and was 
applicable to substances other than quartz. 
)Iore modern investigations of the problem 
have led to the development of equations of 
the form 
R- I.: 1.- 1 /"2 
- +X 2 -_\2+ X 2 _ X 2 + , 
1 2 


, ., 


where k, /"1' 1..- 2 , . . . Xl' \
. . . . are constants 
on which the properties of the medium depend. 
This expression" ith the five constants indi- 
cated has heen verified to a high degree of 
accuracy by Lowry. 3 



. Rer.l:c.ht; 
'er Dpllt<:chen C'hemischpn r:eselischaJt, I 
IP,...O, XIII. 
3:...f). 
2 PO(l(/. Annal., ]8ï -t, 128. Sp(' also PC'd(1ip, Roy. 
Soc. Etlinl)/(T(/h Proc,. 1
8
, xi. 
1:;. 
3 Phil. Tmn.<:. Roy. _'-'oc., ]fll
. .-\. ('('Xii. 
ô1. 
(,P 
also" Quartz, Optical Rotatory !'ower oC. 


9 (22) ApPLICATJOXS. (i.) General,-This 
variation of rotation" ith waye-Iength affords 
3. simple means of distinauishina between 
right- and left-handed rot
tory power. If 
plane polarised white light is tran!'lllitted 
through an optically actiye substance, any 
orientation of the analyseI' can only eliminate 
light of one waye-Iength, so that the final 
beam may show any tint contained in the 
Xewton scale of interference tints. Since 
violet right suffers greater rotation than the 
rays of longer waye-Iength, the colour produced 
by a dextro-rotatory substance will change 
from the shade complementary to red to the 
shade complementary to violet as the allalyser 
is given a clockwise rotation. The 8equ
nce 
will be reversed if the su bstanee is laevo- 
rotatory, and a clockwise rotation of the 
analyser will produce a change from a reddish 
tint through the so-called " transition yiolet " 
to bluish green. The transition violet marks 
the point at which the most intense part of 
the spectrum, the yellow region, is eliminated; 
a very slight rotation of the analyser is 
sufficient to cause a marked ehange of colour 
at this point, to red on the one side and to 
blue on the other. 
(ii.) Biquartz.- This sudden change has been 
utilised in the Biqllartz plate, which is of 
great use in setting the planes of analyser 
and polariser accurately perpendicular, or 
in detecting very small amounts of rotation 
of the vibration plane. The biquartz consists 
of two equal plane - parallel semicircular 
plates cut perpendicular to the axi
 from right- 
and left-handed quartz crystals, and cemented 
together to form a circular plate. The thick- 
ness of the plate i'3 designed to produce 
the transition violet tint when placed between 
two Nicols; if the thickness is 3';') mm. the 
tint is produced between parallel Xicols, 
while a plate of double this thickness giyes 
the same effect "ith crossed Xicols. A rotation 
of the yibration plane of the anah-ser, or of the 
incident light, tends to produc
 a change in 
the colour of one half of the plate towards 
red of the first order of Xewton's scale, and 
in the other half to a blue or green of the 
second order, and the juxtaposition of the 
two halves makes it possible to detect a very 
I small alteration of the vibration direction. 
If the biquartz is used with sodium light 
there will be a corresponding difference of 
intensity produced between the two hah-es, 
,
-hich affords an almost equally sensith-e 
test. 
A single quart.z plate cut from either a 
right- or a left-handed crystal, and producing 
between crossed Kicols a uniform transition 
dolet colour, sometimes known as a Biot 
quartz plafe, may ue employC'd in,t.{'ad of a 
gypsum platC', thC' u
e (If which has hpen 
descriued in dealing with the microscopic 
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examination of double refmction in crystal 
sections. 
(iii.) Theoretical Considerations.-It has been 
suggested that optically active crystals owe 
their power to the arrangement of molecules 
in the crystal. Further support was lent 
to this th
ory by Reusch, who successfully 
imitated a plate of quartz cut perpendicular 
to the axis by a pile of thin mica plat
s so 
arranged that their maximum velocity axes 
formed a spiraL The thinner the plates and 
the greater their number, the more complete 
was the imitation. Later Ewell 1 showed that 
a similar effect is obtained by passing light 
along the axis of a twisted cylinder of gelatine. 
In the case of liquids, solutions, and gases, 
where no definite arrangement of the molecules 
can be postulated, it is of importance to note 
that in an cases the optically active substance 
contains the tetravalent carbon atom, and it 
is an obvious inference that just as sImilar 
molecules may be grouped together to form 
crystals related to each other as 0 biect and 
mirror image, so the four atoms or univalent 
groups of atoms linked to the central carbon 
atom may be arranged in two distinct ways 
to produce molecules similarly related. Le 
Bel and Van't Hoff 2 explained the occurrence 
of dextro- and laevo-rotatory liquids along 
these lines. 
It is impossible here to enter into a full 
theoretical discussion of the phenomenon of 
optical rotation; a complete explanation has 
been advancf'd from the standpoint of the 
electromagnetic theory, and is to be found 
in various advanced text-books
 more espe- 
cially that of Drude, 3 whose treatment is 
followed in outline by R. 'V. 'V ood 4 (see 
" Quartz, Optkal Rotatory Power of"). 
An explanation must necessarily involve a 
more precise lu1Qwledge of the nature of the 
vibrations that are transmitted along the 
optic axis of a rotatory crystal. The earliest 
information on this point, due to Fresnel, 
was based on the fact that circularly polar- 
ised light passes unchanged along the optic 
axis of a quartz crystaL A linear vibration 
may be regarded as the equivalent of two 
superposed and oppositely described circular 
vibrations of equal period and amplitude. 
Fresnel assumed that plane polarised vibra- 
tions, on entering a crystal along the optic 
a
is, are resolved into two such circular 
vibration'S, one of which travels with a greater 
velocity than the other. It ig easily shown 
that in such a casf', if the vibrations emerge 
from the crystal at the moment when one is 
retarded by half a wave-length relatively to 
the other, they will compound to form a 
tAm. ,lOUTII, ,"'ei., 18!)!), viii. fm. 
2 Soc. ('him. Bul1., lR74. ii. 

. :3:37. 
3 Lehrburh cZa Optik, l!)()O, }I. ô38. Emd. trans., 
1920, p. 400. 
4 Phy.<;ical Optics, R, W. Wood. 1m.!. 


linear vibration whose direction is at 90 0 
with that of the incident light, that is to say, 
the cry::;tal has caused a rotation of the pla,ne 
of polarisation by 90 0 in the direction of 
rotation of the faster moving vibration. 
(iv.) Fresnel's Compound Prism.-This simple 
theory explains the dependence of the angle 
of rutation upon the thickness of the medium 
traversed and upon the waye-Iength of light; 
moreover, Fresnel wag able to demonstrate 
the real existence of two circularly polarised 
rays within a crystal by showing that the'Y 
were capable of complete Reparation and 
could each be analysed after leaving the 
crystal. This he accumplished by building 
up a compound rectangular block of alternate 
prisms of right- and left-handed quartz (F1'g. 
22). At each interface the refractive indices 



 


FIG. 22. 


for the rays are interchanged, since the slower 
travelling ray in right-handed quartz becomes 
the faster moving ray in left-handed quartz, 
and the obliquity of the interfaces is so 
arranged as to increase the consequent separa- 
tion of the rays at each, refraction, until the 
emergent rays are completely separated. On 
analysis by means of a quarter-wave plate the 
rays are found to be circularly polarise'd in 
opposite directions. 
It may be noted in passing that precautions 
have to be taken in the construction of quart.z 
prisms for spectroscopic work to eliminatr- 
this separation of the' rays. Curnu showed 
that a GOo prism will produce a separation of 
27" between the rays of Rodium light travelling 
along the optic axis, but by using a prism 
composed of two similar halves of right- and 
left-handed quartz the separation produced in 
the first, half is exactly neutralised by that 
produced in the second half, and this is the 
common type of prism in use at the present. 
(v.) Porm of TVave-s'llrfarf's in Qunrtz.-This 
phenomenon of double refraction alon
 the 
optic axis of q uart.z necessitates a modification 
in our conception of the wave-surfaces within 
the crystal. The sphere and spheroid which 
in inactive uniaxial crystals touch at the 
extremitips of the axis are not in simi1a.r 
contact in the case of quartz. ßloreoYf'r, it 
has been shown that in addition fo an inf'rf'ase' 
in velocity, or a decrC"ase in refractive index, 
for the e
traordinary ray as its inclination to 
the optic axis decreasC"s, there iF: a YC"ry sli
ht 
increa,sP in thp vC"locity of t.he ordinary ray, 
only noticC"ahle when its inclination to the 
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axis is very small, so that it appears that in 
the case 
f qua.rtz the extraordinary wave- 
front is slightly depres
ed, and the ordinary 
wa\-e-front elonga.ted, in the direction of the 
optic axis. 
(vi.) JI'Oullagh's Theory.-A mathematical in- 
vestigation of thf' double refraction of quartz in all 
directions was published by Airy in 1831. 1 As his 
hypothesis he as.-mmed that for the general case both 
r<1Ys were elliptically polarised, with their major axes 
perpendicular and parallel to the principal plane of the 
crystal, that the rot.atory vibrations were in opposite 
directions, and the ratio of their axes was equal, 
becoming unity when the rays were parflllel to the 
optic axis and infinity \\ hen perpendicular to t.he 
axis. Five years later :\l'Cullagh attacked the 
problem again, and, starting "ith the ordinary 
differential equations representing wave-motion, 
introduced arbitrary modifications which made them 
inclusive of the effects of rotatory po" er. 
The ordinary equations are: 
o2t 202
 02
 
02
 
ot2 =b OZ2 ' ot 2 =b
 OZ2 ' 
where 
. 
 are the displacements in a plane per- 
pendicular to the optic axis of a particle " hose 
ordinates are x, y, and z relati"e to the same axes, the 
optic axis coinciding with the z axis; b is the "elocity 
of propagation of the wave-front along the axis. 
To these 
I.('ullagh added an arbitrary term, giving 
the equations the form 
02
2 
o2t o3
 02
 202
 03
 
&2- =b- OZ2 +c OZ3 ' ot2 =b óz 2 -c OZ3 ' 
This addition was justified by his obtaining equations 
for the motion of the two rays representing right- 
and left-handed circular vibrations, and his resulting 
expression for the rotation, 
27r2c y2 
R = - b 4 \ 2 ' 
shows it to be inH'rsely proportional to square of 
the wave-length }.., if Y, the velocity of the ray within I 
the medium, is constant, that is to say, if disper- 
sion is neglected. The constant c, which is shO\\ n 
to be very small, is positive in a dextro-rotatory, 
and nf'gative in a laev-o-rotatory crystal. The full 
investigation is to be found in Verdet's Leçmzs 
d'opfiqUÆ physique, voL ii., togf'ther with a biblio- 
graphy of other writings on the subjret published 
prior to 1866. A more modern treatment by Drude, 
based on the electromagnetic theory, is contained 
in thc htter's text-book on Optics which has already 
been mentioned. A. B. D. 
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POSITIOX -FIXDER, THE 
IIRROR 

 (1) GENERAL PRISCIPLES.-In the develop- 
ment of the theory and practice of anti- 
aircraft gunnery it became necessary to 
employ some rapid and accurate means of 
determining the path, or the position at any 
moment, or the velocity, of an object in the 
air. To meet this need the mirror position- 
finder was designed early in 1916. This 
instrument, however, gave satisfactory results 
only at high angles of elevation, above (say) 
3.3 0 , and at the end of that year the window 
position-finder was designed to deal with the 
lower angle
. The principle of either instru- 
ment is the same, and together they make 
it possible to record the positions or movc- 
ments of aerial objects, from the vertical to 
the horizontal. The principle is illustrated most 
simply by Fig. 1, in which GK, G'K' represent 
two rectangular sheets of glass lying in the 
same plane, but at a considerable distance 
apart. At AI' AI" are two small apertures 
through which ob::;ervers can look at a distant 
object, P, on the further side of the glass. 
Each aperture is at the same distance, h, 
from the glass, and the distance, B, between 
Al and A/ is known accurately. Perpendi- 
culars from Al and )"1' meet the glass at 0 
and 0'. The observer at Al marks on the 
glas
 at m the apparent position of the object, 
P; the observer at AI' does the same at m'. 
If the positions of 1n and m,' relative to 0 
and 0' are determined, the two lines AIm 
and A1'm' are fixed and a simple calculation 
gives the position of P. 
If the glass sheets are horizontal and the 
eye apertures are placed as shown at Al and 
At', it is necessary fill' the observers to look 
upwards. This is inconvenient, and the diffi- 
culty is a voided in the mirror position-finder 
hy the use of horizontal mirrors. The 
apertures, A and A', are placed above the 
mirrors, each at a height h, and in 
uch a 
way that Al is the image of A and AI' that 
of A'. The ohservers look downw
rds at the 
images of r in the mirrors. In the "indow 
position-finder the glass sheets are vertical 
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and the observcrs look thruugh them in the 
manner descri bed above. 

 (2) DESCRIPTION.-The mirror position- 
finder consists of two horizontal plane mirrors, 
etched on the silvered side in centimetre 
squares, mounted-if possible at the same 
level-at the ends of a base of measured 
length B, aligned accurately on one another 
and carefully levelled. The stations (which 
we will call 0 and 0') are connected by tele- 
phone; the observer at each station wears 
a receiver on his head and holds a microphone 
in his left hand. Each mirror is provided 
with a movable stand, carrying an aperture 
p 
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FIG, 1. 


at height h above the mirror: it is best to 
employ a skeleton aperture so as to impede 
the view as little as possible. The ohserver 
looks through the aperture at the rcflection 
in the mirror of the object which he dcsires 
to observe, and notcs with a pen on the surface 
of the glass the position of the image at any 
desired momcnt or series uf moments, care 
being taken to put the real point of the pcn, 
and not its image, on thc image of the object. 
Simultaneous observations are made at both 
stations, and from these observations the 
position of the object can be simply calculatf'd. 
The ink used should be of the non-drying 
variety (madc with glycerine), bnth to ('nsure 
that the pen marks whcn r('q uircd ancl to 
enable a p(,J'manent record to he made of 
thc 0 hscrvations, .For the latter purposes, 


aftcr the oh!'\ervations are completed, a pair of 
suitable axes is inked in on the glass, and a 
piece of absorbcnt (" Runeo ") paper laid over 
it. The results can then be measured up and 
the appropriate calculations madf' subse- 
qu('ntly. 
The aperture is placed vertically aLove the 
intersection of two suitftblc rulings on the 
glass, by looking through it and placing its 
image on that intersection. The positions of 
the dots recording the position (or rather the 
direction) of the object are expressed in 
Cartesian co-ordinates, mcasuring from the 
point on the mirror vcrtically belo,,," the 
aperture, x being the distance in centimetres 
parallel to the base, and y the distance per- 
pcndicular thcreto, x' and y' being corre- 
sponding co-ordinates of the dot made at the 
other station 0'. Thc position of the object 
in space is expresscd similarly in Cartesian 
co-ordinates and referred to the same two 
axes, being {X, Y, H} as measured fwm 0, 
and {X', Y', H} as measured from 0'. It is 
assumed that X, X', x, x', are all measured 
towards the other station, that the co-ordinates 
of the object in space are very largc compared 
with those of its image in the mirror, and 
that the stations are at the same level. It is 
obvious then from considerations of similarity 
(see Fig. 1) that the following relations hold: 


0' 


x Y H X' Y' X+X' B 
-x -y =-h - x' --y'= x+x' - x+x" 
since X+X'=B. 


Hf'nce 


X = :l
B 
x+x' 


yB 
Y = --- 
x-rx' 


kB 
H =---- 
x+x' 


and 


y = '!I', since clearly Y = Y'. 


The formulae for X, Y, and H enable the 
position of the object in space to he calculated 
by simple arithmetic and without the use of 
trigonometry. The relation y = y', on the 
other hand. is a valuable check on the observa- 
tions, and may be employed also to dctermine 
simultaneous points on two cont inuous records 
(one at each station) of the path of an object 
in space. Indecd the "equality of tl}(' y's" 
enables the complete track of an aeroplanc or 
other aerial object to be cakulated without 
any means of f'nsuring simultaneity of ohRcrva- 
tion, the two complete r('cords being co- 
ordinated with one another merely hy taking 
pojntR with equal y's. The method, of courR(', 
breaks down ,,,hen the path of the object is 
paralld, or nearly parall('l, to t I}(' hase. The 
"cquality of the y's" has a third value in 



POSITIOX FIXIXG, ßIETHODS OF-PO\YER OF ..1 LEXS 


513 


enabling the ob::;erver at one end of the hac;e 
to point out objects to the distant observer, 
so enabling him, for example, to discriminate 
between different aeroplanes, or different 
shell- bursts; or different parts of a cloud. 

 (3) THE OBSERVATIOxs.-The method of 
observation is not difficult: it involves one of 
the most refined and highly developed of 
human faculties-the accurate adjustment of 
hand and eye-and so enables the record to 
be made" ith quickness and precision. The 
rulings on the gla::;s are a great assistance in 
accurate observation, by enabling the eye and 
brain to ,. fix" the direction of the object 
at any desired moment, and so to note it 
with the hand "ithout undue hurry. 'Yith 
every precaution taken, good glass for the 
mirrors, telescopes for alignment, sensitive 
spirit-levels for levelling, fair visibility, and 
trained observers, experience at Portsmouth 
during the war in recording the positions of 
shell-bursts in the air showed that the probable 
error of one observation was not more than 
0.1 or ().2 nun. in x or y, an error corresponding 
usually only to a few feet in the calculated 
position of the object. The most serious 
error indeed, unless special precautions be 
taken, is caused by unevenness in the glass, 
which should be chosen (or better, manu- 
factured) as flat and as parallel-sided as 
possi ble. 

 (4) GEO
IETRICAL PROPERTIES. - The 
mirror position-finder posgesses several useful 
geometrical properties in addition to the 
,. equality of the y's." For example, if, as is 
common, an aeroplane be flying at a constant 
height the track on either mirror is exactly 
similar to the track in space, reduced in the 
ratio h/H Or again, the height is given by 
the simple formula Bhj(x + x'), thus it is 
inversely proportional to the sum of the x's. 
Or again, the velocity of a horizontally mo"\'"ing 
object (such as a puff of smoke in the wind) 
is exactly the same as that of its image, 
recorded at measured intervals on the glass, 
multiplied up in the ratio of H h. If, there- 
fore, H be known, as, for example, in the 
case of a shell fired to burst at a known height, 
the speed and direction of the wind at that 
height can be determined at once merely by 
recording the motion of the image in one 
mirror of the smoke from the shell. 

 (.3) THE 'YIXDOW POSITIOX-FIXDER.- 
This is similar to the mirror instrument in 
principle, the "hole system of glass and 
aperture being revolved through 90 0 about 
the base line, the mirror in this case being 
replaced by ruled transparent glass, and the 
observer noting the direction of the object 
in ink on a vertical "indow instead of on a 
horizontal mirror. The practical working 
details of the instrument are different, and 
ob::;er"\'"atioll is not quite so pasy or accurate, 
YOLo IV 


but the theory and the calculations remain 
the Rame. The geometrical peculiarities of 
the record of an object flying at a constant 
height of course no longer obtain. The 
in::;trument may be used for the accurate 
observation of objects or e,-ents in the sea 
or on the ground, as well as for aerial 0 bserva- 
tion. 

 (6) "CSES OF THE PUSITIOX - FIXDER.- 
The instruments described have been employed 
for a variety of purposes: 
(1) For determining the height, position, 
path, or speed of an aeroplane flying hori- 
zontally or in any manner required. 
(2) For determining the position in space 
of a shell bursting in the air. 
(3) For determining the point of impact of 
a shell striking the spa. 
(4) For determining the ,elocity and direc- 
tion of the wind at any height desired, by 
firing a shell to burst at that height and 
making timed observations on the path of 
the smoke; in this way observations of the 
wind have been made at heights up to 35,000 
ft., and of speeds up to 115 miles per hour. 
(5) For determining the height, direction of 
motion, and speed of a cloud. 
The mirror and window position-finders 
have been and are employed by the British 
military, naval, and flying services for gun 
trials of various kinds, for recording anti- 
aircraft practices, for determining the height, 
speed, or position of aircraft, and for measur- 
ing the velocity and direction of the "ind 
at various heights. The "C.S. Army also have 
erected a number of stations at their Aberdeen 
Proving Ground in the Chesapeake Bay. 
A. V. H. 


POSITIOX FIxIxn, )IETHODS OF, for ships at sea. 
See ., Xavigation and Xavigational Instru- 
ments," 
 (Ii). 
POSITIVE RAYS: a stream of positively 
charged atoms travelling mainly towards 
the cathode when an electric discharge is 
passed in an evacuated tube. See ,. Radic. 
logy," 
 (5). 
POT FrRXACES FOR )IELTIXG GL-\.SS. See 
" Glass," 
 (1.3) (i.). 
POTASH, USE OF, I
 GLA
S )IA
TFACTrRE. See 
" Glass," 
 (5) (ii.). 
POTASH LE-\.D GLASS, presence of chlorides or 
sulphates leads to cloudiness. See" Glass, 
Chemical Decomposition of," 
 (I). 
POTASH LDIE GLASS. Set"" Glass, Chemical 
Decomposition of;' 
 (1). 
POWER OF -\. LEXS, the reciprocal of its focal 
length. For methods of determination see 
" Lenses, The Testing of Simple." 
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POYNTIXG'S POLARIMETER. See" Pola
- 
metry," 
 (11) (i.). 
PREECE ILLU
IINATIO
 PHOTO:\IETER. See 
" Photometry and Illumination," 
 (33). 
PRESSED GLASS, :\IANUFACTURE OF. See 
" Glass," 
 (18) (vi.). 
PRESSURE (AXD TE.:\IPERATURE), corrections 
to refractometric measurements. See 
" Spectroscopes and Refractometers," 
 (17). 
PRINCIPAL FOCI. See" Objectives, Testing 
of Compound," 
 (1); also" Lenses, Theory 
of Simple," 
 (3). 
PRI
CIP AL POINTS AND PLANES OF A LEKS. See 
" Objectives, Testing of Compound," 
 (1) ; 
also" Lenses, Theory of Simple," 
 (5). 
PRISM (OPTICAL). For formulae governing the 
refraction of light by a prism see " Spec- 
troscopes and Refractometf'rs," 
 (2) et 
seq.; for adjustments see 
 (7). 
Defects of, see" Goniometry," 
 (3). 
PRIS
I SPECTROGRAPHS, 'V AVE - LENGTH 
l\IEASUREME
TS WITH. See" "Tave-Iengths, 
The :\Ieasurement of," 9 (5). 
PRIS:\'IS, POLARISIKG, NICOL AND OTHER FORl\IS 
OF. See" Polarised Light and its Applica- 
tions," 

 (10) and (11). 


PROJECTION APPARATUS 

 (1) GE
ERAL.-Projection apparatus may be 
broadly defined as apparatus in which a source 
of light is associated with an optical device to 
produce localised distant illumination. 1\lost 
light sources send out light more or less 
equally in all directions, and it is evident. that 
if an optical device can he employed to bend 
the rays all into one direction, it should be 
possible to increase the volume of light passing 
in that direction enormously, and so ensure 
a degree of illumination at a great distance 
in that direction only, which would be equi- 
valent to the illumination produced by the 
naked source alone at points comparatively 
near to it. 
If the theory of projection apparatus is to 
be understood, it is necessary to investigate, 
first, the general theory of illumination, and 
secondly the theory of optical devices for 
bending the ray paths. 
 ow the broad 
principles underlying hoth these are quite 
simple, and yet there is the profoundest 
ignorance as to the limitations of projection 
apparatus amongst otherwise well-informed 
people; such ignorance, for instance, as caused 
numberless inventors in all seriousness to 
propose that airships could be set on fire 
by concentrating the rays of a 
earchlight 
upon them, The olJject of this article is to 
explain the broad principles underlying the 
theory and practice of projection apparatus 
in the simplest possible way. 


To begin with the theory of illumination; 
this obviously involves the measurement of 
brightness, and though accurate measurements 
in the laboratory are made "ith the aid of an 
instrument called a photometer, yet this is 
only a mechanical device to assist the eye, 
Ultimately the eye is the instrument that is 
used to compare one brightness with another, 
and the essential theory of iHumination can 
best be discussed from the point of view of 
what the eye sees at any given point. 
To be exact, no human eye can verify the 
illumination produced by a source of light 
at any given point of space; it can only 
form an estimate of the tot.al amount of light 
energy from that source passing through the 
iris aperture, .which has very definite though 
variable size. 
For results to be strictly comparable, 
therefore, a "hypothetical eye" must be 
assumed with a small fixed iris-opening, 
capable of examining and estimating the 
illumination produced by the brightest sources 
without fatigue or dazzle, It will also be 
convenient to assume that. this" hypothetical 
eye" has an infinite capacity for seeing detail 
so that it would recognise the shape of even 
the most distant. sources, In what follows 
the term "eye" will be used as signifying 
an organ with the
e extended powers, 

 (2) DEFINITION.-It is desirable at the out- 
set to get rid (,f that meaningless abstraction 
a ., point of light." There is no such thing as 
" a point of light." Light cannot be obtained 
except from an incandescent source of definite 
and measurable size, and the theory of illumina- 
tion can never be understood until this element- 
ary fact has been clearly grasped, Light. is a 
form of energy which is emitted from incan- 
ùescent surfaces. Any particular surface will 
only emit visible light when raised to a certain 
minimum tf'mperature; and aftpr that 
tempprature has been passed, it will emit 
more and more light as the temperature is 
raised. Surfaces made of diff('rent materials, 
but otherwisf' identical, when raised to the 
same temperature will usually emit quite 
different amounts of light per second. 
The t('rm "intrinsic brightness" is usually 
applied to the measure of this light-emissive 
power per unit of area of surface, and it is 
generally quoted in candle-power per sqnarf' 
inch. 
The fundamental fact on which the whole 
theory of illumination dependR is that each 
element of any surface raised to a uniform 
temperature, and emitting light in conspquence, 
appears always of the same brightness at 
whatever angle or from whatever distance it 
is viewed. Thus a uniformly bright surface 
appears to the eye simply like a flat sh('et of 
brightness having a certain definite" apparent 
size and shape." 1;"01' the sake of cleanwss 
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the "apparent size Rnd shape" for any 
"view point" may be defined as the actual 
siZOe in square inches and shape of a flat sheet 
which, when placed one foot from the eye 
\\ith its plane perpendicular to the line of sight. 
exactly obscure
 the incandescent gource or 
appears to coincide "ith it in shape and size 
as seen from that" view point." 
It follows that the illumination produced 
at any point is proportional to the "intIin- 
sic hrightnesa" of the incandescent surface 
and to its "apparent size," since 2 square 
inches of flat gIo" ing surface at 12 inches 
distance must produce double the illumination 
of 1 square inch of surface glo"ing "ith 
e4.ual brightnf'ss at the 
ame distance. 
The unit of illumination is known as a 
fnot-candle and is tbe illumination produced 
by an incandescent sheet of unit "intrinsic 
brightness" at a point at which it has unit 
" a pparen t size." 
Again, the same sheet raised to a higher 
temperature "ill appear brighter: in fact, the 
"intrinsic brightness" of any particular 
material is a measure of its 
tem pera ture ; bu t differen t 
substances raised to the same 
temperature will glow "ith 
different brightnesses. The 
illumination produced, how- 
ever, at any given standard 
distance can be made the same 
by increasing the size of the 
le
s bright material so as to compensate for its 
smaller ,. intrinsic brightness," 
"
hile, however, the illumination produced 
by a large gently glowing sphere may be of 
exactly the same intensity as that produced 
by a tiny intensely hright sphere, yet the two 
source
 act rery differently when associated 
with an ortical deTIce for projecting a beam 
localised in a certain direction. 

 (3) OPTICS OF ILLV::\IIXATIOX.-It is the 
peculiar function of optical de"rices that 
they can entirely aIter the apparent shapes 
and sizes of sources as seen from certain 
directions, but thev can never make them look 
brighter. Owing L to transmission losses- 
colour in glass, or imperfect reflective power 
-they may make the Rouree look less bright. 
but the variation in intensitv of illumination 
produced in certain directio
s by an optical 
projector is simply due to its capacity to 
make the source look larQ:er or smaller in those 
directions. Thus, an' incandescf'nt sphere 
S (Fig. 1) placed behind a pIano-convex C0n- 
denser may appear when seen through the 
lens L as of appan'nt size E instead of e, 
which would be the apparent size of the 
source as seen through a thick plane plate of 
glass in pla{'e of the lens L. The hrightness 
of the source as sef'n thromrh thf' parallel 
plate is e
actly the same as the hrightl1f':')s of 


the magnified source when seen through the 
lens instead of the parallel plate, and thi:i 
brightness is necessarily slightly less than the 
brightness of the naked source, owing to 
absorption and transmission losses in passing 
through the glass. 
From the foregoing it is evident that there 
is a very definite limit to the intensity of 
illumination that can be produced by any 
projector of gÏ\"'en size using a source of given 
"intrinsic hrightness." The very highest 
efficiency for such a projector i'3 that the 
whole front ,yindow or aperture of the pro- 
jector, as seen from a distant point, shall he 
filled (or flashed) "ith the "intrinsic bright- 
ness" oi the source. This is termed a 
" complete flash," 
'Yhen only certain parts of the front 
aperture are seen as of the same ,. intrinsic 
brightness" as the source (less ordinary 
transmission losses), then the projector is said 
to afford a " partial flash." This latter term, 
it should be noted, applies not only to systems 
Ieavin
 dark patches in the front aperture, but 


FIG. I. 


also to systems in which certain areas of the 
front aperture are seen filled \\ith a colollred 
flash, due to the "partial flashing" of certain 
primary colours causing such constituents to 
be absent in those areas. 
It will be noted tbat the condition for a 
" complete flash" "ill be satisfied if the ray 
directions traced from the eye through every 
point of the optical system are so bent and 
deflected that they all concentrate on to the 
source. Since a distant view point iR assumed. 
such rav directions form a system of practically 
parallef lines at tbe project
r. It will be seen, 
therefore, that for maximum efficiency" ith 
a source of minimum size the optical system 
must be de
i,gned to bend parallel ray direc- 
tions, so that they all pass through, 01' at 
least extremely near to, a fixed point termed 
the" focus." 
If then a small source be placerl at that 
" focus " there will be one direction in which 
a relatively pow-erful beam "ill be projected. 
If, however, a source of the same ('andIe-power 
but Tl-u-th the arparent 
ize. as seen from 
the projector, be placed at the "focus" of 
the same projector, since its "inhinsic 
brightnesFI" must be 100 times as great to 
make it the same canrlle-pow-er, the beam 
projected will be 100 times as po" erfl1], 
always prm-ided the projector is efficient 
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enough to afford a ,. complete flash" in both 
cases. If, hO\\ ever, the second source be 
increased in size while remaining of the same 
"intrinsic brightness," no increase in the 
illumination produced in that particular 
direction "ill take place as a result of such 
increase in size, hmn:>\Ter great it may be, 
because the same-sized optical system affords 
a " complete fla
h " in either case. 
It will naturally be asked, "'Vhere then 
does all the increased light energy go to, if 
the intensity of the beam remains unaltered 
when a source of much greater candle-power 
is substituted?" The answer is that the 
beam projected fills a greater angle, so that if 
thrown on a distant white screen it will 
afford a "light patch" of bigger area. For 
all view points on the screen at which the 
optical system affords a "complete flash," 
the illumination produced will be the Rame, 
whether the source be large or small, always 
assuming the same" intrinsic brightnpss" for 
the source. 
It is convenient to invpstigate projected 
beams by noting the shape and general 
intensity of the "light patch" projected 
on a distant white screen, and so it will make 
the argument clearer if the projected beams 
are considered in terms of the" light patch" 
received on a perfectly efficient white screen 
placed at some definite standard distance 
from the projector-a distance that shall 
be very large in comparison with the size 
of the projector. At whatever angle it is 
viewed, such a screen would make the hright- 
ness of the ., light patch" at any point alwaya 
strictly proportional to the illumination pro- 
duced at that point by the projector. Each 
element of such a screen covered hy the 
" light patch" would act like a self-luminous 
surface and send out light equally in all 
directions. 
If, instead of the flat screen placed at 
standard distance from the source, a large 
hollow spherical screen of some definite 
standard si7.e be imagined. extending all 
round the source with the source at its centre, 
it will be seen that the optical projector, 
whatever it is, can only make use of the light 
energy represent cd by the complete spherical 
"light patch" cast by the original source 
on this spherical screen. 'Vhatever light 
the optical sYRtem can intercept and bend in 
the required direction will be removed from 
the light falling on one part of the sphere 
and added where it is wanted. The most, 
therefore, that any optical system can do 
is to bend the rays of light in such a way that 
all the light energy spread. over the whole 
sphere by the naked source is concentrated 
so as to fall only on one small portion of it. 
E\ idently, therefore, while optical projectors 
may he designed to produC'e relatively intense 


illumination from sources of small canrlIe- 
power, yet the an
ular size of the beam 
projected under such circumstances can only 
be very smalL 
If the source were a glowing sphere the 
illumination produced hy it in every direc- 
tion would he the same, and if it were de- 
sired to produce from such a souree by 
optical means a circular " light patch" one- 
thousandth of the area of the complete 
spherical surrounding screen (this would 
correspond to a heam having a scmi-angle of 
ahout 31 0 or a total angle oi divergence of 
about 7 0 ), then it would naturally follow that 
the most that could be expected would be that 
the intensity of the projected beam would 
everywhere be one thousand times as great 
as the intensity due to the naked source alone. 
It would follow, therefore, from what has 
gone hefore that the front aperture of the 
projector must have at least one thousand 
times the "apparent size" of the spherical 
source as seen from the screen, since it is 
only by increasing the "apparent size" of 
the source by optical means to fill this a per- 
ture that the increase in illumination can be 
o btainerl. 
It is always imposRi ble to collect from all 
round the source, and it is generally only 
convenient to collect from a comparatively 
small fraction of the total area of the sur- 
rounding sphere. Twenty-five per cent of the 
complete sphere, or 50 per cent of the hemi- 
sphere, for instance, is quite good for a 
searchlight. If this percentage only be col- 
lected and it is desired to include just the 
same angle in the projected beam as before 
(viz. 70), then it would only be possible to 
get one-fourth the light in the beam using the 
same imaginary spherical source and designed 
as before for "complete flashing." This 
projector, therefort", would have to have half 
the previous diameter; or if the sa me 
illumination were desired filling the same 
angle, then the source 'assumed to be of the 
same "intrinsic brightness" would haye to 
have four times the area, i,e. have twice the 
diameter. 
'Yhere the optical system is symmetrical 
about an axis, the "angle of collection" is 
quoted as the angle of the right circular conf' 
formed by the extreme rays collected by the 
projector. 
To sum up, therefore, from the foregoing 
general considerations, it will be seen that if 
the type of source is given (e,g. acetylene flame, 
oxyhydrogen limelight, electric arc), in other 
words, if the " intrin
i[' brightness" is given, 
then the required intensity in the heam can 
bp secured by haying the projector big enough. 
On the other hand, a \\ ide angle of divergence 
in the beam will be secured either by collecting 
the light from as large an angle as possible 
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or by employing a source of a
 large a sizp as 
possible. Keither of these two latter condi- 
tions, ho"Wevpr, affpcts intensity. "hich is 
solely a question of making the front aperture 
as large as possible; it being always assumed 
that the optical system is equally efficient 
in every case as regards its ability to afford 
a " completp flash." 
Again, if by any means the "intrinsic 
brightness" can be increased fouriold, then 
exactly the same beam hayi.ng the same 
intensity and including the same angle can be 
projected by using a projector one-half the 
diameter in conjunction "ith a similarly 
shaped source only half as large (its total candle- 
power being the same, since it is assumed to 
have four times the" intrinsic brightness ") : 
hy increa
ing thp .. intrinsic brightness" 
sixteen times, the whole apparatus could be 
made one-quarter the diameter and yet give 
the same intensity "ithin a bpam of the same 
angle, and using a source of the same candle- 
power. 
As these general considerations are very 
important, they will be again summed up 
in the following manner. The factors involved 
in the projection apparatus are: 
A. The" intrinsic brightness" of the source. 
B. The size of the source measured by 
area, or its apparent size, at standard distance, 
C. The fraction of total energy of source 
collected by the projector. 
D. The size of the projector, which must be 
measured by the area of its front aperture. 
The resultant" light patch" projected has: 
I. Size measured by its arpa. 
II. Intensity measured by its brightness. 
If one factor alone be varied, "hile the others 
are kept constant, it may be said: 
Yarying A causes II. only to vary propor- 
tionatelv. 
\T arying B 
causes I. only to vary propor- 
tionately. 
y aryin
 C causes I. only to vary propor- 
tionately. 
Yarying D 
causes II. to increase and I. to 
decrease proportionately to increase in D. 
It should be noted that in the above the 

ame efficiency for the projector is always 
assumed. that iq to say, it neerl not afford 
" complete flashing" i; every case, provided 
it always affords the same percentage of its 
front aperture flashed. It" ill be shown later 
that it is very difficult to incrpase the angle 
of collection 
f a projector without lowering 
its efficiency, so that when C is '
aried a fresh 
factor is introduced which modifies the allove 
result. 
* (4) PROJFCTIO:\ ÅPPAR.\Trs.-The study 
of projection apparatus is nm\ seen to in- 
voh-e the sturly of the flashing of incandescent 
source'S as viewed through optical deviccs. 
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The directions in which the eye sees things 
through an optical system can be ascertained 
mathematically by what is termed "ray 
tracing," since at eyery point of reflection 01' 
refraction in the optical system the change of 
direction follows knmHl la" s. If. therefore, 
a distant view point be taken and all possible 
ray directions emanating from it be traced 
through the optical s
'stem, then for well- 
designed projection apparatus they should, 
after being so traced through the optical 
system, come, if not to a true point focus, 
yet to a very high degree of concentration 
near the " focal point." 
If the ray directions from a distant point 
on the axis of an optical system, traced through 
that optical system, ali converge to a "point 
focus," then any source, however small, 
which includes that" point focus" "ithin it, 
will be seen from that distant point as 
completely flashed. That is to say, an 
extremely diminutive source placed at the 
.. focal point" would send a very pow-eriul 
beam along the axis, though it would naturally 
have an extremely small angle of diverfIence. 
This "point focus," however, is impossible 
of attainment. though the ray directions do, 
as a matter of fact, come to a rem.arka bly 
high degree of concentration at the focus of 
well-designed and "ell-made apparatus. If 
the smallest possible sphere be described 
surrounding what may be termed the" focal 
point" so as just, and only just, to indude all 
the convergent rays, either intersecting it or 
just touching it, then this may be termed the 
" focal sphere." 
\Yhen the source actuall
 employed in 
projection apparatus is not larger than the 
"focal sphere," "partial flashing" alone is 
possible, and the theory is rather more 
difficult; also it is extremely difficult to get 
uniform brightness in the" light patch." 
In the great majority of casps it is desired 
to project a beam which shall he symmetrical 
about an axis. and the op
ical system employed 
is also symmetrical about an axis. In faet, 
the diffic
ulty of making optical devices which 
are not symmetrical ahout. an axis i
 such 
that when unsymmetrical beamR are wanted 
they are usuaÌl y obtained by combining a 
symmetrical optical s
-stem with a 
uita hI). 
shaped source. 
Optical systems symmetrieal a bout an axis 
(in future termed "symmetrieal projectors" 
for shortness), howeyer complicated thpy 
may be and however often the rays passing 
through thpm may be bent or reflectf'd, have 
the following yery interesting properties 
which are of great value in elucidating the 
theory of their use for projeetion purposes. 
If a ray PR (Fig. 2) dra"n parallel to the 
axis SF of a sJ mmetrical projector bp traced 
through the optical system, it must always 
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on emergence intersect the axis at S0111P point 
F. Again, if the finally pmergent ray bf' 
produced backwards to meet the linc of the 


R P 
'/;- 1 
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incident ray in R, then the" apparent 'width " 
of any small source (measured perpendicular 
to the axial plane PRF) as seen through the 
projector from P will always be the same 
as the "apparent width" of the naked 
source as seen directly from R (taking width 
again to refer to directions perpendicular to 
the axial plane PRFt 
The "apparent height" of the source as 
seen from P may be either magnified or 
minified by the optical system as compared 
with the "apparent height" as seen from 
R; but all that can be said for certain is 
that the angular value of the width of any 
small source as seen from P through the 
optical system is exactly the same as the 
corresponding angular width of th
 naked 
source as seen from R; the whole" apparent 
shape" is similar, but possibly distorted, either 
drawn out or compressed in the direction of 
the axial plane containing the" view point." 
If P be a point on the front aperture of the 
projector, then the" light patch" which would 
be projected if the whole front aperture were 
masked off except a tiny element at P would 
obviously have thf' same" apparent shape and 
size" as the "apparent shape and size" of 
the source as seen from P through the projector. 
But this is similar to, and of exactly the same 
angular width as, the "apparent shape and 
size" of the nakpd source as seen from R. 
If the projector is to afford a "complete 
flash" throughout the wholp of the projected 
beam, every such element of the front apert.ure 
must project a " light patch" which shall be 
coincident with that afforded by the complete 
projector. 
Hence, there are two conditions to be 
satisfied for" complpte flashing" throughout 
the entire projected beam: fin
t, that the 
parallel ray directions such as PR must for 
all zones of the projector converge to one 
definite "point focuf:!" F; secondly, the 
" apparent width" of the source as seen from 
every such point as R must be constant, i.e. 
the length RF must be constant for all zones 
of the projector. 
The point R is conveniently termed the 


"equivalent bending point" for the ray PR, 
and all such points" ill lie on a surface coaÅial 
with the optical system. This I:;urface may be 
termed the " equivalent bending surface." 
From the above it is evident that the two 
conditions to be satisfied by any projector 
designed to afford "complete flashing" 
throughout the whole of the projected beam 
are: first, that ray directions emanating 
from a "point focus" shall all be rendei'ed 
accurately parallel to the axis; secondly, 
that the "equivalent bending surface" for 
such rays shall be a sphere having thc " p.')int 
focus" as centre. 

 (5) DETAILED CONSIDERATION OF USEFUL 
SOURCES.-It has already been madp dear 
that the only way to increase the intensity 
of the beam pr9jected from really efficient 
apparatus of given size is to incrpase the 
"intrinsic brightness" of the source; and 
hence, sources of the highest possible "in- 
trinsic brightness" must be chosen for pmverlul 
projectors. 
The subjoined table gives thf' "intrinsic 
brightness" of some well-knmvn sources III 
candle- power per square inch : 


Paraffin flame (enclosed in glass 
chimney) . 
Acetylene flame (burning in air) 
Incandescent oil (petroleum) with 
mantle 
Ordinary tungsten filament (in vac11O) 
Oxy-acetylene with pastille (in Messrs, 
Chance's projectors) 
Tungsten filament in argon ( .65 
watt per candle) 7,,300 
Tungsten arc or " Pointolite". 12,000 to 16,000 
Tungsten filament in argon (.4 watt 
per candle) 
The crater of ordinary carbon arc 
The sun at noon, summer, in British 
Isles . 
The sun at zenith 


10 
36 


340 
960 


4,,300 to 5,700 


17,000 
11O.UOO 


600,000 
1,000.OuO 


These figures indicate how hopeless it is 
to expect to do anything in the way of 
projecting bcams which the eye can see at 
considerahle distances in bright daylight eÀ- 
cept by using an arc lamp or a very highly 
ovprrun (so-callen) half-watt electric lamp. 
The obvious difficulty in the case of the 
lattpr source is the awlnvardness of the shape 
of the filament. This can, however, be wound 
as an exceedingly close Rpiral coil, anrl RO he 
madf' equivalent to a continuous incandcscent 
cylinder. 
The illustration (Fig. 3) is from phot o - 
graph
 showing an actual incandescent filamcnt 
eight t.imes natural Rize, wound so as to form 
two such incandpscent cylindrical shapes with 
axes parallel and very close together. 
Both thp "Pointolite" and the tungRten 
filampnt lamp are subject to the grcat dis- 
advantage that the glass containing bulb has 
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to be very large in comparison with the 
dimen"ions of the source itself. This places 
a very definite limit to the possible proximity 


FIG. 3. 


of any optical device used for projecting a 
beam from the source. Consequently such 
sources can only project beams of small 
divergence, unless " partial flashing" is 
resorted to and the projector made un- 
necessarily large. Another disadvantage is 
that when used with a reflector placed behind 
the source the glass containing bulb practically 
acts like an opaque body to the reflected beam, 
and so the only effective part of the reflector 
consists of the outer annnlus, the beam from 
which just clears the bulb. 
9 (6) THE PARABOLIC REFLECTOR.-The well- 
knmvn property of the parabola, viz. that rays 
An, Bb, Cc, Dd, etc., drawn parallel to the 
axis FX (Fig. 4), are reflected at the curve so 
a A 
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as to pass through the focus F, makes the 
parabolic reflector the most obyi.ous optical 
element to employ for projecting powerful 
beams. 
In\-entors of special projection devices, 


howe\Ter, have tended to O\Terlook two 
important considerations, the first being that 
a parabolic reflector with a true point focus 
is a pure mathematical abstraction, and any 
commercially produced parabolic reflector has 
a .. focal sphere" 1 of very definite and 
appreciable size. 
The second is that the parabolic reflector 
only satisfies the first condition for affording 
a "complete flash" "ith an abruptly defined 
margin; the second condition, \Tiz. that the 
"equivalent bending points" 2 shall all be 
equidistant from the focus, is obviously not 
satisfied by any parabolic reflector haTIng any 
a pprecia hIe ,. angle of collection." 
Thus, O\\Ïng to the rapid increase in the 
focal distances to the points of reflection, as 
the vertex of the mirror is departed from, any 
parabolic reflector used in conjunction "ith a 
source larger than its "focal sphere" will 
project a beam in which the marginal zones 
will be weak. 

 (ï) THE PARABOLIC REFLECTOR A...
D ELEC- 
TRIC HEADLIGHTS FOR l\IOTOR-CARs.-There is 
a particular type of projector, however, for 
which the parabolic reflector used in conjunc- 
tion with an electric incandescent lamp is ad- 
mirably adapted, viz. the motor-car electric 
headlight. 
'Yhat is wanted here is a very wide angle 
beam, but of very much greater intensity 
within a central narrow angle as compared 
with the intensity of the marginal portion 
of the projected beam, and this kind of dis- 
tribution is easily obtained from any parabolic 
reflector ha ving a very large .. angle of 
collection." For motor-car headlights the 
"angle of collection" is so large that, as 
shown in Fig. 4, the only light not collected 
from the source pas
es out from the front 
aperture of the lamp and forms part of the 
useful wide angle beam. 
The" equivalent bending surface" 3 i.
 the 
surface of the parabolic reflector, and the focal 
rnstances aF, bF, cF, dF vary enormously; 
in fact, with the angle aFa' equal to a right 
angle, the length aF is necessarily nearly seven 
times as long as the focal distance of, and 
the whole front aperture aa' is necessarily 
more than 9! times this same focal distancE. 
But the gla
 containing bulb of the electric 
lamp used has got to go inside the reflector, 
and thiR sets a very definite limit to the 
smallness of Fo, and 
hen('e to the po
ibility 
of keeping down the size of powerful headlights 
of this type. 
To keep down the size. designers have 
arranged to place the source low down in 
the bulh, comparatively close to the cap, 
thereby increasing the percentage of light 
lost on the cap and also that lost due to 
1 For detlnition see 
 (4). 
I Ibid. a Ibid. 
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reflections from the bulb, the reflection on going 
slantwise through the walls of the bulb being 
much greater than the reflection when going 
perpendicularly through it. This reflected 
lig
lt, however, is not entirely lost to the beam; 
some of it goes to augment the wide angle 
beam, partly directly and partly indirectly, 
after undergoing a second reflpction at the 
paraholic reflector, as shown in Fig, 4. 
Starting from 0, thprcfore, and going round 
the source, it will be seen that first there is 
a fairly large angle over which the light 
energy is ahsolutely lost on the cap; then there 
is a zone in which the light energy which gets 
through the bulb on to the reflector undergoes 
reflection at the parabolic mirror, followed 
by glancing reflection on the electric bulb. 
This ultimately gets added to the wide angle 
beam, hut it contributes an entirely negligible 
quantity either to the central intense beam, 
or to the relatively fairly powerful beam that 
should closely surround it. It is only when 
the zones at c and b are considered that a 
relatively powerful beam results, since the 
angle within which the projected beam lies 
is so 8mall in comparison with the angle 
around the source from which the "light 
energy" is collected. 
It will, of course, be understood that with a 
source having an "intrinsic brightness" flS 
high as 9fiO candles per square inch, anything 
approaching a "complete flash," even confined 
to the vpry centre of the beam, is entirely 
out of tlJe question. A "complete flash" 
in a lO-inch headlight would mean a candle- 
power in the projectcd beam of more than 
37,000, even if the efficiency of reflection be 
assumed as one-half. This would produce an 
illumination equal to full moonlight at a 
distance of well over a mile. No effort is 
made, therefore, to confine the filament close 
to one " focal point," nor is the reflector made 
very accurately so as to afford a very small 
" focal sphere." 
As the bending of the rays in this case is 
done by pure reflection only, the" light patch" 
projected by each portion of the rC'flector is 
identical in "apparent shape and size" with 
that of the source as seen from the correspond- 
ing part of the reflector. The ray directions 
drawn in Fig. 4 correspond to the centre in 
each case of the "light patch," which will 
obviously be the sum total of a lot of thread- 
like twisted shapps corresponding to all the 
different views of the filament as seen from 
a, b, c, etc. 
Obviously the zone at (t is responsiblp for 
a narrow angle beam, that at b for a wider 
angle beam, and so on in the inverse proportion 
of the focal diRtances (I F, bF, etc. 
Commercially ohtainahlp reflpctors do not 
cause rays emanating from a "puint focus" 
F to form a parallel bC'am after reflection. 


They ha,-e small errors of shape" hich cause 
the ray directions to varv within small 
limits, and provided these 
limits are kept 
\\ ell within the angular value of the central 
intense beam (about fiO) no real harm result
. 
These irregularities simply further confuse the 
superimposed images and cause the reflectors 
to be less sensitive to displacements of the 
source from the theoretical focus. 
Defective shape is not rpsponsible for the 
poor performance of many electric headlights 
seen on the road, but ilnperfect focussing, or 
location of the source altogether outside thp 
true "focal sphere. " Displacement of the 
source in an axial direction may result in a 
hnllow beam, there being no light from the 
reflector in the central part at alL 
Displacement of the source perpendicular to 
the axis, causing an excentric po.;;itioll of the 
filament, affords an extremely unsymmetrical 
" light patch" with a very big halo all an one 
siùp. 
To take a concrete instance: an ordinary 
candle-power for the bulb of a lO-inch electric 
headlight is 24. Allowing for light lost on 
the cap, the parabolic reflef'tor can be design('d 
to collect about 70 per cent of the total light 
energy emitted, and under fair average condi- 
tions it can be assumed to reflect 40 per ccnt 
of this. Thus, about 2R per cent is transmitted 
to the beam, and if one-q uarter of this i
 
accounted for by the central 7 0 wide beam, 
and the remaining three-quarters by the 
wide angle beam up to a limit of 40 0 on eithcr 
side of the axis, it can be asserted tha,t the 
candle-power in the central beam will average 
about HmO, and the mean candle-power in 
the wide angle beam will he about 32, as pro- 
duced by the reflector. to which, of course, 
must be added the 24 due to the naked source, 
making a total mean candle-power in the wide 
angle beam of 3fi. This rer>resents quite good 
practice. From the figure quoted for the 
candle-power corresponding to a complete 
flash in a lO-inch headlight it will be seen that, 
even in the most powerful part of the beam, 
this 10-inch headlÜ.rht will onlv afford. about 
5! per cent of a
 "complet
 flash." The 
dazzle effect of such an intensely bright source 
as the incandescent filament is responsible 
for the illusion t.hat the ,vhole apf'rture of 
a good electric headlight is fillf'd with a 
"complete flash" '" hen viewed axially from 
in front. By looking at- it with a good 
telps('ope, proYided "ith an optically wOl'kpd 
dark glass, it ,,,ill he found that only t\\Ìsted 
thread-like lines of brightness are seen on 
tllP surface of the reflector. 
The elpctric headlight, therefore, with para- 
bolic reflector is an example of a projector 
with a quite large "focal sphere" affording 
only very" partial flashing," with a compara- 
tively open spiral coil of incanclesccnt filament 



PROJECTIOX APPARATUS 


521 


confined, when properly adjusted, within the 
"focal sphere." The parabolic reflector is 
carried out to include an " angle of collection" 
of something like 2-10 0 to 270 0 , and the large 
fol'\\ ard end of the reflector is responsible 
for the intense narrow angle central hearn, 
the micldle zones for the less intense beam 
immediately surrounding it, and the back part 
of the reflector behind the bulb is responsible 
only for scattered light, forming in association 
with the naked source and reflections from the 
glass containing bulb the marginal "ide angle 
beam. 

 (8) THE P AR_\BOLlC' REFLECTOR AXD 
ELECTRIC SE-\RCHLIGHTs.-Searchlights form 
perhaps the most typical instance of projection 
apparatus, since it is the function of a search- 
light projector to produce the most powerful 
distant illumination in a predetermined and 
controlla ble direction. 
To do this a source of the highest possible 
intrinsic brightness has to be employed, used 
in conjunction with a hif!hly efficient parabolic 
reflector, made as large in aperture as possible, 
and of as high an efficiency as possible. 
This means the combination of an arc light 
with a glass parabolic reflector silvered on the 
back according to the plan shown in Fig. 5, 


FIG. j, 


The carbons C, 0' are shown disproportion- 
ately large, but it "ill be noticed that the 
parabolic reflector is carried out to an " angle 
of collection" of ahout 1
()0, and this enables 
fully 70 per cent of the total light energy 
emitted by the arc to be collected by the 
mirror. There is no practical advantage to be 

ained by trying to exceed this "angle of 
collection," even if such a mirror could be 
made to stand the heat of the arc. The 
negative carbon (1' has its conductivity 
artificiallv increased, and is ma(Ie as small 
in cross-
ection as pos:;:.ible, so as to keep its 
central shadow, bb' on the mirror, of minimum 
size, and for the same rea
on the arc is made 
as loni as is practicable. 
To obtain the great intensity rC(Juired hy 


modern searchlights, the diameter aa' of the 
front aperture is made in some cases as large 
as 60 inches, but the difficulty of grinding 
and polishing, with the necessary accuracy, so 
large a parabolic shape is so great that there 
is a tendency for such large projectors to 
. give disappointing results in comparison "ith 
the more usual size of 36 inches. The standard 
focal length for a 36-inch mirrer is 17 inches, 
and this corresponds to an angle of collection 
of 110 0 . A useful source to employ "ith such 
a mirror would be an arc having a Ii-inch 
diameter positiye carbon, rated to consume 
150 amps. at 60 yolts. The brightest part 
of the crater on such a positive carbon would 
be limited to a diameter of less than ! inch. 
"
ith a source of this size. it would mean that 
the central zones of a perfect parabolic 
reflector nearest to it would project a beam 
of about 1
0 and the outer zones a beam of 
about !O angular divergence. The central 
crater would have an intrinsic brightness of 
about 100,000 candles per square inch. The 
mean spherical candle-power within the 
angle of collection of such a source "auld be 
about 18,800 candles, and if the u'hole aperture 
of the mirror u'ere fla8hed u'ith the intrinsic 
brightness of the crater the resultant candle- 
power would be more than 100 million. :But 
this 100 million is reduced bv o"hstructions 
such as the negatiye carbon a
d the carbon 
supports and holders. It is also reduced by 
the losses on going thrc1ugh the mirror, the 
colour of the glass, which is quite important 
in such large mirrors, and the imperfect 
reflective power of even the best glass sih-ered 
surface. It is also necessary to protect the 
arc from the effects of \, ind; and to do this 
the front of the projector is 
lazed "ith 
parallel strips of glass. This gives rise to 
furthf'r light lo
ses, and, taken in the aggregate, 
it can be demonstrated that in actual practice 
such transmission losses cannot be less than 
40 per cent, and may very well be considerably 
more. 
This would give a ma:rimum possible inten- 
sity of 60 million candles in the projected 
beam, provided the diameter of the focal 
sphere afforded by the mirror \\ as really 
considf'rably less than the half-inch which 
is the appro:\imate diameter of the intense 
central crater on the positi\-e carbon. Such 
accuracY, however, is not attained in practice, 
and in 
 conseqnence the wholc unobstructed 
aperture of the projector is not filled "ith a 
flash corresponrling to the central crater, but 
parts of it arc flashed "ith a brightness 
corresponding to the surrounding glo," ing 
carbon, "hi('h is rery much le88 bri
ht. Local 
errors in shape increase the divergence of the 
projected heam. In practice they ahout 
double the valuf" of the ma:\imuIU divergence 
already obtained from purely theoretical 
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considerations, and further reduce the intensity 
of the brightest p3,rts of a carpfully focussed 
beam to something like 30 to 40 million 
candle'S. Imperfect focussing may still further 
reduce the intensity ('If the projected beam, 
and correspondingly increase the divergence. 
As a matter of fact an intensity of 60 million 
candle-power for a 3ß-inch searchlight has 
been actually exceeded in practice, by employ- 
ing specially treated carbons for which an 
intrinsic brightness of 
OO,OOO candles per 
square inch baa been attained. 
It is often stated that the high figures 
quoted for the candle powers of searchlights 
are meaningless, because the candle-power is 
so completely dependent on the state of the 
atmosphere. Since candle-power represpnts a 
rate at which light energy is sent out from a 
source per unit of solid angle, it can have 
nothing to do with the state of the atmosphere. 
These fallacious notions are all due to the fact 
that it is not practicable to compare a search- 
light with the 30 or 40 million candles to 
which (in a predetermined direction and at 
sufficiently great distances) it is undoubtedly 
equivalent, whatever the state of the 
atmosphere. 
The state of the atmosphere only comes in 
when the illumination produced at a very 
great distance from a searchlight is compared 
with the illumination produced quite close 
to a small standard source. I t would he 
very much better if manufacturers of search- 
lights would give definite guarantees as to 
what the actual size of the" focal sphere" 1 for 
their mirrors was, under running conditions, 
and also their transmission losses. These 
readily measurable quantities give the best 
criteria for com paring the efficiency of one 
projector with another, quite apart from arc 
efficiency. 
Another fallacy to be disposed of in connec- 
tion with searchlights is the oft - repeated 
statement that the ideal really aimed at is a 
perfectly parallel beam projected from a point 
source, The idea is that such a beam would 
afford constant illumination at all distances, 
and the divergence of the beam of any practical 
searchlight is taken as a measure of its ineffi- 
ciency, because it leads to the falling off in 
illumination according to the inverse- square 
law. 
It is evident that any e.fficient projector 
must produce a complete flash at all useful 
long ranges, and hence as the range in any 
predetermined direction is increased, the 
falling off in illumination must follow prf'cisely 
the same laws as would hold for the equivalent 
candles of that flash, whatevf'r atmospheric 
conditions prevaiL 
Constant illumination from a parallel beam 
at varying rangf's requires the use of a source 
1 For definition see 
 (4). 


suitably focussed and sufficiently small to 
afford a partial flash of constant "apparent 
size." This involves carrying partial flashing 
to an absurd limit. 
In all that has gone before, the r
nge has 
been assumeù to be great in relation to the 
size of the projector; In fact, the whole tllPory 
has been bu
It. upon the assumption that the 
distant view points considpred are such that 
ray directions from them form a system of 
practically parallel rays over the "hole front 
aperture of the projector. 
Searchlight projpctors, however, are so large, 
and the sourcps used in them so relativply 
smalJ, that it is quite easy to take fairly 
distant view points, the ray directions from 
which form an appreciably divergent system 
when taken over the whole aperture of the 
projector. Obviously, the theory breaks 
ùown as soon as the departures from parallelism 
are such that a percentage of the rays, when 
" traced" through the projector to the source, 
miss the source altogether instead of enùing 
upon it. 
The" focal sphere," however, corresponding 
to such fairly distant view points is practically 
identical in size with the true" focal sphere" 
corresponding to very distant view points: 
hut its position is displaced towards the view 
point by a very smaH amount.. 
Thus, an the characteristics of the "light 
patch" on a far distant screen can be repro- 
duced on a much nearer screen simply by 
focussing, i.e. by displacing the position of the 
source by the necessary small amount to 
correspond "ith the displaf'ed position of the 
" focal sphere." 
For all ranges outside 1000 yards the focus- 
sing displacement for a 36-inch projector is 
negligible, but to focus on an object at 400 
yards' distance requires slightly less than 
:l
-inch focussing displacement of the arc. 
Thus, the figure of 30 to 40 million candles 
found for the beam fr9m a 36-inch searchlight 
still holds for comparatively !leal' view points 
if the carhons are properly focussed, but in 
this case the beam, leaving the lip of the 
projector as seen by the operator, may very 
well be convergent. 
The beam taken as a whole, howpver, is 
not convergent, for the rays cross over after 
pas
ing the point focu
sed upon, and form a 
rapidly divergent beam corrC'sponding to 
partial flashing at all really distant view points. 
As regards the angle of the beam actually 
projected by practically useful searchlights 
for long-range work, it usually lies between 2 0 
and 3 0 , and anything less is not of very much 
use for searching for objects even at extreme 
ranges. At thrC'e mile
 range the light 
patch produced by a 3 0 beam is about 800 feet 
in diameter. For comparatively ne
r ranges, 
however, this angle of divergence gives too 
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small a width to the light patch projected; 
consequently, ,-ertical cylindrical eleménts are 
fitted to the front "indow of the projector. 
The beam tra,-ersing these cylindrical elements 
is spread out evenly in a horizontal direction 
so that the horizontal angular width of the 
beam is greater than the vertical angular 
\\idth by the di\-ergence due to the cylindrical 
lenses. The cylindrical elements may have a 
divergence of as much as 30 0 , and if this were 
applied to a 3 0 beam the resulting intensity 
"auld naturally be reduced to at least a tenth 
of its normal value. Instead of affording a 
complete flash, each cylindrical lens would only 
show a vertical strip one-tenth of its width 
flashed: the position of the flashed strip mov- 
ing across each cylindrical lens from one side to 
the other as the view point traverses the beam. 

 (9) THE PARABOLIC REFLECTOR A:XD 
ELECTRIC SIG:S ALLI:SG LA:\lPS. - "'ha t is dC'sired 
in a signalling lamp is to direct an intermittent 
beam from a person A to a person B so that 
\\ hi Ie B receives a series of flashes as few 
other people as possible shall receive them. 
Obviously everybody in the line Þ_B pro- 
duced who has an unobstructed view of A 
must see the flashes, but if the beam projected 
has a very small di,
ergence, few people 
outside the line AB may see anything of the 
signalJing. At first sight this would appear to 
call for the perfectly parallel beam aff\1rding 
a "light patch" equal in size to the front 
aperture of the signalling lamp. It is not 
so, however, because A who is sending the 
signal has to aim his beam at B by means of 
some sighting device, and it is impossible 
to aim a beam with mathematical accuracy. 
"'hen all the possible errors in the lamp 
are taken into account-errors due to a 
slightly displaced source-personal errors of 
the man misjudging his aim-errors due to 
the uncertainty of the precise location of B 
and vibration effects due to wind, etc., it 
\\ ill be found that a certain definite though 
quite small angle of divergence in the beam 
is required (possibly only 10). If the signalling 
lamp instead of being damped to a stand is 
held in the hand, and so aimed, it will ha\'e to 
afford a very much wider angle of divergence, 
say 4 0 , and if it is to be used as a hand lamp 
on board ship or on aircraft it must have an 
angle of di\'ergence of at leaRt GO to be sure 
of keeping B \\ithin the flash. 
For such a lamp, a so.called half-watt 
electric bulb (tungsten filament incandescent 
in argon) is a very convenient source. This 
must be worked at a very high efficiency if 
any c(,nsiderable range is to be afforded in 
daylight. .... 
As would he expected, there is an upper limit 
to the size the projector can have, and if a 
parabolic reflector is to be used it must only 
be carried out, a
 i."1 Fig. 6, as far as the 


latus rectum. That is to 8ay, the source 
(which is at the focus F) must be in the plane 
A.A' of the front aperture, as the folJowing 
consideration will show. 
It has been shown that the front edge AA' 
of the reflector projects the narrowest beam, 
and with a spherical source the apparent 
size of the " light patch" projected from this 
front edge is the same as the" apparent size" 
of the spherical source as vie\\ ed from any 


--- 


--- 


Ä 
FIG. 6. 
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point on it. This app?rent size is greatest 
when AF is least, i.e. if the diameter AA' is 
given, F must be in the plane of the circle AA'. 
Of course, thp incandescent filament cannot 
be wound so as to simulate a continuous 
incandescent sphere, but a "ery close axial 
spiral coil (two such coils being shown in 
Fi"g. 3) will do, if its diameter is made large 
enough to afford the necessary minimum 
angle required for the signalling beam, and its 
length be made long enough, so that the vie" 
of the coil as seen from the inner edge BB' of 
the annulus actually used for flashing the 
signal, shall just not show any black centre 
due to looking right through the axial in- 
candescent cylinder formed by the filament. 
For reasons already pointed out, the parabolic 
cap BB' is practically useless owing to the 
obstruction presented by the bulb CO'. 
For larger and more Po\\ erfnl signalling 
lamps the electric arc is the best source to 
employ on account of its ,ery high intrinsic 
brightnes
; and electric searchlights, especi- 
ally in the smaller sizes, are fitted \\ ith shutters 
. whereby the beam can be almost instantane- 
ously occulted so a
 to permit of their b('ing 
used as daylight signalling lamps, 
Since the outer edge AA' of the reflpctor is 
twice the distance from the source that the 
vertex is, there ia a tendency for the beam 
corresponrling to completp tlashing to be half 
the angular \\ idth of the whule beam project('d. 
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Such a condition is wasteful since the signalling 
beam should be equally intense all over, within 
the limits imposed by aiming considerations, 
and of zero intensity outside that Jimit. To 
secure this, howevf'r, it has been shown that 
it is necessary that the "equivalent bending 
surface" 1 (which in this case is the parabolic 
reflector itself) shall be a sphere wit.h F as 
cen tre. 

 (10) THE 
L-\
GI
 :\hRROR FOR HEAD- 
LTGHTs.-The )[angin mirror is shown in Fig. 
7, and is a good example of an optical element 
where the" equivalent benrling surface" 1 for 
parallel axial rays can he made approximately 
spherical with the focus as centre. 
Rays At Bt, A 2 B 2 , A3 B 3 , etc. (Fi'g. 7) 
parallel to the axis Ao Bo Co are refrackd at 
the first surface B), B 2 , B 3 , etc., the outer 
rays being very much more strongly bent 
outwards than the inner ray
, in such a manner 


A 1 


A 2 


A3 


Ao 


F 


:FIG, 7. 


that after reflection at the hack of the lens 
mirror at the points C t , C 2 , C 3 , f'tc., they pass 
almost normally through the first refracting 
surface again at points Dt, Ð 2 , Ð 3 , etc., i.e. 
they concentrate after reflection to a point F 
not far removed from the centre of the first 
surface. An examination of Fig. fj will show 
that the "equivalent bending surface" 
determineu. by the points Rt, R 2 , R 3 , etc., 
approximates to a sphere with F as focus. 
It is not surprising, therefore, that such a 
lens mirror affords an extremely abruptly 
defined" light patch" when used in conjunc- 
tion with any sman axial disc source with its 
plane perpendicular to the axis of the lens 
mirror. The" apparent size" of the "light 
patch" projected is the same as the" apparent 
size" of the disc source as viewed from the 
vertex Ro of the" equivalent bending surface." 
(This is situated on the axis somewhere within 
the central thickness Bo, Co of the lens mirror.) 
1 :For definition see 
 (4). 


.For maximum efficiency it is neces::;arv to 
design the lens mirror so
 that Ro is as 
ear 
to the focus F as the aperture of the mirror 
permits. As in the case of the parabolic 
reflector, maximum efficiency is only attained 
by contriving that the plane of the front edge 
ß t , B't of the mirror should contain the focus 
}', but this is not practicable. It is easy, 
however, to make the angle D], F, Dt' as big 
as 130 0 or even 140 0 , and still afford an 
extremely well-defined "light patch" from 
any small flat source, and the loss, of cour::;e, 
is not great, because, unlike a spherical source, 
the flat disc source sends out less and less 
light at any considerablf' inclination to the 
axis; in fact, an infinitely thin flat disc source 
would send out no light perpendicular to the 
a
is because, when viewed in that direction, 
it has no "apparent size." The u8eful 
" angle of collection " of 140 0 is too great for 
such- sources as acetylene flanU's, I
Oo being 
about the limit of safe working owing to the 
tendf'ncy of the hot gases rising from the 
flame to crack the edge of the mirror. The 
combination of a :Mangin mirror, however, 
with an " angle of collection" of about 120 0 , 
and a good flat acetylene flame at its focus, is 
a very effective piece of projection apparatus 
for projecting a wide angle beam of uniform 
intensity. "Cntil the introduction of the 
electric headlight, this was the combination 
most in favour for motor cars. A lens mirror 
with a 10-inch flashing aperture would afford 
a candle-power in the Learn eorre!:.ponding 
to "complete flashing" of 1700, assuming 
60 per cent reflective efficiency, and with a 
36 candle-power flat circular flame, i.e. of 
1 square inch in area, and an "angle of 
collection" of 120 0 for the mirror, this will 
be spread over a total angle of nearly 13 0 in 
the projected bealn. 

 (11) THE :l\IANGIN :l\IIRROR FOR SIG
ALLING 
LA:\lPS.-As has already been shown, signalling 
lamps require to project a much more powerful 
beam than motor-car headlights and confined 
to a much narro" er angle. The acetylene 
flame has to be discarded, therefore-, and 
something like a "complete flash" afforded 
with a Mangin mirror used in conjunction 
with a high - efficiency tungsten filament 
incandescent in argon. The condition to be 
satisfied is that everywhere within the narrow 
angular limits imposed for the signalling 
beam the ray directions traced from the 
observer's eye through the ::\langin mirror to 
the focus shall terminate on incandescent 
filament.. 
For an axial "view point" any annular 
zone of the Mangin gives a cone of rays which 
accurately concentrate to a point on the axis. 
The variation of the position of this point is, 
in a ,\ e-H-designed ::\langin mirror, very small 
indeed, though not small in relation to the 
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dimensions of a really closely-wound incan- 
descent coil of reasonably small candle-power. 
The smalle::;t po::;::;ible electric source that will 
give a "complete flash" for an axial view 
point of any particular ::\Iangin mirror is there- 
fore seen to be a closely-wound axial coil 
surrounding that short length of the axis 
\vithin which the "focal points" for all the 
different zones of the mirror lie. 
In such a case the angular limit of the 
beam is determined by the" apparent size" 
of the diameter of the coil as seen from the 
vertex of the "equi\yalent bending surface" 
(a point situated somewhere within the central 
thicknes
 of the mirror). 
It should be noted that, as has already 
been shown, the flash is not complete except 
in the annulus surrounding a central area 
equal to the diameter of the electric bulb, 
and this useful annulus must be ::;uch that 
from no point on its inner edge shall it be 
possible to look right through the incandescent 
cylinder formed by the source. 
A well-designed )Iangin mirror with a 
small axial coil conforming to the above 
condition affords the most efficient portable 
signalling lamp for daylight work, as the 
{oll()win
 considerations will show. 
A suitably designed 
Iangin mirror of ö 
inches clear flashing aperture and with 130 0 
"angle of collection" can be manufactured 
so that its '- focal sphere" I is less than .05 inch. 
Thus with such a mirror an axial coil .1 inch 
long and .04 inch diameter will afford a 
"complete flash" in it. The coil when 
viewed from its Ride has the "apparent 
shape" of a rectangle'l by .04 which equals 
in area .004 square inch. 
Assuming an "intrinsic brightness" of 
15,000 this would gi\ye a candle-power of 60, 
which can be quite safely confined within a 

-iiJ.ch-diameter containing bulb. This means 
that an annulus having an area of over 25 
square inches will be flashed \\ith an " intrinsic 
brightness" of say 9000 (allo\\ing 60 per cent 
transmission efficiency for the mirror), and a 
maximum candle-power in the beam of over 
2
3,OOO will be obtained. Thus it is evident 
that a well-designed small electric signalling 
lamp can be made greatly to excel the 
intensity produced by a relatively much larger 
motor-car electric headlight. 
9 (12) THE ::\L-\.:XGIX :\lIRROR FOR SEARCH- 
LlGHTs.-From the table of " intrinsic bright- 
nesses" already giyen, it is e,ident that, even 
when full allowance is made for the effects of 
bulb obstruction!':, an oxy-acetylene projector 
would have to be made about twice as large as 
a high-efficiency projector with half-watt focus 
electric lamp, t,.J afford the same range. In 
spite of this disadvanta
e as regards the 
relati\yeiy low" intrinsic brightnes!':," the oxy- 
1 For definition see 
 (4). 


I "acetylene-cum-pastille is found to be a \yery 
useful source for larger units starting at 12 
inches in diameter up to say 2 feet in diameter, 
for the reason that when a total candle-powe1' 
in the source of about 130 to 200 is exceeded, 
all the essential conveniences of the electric 
incandescent filament lamp begin to disappear. 
It is the great advantage of the 
Iangin 
mirror that the surfaces are spheres and these 
can be polished true to shape with extreme 
accuracy. It is quite impossible to polish a 
parabolic shape to the same accuracy. That 
is why for the smaller units, where the thickness 
of the glass does not matter, the 
IanÇ!in mirror 
is preferred to the glass parabolic reflector. 
Taking a medium size of 20 inches in 
diameter, it is easy to design a :Mangin mirror 
of this diameter with an angle of collection 
of about 127 0 whose '- focal sphere" 2 (after 
making full allowance for colour dispersion 
and errors of manufacture) shall be less than 
. 2 inch. 
This 20-inch mirror used in conjunction 
with a pastille '8 inch in diameter would 
(assuming GO per cent for its transmission 
efficiency and .3000 candle-power per square 
inch for the intrinsic brightness of the pastille) 
afford a beam whose maximum intensity 
would exceed 940,000 candle-po\\er, and whose 
angle of divergence would be nearly 50. 
Âs has already been pointed out, howeyer, 
for the largpst and most. powerful signalling 
lamps the electric arc must be used, and 
though the :Mangin mirror is a convenient 
optical element to employ for the smaller 
projector, for the 2-t.-inch sizes the thin glass 
silvered para bolic reflector is the most efficient, 
and from what has gone before it is eyident 
that a beam ha \ying a maximum intensity 
of something like 13 million candle-power 
sh(mld be given by a 24-inch searchlight, 
e\yen after making allowance for the obstruc- 
tion due to the shutter employed for 
ignalling, 

 (13) THE CO:XDE:XSER I...Exs.-'Yhen a lens is 
used to bend the directions of ray paths rather 
than to produce images, it is termed a "con. 
denser lens." Such condenser lenses usuallv 
consist of very deeply curved plano-conve
 
lenses, either taken singly or in pairs, with 
their flat surfaces outside and their curvC'd 
surfaces adjacent, Fig. 8 shows the mc.re 
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FIG. 8. 


usual sections of single, dou hIe, and triple 
condenser lenses \\ ith their as!':ociated foci 
F I , F 2 , F3. 


I For de1inition see 
 (4). 
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In each case, howe\-er, ray directions drawn 
parallel to the axis are not bent to a true 
,. focal point" or even anything approximat- 
ing to a point, but the outer rays are more 
strongly bent than they should be, with 
the result that in every case the condenser 
system is found to possess a 'Comparatively 
large focal sphere. l 
In fact, a 4-inch diameter single condenser 
lens having an angle of collection of only 
öO o would have a focal sphere of .4 inch in 
diameter as contrasted with a ::\Iangin mirror 
which could be made of the same mameter 
with double the angle of collection and having 
a focal sphere of only ,03 inch. 
For this reason a condenser lens is a bad 
and inefficient optical device for projecting 
a powerful beam of moderate divergence from 
very small bright sources, 
Railway signals, hmvever, afford a good 
example of the successful employment of 
simple condenser lenses giving wide angle 
beams of moderate intensity from relatively 
large and low-intf'nsity flame sources. 
The condenser lensf's fitted to pocket flash- 
lamps are not in any sense focu,::sed, and 
as their flashing is so imperfect, they hardly 
fall within the category of projection apparatus. 
One of the most important uses of condenser 
lenses, however, lies in connection with the 
projection of images of transparent objects on 
a screen. 
9 (14) LA5TERN PROJECTION OF IMAGES ON 
A SCREEK.-The less usual form of lantern 
projection, viz. the projection of solid opaque 
objects in their natural colours, will be 
considered first, because it is the simplest in 
theory (though the most difficult in practice). 
For the sake of simplicity it will be assumed 
that a sheet of perfectly white paper is laid 
horizontally at AB (Fig. 9) on which perfectly 
black letters are printed. The lens C placed 
at a suitable focal distance vertically above it 
will, in conjunction ,vit-h a 45 0 mirroreD, project 
an image A'B' of AB on to a vertical screen as 
indicated. 
The 4;"jO mirror is needed, because otherwise 
the image projected would be laterally inverted 
and the letters would be unreadable except 
from behind the screen. 
The image will only be visible if AB be 
sufficiently strongly lit and the room be 
darkened so as to shut off all extraneous 
light frolTI the screen A'R' except that coming 
from the lens C. 
To illuminate AB sufficiently strongJy, two 
sources Sand S' may be imagined placed on 
either side of it and as close to it as possible, 
giving an average illumination on AB of 
20,000 foot candles. 
A good "angle of colJection " for the lens 
C would be 14 0 , which corresponds to a lens 
1 For definition see 
 (4). 


of 12 inches focus" ith an aperture of 3 inchl'8 
diameter. 
Since a hemisphere of 12 inches radius has 
an area of 905 square inches it is evident 
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that if the perfectly white parts of AB scatter 
all the light received equally in all directions, 
the flash in the lens C corresponding to E uch 
a white part will have an "intrinsic bright- 
ness" of 20,000/90.3 candles per square inch 
if no transmission losses are assumed. 
Now if the area illuminated on the screen 
is one hundred times the area of All, then the 
apparent diameter of the flash seen in the lens 
from A'R' will be one-tenth the "apparent 
diameter" of the aperture of the lens as seen 
from AB, i.e. it will be .3 inches diameter at 
12 inches' dist.ance. The area of a .3 diameter 
circle is about -0707 square inches, and if a trans- 
mission efficiency for the lens C and mirror D of 
60 per cent be assumed, the illumination of the 
screen A'R' corresponding to perfectly white 
parts of AB is seen to be 12,000/90.3 x (.0707) 
foot candles. 
This is equal to about .94 foot candles, and 
shows how poor the result is, even with an 
illumination of 20,000 foot candles at AB. 
For projecting a transparent object, how- 
ever, the illuminant can be used in a much 
more economical manner; for if a source S 
(Fig, 10) in conjunction \\ith a condenser P 
(usually two pIano-con vex lenses arranged as 
in the figure) be so arranged on the axis of the 
projector lens C so that the image of the 
source produced by P is concentrated within 
the lens aperture, it is obvious that any 
transparent object placed between C and P 
"ill, from the point of view of the image of S 
within the lens aperture, show its clear parts 
as of the same "intrinsic brightness" as the 
source S (as seen flashed in the condenser P). 
Hence, a lantern slide placed upside down at 
AB, and so that any lettering on it is readable 
from the same side of it as the condenser P, 
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"iJ1 be projccted by the lens C so as to be 
the right way up and "ith readable lettering 
provided the focal planes are properly adjusted. 
But in this case the brightness of perfectly 
transparcnt parts of AB is the "intrinsic 
bri
htness " of the source S as flashed in the 
co';denser lens, which, of course, is very much 
greater than that of any illuminated white 
sheet. 
The superiority of the illumination obtained 
by this method of projection is so great that 


FIG. 10. 


only when very large magnifications are 
attempted are lenses of large aperture ,vith 
the most intense sources needed. 
Such a case, however, is furnished by the 
cinematograph projector, where a picture 
approximately the size of a postage stamp has 
to be magnified so that its area is increased 
more than forty thousand times. This, of 
course, calls for the most intense source 
available, viz. the electric arc. 

 (15) THE CI
E!\IATOGRAPH PROJECTOR,1- 
Since the cinematograph projector must be 
placed in a fire-proof 
cham bel' at the back of 
the building, its distance 
from the screen is neces- 
sarily great, and in 
modern picture - houses 
90 feet is quite usual. 
Taking this distance of 
90 feet, the width of the 
picture shown should be 
at lcast 17 feet, which 
is 218 times the width 
of the film picture and 
requires the projector 
lens to ha ve a focal 
length of about 5 inches. 
A rapid projector lens of this focal length 
might be assumed to have a clear aperture of 
I} inches. Thus, the film picture is actually 
smaller than the lens used for projecting it, 
and its area is barely four times that of the 
crater of the arc used as the illuminant. 
Lantern slides have been standardised, so that 
a 41-inch diameter condenser will easily cover 
them, and though the problem of the cinemato- 
graph projector is so different from that of the 
ordinary lecture lantern, yet hitherto the same- 
ai.led condenser lenseq have always been used. 
1 See article" Kinematograph." 


Fig. 11 is drawn correctly to scale one- 
tenth actual size, and the upper view shows 
the general nature of the beam projected by a 
double pIano-convex condenser P of 4 inches 
clear aperture from the crater of an arc S 
! inch in diameter placed 3 inches behind 
the rear surface of the condenser P, producing 
a minimum cross-section in the beam at AB 
(termed the "waist "), of 
1
 inches in diameter, 12 
inches in front of the con- 
denser. The ]m\er view 
shows the beam lea ving 
the aperture AR, also the 
beam leaving the lens C 
when these are interposed. 
The lens C for project- 
ing the image is shown 
diagrammatically, indicat- 
ing the clear aperture of 
the lens elements available 
for transmitting the beam. 
The aperture of the extreme rear lens D nearest 
the gate AB is assumed to be Ii inches and 
situated 4 inches in front of AB, the total 
length of the lens C being assumed as 2 inches. 
It is necessary that the "waist" should 
have a diameter so much in excess of that 
required to cover the film picture because 
of the tendency of the arc to shift its 
position in a variable and uncertain manner; 
also the illumination of the marginal por- 
tions of the "waist" cannot be made as 
bright as the more central portions. 
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It is evident that in no other position 
in the beam can the film be so intensely 
illuminated as when situated at the" waist,;' 
and this position ensures that all except the 
marginal parts of the film picture receive a 
" complete flash" from the condenser. 
Consider a sma]] pinhole placed centrally 
at AB on an otherwise opaque film. The 
beam from the condenser P pa
sing through 
this pinhole "ill cover a Ii-inch diameter 
circle on the b'1ck lens D of the projector 
lens, and hence will all be collected and 
transmitted to the screen, If the pinholl' 
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be displaced away from the centre, the circular 
area intercepted hy the beam passing through 
it on to the hack lens D moves a way from the 
centre so much that a position is very soon 
reached in which the projector lens C fails to 
collect all this light, so that some of it is 
lost. This los
, however, only affects the 
marginal portions of the picture. 
On the screen the central pinhole will be 
shown as a white spot, whosc diameter will 
be 218 times that of the pinhole. Since all 
the light passing through the conùenser P 
to this pinhole also passes through the 
projector lens C to the screen, it follows that 
the apparent diametcr of the flash seen in the 
lens C from the screen must be 
t-g- of the 
apparent diameter of the flash seen in the 
condenser lens P from the film picture AB. 
Thus the illumination of the centre of the 
screen, in this case corresponding to the whitest 
parts of the picture, is that produced by a 
circle 
1"S" inch in diameter (i.e. '0002G4 
sqnare inch in area) at a distance of 1 foot, 
shining "ith an intcnsity of the intrinsic 
brightness of the arc as reduced by the 
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from ordinary lantern projection than the cine- 
matograph projector. Obviou
ly if the linear 
magnification aimed at is, say, .')00 times, the 
object enlargerl can only be vcry small. But 
since the apparent diameter of the fla
h as 
seen from the screen in the projector lens is 
only ] /500 of what it is as seen from the 
object in the condenser lens, this class of work 
caHs for a big angle of con vergence from 
condenser lens to the image of the arc on the 
object, and a correspondingly big angle of 
coHection for the projector lens em.ì11oyed. 
The image of the arc produced by the con- 
uenser lens need not be large, especiaHy in 
view of the fact that the field covered by a 
wide aperture projector lens is small. Conse- 
quently the arc need not be placed so close 
up to the condenser as in cinematograph 
projection, and a good microscope objective 
serves very well as a projector lens. The arc 
not being close up to the condenser makes 
it possible to use an elaborately designed 
condenser which win afford a complete flash 
of the hottest parts of the crater even for the 
large angle of collection of a good-quality 
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transmission losses of the whole projector 
system P and C and the film at the "gate" 
A B. The mean "intrinsic brightness" of 
the fla
h may easily faU below 35,000, allow- 
ing fur the obstruction of the negative carbon 
and parts of the condenser not being flashed by 
the intense central crater of the arc. Multiply- 
ing this figure by the above area of .000264 
square inch the illumination of the screen is 
obtained expressed in foot candles, viz. 9}. 
This result, however, neglects the effect 
of the shutter employed to cut off the beam 
whilst changing from one picture to the next. 
The shutter is periodically interposed where 
the beam passing from the lens C to the screen 
is narrowest. This occurs at the image EF 
of the aperture of the condenser P in the 
lens C, and in the case under consideration it 
would be ahout 6 inches in front of it. 
The period of occultation makes the effective 
illuminatiop on the screen at the most only 
60 per cpnt of what it is with the film stationary 
and the shutter open. Thus with an ordinary 
carhon arc 3 inches behind a 4-inch diameter 
condenser the illumination on the screen 
corresponding to perfectly transparent parts 
of a moving picture should he 5! foot candles. 
This would give a good bright picture in a well- 
darkened room. 

 (Iß) PROJECTION OF 
h(,ROS(,OPIC OBJECTS. 
-This is simply one stage further removed 


FIG, 12, 


microscope objective. This condition is not 
satisfied by ordinary condensers, and this 
explains why the satisfactory projection of 
highly enlarged views of microscopical subjects 
involves the careful design of the condenscr 
as well as the projector lens used in conjunction 
with it. 

 (17) SCALE - READING PROJECTIO
 FOR 
SENSITIVE I
STRUMENTS. - Under this head 
must be classed sensitive galvanometers, and 
all instruments where the angular rotation of 
the recording element in the instrument is 
used to make a mirror turn through an angle 
and so cause the image of an illuminated 
mark to move through a relatively large 
distance on a screen with the Ipast possihle 
moment. of inertia in the moving parts of the 
instrument. 
The most usual arrangement is shuwn dia- 
grammatically in Fig. 12, and consists of a 
source S placed behind a condenser lens C, 
so placed that the image of the source (or 
more correctly the "waist" of the heam 
projected from S by C) falls on the concave 
mirror 1\1, which is necessarily made exceed- 
ingly thin and of minimum weight, while a 
thin opaque vertical line traced on the flat 
side of C forms an image of itRdf on thp 
scale L (supposed perpendicular to the planf' 
of the paper). The condenser lens C and the 
scale L are generally placed equidistant from 
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the mirror )f, whose radius, therefore, is made 
equal to the scale distance from mirror :\1 to 
scale L. 
Thu$ a round spot of light is received on 
the scale screen L ,\ ith a fine vertical line 
traced across it. This round spot is the image 
of the flashed condenser lens produced by 1\1. 
As usual, howeyer, the question of contrast, 
or illumination at L, is Lest settled by placing 
the ,. eye" there and noting what it sees, 
ObYiou
ly, for maximum efficiency the wholp 
of the mirror )1 must be seen as flashed with 
. the .. intrinsic brightness" of the source for 
any point adjacent to the image of the 
vertical line and as completely not flashed at 
all for "view points" on this margin. The 
latter condition can only be satisfied if the 
mirror ::\1 is accurately w
rked to the spherical 
shape and the width of the line on C not too 
fine to allow for the aberrations of the mirror 
when used at a slight inclination to true normal 
incidence, The former condition, however, is 
only satisfied if for all " view points" on the 
surface of the mirror )1 the line on C is seen 
against a hackground of incandescent surface. 
'Yith small electric 
battery lamps and simple I L 
condenser lenses this 
condition is ne'"er eyen 
remotelv fulfilled, and 
all that
can be provided 
is that the be::;t and 
brightest part of the 
very coloured image of the incandescent fila- 
ment projected by the condenser lens C is 
focussed on the mirror :\1. Thus the eye at L 
sees a coloured flash in )1 the "intrinsic 
brightness" of which ig very much less than 
the incandeseent filament. 
A device for making sure of using the 
whole aperture of the mirror is to project 
on to L tllf' image of a straight portion of the 
incandescent filament formed by ::\1 and to 
dispense entirely "ith the condenser lens. 
In this case, prmTidpd only the mirror ::\1 is 
made accurately enough to concentra'te ray 
directions traced from 
 a point on L so th
t 
they all terminate on such an extremely 
narrow ohject (only a few thousandths of an 
inch) as the filament in a small electric lamp, 
maximum efficiency "ill be attained. This 
accuracy is not, however, possible with 
commercially obtainable thin gahTanometer 
mirrors, so that in this case, again, partial 
flashin
 alone is possible, and maximum 
efficiency cannot be attained. 
The best" av to insure maximum efficiency 
is to make th
 mirror )1 (Fig. 13) perfectly 
flat on both sides, because in such forms they 
can be made much more optically perfect 
though very thin. The mirror )1 then simply 
functions as a device for turning the axis of 
the projected beam through an angle. 
YOLo IV 


The projector jor providing the inde
 mark 
focussed on the scale IJ, consists of a separate 
unit and is arranged on the plan of the 
cinematograph projector, hut using an electric 
lamp S as a f.ource. The incandescent 
filament" ound as a close spiral coil projects 
an exceedingly bright image of itself on to 
the vertical cross-" ire N, by means of the 
condenser lens P, and the image of the cross- 
"ire thus strongly illuminated '-'is projected by 
the achromatic objective C, so that after reflec- 
tion at )1, it focusses sharply on the scale L. 
The sharpness of the image received at L 
is dependent on the ability of the lens C to 
afford a complete flash of an exceedingly finE" 
cross-"ire at X. 
Achromatic objectives, howe,.er, are com- 
mercially obtainable which "ill satisfy this 
flashing test; and provided the mirror .:\1 is 
made accurately flat, this system makes it 
possible to get 
 clearly defined index mark on 
the scale 1.. affording sufficient contrast to be 
rpad even in a well-lit room in broad daylight. 
:l\Ioreover, the result is entirely unaffected by 
the angle turned through by the mirror, 
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FIG. 13. 


whereas a concave mirror has known and 
traceable aberrations for beams incident upon 
it at any appreciable angle to the normal or 
axial direction. 
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PROJECTIOX ApPARAT"L'S, 
involving the study 
incandescent sources 
optical devices, See 
atus," 
 (4). 
PROJECTORS, PHOTO::\IETRY OF, See" Photo- 
metry and Illumination," 
 (169) et .sqq. 
PrLFRIcH REFRACTO:\IETER: an instrument 
for the rapid determination of rdractiye 
indices of liquids or solids. See" Spectro- 
scopes and Refractometers," 
 (13). 
PrPIL: the circular aperture of the eye, 
See -, Eye," 
 (21). 
PrPILO:METRY: the art of measuring the size 
and position of the pupil of the eye, See 
" Ophthalmic Optical Apparatus," 
 (-1). 
PURIUXJE EFFECT, IXFL"LEXCE OF, on photo- 
metry of surfaces of low brightness. See 
" Photometry and Illumination," 
 (12-1). 
PYRAMID -\L ERROR: the departure from e
act 
parallelism of the edges of a prism. See 
" Goniometry," 
 (.")). 
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QUA
TUM, PLANCK'S CO:NSTA
T, VALUES OF, 
obtained by various methods and tabulated. 
Set> " Quantum Theory," 
 (7). 
QUA
TUM LalIT to a spectrum of X-rays. 
Planck's quantum relation states that the 
maximum voltage applied to an X-ray tube 
multiplied by the electronic charge is equal 
to the frequency of the shortest wave 
multiplied by Planck's universal constant, 
:l\Ieasuring the limiting wave-length the 
applied voltage can be {ound. See" Radio- 
logy," 
 (19). 


QUANTUM THEORY 

 (1) THE QU.-\.:NTU:.\l. - It has been found 
possible to account for many of the phenomena 
of physics by start
ng from the dynamical 
laws of Newton or the electromagnetic laws 
of :\Iaxwell, together with such extensions of 
them as relativity theory. Certain phenomena 
will not, however, fit in, and this in a way 
that requires not merely a, modification of 
those laws, but some fundamental revolution 
in our view of nature. The revolution has 
not yet been made in that no one has suggested 
any scheme which should cover both the dis- 
crepant phenomena and the classical mechanics, 
but the quantum theory constitutes a first step. 
At present this theory is hardly more than a 
working rule, but its wide applicability guar- 
antees that it is leading in the right direction. 
The Quantum Theory is definitely contra- 
dictory to the laws of mechanics, and this 
gives an arbitrary quality to some of its 
applications, in that mutually exclusive ideas 
are borrowed from both sides and com binet!. 
Such a procedure would of course not be 
tolerated but for the fact that on the negative 
side its absolute necessity has been demon- 
strated and on the positive its use will give 
right results, There is now a considerable 
body of experience sho"ing in what regions the 
quantum is required and in what the classical 
mechanics will prove sufficient. The principal 
fields in which the quantum theory has 
achieved success are (in historical order): (1) 
Planck's theory of radiation, (2) Einstein's 
theory of the photoelectric effect, (3) the work 
of Einstein, Debye and others on the specific 
heats of solids, (4) Bohr's theory of spectra, 
much the most remarkable Of all. It has also 
been applicd, with only moderate success, to 
the problem (If the equation of state of gases. 
Here, while it explains the phenomena of 
specific heat quite well, the classical mechanics 
seem on the whole capable of dealing with the 
law of pressure. The kindred problem
 for 


which the classical mechanics appear to be 
adequate without the quantum are such as 
the diffraction, interference, dispersion, and 
anomalous refraction of light waves, the 
scattering of light by small particles and of 
X-rays by electrons, and such matters as the 
molecular theory of the viscosity of gases. 
The essential fact of the quantum theory is 
the existence of a certain universal constant, 
the quantum, discovered by Planck and de- 
noted by h. Its physical dimensions are 
mass x (length)2 x (time)-1, that is the same as 
energy multiplied by time (the "action" of 
general dynamics) or as angular momentum, 
Its magnitude is 6.5 x 10 -27 erg. sec. The 
rule for its use may be stated generally as 
follows. If a system can vibrate "ith a fre- 
quency of v vibrations per sccond, then the 
energy associated with this vibration can only 
be exchanged with other systems in quantities 
which are exact multiples of hv, Thus radia- 
tion of frequency v will he absorbpd by matter 
in amounts hv, and conversely if an electron 
radiates energy E the wave will have fre- 
quency Elk. This rule laeks precision and is 
inadequate for Bohr's spectrum theory (see 
below), but it covers all the other applications 
and they will show how it is to be interpreted. 
Of these the simplest is the photoelectric 
effect, and though it was not the first dcvelop- 
ment in order of time, yet it will be convenient 
to treat of it here first. 

 (2) PHOTOELECTRIC EFFEcT.-In the photo- 
electric effect] light falls on a metallic surface 
and electrons are in consequence emitted from 
the surface. Let the frequency uf the light 
waves be v, then according to the quantum 
rule the electrons come off with energy !lv, 
This is in fact observed to happen, though the 
effect is complicated by subsequent collisions 
which reduce the speed of thc electrons, and 
above all by the presence of an electric field 
at the surface which prevents their egress or 
reduces thl'ir emergent velocity. Thus the 
energy of none of the electrons is 0 hserved to 
be greater than /tv - Eo, and there is a minimum 
frequency Eolh for the light bl'yond which 
none are obtained. The energy of the electrons 
is quite independent lIf the intcm;;ity of thl' 
source of light, "hich only affl'cts their 
numbl'r. 
An enormously exaggerated photockctric 
effect is obtained from the X-rays, as thes<, are 
electromagnetic waves with fr<'quencics a hout 
:'5000 times as great as those of visible light. 
In this caRe the d<,ctrons are l'mitted with a 
very high w'locity and :Eo is insignificant. 
The con Vl'rsc proccss has also been u bservcd, 
1 See" PhotorlC'ctricity," Yol. II, 
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electrons falling on a surface with energy E average energy of this ,-ibrator is not kT, but 
give rise to X-rays and none of these have a f/(ef:/kT - 1). 
frequency greater than Elk. That lower fre- The formal proof of this expres
ion is a rather 
quencies are also observed is due to the fact complicated matter, deppnding as it does on 
that many of the electrons do not lose all their difficult considerations of probability. It "ill 
energy in a single step. In the hands of suffice here to deduce. it by analogy from the 
)Iillikan 1 this process has been made very case of classical mechanics, where the corre- 
successful for determining the value of h. sponding theorem can be fully established. 
It is hardly necessary to insist on the in- Suppose a system composed of a set of 
adequacy of classical mechanics to deal with vibrators, each of any frequency, which are 
the photoelectric effect. In the first place the capable of exchanging their energy say by 
effect would naturally be attributable to some means of a few freely moving molecules, 
sort of resonance, 
yhereas its character is which can collide "ith them. Except for the 
quite different. Also on the classical theory few moments when collisions are occurring, 
an electron should only be able to absorb each vibrator has a definite energy half kinetic 
energy which passed in its immediate neigh- and half potential, and every now and then 
bourhood, and it is easily calculated that for this energy is altered by a collision. If the 
feeble sources of light this energy is so small vibrator is observed for a very long time the 
that it would take years for the electron to energy "ill take on various values. but some 
accumulate the amount of energy which it in more frequently and for longer than others. 
fact e
hibits at once. Before the advent of The probability that the vibrator has energy 
the quantum theory attempts were made to I between E and E+ dE is defined as the fraction 
ovprcome this difficulty by a quasi-corpuscular of the total time during "hich its energy lies 
theory of light. Any such theory, however, between those limits. Then it is a demon- 
encounters the insuperable objection that the strable consequence of the laws of dynamics 
same light which produces the photoelectric that this P robabilit v has the value Ae-.L 'kTdE, 
effect can also exhibit interference and all the J 
where A is a constant that is readily deter- 
other phenomena which connote that it is 
extended in the form of continuous waves. mined to be IJkT. The average energy of 
""f.:, 
The combination of these two apparently the vibrator is therefore I E.Ae- E kTdE. The 
mutuallv eJ..clusive ideas of continuity and .0 
disconti
uity is typical of the quantum value of this expression when integrated 
theory. is kT, which is independent of E, and this 

 (3) PARTITIOX OF EXERGY.-For dealing is the theorem of the equipartition of 
with radiation and specific heats the idea of energy. But if, as in the quantum theory, 
temperature must be introduced and associated energy can on1y be taken up in finite units 
"ith the quantum. In this connection the the formula for the probability must be altered, 
fundamental question is that of the partition as E is no longer infinitely divisible, but can 
of energy, which may be stated as follows. only be a multiple of f. By analogy" ith the 
If a system of a large number of degrees of classical theory we therefore say that the 
freedom can be separated into parts, "hat "ill I probability of a vibrator "ith nf of energy is 
be the average energy of each of those parts? I A'e-nE1l.: T , where A' is a constant, provided 
It "ill be sufficient here to limit the generality that n is an integer, and is zero if it is not. 
to the case where the energy can be expressed By summing the probabilities of all possible 
as the sum of a set of squared terms. In this arrangements A' i
 seen to have the value 
case clas..::ical mechanics gives the answer that 1/(1- e- E kT) and the average energy is now 
every squared term takes on the average as found to be f J( eElkT -1). This is the partition 
much as every other, an amount lkT, so that 
a vibratory cÌegree of freedom (for which the formula resulting from Planck's theory. If f is 
energy is half kinetic and half potential) has small the expression reduces to kT the equipar- 
tition value, but for lar g er ,.alues of f there is 
kT. Here T is the absolute temperature and kT I 
1,.' the "atomic f!as constant," that is the less energy. If f is much larger than . '
. T le 
.. . . t l y e - EJ ^. 
ordinary gas constant divided by the number partItIOn amount IS approxlma e f , 
of molecules in a gramme-molecule. This is which is very small compared" ith kT. 
callcd the theorem of the Equipartition of This resuÌt has been obtained bv e
tending 
Energy. But the quantum theory gives a the fornl from the case where equipartition 
very different la\\ of partition and in HIP holds. An example will suffice to show the 
theory of radiation and of specific heats it is probability basis on which it really rests, Con- 
this other law that i
 important. AccordinQ sidpr a system compospd of four vibrator,;;. of 
to this law, if therp is a ,-ibrator in the system which two, A and E, can hold energy units f, 
which can onh? e)..chan!!e energy in finite unit
 while the othpr t" 0, (' and D, rpq uire units 2f', 
and if f h(' tÌ1C value. of thi
' unit, then the and suppose that the total enprgy of the sy
tpm 
1 
('e "Photodectricity," 
 (3), Yol. II. is 4f. The rule for the application of prob- 
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abilit
? is then that equal prohability attaches 
to every possible different distribution of the 
energy, in which no distinction is to be made 
as to the identity of the units of energy. Thus 
if a, band c, cl denote respectively units e Qn 
A, B and units 2f on C, D, then all the 
possible arrangements are: aaaa, bbbb, aaab, 
abbb, aabb, aac, aad, bbc, bbd, abc, abd, cc, dd, 
cd, and each of these is to be counted as 
equally likely. Then the average energy on 
A or B is i
f and on C or D is tif. This 
illustrates the tendency for the energy to 
go into the vibrations which have the smaller 
units. The same process carried out with large 
numbers leads precisely to the above partition 
formula. That the probability basis is correct 
is confirmed by the fact that in mechanics 
energy is infinitely divisible, and if that is taken 
to be so in the above work, then the ordinary 
equipartition formula results. 
Thus, since f has. the value hv, the con- 
seq uence of the quantum theory is that if 
a vibratory system has frequency v, and 
is at temperature T, its average energy is 
not kT, but 


hv 
;h -;(Æ't - 1 . 


9 (4) RADIATIO
.-It was in his study of 
the radiation problem that Planck discovered 
the quantum, and it was in the same con- 
nection that Poincaré demonstrated rigorously 
the inadequacy of the older mechanics. A 
very considerable amount can be discovered 
about radiation by the application of thermo- 
dynamics, a branch of physics that must 
certainly be considered more fundamental than 
dynamics. It can be shown (see" Radiation," 
9 (5), (ii.)) that there must be a universal 
formula describing the equilibrium of energy 
between radiation and matter in an enclosed 
space, and that this formula must be of the 
form 


1 
E À = À5f( XT) 


(this is \Vien's Displacement Law), where 
EAdX is the energy (isotropic) per cubic centi- 
metre in the Rpectral region between ^ and 
^ + dX, and T is the absolute temperature. All 
the thermodynamical conditions, however, are 
satisfied by any continùous function I, and 
so it is necessary to have recourse to othpr 
principles in order to find the form of I. [n 
making use of the quantum to find the radia- 
tion formula it will be therefore allowable to 
choose any specially convenient system, and 
the apparent artificiality of the one chosen 
,,,ill be without influence on the result, for 
thermodynamics guarantee that this must 
also be the general formula. 
The RYRtem chosen consists of a rcctangular 
box ",ith perfectly reflecting sides in which a 


, small piece of matter is placed. This matter 
will radiate until the radiation in the bo
 iR 
in temperature equilibrium with it, that is 
until the radiation is the "complete" or 
" black" radiation corresponding to the tem- 
perature of the matter. If the matter is now 
withdrawn the radiation will be reflected back- 
wards and forwards from the "aIls un- 
changeably, and can be easily ana lysed into a 
set of independent vibrations. The partition 
la w can then be used to assign the average 
energy in each vibration. 
Let the sides of the box be a, ß, ')'. Then 
the vibrations are described by means of the 
electric and magnetic forces, the typical ex- 
pression being 
X "" A l7rx . 1n7rY . n7rZ 2 (t ) 
... =
 lmn cos - SIn - ß SIn - cos 7rV + f , 
a ')' 


where i, In, n are integers. and v is the fre- 
quency. By examining the electromagnetic 
equations it is found that 
l2 'Jn2 n 2 4v 2 
-+-+-=- 
a 2 ß2 ')'2 (;2 
(c is the velocity of light), and that there are 
two independent vibrations for each 1, III, n 
corresponding to the two directions of polar- 
isation. Now each vibration can be repre- 
sented by marking the corresponding value 
l, lIL, n in a three-dimensional space. Then 
the number ('f vibrations for which v is less 
than V o is the same as twice the number of 
points marked inside the positive octant of 
the ellipsoid of semi-axes 


2av o 
-, 
c 


2')'v o . 
c 


2ß v o 
-- , 
c 


This number is 


87r V 3 
:
 aß')' ?-. 


The number of vihrations with frequencies 
lying between v and v + clv is found by differ- 
entiation of this, and is 
1I 2 d1l 
87r a ß ')' -- -. 
c 3 


By the partition law each of these has average 
energy in amount hv /( e hv , kT - I) and so the 
total energy in the box in frequencies bctween 
v and v + dv is 
87r a ' 1I2dr:. hv 
ßì c 3 eh,./I/l _ 1 


If V, dv is the energy per unit volume between 
v and v + dv, then 
11 2 hv 
V v = 87r ëã e hl'/k T--=--J' 


To C'hange into the more u
ual form with wave- 
lengths instead of frequencies it is only neceS- 
sary to apply the equations v =c/X and 
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U
dv =EAd\, and the result is PlanclW:! radia- 
tion formula 


E _ 8rrhc 
^ - 7\5(ehc/
T^ -I) . 
If the equipartition la\\ held, the formula of 
Rayleigh 1 would be given, viz. 
E _ 8rrkT 
^ - 7\4 . 


This formula is manifestly impossible as it implies 
infinite energy in the infinitely short wave-lengths. 
but it is ine\itablv deduced bv every method that 
is based on cla
i('
l mechanics: For
 the discu",sion 
of Planck's formula see " Radiation," 
 (6). Here it 
suffices to say that bv determining the k of his formula 
from experi
ents PÌanck obtain
d one of the E"arliest 
really good values for the Avogadro constant. The 
values for hand k as determined by recent experi- 
ments are giwn by h =G.35 x 10- 2 ; erg. sec. and 
k = 1.3ï2 X 10- 16 erg, deg, 
An attempt was made by Planck in his "
econd 
(Juantum Hypothe<;is" partially to reconcile quan- 
tum mechanics \\ ith ordinary mechani{'s by supposing 
that vibrators ab
orb E"nerg,y continuously, but emit 
it in units. This theory leads to the same radiation 
formula as the other, but when applied in other 
directions it secms on the whole to raise more 
difficulties than it puts to rest. There L" little doubt 
that no reconciliation in this way is possible, and 
most of the subsequent developments of quantum 
theory have proceeded on Planck's First Hypothesis, 
in \\ hich both emission and a bsorption are dis- 
continuous processes. 

 (5) SPECIFIC HEATS OF SOLIDs.-Before 
the advent of the quantum theory the problem 
of bpecific heats encountered great difficulty. 
For it is clear from the emission of spectra, etc., 
that there are at any rate a considerable 
num ber of degrees of internal freedom in an 
atom, and each of these should require its full 
share of energy on the equipartition principle. 
The quantum removes this difficulty in that, 
if the frequencies corresponding to 
 these de- 
grees are high, the partition rule "ill, at 
ordinary temperatures, require very little 
energy for them. Subject, then. to this new 
condition, the theory fits very well. Thus the 
specific heat at constant volume of a monatomic 
gas is simply due to the kinetic energy of 
translation of its atoms. For X atoms it will 
be 
kX. For most diatomic gases two 
further degrees of freedom must be added, as 
the molecule may rotate about two axes per- 
pendicular to the line joining its atoms; the 
specific heat is therefore .f!,kX. In solids 
the atoms must be supposed to have three 
degrees of potential energy as well as three of 
kinetic, and so the 
pecific hpat for X atoms 
. will now be 3kX. This is the law of Dulong 
and Petit-that the atomic weight multiplied 
by the specific heat i
 the same for all the 
elemen ts. X ow there a re certain well- knm\ n 


1. "Remark,;; npon. the J,:n\ of Complete Radiation," 
PIlll, J1(1(J., 1000 :\hx. 539. I 


exceptions 2 to this law; diamond has a specific 
heat far below the value it should have. It 
was also discoyered that all the other elements 
have much too low specific heat when the 
I temperature is very low; and conversely that 
at a temperature of 600 C. diamond is nearly 
normaL The elucidation of these facts ha
s 
been one of the successes of the quantum 
theory. It should be remarked that here" e 
shall only treat of specific heat at constant 
volume. This often differs considera blv from 
the observed quantity specific heat at c
nstant 
pressure, but if the compressibility and thermal 
expansion are known the one can be deduced 
from the other bv thermodvnaniics. 
The first attack on the problem "Was due to 
Einstein. Rubens had shown that such solids 
as rock -salt have a ,-ery strong absorption 
band for light in the far infra-red. This is to 
be attributed to the vibrations of the atoms 
in the crystal and tells us their frequency v, 
and so provides a means of applying the 
quantum partition rule. Instead of being 3kT, 
the a,-erage energy of an atom should be 
3hvl(eh'l kT - I) and so, by differentiating, the 
specific heat of :x atoms will be 
3( hv) 2e hv kT .. 
kT2(ehl kT _1)2
. 
This formula. represents the falling off of the 
specific heat at reduced temperatures, and 
vanishes at the absolute zero as it bhould, but 
at very low temperatures it gives values that 
are well below the e
perimentaL .An im- 
provement was made by the empirical formula 
of X ernst and Lindemann. "ho replaced half 
the expression by a similar t
rm invohing vl2 
instead of v. This represents the e
perimental 
results much better, but still gives low values 
at the ,-ery low temperatures; moreo,-er, 
there seems no theoretical reason for the l)res- 
ence of the octa '-e terms. 
The theory" as greatly impro,-ed by Debye. 
The atoms of the solid are not to be regarded 
as having a single definite frequency, but "in 
,ibrate according to a set of normal modes 
that can be calculated from the theory of 
elasticity. X ow if it were correct to suppose 
that the substance "as a continuous elastic 
medium, it would follow by a method similar 
to that already used in the radiation problem 
that the number of degrees of freedom of vibra- 
tion \\ith frequencies between v and v + dv was 


( I " ) 
4rr 3 + -; v 2 dv, 
a 1 a 2 
where a 1 and a 2 are respectively the velocities 
of transmission of longitudinal and transverse 
wa,-es. This number, of course, becomes 
infinite "ith v, but it is. obvious that there 
are really only a. finitp numher of degrees of 
I See" CaloriIllf'try, Quantum Tht'ory," Yol. I. 
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freedom-3
 for N atoms. Dcbye's method 
consists in supposing that all the freq uenC'ies 
below a certain value 11m occur
 and beyond 
these none. 11m is determined by the condition 
that there shall be only 3X degrees of freedom 
in all, that is by the equation 
:!71"V ( } + 
 ) 11m 3 =3:N, 
3 U l 3 U 2 3 
where V is the volume containing the K 
atoms. ..Applying the quantum partition 
principle, the energy is given as 
I 'vm 471"V ( 
3 + 23 ) h ./:
 11 2 dll 
. 0 u l a 2 e 
 - 1 . 
I '
'm Jtp3dv 
or 9
, 0 (e h" / kT _ 1)Pm3" 
The differentiation of this expression by the 
temperature gives the specific heat at constant 
volume. If a "critical temperature" e is 
defined by the equation k8 =hll m (8 may be 
calculated from ell and U 2 , that is from the 
elastic constants), then the specific heat may 
be written as 


3lj(
) N, 


e 
where f (;) =3(
) 3.f. T ( e;

) 2dX. 
'Vhen T is large f beconies equal to unity. 
For small temperatures, on the other hand, 
the specific heat becomes 
3. k, 77.94(
) 3 N . 
This equation i::; verified fairly satisfactorily 
by experiment. 
Debye's method of counting the vibrations 
is avowedly only rough, and his estimate is 
least accurate in precisely the place where the 
greatest accuracy in counting is needed, that 
is for the frequencies near 11m' An improve- 
ment has been made by Born and Karman, 
whu have succeeded in calculating the actual 
normal modes of vibration of a rock-salt 
crystal. They obtain the necessary constants 
from the ela
tic properties, and get values for 
the specific heat even better than Debye's. 
The actual comparison with experiment is de- 
scribed in the article in Vol. I. on "Calorimetry, 
Quantum Theory." 
The fact that the specific heat at low tem- 
peratures is proportional to the cube of the 
temperature implies that the entropy near 
the absolute zero is a finite quantity; and by 
choice of the arbitrary constant which occurs 
in the definition of entropy it may be taken 
to be zero at the absolute zero. This is 
intimately related with Xernst's heat theorem. 
which has had such important consequences 
in physical chemistry. 

 (6) SPECIFIC HEAT OF OAREs.-The appli- 
cation of the quantum to the specific. heats 


of gases is not so satisfactory as for solids, 
partly because the experimental data are much 
less accurate, so that a discrimination betwcpn 
rival theories is not so easy. At both high 
and low temperatures the specific heat changes. 
At the high it increases-a certain part of the 
increase is attributable to dissociation, but 
it appears also that some of it is due to a 
participation in the energy by some of the 
internal degrees of freedom of the molecule. 
At low temperatures a very remarkable 
process occurs in the diatomic gascs. Thus 
diatomic hydrogen at 40 0 ab
, h<l,s all the 
characters of a monatomic gas-its specific 
heat at constant volume is JJkX, and the ratio 
of the specific heats i::;,!, i';stead of the ordi- 
nary values 
kN with a ratio r. 
The molecules of a diatomic gas can take 
energy in three ways. There is, first, the 
translational motion of the whole molecule; 
as would be expected. this method appears to 
be the same for all types of molecules. 
Secondly, there are the internål \'ibratioIls; 
the most important of these is the vibration 
in which the two atoms oscillate along the 
line joining them. It appears that for the 
permanent gases this vibration has too high 
a frequency for it to acquire any energy at 
all at ordinary temperatures, though it 
probably plays a part in the rise of specjfic 
heat at high temperatures. The third factor is 
the rotation of the molecules, and the treatment 
of degrees of freedom depending on rotation is 
a much more doubtful question. One of the 
most interesting methods is the following. 
Suppose a molecule to be rotating \vith a 
frequency II, then its angular velocity is 271"11. 
If I is its moment of inertia the kinetic energy 
is !I(27r1l)2. If the quantum principle is 
applicable this must be equal to 
nhll, where 
n is an integer. (The reason for the factor 
 
will be seen in 
 (7) fr9m the rule for the quanti
 

ation of orbits.) Now supposp that I is 
independent of II, th
ugh there does not seem 
to be any cogent reason \vhy this should be 
so in view of the varying centrifugal force. 
Then, since II =nh/47r 2 I, tho molecule is only 
permitted to rotate with frequencies which 
are multiplies of h/471"21. There is evidence 
that frequencies of this type do exist from the 
prec;ence of absorption bandR in the far infra- 
red. The permissihlp enpq!Íes of rotation 
will be n 2h 2 /871" 21. Several methods have bcen 
tried for finding the specific heat from thiR. 
That which s('pms preferable thcorf'tically is 
due to Ehrenfest. He works out the parti- 
tion Jaw ab initio in the Rame sort of way 
as that sketched in 
 (3), and ìt leads to thc 
following formula for the total energy of X 
mokcules : 
e-eT +4e-..t.T +ge- 9 7" + " 
- - - - O"kTN + 
 _ .,kTX, 
1 + e - eT + e - JeT + e - 9eT + " " " 
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where (J' =lt 2 /8rr 2 IkT. The specific heat follows 
by differentiation. There are other theories, 
which give as good or nearly as good agree- 
ment with experiment-for instance, those of 
Bjerrum and of Krüger. 
Variou::; attempts have also been made to 
introduce the quantum in connection "ith 
other properties of gases. For instance, 
Tetrode and Keesom haV"e examined the 
result of quantising the acoustic vibrations 
of a gas. This, of course, destroys the validity 
of the )Iaxwelllaw of distribution of velocities, 
and the equation of state is modified. The 
attempt is not very succes
ful, and the result- 
ing equation differs from the actual at least as 
much as that obtained from classical mechanics. 
)lention should also be made of some 
theories of Planck, Sackur, and Tetrode, who 
have tried to introduce the quantum in a still 
more fundamental way by using it to define 
the probability basis which controls the dis- 
tribution of molecules. The object was to 
calculate the condensation point of a gas, 
but none of the theories have been very 
successfuL 

 (7) SPECTRG)! THEORY.-It "ill suffice 
merely to indicate the general outline of the 
Bohr's theory of spectra, "hich is the most 
remarkable application of quanta yet made. 
The spectra of many of the elements have been 
analysed into fairly simple formulae, and 
these formulae are completely different from 
those found in the ordinary theory of V"i bra- 
tions. For the frequency of each line is gi,-en 
by taking the difference of a pair of tenus, 
and the separated terms usually fall into an 
algebraic series of some kind. This rule for 
constructing lines from terms is called the I 
Combination Law of Ritz. For example, the 
series-terms for the primary hydrogen Spl'C- 
trum are of the form Xfn 2 , where X is a con- 
stant and n any integer, and so the lines are 


X ( 
-
 ) . 
n 2 n'2 


The famous Balmer 1 series is the particular 
case where n =2, while n' has all integral 
values greater than 2. Spectrum work is 
usually carried out not in frequencies, but 
in reciprocal waye-lengths; the constant X/c 
is called Rydberg's constant. Xow in dealing 
with the photoelectric effect it was seen that 
a loss of energy E was associated "ith 
radiation of frequency Elh. Therefore if an 
atom of initial energy Et radiatec;:, and in 
consequence has its energy reduced to 1':2' 
the radiation "ill be of frequency (E 1 - E 2 )/h. 
Thus the quantum theory directly explains 
the meaning of the combination law; if any 
series-term is multiplied by It the resnlt is 
the energy either before or after the emission, 


1 See abo article" ::,pectroscopy, )Iodern," Vol. y, 


The re'-erse argument applies for the absorption 
of radiation. Thus if an atom is in the arrange- 
ment corresponding to energy E 2 , and is 
irradiated \\ ith radiation of frequency 
(E 1 - E 2 )/h, it may absorb it and therëby risf' 
to the arrangement "ith energy E 1 . 
This use of the quantum is only hall the 
solution, however; for it is still necessary to 
find the arrangements corresponding to the 
series terms, and the la WB of ordinary mechanics 
"ill not determine them definitely. For 
example, the hydrogen atom consists of a 
nucleus and one electron, which describes an 
elliptic orbit about it, and this it may do with 
any radius and any energy whateV"er. So in 
order to make the energy of the atom definite 
a second use of the quantum must be made. 
This consists in "quantising the orbits," 
which means that some of the orbital constants 
are determined by the quantum, so that of 
the infinity of orbits possible on dynamical 
principles only a certain limited series is 
permissible. For example, consider first only 
the circular orbits which the electron may 
describe. The electron can absorb or emit 
energy in multiples of hv; in addition to this 
the further condition is assumed that the 
angular momentum is to be a multiple of h;2rr. 
This is a consequence of the rule of quantisa- 
tion applied to this case, Thus if a is the 
radius and v the velocity of the electron, the 
motion is gÎ\Ten by 
mv 2 e 2 
a = (12' 


where e is the electric charge of electron and 
nucleus, and m is the mass of the electron. 
The quantisation gives mva=nh/2rr. From 
these equations it follows that 
n 2 h 2 
a= 4
 =n 2 a 1 , 
-:t:rr-e In 


and the energy is 
2rr 2 ém 1 
En = - 
 n 2 . 
Thus, if the electron shifts from the orbit of 
radius n 2 a 1 to that of radius n'2 a1 there "ill 
be an emission of the line defined by 
I.' = 2 rr 2et'!..l ( 
 I _ 
 ) . 
h 3 n'2 n 2 
This is precisely Balmer.s expression, and 
the agreement is numerical. Thus the Rydberg 
constant for hydrogen is directly observed to 
be 109ü77.ô91 cm. -1; if the most accurate 
kno" n values of e, m, h, and care su hstituted 
in the above expression the result is 1.09.3 x 10 5 
cm. -1. The value of at, the least permissible 
radius, is about 0..3 x 10- 8 em., which is of the 
same order as the known size of atoms, 
This is the substance of Bohr's original 
discovery. The second great ad,'ance is th(' 
e),.tension of the principle by Sommerfeld to 



5:
6 


Ql:TAXTU:\[ THEORY 


the case of more complicated orbits. In these 
cases the principle of q uantisation can best be 
expre::5sed in the language of general dynamics. 
Thus Íl.l a periodic or quasi-periodic motion 
let q be one of the co - ordinates which 
defiup the motion, and p the corresponding 
momentum; then q and p will fluctuate about 
certain values during the period. The relation 
which expresses the quantisation of th(' orbit i
 
nh =Jpdq, where the integral is taken round 
one period, and this is to be applied for each 
of the variables q, In the previous exam pIe q 
was the vectorial an
le and ranged from 0 to 
27r, and p, the angular momentum, i
 there- 
fore a multiple of h/27r. 
In elliptic motion the quantisation is natur- 
ally more complicated, as it applies to both 0 
and r. The angular momentum is again 
constant, so that the quantisation gives 
po=nt h j27r. The radial momentum is 
dr Pe dr 
mdt or ;:2 dO' 
and the quantum relation' for this is 
n2h=Jp r dr= I

 ( 

 ) 2 d (), 
where the integration is to be taken from 
the minimum of r to its maximum 
and back again, that is once round the 
ellipse. Now if a is the half major axis 
and f the eccentricity, the equation to the 
ellip::5e is a( 1 -- (2)/r = 1 + f COS () and Pe is given 
by the relation P02 = e 2 ma( 1 - (2). Substitut- 
ing for r in terms of {} and performing the in- 
tegration we have n 2 h =Pe . 27r[( 1 - (2) - 
 - IJ. 
Hence the permissible orbits are those for which 


and 


__

l_ = ,'r=-f 2 
n l + n 2 
_ (n l + n 2 )2h 2 _ 2 
a- _ 4 2 2--(n l + n 2 ) at" 
7r e "I, 


The total energy is found to be 
27r 2 ém 1 
E --- . 
nu n2 - h 2 (n l + n
r
 
As n l and n 2 are integers, each permissiblc orbit 
h:1s major axis equal to tho diameter of one 
of the circular urbits obtained ahove, and 
this diameter determines the energy, but 
the ecccntricity can only have certain pre- 
scribed values. For example, if n l + n z = 3, 
we have three, and only three, different orbits: 
(1) n l = 3, n 2 = 0, a circle of radius 9a l ; (2) 
n l = 2, n 2 = 1, an ellipse of which the semi- 
axes are 9a l , Gal' and the ('ccentricity is 
,/5/3; (3) n l = 1, n 2 = 2, an ellipse of semi- 
axes 9a l , 3a l , and eccentricity ,/8/3. The 
case n l =0, n 2 =3 is supposed to be inad- 
missible. as it would involve a collision of the 
electron with the nucleus. The red hydrogen 


Ìine N(I/22 - 1/3 2 ) is thus maùe up of six com- 
ponents deriveù from the change from any 
one of these three orbits to either of the orbits 
'fI I ' = 2, n/ =0. or 'fI I ' = 1, 'fI/ = L 
Sommedeld also took into account the fact 
that the mass of the electron is a functiun of 
its velocity. This modifies the orbits in such 
a way that the ellipses have slightly different 
energies. The consequence i::; that each line 
of the Balmer series has a fine structure of a 
type he was able to predict, which has been 
confirmed by experiment. The method has 
also been applied, with complete success, to 
the influence on spectra of electric and magnetic 
fields, the Stark and Zeeman effects. For 
these cases, in order to predict the polarisation 
of the component lines, it is nec
ssary to intro- 
duce supplementary principles. Sommerfeld 
has suggested a "principle of selection" 
(Au8wahlprinzip) depending on the idea of 
the momentum uf radiation. In addition to 
giving a polarisation rule, it has the conse- 
q uence that certain lines, which would on the 
original theory have been expecteù, "ill not 
be found, as is experimentally the case. An 
alternative, which appears preferablp, is 
Bohr's "principle of correspondencc," It is 
not possible to describe this here, but the 
general idea is that the behaviour of a quantised 
system may be predicted by assimilating the 
result which would be obtained when the 
number of quanta is large, to the result given 
on the principles of classical mechanics. 
As points of further interest in the theory, 
mention may be made of the fact that ionised 
helium gives a spectrum precisely the same 
as hydrogen, "except that the constant X is 
changed. Here, as in hydrogen, there is a 
single electron moving round a nucleus, but 
now the nuclear charge is 2e. Hence the 
permissible orbits are all half the size of the 
others, and the corresponding energi<,s are 
four times as great. The new N is almost 
but not quite exactly four times as great as 
the old, and the departure from exactness 
has been explained very satisfactorily. It is 
attributable to the fact that the mass of the 
nucleus is not infinite compared to that of 
the electron, so that the nucleus itself has a 
small motion. As the helium nucleus is four 
times as hea.vy as the hydrogen, there will be 
a difference in the two motions, with a r<,suIting 
effect on Rydberg's constant. It is possihle 
in this way to evaluate thc ratio of the mass 
of an electron to that of a hydrogen a tom 
from purely spectroscopic data. Anot IlPr 
point of int<.'rest is that the X-ray 
p<,ctra can 
be analysed into terms, many of which fit 
into series of exactly the same form as those 
of hydrogen and helium, and these lines exhibit 
the same fine structure too, but that the separa- 
tion of the components is much greater. A very 
considerable theory of these spectra exists. 
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By using (a) Rydberg's constant, (,3) the 
difference of this constant for hydrogen and 
helium, (-y) the "constant of fine structure" 
and the value of the velocity of light, it is 
possible to work out from spectroscopic data 
alone all the fundamental elementary con- 
stants e, m, and h. Of the three relations (a) 
is known so accurately that the precision 
depends entirely on the other two. Of these 
(,3) determines what is in effect elm in terms 
of the small difference between two large, 
but accurately known, numbers; its precision 
is about equal to that from direct methods. 
(-y) gives a relation between e and h in terms 
of the separation of the lines in the fine 
structure, and the observations are exceedingly 
difficult. The resulting values from the three 
relations are nearly as good as those by other 
methods. 


TABLE OF V -\LUES OF THE QU.-\
Tt;
1 


hXIO'.!7. 
ethod. 
Ote8. 
6.551 :i0.000 Total radiation A 
6.337 :i0.0]3 Spectral radiation B 
6.5;8 :i O.O:?lj Photoelectric effect C 
6.535:i 0.000 X-rays D 
6.579:t 0.021 Ionisation potential E 
6.3:?û:t O.:?UO Spectroscopic data F 
6-547 :i 0.000 I Semi-spt'Ctroscopic data G 


A is determined by taking k known in the formula 
for the total radiation. 
B is determined from the position of the ma"\.imum 
intensity of black radiation at any temperature. 
C is found directly from observations on the photo- 
electric effpct. 
D is df'termined from the minimum wave-length of 
X-rays excited by electron!',' of known energy. 
E depends on observations that are hall spectroscopir. 
From spectroscopy the energy of an atom may 
be known. The ionisation potential gives an- 
other meA-sure of this, as it shows the energy 
necessary for the remO\-al of an electron. 
F is dptermi
ed by the purely sPe<'troscopic method 
involving the above relations a. ß, -y. 
G is detennined by the use of (a) and ((3) as in }', 
but (ì) is replaced by using the known value of e, 


Of these methods all except F depend on 
assuming 
Iillikan's value 4,774 x 10- 10 :t 0.009 
E.S. U. for e, the electronic chaqre; but the 
close agreement between A and B is a direct 
support for that value. c. G, D. 


Bun IOORAPHY 
For most of the quantum theory it is unnecessary 
to refer to the original papcrs, as they have been 
Incorporated ll1 many hooks. Among othel"R the 
following are works that ma,' u
eiullv he ("on
ulted. 
La Théorie dlt rayonnemènt et d,,:ç quanta ((;au- 
thipr Yi1lar
. Pari
, H)}2) is an account of a congress 
hpl<l at Bru,;,;pl
 in U)) 0 of If'ading phy!'idsts. _-\.11 
thp earlier a
)lects of the quantum theory are vpry 
fullv di!'('us!'('(1. 
Rf']Jort on Radiation and the Quantum Theory, by 
J. H. Jeans (I ond. Phy
. :-\0('.. HIl-t), i
 a cOIlf'i
e 
account of the whole field oi the quantum theory, 


except that spectrum theory has dcwloped a great 
deal further since its publkation. 
A SlI.<;lem of Physical (,Jtnni.çtry, yol. iii., by W. C. 
:\IcC'. Le\\is (Lon
mans, Green &: Co., 19HI), gives a 
very deh1iled, but uncritical, account of many parts 
oi the quantum theory, \\ithout the use of much 
mathema tics. 
Atomball wld Spektrallinien, hy A. :-\ommerfeld 
(\ ieweg. 1919), giws a 'ery complete account of 
atomic physics. with spetial reference to the Bohr 
theory of spectra. 
The Dynamical Theory of Gases, by J. H. Jeans, 
Third Edition (Camb. rniy. Prf'8S, 19:?O). contains a 
few chapters dealing mathematkaHy with the chief 
point!'; of the theory. 
Report on the Quantum Theory of Spectra, by L. 

ilher:;tein (Adam Hilger, HI20), is a short but com- 
plete account of spectrum theory. 
References to original ])apers "ill be found in these 
works. Bohr's" Correspondence Principle" is dealt 
\\ith in two papers ., On tlw Quantum Theory of Line 
f'pectra" by X. Bohr (D. Kgl. /)ansk. ridem:k. f3elsk. 
Skr., 1918); the papers are in English. 
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 (7). 
Crystalline form of. See" Quartz, Optical 
Rotatory Po" er of;' 
 (2). 
Optical rotatory po"er of, for some im- 
portant wave-lengths, tabulated. See 
'ibid. 
 (4), Table II. 
Optical systems, used in microscopy "ith 
ultra-violet light. See" 
Iicroscopy with 
rltra-violet Light," 
 (3). 


QUARTZ, OPTICAL ROTATORY 
PO'YER OF 

 (1) HI'3TORICAL. - The phenomenon of 
optical rotatory 1 power was discovered bJT 
Biot, who communicated to the Institute of 
France on Koyember 30, löl2, a memoir of 
371 pages, "On a Xew Kind of Oscillation 
which the 
Iolecules of Light experience in 
traversing certain Crystals." Arago, in 1811,2 
had found that a plate of quartz, interposed 
between a polariser and analyser, was capable 
of depolarising the light in such a way that 
transmission took place where previously there 
had been complete extinction. The trans- 
mitted light was not white but coloured. 
Thus with increasing thickness of the plate 
the colours changed progressively through the 
series-yellow, orange, rose-red, yiolet, blue, 
and green. These colours " ere sho" n by 
Biot to be due to a rotation of the I>lane of 
polarisation, which increased (i.) "ith the 
thickness of the plate, (ü.) "ith change of 
colour from red to yiolet. It" as then'fore 
impossible, when a beam of polarised light 
had passed through a quartz plate, to ex- 
tinguish all the colours simultaneou
ly. The 
tints which Ararro obsen-ed were due to the 
selecti,e extinction of light which had been 
rotated through 180 0 (or a multiplC' of lðu
) 
Ly the plate of quartz. Thus a plate about 
I 
('e also .. PolarisN.l Light," 
 (20), and .. I)olari- 
nlf'try," 9 (1). 
I J[em. I1t,çt., 1811, pp. 93-134. 



538 


QUARTZ, OPTICAL ROTATORY PO'YER OF 


4 mm. thick which rotates the plane of polari- 
sation of violet light through 180 0 gives rise 
to a yellow tint. As the thickness of the plate 
increases the absorption band moves to\vards 
the red end of the spectrum, but before it 
has disappeared into the infra-red a second 
absorption band moves in from the ultra- 
violet, so that a plate of quartz about 9 or 
10 mm. thick gives an extinction both at t.he 
red end of the spectrum, where the plane of 
polarisation is rotated through HW o , and in 
the blue or violet region, where it is rotated 
through 360 0 . These extinctions at the two 
ends of the spectrum give rise to the green 
colour, which is the last member of the series 
of colours recorded above. Thicker plates give 
extinctiuns which increase progressively in 
number and in the closeness with which they 
are packed in the spectrum. No marked 
coloration is then observed in the transmitted 
light, although the absorption bands can be 
seen. very clearly with the aid of a spectro- 
scope. A quartz plate, 3.65 mill. in thick- 
ness, produces a rotation of 90 0 in the bright 
orange-green region of the spectrum, a little 
on the yellow side of the green mercury line 
of wave-length 0.5461 p., which gives a rotation 
of 93 0 in a plate of this thickness. When the 
polariser and analyseI' between which the 
quartz plate is inserted are parallel instead 
of crossed the brightest part of the spectrum 
is extinguished and a rose-violet colour, known 
as the neutral tint, is produced which is very 
sensitive to small changes in the setting of 
the polariser or analyseI', or in the thickness 
uf the plate. This fact ,vas formerly utilised in 
the construction of polarimeters for measuring 
the rotation of polarised light in various media. 

 (2) CRYSTALLINE FORM. - The typical 
crystals Qf quartz have the form of a hexagonal 
prism capped by two hexagonal pyramids, 
and are therefore referrcd to the " hexagonal 
system" in which the faces are located most 
conveniently by their intercepts on a vertical 
principal axis and three horizontal axe
 
inclined at 60 0 to one another. A closer 
examination shows the presence on some 
crystals of small facets (Fig. I, (a) and (b)) 
,vhich reduce the symmetry of the crystal by 
destroying the six vertical planes of symmetry 
intersecting in the principal axis, which are 
present in the simple hexagonal prism. Even 
when these facets are ahsent the lower sym- 
metry of the quartz crystals can be shown 
by studyïng the tiny" etched-figures" ob- 
tained by the action of bydrofluoric acid on the 
crystals. \Vhen th
sc factors are taken into 
account it is seen that the quartz crystals 
are not "holohedral" but "tetartohedral," 
the smaller facets inc1uding only six facets of 
each form instead of twenty-four as in the 
holuhedral system of symmetry, where each 
face of the hexagonal prism would carry a 


facet on each corner. The symmetry of the 
q un rtz crystal is in fact restricted to one 
vertical axis of threefold sJTmmetry, and 


(a) (b) 
FIG. l.-(a) Dextrorotatory Quartz; 
(b) Laevorotatory Quartz. 
three horizontal axes of hvofold symmetry; 
these axes of symmetry coinciding with the 
four crystallographic axes used in locating the 
faces in the hexagonal system. Since no centre 
of symmetry and no plane of symmetry is 
present, the crystals can exist in two enantio- 
morphous forms as in Fig: I, (a) and (b). The 
optical rotatory pO\ver of quartz is observed 
in plates cut perpendicularly to the princip.11 
axis, and these two types of crystals rotate 
the plane of polarisation of light to an equal 
extent but in opposite directions; twin 
crystals containing hoth forms of quartz are 
also found, Herschel, who discovered the 
relationship between the crystal form and 
rotatory power of quartz, reversed Biot's con- 
vention by describing as dextrorotatory a 
plate of quartz which turns the plane of 
polarisation to the right as 'dewed from the 
polari8er, i.e. in the opposite direction to 
dextrorotatory camphor or 
mgar, which rotate 
the plane of polari:;;ation to the rip-Ilt as viewed 
from the analyser, fiince in the case of organic 
compounds Biot's convpntion is always fol- 
lowed. Herschel's con"vention is still used by 
opticians, but in F1'g. 1 Biot's convention is 
used. 1 

 (3) ROTATORY DISPERSION. (i.) Biot's 
Law.-Biot's investigations reyealed the ex- 
istence of two types of optiral rotatory disper- 
sinn, as indicated in the fol1owing data: 2 


Quartz. Tartaric Add, 
Red . . 18.99 0 3R o 7' 
Y cHow 21.40 0 40 0 .:?9' 
Ora nge 23.99 0 42 0 r,l' 
(irccn 27.R(j0 4(j0 ] I' 
Blue. 32.31 0 44 0 40' 
Indigo 3(). U O 42 0 9' 
Violet 40-88 0 39 0 3R' 


1 
((ture, In22, ex. 
(JK. 
I J1ém. Acad. Sci.. 1838, xv, 236. 
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In the case of quartz the rotations increased 
progressively as the ,,,"ave-Ìength diminished, 
and Biot concluded that" the rotation of the 
different :::;imple rays is reciprocal to the square 
of their wave-lengths"; 1 in the case of 
tartaric acid the rotations passed through 
a maximum in the green. Turpentine and 
cane-sugar appeared, however, to be identical 
with quartz in their rotatory dispersion, since 
the optical rotations \\ hich they produced 
could be neutralised completely with the help 
of a quartz plate of oppo
ite sign and suitable 
thickness acting as a compensator; this fact 
has been utilised in the construction of 
saccharitneters, in "hich the strength (If a 
solution of sugar is determined by balancing 
its optical rotation with that produced by a 
variable thickness of quartz. 
(ii.) Drude's Theory.-Biot's Jaw, a=k/A2, 
was proved by more exact measurements to 
give only an approximate representation of 
the variations "ith wave-length of the rotatory 
power of quartz, cane-sugar, etc., and was 
modified by Boltzmann, whose equation may 
be expressed as a =kd7\2 +k:!./X 4 . This equa- 
tion was purely empirical and did not provide 
an adequate expression of the deviations from 
Biot's la,,,"; Drude, in his Theory of Optics 
(1900), put forward an equation based upon 
the electronic theory of radiation which 
accounts for the observed facts in a satis- 
factory manner. Drude's equation for light 
which does not approximate in frequency to 
that of the electrons of the optically-active 
medium takes the form 
k l k 2 k n 
a = (A 2 _ A12) + (7\ 2. _ A:!. 2) . . . + (A 2 - X n 2)' 
where 7\1 2 , 7\
2, . . . 7\n 2. are the waye-lengths 
corresponding "ith the various ., free-periods" 
of the electrons of the medium, and k 1 , k 2 , ka 
are con
tants. 

 (4) EXPERDIEXTAL YERIFICATIO
.-The 
writer has shown that a single term of DrucIe's 
equation provides an adequate exprec3sion both 
of the optical and of the magnetic rotatory 
dispersion in a large range of organic com- 
pounds, 2 whilst the phenomena of anomalous 
rotatory dispersion as observed, for instance, 
in the esters of tartaric acid are covered com- 
pletely by making use of two terms of opposite 
sign. 3 In the case of quartz, a single term of 
Drude's equation serves to express the rota- 
tions to about 0.040 0 per mm. over a consider- 
able range of the spectrum, as shown in Table I., 
"here a l =À"(X2 - 7\0 2 ), k = 7,1764, Xu 2 =0,01677; 4 
but Drude himself used t\\ 0 terms in order to 
I Jfém. Acad. Sci., 1817, ii. 49, 57, and 135; paper 
read Sept. 2
, IRI8. 
2 Trans. Chem. Soc., 1913, cHi. 1067, and lU19, 
CXV. 300. 
3 Ibid., Hili}. c\"ii. ]I \.{7. 
& !tupe und .\kermann, Annalen der Chemie. 1920 
cccc"",x. 11; compare T,owry and Dickson, Trans. 
Chem. Soc., 1m3, ciii. 1072. 


cover the data given by Gumlich 5 for wave- 
lengths ranging from 2.140 p. to 0.21935 p., 
In this eq ua tion he assumed the free periods, 
as deduced from measurements of refractive 
dispersion, etc., to be given by 
AI 2 =0.0IUö27, 
22=78.22, Aa 2 =430.6. 
It appeared, however, that the two free periods 
corresponding to radiations in the infra-red 
did not affect the rotations in the range 
covered by the observations of Gumlich, so 
that k 2 =k a =0. On the other hand, Drude 
found it necessary to introduce a term k'/A 2 
to express thp fact that the rotations appeared 
to be influenced by ions" whose natural periods 
are extremely small, much smaller than those 
corresponding to AI," so that no constant 
corresponding to 7\
2 or À;
2 need be introduced 
into this term of the equation. The equation 
thus deduced took the form 
k k' 
a 2 = (7\2 -\12) + 
2' 
where :\1 2 =0.010627, k 1 =12'200, andl"2= -5.046. 
In the series of eighteen rotations quoted 
from Gumlich, which ranged from 1.60 0 to 
220.72 0 per mm., the equation gaye a maxi- 
mum deviation of 0.28 0 /mm., and an average 
deyiation of 0.06 0 /mm. between the observed 
and calculated values as set out in Table I. 


TABLE I 


DRUDE'S FORMULA FOR THE ROTATORY POWER OF 
QUARTZ 


I À. a (obs.), I On. T"'". Two Tel ms. 
a2(calc.)100(a - a2 1 . al(calc.) 100 fa - all 
2. 140p, l'bO I 1'57 +3 1'57 +3 
1'770 2.28 2'30 -2 2-29 -1 
1'450 3'43 3.44 -1 3.43 -t 
1'080 6.18 6.24 -6 6.23 -5 
0.67082 16'54 16.54 + . 16'56 -2 
- 
0.65631 17'31 17.33 -2 17.33 -2 
O. .38932 21'72 21 71 +1 21'70 +2 
0'57905 22'55 22'53 +2 22'53 +2 
0.5769.3 22' 72 2270 +2 22.70 +2 
0'54610 25-53 25.50 +3 2.3'51 +2 
u'50861 29.72 29'67 +5 29.67 +5 
0'49164 31'97 31.91 +6 31.92 +5 
0'48001 33'67 33'59 +8 33,60 +7 
0.43586 41'5,} 41'43 + 12 41'46 +9 
0.404G8 48'93 48'85 +8 48.85 +8 
O' 34406 70,,:m 70.62 -3 70.61 -2 
0.27467 121'06 . . 121.34 -28 
I 0.2W35 I 220'72 . . 220.57 +15 


A series of readings to six significant figures of 
the rotatory power of quartz, made \\ith the help 
of a colunlll of dextro-quartz 181 mm. in length. 
and a column of laevo-quartz 226 mm. in length,6 
sho\\ed that the two-term formula employed Ly 


Ii nïed. .AlIlI., l/o1
'
, J"",Ï\'. 349. 
· Lowry. Roy. Soc. Phil. Trans., 1912, A, cc
ii. 
261-297. 
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Drude was far from exact even oyer the narrow range ' 
from Li 0,6708 to Hg 0'43.38. \\ithin which visual read- 
ings can be taken. A satisfactory agreement was, 
however, obtained by reintroducing one of Drude's 
infra-red terms as in the equation 


where 


k kt k 2 
a3=X 2 + X2_ X 12 + X2_À22 ' 
X 1 2 =0'0106
7, 


)..2 2 = 78,22, 


k 1 = 11'6064, 
k 2 = 1 :h12, 


k = - 4, 368.3. 


TIlls formula. in the case of twenty-two out 
of twenty-four wave-lengths, gave an average 
deviation between the observed and calculated 
rotations of only 0.001 0 per mm. or 1 part in 
23,000, and this deviation ha
 since then been 
reduced to one-half of its former magnitude 
by introducing for the wave-lpngths the more 
exact values deduced in recent years from 
measurements with the interferometer; but 
even this formula becomes inexact when applied 
to the most exact measurement
 in the ultra- 
violet region of the spectrum. These measure- 
ments, made by a photographic method, with 
a column of laevo-quartz nearly half a metre 
in length, include some 700 wave-lengths, and 
can be expressed by the formula 
k k 1 k 2 
a4= + X2 _T 2+ )..2 _ ^ 2 ' 
1 2 


where 


^12 =0.012742, ^22 =O'Ûu0974, 
k 1 =9.3ü44, k 2 = - 2,3114, k= - 0.1915. 


In this formula it has been necessary to 
introduce two "ultra-violet" terms, ,vith 
dispersion-constants, ^t 2 and ^22, deduced in- 
dependently of the constant 0.010Ü27 which 
Drude had derived from measurements of 
refractive dispersion, and which is perhaps 
a sort of "mean" of the two constants set 
out above. The increased importance which 
is thus attached to the more distant ultra- 
violet absorption-band is counterbalanced by 
a diminution in the influence assigned to the 
infra-red bands; this is so slight that it is a 
matter of indifference whether it is expressed 
by a term k/(X 2 - 78.22) or by a mere constant 
as in the eq uation now adopted, where the 
infra-red terms contribute only - 0.1915 0 per 
mm. to a rotation which ranges from HH,359 0 
per mm. at Li 0.6707846 p. to 41.5487 0 at Hg 
0'4:33
:342 p.. and 187.223 0 at Fe 0'23274ü8 p.. 
This formula represents the rotations in 
this range .with an average error of 0.0007 0 
per mm. (or about 0.003 per cent in visual 
readings) for twenty-three wave-lengths, and 
0.003 0 per mm. (or about the same percentage 


as for the visual readings) for 700 "an'- 
lengths read b
T the pllOtogra phic method. 
The problem of redetermining the rotatory 
power of quartz in the infra-red region has 
not been undertaken seriously, but the formula 
given above shows an an'rage deyiation of 
about 0,03 0 per mm. in comparison with the 
first series of new infra- red readings. 
The optical rotatory power of quartz for 
some important wave-lengths is set out in 
Table II. 


TABLE II 


OPTICAL ROTATORY POWER OF QUARTZ 


)... I a. (a - a4)10"'. 
Li 0.6707844 p. I 16.5359 0 -4 
Cd 0.64384ü96 18.0225 -11 
Zn 0.63G2344 18.4786 -18 
Ka 0.5895930 21.7001 -13 
Ka 0.5889963 21.748:3 +3 
Hg 0'5790üf>9 22.54,ï[) +1 
Cll 0.5782158 22'ü157 :t 
Hg 0'5ï69!i9H 22.7201 :t 
Cu 0.5700248 23.3101 -3 
Ag 0.5471551 25.4318 +15 
Ag 0'54ü54R9 25.4911 +7 
Hg 0.54h0741 25.5371 -5 
Tl 0.5350ü5 2fi'ü718 +6 
Ag 0.5209084 28.2447 +4 
ell 0.;") 153221) 28.903li - 2 
Cll 0.5105547 :W.48.31 -7 
Cd 0.5085822 29.7308 -10 
Zn 0.48105:H 33.5154 -15 
Cd 0.4799922 3:3.67lil -12 
Zn 0'4722lü2 34.8875 -13 
Zn 0.4li80138 35.5712 -3 
Cd 0.4li78lü3 35 .(jU4:
 :t 
Hg 0.4358:H2 41.5487 -10 
- 
À. a. (a- a4)10 3 , 
- - - 
Fe 0.5371498 p. 2G.448 O -3 
Fe 0.5232958 27.966 -3 
Fe 0.f)0018HO 30.813 -1 
Fe 0.4789ü57 33.830 -3 
Fe 0.4647437 3(;.114 -4 
Fe 0.4531155 ;{8. W2 -2 
Fe u.437!i934 41.18:
 -1 
Fe O.4-2:J:lfil:ï 44.289 +1 
Fe 0.4118:")52 47 .Oli8 -t 
Fe 0.3935818 52 .o()f) -4 
Fe O. 380534li i)(j .lü3 +3 
Fe 0.3640391 62.085 -I 
Fe 0.3485344 (i8.586 -2 
Fe 0.3323739 7li.551 -14 
Fe 0.:U2fififil 88.4R:J -10 
Fe 0.294J347 102 -4:{4 :t 
Fe 0.28132!)O 114.277 +1 
Fe 0'2Ü7!)OÜ!) 12!}.200 +17 
Fe 0.24]3310 Hi!).G61 +2 1 
Fe O.:!:l274(j8 lR7.:!:!!) 1 4 


In this tabl(' the rotations are given to 
0.000 LO/mm. for t\\('nty-three wave-lengths, 
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RADIATIOX, _lPPLICATIOX OF Qr-AXTrM I into the various instruments and methods 
THEORY TO. See" Quantum Theory," 9 (4). employed in the determination of these t\\O 
constants, u and C 2 , and to give an estimate 
of the results therewith obtained. 
At first glance the various determinations 
of these constants appear to cover a "ide 
r3.nge of numerical "\ alues. This is espf'cially 
true of the values of the coefficient of total 
radiation, u, in the measurement of which all 
sorts of ill-considered methods have been u
ed. 

Ioreover, no corrections were made for atmo- 
spheric absorption of the thermal radiation in its 
passage from the radiator to the receiver. As 
will be shown presently, most of thpse older 
determinations are in remarkably close agree- 
ment with the newer ones, when obvious 
corrections for atmospheric absorption and 
for reflection of the incident radiation from the 
receiver are introduced. 
'Vhile no doubt it is desirable to conform 
to strict specific a tions and methods of pro- 
cedure, in the ultimate result compromises 
have to be made, For example, it is conceded 
(1) to be desirable to use a black body receiver 
as well as radiator, but 1110st of the receivers 
of this type, thus far used, were usually of 
great heat capacity, hence slow acting and 
su bject to errors; whereas the question of 
speed is an important factor in making 
measurements. Each method has some defect, 
but in some cases this is negligible in 
comparison with the accidental errors of 
ex peri men ta tion. 
The evaluation of radiant energy in absolute 
measure is accomplished by substitution 
methods; and the fault to be found "ith the 
various methods thus far employed is that 
they are unsymmetrical in their application. 
"That is needed is some sort of quick-acting 
calorimeter in which the energy recovered 
can be compared \\ith the energy supplied. 
But one can hardly expect to make accurate 
measurements on a radiator heated to say 
(2) 1000 0 C. "ith an instrument that i
 adapted 
to measure the solar constant. 
It mav be noted that in many of the 
experime'nts "hich "ill now be 'described 
the radiators "ere operated at temperatures 
which were too low to eliminate properly the 
correction for temperature (radiation) of the 
shutters. diaphragms, etc., and also for the 
losses by air conduction in the receiver. 
On the other hand, fI\Hlle e
periment{'rs uspd 
1 
ee U Quantum Theory," 
 (-1); co RariÏation 
Throry," 
 (6); "Pyrometry, Optical," 
 (I), Yol. 1. radiator
 operated at a high temperature, 


and the deviations from the formula are given 
to the fourth decimal place; rotations are 
also given to O.OOI O /mm. for twenty of the 
eighty iron lines of the standard series, the 
d;,-i;tions from the formula being given to 
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RADIATIOX, DETERJIINATIOX OF THE 
COXSTAXTS AXD YERIFICATIO:X 
OF THE LA'YS 


L IXTRoDr-cTORY DISCr-SSIO:X 



 (1) STATE:\IEXT OF THE LAWS OF RADIATIO
. 
-The derivation of the laws of radiation 
from a uniformly heated enclosure or so- 
called black bod
: are given else" here in tllÍs 
Dictionarv. l It is therefore sufficient to say 
that the l
w of total radiation, generally called 
the Stefan-Boltzmann (2) law, states that the 
total emission of thermal radiation R of all 
wave-Ienaths P assing from a uniformly heated 
o 1 
enclosure at temperature T 1 to another oodyat 
a temperature To is proportional to the differ- 
ence of the fourth po\\ers of their absolute 
temperatures, or 
R =u(Tl4 - Tot). 


In this formula u is the coefficient or COfistant 
of total radiation under discussion. The 
numerical value of thi
 coefficient is of the 
order u=5.7 x 10- 5 erg per cm. 2 per sec. per 
deg. 4 . In this paper only the first three signifi- 
cant figures "ill be mentioned, e.g. u=5',2. 
That the total radiation from a properly 
constructed and uniformly heated cavity is 
proportional to the fourth power of the absolute 
temperature is amply demonstrated within the 
experimental errors of observation and the 
accuracy of the temperature scale. 
The law of spectral radiation, which specifies 
the distribution of thermal emission intensities 
in the spectrum of the radiation emitted by a 
uniformly heated enclosure, or so-called black 
body, is beRt represented by Planck's (3) 
formula 


E A =Cl\-5(eC2/AT -I)-I. 


In this formula the constant C 2 determines, 
to a great extent, the slope of the isothermal 
spectral energy curve. Suffice it to say that 
these laws are based on well-grounded theo- 
retical foundations, and after almost two 
decades of discu:-;sinn they rem
in unchanged. 
The object of this paper is to examine 


the third decimal. In the case (...f other seric') 
of lines the wave-lengths are usually too 
uncertain to give any satisfactory agree- 
ment between the observed and calculated 
values T. :\1. L. 
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thus obviating these difficulties; but then 
thp receiver was a sluggishly acting instrument 
which could not be properJy eali brated. To 
Féry is due 
he credit for abandoning the idpa 
of using a radiator heated to 100 0 C., and 
adopting a radiator heated to 1000 0 C. or 
higher. In this mannf'r the radiation to he 
measured is far in excess of the small disturbing 
factors, such as radiation from shutters, 
diaphragms, etc. 

 (2) DISCUSSION OF BLACK BODY RADIA- 
TIO:Y A:YD RADIAToRs.-In order to arrive at 
an intelligent undprstanding of what has been 
accomplished in the determination of the 
constants of radiation, and in order to indicate 
the way to future progress in this subject, it 
is important to consider some of the concep- 
tions, as \\ eJl as somp of the most recent 
instruments and methods used in the produc- 
tion and measurement of the radiation 


scratches and conical-
haped holes in an 
incandescent metal surface wpre brighter than 
the smooth surface; and of St. John (7), \\ ho 
found that the splective emission commonly 
o bserved in the rare oxide
 disappeared when 
these substances were heated to incandescence 
in a uniformly heated porcelain tubf'. 
(i.) Radiators. - The modern uniformly 
heated cavity or so-callpd black body is the 
outcome of such observations and facts as 
those just mentioned. It is the invention of 
"
ien and Lummpr (8), and, for attaining 
high tpmperatures, it consists of a diaphragmed 
porcelain tube wound with a platinum ribbon 
which is electrically heated. In the modifica- 
tion used by Coblentz (15) this radiator 
consisted of thrf'e concentric porcelain tubes 
A, B, and C (Fig. 1). The inner tube A, of 

Iarq uardt porcelain, is wound uniformly with 
a platinum ribbon 0-02 mm. in thickness. 
This ribbon is 20 mm. wide in 
the centre, gently tapering to 10 
mm. wide at the ends in order 
to pro,
ide extra heating at the 
ends so as to compensate for 
heat losses by radiation, The 
middle tube B is wound with a 
h ribbon of platinum 10 nun. wide 
and 0.02 mm. in thickness. The 
ends are closely ,,,"ound in order 
Y to provide extra heating and, 
in this manner, to comppnsate 
for the cooling of the ends by 
radiation. By properly regu- 
lating the current through 
these platinum strips the 
cavity can be heated uniformly throughout 
the greater part of its interior, as shown by 
\Vaidner and Burgess (16). Thf' use of 
platinum ribbon instead of thick platinum 
wires eliminates local non-uniformity of 
temperature. The central 25 mm. length of 
the tube A was wound so that one turn of 
the platinum ribbon entirely covered what 
comprises the theoretical black body. 
In radiators of this type thf' porcelain tubes 
sag on heating to 1200 0 C. To overcome this 
difficulty, in the determination of the radiation 
constants, to be described presently, CoblenÌ7 
(15) placed a wedge-shaped fragment of 
porcelain with a sharp edge S (F1'Y. 1), about 
2 mm. long, about 25 to 30 mm. to the rear 
of the radiating diaphragm, This support 
causes no local cooling and it preserves the 
life of the radiator. Further improvements 
are marle in complctpness of the emission of 
the radiation by painting the walls and the 
front side of the radiating diaphragm with a 
mixture of chromium oxide and co halt oxide. 
Since theRe oxides become elcctrieaJly conduct- 
ing at 1200 0 , the front thermocouplp, Th, was 
cnmplptely enclospd in a porcelain in
ulating 
tube, as shO\\n in Fig. 2, B. The short piece of 
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FIG. 1. 


emanating from a uniformly heated enclosure 
or so-called black body. 
Every su bstance h
s a characteristic emis- 
sion spectrum. On the other hand, the 
emission spectrum of a uniformly heated 
cavity is independent of the composition of 
the material forming the walls of the enclosure. 
It is a function only of the temperature. 
The emission of thermal radiation from, 
and the absorption of thermal radiant energy 
of all wave-lengths entering into the cavity 
is complete. In a material substance this 
can occur only on the short wave-length side 
of a band of anomalous dispersion where the 
absorptivity is high but where the refractive 
index and hence the reflecting power is practi- 
cally nil-for example in quartz (14), selenite 
and aluminium oxide, in the region of 7 p. to 
10 p. (p.=O-OOl mm,). 
:Modern conceptions of black body radiation 
are the result of slow development from such 
simple experiments as those of Draper 1 (4), 
who found that the interior of rifle barrel 
became luminous at a certain temperature: 
of Christiansen (H), who ohserved that the 
1 Th(' numl)(,f (4) and OtlWf 
imilar numbers refer 
to the Biùliographr at the enù of the article. 
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porcplain which lies acro,;s the radiating waIl 
of the black bodv was co"\ered "ith cobalt 
oxide. :;;;ince the 
co baIt oxide did not adhere 
well to the porcelain tube, the latter was 
first co\
ered with a thin laver of iron oxide, 
obtained by wetting the p;rcelain tube with 
writing ink which was burned into the tube. 
The cobalt oxide paint was then applied and 
also burned upon the tube by means of a 
blast lamp. After replacing the thermo- 
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couple, pnclosed in this short tube within the 
radiator, the whole interior was again painted 
"ith a mixture of cobalt and chromium 
oxides. In order to be able to insert the 
thermocouple including the short tube, and 
also to paint the interior of the radiator, the 
first diaphragm (which in the commercial 
porcelain tube has an opening of only 1 em.) 
was removed (Fig. 2, B), and after makin<; all 
the adjustments another porcelain diaphragm 
was put in its place. 
The cobalt oxide has a high temperature co- 
efficient of ah;;;orption, so that it appears black 
on slight heatin
. Its pmission :;pectrum (l-!) 
(loc. cit. p. 120) is continuous, so that there is 
less difficulty in producing a perfect radiator 
thal\ when the radiating enclosure is of 
white porcelain (17, 18). However, porcelains 
having a low melting-point "hen heated 
above 1000
 emit a far more continuous spec- 
trum than the" )Iarquardt porcelain" from 
which are made the black bodies ordinarily used. 
All these tubes, especially the painted ones, 
become electricall
. conducting when heated 
above 1300
 C. Hence, at the highest tem- 
peratures the radiator should be heated by 
alternating current from a motor generator 
which is operated from a storage battery. 
By this means there is no more (lifficulty in 
maintaining a constant current than when 
heating the radiator directly by means of 
current from a storage battery. By means 
of a Jow-resistance rheostat at the ohser"\ing 
tahle, the current can b(' re!!ulated gO that the 
temperature of the radiator can be kept to a 
few hundredths of a degree. 
(ii.) lratpr-('f)oll'rl 
,'hlltter.'1 and Diaphragms. 
-In discm:sing the rf'lati\ye merit
 of the 
various dd('rminatiom
 of the radiation con- 
Rtants, and in particular the coefficient of 
total radiation, the writer will have occasion 


to refer frpquently to the use, or misuse, of 
shields for preventing the receiver from being 
heated by the radiator, and of shutters for 
exposing the recei"\er to radiation. It is 
therefore important to consider briefly the 
functions of this apparatus. 
The determination of the coefficient of total 
radiation usually consists in nuting the heat 
interchange when the receiver is exposed to 
two radiators "hich are at widely differing 
temperatures, say 0 0 C. and 100 0 
C., i.e. ice and boi1ing water. 
The radiator at the lower tem- 
perature may be and usually is 
used as a shutter. If the tem- 
perature of the shutter is lower 
than that of the receh
er the 
latter radiates to the shutter. 
Hence it is important to have 
the receiver face a large (say 
water-cooled) diaphragm, main- 
tained at a constant tempera- 
ture, at the back of whidl is placed the 
shutter and the radiator. In this manner the 
surrounding conditions, facing the receiver, 
are not changed when the shutter is mo"\ed 
in order to expose the receiT"er to radiation. 
There is no doubt that some of the unusual 
results obtained in the determination of the 
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radia tion constants are 0"\\ in!! to the fact 
that the receiver did not face 'unif.o()rm condi- 
tions when the shutt-er "a
 opened and closed 
in making the mpasurements. 
Experience 
hows that the arrangement of 
the glmtter should be similar to that i11ustrated 
in Fif). 3. "\\ hich particular desi,!!Il of apparatus 
"as used by Cohlentz in tlH' df'termination of 
the coefficient of total radiation described on 
a subsequent page. 
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The water-coole(l shidd employed consisted 
of a tank A. 23 cm. in diameter and 1.5 cm. 
in thickness. the radiator, and a tank B which 
faced the radiometer. The water-coolpd shutter 
S (Fig8. 3 and 6), consisting of a thin metal 
box 3.3 by 3.5 by 0.8 em., was operated in 
vertical ways between these two shields. A 
mercurial thermometer was inserted at Th. 
Its bulb was in the water flowing through 
this shutter and was used to measure the 
temperature T used in equation (1). A more 
detailed illustration of a similar shutter is 
given elsewhere (15), and some of the parts 
are shown in Fig. 3. The side of the shutter 
facing the radiometer was, smoked in a 
sperm candle, and in connection with the 
conical-shaped opening (painted black and 
smoked) in the water-cooled q.iaphragm B 
it formed a miniature black body the tempera- 
ture of which remained constant throughout 
a series of measurements. The temperature 
of the shutter was easily kept constant to 
within 0.5 0 C. The opening in the diaphragm 
B, which must be accurately known, was 
defined by means of a series of small perforated 
discs vf brass 8 mm. in diameter and 1.5 mm. 
in thickness, which were mounted in a recess 
provided for the purpose. These brass discs 
were provided ,vith accurately cut, knifp- 
edged holes which varied from 2 to 5.;:) mm. 
in diameter. In this manner one could easily 
change the size of the opening which admits 
radiation upon the receiver and thus study the 
effect upon the radi.ation constant. 


II. THE COEFFIcrE
T OF TOTAL RADIATION 
It has been shown by Stefan (1), Schneebeli 
(10), \Yilson (11), Lummer and Pringsheim (9), 
Valentiner (12), and others (20), that the total 
radiation emitted from a uniformly heated 
cavity is proportional to the fourth power 1 of 
the absolute temperature. The measurements 
extend o,-er a temperature range of about 
1,')00 0 C. They verify the fourth power law 
within the accuracy of the temperature scale 
and the general errors of observation; these 
are small owing to the fact that t.he measure- 
ments are rf'lati,-e. 
The evaluation of thE' coefficient of thermal 
radiation in abgolute mE'asure is an extremely 
difficult task "hich has becn attempted by 
numerous experimf'ntcrs whose data will now 
be considered. 
The early determinations of the coefficiE'nt 
of emission of a su hstance (e.g. blackened 
plates, balls of glass or coppE'r) by Lehnebach 
(19), Christiansen (21), and othf'rs arE' of great 
historical interest, but they cannot bE' con- 
sidered in connection with present-day detf'r- 
minations of the coefficient of total radiation 
of a uniformly heated enclosure. 
1 See" Pyronlf'trr, Total R:1lliation;' Yol, I, 



 (3) BOL01\lETRIC :\IETHODS OF ELECTRIC 
CO:\IPENSATION. (i.) ObSen'(ltion8 of K urlbaum, 
(22).-The first determination of the constant 
of total radiation in absolute value, hv a 
method which is free from the gross e.xperi- 
mental errors that are inherent in the work, 
was made by Kurlbaum. 
The principle of the method is as follows: 
Three branches of a \Yheatstone bridge 
(bolometer) consist of thick manganin wir;s, 
which are not affected by a change in current 
through the bridge. The fourth branch 
consists of thin strips of plat.inum, the resist- 
ance of which is affected by a change in 
current in the bridge. 
Starting with the bridge balanced, the 
bolometer branch of thin platinum, at a 
distance of 18 to 20 cm., was exposed to the 
radiation from a black body at 100" C., and 
the change in resistance (or galvanometer 
ddlection) was noted. \Yith the bolometer 
branch shielded from radiation, the bridge 
current was varied until the change in resist- 
ance in the bolometer branch ,vas equal to 
that attained when exposed to radiation, 
In other words, the bridge current was in- 
creased by a sufficient amount to produce 
the same galvanometer deflection as was 
caused by radiation falling on the bolometer 
strip. From a knowledge of the change in 
the bridge current, the bulometer resistance, 
E'tc., Kurlbaum was able to compute the 
energy input.. He used t\" 0 very different 
surface bolometers and found very concordant 
values. He found a value of (J' = 5,32. In.a 
subsequent communication (23) he made a 
correction of 2.5 per cent for loss by reflection 
from the platinum black surfaces of the 
bolometer. This gives a value of (j = 3,45. 
Coblentz (24) determined the reflE'cting power 
of platinum black, and found that, using the 
blackest obtainable deposits, the reflecting 
power is almost 2 per cent for ,vave-Iengths 
at 8 to 9 fJ.. An examination of six surface 
bolometers (12 branc'hes or 24 surfaces of 
about 3 by 4 cm. area), purchased abroad, 
showed that all of them had microsC"opically 
small bright patches of bare platinum. These 
bright areas would increase the loss by reflec- 
tion. From this it appears that Kurlbaum's 
correction to his work is none too large. 
(ii.) Observations of r alentiner (12),-The 
method of measuring the coefficient of total 
radiation by means of a large surface holo- 
meter was continued by Valentiner, who found 
quite different values, depending upon the 
blackness (kind) of radiators employed. which 
were heated as high as 14[)OO C. For the two 
blackest radiators (the steam-heated radiator 
"\r.f;.K." and the electrically heated un- 
hlackened porcelain tuhe radiator" G.RK.") 
he found a value of (J' = [).
(). 
In a subsequent paper (2.1')) he made a correc- 
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tion of about 4 per cent for various causes 
(e.g. 1 per cent for lack of blackness of the 
radiator, 2.5 per cent for reflection from the 
bolometer, etc.) giving a value of 0-= 5.58. 
Xo correction was made for atmospheric 
absorption. 
The numerical values of the various deter- 
minations made by Valentiner, upon anyone 
radiator, vary by about 3 per cent, which is 
greater than the effect of atmospheric absorp- 
tion in a space of 30 to 50 cm. However, 
when using a larger porcelain tube radiator 
(12), "G.8.K.," the distances were longer 
than usual (being respectively 89 and 125 
cm.) and the effect of absorption seems 
unmistakable. The value of the radiation 
constant is about 2 per cent smaller for the 
greater distance, 1'.e. an increase of 3.3 cm. 
in optical path introduced an absorption of 
about 2 per cent. 
A conservative estimate of the correction 
to Yalentiner's data for absorption by atmo- 
spheric water vapour and carbon dioxide is 
2 to 3 per cent. This increases Yalentiner's 
value to 0-=5.68 "ith a possibility of the value 
being as high as 0-= .3.7:5, which is in remarkably 
close agreement with the various determina- 
tions made by other methods. That a correc- 
tion of not less than 1 per cent is to be applied 
to these data is indicated in Gerlach's (33) 
recent work on atmospheric absorption of 
black body radiation. 
The surface bolometers used by Kurlbaum 
and by Valentiner consisted of two grids of 
thin platinum foil, placed one back of the 
other, with the edges overlapping. In this 
manner a continuous surface is formed, but 
part of the rear bolometer strips are shielded 
from the radiation incident on the front 
strips. The operation of the receiver is 
unsymmetricaL Gerlach (28) has discussed 
the effect of this overlapping, and has shown 
that in some cases it might lower the value of 
the observed radiation constant by a \Tery 
considerable amount. Coblentz (27) has found 
that using one bolometer strip back of the 
other, 50 per cent of the energy, incident 
upon t}w first recei\-er, is re-radiated to the 
rear one. In the reverRe process, of heating 
the strip electrically, this effect would enter 
symmetrically and a low value would result, 
It was found by Kurlbaum and by ValentineI' that 
the rate of temperaturE' riS(' was different when 
heating the bolometer by absorption of radiation 
and by el
ctrical heatin
, The low values of the 
radiation constant obtained by Yalentiner are 
explained (28) in part aB the result of reading the 
galvanometer deflection before temperature equili- 
brium was fully attained, 
Calkndar (30) has descrihed surface bolo- 
meter
 which would overcome some of the 
dcfccts of conduction, etc. However, using 
radiators at 600 0 to 1000 0 C., thcre is no need to 
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employ such large receivers with the unavoid- 
a ble defects just noted. 
(iii.) Obsen:atiolls of Gerlach (3]). - The 
following method is not exactly bolometric in 
principle, but it may be considered at this point 
since its virtues have been under discussion in 
connection \\ ith the results obtained by the 
bolo metric methods just mentioned. Gerlach 
determined the constant of total radiation, 
(J", by a modification of Angström's electric 
compensation pyrheliometer. 1 In the original 
pyrheliometer of Ângström (32) the receivers 
are two thin narrow sheets of manganin to each 
of which is attached one junction of a thermo- 
element which is joined through a galvano- 
meter. One of these manganin strips is ex- 
posed to solar radiation. Through the other 
lllanganin strip is passed an electric current 
of such strength that it is heated to the same 
temperature as is the receiver which is exposed 
to solar radiation. The equality of temperature 
is indicated when there is no current flowing 
through the galvanometer, 
In the instrument as used by Gerlach (31) the 
receiver consists of but one strip of manganin. 
At the back of this manganin strip and close 
to it is a thermopile of 43 elements (joined 
through a galvanometer) which is heated by 
radiation from the strip, thus differing from 
Â.ngström's device, in which a single thermo- 
junction is heated by conduction from the 
manganin strip. The object of using many 
thermo-junctions is to integrate the radiation 
from the whole strip, thus eliminating any 
irregular heating caused by inequalities in the 
thickness of the receiver, which was blackened 
electrolytically with platinum black. The 
manganin strip is heated electrically to the 
same temperature as that attainpd by the 
strip when exposed to the radiation from a 
black body, which was heated by steam. 
From a knowledge of the resistance of the 
strip and the electric current the eneq!y input, 
and hence the \yalue of the radiation constant, 
is determined, 
Gerlach experienced some difficulty in deter- 
mining when he had exact compensation when 
heating thp receiver electrically and radio- 
metrically. Covering the sides of the receiver 
with knife-edged Rlits had no effect upon the 
radiation constant; but shielding the ends of 
the manganin strip frum radiation caused the 
value to increase frol1l(J" = ,j.R3 for theun
hielded 
ends to a constant value of (J"= 6.14, whpn the 
shields covered 1..3 mm. or more of the ends 
of the strips. This is caused by heat conduc- 
tion from the receiver to the hea yy copper 
electrodes. In practice he exposed the "hole 
length of the receiver to radiation, claiming 
that the heat conducted from the ends is the 


1 For an account of thi
 anel 
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same when the metal strip is heated radio- 
metrically and electrically. This appears to 
be the weak point in the device. In the 
instrument used by Coblentz (20, 29) this 
difficulty was eliminated by placing the 
potential terminals on the receiver, and at 
some distance from the heavy electrodes. 
This seems to be the logical way to use such 
a receiver. 
The work of Gerlach arouseù considerable 
discussion among experimenters previously 
engaged on this same l)roblem. This brought 
forth a very considerable amount of laborious 
experimental work by Gerlach (35), in which 
he showed that his apparatus gave the same 
values when operated by Kurlbaum's (22) 


Gerlach's determination is one of several, 
which should be a convincing demonstration 
that the extreme values of (j = 5.3 to (}'5 are 
subject to correction, in so far as the correc- 
tions can be determined. 
(iv.) Observations of Coblentz (20, 29, 39).- 
This research ,\ as undertaken after a study of 
the in
trulllents and mcthods used in the earlier 
determinations, and an effort was made to 
emhody the good features and eliminate the 
defective ones previously employed. It is 
therefore proper to discuss the work in con- 
siderable detail. 
In designing the apparatus an attempt was 
made to embody black body conditions in the 
radiator, Pig. 1 (including the shutter, Fig. 3), 
and the receiver. 
The lack of blackneAs of the 
radiator has been discussed by'Yien 
and Lummer (8), "ho give a method 
for computing the correction for the 
opening in the radiator, on the 
assumption that the enclosure is 
spherical and diffusely reflecting. 
The amount of ener
y that can 
escape by diffuse retledion through 
the opening is determined practi- 
cally by the size of the opening as 
compared with the total area of 
the interior of the radiator. In the 
porcelain tube radiator used here 
the interior is uniformly heated over 
a length of 8 to 10 cm. However, 
for the purpose of the l)resent com- 
putation, a length of only 2.5 em., 
which is dcfincd by the first dia- 
phragm, is considf'red. The area 
of the enclosure is 37.6 cm. 2 and 
that of the opening is 3.1 em, 2. 
On the basis that the reflecting 
power of the interior of the painted radiator 
is 7 per cent (loc. cit. (20), p. 523, Table 3) 
the loss of energy by diffuse reflection 
through the inner diaphragm is O.()3 per 
cent. Using an unpainted Marquardt por- 
celain radiator the coefficient of total radia- 
tion is decreaRed by about 1 per cent 
(loc. cit. (29) p, 571), showing that the 
question of la.ck of blackness of the radiatur 
is important. 
For a receiver (40) it was decided to use 
a modified ÁngstrÖm pyrheliometcr (32) em- 
bodying novel features which had not yet 
been tried by others. In order to reduce the 
heat capacity of the manganin receiver Th, 
Pl:g. 4, and provide better insulation, the 
thermopile of bismuth and silver, having a 
continuous receiving surface, was placed a 
short distance back of the recf'iver as 
h'H\ n 
in E, Fig. 4. The apparatus used by G('rlach 
em bodied this same idea. 
The crucial and novel part of the apparatus 
was a receiver R, Pi[J, 5, with potential ter- 
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bolometric method as when operated by his 
methoù, 
In subsequent investigations Gerlach deter- 
mined the effect of atmospheric absorption (33) 
and of blackening the receivers (36) upon the 
radiation constant. He operated the radiator 
at higher temperatures (to 450 0 C.), but the 
radiometric apparatus remained the same as 
in the earlier work. 'Vith this outfit his new 
value (37) of the coefficient of radiation, un- 
corrected for reflection of radiation from the 
receiver and for atmospheric absorption, is 
decidedly lower than that which he had pre- 
viously obtained under similar conditions, 
being of the order 0-=5.6 to 5.7. Applying a 
correction of about 1.7 per cent for reflection 
of platinum black as observed by Coblentz (24) 
and depending upon the temperature of the 
radiator, a correction of 0.2 to 1.2 per cent for 
absorption of CO 2 , the mean value of 52 inde. 
pendent sets of measurements is 0- = 5.85. In 
a recent disêussion of his data Gerlach (102) 
places hie value at u=5.80. 
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minals PP attached thereto, at a sufficient 
distance from the ends to avoid the question 
of heat conduction to the electrodes. These 
potential mres. "hich "Were from 0.003 to 
O.(\
j mm. in diameter, accurately df'fined the 
length of the central part of the receiver which 
was utilised in the measurements. By 
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e
 posmg the whole length of the receiver to 
radiation, conduction losses from its end do 
not enter the problem. 
The effect of the presence of the potential 
terminals was determined (20) (by using a 
third terminal P') and found negligible, viz. 
0.3 per cent. The method of finding the 
difference of potential between two 
terminals attached to the receiver 
seems more certain than to find the 
difference of potential between two 
hea vy electrodes as used by Ger- 
lach (31). 
The operation of this type of 
radiometer, with a hemispherical 
mirror placed in front of the receiver 
(20, 2-1, 38), may introduce errors 
when the receiver ï.
 heated by elec- 
trical means. Hence, after conferring 
with specialists in geometrical optics 
who were in agreement with the writer's opinion 
that a reflecting enclosure is likely to introduce 
errors. the receiver "Was used without the hemi- 
spherical mirror. Subsequently this mirror 
was employed in a sf'parate experiment to 
determine the diffuse reflection (24) from lamp- 
black and platinum black, and finally in deter- 
mining the lo
s by reflection from some of the 
receivers actually used in the observations. 
Hence, the loss 
f radiation incident upon the 
receivers "as prohably accounted for as 
accurately as it would have heen by employing 
a " blackening" device in front of the receiver. 
In order to test the question of the accuracy 
of the corrections used for eliminating the 
loss by reflection, a series of observations was 
made on one receiver. In this test the fo'lits 


in front of the receiver, and all other conditions 
remained unchanged. 'The only variation was 
in smoking the platinum black receiver with 
a sperm candle after making the first set of 
observations. The reflecting power of plati- 
num black is taken to be 1'7 per cent (39) and 
that of lamp-black 1.2 per cent. The respec- 
tive determina tions, after correcting for energy 
lost by reflection, were (T= 5.b22 and (T = 5,814, 
They differ by only about 0'1 per cent, which 
is very satisfactory, and shows that the reflec- 
tion factors were" ell determined. 
The assembled apparatus is shown in Fig, 6, 
in which A and B are the water-cooled dia- 
phragms, S the shutter (see Fig. 3), F the 
radiometer. and D the telescoping diaphragmed 
tubes enclosing the optical path from "hich 
the moisture was removed by means of phos- 
phorus pentoxide P. Subsequent tests showed 
that in this outfit the effect of atmospheric 
absorption "Was less than 0.1 per cent (20), 
which conclusion is substantiated by recent 
measurements made by Gerlach (33). 
The thermopile was connected with an un- 
usually well shielded iron-clad 'Thomson gal- 
vanometer of special design (38, 41), which 
served merely as a null instrument to indicate 
the rise in. temperature of 
the receiver when exposed to 
radiation and when heated 
electrically. 
The method of observation 
consisted in exposing the 
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receiver to radiation and noting the gah-ano- 
meter deflection: then in heating the strip 
electrically to give, "ithin 1 per cent, the 
same deflection. The measurements of the 
electric po" er put into the strip "ere made 
with the same potentiometer used in measuring 
the temperature of the radiator. No difficulty 
was experienced in determining temperature 
equilibrium on heating the receiver by radia- 
tion and nv electrical means. 
The exa'ct amount of energy nece
sary to 
cause the same deflection as that produced by 
absorbing radiant energy is obtained by lllulti- 
plying the oLsen-ed ener
y input hy the ratio 
of the galvanometer deflections. This p:ives 
the .. constant" of each recei"Vf'r. In order 
to reduce all the measurements to a common 
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basis, and at the same time obtain a yalue of 
the coefficient., or the so-call('d Stefan-Bolz- 
mann constant, of total radiation. the custom 
of previous experimenters was followed in 
reducing the data. For this purpose it is 
necessary to know the area At of the "ater- 
cooled diaphragm, the area A'J of the receiver 
which is exposed to the radiation emanating 
from AI' the distance D between these two 
surfaces, the absolute temperature TI of the 
shutter, and the absolute temperature T 2 
of the radiator. The electrical energy input 
necessary to produce the same (galvanometer 
deflection) rise in temperature as was produced 
by exposing the receiver to the radiator is EI, 
both of which quantities are measured with 
the potentiometer as already described. Under 
these conditions the energy consumed by the 
electrical stimulus may be equated to the 
energy emanating from the radiator, or 


EI - U ( T 4 _ T 4 ) 
IA
 
- 7r II 1 1)2' 


where u is the coefficient of total radiation, 
E is the volt.age, and I is the current. 
Usuallv the di8tance between the two surfaces 
At and Ã 2 is so close that experimenters have had 
to apply a second term correction (42). In Ger- 
lach's (31) work the correction applied 'was 
AI A
 ( _ 
 a2+b2+aI2+bI2 ) 
D2 1 Ü D2 ' . 


. (4) 


where the sides of the openings in the rectangular 
diaphragms were a, b, ai' bl' A shorter correction 
factor is 



IA2 ( _ 1 rë+_ 
2 ) 
D2 1 4 D2 ' . 


. (5) 


which resulta from neglecting the effect of the first 
diaphragm, which was very small in this work. In 
either case this second term correction is quite 
negligible in the present investigation, since it 
usually amounts to 1e..<IS than 2 parts in 1000. 


The radiator was operated at a temperature 
of 800 0 to 1l00o C., within which range the 
temperature scale is quite well determined. 
To the data obtained with 10 receivers, a 
correction of 1.2 per cent, for losses by reflec- 
tion, was applied to measurements made with 
receivers covered with lamp-black (soot) and 
a correction of 1.7 per cent to measurements 
made with receivers covered w;th platinum 
black. The reflection from a receiver covered 
with platinum black, then smoked, is 1.2 
per cent. As just mentioned, these corrections 
were determined by direct measurements upon 
some of the receivers used in this investigation 
and by comparison of the surfaces of the other 
receivers "ith samples of lamp-black whose 
reflection losses had been determined in a 
previous investigation (24), 


(3) 


The value ohtained fur the co('fficient of 
total radiation, after applying the corrections 
just mentioned. is 
u =(5.722::1::.0'012) X 10- 12 watt em. -2 deg. -4. 
No correction was made for absorption by 
atmospheric carbon dioxide, which was found 
to be less than 0,1 per cent. Accorùing to 
Gerlach's (33) measurements this might per- 
haps amount to 0.1 or 0.2 per cent, thus 
increasing the value to u=5.73. 
The method of operation is unsymmetrical 
in that, when the receiver is exposeù to radia- 
tion, the heating is produced in the lamp- 
black surface, while in passing an electric 
current through the strip the heat is generated 
within the receiver. However, from the data 
obtained with receivers differing 10 times in 
thickness, and covered with different kinds and 
thicknesses of absorbing material, it apI)ears 
that the manner of heating the receiver has 
but little effect upon the final result. 


For anyone receiver, operated under different 
conditions, the precision attained i.<J usually much 
better than 1 per cent. For the differpnt receivers 
the maximum range in the value of u is of the order 
of 1'5 to 2 per Cf'nt. This seems to be independent 
of the length and width of the receiver, and of the 
kind of slits used, The accuracy attained with this 
method of eva
uatillg energy in absolute mea<:;ure, as 
estimated by the departure of individU'1l deter- 
minations from the mean value, appears to be of the 
order of 1 per cent, To this extent one can consi(kr 
the present device a primary instrument for evaluate 
ing radiant energy in ahsolute measurf'. 


(v) Observations of Kahanowicz (44),-The 
apparatus used by Kahanowicz is essentially 
a modifi<mtion of the Ángström pyrheliometer 
(32). 
The receiver was placed at the centre of a 
spherical mirror with an opening in one side 
to admit ra-diation. In this manner the cor- 
rection for reflection was eliminated, The 
shutter was close to' the receiver. If its 
temperature was different from that of the 
water-cooled diaphragm, which was before the 
radiator, errors in the radiation measurements 
would occur. As mentioned elsewhere in this 
paper, the shutter should be placed hetween 
the water-cooled diaphragm and the radiator, 
to avoid a change in the surroundings facing 
the receiver when the shutter is raised for 
making the radiation measurements. 
The temperature range was from 
WOo to 
;-)30 0 C. The distance from th(' radiator to 
the receiver was 35 to 55 cm. A series of 28 
measurements gave an average value of 
u=5.ôl. Of this number 11 gave a value of 
u= 5.7. Out of a series of 4 measurementA 
made in December HH6 (lower humidity), 
with the distance u = 56 em., 3 gave a value 
of u = 5.7. 
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A recent determination, using temperatures 
ranging from 236 0 to 1076..... C., gave a value of 
0" =.).61. 
:Xo corrections were made for atmospheric 
absorption, which for the temperatures used 
is not negligible. In a previous paper (loc. 
cit. (20), p. 576) it was shown that on removing 
the moisture (vapour pressure of 10 to 12 mm.) 
from a column of air 52 cm. in length, the 
radiation constant was increased from 0"= 5,41 
to 5.55, or about 2.6 per cent. The vapour 
pressure at Kaples is considerably higher than 
at \Yashington. From these (39), as well as 
Gerlach's (33) data, it appears that the cor- 
rections for atmospheric absorption should be 
at least 1 per cent. For the temperatures 
at which the radiator was operated, a con- 
servative estimate of the correction to the 
radiation data obtained by Kahanowicz is 1.5 
to 2 per cent, resulting in a value of 0" = 5.69 
to 5.72. In other words, the Naples value of 
the coefficient of total radiation is comparable 
with other recent determinations which indi- 
cate a value of 0" = 5.7. 
(vi.) Observations of Puccianti (43).-The 
method of operation is just the opposite of 
that usually employed, and in view of the 
small radiant energy exchanges involved in 
comparison with the transfer of energy by 
heat conduction and by convection, this 
may perhaps be the weak point in this 
method. 
Puccianti constructed a bolometer in the 
form of a black body, which is kept at room 
temperature. This black body is really the 
radiator. The other black body (which is 
really the receiver), instead of being at a 
higher temperature, as usually is the casp, is 
at the temperature of carbon dioxide, snow, or 
of liquid air. He measured the electric po-wer 
which had to be supplied to the first black 
body to keep the temperature constant in 
order to compensate for the energy lost by 
radiation to the second black body. He very 
ingeniously constructed two black-body holo- 
meter branches exactly alike, the one to be 
exposed to the cold receiver and the other to 
be protected from it. Each of these bolometer 
branches consisted of a vessel of 0.1 mm. sheet 
coppe.r having the form of a cone and a 
frustum of a cone united at the bases as 
shown in Bl and B 2 , Fig. 7. The lengths 
were 12 cm.; the maximum internal diameter 
was 4 cm. The internal surface was smoked 
The external surface was polished, and upon 
it 'was wound two thin insulated wires. One 
of these wires, of iron, formed the bolometric 
branch, and the other wire, of manganin, was 
used as a heating resistance. The other two 
branches of the bolometer bridge were formed 
of resistance coils and the whole was con- 
nected "ith a galvanometer and storage 
battery as in any ordinary bolometer. The 


two sen:5itive black-body branches of the 
bolometer were in an evacuated vessel C I 
which was kept in a tank of water. 
The receiver "as a blackened glass bulb Xl 
immersed in liquid air, and the bolometer 
was allowed to radiate 
to this receiver. The 
constant K of the instru- 
ment was determined 
from the diameters of 
the diaphragms DI and 
D 2 . A correction \\ as 
made for the energy 
interchange between 
these two openings (42). 
Puccian ti assumed 
that the shutter and the 
bolometer branch B 2 
were at the temperature 
T of the water bath, 
The resistance R of the 
manganin heating coil 
surrounding the bolo- 
meter branch B 2 was 
determined. In the 
course of the test 
Puccianti measured the 
voltage E, which was 
necessary for compensa- 
tion to prevent the 
bridge from being un- 
balanced when the 
branch B 2 was exposed 
to the receiver Kl at the temperature To. 
He obtained a value of 0"=5.96. 
The method is an ingenious variation from 
the usual procedure. The apparatus should 
have been constructed so that both bolometer 
branches could have been used as radiators. 
.From the illustrations it appears that radiation 
from one branch could fall upon the other. 
which would introduce errors, Another un- 
certainty is the temperature and the manner 
of operation of the shutter. Tests might have 
been made to determine whether the bolometer 
remained balanced when a heating current 
was applied to both branches, without allow- 
ing one branch to radiate to the receiver. 
.Furthermore, to repeat the herein oft-men- 
tioned device, a heating coil should have been 
inserted temporarily within the radiator to 
determine the energy input as compared with 
the energy input required in the outer heating 
coils in order to maintain a balance, The 
device, as used, is unsymmetrical in that the 
hea ting coil is not. in the proper place to 
operate most efficiently. From this it appears 
that the constant should be smaller than that 
indicated b
. his measurements. 

 ( 4) THER:\lO::\IETRTC :ì\I ETHODS WITH 
" BLACK" REC'EIYERS. (i,) Obser1'ations of 
Fhy (4.3),-ln order to eliminate the question 
of reflection from the surface Féry (43) made 


G 


N 


T 


FIG. 7. 



5.30 


RADIATIOX 


a series of determinations of the radiant con. 
stant (J', by means úf a thermojunction, formed 
into a long conical-shaped metal receiver which 
was blackened on the inside. On the outside of 
the cone, and insulated from it, was "ound a 
heating coil of known resistance for calibrating 
the receiver. This was done by noting the 
temperature rise (galvanometer deflections) 
with the energy input, in watts. The receiver 
was then exposed to an electric furnace which 
was heated to various temperatures from 
500 0 to 1200 0 C., and the corresponding gal- 
vanometer deflections were observed. He 
obtained a value of (J' = 6.30. 
(ii_) Observation'J of F'éry and Drecq (46).- 
The work was undertaken anew by Féry and 
Drecq (-16), the receiver being a cone of brass, 
having an aperture of :
Oo, placed within a 
large sphere of brass which was surmounted 
by a glass tube \\ith a capillary 1 mm. in 
diameter. The large brass sphere was filled 
with alcohol, the whole forming a thermometer 
in which 1 mm, rise in height of the column 
in the capillary indicated a rise in temperature 
of 0.00.3 0 . Surrounding the outside of the brass 
case was a coil of wire through which an 
electric current was passed and the energy 
input noted which cau
ed the same tempera- 
ture as that produced by exposing the opening 
of the cone to the radiator. They found a 
mean value of (J' = 6-51, which is the highest 
value yet obtained. The relative values ob- 
tained with the instrument show a fair con- 
stancy over the whole temperature range, 
which extended to the melting-point of gold. 
However, the same is true of Valentiner's 
values determined by the bolometric method. 
It indicates that there is some constant factor 
which is not eliminated and which causes a 
high or low value. 
Various suggestions have been made as to 
the cause of their excessively large values. It 
appears that part of the difficulty lies in the 
unsymmetrical way in which the instrument 
is operated. It is calibrated by a heating coil 
which is in connection \\ ith the alcohol (or 
air, in the first case) and can warm the latter 
by conduction and by absorption of radiant 
energy. On the other hand, the incoming 
radiation must be transformed by absorption 
in the cone and then reaches the alcohol 
principally by conduction. As a result of this 
type of calibration, the apparent value of the 
radiation constant is higher than the true 
value. The weak point lit's in not ha\Ting the 
heating coil within the recpiver, which should 
be so constructed that but little, if anv, of tht' 
entering radiation, or the energy 'radiated 
from the heating coil, can esC'ape through the 
opening in the r('ceiver. Thig might easily 
have been done by forming the receiver into 
a dou ble-cont'd receiver, such as was used by 
Puccianti. However, even with all these pre- 


cautions, this type of receiver does not app('ar 
sa tisfactory. 
Another determination of this constant \\ a
 
made by F'éry and Dr('cq (47) in \\ hieh the 
radiations from an electric furnace fell upon 
a strip of platinum (area 36 by 53 mill. and 
0.03 mm. in thickness), blackened electro- 
lytically with platinum black. The radiation 
measurements were made by sighting upon 
the front and the rear surlaces of the platinum 
strip by means of a Féry pyrometer, the angle 
of incidence being 4S o . Their ne\\ value of 
the radia tion constan twas (J' = 6.2. The 
measurements upon the posterior surface 
resulted in a value of (J'=5.57, which is said 
to correspond with the measurements on the 
anterior smface made with plane recei\-ers. 
If we correct the latter value by (the round 
number) 2 per cent for reflection (24), we 
obtain the value (J'=5.û8, which is of the same 
magnitude as observed by the writer. This 
new determination of (J' by l"éry and Drecq 
appears to have been maùe defective by their 
reduction of the original observations; for 
example, they claim that the coefficient of 
absorption of the receiver was only 0.82 to 
0.84, \\ hich seems impossible from numerous 
and diverse experiments on the diffuse re- 
flecting !)ower of platinum black made by 
others. Attention has been called to this fact 
by Bauer (48), who placed their value of (J' 
between 5-1 and 5-8, and, by making a correc- 
tion of 2 per cent for reflection, deduced a 
value of (J' = 5-68. 
In all of the foregoing methods the data arf' meagre 
as to elimination of the vRrious errors which may 
occur. For example, a source of error may arise in 
determining the power put into the platinum strip 
used in the last method. Another important source 
of error lies in the manner of opf'ration of the water- 
cooled shutter, which should be placed between the 
water-cooled diaphragm and the radiator. 
(üi.) Observations of Bauer and 1110ulin (49).- 
In order to obviate the difficulties encountered 
by Féry and Drecq (47) in calibrating their 
conical-shaped receivers, Bauer and :l\Ioulin 
calibrated their receiver (which was a Féry 
pyrometer) by sighting it upon a strip of 
platinum, heated to different temperatures by 
an electric current. In order to determine the 
amount of radiant energy falling upon the 
receiver it was necessary to eliminate the 
losses from the strip by conduction and con- 
vection, For this purpose thf' platinum strip 
was heated in air and in a vacuum, the power 
consumed lwing determined for a definite 
length of platinum, defin('d by potential 
terminals weMed to the strip. Having cali- 
brated the pyrometer by noting the galvano- 
meter deflections for the various amounts of 
energy (in watts) put into the platinum strip. 
they sighted the pyrometer upon a hlack hmly 
heated to various temperatures and noted the 
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galvanometer deflections. Their first an- 
n
)Unced value was u = ß.O. However, as in 
numerous other cases herein cited, errors .were 
introduced in the final reduction of their data. 
They had observed the radiation emitted from 
the platinum strip at an angle of 13 0 from the 
normal and applied a correction (30) of about 
12 per cent, which reduced their value to 
u = 5.3. This correction is recognised to be 
much too large {48), so that their value of the 
radiation constant lies between u=5.3 and Ü.O. 
They made no correctio
 for atmospheric 
absorption, wbjch would increase their value 
from 0" = 5.3 to u = 5.6 or 5.7. In an earlier 
communication on the solar constant, Bauer 
and Jloulin (loc. cit. (30), p. 1(38), using an 
Angström pyrheliometer, found the value 
u = j. 7. 
(iv.) Obsen'ation8 of Puccianti (51).-In a 
continuation of his investigations, Puccianti 
gives a determination in absolute measure of 
the radiation of a black 
body in which the 
temperature change is 
measured by means of 
a toluene thermometer, 
the bulb of which .is 
formed into a hollow 
cone that is allowed 
to radiate to a black- 
body receiver, which is 
at the temperature of 
liq uid air The measure- 
ment is made by com- 
pensa ting the heat lost 
by the thermometer 
by the application of an electric current. 


The apparatu9 not being differentia.l in con- 
struction. the temperature of the \\ater bath had to 
be kept rigorously constant in order to have the 
meniscus of the thermomet<>r move slowly and 
regularly. The response of the apparatu.s waS, of 
course, slow and slug
ish, \\ hich is a common 
property of this type of receÏ"\-er (radiator), so that 
it required from four to eight minutes to obtain a 
med.surement. 


The same criticisms apply to this instrument 
that have been mentioned in the cruder form 
ot thermometer used by Féry and Drecq (46). 
The energy for compensation is supplied by a 
heating coil which is in contact with the liquid 
(a good scheme in 80 far as it applies to 
heatin
 the liquid) and on the side of the wall 
of the receiver opposite to that upon which the 
incoming radiations impinge. The arrange- 
ment is therefore unsvmmetrical. The heat 
of compensation shouÌd have been 03upplied 
by a coil inserted "ithin the receiver, provision 
being made that little or none could escape 
by reflection and b
T direct radiation through 
the opening. In this manner the condition of 
symmetrical heat interchanges would have 


been the most closely fulfilled. In the instru- 
ment as used the opportunit) for escape of 
energy seems greater, so that in compensation 
there is a t
ndency to produce a value which 
is higher than the true value for radiation 
unaccompanied by conduction. By placing 
the heating coil "ithin the receiver and using 
a high temperature radiator, Puccianti's device 
should be applied in the manner recently used 
by Keene (32). 
Puccianti considered the precision of this 
method as high as that of the bolometric 
apparatus, but the sensitivity of the thermo- 
metric apparatus was yery much inferior 
to that of the bolometer. Kevertheless, he 
seems to prefer the thermometric method in 
spite of its small sensitivity. He assigned a 
value of 6.00<u<6.3, and his intermediate 
value is u = 6.15. 
(v,) Ob,çen'ations of Keene (32).-The most 
recent determination of the constant u is bv 
Keene. The l'adia td'r 
consisted of an electric 
furnace which could 
be heat
d to lOúu D c. 
The receiver consisted 
of a hollow spherical 
dou ble-walled ther- 
mometer bulb provided 
with a small aperture 
in its side to admit 
the radiation to be 
measured, as shown in 
Fig. 8. The space 
between the walls is 
filled "ith aniline, 
. which served as thermometric substance, 
its e:\.pansion being obseryed in a capillary 
tube in the usual way, 1 mm. division 
= 0.0005 0 c. 
In order to eliminate the effect of the 
yariation of room t
mperature, two such 
thermometers were used differentially, radia- 
tion being admitted into one of them, the 
differential effect giving a measure of the 
energy supplied. The interior of the bulb 
receiving the radiation was provided "ith 
an electric heating coil for the purpose 
of calibration, His paper contains the 
derivation of an exact expression for the 
energy interchange between t" 0 radiating 
coaxial circular openings; for he found that 
the approximate formula which is ordinarily 
used when the distance between the open- 
ings is large was not accurate enough for 
the work. 
His value of the radiation constant is 
u= 5.89. 
The receiyer and the radiator heing close 
together, and the time for attaining tempera- 
ture equilibrium being rather long, there is a 
po
sibility of diffusion of hot gases into the 
receiver "hen the shutter is raised for ob
erva- 


FIG. 8. 
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tions. This would tend to give a high value. 
It would have been interpsting to determine 
if it would have required led
 electric power 
in the heating coil, provided the opening in 
the receiver had been dosed with a reflecting 
cover to prevent e8
a.pe of heated gases, while 
calibrating the device. 

 (3) I
DIRECT A
D SUBSTITUTION :\IETIIODS. 
(i.) Observations of Shakespear (53).-His value 
of the constant (J id obtained by a method 
which is based upon the principle that a 
heated body in air, in surroundings at a lower 
temperature, loses heat (a) by conduction, 
(b) by convection, and (c) by radiation. If 
the rate of loss by a body be observed in two 
cases, the only difference being that the 
emissivity of the radiating surface varies, 
other conditions remaining the same, it is 
quite correct to assume that the losses (a) and 
(b) will be the same and that the difference 
between the observed rate of loss of energy 
in the two cases is due only to the difference 
in the losses by radiation. If, now, these 
two different surfaces, at the temperature of 
boiling water, be exposed in turn to a radio- 
micrometer at room temperature, we obtain 
the ratio of the rates of the energy radiated 
by the two surÎaces. 
In the experiments, a plate of metal with 
a silvered surface ,vas heated electrically to 
100 0 C. and close to it was another plate, 
blackened with soot, which was cooled with 
water. Between the plates was air at atmo- 
spheric pressure. Shakespear measured the 
energy input in order to maintain the plate 
at 100 0 when (1) the surface of the plate was 
highly polished, and (2) when it was blackened. 
He measured also the ratio of the emissivities 
of the plate under these two conditions, using 
a radiomicrometer for the purpose. 1
"'rom 
this he obtained a value (J' in absolute units. 
He then compared the emissivity of the lamp- 
black surface at 100 0 with that of a black 
body at the same temperature by means of a 
radiomicrometer. From this latter compari- 
son combined with the value of (J' he found a 
value of (J = 5.67. 
From this description it may be noticed 
that the essential parts of the method differ 
from that of \Vestphal (53) in that the radiator 
was a flat metal plate used in air instead of a 
vacuum, and that the black body, with which 
the emissivity of the plate had to be measured, 
was separate from it; while in 'Vestphal's 
instrumcnt the black body was self-contained 
within the metal (in the form of a cylinder) 
of which the emissivity of the surface had to 
be measured. 
(ii. Observation8 of Todd (.>4).-ln his ex- 
periments on the thermal conductivity of gases, 
Todd used a thin layer of air enclosed between 
two horizontal, parallel, good - conducting 
plates, which were maintained at different 


temperatures. The colder plate, of course>. 
receives heat by radiation and by conducti9n 
through the air from the hotter plate, which 
is above it. Communication from the sur- 
rounding air is shut off by an insulating rinf[, 
and the two plates being close together, in 
comparison with their linear dimcnsions, thl' 
convection currents are eliminated, He df'. 
termined the energy lost by radiation hy 
varying the distance x between the two plates 
and noting the corresponding variation in the 
quantity Q of heat passing from the upper to 
the lower plate. These values of x and Q 
when plotted from a rectang.uJar hyperbola 
and the horizontal asymptote give the value 
R of the radiation. The ene>rgy input was 
determined by a calorimetric method. In 
order to determine the constant (J he had 
simply to find the ratio of emissivities of the 
blackened plate to that of a black body at the 
same temperature, for which purpose a radio- 
micrometer was employed. The value of this 
ratio and the constants obtained in the main 
part of his experiment enabled him to compute 
the radiation constant, which he found to be 
C" = 5.48. 
This, like the preceding method, is likcly to 
give a low value of the coefficient of radiation 
owing to uncertainty of the exact temperature 
úf the radiating surface of lamp-black. A 
thin layer of soot is fairly efficient in its 
emission and absorption, But a thick layer 
of soot is quite non-conducting of heat, as was 
found in the measurements of diffuse reflec- 
tion (3-1). 
(üi.) Observations by TVestphal (55).-An im- 
portant determination of the coefficient of total 
radiation was made by \Yestphal (55). The 
experiment consisted in comparing the emis- 
sivity of a cylindrical block of copper, when it 
was highly polished and when it was blackened, 
with the emissivity of a hlack body at the 
same temperature. The novelty involved in 
the method is in having the black body con- 
tained within the cylinder as shown in Fig. 9. 
The copper cylinder was heated electrically, 
and to reduce the energy losses by gaseous 
heat conduction this copper cylinder was sus- 
pended in a glass flask from which the air 
could be exhausted to 1 mm. pressure. The 
outer surface of the cylinder was either highly 
polished to give it a low emissivity E 2 or 
painted with lamp-black to give it a high 
emissivity El' The end surfaces rC'mainf'd 
unchanged. The heat losses by conduction 
and convection were therefore the same 
throughout thc experiment. and the difference 
in energy input, when the surface of the 
cylinder had a high emissivity and when it 
had a low emissivity, was a measure of the 
energy lost by ra(1Ïa tion. 
If the temperature of thp gla<;;s flask is kept 
constant To, and the blackeneù cylinùer is hmted 
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E'lectricaUv to the (absolute) temperature T, then 
tÞc energy input \\9 which is required in order 
to maintain a stationary temperature is 


'VI =00"E1(T-I- To4) +J(T,To). . . (6) 


In thi<
 equation, 0 is the surface of the cylinder and 
(T,To) is an unkno\\n fW1ction which represents the 
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FIG. 9. 


energy lost by ccnduction through the air and lead 
wires, and by radiation from the ends of the 
cylinder. 
If now the surface of the cylinder is polished and 
thus given the emissivity E 2 , and if the cylinder is 
heated to the te
perature T, "hile other conditions 
remain W1changed, the energy lost from the cylinder 
is 
'V2=0a-E2(T-I-To-l)+J(T.To) . (7) 


and the constant sought is 


\V I - W' 2 
0"= 0 E E t T 4 . 
( '1 - 2)(T - 0) 


. (8) 


Vsing the surface of the cylindrical body 
when highly polished, 'Yestphal proceeded 
to find the curve of watt-input 'Y2 of the 
body between the temperatures 350 0 and -123 0 
absolute as a function of the temperature. 
Then the surface of the body was brought to 
a high emissivity by applying in succession 
different blackening materials, and the energy 
'V 1 input was measured at different tem- 
peratures. 
The emissivities of the surface and of the 
mterior of the copper cylinder were compared 
by means of a thermopile. The numerous 
details need not be discussed. Suffice it to 
say that the ,,"ork appears to have been 
thoroughly done, and from the nature of the 
method it sepms free from gross systematic 
errors. His mean value is 0" = 5,5-1. 
He modified the apparatus and extended 


the observation over a "ider range of tempera- 
ture \\ith a view to increasing the accuracy. 
The ne\\ value (36) agrees \\ ell \\ ith the earlier 
detennination, being 0" = 5,37. Although 
nothing further seems to have been published 
subsequently, 'Yestphal obtained further 
measurements which 
yielded the value 0" = 
5,67 (58). This is in excellent agreement with 
Shakespear's results (53) shm\ing that the 
coefficient of radiation as determined by 
reliable methods is of the order 0"=5.7. 
As already noted in discussing Todd's data, 
it is uncertain \\ hether in all cases the surface 
of a layer of black soot has the temperature 
of the metal plate upon which it is deposited. 
Gerlach (36) performed experiments which led 
him to question whether 'Yestphal's results 
were not slightly low O\\ing to the use of 
lamp- black. 
This and the preceding measurements of the 
coefficient of total radiation are excellent 
varia tions from the direct method. They 
are likely to give slightly low values, just 
as the thermometric methods, just de- 
scribed, give high values. Hence, these two 
methods serve the purpose of establishing 
upper and lower limits of the radiation 
constan t. 
(iv.) Deductions of Lewis and Adams (57).- 
In concluding the survey of what the writer 
considers the most reliable experimental 
determinations of the coefficient of total 
radiation, it is of interest to include in this 
paper a theoretical computation by Lewis and 
Adams (57) based upon data on the elementary 
electric charge e, the gas constant R, and the 
Faraday equivalent F. Their calculations 
lead to a value of 0"=5.7. 
The foregoing data are assembled in Table I., 
which gives also com:;ervative corrections for 
atmospheric absorption, which is an important 
factor that in many ('ases was neglected by 
experimenters. By applying this obviously 
necessary correction it is interesting to find 
that these data, which were obtained by 
diffprent methods, and which appear so dis- 
cordant on first penlsal of the original papers, 
can be brought into excellent agreement. 
They range about the number 0"=5,7. In 
fact, two-thirds of the total number (12) of 
detenninations recorded in Table 1. are close 
to 0"=5.7. The mean value of all these data 
which are free from question is 0"=5.72 
to 5.73. 
If we neglected Todd's low value, deter- 
mined from gas conduction experiments, and 
Puccianti's value, which is no doubt too high, 
the mean value remains unchanged. As we 
shall see presently, experimental evidence on 
ionisation potential, X - raY8, and photo- 
electric work show that the value of the 
coefficient of total radiation is of the order 
0"=5.7. 
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OBSERVED V ALU:rn AND THE 
IOST PROBABLE VALUE OF THE CONSTANT OF TOTAL RADJ 4TlON 
AFTER CORRECTIXG FOR REFLECTION, AT:\IO::iPHERIC ABSORPTIOX, ETC. 


Observer. Date. ux 10 5 I Probable Yalue of! Met ho<1. 
erg. cr X 10 5 . 
Kurlbaum 1898 5.45 ? Bolomder 
Féry lU09 6.3 ? Thermometer 
Bauer and :Moulin r 1909 5.30 5.7 Thermopile 
\ 1910 5.7 5.7 Pyrheliometer 
Todd. 1909 5,48 5.48 Gas conduction experiments 
Valentiner 1910 5.58 5.()9 to 5.75 Bolomûter 
{ lUll G.51 ? Thermometer 
Féry and Drecq . 1912 (}.2 , 5.68 Calibrated pyrometer 
5.57 I 
Shakespea.r 191
 5.67 5.G7 Ratio of emissivities, mctal--;-. black 
body 
Gerlach I 19Hi 5.85 . . "' Modified Angstrom pyrhcliometer 
l1920 5,80 5.80 j 
Puccianti I 1912 5.96 5.96 Bolometer 
. l 6.15 ? Thermometer 
. . 
\Vestphal .' 1916 5,67 5.67 Ratio of cmissivities, metal; black 
body 
Keene 1913 5.89 5.89 Thermometer 
Coblentz 1915 5.72 5.72 Modified 
.\ngström pyrheliometer 
Kahanowicz 1919 5.tH 5.fj9-5'73 Modified Allgstrüm pyrhcliometer 


:\Iean value, cr=5'72-5.73 X 10- 5 erg cm.- z sec,-l deg.-'. 


III. THE CONSTANT OF SPECTRAL RADIATION 
In order to appreciate fully the significance 
of the constant of spectral radiation, it is of 
interest to consider briefly the instruments 
and methods of observation. 

 (0) THE SPECTRORADIO:\IETER.-The de- 
termination of the constant, C 2 , of spectral 
radiation requires very sensitive radiometric 
app,.uatu'i for measuring the intensities of 


Ice 


Th 


the emission in different parts of the spectrum. 
In order to eliminate absorpt.ion, and especially 
the lack of achromatism which exists in 
lenses, the spectrometer is provided with 
mirrors as illustrated in F1'fJ, 10, which shows 
the general arrangement of thf' apparatus 
required for such investigations. The raùia- 
tions emanating from the black body A 
are focu,>sed upon the spectrometer slit b 
by means of silvered mirrors placpù in an 
air-tight box ß. The spectrum is produced 


by m('an
 of a fluorite or quartz l)rism p 
(Fig. 10). 
The radiometer for measuring the spectral 
intensities is shown at D, which in this case 
is a vacuum bolometer, The thermocouple 
for measuring the temperature of the furnace 
A is shown at Th. A sensitive ironclad 
Thomson galvanometer is used in connection 
with the spectrobolometer or thermopile. 
The prism is calibrated by computing the 


minimum deviation settings, using for this 
purpose the refractive indices of fluoritp (üí) 
or quartz and the, angle of the prism, As a 
fiducial mark or "zero" of the spectrometer 
circle the yellow helium line (15) is a conveni- 
ent standard reference line. 
By means of apparatus of this type the 
distribution of energy is measured in different 
parts of the spectrum. Two types of measur('- 
ments may be made, viz. "lsochromatics" 
and " Isothermals." 
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In making tsochromatic measurements the 
spectromeh'r i'J set on a given "ave-length, 
and the intensities are measured as the 
temperature of the radiator is varied. 
In making isothermal measurements the 
temperature of the furnace is kept constant 
and the thermal radiatiun intensities are 
mea
ured in different parts of the spectnlm. 
This gi,
es the prismatic 8pectral energy dis- 
tribution 1 illustrated by the dotted curve (Fig. 
11). On reducing these prismatic measure- 
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ments to the standard normal spectn1m (13) 
one obtains an energy distribution as illustrated 
in the continuous curve (Fig. 11). 'Yith rise 
in temperature the maximum of the emission 
curve shifts towards the short "Wave-lengths. 
This fact enters into spectral mdia tion for- 
mulas to be discussed presently. 
One of the difficulties encountered is the 
absorption by atmospheric water vapour. and 
carbon dioxide, which produce depressions 
in the spectral energy curves as indicated in 
Fig, 11. However, by enclosing the spectro- 
meter, by absorbing the moisture with 
phosphorus pentoxide, and by making the 
observations when the humidity is 10"W, one 
can obtain trustworthy measurements over 
a wide region of the spectrum. 

 (7) FOR:\IULAS FOR REDUCIXG SPECTRAL 
R -\DL\.TIOS DATA.-Planck's equation (2) 
is no doubt the clo
est representation yet 
formulated of the observed energy distribution 
in the spectrum of a black body. In Fig. 11 
the circles represen t the spectral energy 
distribution computed (66) by means of the 
Planck formula. In the spectral region, free 
from atmospheric absorption, to 6 11-, the 
observed and the computed curves agree to 
"ithin the errors of observation, viz. 0.5 to 
1 per cent. 
Rubens and Kurlbaum (68) have made 
isochromatic ob3ervations. using the residual 
rays of fluorite in the spectral region of 24: IJ. 
and 52 11-. Their data also are in exact agree- 
ment \\ith those computed by the Planck 
pquation. From all of these data it appears 
that the Planck equation may be considered 


1 Se{: also" Raùiation Theory." Fig. 1. 


as representing, within the errors of obserya- 
tion, the energy distribution of a black body 
in the spectrum extending from 0.5 p. to 50 p.. 
The Planck formula is based on theoretical 
considerations, and after almost two decades 
of discussion it remains unchanged. Recently, 
it is true, Xernst and 'Yul{ (69) have arbitrarily 
modified the coefficient in the equation, 
changing C 1 to C1(I + a). where a is a variable. 
Their "\\ hole procedure is based upon the 
assumption that the numerical value of the 
constant is C 2 = 14300 micron degrees, as 
observed from isochromatic observations, and 
that since the older values of C 2 , obtained 
from isothermals, are some" hat higher, they 
must be reduced by a factor (1- a) depending 
upon the temperament of the radiator. They 
point out explicit.ly that the whole procedure 
depends upon the truth or falsity of the value 
of C 2 = 14300: or rather, as "ill be seen 
presently (see Table 11.), upon the truth or 
falsity of the older values of C 2 = 14400 
(about) obtained from isothermal measure- 
ments. Their deductions lead to a value of 
0" = 6.04, which, from a consideration of the 
whole subject on a subsequent page, appears 
to be much higher than the true value. rntil 
we have more reliable experimental data from 
isothermal measurements, it does not appear 
necessary to consider their modification of 
Planck's equation. 
(i,) The Spectral Radiation Formulas- 
I socn rom atic.-A1ter having made tht' spec- 
tral energy measurements, as indicated in the 
preceding pages, the next step is to compute 
the constant c.) from the Planck formula 
(equation (2)). in vie\\ of the fact that some 
of the outstanding differences arise from 
methods of computing the constants from 
the experimental data it is important to con- 
sider the '\"arious reduction formulas "hiçh may 
be used in the computation. 
For computing the constant C 2 from an 
isocn r01n a tic energy curve at anv wave- 
length, À, Planck's equation is used in the 
following form (15) : 
C _ (log E 2 -log E 1 )\T 1 T 2 
2 - log e(T 2 - T I) 
(e- CJJo..T2, - e- C 2 /Jo..T 1 )ÀT 1 T 2 
T 2 - TI ' 


(9) 


where EI and E 2 refer to the emissÏ"\
ities 
corresponding to the absolute temperatu.res 
Tl and T 2 respectively. In this equatIon 
the terms log (I - e - c 2 Jo..T 1 ), etc., "hich are 
similar to the terms in equation (13), are 
expanded in series. and only the first term of 
the expansion (e- C 2 'Jo..T 1 log e) is used. An 
approximate value of C 2 =14-300 i
 used in 
applying the second term correch?n, For 
wave-lengths up to 1 p.. this correctIOn term 
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(to the 'Yien equation) is small, being only 2.1 
and 4.3 for tC'mperature intervals of (T 2 - T 1 ) 
3ß3 0 and û23 0 respectively, when using 
TI = 14'>0. However, these corrections in- 
crease very rapidly with wave-length beyond 
1 IJ-, S(l that at 2 IJ- with the same temperature 
intervals (T I = 14'>0; T;!= 1813 and 20730) 
the corrections to the values of C 2 amount to 
168 and 227 respectively. This explains the 
rise in the value of C 2 with wave-length as 
found by Lummer and Pringsheim (61), 
who did not use the second term correction. 
Energy curves which coincide closely with the 
'Yien equation give uniform values of C 2 
with increase in wave-length when computed 
by using only the first term in equation as 
was found by Paschen. In their preliminary 
results \Varburg (70) and his assistants, using 
a quartz prism, found that the value of C 2 , 
obtained from isochromatics, is independent 
of the wave-length. On the other hand, they 
found an increase in C 2 with wave-length 
when using fluorite prisms. 
(ii.) lsothennal.-Using an isothermal spec- 
tral energy curve, the constant of spectral 
radiation, C 2 (eq uation (2)), may be derived from 
the value of the wave-length of maximum 
emission, ^m, by means of the equation 


C 2 =a^m. T , 


in which the value of a is 4.96.31. The equa- 
tion makes use of the \Vien displacement law, 
which is the mathematical expression for the 
shifting of the wave-length of the maximum 
emission toward the shorter wave-lengths, with 
rise in temperature, viz. 


^mT=A (a constant). 


The value of the constant is close to A = 2885 
micron degrees. 
Experimenters are therefore concerned with 
the proper method of computing the position 
of the wave-length of maximum emission 
^m from the isothermal spectral energy curve, 
such as illustrated in Fig, 11. 
In case one cannot observe the complete 
energy curve, as, for example, when using a 
quartz prism which absorbs strongly beyond 
2,2 fJ., it is possible to compute the value of 
^m from Planck's equation by reducing the 
observed energy curve to the normal spectrum, 
and taking from the energy curve the values 
of EI at ^l 
nd Em- The proper equation is 
E ( ^m ) 5 (e4.!)f)51 -1) 
E:= X (é .!)(j:)l ÀlI"^ _ if (12) 


This equation, which has heen used extensively 
by \Varburg (80) and his collaborators, appears 
to be well adapted for reducing the observa- 
tions obtained with a quartz prism; hut the 
temperatures must be sufficiently high so 


(10) 


that the Em docs not fall in the region beyond 
2,2 fJ., where, as already mentioned, quartz 
begins to absorb strongly. This equation is 
not well adapted for reducing measurements 
made with a fluorite prism, owing to the 
small dispersion of the prism and hence tlH' 
steepness of the enp,rgy curve on the short 
wave-length side, where one would want to 
use it, and also owing to the fact that, at the 
temperatures usually employed, the maximum 
emission Em hIls in the region of atmospheric 
absorption bands or in the region of 1.(3 fJ., 
where the dispersion curve of fluorite has a 
point of inflection. The latter point makes 
it quite difficult to determine accurately the 
factors for reducing the observations from the 
prismatic to the normal spectrum. 
.Another method of determining the values 
of ^m from an isothermal spectral energy 
curve is by the" method of equal ordinates." 
For this purpose the normal spectral energy 
curve is drawn on accurately nIled co-ordinate 
paper, as illustrated in Fig, lI. Then, as 
indicated by the arrows, at two points where 
the intensities (the galvanometer deflections) 
are equa], EI = E 2 , the corresponding waye- 
lengths ^l and ^2 are read from the cunre. 
The value of ^m is easily derived (15) from 
equation (2) by equating EÀ.I = EÀ2' and for 
the complete solution it is 

m = 5(log ^2 -lo g 
1)^1^2 
a'(^2 - Xl) log e 
^1^2flog (1 - e - C 2 /ÀIT) - log (1 - e- C'2/ À 2 T )] 
a'(^z - ^l) log e 


(13) 


(11) 


The second term in this equation can 
usually be abbreviated, since terms involving 
^l are usually negligible. For values of ^2 
which are less than 4 fJ. the term log (l - e - C 2 /À 2 T) 
may be expanded into a series and (by dropping 
all terms but the first) may be used in the 
form - e- C 2 /À. 2 T log e. In this equation a' = 
4.96.31. It may be noted that an approximate 
value of C 2 is necessary in order to obtain 
a solution for the second term factors in 
equation (13). This may hf' obtained by 
solving for ^m by using only the first term 
in equation (13), which is the solution of the 
\Yien equation as used by Paschen (59). 
It is sufficiently accurate (15) to use C 2 = 14300 
in making this computation. A decrease of 
100 units in C 2 (Flay C 2 = 14-200) decreases the 
mean value of ^m by 0.0012 fJ.. 
The method of equal ordinates has b('en 
extensively used by }>aRchen (59) and hy 
Coblentz (15. tiG). It has several commend- 
able features, because it is possible to utilisc 
values of ^l and ^2 which correspond "ith 
values of EAI and E A2 , which are clo
{'l.v thc 
same in magnitude as originally 0 bserved, 
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and hence contain the same errors of observa- 
tion; ah
o the slit "idths are closely the same. 
This method does not require the most accurate 
wave-lengths and rpfractive indices (at least 
not for values of A 2 greater than -h5 p.), and it 
permits the selection of parts of the spectral 
energy curves which arc free from atmospheric 
absf)'rÌ)tion bands. At a temperature of 
1000;) C. and at ^2 = 4.5 J.L to 6 J.L an error of 
^2 = 0.0.3 J.L changes Am by 0'007 J.L to 0.008 p.. 
This amounts to 0.7 per cent in the value of 
C 2 , and is much greater than would occur in 
practice. 
The method of equal ordinates necessitates 
reducing the prismatic spectral energy 
measurements to a normal spectrum, plotting 
the data upon co-ordinate paper, and dra\\ing 
in a smooth curve from which thp values of 
Al and ^2 are read, corresponding with the 
equal ordinates EAt = EA2. ..Although it re- 
quires but little additional time to plot the 
data, after having made the obRervations, 
if one is certain that the obsprvations lie close 
to the curve, the obviously logical procedure 
is to compute the spectral radiation constants 
from any two observed points EAt and EA2' 
This, however, does not shorten the observa- 
tional work, for it will be necessary to make 
ohservations at three adjacent spectrometer 
settings (separated by the width of the radio- 
meter receiver) in order to determine the 
spectral purity factor which is required in 
order to reduce the data to a normal spectrum. 
After spending months in obtaining the data, 
the question of saving time in their reduction 
is of minor importance. Furthermore, it is 
desirable to draw the complete curve and 
preserve it for future reference. If the 
observations do not lie close to the smooth 
curve, then this method is slightly arbitrary 
as to the manner of combining the observations 
so as to obtain an integration of the whole 
curve without making more computations 
than would be used in the'" method of equal 
ordinates. " 
The appropriate formula for computing 
the radiation constants from any two observed 
points, EAt and E A2 . on an isothermal spectral 
energy curve is easily deduced from Planck's 
equation, and in its complete form, as shown 
by Dellinger (71), is 
C - 

A2
 _ 
2- (\2 - ;\1) log e 
[ E'\ \ ( l-e- C 2''\IT )] 
log E :I + 5 log 
 2 -log _ c IA T . (14) 
Al ^1 I - e 2 2 


The term log (1 - e - C 2 'AT) may be expanded 
into a series, and usually all the factors can be 
neglected. except one which is log e. e- C 2 ''\2 T . 
It is therf'fore npcpssary to know the approxi- 
mate value of C 2 , as is required in the method 
of computation used by Coblentz (15, (6). 


In concluding this discussion we may 
notice a calculation of the constant C 2 by an 
extension of the theory of least squares, by 
Roeser (72). Using the data illustrated in 
Fig. II, his calculation gave a value of C 2 = 
14342, as compared with C
= 14339 computed 
by Coblentz (66) (loc. cit, p. 4(2), by the 
method of equal ordinates. 
(iii.) Spectrophotometric.-A spectrophoto- 
metric method may also be used in deter- 
mining the constant C:!. It consists in 
determining the ratio of brightness of a 
black body at, say, the melting-point of 
gold (10630 C.) and at some higher tempera- 
ture, say the melting - point of palladium 
(about 1556 0 C.). This requires a knowledge 
of the wave-length (A = 0.'35 p. is usually taken) 
of the light photometered and the absolute 
temperatures Tl and T
 of the radiator. The 
appropriate formula is 


log 
2=C2 log e ( ; -
- ) . (15) 
1 1 2 


Tr..e intensities Et and E 2 are usually 
measured "ith an optical pyrometer. If the 
constant C 2 is known the temperature T 2 
(say 2000 0 C.) may be computed. Conversely, 
using known temperatures T 1 and T 2 the 
- constant may be determined. As a matter 
of fact the method has never been used very 
successfully in a quantitative manner because, 
. as "ill be noticed presently, the higher 
temperature T 2 , at some fixed temperature 
point (say the melting-point of palladium), is 
not accurately known, Recent experimenters 
are therefore proceeding in the re"\'"erse order, 
and assume that if the constant C 2 = 14300, 
then the melting-point of palladium is 1.5.37 C., 
or if C 2 = 143.30, then the melting - point of 
palladium is ] .356 0 C. The task before us is 
therefore to obtain an estimate of the probable 
value of the constant C 2 . 

 (S) DETER
IIXATIOXS OF COXSTA
T OF 
SPECTRAL RADIATlox.-In spite of all that has 
been published on the partition of energy in 
the spectrum of a black body there are but 
few experimental data at hand which are more 
than qualitative in value. 
To the writer it seems that all these early 
data should be considered from the standpoint 
of historical interest, since it seems impossible 
to give them much weight in cOTlnection "ith 
the results obtainable at the present day. 
(i.) Obserl'ations of Paschen (59, 60).-The 
pioneering work in spectral radiation measure- 
ments and constants was inaugurated by Pas- 
chen (59), who observed an extensive series of 
spectral energy CUlTes at temperatures ranging 
from 100 0 to 4,:)00 C., using 
ix different kinds 
of bolometers co,-ered ,,
ith different kind:;; 
of ahsorbing material, e.g. lamp black and 
platinum black or copper oxide; also ha,-ing 
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the bolometers in the fOCUR of a hemispherical 
mirror. The radiators were heated hy means 
of boiling water, aniline, sulphur, etc. The 
mean value of all his observations, which are 
in close agreement, "as A=2891 and C 2 = 
1-1332. He continued the work at tempera- 
hues ranging from 400 0 to 10,")(P C., using a 
large porcelain radiator. He used also metal 
cup:s of copper or platinum, blackened with 
oxides of copper or iron, which were heated 
within this porcelain radiator: making in all 
about a dozen different arrangements of the 
radiators. The bolometer was covered with 
platinum black and was situated in the focus 
of a hemispherical mirror to "blacken" it. 
The mean of the new series was A=2907, with 
a probable error of -::t 16. 
In a further investigation Paschen (60) under- 
took the work anew, after redetermining the 
reflecting power of silver and the refractive 
indices of fluorite. He used a porcelain tube 
radiator, also three other radiators, which hp 
blackened as in the preceding research, He 
took the wise precaution to project an image 
of the radiating wall of the black body upon 
the spectrometer slit (see Fig, 10), in order to 
avoid possible radiations from the side walls 
and diaphragms falling upon the prism and 
bolometer. He made complete corrections 
for the selective reflection from the prism. 
He then found that his observations fitted 
neither the 'Yien nor the Planck equation, 
the values on the long wave-length side of the 
energy curves falling between the two theoreti- 
cal curves. He found that if (for reasons he 
himself could not explain, loco rit. p, 29!)) he 
multiplied his observations by factors varying 
from 1.02 at 3.91 }l- to 1.195 at 8.25 }l-, etc., the 
observed energy curve would fit the Planck 
equation and fulfil better the condition of 
congruence. Upon this basis, and presum- 
ably by computing the ^m by using the first 
part of equation (13), he obtained a value of 
A = 2921 for his newest data. He then 
applied similar factors to some of his previous 
data. thus making them agree better with 
the Planck equation, and the value of A was 
increased from 2891 to 2915, or about 0.87 per 
cent. From this it appears that, if he had not 
multiplied his observations by these arbitrary 
factors, his latest results would have been about 
0.87 per cent lower or A = 2894, which is 
practically the same as the value previously 
obtained. 
Coblentz (15, f)ö) obtained a plausible 
estimate of the correction to Paschen's values 
by applying the values of the second term 
which result from computing ^m by equation 
(13). This is admissible, because Paschen's 
ob
erved curves are said to fit the Planck 
equation to about 4 f.L. The conclusion arrived 
at (lnr. rit. (66), p. 468) is that Paschen's 
recent determination is of the order A = 2894. 


This is close to the earlier determination A = 
2891, which is probably more reliable as regards 
the temperature scale. In other words, 
Paschen's original dat.a fall within the range 
of the recent and more accurately determin
d 
values, being of the order C 2 = 14360 micron 
degrees. 
(ii.) Observations of Lummer and Pringslleim 
(61, 63, 74).-Their spectral radiation measure- 
ments were made on porcelain tube radiators, 
illustrated in Fig. I. The radiator was placed 
directly in front of the spectrometer slit. This 
reduces the length of air - patlÏ, and hence 
the absorption; but there is uncertainty in 
keeping the alignment, cspecially since in their 
designs no attempt was made to prevent the 
tu be from sagging. 
As is true of all the old('r mea'mrements on 
radiation, operated above 1200 0 C., the tem- 
perature scale is defective (too high), giving 
values of C 2 which are too high. 
The values of the constants published by 
Lummer and Pringsheim (6]) require a treat- 
ment similar to that just given to Paschen's 
data. They used the earlier indices of re- 
fraction of fluorite, published by Paschen (73) 
in 1894, which are in error in wave-length Ly 
0.02 }l- for the region of 1 }l- to 2.5 f.L. Fortunately 
most of their values of ^m are greater than 
2.5 f.L and no correction is required. But little 
information is at hand as to how they calcu- 
lated their values of ^m' In their earlier 
work (61) they say that, after bridging over 
the absorption bands by means of a smooth 
line, the values of ^m and Em may b(' read 
directly from the spectral energy curve. This 
would permit the determination of only one 
reading of ^1Yt' whereas the method of equal 
ordinates permits the calculation of a number 
of values of ^m- 
In their first investigation a s('ries of four 
spectral energy curves, observed at tempera- 
tures of 837 0 to 1416 0 abs., gave a value of 
A = 2879. 
For a second series of measurements they 
enclosed the spectrometer in order to dry the 
air. A series of five spectral energy curves, 
observed between the temperatures of 814 0 
and 1426 0 abs., gave a value of A=2876. 
These two values are in close agreement with 
Paschen's determinations made at that time. 
Since they observed the value of ^m at Em' 
instead of by the method of equal orrlinates, 
the second term correction of equation (13) 
does not enter into the calculation. They 
found that their data did not fit the "ïen 
equation, and this no doubt gave impetus 
to the formulation of the Planck equation. 
Suffice it to say that their data, obtained up 
to this time, if reduced on the basis of the 
Planck factor a = 4,96,")1, lead to a value of 
C 2 = 14290. In a subsequent inv('stigation (fi:J) 
the radiator was heat('d to a much higllCr 



RADIATIOX 


559 


tempera ture - to 16-16 0 aDs. A series of 8 
isothermal spectral energy curves gave a value 
of A = 29-10 and c., = 1-1,")9U. In view of the 
fact that a correcti
n of about U.02 fJ. must be 
made for the calibration at 1 fJ. to 2.5 fJ., this 
would reduce the value of Am and of C 2 by 2 per I 
cent, or C 2 = 1-1300. Although the apparatus I 
was enclosed, in order to remove the CO;! and 
watpr vapour, the energy curves are appreci- I 
ably affected by atmospheric absorption, 
As in previous work, their temperature scale I 
above 1000 0 C. was obtained by extrapolation. 
Just how much the thermocouple calibration 
may be in error is not recorded. In a subse- 
quent paper (75) they revised the temperature 
scale used in the previous test (9) of the 
Stefan-Boltzmann 4th-power law. The re- 
vised temperatures are 10 to 12 0 lower, and, 
at the highest temperatures, they are 20 to 
2.3 0 lower than previously used. Hence the 
value of A (see equation (11)) would be lowered. 
'Vhether any temperature correction of this 
magnitude must be made to the spectral 
radiation data is not stated: though the 
researches on the gas thermometer by Holborn 
and Day (76) were then in progress. Suffice 
it to say that although their later value of 
A=29..J.0 is the one frequently quoted in 
books, none of the subsequent investigators 
have found a value of A which is within 1.3 
per cent as high as is this one. 
From the foregoing consideration of the 
data obtained by Lummer and Pringsheim 
it appears conservative to place their value at 
C 2 = 1-1300 micron degrees. 
(iii.) Obsen'ation.s of Ifarburg and Collahora- 
tors (80 to 90).-During the past twenty years 
the determination of the constants of radiation 
and their application to the temperature scale 
has been relentlessly pursued by the Phys. 
Tech. Reichsanstalt (7.3) at Berlin. 
During the past ten years these investiga- 
tions have been carried out by "Tarburg and his 
collaborators. They used fluorite and quartz 
prisms and vacuum radiatorn. The sodium line 
was used as a zero setting of the spectrometer. 
The radiometer was a vacuum bolometer, 
operated by a null method. In this manner 
the galvanometer acted merely as an indicator. 
The temperature fixed points were the melting- 
point of gold and some higher temperature, 
e.g. melting-point of palladium. 
In their first communication (80, 81) they 
reported a value of q
= 1-1570 on the basis 
that the melting-point of palladium is 15-19 0 C. 
On the other hand, if the higher temperature 
point was determined radiometrically, by 
extrapolation from the gold point, using the 
Stefan-Boltzmann law, then the value of ('.) 
was found to be the smaller. Hence the; 
questioned the gas thermometer temperatu
e 
scale and proceeded to make their investiga- 
tions at high temperatures by using the 


radiation laws to establish their scale of tem- 
peratures. In this manner they avoided the 
temperature scale as transferred from the gas 
thermometer by means of thermocouples. 
They retained only one temperature fixed 
point, viz. gold at 10U4 -, C. (later 1063::). The 
higher temperatures (1-100
 C.)" ere determined 
radiometrically. For this purpose they ob- 
served the position, Em' of the isothermal 
spectral energy curve reducing the data by 
means of formulas (12) and (10). 
Using Paschen's refractive indices of refrac- 
tion of fluorite and Carvallo's (93) indices of 
quartz, in their next communication (82) they 
report values which varied from C 2 = 14200 to 
1-1GOO. 
C:sing improved methods for adjusting the 
sodium lines on the bolometer, and making 
further provision so that only radiation emanat- 
ing from the central diaphragm of the radiator 
was incident upon the bolometer, in their next 
report (83) the fluorite prism gave values 
ranging from C 2 = 14300 to 1-1600, and it was 
discarded. A quartz prism gave a value of 
C 2 = 14360 micron degrees. 
In a very complete investigation (8-t, 8.3) 
they repeated the previous work. Using a 
quartz prism the values obtained are C 2 = 
1-1370 -t 40 and A = 2894::.t 8 for the tempera- 
ture interval of 133ï") and 2238 0 abs. 
Their next step was to cut a prism out of a 
block of quartz of which the absorptivity had 
been determined previously. \Yith this and 
other improvements, including different radia- 
tors, a value of C 2 =1-12.30was obtained (87, 
88), from the temperature scale baspd on the 
Stefan-Boltzmann law of total radiation; and 
a value of C.
 = 1-1300 or 1-1-100 was obtained bv 
using the "\en displacement law (e.g. 11) t
 
establish the temperature. The uncertainty 
in the value of C 2 = 1-1300 or 14-100 is owing 
to the uncertainty in their calibration curve 
(refractive indices) of the quartz prism. 
The present position of their work has led 
them to the adoption (89) of the value of 
C 2 = 1-1300 and the melting-point of paHadium 
= 1557 0 C. Su b
eq uent investigations (90) 
appear to be made on this basis. 
There is an uncertainty of perhaps lOin the 
temperature scale at the melting-point of 
palladium (92). In view of the great variations 
in the various determinations of C 2 , it "as 
perhaps a wise decision for "Tarburg to adopt 
the round number C 2 = 14300 micron degrees 
for the sppctral radiation constant; though, 
as we shall see presently, theory and other 
experimental data would place the value 
somewhat higher. 
(iv.) Ob8en:ation8 of Coble'llt: (15, 39, 6G).-In 
this investigation the spectrum was produced 
by means of a mirror spectrometer and a 
fluorite prism, as illustrated in Fig. 10. In the 
first work an air bolometer, amI later a vacuum 
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bolometer, was used for measuring the parti- 
tion ùf cnergy in the sp
ctrum. The radia
or 
(Fig. 1) was a porcelam tube, 
vound wIt.h 
platinum ribbon, through wInch electrIc 
current was passed, 
It was op<"ratcd at temperatures ranging from 
430 0 C. to 1300" C. Yarious incidental questions, 
such as the adjustments of the optical parts of the 
apparatus, the temperature uniformity and tempera- 
ture <"ontrol of radiator, the water-cooled shutters, 
the temperature scale, the method of reduction of 
the observations to the normal spectrum, the proper 
formulæ 'for computing the numerical constanÌ8, etc., 
were investigated. 
The first paper (1:3) contains also data on various 
suhsidiary problems such as (J) the variation of the 
reflecting power of silver with angle of in<"idence 
and "ith wave-length, (2) the variation of reflecting 
po\'er of fluorite with angle of incidence and \\ith 
wave-length (refractive index), and (3) data for 
reducing the ohservations from prismatic to normal 
spectrum. 
As already explained in the discussion of 
the methods of reducing the observations, it 
was decided to observe isothermal spectral 
energy curves as illustrated in Fig. 11, and 
compute the position of Am by the method of 
equal ordinates, using equa.tion (13). 
From the very beginning of this investiga- 
tion on black body radiation it was found 
that the 'Yien equation did not fit the spectral 
energy curves. The assumption was therefore 
tentatively made that the observed curves fit 
the Planck equation; and at the completion 
of the investigation this was found to be true 
for about 7:5 per cent of all the observed curves. 
This conclusion was based npon the uniformity 
of the values of Am which resulted from com- 
putation (by the method of equal ordinates 
EAt = E À2 ) of values of ^I and ^2 which were 
taken far apart, and also close together, on the 
observed isothermal spectral energy curve. 
The observations ""ere made in the winter 
when the humidity was low, and the investiga- 
tion extended over four winter seasons. An 
attempt was made to obtain a great many 
isothermal spectral energy curves, so as to 
avoid the personal hias which can enter the 
working over of a few curves. This was pro b- 
ably a mistake; for no attempt could be made 
to correct the observations for small changes 
in temperature and holometer sensitivity. 
In the meantime, owing to impairment of 
eyesight, the reduction of data had to be 
entrusted to others who were not familiar with 
the work. The first calculation of the data 
gave a value of about C 2 = 143:50, But doubts 
arose concerning the calibration curve of the 
prism. A new calibration curve was worked 
out and the data recalculated and published 
as being C 2 = 144.")6. 
Data were obtained also with a fluorite prism whieh 
was full of cleavage planes. This produced much 


scattered radiation which distorted the energy 
curves at 4 p. to 5 fJ.. Th('se data" ere therefore not 
used in the calcula tions. 
Tn the meantime Paschen (67) publishcd 
further data on the dispersion of fluorite 
which indicated that the calibratìon CurTO, 
and hence the value of C 2 = 14456, "as 
wrong. 
In the earlier work the temperature scale 
was also in doubt. The last series (1912) was 
not observed at temperatures much above 
1200 0 C., and hence is quite free from doubts 
about the temperature scale, which was 1 0 
lower than previously used. 
The second paper (66) on this subject dealt 
with a recalculation of these data, w
ing a 
revised cali bra tion curve. The mean value 
of the spectral radiation constant based on 
ü3 spectral energy curves (series of HH2) is 
C 2 = 14353. 
If the corrections to the temperature scale 
(mentioned in the previous paper (15)) are 
applied, the value is C;! = 143ü2. A further 
correction (= + 7) is necessary because the 
second term in equation (13) \\ as computed, 
usinO' C 2 = 14300 instead of C 2 = 14350. Hence 
the final corrected value, as published in the 
second paper, is C;!= 143ü9 micron degrees 
and A = 2894 micron degrees. 
In order to ohtain a check on the method of 
calculation of the constant. a least square 
reduction of the first isothermal curve of the 
series of 1912 was undertaken by Roeser (72). 
He obtained a value of c.
= 14-342, which is in 
agreement with the vah;e computed by the 
method of equal ordinates, viz, C 2 = 14339. 
Recently a further examination (39) was 
made of the accuracy of the factors used in 
converting the previously observed (15) pris- 
matic spectral energy data into the normal 
energy distribution. The graphical me.th?ds 
previously employed were checked a
d sIml.lar 
factors "ere obtained by computatIOn, usmg 
the first differential of tþe dispersion formula, 
which best represents the ob
erved refractive 
indices of fluorite. These refractive indices 
were obtained from consideration of all the 
available data, which, in the region of 1 p. to 
2 p., are repre
ented by the curve published .by 
Langley and Ahbot (94). The best dispersIOn 
formula is that of Paschen (97). However, 
owing to incompleteness of the form\
la. the 
graphical method was found to be J
st as 
accurate as was the method of computatIon. 
The conclusion (39) arrived at was that the 
spectral radiation constant C 2 = I 43:53 micr
n 
degrees, determined some years ago (6ü), 
remains unchanged. However, at that date 
there was some doubt as to whether some of 
the corrections then applied should have been 
made, giving a value of C 2 = 14369-i.e. the 
value might be C 2 =14366. 
Rather curiously and unfortunately in all 
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these inquiries into the small errors that 
eight years ago were considered negligible the 
one concerning the zero setting has remained 
unconsidered until now. The calculation of 
the calibration curve was based on the sodium 
lines, À = 0..:>89311-, for a reference point. Sub- 
sequently Coblentz adopted the then nov-eJ 
procedure of using the yellow helium line, 
À =0.5876 }l-, instead of the sodium lines for 
adjusting the zero setting of the bolo- 
meter. For this purpose the refractive index 
n = 1.43390 was adopted. Subsequently Pas- 
chen (67) published the value of n=I.433907 
(17..3 0 C.) for the refractive inde
 of the helium 
line, and n = 1.433866 for the sodium lines. He 
observed a difference of 12" in the minimum 
de\Tiation settings of the sodium and the helium 
lines. 
On the basis of Paschen's value of the 
refractive index of fluorite for the yenow 
helium line, n =1.433877 (at 20 0 C,), there is 
a difference of 6" between the computed and 
the observed zero setting of the spectrometer 
circle. As a result, the average values 
of Am' in terms of the spectrometer circle, 
must be reduced by 6". Since the wave- 
lengths À. m occur betwf'en 2 }l- and 3 }l- 
(and the majority at about 2.2 J1.), the 6" are 
equivalent to 0.003 }l- to 0.004 }l- in this 
part of the spectrum. From equation (11) it 
may be noticed that this amounts to a 
reduction of the previously published value 
of the constant C 2 = 14369 by 0.3 to 0.4 per 
cent. This gives a value of C 2 = 14311 to 
1-1326 micron degrees. 
As already stated, the second paper (66) was 
the result primarily of a revision of the cali- 
bration curve of the fluorite prism used; and 
it is unfortunate that at that time the above 
application of the tempf'rature coefficient of 
the refractive index of the helium line "as 
overlooked. 
The citations of the foregoing researches 
suffice to show some of the difficulties under 
which experimenters are labouring. One set 
is concerned with the temperature scale; 
another is determining the optical constants 
of the prism material; and a third group, using 
both the temperature scale and the optical 
constants. is engaged on the radiation con- 
stants. In turn, the first set of experimenters 
must apply the results of those working on 
the radiation constant in order to verify and 
extrapolate the temperature scale. I
 the 
meantime the second experimenter improves 
his measurements of the optical constants 
(rf'fracth-e indices) of the prism material, while 
a fourth enters the field and adds refinements 
by determining the temperature coefficient of 
the refractive indice!'l. Then the unpleasant 
task arises to recalculate the prism calibration 
and the numerical value of the spectral radia- 
tion constants. Added to these difficulties is 
'TOL. IV 


the constant change in personnel. as is apparent 
from perusal of the title-pages of the published 
pa pel's. 
Fortunately the observations are in term
 
of the spectrometer circle scale, and, if 
the necessity arises, as it did in the rase 
just discussed, one can revise the corre- 
sponding wave -lengths and recalculate the 
constants. 
The various determinations of the constant 
of spectral radiation C 2 are assem bled in 
Table II. The sixth column gives the probable 
value as determined from consideration of 
the data in thE' text. The mean value is 
C 2 = 14320 micron de!!rees. The latest and 
most reliable determinations of the national 
laboratories are close to this value. rnfor- 
tunately, perhaps, the average value is so 
close to the theoretical value, arrived at from 
consideration of photo-electrical and siÌllilarly 
related phenomena, that experimenters may 
be led to consider their task finished instead 
of just begun. 

 (9) OPTICAL PYRO:\IETER 
{EAS{;"RE
IE1ÇTS. 
-Yarious attempts have been made to deter- 
mine the constant C 2 by means of an optical 
pyrometer, using equation (15). There are 
many difficulties to be overcome before one 
can conclude that the data so obtained are 
trustworthy. One of the uncertainties is the 
effective ;ave-Iength of the red glass used 
in the eyepiece of the pyrometer. Other 
difficulties are encountered when using a 
spectral pyrometer. Also the temperature 
scale is in doubt. Hence recent experi- 
menters have not attempted to determine (\, 
but reverse the process and, working on 
the assumption that C 2 is a certain value, 
say C 2 = 14350, determine the melting-point 
of palladium. This seems to be the preferable 
procedure. 
(i.) Obsen"atiolls of Holborn and r alentinn 
(64, 65),-In 1906 Holborn and Yalentiner 
(64) obtained a value of ('2 = 14200 as a result 
of a series of spectrophotometric measurements 
using formula (16). This is now admittedly 
in error, owing to an erroneous temperature 
scale in which the melting-point of palladium 
was taken to be 1575 0 instead of about 1.35G o , 
which would give a higher value of C 2 . Re- 
cently Yalentiner (65) corrected this value 
for lack of blackness of the radiator, etc., 
raising it to C 2 = 14350. This is one of the 
difficulties and uncertainties experienced by 
experimenters who have attempted to deter- 
mine the constant Co. bv methods requiring a 
temperature scale which is higher than about 
I.:WO o C. 
(ii.) Obserrations of J[ endennall (78).-One of 
the few recent direct determinations of ('0' by 
optical pyrometer methods was made 
 b)T 

IendE'nhan (78), In establishing a tempera- 
ture scale he took the Day and Sosman value 
2 0 
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of the melting- point of palladium, viz. 1.349 0 C. 
From the ratio of brightness of the blaC'k body 
at the melting - point of gold and palladium 
he obtained the value of C 2 =14413, as a check 
on his measurements. Correcting for the low 
temperature scale, which amounts to 3.ß to 
50 C. on the basis that the melting-point of 
Pd is 1.533 0 to 1337 0 , the value of C 2 is 
decreased hy 0.23 per cent to 0.31 per cent or 
C" = 143ß8 to ] 4-380. 

It is difficult to obtain high accuracy in 
optical pyrometer measurements on a radiator 


to be op('n to question. Just \\ hy the tem- 
perature T 1 was not similarly determined 
radiometricall
y is not clear. The t('mperature 
Tl = 1 ß04 0 abs. (1:-J31 0 C.) Repms to be in doubt 
in view of the pr('sent - day belief that the 
melting - point of palladium is 15!)!i0 C. to 
1557 0 C. 
If the melting-point of Pd is ßO to 8 0 higher 
than the value used in this determination, 
then the value of C 2 is 0.22 to 0.3 per cent 
higher than his published value (C 2 =14-392) 
and is of the order of C 2 = 14423 to C 2 = 14435. 


OBSERYED YALUE AND THE PROBABLE VALUE OF THE CONSTANT C, OF SFECTRAL R \DIATION 


TARLE II 


^'Tn T = A ^7IlT=A (' 2 = a^1It T I I 
Observer. Date. and from IC' Probable Remarl\:s. 
( )bserved. Corrected. Isochro- Yalue. 
matics. 
Padchell . 18uu 2891 2891 . . . . Fluorit.e pIÌsm 
. . 2DïO ? 2907 ? . . 14360 1 Temperature 
cale is questioned 
moo 
021 ? 2804 . . . . J 
Lummer anù 1900 2879 2870 14290 . . Fluorite prism. 'Va ve . length 
Pringsheim . . 2876 287G . . . . calibration of prism is questioned; 
. . 2940 2882 14310 14300 &,lso temperature scale. 
'Yarburg and 1911 . . . . 14200 to . . ì 
Collaborators 14íìOO Fluorite prism 
1912 . . . . 14:300 to . . f 
14400 
]9]2 . . . . 14:Jíìü . . 1 Quartz prism 
1913 2894 . . 14:
70 . . J 
1915 . . . . 14250 . . Temperature from Stephan Boltz- 
mann ìaw 
1915 . . . . 14300 to 1-1300 ndractive indices (calibration of 
14400 prism) questioned 
Coblentz. 1913 2911 . . 1445f) . . Fluorite prism 
19lß 2894 . . 143G9 . . Revised calibration (rpfractive in- 
dices) of prism; UJl2 data arc 
recalculated 
1920 I . . . . 14311 to 14318 Correction f0r zero setting of 
1432G bolometer 


A verage value, C 2 = 14320 micron degrees. 


at the melting-point of gold. In the main 
part ùf his research :\IendenhaJl therefore 
established his lower fixed point TI' as that 
having 14.91 times the intensity of radiation 
of a black body at the melting-point of gold, 
for the complex wave-lengths transmitter} by 
a certain standard pyrometer glass. 
Subsequently, by direct comparison with 
Day and Sosman's standard thermocouple, 
which was calihrated presumably on the 
basis that the melting - point of palladium 
is ].')49 0 C., this temperature T] was found 
to be 1331 0 c;. 
Thp higher fixea point T 2 =270,')0 ah
. was 
determined radiomptrically on the hasis of the 
Stefan-Boltzmann law, and does not apppar 


(iii.) Obser1'ations of H oflman and J[ eissller 
(79, 90).-These experimenters used an especi- 
any constructed black body in a bath of the 
molten metal. The ratio of the brightnp
s 
of the black body at the melting-point of pal- 
ladium is determined relative t.o the hrightness 
of the same at the melting-point of golò, They 
found that if the mC'lting-point of palladium 
is takpn ].')49 0 C. (scale of Day and Rosman). 
then C 2 =14440 (79). In a furthpr invpstiga- 
tion (R9) they found that if (12 is 14
OO, and jf 
thp melting-point of gold iR 1 O()
O, thpl1 the 
melting-point of palladium is }'');)7 0 ('1. This 
is in agreement with the ohscrvations of Hol
t 
and Oostprhuis (91), who founa a'vah1(' of 
C 2 = U-4ß;') if the mdting - point of Pd is 
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13-19:>, and C 2 = 1-1300 if the melting - point 
is 13,37 0 c. 
(i\
,) Obsen:ations of Hyde and Forsythe (92). 
-In their earJier experiments they found a 
value of C 2 =1-t--160 on the basis that palladium 
melts at 1349 0 C. The great inconsistencies in 
these and other data led them to use the value 
C 2 = 1-1-3,>0, which is commonly used by Ameri- 
can experimenters. 
Using a carefully constructed spectral pyro- 
meter, and on the basis that the value of 
C" = 143.30, their most recent measurements 
place the melting - point of palladium at 
153
).50 C. 
The outstanding question then is: 'Vhat is 
the value of C 2 ? Is it C 2 = 14300 or 1-13;)0? 
If we accept 1.')36 0 C. as the melting-point of 
palladium. then Hoffmann and )Ieissner's data 
indicate a value of C 2 = 14315. 
Both sets of experimenters (i,e. those in- 
terested in the radiation constants and those 
interested in the temperature scale) seem to 
realise the difficulty in attempting to define 
the value of the constant C 2 or the melting- 
point of palladium in terms of this constant. 
Hence as a compromise basis for future work 
and for future adjustments it seems appropriate 
to adopt the value of the spectral radiation 
constant C 2 = 1-1320 and the melting-point of 
palladium at 1536 0 c. 


IV, VERIFICATIOS OF THE L.\.ws OF RADIATION 
In the foregoing pages an inquiry is made 
into the instruments and methods used in, 
and the numerical values of various deter- 
minations of, the constants of radiation. 
The various methods are classified, and a 
brief description is given of each research. 
An attempt is made to indicate the good and 
the defective features in each research. This 
represents not only the writer's opinions but 
also those of other experimenters, 
It is shown that the major part of the 
variation in the various determinations of the 
numerical values of the constants, especially 
the constant of total radiation, is 0" inQ: to the 
fact that, in the original papers, no cor
ections 
were made for atmospheric absorption of 
radiation in its passage from the radiator 
to the receiver. Conservative corrections for 
atmospheric absorption are made to the various 
determinations in which such corrections had 
not been made. As a result, in
tead of having 
"ide variations, there is a remarkably close 
agreement in the numerical values of the I 
\-arious determinations which are free from 
other obvious defects. Although it cannot be 
said that the true numerical values are exact Iv : 
a:;; here recorded, it is evident that the time fs 
paRt when the value of the constants of radia- 
tion are swayed by a single and perhaps; 
novel method of research. The best that an 


experimenter should expect is that his 0" n 
little contribution to the subject may have 
sufficient merit to go into the melting pot \\ ith 
the other determinations. 
9 (10) THE FOR:\I"LLA AXD THE COEFFIC"IEST 
OF TOTAL RADIATIOx,-In the foregoing re- 
view the Rata are assembled and the eyidence 
weighed pro and con. I t is shown from various 
experiments that, beyond all reasonable doubt, 
the total radiation emitted from a uniformly 
heated enclosure is proportional to the 4th 
power of the absolute temperature-the so- 
called Stefan-Boltzmann law. Furthermore, 
the tabulated data show that the numerical 
values of the majority of the various deter- 
minations of the coefficient, (J', "hich enters 
into the mathematical formula of total radia- 
tion, range about the value given by the expres- 
sion (J'= 5.7 x 10- 5 erg em. -2 sec. -1 deg. -4. The 
a verage of 12 of the most reliable determina tions 
is (J' = 3.72 to 5.73 x 10- 5 erg em. -2 sec. -1 deg, -4. 
9 (11) THE FOR::\I"LLA AXD THE CO
STAST OF 
SPECTRAL R ADIA TIOS, - Experimental evidence 
is cited sho"ing that throughout the spectrum 
from 0.5 f.L to 50 f.L Planck's formula fits the 
observed spectral energy distribution more 
closely than any other equation yet proposed. 
This formula is based upon theoretical prin- 
ciples, and after two decades of discussion it 
remains unchanged. 
The constant C 2 which determines the slope 
of the spectral energy curve has been the 
subject of numerous investigations. The 
numerical value. of C 2 has fluctuated consider- 
ably in the various determinations. In the 
foregoing pages it is shown that this is 0\\ ing 
to experimental difficulties, such as, for ex- 
ample, lack of precise kno\\ ledge of the tem- 
perature scale, and of the refractive indices of 
the prisms used, The tabulated data show 
that the various determinations of the constant 
of spectral radiation are of the order of 
C 2 = 1-1300 to 1-1350, "ith a mean value of 
C 2 = 14320 micron degrees. 
9 (12) CO
FIR::\IATORY EYIDE
cE.-One of 
the most interesting phases of the inquiry into 
the laws and constants of radiation is the 
confirmatory data which one obtains from a 
consideration of the inter-related phenomena 
of atomic structure, of X-rays, of ionisation 
and resonance potential, and of photo-electrical 
action. From these data, as well as from the 
foregoing data on the two constants of radia- 
tion. C 2 and (J', one can compute the value of 
Planck's element of action, h. This gives 
seven independent methods of determining the 
universal constant h. Or from anyone of 
four of these methods one can calculate (99, 
100, 101) the radiation constants; and it, 
seems truly remarkable how close the calcu- 
1,\Ìed values agree with the obseryed values of 
the radiation constants. 
For making these calculations from Planck's 
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radiation 1 theory (2) we have the following 
rela tions : 


C 2 =chk- 1 =4.9ö.)1 ÀmT, (16) 
ac 127r x 1.Ò823k i 
0"=4 = -c'''h 3 -, . (17) 


ch 
^m T =;r965Ik' . 
eR 
k = - F ' . 
c 


. 


. (19) 


while the value of c 1 is 87rl
c. 
In these equations the constants have the 
following values: 
h (Planck's constant) =6"5.3 >( 10- 27 c:.'g sec. 
k (Boltzmann gas cons.) = 1"372 ,10- 16 e..'g deg. -1. 
e (Velocity of light) =2'{)û86 x 10 10 cm. sec. -1. 
F (Faraday's constant) =û6.300 coulombs. 
R (Absolute gas constant) =831'5 erg deg. -1. 
e (Unit electric charge) =4"774 x 10- 10 ('.S.u. 
From equation (19) it may be noted that a 
change in the value of e affects the value of 
C 2 directly, while the value of 0" is affected 
by e 4 . 
The data computed from the above-men- 
tioned constants and formulae are illustrated 
in P'iy. 12, from which it is an easy matter 
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FIG. 12. 


to compare experimental data (101). For ex- 
ample, Coblentz's (29) value of the coefficient 
of total radiation is 0"=(5.72:t0'OI2) x 10- 5 erg 
cm. -2 sec. -1 deg. -4. This indicates a value of 
C 2 = 14321 micron degrees (which is close to 
the average determination) and a value of 
h= 6.551 x 10- 27 erg sec, The value of h, deter- 
mined by Blake and Duane (98), by X-rays, 
is h= 6.555 X 10- 27 erg sec.; or an indicated 
value of C 2 = 1433u micron degrees, which is 
close to the average of the direct experimental 
determinations of this constant. 
Again, starting with \Varburg's value of 
C 2 = 14300 the corresponding value of the co- 
efficient of total radiation is 0"=5.74, which is 
the higher estimated limit of the average of 
12 different determinations of this constant. 
Hennig (99), on the haRis of Sommerfeld's (102) 
theory, the measurement of spectral lineR, and 
1 Sec "Radiation Theory," 
 (6), 


(18) 


the value of the electron, obtains C 2 = 14320 
and 0"=5.717. 
In summing up the evidence it is of interest 
to include Birge's (100) f'omprehensive anò 
exact calculations of the constant h. In these 
calculations he, of course, assumes the truth 
of (1) Lewis and Adams' (,)7) theory of ultimate 
rational units; (2) of the relation between 
0" and h, as given by Planck's radiation formu]a; 
(3) of the quantum relation as applied to 
X-ray data (98); (4) of Einstein's photo- 
electric equation; (5) of Bohr's theory of 
atomic structure; and (6) of the quantum rela- 
tion as applied to ionisation and resonance 
potentials. 
In this manner he obtains seven separate 
calculations of Planck's constant of action Ii, 
the least square mean value of which, as sh(m n 
in Table III., is h = 6,5543 X 10- 27 erg sec. 
This is close to the average of the val ue of 
h, which results from consideration of the two 
radiation constants. 


TABLE III 


BIRGE''3 CALCULATION OF PLA"KCK'S CNIVERSAL 
CONSTANT h BY VARIOUS ::\IETIJODS 


Value of h. Method. Remarks. 
6.551 +0.009 0"=5.72 Total radiation 
6.557 :to'013 C 2 = 14330 Spectral radiation 
6.542 :t 0 011 Rydberg con- Bohr's theory of 
stant atomic structure 
6'578 i 0.026 Photo-electric Einstein's equation 
equations 
6.555:t 0.009 X-rays Quantum relation 
6.560 i 0'014 1 Pltimate Theory of Lewis 
rational units and Adams 
6.579 + 0.021 Ionisation . . 
- I potential 


Mean value, h=(6'5543::l::0'0025)10- 27 erg sec. 
From this calculation and intercomparison 
by Birge (100) of the data on C 2 . 0", and Ii, as 
determined by thermal radiometric, photo- 
electric, X - rays, and ionisation potential 
measurements, it appears that the value of 
h, computed from radiometric data, is in close 
agreement with that obtained by mol'(" direct 
measurement. In other words, it appears to 
prove the validity of laws of radiation and to 
establish the level of the numerical values of 
the constants entering th('rein. 
The outstanding disagr('ement hetween all 
the ohserved and f'omputed data app('ars to 
hf' of the ord('r of 1 to 3 parts in 1000. "hat- 
ever the method or exp('ri mentation. This is 
a very close agreement, considering the varidy 
of the rlata and th(' difficulties involved in 
making the experiments. It seems to indicate 
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something more than a fortuitous relation 
betn een properties of matter. 
In conclusion, it may be added that to a 
cluse degree of approximation we have the 
following constants: 
Melting-point of palladium = 1556 0 C. 
C 2 = 14320 micron degrees. 

m T = 288.3 micron degrees. 
(T =5.72 x 10- 5 erg cm. -2 sec. -1 deg. -4. 
h=6.5.3 x 10- 27 erg sec. 


W. w.e. 
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 (l).-THE behaviour of electromagnetic radia- 
tions can be regarded from two very different 
points of view. In optics the interest attaches 
to the study of the light waves themselves- 
their rdraction, interference etc.-and little is 
said of the way in which the light arises. The 
present problem is the complement of this, 
It is concerned almost entirely with the 
emission and absorption of light, and makes 
use of optical properties only in so far as they 
help in the study of these. In consequence 
of this difference of aspect the mode of treat- 
ment is quite different. Physical optics is 
based on dynamics (including electromagnetic 
theory under the term), but the theory of 
radiation is founded on thermodynamics. As 
will be seen, pure thermodynamics can give 
a great deal of information about radiation, 
but is not capable of completely soh"ing the 
problems that arise, just as it gives a great 
deal of information about the behaviour of a 
gas, but is not competent to give completely 
its equation of state. The subsequent problem 
is thereforC' to be solved by ot.her methods, 
A direct application of the principles of 
mechanics leads to a definite and complcte 
answer, but one which is entirely wrong; and 
to overcome this difficulty Planck introduced 
the quantum 1 principle, with the help of 
which the central problem of the theory is 
solved. 

 (2) DEFI
ITIONS.-It will be necessary to 
make certain definitions for the measure of 
radiation. These naturally take a very 
different form from those which are used in 
optics. There the starting-point is usually a 
train of monochromatic, polarised, plane, or 
spherical waves, and consequently the funda- 
mental quantity is the amplitude of the waves. 
But in thermodynamics this is of no interest. 
The fundamental quantity is heat or energy, 
and the radiation measured as energy must 
be supposed to have a continuous distribu- 
tion of frequencies and to be travelling in all 
directions. 
The suitable definition is this. Take a small 
aperture dG' and draw from its edges a cone of 
small solid angle dw: let the axis of the 
cone be at angle 8 to the normal of aG'. Then 
a certain part of the radiation will pass through 
this aperture into the cone in time dt. "If, as 
we suppose, the radiation is continuously 
distributed, the amount must be proportional 
to dG' cos 8dwdt and the total energy entering 
the cone as radiation may be taken as 
RdG" cos Rdwat. But a further analysis is 
necessary, for the pencil uf rays may he 
sUpposP(1 analysed into a spectrum. This 
Rpedl'um wiI] be continuous and so the 
dnfinition will be concerned with the amount 
1 See" Quantum Theory." 


of energy between frequencies v and v + dl/. 
Finally, the radiation may be partly polal'i::;ed, 
and this is represented by choosing t\\ 0 fixed 
directions and describing the energy corre- 
sponding to waves polal'ised in eaeh. Thus 
the description of the radiation is fully given 
hy an expres:sion of the form 
(K J , + KJ,')dlldG" cos 6'dwdt ; 
if the components of polarisation K J " K/ are 
known at every point and time the whole 
radiation field is fully deHcribed. 
The connection bet" een this definition and 
those of optical theory is not obvious. The 
definition is of course quite unsuited for the 
type of waves usually consiùered in theoretical 
optics, as these have been simplified by being 
taken monochromatic, plane, etc. (whieh is 
only approximately true), and the result of 
the present definition would be that K J , would 
be infinite for one exact set of values and zero 
for all others. But if the electric and magnetic 
vectors are arbitrarily given at every point in 
a space, it is possible to dednce Kv from them 
by means of rather complicated applications 
of Fourier integrals. The chief point of interest 
in the work lies in the spcctral resolution into 
frequencies, which is done by virtue of a 
theorem of Lord Rayleigh's, wherehy from a 
:Fourier analysis of amplitudes it is possible' 
to dcfine a precise meaning for the energy in 
any range of frequencies. " 
In the treatment of radiation problems by 
thermodynamics it will be necessary to have 
idealised machinery for sorting out the 
radiation into its component parts. I1
or 
example, the polarisation may be studied by 
means of Nicol prisms, but these have to be 
supposed capable of completely transmitting 
one component and completely reflecting the 
other. 1\lore important is the question of the 
spectral analysis. For this, advantage Illay 
be taken of the fact that many substances 
show a selective effect, transmitting light of 
Rome frequencies and reflecting the rest. If 
this is idealised it may be imagined that there 
exists a set of screens, each of which has the 
property of transmitting a certain range cf 
frequencies perfectly while reflecting all others 
perfectly. The justification for the use of this 
idealised machinery here is much the same as 
in other branches of thermodynamics, RR, for 
example, the use of idC'al Remi-permeahle mem- 
branes in the study of mixtures of gases, 
N ext, consider the emission of radiation. 
This is defined in the same sort of "ay as 
above. A small volume dv of a body emits 
in time dt radiant energy (f v + fv')dlldwdt'dt 
into a solid angle dw. In the general case of 
an anisotropic body the two components of 
polarisation fv and f/ will both be functions 
of the direction of the element of solid angle. 
The emission from any substance in general 
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"ill depend on its past history (as in phos- 
phorescence) or on the forces acting on it (as 
in tribo-Iuminescence and the light from 
discharge tubes). Xow such effect::! as these 
are not steady state phenomena and so must 
be excluded from thermodynamic arguments. 
\Ye shall exclude all such effects by the 
a<;;sumption that f ll and f/ depend only on the 
nature .of the matter composing dl', and on the 
temperature. Radiation which satisfies these 
conditions is called temperature radiation. The 
assumption includes what is known as Prevost's 
Ian of exchanges, viz., that a body emits an 
amount of radiant energy that depends only 
on its own temperature and not on that of 
its surroundings. 
For absorption the type of definition is 
rather different. The absorption coefficient 
all for any matter is defined by the fact that 
if a beam traverses a short length dl of it, 
then the beam"s intensity is reduced by a 
fraction a
dl of itself, and the part which has 
disappeared from the radiation reappears as 
heat in the matter. For an anisotropiC' body 
av "ill depend. on the direction and polarisation 
of the beam. As a coronary, if a ray traverses 
a length l of matter its emergent intensity is 
a fraction e-avl of its incident. 

 (3) RADH.TIO
 Dí THE STEADY STATE.- 
\Yith these definitions it is possible to deduce 
many important consequences simply from 
the fact that a system left to itself tends to 
equalise in temperature and so arri,ye at a 
steady state. The proofs of these propositions 
are quite elementary and it "ill be unnecessary 
to give the chain of reasoning by which they 
are 0 btained. 
(i.) The KII of a pencil of rays is invariant 
along its path in free space. 
(ii.) KII is invariant for total reflection at 
any surface, plane or curved, (The concentra- 
tion of light by a concave mirror is not due 
to any change in K I , but to an increase in the 
total solid angle through which the rays arrive 
at the focus.) 
(ill.) In a non-homogeneous medium let the 
wa,yes of frequency " have refractive index 
p." varying from point to point. Then KII/p.1I2 
is invariant along a pencil of rays. 
These three results are really only matters 
of geometry. 
(iv.) At a surface separating two media 
partial reflection occurs, Take an incident 
ray along the direction A, and suppose that a 
fraction p is reflected and a fraction I - P 
refracted along B in the second medium; then 
the pos
ibility of a steady state requires that 
the revcr<;e ray corning along B should have a 
fraction p reflected and a fraction I - p refracted 
into the first medium along A reversed. 
A specially important case of this is that an 
ideal selective screen, which transmits light of 
one set of frequencies and reflects all others, 


must do so in exactly the same way from 
"hichever side the light is coming. The same 
line of argument shm, s that it is impossible 
to combine the light from two sources by any 
optical device, so as to increase the KII of a 
pencil of rays. The results of (iv.) can be 
proved also on dynamical principles; the 
advantage of the present method is that it 
makes no reference to the mech
nism of 
reflection and refraction. 
(v.) Consider a vacuous space surrounded by 
perfectly reflecting insulating walls. In it are 
certain bodies of any character. By means of 
their radiations to one another they gradually 
set themseh-es to the same temperature. _-\ test 
body placed anywhere in the space mu
t also 
reach this temperature, and that through the 
action of radiation alone. By taking the test 
body as covered in turn "ith various types of 
selecti\-e screens, Xicol l)risms, etc., it can be 
shown that the ,-alue of K... is the same at 
every point of the space and for e,Tery direction - 
and polarisation of the rays. (If the refracth-e 
index differs from unity, KII must be replaced 
by I\..1I/p.1I2.) This is the principal result of 
the argument-that in the 8teady state the 
radiation KII can depend only on " and the 
temperature, and must be quite independent 
of the position, etc., of the ray examined. 
Such radiation is called complete radiation; 
also, for a reason that" ill appear later, black 
radiation. The determination of the form of 
KII as a function of " and T is the cardinal 
pro blem of the radiation theory. 
It is often convenient, in the general caðe 
"here the radiation is not cOlllplete, to assign 
a meaning to the expression" temperature of 
a ray." This is defined as the temperature of 
the complete radiation which would give the 
same KII as the ray. The temperature of a 
raY' can never be greater than that of the 
source from which it arose; this assumes that 
the radiation is temperature radiation. Con- 
versely a body can never get hotter than the 
temperature of the hottest rays which strike 
it. To make a body as hot as possible by 
radiation it would be necessary to arrange 
some optical de,;ce whereby the hottest rays 
should strike it equally from all directions, 
while colder rays, of other frequencies, should 
be excluded by selective screens. 
As the complete radiation is isotropic, it is 
convenient to use a quantity" hich makes no 
reference to the directions in which the rays 
are going. This is done by replacing the 
quantity KII by a derived quantity ll J " where 
u
,d" is the total energy in unit volume of 
freq uencies between" and" + d". By summing 
the effects of all the rays passing through a 
small element of volume, it is easy to show 
that rill = 87T" KI/e, where e is the velocity of 
light. The factor is 87T" instead of the more 
usual 47T", because there are t"o components 
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of polarisation each \\ ith Kv. UtI will be the 
saUl(> at all points of the enelosure. (l?or the 
case with a refractive index the corresponding 
eq uation is U v = 87r Ktlf..tv/c, and ltt'/ f..tv 3 "ill be 
the invariant,) 

 (4) KIRCHHOFF'S L.Hv.-In consequence of 
the universa.lity of Kv there must be a certa.in 
relation between the emission and absorption 
of every type of matter. Take a small body 
of volume v. ...\ ray Kt., in traversing it, loses 
an amount of energy atlK, dvdwdtv, by the 
definitions of 
 (2), and as the radiation must 
he the sam<? on both sides of the body, thia 
III ust be replaccd by emission. The amount of 
the emission is f"dlldwdtl'. Therefore fv = a"K", 
and either Kv = fv/av or else both fv and 
a v are zero. This result, Kirchhoff's law, 
may be stated as follows. The ratio of the 
coefficient of emission to the coefficient of 
absorption i
 the same for all substances what- 
ever, and depends only on the temperature 
and the frequency of the rays examined. As 
long as only temperature radiation is con- 
sidered this law admits of no exceptions. It 
is proved in the first pla,ce for bodies in an 
enclosure; its great utility lies in its extension 
to free space by virtue of Prevost's law of 
exchanges. 
Kirchhoff's la.w makes it possible to deduce 
certain interesting and not very obdous con- 
sequences. For example, tourmaline polaIises 
light by ahsorbing one component strongly, 
while transmitting the other. To the high 
absorption must correspond a high emission; 
so if a tourmaline crystal is heated, as it 
preserves the same characteristic ,vhen hot, 
it will emit polarised light, and the plane of 
polarisation will be pcrpendicular to that of 
the light which the crystal ordinarily transmits. 
Again, nebulae of a size thousands of times 
as large as the solar system emit light confined 
to a few lines in the spectrum. Therefore 
their matter is so rare and of such a peculiar 
character that a ray of light of any other 
freq ucncy can go right through this enormous 
distance without experiencing any absorption 
whatever. 
Next, suppose that we have a 
ubstance with 
the property that all radiation falling on its 
surface is completely absorbed. This is called 
a black body. Pertect blackness requires that 
there shall be no reflection at the surface, and 
this im plics no change of refractive index there, 
and also that a v , the abs0rption coefficient, 
should he infinitesimal; the latter condition 
requircs t.hat the body should be of infinite 
depth. Such a surface has thc property of 
emitting the complete radiation, whether 
enclosed in an en velope or in free space, For 
consider the radiation going into a small cone 
dw at angle e to the normal. One of the 
polariscd components emitt('d by an f'l('ment 
of volume d6dz at dppth z helow the surface 


is E..,dlldwdtd6dz, and of thi
 only a fraction 
e- avZSC(' 6 gets through the surface. The 
beam outside is obtained by inte
rating this 
over all depths, and so is (f,./a,.)dvdwdt cos ed6. 
Hence by Kirchhoff's law the K" out
idc is 
exactly the same as wha.t it "ould 1w. in an 
enclosed space at the same temperature as 
the hlack body; this explains "hy complefe 
radiation is often called black. 
In consequence of the presence of the factor 
cos e in the above formula a blat'k surface will 
a.ppear equally bright viewed from any angle. 
Any departure from the condition of blackness 
dcstroys this. For example, a change of 
refractive index at the surfape invoh es partial 
reflection, and it is well known from Qrtipal 
theory that the oblique rays are more reflected 
than the perpendicular. Therefore such a 
surface will emit less light obliquely than per- 
pendicularly. 
The importance of the idea of the black 
body is that it makes it possible to get a" ay 
from the highly idealised arguments ahout 
radiation in a completely elwlosed space, and 
so to connect pure theory with the results of 
observat.ion, To find the experimental values 
for the complete radiat.ion it will be sufficient 
to determine the energy emitted (in various 
frequenpie
) from a blaek body of knmHl 
temperature. In order to find its amount this 
energy must he C'ompletely ahsorhed. Thus 
both source and receiver must be hlack. The 
best form of source is a smaU hole in the wall 
of a furnace; for the absorption of such a 
hole is nearly pertect, since any ray that enters 
will undergo many refleetions before coming 
to the hole again, and so will be practically 
completely a.bsorbed, and therefore the 
emission of such a hole must also be nearly 
that of a blaek body. The same form is somc- 
times used for the receiving instrument; but 
. in cases where there is little intensity of 
radiation it is necessary to concentrate the 
heat absorbpd on as sm
ll an area as possible, 
so as to get the greate
t temperature risp, It 
is therefore covered with platinum Mack or 
lamp black, and by 8U hsidiary experiment.s an 
estimate is made of the imperfection of its 
blackness, For this part of the subject see 
" Radiation." 

 (,3) STEFAN'S LAW AND ""n':N's LAW.- 
The theorems hitherto ohtained were all based 
simply on the iùea of equalisation of tem- 
perat.ure. By the use of the second law of 
thermodynamics in the form that perpetual 
motion "is impossible, two very important 
theorems can he proved-the law of Stefan 
and Boltzmann, and the <lisplaeement law 
of \Yipn. Thesp are hoth poncerncd "ith 
complete radiation, and it will be Nmvenient 
to replace the fundamental K" hy the derived 
quantity UI" which depends on the energy !)cr 
unit volume 
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(i,) The total radiation of all frequencies 
-':I'., 
in unit ,olume is denoted by u = I. u
dJl. 
,0 
It i
 a function of the absolute temperature 
T only and the Stefan-Boltzmann law 1 asserts 
that it, is propodional to the fourth power of T. 
First observe that the second law of 
thermodynamics requires that radiation should 
exert a pressure. Othenrise it would be 
pos::sible to concentrate the radiation inside a 
perfectly reflecting cylinder by pushing in the 
piston, without doing any work: and the con- 
centrated energy could be absorbed by a body 
hotter than that from which it was emitted. 
From the electromagnetic theory 
Iaxwell 
showed that this pressure is equal to ill for 
isotropic radiation and this leads to the result 
sought. 
Consider a cylinder of volume Y "ith perfectly 
reflecting \\ aIls. At one end in it is placed a small 
piece of matt<,r to act as a vehicle for the transfer 
of heat from outside into radiant energy in the 
cylinder. The total energy of radiation Ï3 Y ll. Xow 
suppose that the volume is increased by an amount 
dY, while at the same time heat flo"s in from the out- 
side and is partly converted into radiation by the 
piece of matter. The amount of heat absorbed will be 
Cãf +d(V u) + Iud''', 
or (c+ V 

 )dT +
udV, 
"here C is the heat capacity of the matter. Xow 
follo\\ing the ordinary thermodynamic argument, 
if thk i
 divided by T the result must be a perfect 
differential. and for this to be so 
(i ( c V êu ) ê ( 4 U ) 
ôV T+T ôT = êT 3 T ' 
"hich leads to 2ufrT=4('u / T). If this equation 
is inteurated the result i'3 u=o-T", where (J i!': a con- 
stant. 0 This is Stefan's law. A further consequence 
which will be required later is that in an adiabatic 
expan::.ion YT3 is constant. 
The argument can be reversed so that the law of 
prcs,-:ure 
1ay be deduced from Stefan's law. Thus, 
if the pres;:ure is supposed to be the unknown f, an 
equation of the form (èj, êT) - f T = 11 T must hold. 
Xow if u=(JTt is substituted and the equation 
integrated the result is f=llt+aT. where a is an 
integration constant. So apart from Uris constant 
Stefan's law leads straight to )Iax\\eU's law of 
radiation pres
ure. It is far the most accurate 
verification of the validity of that law, as the pre'isure 
itself is so exceedingly 
inutf} as to be barely per- 
ceptible to direct observation. 
(ii.) The relation of Stefan and Boltzmann 
concerns onlv the total radiation, and has 
nothinO' to s
v as to the distribution in the 
variou; parts 
 of the spectrum. If thermo- 
dynamics are to be made to gh'e any informa- 
tion about this. it is necessary to have some 
mechanism whereby radiation of one frequency 
('an be changed reversibly into another. The 
usual mechanism uf con,'crsion is by absorptiun 
1 :-\ec" Radiation," Part II. 


and re-emission, but as long as the relation 
K
 =fv/av i:-: f:atisfied the thermodynamic 
conditions are fulfilled and so tills method 
gives no help. But there exists another way 
of changing frequencies, namely, by the Doppler 
effect; that is, by reflection of the rays at a 
moving mirror. By the use of this idea it i!' 
possible to deduce a relation connecting 'it" 11, 

nd T. The argunient falls into two parts-a 
thermodynamic and a mechanical. The former 
sho" s that, under certain conditions, if .a 
reflecting enclosure is filled "ith complete 
radiation and then e
panded adiabatically, 
the radiation will remain complete, without 
the intervention of matter. The second part 
consists in calculating the actual change in 
the radiation produced by the expansion. 
(a) Consider the adiabatic compression of a cylinder 
"ith perfectly reflecting "ails, supposing that some 
part of the walls reflects diffusely, so that the radia- 
tion certainly remains isotropic. At eyery stage 
the work done depends on the pressure, and this is 
given by the density of the total radiation. So 
"hether the radiation remains complete or not, the 
energy density "ill be the same at every stage, and 
so "ill the work of compression. The relation 
YT3 = constant implies that when the volume is V 
the densitv of total radiation is the same as that of 
complete ;adiation of temperature T, 
XO\\ imagine that the effect of the adiabatic com- 
pression is to make the radiation no longer complete. 
Take '''I as the initial volume, and suppo:'1e it filled 
,\Ï.th complete radiation of temperature T}' Com- 
press the cylinder 
lowly by a finite amount to 
volume V 2 , Then if V 2 T 2 3=Y 1 T 1 3, the density of 
total radiation "ill be the same as that of complete 
radiation of temperature '1'2' but by hypothesis some 
spectral regions \\ ill be in eÀCe.5S and some in defect. 
Xow introduce a smaH piece of matter of negligible 
heat capacity. This "ill readjust the radiation to 
completeness. but will not alter its total amount. The 
adjustment is an irreversible proce
s and so involves 
an increase of entropy. XeÀt, keeping the matter in 
the cylinder, slowly expand to the original volume. 
The "ork gained in the up-stroke is ðactly equal 
to that done in the down-stroke, for they both depend 
only on the total radiation. If the matter is now 
"ithdra\\n the svstem "ill have retumed to its 
original st
te, and no heat has been communicat.ed 
from outside. The cycle could be repeated 111- 
definitely and it would 'be pO'-:dible to get a continual 
increase of entropy without any introduction of 
heat or performance of "ork; and this Í::; contrary to 
thermodynamic principles. Therefore the adiabatic 
compression must conserve the completene
::. of 
radia tion. 
There is one small point in the proof \\orth 
mentioning. Reflection at a moving mirror not 
only changes the frequency, but also the direction 
of the light. If the walls are perfect cylinders "ith 
perpendicular end
, the compr
sion \\ ill make the 
radiation anisotropic, and so of cour.::-e not complete. 
This is the reason \\ hv it was necessarv to "pecily 
that some part of the 
alls must reflect (ìiffu
dy. 
(b) It is now necessary to eÀamine the effect on 
radiation "hen it is reflected at a moving minor; 
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in particular to count up the losses anù gains fur a 
small region dv of the spectrum. If a beam inclined 
at angle 0 falls on a mirror moving with small velocity 
v, it may be 
hown that the frequency of the reflected 
beam is v' =v(l- 2(v/c) cos 0) and that its direction 
is given by 0' = 8 + 2( t'/e) sin O. There is also a change 
in the intensity, since work is done on the mirror. 
It may be shown that the ray u"dv (sin Od8dcþ/47r) 
(cþ is the azimuthal angle) exerts a pressure 
:2 cos 2 0 U,ß,II (sin OdOdcþ/47r). 
Now consider the gains and losses to the region dv. 
Of energy originally in this region and at this angle 
an amount 
utdll (sin OdOdcþ/47r) (c cos 0 - v)dtd6 
strikes the mirror in time dt and in the element of 
area d6. This energy is all lo
t. Summing over all 
angles the gross loss is 
ujldv {(c/4)- (v/2)}dtd6. 
There is a comp('Í1sating gain from the light \\hich 
has its frequency brought into dv. This comeS from 
various regions. If one of them had frey. uency be- 
tween Vo and Vo +dv o before reflection and inclination 
between 6 0 and Oo+dO o ' then vo=v{l +2(vfc) cos O}, 
and 0 0 = 0 - 2(vl<;) sin O. The encrgy in this region 
gives after reflection an amount in dv equal to 
'Il" dvo ( Sin 8odOodcþ ) (c COB 0 0 - v)dtd6 
o - 47r 
( sin OdOdCÞ ) 
- 2 cos 2 8u,ilv 47r vdtd6, 
the subtraction of the second term being due to the 
disappearance of energy in performing work. If 
uJ'+(v o - v)(èu,./êv) is written for u"o and if the 
values of V o and 0 0 are substituted and the result 
integrated over all angles, it gives as the gross gain 


[ ( c V ) v CU" ] 
u" 4" - 2 + 3 va; dvdtd6. 


The net gain is therefore 
1 2 U " d d d 
oi"V--,;;- vV t 6, 
... Ov 
and if this is summed over the whole mirror it becomes 
1 au" d dV 
3"v-(:;; v , 


where dV ic:; the total gain of volume in the time dt. 
Thus adiabatic expansion rcquires the equation 


d(\ 
 ) -.1 
U" d\ T 
U" - 3 V 
 , 
ov 
or written as a partial differential equation 
lv 2u " _ V 
u" =u". 
ov oV 
The general Rolution of this equation is 
u" = v 3 F( V v 3 ), 


where F i.. an arhitrary function. But, since 
VT3 remains constant 'in a(liabatic expan
ion, 
V =constant/T3, and this equation can be rewritten 
u,,
v3fI (
), 


and this is \Yien's displacement law. 


The relation u,,=v 3 f1.(vfT) makes it pos
ible 
to deduce the radiation curvo (that i::;, the 
curve connecting U " and v) for any Í(\mpcrature 
once it is known for a single temperature. All 
purely thermodynamic conditions are now 
satisfied and the determination of the form 
of the function 11 must invoke other principles. 
It is not surprising that it should not be 
possible completely to determine it; it is 
like t.he fact that no thermodynamic argument 
can completely determine the equation of state 
of a gas. 
In connection with experimental work it is 
customary to use ,,,av{'-length instead of 
frequency. This alters the form of the dis- 
placement law. J..et 


EÀdÀ = 'lit.dv, 


so that EÀ is the density of isotropic cnergy 
per unit wave-length. [f use is made of the 
relation À=cfv the law is given in the fonn 


EÀ= À -5](ÀT). 



 (6) PLANCK'S RADIATION FORl\IULA.-The 
true radiation formula was found by Planck. 
Its theoretical deduction is given under 
" Quantum Theory." 1 The formula is 
E 87rllc 
JÀ= À5(ehc/kTÀ -1)' 
Here c is the velocity of light-2.9986 x 10 10 
em. per sec.-and k and hare universal 
constante. k is the atomic gas constant; that 
is, ikT is the mean kinetic energy of a molecule 
of a monatomic gas (supposed a perfect gas) 
at absolute temperature T. Its value is 
approximately 1.372 x ] 0- 16 erg deg. -1. It is 
the quantum, and its value is approximately 
6.55 x ]0- 27 erg sec. Observe that the expres- 
sion satisfies "'len's displacement law. 
In Fig. 1 the firm line shows the curve for 
T = 1000 0 aba. The main characteri8tic of the 
curve is the rapid fall from the maximum on 
the side of short wave-lengths and tho much 
more gradual fall on the other side, The unit 
for À is 10- 4 cm.-the visible spectrum would 
come abo
lt in the region hetween 0,4 and o.() 
of À. EÀ is in C,O.8. units, Its sif!nificance 
will be made clearer by the statcmcnt that 
the energy in 1 c,c. in a spectral region of 
breadth 1 Å.D. (10- 8 cm.) is 17.38 x 10- 8 erg 
at the wave-length 28,b50 A. U. (the values are 
those at the maximum point). 
The corresponding curve at a highet' tcm- 
perature T' is obtain('d by shortening ('<tch 
À in the ratio T IT' and lengthening the 
corre
ponding EA. in the ratio (T' fT)ó. Th(' 
chain curve in Fig. 1 is that fot' th(' a hsolut(' 
temperature 1100 0 , and it may be seen" hat 
a large increase in the radiation is made by a 
1 See" Quantum Theory," 
 (4). 



RADIATIOX THEORY 


c')mparati\9ely small change of temperature, 
Of t\\ 0 curves the hotter always lies entirelJ" 
outsije the colder. 
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On the side of the short wave-lengths the 
curve is closely approximate to 
E _ 8rrhc -he kTÀ 
À- 
5 e 
which i
 known as \Yien'g formula. The cun"e 
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for this expres
ion "au lel lie very close to the 
corresponding curve of Fig. 1, e:\.cept on the 
extreme right, where it would fall somewhat 


I I I I 
-:..' I I 
- I 
I I _ 
I I - 
.--;. I I ..... I , 
,-- '- ........... 



 



 


I I I 


I 
I 
I 
I 
, 


I 
I 
I 


I 
I 
I 


I I 


I 


1 I 
1 
I 
, ] 


'/ 


Coo' 
U') 
(;). 


o 
I =jg 


ï 


'- 


I 


, 
I 
1 
I 
-.... , 


I 


I I 
........ . 


I 


I 


I 
I I I 
I 
I 


::t 



 


E 
I I 
I 
, I 
I 1 
, 
1 
I 
I I 
I 


I 
I 
I 
I 
, 
I 
1 
1 


::0 CD 
I I 
I I 
I I 
I I 
, I 
I 
I J 
I 1 
I I 
I I 
I 
I 
I 
1 



 
, " 
I 
 
1 ! 

J; 
I 
I 
I 
I 
I 


]. 

 "i 
I 
I 
, 


I 
I \ I 
I 


I 
I 
I , ./ 
, 
I It 


/I 


1 


o 
o 
co /1 
.... 
, 


I 


I 
I 
, 
I 
1 
I 


I 


I I I 
I I I 
I I 1 
I I .. 
o:t ('.f 


N 
I 


9 


I 
I 


I 


I 
I ,I 
I I 
1 '" I I 


'I L 
I 


C) 


I 
I 


I 
v 


co 


I 


I"- 


I 
1 
I 
1 
,-'0- 
Ó-' 
 
tci
 
I' 
I 


81=, In 

L+ 



 
d 
,;; 


'." 


A 
;-'1 
, I 
/, I 
I " 


I 



 


./ 


./ 


o 
1C 
cc- 


I 
I.- 
- I 


-í" 
I 


E 


1 1 
I I I I 
I I 
i I 
to CD 
,.: 
W 


,-g 


I), I 


'd' 


(I') 


C"( 


I 
I 
1 
I 
I 
I 
I 


"-- . ] 
, ....... 
,
 
." .< 


I 


o 


below it. Apart from the fact that it is a 
convenient appro:\.imation, the interest of 
\Yien's expression is mainly historical, as it 
was the earliest radiation formula to be 
sug
ested. 
Un the side of the long wa,e-Iengths, but 
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far beyond the region shown in thc figure, 
Planck's formula becomcs approximately 
87rkT 
EÀ=
' 
This is known as Rayleigh's formula. l The 
curve in Fig. 1 marked R is the Rayleigh curve 
corresponding to 1000 0 . Its importance lies 
in the fact that it is undoubtedly the expression 
which ought to be .found if the classical system 
of mechanics were valid. For its derivation 
see" Quantum Theory," 
 (4). Planck found 
his formula by combining those of 'Yien and 
Rayleigh, so that each should be verified in 
its region of validity, and the formula then 
led him to his great discovery of the quantum. 
The position of the maximum ordinate is 
given by 


lie 1 
^m= kt 
' 


where a is the solution of the equation 


l_e- a _ a . 
-5' 


that is, 


a=4'9ö51. 


The height of the maximum is proportional 
to T5. Its locus is shown in the broken curve 
of Fig. 1. It is of interest to observe the 
position of the maximum for a few tem- 
peratures. At ordinary room temperature it 
is about 10- 3 cm. At 1000 0 abs., a dull red 
heat, it is still at a wave-length more than 
four times that of visible light. Even at 2000 0 , 
which is a dazzling white heat, it is still more 
than twice the wave-length of visible light. 
Again, from the fact that the sun's radiation 
has its maximum in the yellow, it may be 
deduced that its temperature is nearly 60uo o 
abs.-a result confirmed Ly the application of 
Stefan's law to its total radiation. 
Stefan's constant 2 (J may be deduced from 
Planck's formula by integr
ting over all values 
of ^. This leads to the result 


871'"5 k 4 
(J= - 15 ii 3 e 3 erg cm.- s deg,-4. 


The determination of the constants kana 11 
is usually done in the following two stages. 
One relation is found by measuring the total 
radiation. This gives (J. The second i
 got 
from the shape of the curve or the position 
of the maximum, which it may be seen 
dctermines hel k. The universal constants k 
and h found in this way by the most refined 
expcriments are given with ahout the same 
order of accuracy as by other methods. 
R:lI1iation t}wory is dealt with very dearly and 
thoroughly in Planf'k's 1)1(' Theorie (/Pr WÜrme- 
8trahlllllq, 4th pdition (Barth, I..('il)zÏ!:r). Many text- 


1 " H('mark
 upon th(' T..aw of Complete Radiation," 
Phil. .1[(((/., ] 
OO. xlix. :;3H. 
9 See" Radiation," Part II. 


hooks of lHofl('rJ) phy"k
 d('\"ote a ('}lapter to the 
suhj('f't; for instaw.(', Hi('hanbam.s Tlte Electron 
Theory of .Matter (l'alllb. rni\". Pn.ss). 


c. G. D. 


RADIATIONS FROM RADIOACTIVE :\L\.TTEll, 
effects of, on glass. See" Hadioactivity," 


 (10), (15). 
Various effects produced by. See j'bid. 

 (15). 
RADIOACTIVE CONSTANT OF A HADIO-ELEl\lEXT : 
a term used in radioactivity to dcnote the 
fraction of the total amount of radioactive 
material changing in a unit of time, the 
unit of time being so chosen that thp 
quantity of radioactive material at the end 
of it is sensibly the same as that at the 
beginning. See" Radioactivity," 
 (.3). 
RADIOACTIVE SUBSTANCES, rays from, capable 
of exciting cert.ain matcrials to emit visihle 
light. See ,. Luminous Compounds," 
 (1). 
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 (1) GENERAL PROPERTIES OF RADIOACTIVE 
BODIEs.-The property of radioactivity was 
discovered by Henri Becq uerel in ISD() for 
compounds of uranium, which he fouml to be 
spontaneously emitting radiations capahle of 
affecting a photographic plate and of penetrat- 
ing considerable t.hicknesses of matter. Tht 
radiations w('re also found to cause certain 
salts to fluoresc.e and to ionise air and other 
gases through which they passed. A fulkr 
examination of the uranium Ralts show('(l 
that no variation could be detected in the 
intensity or in the character of the radiation 
with lapse of time, The intensity depended 
simply on the amount of uranium present, 
and was independent of the physical con- 
ditions to which the uranium was suhjected. 
In 1898 l\Iadame [1urie and Schmi(lt independ- 
ently showed that the property of r
dio- 
activity was also shared by thorium amI 
minerals containing that f'lement. The radia- 
tions from uranium and thorium are complex 
in character and consist of three distinct types 
which will be considered in detail later. TheRe 
are known as the a, ß, and l' radiations; the 
a rays consist of a stream of positively charged 
particles projected with great velocity, and are 
very easily absorbed by thin sheets of metal 
foil and by gases; thc ß rays are far more 
penetrating and are identical with the ne
a- 
tively charged particles eonstituting the 
cathode rays in a discharge tuhe; the 'Y m
Ts 
are exceedingly penetrating and [I re idpntical 
in character with X-ravs, the onlv diffprencc 
betwpen them heing tl
at the wa
e-Ien.
th of 
the former is much shorter than that of the 
latter. 
A substance which is capable of spontane- 
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Oltsly emittinrr these penetrating racliations is 
said to be ., radioactive." Of the 80 or more 
elements known in 189G only uranium and 
thorium, the two hea ,iest elem
nts, were found 
to be radioactive, and all the other radio- 
elements known to-day are derived from these 
two elements. 
In addition to these radiations some of the 
radio-elements produce what are knO"ll as 
radioactive emanations which are gaseous. 
The emanations can be condensed at the tem- 
perature of liquid air, but e,Ten at ordinary 
temperatures they impart radioactivity to solid 
objects" ith which they come into contact, 
In )
99 and 190Ü the results of several 
investigations sho"ed that some radioactive 
substa
ces, unlike uranium, \vhich showed no 
appreciable change of acti,ity over a period of 
years, lost the greater part of their actidty in 
the course of a few minutes or hours. For 
e
ample, it was found that the emanation from 
thorium lost half its acti,ity in less than one 
minute. Hence, in addition to the more per- 
manent radio
cti'Te elements, there were others 
with only a tran
ient existence. 
* (2) URASIL"'I X.-)Iadame Curie had shown 
in her early e
perilllents that the radioactivity 
of uranium was an atomic phenomenon. It is 
unaffected bv chemical combination "ith other 
inactive elen;ents. Crookes,! however, showed 
that b.v a single chemical operation, namely 
prepip1.tating a solution of uranium "ith 
ammonium carbonate, the uranium could be 
obtained photographically inacthTe while the 
"hole of the activit
 could be C'oncentrated in 
a small residue f
ee from uranium. This 
re
idue, "hich "as called "'Cranium X, was 
many hun(lrecl times more active photographic- 
ally 'weight for weight than the uranium from 
which it' haei been ;eparat.Pd. A similar result 
was obtained by Becq uerel, who found that 
barium pould be made photographically very 
acthTe bv addin a barium chloride to a uranium 
Rolution' and 
recipitating the barium as 
sulphate, IAfter a number of precipitations the 
uranium was rendered photographically in- 
adive ,,-hile the barium was strongly active. 
These results seemed to point to the fact that 
the actintv of úra
ium was not due to the 
element it
elf hut to some other substance 
which was a')sociated with it. 
The active harium and the inactive uranium 
in the last expeliment were left for a year and 
again examined. It was now found that the 
uranium had completely regained its 
ctivity
 
while the aC'thity of the barium Rulphate had 
completel:v di
appeared. The loss of aC'th-ity 
of uranium was therefore only temporary in 
character. 

 (3) TnORIU)1 X.-Rutherford and Soddy 2 


1 C'rool..es, Rn!!. .r::oc. Pror.. ] flOO, A, Ixyi. -ton. 
t Ruthf'rford and Boddy, Phil. Jlag., IDO
, iv. 
370 and 569. 


carried out similar experiments on thorium and 
were able in a single chemical operation to 
separate an intensely active constituent from 
thorium. This they called. Thorium X. In a 
month's time the thorium X had lost all its 
acthity whilst the thorium had completely 
regained it. 

 (4) DECAY A:XD RECOYERY OF {;RA:xrC)1 X. 
-The next step was to examine the time rate 
at which the processes of decay and reco"\ery of 
adinty took place. "Cranium X. emits only ß 
rays, whilst uranium gives out only a rays. 
If all the measurements are made with ß 
rays, the ionisation produced will depend on 
the quantity of uranium X present and not 
on the quantity of uranium-the uranium 
will be effective only in so far as it produces 
uranium X. 
The uranium is left for some months so as to 
come into equilibrium "ith its product uranium 
X; they are then separated by one of the 
methods already mentioned. The ß ray 
activity of the uranium "in at first be zero, but 
it will gradually increase as uranium X is 
formed, 
,'hi1st "the acti\itv of the uranium X 
falls off according to an ex'ponentiallaw. The 
two curves shown in Fig. 1 show the rates at 
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which the decay (curve B) art.d recovery (curve 
A) of uranium X take place. The sum of the 
ß ray activities of the uranium and the uranium 
X is constant, showing that uranium X is being 
produced from uranium at exactly the same 
ra te as it is decaying when separated from 
uranium. The curves show also that it decays 
to half value in 2,) days. 
Rimilar results ha
e been obtained with 
other radioactive productR separaterl from 
their parent elelI1ent

 and t1l1:' law that the rate 
of decay of activity of a ghTen product is 
exactly equal to the rate of recovery of activity 
of the su hstance from which it has been 
separated, is universally true. 
The decay curve in Fig.! shows that uranium 
X loses its activity according to an exponential 
law "ith the time. It" ill he s('en lat('r that 
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this is the general law of decay of activity in 
any type of radioactive matter, separated from 
its parent and from any secondary active pro- 
ducts which it may itself produce. 'Yhen this 
law is not fulfilled it. can be shown that the 
Hcth-ity is due to the superposition of t\"O or 
more effects, each of which decays according to 
an exponential law with the time. 
S (3) THE R-\DIOACTIVE CO
STA
T.-If No 
is the number of atollls of any given product 
present at any time taken as zero, and Nt the 
num bel' remaining after an interval of time t, 
then according to the abm-e law of decay 
N t = Koe- ^-t. (1) 


where À IS a definite constant characteristic of 
the given product. The above equation may 
be written, 


dN t _ -Xl\" 
dt - h 


so that À represents thp fraction of the total 
amount of radioactive material changing in a 
unit uf time, the unit of time being so cho
en 
that the quantity of radioactive material at the 
end of it is sensibly the same as that at the 
beginning. It has different values for different 
types of radioactive material, but is invariable 
for any particular type of material. This 
constant À is called the radioactive or trans- 
formation consta,nt of the radio-element. 

 (6) THE HALF-VALUE PERIoD.-There is 
another constant which is extensively used in 
radioactivity. This is the half-value period or 
the period of half change of a radioactivp sub- 
stance. This is the time taken for the atoms 
present in a radio-element to decrease to half 
their number. Denoting this by T, equation 
(2) gives 


I 
T = 0'6932 . À. 


The decay curve of uranium X given in Fig. I 
will be represented by equation (I) above, if the 
correct value is substituted for the radio- 
active constant À. The equation for the 
recovery curve is at once obtaiD('d from the 
fact that at any time the sum of the quantity 
of uranium X in the portion separated from 
the uranium and the quantity produced hy the 
uranium is a constant. It is 


Xt=No(I- e- Al ), 


when' No is the numher of atoms of uranium X 
finally produced by the uranium. 
The rate of decay of a radio-element is 
absolutely independent of any variation 
in phYRical and chemical conditions. l'
or 
example, the decay of activity of any product 
takes place at 1.,h(' same rate when exposed to 
light as \\ hen it is kept in the dark, and at the 
Hame rate in a vacuum as in air or any oth('1' 
gas at atmospheric pressurz. The activity is 


(2) 


unaffected by intense heat or extreme coM, 
Electric discharges and strong magnctic fields 
are tiuite ineffective in producing a change in 
the rate of decay. 

 (7) DISIXTEGRATION THEORy.-Thf' pro- 
duct uranium X is one example of radioactive 
matter of which there are many other types, 
Each such product has definite chemical as well 
as radioact.ive properties which dlRtingui:3h it 
not unly from the other active products, but 
also from the substance from which it is 
produced. To explain the continuous pro- 
duction of radioactive matter Rutherford and 
Soddy 1 in 1903 put forward the view that the 
atoms of the radio-elements are undergoing 
spontaneous disintegration, and that each 
disintegrated atom passes through a succession 
of well-marked changes, accompanied by the 
emission of characteristic radiations. This 
theory has been found to account in a satis- 
factory way for all known facts of radioactivity. 
The general law governing thp rate of decay 
or, in other words, the rate of disintegration of 
all radioactive substances (given by equation 
(I)) states that the number of atoms breaking 
up per unit time is proportional to the number 
of atoms present. The number of atoms 
breaking up in a given time is subject to 
fluctuations round the average value of the 
magnitude to be expected from thð general 
probability theory, so that À. the radioac,tive 
constant, represents the average fraction of the 
number of atoms "hich break up per unit 
time. The fraction of a product transformed 
per second is independent of the age of the 
product and ùoes not depend upon the con- 
centration of thp, active matter itself. It is 
found that raùium emanation, for instance, 
more than three months old (lecays at exactly 
the same rate as emanation fresl-Ily produced 
by radium 
 the chance of an atom breaking 
up in a given time is the same whether it is 
produced a s('cond before or has e
isted inde- 
pendently for a long p
riod of time. These 
facts lead to the conclusion that radioactivity, 
as far as the individual atom is concerned, is 
an instantaneou9 phenomenon. There is no 
gradual loss of energy. Before and up to the 
actual moment of disintegration the atom of a 
radio-elem('nt is in no way different from an 
atom of an inactive element. 
imilarly the 
new atom produced after disintegration is 
similar in all respects to an orclinary atom. 
Hence any atom may exist unchanged for any 
time from zero to infinity. 

 (8) THE PERIOD OF AVERAGE LIFE OF A
 
ATo:\I.-It is oft('n convenipnt to speak of the 
average l1je of a large numher of atoms. If No 
be the number of atoms pre
ent at the start) 
then after an interval of time t the num her 
\\ hich change in the time öl is e(Jual to À
ót 
(from equati(\ll (2) aboye) ( r ;.....-Noe-Mdt, Each 
1 Rl1t1wrfonl :lIHl Soc1c1y, Pllil. .H((rJ., 1!}03, Y. 576. 


(3) 


(4) 
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atoms diYÌ(lPJl by the numher in existencE' at 
the startin2:-point, any time being taken as 
the starting-point. The constant relates, 
therefore, tf) the future life of the atom and is 
independent of the period the atom"has already 
been in existence. 
The period of average life of each of theatoms 
in the three di::Üntegration serie
-radium, 
actinium, and thorium-is inc1udpd in the 
follo"",ing table, which also gives the atomic 
weight of the product together with the 
radiation emitted by it. 


of these atoms has a life t, so that the average 
hfe of the total number is gi.ven by the expres- 
sion 



7:J 
I ",-ie-At.df, 
,0 


and this is equal to I/A, that is, the pf.'riod of 
average life of an atom is the reciprocal of the 
radioactive constant. The period of a
'erage 
life of an atom based on the above calculation 
may be defined as the sum of the separatE' 
periods of future existence of all the individual 


Uranium I 
8x 70 9 years 


Uranium X, 
- 35' 5 days 


Uranium X 2 
1'65 minc:tes 


Uranium II 
3x10 6 years(?) 


Ionium 
2xl0 5 gears 


Radium 
2440 gears 


Emanation 
5'55 days 


Radium A 
4-3 minutes 


Radium B 
38'5 minutes 


Radium C 
10- 6 second 
(?) 


Radium 0 
24 gears 
(?) 


Radium E 
7'20 da
s 


Radium F 
196 days 


End 


TABLE I 


(7) 8ìo 


Uranium Y ß Thorium 
2-2 days 2-6 xl0 10 lJears 
y 
Uranium Z va Meso-thorium 1 
still un/mown 7.9 gears 
Actinium C7 Meso -tho'; Uli1 2 
(?) 230 8' 9 hours 
P.adio- va Radio-thorium 
Actinium 2'91 years 
28'1 days 
ActinÍL
m X va Thorium X 
16-4 days 5'25 days 
Emanation va Emanation 
5'6 seconds 78 seconds 
Actinium A va Thorium A 
0.003 seco"d 0'20 second 
Actinium B Thorium B 
52-7 minutes 15.4 hours 
Actinium C Thorium C 
3.1 minutes 87 minutes 
6.83 
minutes 
End End End End 
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S (9) RADIOACTIVE EQ'LILIBRITiM.-Each of 
the three disintegration series give
 in Tahle I, 
consists in a long succession of changes, P 
producing Q, Q producing R, and so on, The 
rate of change vades from product to product, 
but in each case it follows an exponential law. 
n a radioactive mineral is sealed up so that the 
products of transformation are allowed to 
accumulate, a stage is ultimately reaehed in 
which the amount of each product formed is 
equal to the amount transformed per unit 
time throughout the series. In this state therp 
is a balance between the loss of aetivity of the 
matter already produced and the gain of 
activity due to the production of new active 
matter. Material which has reached this state 
is said to be in radioactive equilibrium. 
It is evidC'nt that in the state of radio
ctive 
equilibrium the number of atoms disintegrat- 
ing per unit time is the same for eaeh product. 
So that if P, Q, R are the amounts of the 
suceesRive members of the serips present when 
radioactive equilibrium obtains, and ^l' ^2 and 
^a their respective transformation constants, 
then ^IP= ^2Q= ^JR. . (5) 
The amount of each product present is there- 
fore inversely proportional to its radioactive 
constant or directly proportional to its period 
of average life. According to the above rela- 
tion there is a constant proportion between 
the quantities of 
uccessive members of a 
system in radioactive equilibrium. Thus in 
o
lù uranium minerals the ratio of the amount 
of radium to uranium is always the same, there 
being about 3.2 tons of uranium for every 
gramme of radium. Now the period of average 
fife of radium is known to be 2440 years, 80 that 
by the above relation the period 
f average life 
of uranium must he about 8 x 10 9 veal's. This 
relation may in this way be uRC'd' to calculate 
the period of a long-Ii red product when its 
amount, relative to another whose period C'an 
be measured, is known. I t is useful also to 
measure the quantity of a short-lived product 
when its neriod can be determined. Hence if 
the periocÎ and amount of a product in a given 
series are known and the pC'riod or amount of 
another product in the series can be measured, 
the remaining unknown quantity for thiR 
produet can be calculated. In the radium 
series both the period and amount of emanation 
f'an be measured accurately with the result 
that the same information c'an he ontained by 
calcula tion for most of the other mem ben:; of 
thp series and for uranium itself. 
The activity of a product is measured by 
means of efff'cts produf'pd by the radiations 
which it emit
, and before proceeding further 
it would bC' advisable to con<;ider thc properties 
of these radiations in detail. 

 (10) RADIATIONS OF RA DIOA(,'I'I\?E SrB- 
STA
(,F.s,-The firRt analy
iR of the complC'x 


radiations emitted by the radio-elC'ments was 
made by Rutherford. l T" 0 general methods 
were employed to distinguiRh betweC'n the 
types of radiations given out by the same 
body and to compare the radiations from 
different radio-elements. These were based 
on: 
(i.) The ddlection of the rays in a magnetic 
or in an electric field. 
(ii.) The relative absorption of the rays in 
solids and gases. 
Experiments carried out on thC'se linC's 
revealed three distinct t.ypes of radiation 
emitted hy the radio-C'lC'ments, which Ruther- 
ford called the a, ß, and 'Y rays respectivC'ly. 
The difference betweC'n these radiations is 
brought out very clearly when a radioactive 
su bstance emitting the thrC'e kinds is placed 
in a strong magnetic field. Suppose a Rmall 
quantity of radium in equilibrium with its 
pro(lucts is placed at the bottom of the cC'ntral 
holf' in a lead eyclinder L which fC'sts on a 
photographic platf' p, If a strong magnetic 
field be applied at right 
anglC's to the plane of 1" 
the paper and directed 
towards the paper the 
three types are separ- 
ated from one another 
in the manner shown 
p 
diagrammatically in the 
figure. The 'Y rays pro- FIG. 2. 
ceed without deviat.ion. 
The a rays are deflected slightly to the left 
whilst the ß rays move to thf' right, describing 
circular orbits whose radii vary within wide 
limits. The ß rays are so much bent round 
that they strike the photographic plate, 
producing a diffuse impression upon it. The 
same relative effects are produced by the 
application of an electric field. It should be 
mentioned, however, that the dC'viation pro- 
duced in the a ray beam is exceC'dingly small 
compared with that prorluced in the ß ray 
beam. So small is tllP df'viation produced 
in the case of the a rays that for some time 
they were thought to 
he non-deviable by a 
magnetic fielcl until Rutherford 2 in 1903, by 
using a more active preparation of radium 
than had been previously C'mployed, showed 
that they were deflected hoth by a magndic 
and by 'an electric field. ThC'se experimC'nts 
show that the a particles carry a charge 
opposite to that carried by the ß particleR. 
The latter were found by GieRd to be simila.r 
to thC' cathode partides in a discharge tu he 
and therefore carried negative chargC's, whilst 
the former are similar to the canal rays in a 
discharge tu he which hnd been shO\\ n hy 'Yien 
to consist of positi\?ely charged particles 
travelling at great velucities. 
1 Rutherford, Phil. _l1ag., JR!H), xlvii. 116, 
..! Ibid., J
O:
, v. Iii. 
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 (II) a RAYS. (i.) Range of a Rays.-The 
a rays produce intense ionÜ;ation along their 
path in a gas, and, in consequence, they 
rapidly lose their kinetic energy until their 
yelocity is reduced below the value at which 
they c
n ionise. Bragg and Kleeman 1 showed 
that the ionisation du; to a homogeneous pencil 
of a rays ends after the rays have traversed 
a certain distance in air, this distance being 
called the range of the a particle in air. The 
range of an a particle from a simple product 
is a constant for a definite temperature and 
pressure of the gas tra,
ersed. It varies in- 
versely as the pressure and directly as the 
absolute temperature, so that in specifying 
the range it is important to state the tem- 
perature and pressure as well as the nature of 
t.he gas. Different products emit a rays of 
different ranQ:es, so that the range of the a 
particle is ch
aracteristic of the p;oduct from 
which it is emitted. 
Geiger and Suttall 2 employed the follow- 
ing method for determining the range, and it 
is applicable to e,ery 
kind of radioactive 
matter provided the 
latter is not gaseous. 
The active material is 
placed in the form of 
a thin film on a smalJ 
metal disc D in th
 
centre of a metal bulb 
FIG, 3. whose internal dia- 
meter is about 8 cm, 
The disc, which is insulated from the bulb, 
is connected to one pair of quadrants of 
an electrometer, and the metal bulb is 
connected to a potential sufficiently high to 
produce the saturation current. Through the 
insulated stopper also passes a tube by means 
of which the bulb can be exhausted. The 
method of procedure was to measure the 
saturation current at different pressures. The 
results obtained are shown in Fig. 4. For 
low pressures the ionisation is very nearly 
proportional to the pressure, but "hen the 
pressure has reached a ,alue such that all 
the a particles are completely absorbed in the 
gas, the ionisation current reaches a maximum 
"alue which remains constant "ith further 
increase of pressure, except in the case when 
two products in equilibrium were examined, in 
which case there are two abrupt breaks in the 
curve. The pressures at which the breaks in 
the curves occur correspond to the maximum 
ranges of the a particles in the gas at those 
pressures. The knowlpchre of this pressure 
enables the range in air at atmospheric pressure 
to be deduced, since the range is inversely 
proportional to the pressure, 


1 Bragg and Kk{,lllan. Phil. ][(((Jo, 1Ç105, x. 318. 
t Ueiger and Xuttall, iMri., 1911, x
ii. 613; 1912, 
xxiii. 439; xxiv. 647. 
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Geiger 3 had previously found that the 
folIo" ing relation existed bet" een the range R 
of the a particle and it
 velocity y- 


R= aY3, . 


(6) 


1 0 .e. the range is proportional to the cube of the 
velocity. The results of Geiger and :Kuttall 
showed that a definite relation existed also 
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betW"een the range and the radioacti,e con. 
stant of the substance emitting the radiation. 
This i
 shoW"n graphically in Fig. 5, 
If the range of the a particle of any product 
is known the period of this product can be 
deduced from this relationship, Thus the 
period of average life of uranium II should be 
about 3 x 10 6 years, and that of ionium 3 x 10 5 
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years, periods t.oo long for direct determina- 
tion, Similarly from the long range a particles 
emitted bv radium C' and thorium C', the 
very short periods of these products can be 
deduced; these would be of the order of 
10- 6 and 10- 10 se('ond
 respectively. 
The curves show that t.hose products whose 
average life is long emit a rays who'3e range 
is small. and l'ice 1'ersa. 


3 Geiger, Roy. "
oc, Proc., 1910, A lxxxiii. 5 
2p 
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(ii.) TIle Stopping Power of J/etal Foils.- 
If a thin meta.l foil is inserted in the path of 
an a particle, the distance it will tmvpl in 
air will be reduced. The diffprcnce bptween 
the range of the particle with and without 
the foil interl)osed is called the stopping power 
of the foil. 
Stopping power is an atomic property. 
Bragg and Kleeman 1 found that for a single 
atom it is proportional 
to t,he square root of 
the Illass of the atom, 
and for a molecule it 
is proportional to the 
sum of the square roots 
of the masses of the 
atoms composing that 
molecule. Two films 
will therefore have the 
same siopping power :f 
the number of atoms 
contained per unit area 
is in the inverse ratio 
of the square root of 
their atomic masses. 
The stopping power 
of an atom depends 
upon the speed of the 
particies. It is, however, almost inde- 
pendent of the speed in the case of su b- 
stances of about the same atomic weight 2 
as air, but it decreases \\ ith diminishing 
speed of the a particle for heavier molecules. 
'Yhen a stream 
of particles falls on 
a. sheet of metal 
foil, some of the 
particles will come 
into direct collision 
with the atoms 
composing the foil. 
The particles travel 
with a velocity of 
the order of 10 9 em. 
per sec., but however 
fast they travel we 
should expect that 
in a direct collision 
they would be stopped, This, however, was not 
found to be the case by Bragg and his col- 
leagups. From their researches they concluded 
that each a particle pursued a rectilinear course, 
no matter what it encountered; it passed 
through all the atoms it met, whether they 
Îormed part of a solid or a gas, suffering little 
or no deflection on account of any encounter 
until very near the end of its course. A thin 
metal plate placed in a stream of particles 
robbed every particle of some of its energy, 


1 Bragg and Kleeman, Phil. 
Ma(J., 1903, x. 318 and 
(jOO. 
2 The atomic' weight of the hypothetical atom of 
air may be takeI1 as H' 4, 


but the number of particles in the stream 
beforp and after traversin
 the thin shpet 
remainpd tlw same. Hpncp an a particle 
appeared to pass clean through atoms of 
matter in its path as if they were not there, 
in which casp two atoms of mattf'r occupy the 
same spacp at the same time. In passing 
through the atom some of tlH' energy of the 
particlp is absorbpd and its velocity therPÍore 
diminishes as it pursues 
its course. Further, the 
slower it moves the 
more easily is it de- 
viated from its course or 
scattpred. 
(iii.) Visible Tracks 
of a Particles.-C. T. R. 
'Vil.son 3 succepded in 
making visible the tracks 
of a partieles as they 
pass through a gas. The 
III eth od consists in 
suddenly expanding 
moist air in a closed 
space, during which 
operation the moisture 
condenses on the ions 
formed by the particle 
along its path. By suitably illuminating the 
expansion chamber, the tracks 'of the particles 
can be made visible and actually photograph pd. 
The t.racks of a particles from radium are shown 
in Fig. 6. It will be observed that the tracks 
are almost all per- 
fectly straight, but 
there are a few which 

how abrupt large 
deflections, especia.lly 
towards the end of 
the path (see Fig, 6n, 
which is an en- 
larged portion of 
Fig.6A). The chanee 
of a "single" scat- 
tering through a 
large angle increases 
rapidly with decrease 
of velocity of the 
particle, anù in conspquence such scattering 
will be most in pvidencp npar the end of the 
range of the particlp. 
(iv.) Counting of a Particles.-Two methods 
have bepn pmployed to count the numher of 
a particles emitted by a radioactive body. 
(a) The Scintillation JI etlwd.-This is basf'd 
upon the fact that each a particle produces 
one scintillation when it strikps a screen of a 
substance such as zinc sulphide (see article 
on "Luminous Compounds "). The method 
of proccdure is to fix the screen to the micro- 
scopp at such a distance from the objective 
that it is perfectly in focus. The microscope 
a Wiìson, RÚJ/. Soc. Proc., 1912, A, lxxxvii. 2ï7, 


FIG. ôA. 


FIG. ôB. 
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is mounted on a graduated stand along which 
it can slide and he placed at any desired 
distance from the a ray source. It is advisable 
to use a microscope with a low-power eye- 
piece combined "ith an objective of high 
light-collecting power, and the area of the 
field of view need not be larger than about 
one square millimetre. Also the counting is 
facilitated if the screen is very faintly illu- 
minated so as to keep the eye the more easily 
focussed upon it. 
Ieasurements can be made 
most accurately with about 40 scintillations 
per minute. 'Yith more than about 80 or 
less than about 10, the counting becomes 
troublesome and uncertain. It is best to 
count for one or two minutes, afterwards 
resting the eye to count again for another 
one or two minutes, and so on. It is al".) 
essential to remain in the dark for about half 
an hour before starting to count, so as to 
get the eye quite accustomed to the dark. 
(b) Rutherford and Geiger' 8 1 Electrical JI ethod. 
-In this method the ionisation produced by 
each a particle is magnified by using the 
principle of the production of ions by collision. 
In this way the small ionisation current pro- 
duced by a single a particle may be magnified 
several thousand times and thereby be 


E 
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FIG. 7. 


sufficiently strong to produce an easily measur- 
able deflection of the needle of an ordinary 
electrometer. 
be apparatus employed is 
shown in Fig, 7. The detecting vessel con- 
sisted of a brass cylinder A, from 13 to 2U 
cm, in length and 1.77 cm, in diameter, "ith 
an insulated central electrode B connected 
to one pair of quadrants of an electrometer. 
The outside of the vessf'l was connected "ith 
the negative pole of a battery giving 1320 
volts. The tu be D fitting into the e bonite 
plug C had a circular opening 1.5 mm. in 
diameter at one eYld, the opening being 
covered with a very thin sheet of mica. The 
thickness of the mica sheet was equivalent 
in stopping power of the a particle to about 
3 mm. of air at ordinary temperature and 
pressure. The glass vessel E, connected to 
the detecting vessel as sho""TI, was about 
4,30 cm. in length. The active matter was 
placed in this vessel in the form of a thin 
film of small surface area, and its distance 
from the aperture in D could be varied to any 
desired value. This vessel was exhausted to 
a low vacuum whilst the detecting ,-essel 
1 Rutherford and Geiger, Roy, Soc. Proc., 1908, ...\, 
lxxxi. 141. 


contained carbon dioxide at a pressure of 
about 4 em, 'Yhen the stopcock F "as 
closed no a particles passed into the chamber, 
anù the steadiness of the electrometer needle 
could thus be tested at intervals during the 
experiment. On opening the stopcock a small 
fraction of the total number of a particles 
emitted by the source passed through the 
aperture into the detecting vesseL The 
intensity of the source and its distance from 
the aperture were adjusted so that three to five 
a particles entered the chamber per minute. 
A ballistic throw of the electrometer marked 
the entrance of an a particle into the chamber. 
If Q be the number of a particles expelled 
per second from the source at a distance r 
from the aperture of area A, then, since a 
particles are on the average projected equally 
in aU direction
, the number (n) of a particles 
entering the detecting vessel per second is 
given by n = QAj47rr 2 . This expression holds 
so long as each portion of the ãctive source 
can fire particles through the aperture. 
By this method Rutherford and Geiger 
found that 3.37 x 10 10 a particles were expelled 
per second from one gramme of radium itself. 
It is also knm\"TI that the same number of a 

articles is emitted per second from one gramme 
of radium itself and from each of the next 
three a-ray products in equilibrium ",ith it. 
So that the number of a particles expelled 
per second from one gramme of radium in 
equilibrium "ith its products is 14.3 x 10 10 . 
The above method was modified later by 
the use of a string electrometer, the movements 
of whose quartz fibre could be photographically 
recorded on a moving film. In this \\ ay it 
was possible to detect with certainty the effect 
of each a particle even when 1000 particles 
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entered the detecting chamber per minute. 
The first method was not accurate when more 
than ten particles entered the cham bel' per 
minute. The records obtained in this way 
are sho\\"TI in Fig, 8. 
Koyarik 2 has devised a method by which 
the a particles are recorded by a pen on a 
moving strip of paper. The ionisation current 
produced by the a particle is magnified by a 
three-valve audion amplifier. The magnified 
current is used to operate a very sensiti'
e 
relay, \\ hich in turn operates a local battery 
circ
1Ít accentuating the pen on a chronograph. 
2 Kovarik, Phy.
. Rel'., 1919, xiii. 2i2. 
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The sensitive relay operate.::; on a fraction of 
a milliampere. The method is al
o applicable 
to {3, "/, and X rays. 
(v.) Ratio of the Charge to the Jlass of tlie 
a Particle.- The ratio of the charge to the mass 
of the a particle can be determined by measur- 
ing the deflections produced respectively in a 
magnetic and in an electric field. It can be 
shown that the path of a particle of mass In 
moving with velocity v and carrying a charge 
e will have a curvature p given by the relation 
H _1nV 
P-e' . 


where H is the strength of the magnetic field. 
Similarly, when it moves through an electro- 
static field produced between two parallel 
plates whose difference of potential is V, 


I e 
2V UU;2 .. 


These two equations enable the values of elm 
and v to be determined. Rutherford 1 found 
by this method that the value of elm for the 
a particle was 5070. From theoretical con- 
siderat.ions it can be deduced that the value 
of the ratio of the charge to the mass of the 
hydrogen atom spould be 9047, which is 
approximately twice that for the a particle. 
These results may be eXplained if we assume 
either that the a particle is a hydrogen molecule 
or an atom of weight 2 carrying a unit positive 
charge, or that it is a helium atom (atomic 
weight 4) carrying two positive charges. To 
decide between these two alternatives Ruther- 
ford and Geiger undertook an accurate 
measurement of the charge carried by the a 
particle. 
(vi.) Charge carried by a Particle.-From the 
knowledge of the number of a particles emitted 
by a given product and the total charge 
carried by these particles, it is possible to 
deduce the charge carried by a single a particle. 
The measurement of the charge is, however, 
made more difficult on account of the fact 
discovered by J. J. Thomson, that emission 
of a partieles is accompanied by the emission 
of negatively charged particles: which he 
termed ò rays. These particles are always 
emitted '" hen a particles fall on any object. 
To determine the charge of the a particlf' 
the df'lta rays had to hp removed, and this was 
done by Rutherford and Geiger 2 by placing 
the radioactive material in a strong magnetic 
field, The delta particles, which move at low 
velocities, are thus bent round and return 
back to the surface which emits them. [n 
this way it was found that the charge carried 
by the a particle was 9.3 x 10- 1 1) e.s.u. Thf' 
value of the ionic charge haci previo'.l'3ly been 
1 Rllthf'riord, Phil. J[ag., IfJOG, xii. 348. 
2 Rutherford and Geiger, Roy. Soc. Proc., 1008, A, 
IXJ:xi. lü2. 


(7) 


found to be about half this value (the value 
of the ionic ch
rge at present acceptC'd is 
4.77 x 10- 10 e.s.u.), so that the a particle carried 
two unit positive charges. 
(vii.) Katllre of tlle a Particle.-Evidence 
so far accumulated pointed to the conclusion 
that th<:" a particle was a helium atom carrying 
two unit positive charges. The following 
experiment carried out by Rutherford and 
Royds 3 confirmed this. 
A quantity of emanation was compresspd 
into a thin
wall('d glass tube A which was 
3urrounùed by a vacuum jacket l' (Fig. 9). 
The thickness of the wall was less than 0.01 
mm. This was strong enough to "ithstand 
atmospheric pressure, and the a 
particles readily passed through it, 
as was shown by the scintillations 
on a zinc sulphide screen held near 
the tube. The gases in the tu he 
T could be compressed into the 
spectrum tube S by means of the 
mercury column H; 
the colour of the dis- 
charge through this 
tube was then ex- 
amined spectro- 
scopically. Two days 
after the emanation 
was introduced into 
the tube, the spec- 
trum showed the 
yellow line of helium, 
and in six days' 
time the whole 
helium spectrum was observed. To show tè.
t 
the helium was not derived by diffusion from 
the inner tube, the emanation was removed 
and helium substituted. No trace of helium 
could be detected in the outer tube after 
standing for 
everal days, RO that the helium 
in the first instance must have originated 
from the a particles which had passed through 
the glass wall of the emanation tu he. 
There is therefore 'no doubt that the a 
partiele is a helium atom carrying two positive 
charges or, in other words, it is a helium atom 
which has lost two electrons. \Yhen its charge 
is neutralised the a particle becomes a normal 
helium atom. 

 (12) HYDROGEN PARTICLEs,-Before leav- 
ing the a particle a brief reference will be made 
to the recent work of Rutherford, who has 
made a close quantitat.ive study of the effect 
on an a particle of its passage through atoms 
of matter. Bragg had shown that the a 
particles paRs straight through the atoms of 
matter in their path; this is undoubtedly 
the case with the majority of the a particles 
in the stream; hut there are e-xceptions, in 
which ca
es the a particle- suff<:"rs largf' 
deflections. This "occaÚonal large-angle 
3 Rutherford and Royds, Phil. ..11 ag., H.IO
, xyii. 281. 
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scattering" is to be distinguished from the 
very slight deviations in different. directions 
according to the laws of probability which 
later more detailed examination has shown 
to happen to the a particle as it tra\rerses 
matter. These facts point to the conclusion 
that the central nucleus of the atom is very 
small, but howe\yer small it is an occasional 
a particle is certain to strike it absolutely 
"head on." It is these occasional close 
encounters that have been examined by 
Rutherford. 1 'Yhen such a collision takes 
place between the a particle and the nucleus 
of a heavy atom, the former \\ ill either be 
violently swung out of its path if the collision 
is not absolutely" head on," or repelled the 
way it came almost at its original \-elocity if 
it is " head on." 
'Yhen, however, a" head-on" collision tales 
place between the a particle and the nucleus 
of a lighter atom-for example, atoms of 
hydrogen-then, in this case, the hydrogen 
atom would be propelled in the same direction 
as that of the a particle "ith a velocity far 
greater than the velocity of the original 
particle, and it would consequently travel 
a greater distance in hydrogen gas than the 
a particle before it is stopped. This was 
actually found to be the case in hydrogen. 
These high-velocity atoms were, for the sake 
of clearness, termed by Rutherford H-par- 
ticles. The same phenomenon was 0 bserved 
also in the case of oxygen and nitrogen. In 
the case of nitrogen, however, there were 
obselTed in addition to the X-particle, whose 
range was only slightly longer than that of 
the a particle it
elf, part ides of long range 
and other characteristics exactly similar to 
the H-particles produced in hydrogen gas, 
one H-particle being observed for every twelve 
X-particles produced, which suggests that the 
nucleus of the nitrogen atom struck by an a 
particle is occasionally shattered by the 
collision and that hydrogen atoms are produced 
from it. Later experiments carried out on 
these particles by subjecting them to the 
action of electric and magnetic fields pro\-ed 
that the H-particles generated in hydrogen 
and also in nitrogen consisted of hydrogen 
atoms, each carrying a single positive charge. 
The" X-particles" and" O-particles" werf', 
howe\?er, not singly charged atoms of nitrogen 
and oxygen respectÎ\-ely, but were found to 
be identically the same and consisted of an 
entirely new particle of mass 3 carr)ing two 
positive charges. 
Hence a nitrof!'en atom coming into close 
nuclear collision \\ith an a particle is shattered. 
yielding in some cases atoms of hydrogen of 
mass 1 carrying a single positive charge, 
and in others atoms of a new kind of mass 
1 Rutherford, Phil. .11(((/., 1919, xxxvii. 537; 
Roy. Sec. Proc., 1920, A, xcvii. 374. 


3 carQing a duuble pORiti\-e charge. In thc 
case of oxygen only atoms of the new hind 
of mass 3 are produced, 

 (13) t3 RAYS. (i.) General Properties.-The 
general properties of the (3 rays are identical 
with those of the cathode rays in a discharge 
tu be, They are negatively charged particles 
or ,. electrons" projected at high yelocities; 
the velocity of a ß particle is far higher than 
that of the fastest. known cathode ray, in some 
cases the velocity is almost indisti
guishable 
from that of light. It is probable that the ß 
ray has its origin in the central positively 
charged nucleus of the atom and, as in the 
case of the a particle, each disintegrating atom 
emits one ,3 partiele only. 2 
The character of the ß rays is brought out 
very clearly in Strutt's 3 radium clock. A 
small quantity of radium salt is enclosed in 
the tube ..A, whose walls are thick enough to 
absorb the a rays (Fig. 10). This is suspended 
in an outer tube and insulated 
from it. ..A pair of gold leaves 
are attached to the bottom 
of the tu be A and are in 
metallic connection " it.h the 
radium. If the outer tube is 
highly exhausted, the I adium 
becomes positively charged 
o\\ing to the loss of ß particles 
and the leaves diverge. If the 
vacuum is high several hundred 
volts may be reached before 
the loss of charge through the insulator and 
ga.s balances the rate of supply. In one form 
of the instrument, two plate electrodes Band 
C are sealed into the glass bulb, one on either 
side of the leaves and both connected to 
earth. These serve to discharge the leaves 
after a certain divergence has been reached. 
The charging and rlischarging of the leaves 
"ill in this way go on indefinitely. 
(ii.) Jlagnetic Spectrum.-,3 rays are readily 
bent by comparati\-ely weak magnetic :fields
 
and, since they carry a negative charge, the 
deflection is in the opposite direction to that 
produced in the case of the a rays. If all the 
,J rays in a beam emitted by a radioactive 
body were tra\-elling at t.he same velocity, 
the 
deflection produ;ed by the magnetic fieÌd 
would be the same for each rav; this, how- 
e\-et', is never found to be t.he 
 case, so that 
the ß particles are not expelled from the radio- 
actÎ\-e body all "ith the same velocity. In 
some cases the magnetic spectrum is con- 
tinuous, in other cases there are distinct lines 
in the spectrum shm\ing that there are 
pre
ent in thc beam groups of rays of definite 
velocity. 
An 
example of the spectrum of the ß 
particles emitted by the active deposit oÎ 


To Earth 


FIG. 10. 


3Ioseley. RO!l, S()('. Proc., HH2. A. lxxxyii. 230. 
3 ::;trutt, Phil, Jlag., 1903, \Ï. 388. 
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radium, photographed by Rutherford, ið of Yon 13acyer, Hahn, and 1.Ieitner 2 also 
shm\n in Fig. II. The rays, after passing shm\ed that ß ra.ys which obey the exponential 
through a narrow slit, tc>ll on a photographic law of absorption "ere di'7ided into groups 
plate placed at an angle of about 45 0 with of dífferent veloeities when subjected to a 
the horizontal. The central line is due mainly magnetic field. "\Yhen the differences of 
to the a rays; the ß rays show on hoth side
 velocities of the group::! are large, then the 
of this line because the magnetic field was law of absorption is no longer exponential. 
reversed during the ex}>eriment. The lines To obtain the true value of the absorption 
in some cases are very numerous; for instance, coefficient of ß rays it is necessary to work 
48 lines for radium C have with preparations, such as 
been observed with veloci- active deposits, tlu..,t can be 
ties ranging up to 0.986 of obtained free from other 
the velocity of light. It is matter, in the 
orm of very 
possible, however, that the \ thin films in which the 
initial energy of each a absorption of the ß rays is 
particle from a single radio- negligible. The ß rays start- 
element is the same. The ing from the surf
1Ce of a 
pa,rticle has its origin in the layer of uranium oxide, for 
nucleus, and it has to pass instance, will have a higher 
through successive rings of velocity than those that come 
electrons surrounding the from beneath the surface. 
nucleus before it leaves the The effect on the emission 
atom, In this process energy of ß particles from different 
may be lost in quanta, and thicknesses of uranium oxide 
there is evidence to show is shown in Fig. 12. The 
that this is actually the ionisation is proportional tv 
case. The energy lost in the thickness for thin layers, 
this way reappears again as FIG. 11. but as the thickness becomes 
l' ray energy. greater it increases less 
(üi.) Absorption of ß Rays by JIatter.-The I rapidly, ultimately reaching a steady value, 
absorption of ß rays is investigated by placing in which case the radiation from the 
thin sheets of the absorbing material in the I lower layers is cmnpletely absorbed by 
}>'1th of the rays and measuring the activity the active material in the upper layers. 
through difff'rent thicknesses. The curve gives sufficient 
It is found that the absorp- t 12 data to calculate the ab- 
tion of the rays follows an 
 sorption coefficient of the ß 
exponential law, that is, if 10 is .
 10 rays in the uranium oxide 
the activity when no absorbing .... 
 a itself. Considering a thin 
material is interposed and I the :õ layer of thickness dx at a 
activity when the rays pass t; oS distance x below the surface 
through a thickness d, then .
 4 of the active material, "e 
1= Ioe -, M !, . (9) i:2 have 

 


/ e-- 
/ 
I 


where p- is knmvn as the co- 
efficient of absorption of the ß 
rays in the absorbing material. 
The absorption coefficients of 
the ß rays from uranium X in 
aluminium, c01>pf'r, and lead are 
14 em. -1, 66 em. -1, and 103 Clll. -1 respectively. 
Since the rays are absorbed according to 
an exponential law, then each equd suc- 
cessive thickness of material interposed pro- 
duces the same percentage reduction in the 
radiation remaining after traversing the pre- 
vious layers, It was initially thought that thl
 
exponential law of absorption was a proof that 
an the rays travelled with the same velocity 
-that is, that the beam was homogeneous. 
'Vilson 1 showed, however, that this was no test 
for homogeneity of the rays. The experiment:-; 
1 "N. 'Yi lsUll , Roy. Soc. Proc., lOOn, A, IxxJ\.ii. 
(;12. 


dI = Ioe - /Lx,zx, . 


(10) 


0 0 0.4 o's 1'2 10(, 2.0 2.4 where dI is the amount of 
Tl1icK t less of Uranium Oxide Layer 
in Grms. per sq.cm. radiation entering- the measur. 
ing vessel from 
the layer dx 
of active materiaL Hence the 
total amount of radiation 
emitted by a layer of finite thickness d is 
given by the expression 


FIG. l=!. 


l d 1 
I d = 10 e-/LXdx= 
(1- e-p.d). . 
o p- 


(11 ) 


As the thickness of the layer increase's, this 
tends to the value [vIp-, "hich is a constant, 
10 being the intensity of the radiation emitt.ed 
bva very thin layer of the active' material, in 
,,
hich ca:-se there .would be no absorption, and 
p- is the absorption coefficient of thf' radiation 


2 Yon B;U'Yf'f, Hahn, and )(pihll'f, Pli.IJs. Ze its. , 
HHl, xii. 2ï3 and 3ï8; HH
, Hi. 2û-t. 
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in the material. Indicating the steady value 
of thp intensity by I
, then 


I d = I:x: (1- e- p,d). 


The va.lue of the coefficient of absorption of 
the uranium oxide for the ,3 rays can be 
calculated from this expression by substituting 
the values of Id and I:IJ obtained from the 
curve. 
(iv.) Scattered r3 Rays.-"
hen 
 rays fall on 
a laver of matter, part of the radiation i::; 
abso
bed and part is scattered. This scattered 
radiation .is identical in type with the primary 
ß rays, but is always of less a\?erage penetrating 
po" er than the latter. Its amount increases 
as the atomic weight of the radiator increases. 
Kovarik and 'Yilson 1 have also shown that 
the amount of scattered radiation from 
different materials increases with the velocity 
of the ß rays up to a certain point and after- 
wards decreases. The above results apply to 
thick layers of material in which a considerable 
amount of absorption takes place. In order 
to be able to compare èxperimental results 
with any theory of scattering, it is desirable 
to do away with appreciable absorption and 
consequently to use very thin layers of 
scattering material. Two theories of scattering 
ha\?e been put forward, the one by J. J. 
Thomson 2 and the other by Rutherford. 3 On 
the former theory the scattering is supposed 
to be due to the chance com bination of a 
multitude of successive minute deflections. 
The ß particle as it encounters one atom 
after another in its passage through matter 
is deflected in different directions, but the 
average value of this deflection over a very 
larcre number of encounters "ill be a finite 
qu:ntity. If 8 is the average deflection due 
to each encounter with an atom, it can be 
shown that the mean deflection after n en- 
counters is 8 , 'n. Hence, if the rays pass 
through a plate of thickne
s t containing X 
atoms of radius b per unit vulume, the 
average deflection which they e:\..perience is 
8 ,,' X1rH -t: 
Rutherford, on the other hand, assumeB 
tha.t a moving electrified particle can be 
deflected through a large angle by a single 
atomic encounter, and he attributes the main 
features of the scattering of particles when 
they pass through thin layers of matt
r to 
this single scattering. The two theories differ 
also as to the constitution of the atom-in 
the former the atom is supposed to be con- 
stituted of Xo electrons accompanied hy an 
equal quantit.y of positive electricity, the latter 
being distributed" ith uniform volume density 


1 Kovarik and WiI:-:on, Phil. Jl(lY., uno, xx. 8()ô. 
2 J. J. Thunbon, Camb. Phil. Soc. ['rne., 1010, xv. 
4Gj. 
;$ Rutherford, Phil. Jlag., 1911, xxi. 6G9. 


(12) 


throughout a sphere whose n,lume is equal 
to that of the atom; whilst in the latter the 
atom is imagined to con"ist of a central 
positive nucleus carrying a charge +Xoe 
surrounded by Xo elpctrons carrying altogether 
a negative charge equal to the positive charge 
on the nucleus, 
'Yhen the layer of scattering material is so 
thin that there is no absorption of the radia- 
tion, both theories lead to constant values for 
the fractions tþ/.,'"'fo and mu 2 j ,'
, where tþ is 
any particular mean deflection, to the thickness 
of material required to cut the radiation down 
to half value, and !mu 2 the energy of the ß 
particle. The actual values of the constants 
are different, however, on the two theories, 
and consequently the values of the number of 
electrons in the atom which can be deduced 
from the value of tþj ,to will differ in the two 
cases. 
The experiments of Crowther 4 on the 
scattering of ß rays by very thin sheets of 
different materials showed that the fractions 
tþj ,/
 and mu 2 j ,/
 were both constant in 
accordance with theory. Calculating the 
number of electrons in atoms of the metals 
AI, Cu, Ag, and Pt, which were empluyed in 
the investigation, the results based on Ruther- 
ford's theory agree more closely "ith the 
number of electrons per atom as determined 
by X rays than do those based on Thomson's 
theury. 

 (14) "y RAYs. (i.) General Properties.- 
One of the chief characteristics of these rays 
is their great penetrative power. It is possible 
bv means of the electroscope to detect the 
"y
 radiation emitted by 30 milligrammes of 
radium after it has passed through 30 CIll. of 
iron. The"y rays are always found associated 
"ith ß rays, and they are emitted in large 
amounts only from those radioacti\?e bodies 
that emit p;netrating ß rays. A beam of ,3 
raùiation falling on any substance gives rise 
tn "y radiation in the same way t.hat a beam 
of cathode rays produces X rays. Just as X 
rays liberate corpuscular radiation when they 
fa.ll on a substance, so "y radiation liberates 
I r3 particles, the only difference being in the 
velocity of the particle liberated. 
(ii.) Absorption of "Y Rays from Ra(lium.- 
To measure the absorption of "Y rays in any 
su bstance it is necessary to eliminate the 
effect due to the ß rays. The latter may be 
rell1o\
ed either by deflecting them from the 
measuring apparatus by means of a magnetic 
field or by absorbing them in a layer of matter 
of sufficient thickness. The latter method is 
the one usually adopted. a screen of lead 
3 mm, thick being sufficient to a bsorb almost 
completely the ,3 rays emitted by radium and 
its products, 


4. Crowther, Roy. Soc. Proc., 1010, _.\., lxxxÍ\'. 226. 
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The absorption of the rays can be measured 
hy means of an electroscope. Sheets of 
known thicknesR of the material investigated 
are placed in lhe beam, and from the knowledge 
of the deflection of the leaf with and without 
the absorbing material respectively in front 
of the electroscope the absorption coefficient of 
the material for the radiation 
can be calculated by means of 
the formula 


ran
e of densities; fur other su b
tances the 
densities of which do not lie "ithin the ahove 
limits the value of }L/ p is greater. 
'Y rays from different radioactive products 
have different penetrating power. The rela- 
tive values of the absurption coefficients are 
given in the following table: 2 


TABLE IV 


,., R.IYs from 
Aùsorbing Screen. 
Radium C. Thorium D. l\lesothorium 2. l-rauiUIll X. 
Lcad 1.0 0'9
4 1.24 1.45 
Zinc 1.0 0.82 I.Oli 1.18 
Paraffin wax 1.0 0.78 1.
6 l.u8 


1= loe -I,d, . (13) 
where I and 10 are the in- 
tensities of the radiation enter- 
ing the electroscope "ith and 
without the absorbing screen, t 
the thickness of the s'::reen, and 
}L the coefficient of absorption. 
It i
 important that the 
walls of the electroscope are sufficiently 
thick to absorb ß radiation that may be 
excited by the radiation which falls on objects 
in the vicinity; also the windows thruugh 
which the !rold leaf is viewed should be 
well shielded. The values of the absorption 
coefficient depend somewhat on the arrange- 
ment of the apparatus. The following figures 
for the absurption of 'Y rays from radium in lead 
are due to Tuomikoski : 1 


TABLE II 


Thickness of Ionisation Thickness of Iouisation 
Lead in cm. Current. Lead in CIIl. Current. 
0.3 100 7.0 2.57 
1.0 GI.G 8.0 1.62 
2.0 33.1 g.O 1.00 
3.0 19.9 10.0 0.G3 
4.0 ll.7 II.O 0.39 
5.0 7-07 12.0 0.30 
G.O 4.26 . . I . . 


The values of the absorption coefficients over 
the different thicknesses are given in the 
fullowing table: 


TABLE III 


Thickness of Lcad in em. M cm.- 1 . 
0.4- 1-0 0.70 
I 1.0- 2.2 0.58 
2.2- 5.4 0.52 
5.4-12,0 0.50 


The absorption of 'Y rays in various sub. 
stances Rhows that for substances whose 
densitips lie hctwepn 2.ü and 8.8 the absorption 
is very approximately proportional to the 
demiity. The value of the mass ahsorption 
coefficient (}LIp) is therefore constant over this 


1 Tuomiko
ki, PhY8. Zpits., IOOO. x. 372. 


The rays from thorium D are more penetrating, 
while the rays from mesothorium 2 and uranium 
X are slightly less penetrating than the rays 
from radium C. 
(iii.) Scattered 'Y Radiation.-In addition to 
the production of ß'rays, 'Y rays in traversing 
matter give rise to a scattered radiatiun of the 
'Y type. The amount of this scattered radia- 
tion appearing on the emergent side of a 
radiatur is always much greater than that on 
the incident side. This asymmetry in the 
distribution of the radiation is also observed . 
with X rays, but the effect is not so marked as 
with'Y rays. Florance 3 found that the quality 
of the scattered radiation varied at different 
angles with the direction of the primary beam, 
the radiation scattered through a large angle 
being much more easily absorbed than the 
primarY'Yrays. The scattered radiation appear- 
ing on the side of incidence is also softer than 
that on the emergent side of the radiator. 
(iv.) Xature of 'YRays.-There has been a good 
deal of controversy as to the nature of 'Y rays, 
but recent experiments on the diffraction of 
the rays have dpfinitely proved that the rays 
are of the same nature as X rays, i.e. aetherial 
pulses, the only difference being that the wave- 
Jength of "y radiation is much shorter than that 
of X radiation. 
Rutherford and Richardson 4 showed that 
radium C emits one and radium B two typ('s 
of 'Y radiation, each of which is exponentially 
absorbed in aluminium, These radiations 
were carefully examined hy Rutherford and 
Andrade 5 by reflecting them at a face of rock 
salt crystaL The source of radiation was a 
thin-waIled a ray tuhe containing ahout 100 
lllillicuries of emanation in equilihrium with 
its pruducts A, 13, and C. A diverging cone 
2 Russell and Roddy, PMl. ilia fl.. HIll, xxi. 120. 
3 FlomTI('{', ibid., 1010, xx. n21. 
" Rutheriord and Uichardson, ibid., I013. xxv. 
i22. 
6 Ruthf'rforl1 and AmlradC', ibid., l014, xxvii. 
854; xxviii. 263. 
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of rays fell on the crystal face, and the 
distribution of the reflected radiation "as 
examined by the impres
ion producerl on a 
photographic plate placed 10 CIll. from the 
centre of the crystal. 
The spectrum of the 'Y radiation from Ra B 
was found to consist of 21 lines having wave- 
lengths ranging from 0.793 x 10- 9 em. to 
1.3G5 x 10- 8 em., the two strongest lines being 
reflected from the (IOu) face of rock salt at the 
angles 12 0 .05 and 10 0 .0.3, and therefore having 
wave-lengths 1.17G x 10- 8 em. and 0.983 x 10- 8 
em. 
The wave-lengths of the penetrating 'Y radia- 
tion from Radium C were found to range from 
0.71 x 10- 9 em. to 1.96 x 10- 9 em, 

 (15) YARIOGS EFFECTS PRODUCED BY THE 
RADIATIO
s.-It has already been pointed out 
that the radiations ionise gases through which 
they pass and, in consequence, make them 
temporarily conductors, This is effectively 
demonstrated by bringing a little radium near 
the secondary terminals of an induction coil. 
If the two terminals are so separated that a 
spark just does not pass between them when 
the coil is running, by bringing some radium 
near the gap the spark will readily pass. This 
property of the radiation from radium is made 
use of "hen it is desired, during the course of 
an investigation, to prevent electric charges 
accumulating on the surfaces of different parts 
of the apparatus. 
The salts of radium are all luminous in the 
dark, and the radiations produce marked 
luminescence in certain salts (see article on 
" Radium "). Certain bodies after exposure 
to the radiations become luminous when they 
are heated to a temperature much belmv that 
required to produce incandescence. Fluor- 
spar and kunzite possess this property of 
thermo - luminescence to a marked degree. 
These substances are able to store the energy 
which they take up for a long period of time. 
The explanation suggested for this effect is that 
the rays cause chemical changes which are 
permanent until heat is applied which releases 
in the form of visible light the energy absorbed. 
Glass exposed to the radiatiolJs for some 
time becomes coloured, soda glass is coloured a 
deep \iolet, and after a long period under the 
influence of the rays it becomes almost black. 
Other glasses are 
oloured yellow and brown 
under the action of the rays. This coloration 
is produced by all three types of radiation; 
that due to the a rays extends only a short 
distance corresponding to the rang; of the a 
particles in the glass, whilst that dne to the 
ß and 'Y rays extends throughout the whole of 
the glass. ::\Iica plates acquire a brown or a 
black colour under the action of a rays. It 
had long been ob
erved that certain kinds of 
mica contained small coloured areas whose 
sections were always circular and in whose 


centre there was usually a minute crystal of 
foreign matter. rnder the action of }Jolarised 
light these exhibited the property of pleo- 
chroism, and for this reason were called 
"pleochroic halos." .Toly 1 found that the 
nucleus of these areas "as radioactive and 
that the coloration was due to the a rays 
expelled from this nucleus. The halos ex- 
hibit a well-marked structure clearly shown in 
Fig. 13, which is a micro-photog
aph oÎ a 
halo whose nudeus is 
a uranium mineral. 2 
The central dark area 
is produced by the 
collective action of all 
the a particles emitted 
by the nucleus, and 
the boundary of it 
defines the range of 
the a particles from 
radium itself. The FIG. 13. 
ne2l..t dark edge corre- 
sponds to the range of the s\\ ifter a particles 
from radium A, and the edge of the outer 
ring to the range of the a particles from 
radium c. It is possible to find in the mica 
halos in various stages of development. In 
some may be fOWId only the central" pupil," 
0.0] 3 mm. in radius corresponding to the 
range of the slower a particles from radium, 
but in more developed cases an outer ring 
always appears whose radius is 0.03 nun. 
corresponding to the range in mica of the a 
particles from radium C. Other halos have 
different diameters, and it is possible to decide 
from the diameter of the halo \\ het her the 
nucleus contains uranium or thorium mineral. 
The fastest a particle emitted in the thorium 
series ,vould travel a distance of 0.038 mm. in 
mica, and it was found on examination that 
halos of this dimension \\ ere obtained" hen the 
nucleus consisted of thorium mineral. 
It has been estimated that the number of a 
particles emitted by the nuclei of these halos 
is of the order of 100 per year. The effect of 
this expulsion on the mica would be infinitesi. 
mal over a short period, so that it has prob. 
ably taken se,-eral hundred million ,ears to 
pro
duce the actual halos that ha
'e been 
o bserçed. 
The action of a. rays on photographic films 
examined bv Kinoshita and Ikeuti 3 are of 
interest in this connection. A se" ing needle 
carrying at its point a minute trace of radium 
active deposit was employed as a source of a 
rays. After the point of the needle had been 
in contact ",ith the photographic plate for a 
shnrt time, the plate was developed and a 
fine spot became visible to the naked eye. 
Under the microscope this spot" as found to 


1 .Tob., Phil. .llag., If10ï. 
iii. 38l. 
2 ,Toly and Flf'tcher, ibid., IfllO, :\ix. 630. 
3 Kinoshita and n..euti, ibid., HJl:>, xxix. 420. 
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consist of a multitude of n
dial trails of silver 
grains around a circular dark nucleus. Halos 
were also obscrved and were shown to bc pro- 
duced by a process similar to that of the 
pleochroic halos. 
Another important effect of the radiations is 
the decomposition of water. This is brought 
about by all three types, but the effect due to 
the a rays is much greater than that due to the 
ß and)' rays. The dIect is probably due to 
the ionisation of the water molecule, which is 
accompanied by the chemica! dissociation of 
the molecule with the liberation of hydrogen 
and oxygen. Hence it is important, when 
sealing radium in tubes, to see that the salt 
is dry, otherwise in the course of time the press- 
ure of the evolved gases in::;ide the tube may 
become so great as to burst it. 

 (16) THE E)IANATlO
S. - RutllPrford 1 
found that thorium emitted, in addition to the 
radiations, a radioactive gas which he called 
the emanation. The amount given off is 
exceedingly small, but the ionisation produced 
by it is sufficiently large to be readily measured 
by means of an electroscope. The emanation 
can be carried away from the neighhourhood of 
the substance emitting it by a current of air, 
and its activity will not suffer appreciable loss 
when it is passed through a plug of cotton-wool 
or bubbled through solutions on its way to the 
measuring apparatus. 
Shortly after the discovery of thorium 
emanation, both radium and actinium were 
found to give off emanations. The activity of 
each of the emanations decays according to an 
exponential law with time. Actinium and 
thorium emanations are short-lived, their half- 
value periods being 3.9 seconds and 54 seconds 
respectively, and on this account it is difficult 
to remove them quickly enough from solution 
before they disintegrate. Radium emanation, 
on the other hand, has a half-value period of 
3.85 days, and practically the whole of it 
can be removed by passing a stream of gas 
through, by exhausting, or by boiling the 
solution. , 
Solid preparations differ enormously in the 
readiness with which they part with their 
emanation, In the case of thorium the best 
emanators are the hydroxide and the carbonate. 
After ignition to oxide the emanating power is 
greatly reduced. The highcr the temperature 
of ignition the greater is this reduction, until 
aiter ignition at a white heat the emanating 
power may be reduced to a small fraction (a 
few per cent) of that of the unif!llited compound. 
The nitrate, oxalate and sulphate are all poor 
emanators. In the case of radium, the brom- 
ide is a better C'manator than the chloride. 
Bram the sulphate and, to a less extent, the 
carbonate, very little emanation escapes in the 
solid. It has been found, however, that the 
1 Rutherford, Phil, Jlag,. 1900, xlix. i. 


same compuunds may exhibit in this respect a 
marked varbtion in beha,-iour. 
Hence if the radiuactive substance is required 
to retain its emanation in the open it is best in 
the case of radium to keep it as sulphate, and 
in the case of the other two radio-eJements in 
the form of highly ignited oxides. If the 
emanation is required, the radioactive material 
is best kept in solution, 
All the three emanations have distinct 
chemical and physical properties; they have 
characteristic bright line spectra, thcy are also 
chemically inert, and in consequence they are 
classed with the argon-helium group of the 
periodic table. They also all emit a particles 
and can be condensed at liquid air temperature. 

 (17) RADIU
I El\IA:NATlON.-If a solution of 
radium is kept in a sealed flask, the emanation 
steadily accumulates with time, reaC'hing the 
equilibrium value in about a month's time. 
Oxygen and hydrogen are at the same time 
evolved owing to the decomposition of the 
water by the radium. On exploding the gases, 
a slight excess of hydrogen remains with the 
emanation. The hydrogen can hc removed by 
passing the mixture into a bulb immersed in 
liquid air, where the emanatiun will be con- 
densed and the hydrogen together Vi ith any 
helium produced by the emanation can then 
be pumped off. The liquid boils at about 
- 62 0 C. at ordinary atmospheric pressure and 
the solid melts at about - 71 0 C. The liquid 
emanation is colourless and transparent, 
whereas the solid is opaque and 
lows with 
great brilliancy and is of a steel-blue colour. 
As the temperature is still further lowered, the 
colour changes to yellow and becomes a 
brilliant orange red at the temperature of 
liquid air. 
The volume of emanation at normal tem- 
perature and pressure, in equilibrium with 
1 gram of radium, is found by experiment to 
be 0.62 cubic mm. This is also the valuc 
calculated on the assumption t.håt t.he emana- 
tion molecule consists of singlc atoms, so that 
the agreement between theory and experiment 
directly proves the monatomic nature of thC' 
molecule. The atomic weight of radium 
emanation is 222.0, four units less than that 
of its parent, radium, which has lost an a 
particle in the process of disintegration. 
Radium emanation is soluble in water, the 
coefficient of solubility being about 0.3 at 
ordinary temperature and 0.12 at RU o C. It is 
more soluble in petroleum and toluene, the 
sola bility C'oefficiC'nts being 9.5 and 11.7 
respectively at ordinary temperature. 

 (18) ACTIVE DEPOSITS.-Bodips whICh have 
been pxposC'd for some time to thc emanations 
from radium, thorium, and actinium acquire a 
temporary activity of their OVin, oViing to the 
deposition of active matter on their surfaces. 
This "active deposit" consists uf the ùis- 
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integration pruducts uf the emanation which, 
in each case, are non-\Tolatile at ordinary tem- 
peratures and have a relatively short period of 
life. \Yhen the emanations are allowed tu 
decay in a strong electric field Rutherford 
found that thf' activity wag confined entirely to 
the negative electrode, which indicates that 
the carriers uf the active material must be 
positively charged. O"ing to the fact that 
these products are produced from the emana- 
tion by the expulsion of a particles, it would 
be expected that the active deposit would be 
negati\-ely charged. This apparent anomaly 
may be explained as follows. The atom 
emitting the a particle rf'coils and collides" ith 
the gas molecules in its path. During these 
collisions negative electrons are shakE:'n out 
of the recoiling atom, which in consequence 
acquires a positive charge. Evidence in sup- 
port of this vie" is the fact that a particles 
emitted by an active material are accompanied 
by a large number of ó particles which, as we 
have already seen. are slow speed negative 
electrons. 
The active deposit may bE:' concentrated and 
collf'ctE:'d on a metal surface or a wire by making 
the latter the negative electrode inside a metal 
vessel containing the emanation, the vessel 
itself being cunnected to the positive pole of 
the source of potential. The potential gradient 
necessary to concentrate the whole of the 
active deposit on the negative electrode varies 
according to circumstance8. It will, in genE:'ral, 
be the same as that necessary to produce 
" saturation" of the ionisation current through 
the gas under the conditions of experiment. 
Higher potential gradients than 50 volts per 
centimetre are seldom necessary except in the 
case of intensely radioactive preparations or 
when the area of the surface to be covered 
with the deposit is T"ery smalL 
To collect thorium and actinium active 
deposits the arrangements 8hO\\ n in Fig. 14: are 
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FIG. 14. 


f'onvenicnt for concentrating the deposits on a 
\\ ire and on a plate respectively. The active 
material is placed in a sha1low dish in each 
case, and the emanation escapin
 from it I 
?110\\ ed to diffuse into the vesseL As it decays I 
Jt produces acth'e deposit which is driven by 
the electric fiE:'ld to the cathodE:', a \\ ire in the I 
one case and a plate in the other. To obtain 


the ma)j.ÍmulU activity the surfaces should be 
exposed for three hours in the case of actinium 
and three days in the case of thorium. It 
is, of course, advisable to use the salts that 
are the best emanators in each case. It is 
also an advantage to keep the BaIt slightly 
damp. 
The above arrangements are not suitable 
in the case of radium on account of the long 
life of the emanation and its tendency to 
remain occluded in the radium salt. In this 
case the radium salt is dissolved in hydro- 
chloric acid. The solution is placed in a 
stoppered bottle and kept positively charged 
by means of a wire "hich dips into it. The 
surface to be coated with active deposit is 
suspended above the solution in the bottle 
and is charged negatively. .\n exposure of 
three hours suffices to collect the maximum 
amount of acth'e deposit. 
In dealing \\ith large quantities of radium 
the above method is unsuitable, because the 
stopper has to be removed when the surlace 
to be coat.eà is inserted into the bottle, with 
the result that an appreciable amount of 
emanation is lost. Also part of the emanation 
remains in solution and does not contribute 
to the activation of the surlace. The follow- 
ing method, which diminishes the risk of any 
loss and makes the best 
USE:' of the radium, is 
ah, ays employed when 
large quantities of radium 
are dealt with (Fig. 15), 
The emanation is first 
of all collected over mer- 
cury in the glass tube A. 
This is then introduced 
into the mercury reservoir 

I. The "ire w w hic h is 
to be coated with active 
deposit is sealed into the FIG, 15, 
bent glass tube T and is 
connected to the negati\-e pole of the 
battery. It is surrounded by an iron sheath 
F \\ hich fits the tube A and is in met.allic 
contact \\ith the mercury which is connected 
to the posith-e pole of the battery. It is 
advisable to use a hi
h potential gradient ill 
order to collect as much of the active material 
as possible-even 1000 volts per centimetre 
may be necessary in some cases. It. is also 
preferable to use a platinum wire on \\hich 
to collect the active deposit, as it is often 
necessary to dissolve the latter in strong acid 
or to \-olatilise it by exposure to a high 
temperature. 

 (19) RADIOACTIVE RECOIL. - Since the 
mass of the a particle is equal to that of a 
helium atom (6.56 x 10- 22 gIll,), and it is ex- 
pelled at a high velocity from the atom, it 
possesses considerable momentum. At the 
moment the a partie1e is e)j.pelled the re:-:iùue 
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of the atom acquires an equal and opposite 
momentum and recoils at a considcrable 
velocity. The recoiling atom is, therefore, 
able to penetrate a certain thickness of matter 
before it is brought to rest, and may even 
leave the surface upon which the radioactive 
product is deposited and be concentrated on 
another surface by the application of an 
electric field. It is possible in this way to 
separate certain disintegration products from 
the parent atoms. 
Consider, for example, a surface made 
active by a short exposure to radium emana- 
tion. Immediately after removal from the 
emanation the activity is almost entirely due 
to radium.A. An atom of radium A dis- 
integrates with the expulsion of an a particle 
whose velocity is 1.77 x 10 9 cm. per second, 
The atomic weight of radium B-the residual 
part of an atom of radium A after the expulsion 
of an a particle-is 214, so that by the principle 
of momentum its velocity of recoil will be 
3.27 x 10 7 cm. per second. An atom of radium 
B therefore leaves the active material with 
this velocity, but since its kinetic energy is 
small (compared with that of the a particle) 
it will be able to penetrate only a very small 
thickness of matter-it will be stopped by one- 
tenth of a millimetre of air at atmospheric 
pressure. A recoiling radium D atom from 
radium C has a " range" of 0.1-1 mm. in air 
at atmospheric pressure. Since the range of 
the recoil atoms is so short, it is necessary for 
successful separation by recoil to obtain the 
active material in the form of a t.hin uniform 
deposit on a carefully polished surface. This 
is supported in a good vacuum opposite to 
the surface on which it is desired to collect 
the recoil product, and connected to the 
positive pole of a battery, Almost all the 
recoil atoms moving a,vay from the active 
plate, which is half the total number, may be 
separated in this way. 

 (20) THEORY OF SUCCESSIVE TRA
SFORl\IA. 
TIONS.-A full description of the theory of 
successive transformations of radioactive 
matter will not be attempted here. A few 
simple cases only will be considered which 
will illustrate the application of the theory 
to practice. 1 
(i.) Decay of Thorium Active Deposit.-The 
active deposit of thorium consists of the 
mem bers of the thorium series included 
below thorium emanation in Table I., and of 
these only the first three need be taken into 
account when making a ray measurements. 
The products thorium A and thorium C emit 
a rays whilst thorium B emits soft ß rays. 
Further the period of thorium A is only 0.2 
second, so that the active deposit after removal 
from the emanation will behave as if it con- 
I 
ee )Jakower and Geiger, Practical Jif'wmrements 
in Radioactivity, p, 80. 


sisted only of two su h:.;tau('('s, namdy thorium 
B and thorium C. . 
(a) Short Exposure to Emanation.-In this 
case the plate to be made actÜ
e is exposed 
to the emanation for a few minutes and then 
removed. The plate is then transf('rred into 
an a-ray electroscope; in the course of this 
transference, unle
s it is carried out exc('('d- 
ingly rapidly, the thorium A is compktely 
converted to thorium B, Assuming that the 
thorium A has all changed into thorium ß b) 
the time observations are c01ll11H.'nced, the 
activity of the deposit at the beginning is due 
entirely to ß rays from thorium .8, and con- 
seq uently is very feeble. As the thorium B 
disintegrates with the production of thorium 
C, an a-ray product, the activity rapidly rises 
and reaches a maximum value in about four 
hours (see curve ABC, Fig, 16). It then 


c 
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FIG, 16. 


decreases and finally decays exponentially ,,,ith 
the period of thorium B. 
The rate at which the acti,-ity varies with 
time can be calculated if it be assumed tha.t the 
influence of thorium A is negligible and that 
initially there is only thorium B present. This 
product disint
grates in accordance with Ta.ble 
I., thorium B into thorium C, anù thorium C 
into thorium D, 
Let P anù Q be the num bel' of atoms of 
the products Band C respcctively present at 
a certain instant, then the rate of increase 
of thorium C will be giv.en by the difference 
between the amount of thorium C produced 
by thorium B and the amount of thorium C 
disintegrating into thorium D. so that 
dQ 
-cit-=À 1 P-^2Q, ' (14) 


where ^l and ^2 are the radioactive constants 
of Band C respectively, and P is given by 
the equation 


p= Poe- À1t , 


(15) 


where Po is the initial number of atoms of 
thorium B present. The a.mount of thorium C 
present initially is zero, so that when t = 0, 
Q = 0, and the solution of equation (14) may 
be shown to be 


P\ 
Q= 0 I . [e-Àlt_e-À2t] (16) 
^2-
1 
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This equation should give the same curve as 
ABC in Fig. 16, when the correct values of 
1 
and 
2 are substituted in it. 
The experimental curve shows a maximum, 
and the time at which this maximum occurs, 
obtained from (16), is given by 
1 I 
1 
t m = '\ _ '\ . og 
-. 
^1 ^2 2 
The values of the radioactive constants 
1 
and 
2 may be deduced from the experimental 
curve ABC. The end portion BO of this 
cun-e follows a simple exponential la", the 
decay being governed by the period of the 
product of longer life. Hence the ntlue of 
one of the transformation constants is im- 
mediately obtained. From equation (16) the 
curve is made up of two exponentials. E
tra- 
polating the curve BC back to zero and 
subtrading the e
perimental curve from it, 
another exponential cun
e is obtained, repre- 
sented in the figure by curve EE. This gives 
the value of the second transformation con- 
stant. To decide to which product each of 
the constants is to be assigned, it would be 
necessary to separate the two products and 
examine the rate uf decay of activity for each 
separately. 
The theory of a short e
posure to actinium 
emanation is the same as that for thorium, 
but in this case the maximum occurs after 
nine minutes, and in consequence exposure to 
the emanation must not last for more than a 
fractiun of a minute. 
(b) Long Exposure to Emanation.-It will 
be assumed here that the exposure is so long 
that the products have had time to reach a 
state of radioactive equilibrium. If no be 
the number of atoms of thorium A. deposited 
per second from the source, then 
no= \I P O= 
2QO= 
3Ro' . (18) 
where Po, Qo, and Ro are the quantities of the 
products B, C, D present when equilibrium 
has been reached. 
Combining equation (18) "ith equations 
(14) and (15) we obtain the equation 
Q = 
] P o [ e - À1f - 
1 . e - À 2 t J , . (19) 

2 - 
1 
2 
which gives the number of atoms of thorium 
o present at any time after the termination 
of the expusure. This curve is again made up 
of two exponentials, and the values of 
1 and 

2 may be deduced in a similar manner to 
that described above. 
It should be mentioned that the same 
activity curves would be obtained "ith thorium 
and actinium if the activity were measured by 
means of the [3 rays instead of the a. rays as 
ahove. 
(ii.) LJeray of the Active Deposit of Radium.- 
It "ill be observed from Table I. that the 


(17) 


period of radium A is compara1)le "ith the 
periods of the products which follow it, and 
on this account the case of the decay of the 
active deposit of radium presents more diffi- 
culty than that of thorium or actinium. 
Supposing that there are P, Q, and R atoms 
of radium A, radium B, and radium C present 
at a certain time t, the amount of each will 
vary according to the fullowing equations: 


 = -
lP, 1 
dQ 
at =\I P -^IQ, r 
dl:' = 
2Q - 
3R. 


(20) 


In the case of a short exposure to the emanation, 
when only radium A will have had time to be 
deposited, Qo=Ro=O, when t=O, and the 
above equations become 
P=Poe- À1t , 1 
Q= 
IPO . [ e-Àlt-e-À2t J , 

2-;\1 [ (21) 
[ e - À1t two similar ] 
R = 
l X 2 P 0 ( 
2 _ 
1)(
3 - 
1) + terms . , 
In the case of a long exposure, the initial con- 
ditions, when the deposit is removed from the 
emanation, are 


^lPO= À 2 Qo= À3 R O' 


(22) 


whence 
P=Poe- Àit , 
Q=Qo [ 
2 -. e- \Jf +
. e- À 2 t. ] , 

2-Xl X 1 -\2 
R =Ro [ 
2
3

 + two Similar ] . 
(X 2 - \1)(\3 - Xl) terms 


1 
-(23) 
J 


These equations enable the numbers of atomq 
of radium A, radium B, and radium 0 present 
at any time after a short or a long exposure 
to be calculated. 
Radium A. and radium 0 both emit a rays, 
'" hilst radium B and radium 0 emit ß rays, 
and on this account the activity curves "ill 
be different according to whether the a rays 
or the ß rays are employed for measuring 
the activity, 
The a-ray activity )1 is given by the equa- 
tion 


:\f = \1 P + l'\3 R , . 


(24) 


where k is the ratio of the iunisat.ion produced 
by an a particle from radium C to that produced 
by an a particle from radium A undpr similar 
conditions. The ß-ray activity X is given by 
the equation 


x = '2Q +Z\3 R . . 


(:!.3 ) 


whpre 1 is the ratio of thp ionisation produced 
by a ß particle from radium C to that produced 
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by a ß particle from radium B. The theoreti- 
cal curves calculated from these equations, 
when appropriate values are inserted for the 
ratios Ie and l, are shown in Fig. 17; curves 


FIG. 17. 
(1) and (2) show the variation of a-ray activity 
of radium active depo
it after a long and a 
short exposure respectively to the active 
material; curves (3) and (4) the variation of 
the ß-ray activity of radium C only after a 
long and a short exposure to the active material. 
The curves do not give the relative magnitudes 
of the ionisation currents produced by the 
a and the ß rays respectively. 
The above cases will suffice to show the 
usefulness of the theory to calculate the decay 
curves of radioactive products. A fuller ac- 
count of the theory and its application will be 
found in Rutherford's Radioactive Substances 
and their Radiations. 

 (21) CHE:\lICAL CHARACTER OF THE RADIO- 
ELE!\IE.NTs.1-Each of the radio-elements ap- 
pearing in Table I. has distinct chemical as 
well as radioactive characteristics, and although 
many of the products are exceedingly short- 
lived their complete chemical properties have 
been unravelled. In some instances the radio- 
active product may be prepared " chemically" 
pure, in 'which case its properties may be 
examined by chemical methods similar to 
those adopted in the case of ordinary clements 
-radium salts were prepared by 
Iadame 
Curie sufficiently pure to carry out an investi- 
gation on the atomic weight of radium. In 
other cases a product may be obtained" radio- 
actively" pure, in which case it is entirely free 
from other radioactive material, but is mixed 
with a certain amount of inactive maUer. 
This may be the case \, hen a radioactive 
su bstance is separated by precipitating it in 
the presence of an element resembling it in 
chemical properties. Lastly, a product may 
be prepared "radio-chemically" pure, in 
which the radio-element may he mixed with 
a certain amount of inactive matter, but is 
free from substances chemically analogous to 
itself. Such is the case with a product 
prepared by the method of recoil or as active 
deposit. The inactive material present in 
the last two cases will not interfere with the 
detection and meac:;urcment of the radioactive 
1 
cc Soddy, The Chemi,
try of the Radio-elements, 
p. 43. 


suhstance, but it "ill abRorb the radiation 
emitted, a correctio!l for" hich can be applied 
if neceRsary. 
The results of the purely chemical study of 
the radio-elements has led to the division of 
the elements into two main classes: 
(a) Those which possess distinct radioactive 
properties, but whose chemical characters are 
already completely known; and 
(b) Those which, in addition to possessing 
a characteristic and distinct radioactivity, are 
new in chemical properties, 
An instance of the first class is ionium, It 
resemhles thorium more closely than any 
other member of Group III. of the Periodic 
Table and is found to be chemically identical 
in properties with it. The radioacti\ ity of 
ionium is quite unique and different from any 
other radio-element, but in its chemical nature 
it is not ncw. All its chemical properties may 
be inferred from those of t.horium, which can 
be obtained in large quantities, whereas ionium 
itself occurs in infinitesimal quantitips, a!ld 
even then it cannot be obtained "radio- 
chemically" pure, because thorium is present 
in all the minerals from which it may be 
obtained. 
An instance of the second class is radium. 
It resembles barium very closely but not 
absolutely. In this case the chemical as well 
as the radioactive properties are unique, and 
we have a new type of chemical element. 

 (22) POSITION OF RADIO-ELEMENTS IN THE 
PERIODIC TABLE.-It was pointed out hy 
Soddy that the expulsion of an a particle 
caused a change in the position of a radio- 
element in the periodic table by two placeR 
in the direction of diminishing mass. Fajans 
also drew attention to the fact that in a 
transformation involving the emission of ß 
rays the resulting produC't is more' elect.ro- 
negative than the parent suhsta.nce, Further 
knowledge of the chemical properties of the 
radio-elements has led to a complete general- 
isation as to the relation 'of the position of the 
radio-element in the periodic system and the 
nature of the change in which it is produced. 
The generalisation was indepC'ndently arrived 
at by Russell,2 Fajans,3 and Roddy,4 and may 
be stated thus: 
In an a-ray transformation the product falls 
into a group two places lower than that to 
which the parent substance belongs. whereas 
in a ß-ray transformation the product falls 
into a group one place higher than the parent 
su bstancC'. 
The re
1'lltant grouping of the radio - ele- 
ments is shown in Ta-ble V. It will h(' 
observed that the a-ray changes are far 
more numerous than the ß-ray changps, and 


2 Rus
('II, ('hem. .J.Ypu's, l!H:1, ('vii. 
!). 
3 Fajan
, Ph.llS. Zeits., HH3, xiv. 131 anù 136. 
4 Sodù
', Chem. News, HH3, cyii. 97, 
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in consequence there is a movement from 
the right to the left extending over the last 
twelve places in the periodic table from 
uranium to thallium. The members in the 
vertical columns of the table are non-separable 
from one another and from the t.itle element, 
except when this is enclosed within brackets. 
Thus uranium Xl' ionium, radio-thorium, and 
radio-actinium are all chemically identical 
"ith thorium; they belong to the first class 
mentioned above, all their chemical pro- 
perties being knO\\ n "by proxy." To the 
second class of radio-elements belong, for 
example, mesothorium 1, thorium X, and 
actinium X, ,vhich are all chemically identical 


these elements; such te
ts would only dis- 
tinguish between elements in different columns 
of the table, and consequently, would only 
pick out ten kinds of radio-elements, whereas 
radioacti,-ity tests would show the existence 
of thirty-four, so that separate places in the 
periodic table do not correspond ,\ith single 
elements necessarily, but" ith single chemical 
types of elements. 
When uranium I loses an a particle with 
the production of uranium Xl' each atom of 
uranium Xl is deficient of two positi\ye charges. 
eranium Xl changes to uranium X 2 , and 
uranium X 2 to uranium II, "ith the loss of a 
ß particle in each case, which brings the charge 
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with radium. Elements of the first class are 
similar to one or other of the last five elements 
in the periodic table, namel.v, uranium, thorium, 
bismuth, lead, and thallium. The members 
of the second class, which are new types of 
chemical elements, are identical "ith one or 
other of five new elements, namely, radium, 
polonium, actinium, the emanations, and 
"eka-t.antalum." The chemistry of radium 
and the radium-emanation is completely known, 
and consequently all the other elements in 
the same column in the table are definitely 
known, Hence, apart from actinium, polon- 
ium, and "eka-tantalum," the chemistry of 
the whole of the radio-elements is known. 

 (23) IsoToPEs.-Elements with identical 
chemical propert.ies are called "Isotopes," 
thus radium B, radium D, thorium B, and 
actinium B are all isotopps of lead. Chemical 
tests would not. be able to distinguish bet\\een 
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on the atom to the same value as it had before 
any transformation took place. Cranium I 
and uranium II are identical in chemical 
character, and the net charge on the nucleus 
of each of the atoms is the same, but 0" ing to 
the loss of an a particle in the transformation 
the masses of the atoms differ by four units. 
Hence it would appear that it is the net 
charge on the nucleus of the atom and not its 
mass that determines its chemical properties. 
Since the expulsion of an a parlicle displaces 
the element two places in one direction and 
the expulsion of a ,3 particle displaces it one 
place in the opposite direction, each of the 
successh-e places in the periodic table corre- 
sponds with unit difference in the net positiye 
charge on the nucleus of the atom. The 
magnitude of the positive charge is now 
known to be exactly equal to the number of 
the element in the periodic table when the 
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elements are arranged in order of atomic 
weight. This num bel' is called the "atomic 
number" of the element. Thus the atomic 
number of hydrogen is 1, helium 2, etc., up 
to that of the last and heaviest atom of 
uranium with atomic number 92. 
Xot only do the isotopic elements possess 
the same net nuelear positi\Te charge and the 
same number of electrons in their external 
systems, and are chemically identical and 
inseparable; their common purely phYsical 
characte!'istics, such as spectrum and 
 vola- 
tility, are also found to be identical. 
It has recently been found that this pro- 
perty of isotopism of the elements occurs 
frequently amongst the elements. Aston I 
has found that neon, for instance, is a mixture 
of two isotopic gases of atomic weight 20.00 
and 22.00. Similarly chlorine contains no 
atoms of atomic weight 3.3.46, but consists 
of four isotopes with atomic weights 3.3,00 
36.00, 37,00, and 38.00 reRpectively. Severai 
other elements have been examined, the 
conclusion arrived at being that all the atomic 

veights, except that of hydrogen, are exact 
Integers, and that the fractional values found 
for some of the elements are due to a mixture 
of two or more isotopes. 

 (24) THE END PRODUcT,-The ultimate 
products of aU the disintegration series in all 
branches end in the same place in the periodic 
table, namely, the place occupied by lead. 
The atomic weight of ordinary lead is 207.2. 
According to theory, lead produced from 
uranium I:!hould have an atomic weight 206, 
and that from thorium an atomic weight 
208. Hence lead prepared from uranium 
minerals should have a lower atomic weight 
than that prepared from thorium minerals. 
Experiment 2 has shown this to be the case ; 
the atomic weight of radio-lead from uranium 
minerals has heen found to be 206,05, and 
that of radio-lead from thorium 207.9. Prob- 
ably ordinary lead is a mixture of these two 
isotopes. It has also been found by experi- 
ment that the densities of the different kinds 
o
 lead are different just in proportion to the 
dIfferences in their atomic weight, hence their 
atomic volumes must be the same, which is 
to be expected if isotopic atoms have identical 
Rhells of electrons but nuclei of different 


masses. 
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L{ADIOLOGY 


I. INTRODUCTORY 

 (1) !HE 
ATURE OF X.-RAys.-The study of 
the, 
-rays no
v OCCUpIeS such a prominent 
posItIOn III physICS and medicine, aud has led 
to such momentous results in a variety of 
directions, that it is difficult to realise that it is 
only 25 years ago that the rays were discovered 
b
 Professor Röntgen, and that it was only just 
pn?r to the war that a long controversy as to 
theIr nature was stilled. 
The problem had attracted many minds for 
the .ability of the rays to pass thr
ugh op
que 
bodies was wholly unprecedented. The ex- 
planation of tht> anomaly was obviously bound 
up ,,,ith the nature of the rays, but,
 despite 
shrewd guesses, the secret was withheld from 
us for nearly 20 years. 
\Ve now know that the X-rays are another 
manifestation of radiant energy, of which light 
a
d heat are familiar examples. Indeed, the 
X-r
ys resemble light rays in almost every 
partIcular, the chief difference being that the 
X-rays have wave-lengths about 5000 times 
shorter. It was this very minuteness of wave- 
length-a distance of the same order as the 
sizes of atoms-that defeated all our earlier 
attempts to direct and sort out the rays. All 
our highest quality polished surfaces are 

nconceivably rough for such a purposp, and 
It was not until Nature herself was found to 
have provided an instrument of the requisite 
delicacy-in the shape of crystals which can 
function as diffraction gratings - that we 
b
gan to analyse and sort out X-ray beams 
wIth much the same ease as in the case of 
visible light. 
There are further parallelisms between X- 
rays and light rays. 11'01' example, we know 
that the spectrum of a hot body consists under 
suitable conditions of white light (which is a 
mixture of all wave-Icngths), superpospd on 
which are certain spectrum linc
 whose wave- 
lengths are characteristic of the radiating 
material. e.g. the D lines of sodium, the Hand 
K lines of calcium. In just the same way an 
element when causeJ to emit X-rays not only 
gives out general radiation (which is a con- 
tinuous spectrum of wave-lengths) hut under 
suitable conditions impresses its own charac- 
teristic lines - K, L, )1 - on the general 


3 SeE' also" X 
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RADIOLOGY 


593 


radiation. It should be added, however, that 
the X-ray spectrum of an element is much 
simpler than its light spectrum. 
Just about a single octave of light waves are 
visible to the eye. Their spectroscopic exam- 
ination has been conducted mainly 1\ith the 
diffraction grating, the distance between the 
rulings of which is comparable "ith the wave- 
lengths to be measured. \Yith the help of 
special gratings and vacuum Hpectrometers, 
Schumann, Lyman and )Iillikan have extended 
the measurements some -1 octaves onwards into 
the ultra-violet. Then comes a gap of 4 octaves 
of rays in a region not yet explored, and finally 
some 7 or 8 octa\
es of X- and gamma-rays, of 
which the radiologist uses about 3 octaves 
(Fig. 1). 
It is interesting to note that the gap between 
X-rays and ultra-violet rays has in a sense been 
already bridged, for )IiHikan has recently 
found the characteristic X-r
JY lines of carbon 
in the extreme ultra-violet region. 


VISIBLE SPECTRUM 


wave is very high and we get a high-frequency 
or "hard" X-ray. If the change of speed is 
less, the frequency is less and "e get a " softer" 
or less penetrating ray. \Yith much slower 
electrons, light rays may be similarly produced. 
.Always, howe\
er, "e find that the frequency of 
the wave i8 proportional l to the energy change 
of the electron. There will be a proportion of 
encounters where the whole of the energy is 
transferred, and in these cases the frequency 
will reach an upper limit. Below this limit we 
find every '\"'ariety of energy-content depend- 
ing on the energy of the elpctron involved. 
The rE:'Verse effect is equally true. If X-rays 
(or light rays) strike a substance they may 
give up all their energy to moving electrons, 
or they may give up only a part, the rest 
being transferred to a series of groups of rays, 
all characteristic of the atom of the matE:'rial. 
The energy balance-sheet can be fully set out, 
the several items all being definite and specific. 
The relation is not quite so simple as the 
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The study of this mlssmg group of octaves 
bristles with interest and difficulties. It would 
seem as if a big absorption band were included; 
at. either end of the gap the vacuum spectro- 
meter is necessary. ::\Ioreover. it almost looks 
as if the grating method would fai1 us over t.his 
region. The wave-lengths are too small for 
our artificial gratings and too big for crystal 
gratings. \Ye may have to wait for a new 
\\eapon of attack. 
Following is a short table of some of the 
wave-lengths. in Angström units, 1'.e. 10- 8 cm. : 
Visible light 7200-4000 
Lìtra-violet iight t000-2oo 
X-rays 12 to 0.96 
')'-rays 1.4 to 0.01 

 (2) X-RAYS A5D ELECTRO
s.-Experiment 
has shown the most intimate relationship 
between the X-ray and the electron-either is 
t.he manifestation of the other. The electron, 
the unit of negative electricity, is the active 
manifestation ùf the X - ray - innocuous in 
itself. \Yhenever an electron has its sneed 
suddenly altered, an electromagnetic wa,:e is 
produced. If the alteration of speed of the 
electron is very great the frequency of the 
VOL. IV 


general case, but the exchange and partition 
of energy are equally precise. 
The reversible process we have just described 
is of universal application in Nature. There 
is, for example, little doubt that thp X-rays 
play a prominent part in atmospheric elec- 
tricity. The earth is not an electrically neutral 
body, but its surface may be considered to be 
covered with a layer of negative electricity, and 
this gives rise to an electrical field in the atmo- 
sphere. The rate of alteration of potential is 
found to decrease "ith the aJtitude; the 
potential gradient being about 150 volts per 
metre on the ground and only about 2 volts per 
metre at a height of 9 kilo metres-as we know 
by balloon tests. In other words, the atmo- 
spheric conductivity steadily increases the 
higher we go, and thE:' rapidity of the increase 
suggests very large values at greater heights. 
Some of this conductivity, we know, is due 
to radio-active emanations. from the soil, but 
we are led to infer from the increase of con- 
ductivity \\ ith height that the majority is 
due to some agent E:'xternal to our globe. 

lodern opinion fa\
ours the view that the 
effect is produced by very high-speed electrons 
1 :::iee .. Quantum Theory ," 
 (3). 


2Q 



594 


RADIOLOGY 


ejected from the sun with very nearly the 
speed of light itself. Some of these strike the 
atoms of the outer atmosphere, very penetrat- 
ing X-ra
rs are generatcd, and thus the whole 
depth of the atmosphere may be permeated 
by these electrons through thc intermediary 
of their more penetrating alia.s the X-rays. 
Thus the earth's negative charge which is 
being continually dissipated by the action of 
the potential gradient in the atmosphere is as 
steadily replenished by a current of electrons 
passing downwards. It may be added that 
the conductivity ûf the air diminishes at night 
and during a solar eclipse. 
One is tempted also to believe"that in view 
of the temperature and gigantic electrical 
disturbances in the sun-as Hale's work has 
shown and Eddington's speculations would 
indicate-there may be an emission of X-rays 
from the sun itself. 
One other source of X-rays in Nature may 
be referred to-the )' radiation of the radio- 
active elements. It will suffice to say that 
while some of the )'-rays can be exactly 
imitated, others are much more penetrating 
than any X-ray we have been able to generate 
artifi ciaIl y. 
Although the electron is ubiquitous, it 
escaped detection until Crookes conducted his 
famous experiments in discharge tubes at low 
pressures, and so reduced the number of 
molecules present that instead of the electron 
being absorbed and suppressed within a nun. 
or so, as .t would be at atmospheric pressure, 
it could now travel great distances without 
encountering more than say, 100 or so atom8, 
the majority of which it passed clean through 
without being dcviated in any 'way. The 
high speed it received from the potential in 
the discharge tube gave it, so to speak, an 
innings. 
\Ve have anticipatcd matters somewhat, but 
it will now be convenient to review the main 
features of a di3charge tu he and their historical 
development. 
g (3) THE PHENOJIENA OF A DISCHARGE 
TUBE. - \Vhen a high-potential discharge 1 is 
passed bctwcen two electrodes within a glass 
tube, the gas pressure in which is gradually 
reduced, the tube displays a succession of 
appearances which vary \" ith the pressure, 
At atmospheric pressure the discharge takes 
the form of a spark which, as the pressure is 
lowered, loses its noisy character and is 
replaced by a buncIlp of irregular streamers, 
which, after a time, broaden out and fill the 
bulk of the tube with a pink glow, kr..onn as 
the positive column. 
At a pressure of a few millimetres of mercury 
the cathode (the electrode by which the current 
leaves the tube) slowly becomes covered with 
1 See also -, Electrons and the Disc-harge Tube," 
Vol. II, 


a luminous glow-the negative glow-while 
between the positive column and negative 
glow comes a darker region, diffuse in outline, 
called the Fararlay dari
-space. All this time 
the rarefied air is increasing in conductivity, 
as e\'idcnced by the shortening (If the alterna- 
ti\'c spark gap, 
As the e:xhaustion proceeds tlw posith
e 
column may break up into thin fluctuating 
striations, which presently" iden and diminish 
in number. The negative glow proceeds to 
dctach itself from the cathode, while a new 
film forn)s and spreads over the surface of the 
cathode. The two parts of the negative glow 
are separated by a dark region called the 
Crookes or cathode dark-space, the out.line of 
which is sharply defined and runs parallel with 
t.hat of t.hc cathode. As the pres
ure is 
reduced the dark-space iÙcreases in size, its 
thicJ..ness often being used as a rough measure 
of the pressure. 
At still higher rardactions both positive 
and negative glows become darker and more 
indefinite, and the eathodc dark-space grows 
until finally its boundaries touch the glass 
walls of the tube, which t.hen begin to fluoresce. 

Ieanwhile the conductivity of the rarefied 
gas has been st.eadily lessening until, finally, 
it is possible to get the exhaustion so completc 
that no discharge can pass. 
g (4) CATHODE RAYS. -The study of the 
fluorescence of the glass wall was initiat.ed by 
Plückcr in 1859, He was followed in the 
'seventies by Hittorf and Goldstein in Germany, 
Puluj in Austria, and Crookes in England. It 
was soon ascertaincd that the fluorescence was 
produced by some form of radiation (called 
Kathodenstrahlcn by Goldstein) which sets 
off from the cathode and travels in straight 
lines. For nearly thirty years the English 
and German schools of physics disagreed as t.o 
thc nature of thc cathode rays, but Sir J. J. 
Thomson in 1897-98, in a series of classical 
experiments, was able to show t.hat the cathode 
rays were bodies of suh-atomic size, moving 
with prodigious velucities, velocities. which are 
comparablc with t.he speed of light, John- 
stone Stoney had previou'3ly fmggested the 
name electron for the unit of electricity, and 
the suitability of the expression for t.he cathode 
rays was at once recognised. Thomson showed 
that. each cathode ray had a mass about 
1/1800 of that of the hydrogen atom and 
carricd a negative electrical charge, agref'ing 
in amount "\\ ith that carried by the hydrogen 
ion in liquid electrolysis. 
The bulk uf the great energy of the cathode 
rays is dissipated as heat when thc rays strilæ 
an obstacle. If the rays are concentrated by 
using a concave cat.hode or other focussing 
device,. enormous heat can be genf'rat.ed with 
}l('a,vy diHcharges, Cathodf' - ray furnacps, 
working on this principle. have been con- 
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structed, in which lmy known metal can be 
melted or vaporised. 
By reason of their electric charge cathode 
rays are readily bent under the action of 
el
ctric or ma
etic force, and this property 
of the rays has found practical application in 
Braun tubes and other forms of oscillograph. 
The cathode rays, having no inertia, are able 
to follow the most rapid vagaries of an electric 
or magnetic field. 

 (3) POSITIVE RAys.-In 1

6, Goldstein, 
using a perforated cathode, noticed that a 
stream of rays emerged from the tube in a 
direction opposite to that of the cathode rays. 
\Yien later ohserved that these "Kanal- 
strahlen" carried a positive charge. The 
deflection in electric and magnetic fields 
showed that the po
itive rays 1 (as they were 
called later by Sir- J. J. Thomson) were molec- 
ular in size. J. J. Thomson and Aston have 
done extended work on the subject and 
derived highly important results. Positive 
rays play an important part in gas X-ray 
tubes, as we shall see presently. 

 (6) DISCOVERY OF X-RAYS -RÖXTGEY 
RAYS,-It was in the autumn of 189.3 that Pro- 
fessor \Y. K. Röntgen at \Yürzburg, Bavaria, 
diç;eovered the rays which now bear his name. 
During the course of a research on invisible 
light rays, he had enclosed a discharge tube 
"ithin a screen of stout black paper. On 
passing the discharge he noticed that a 
fluorescent screen, lying on a table some 
distance a"\vay, shone out brightly. By inter- 
posing obstacles Röntgen traced back the 
unknown or ,. X" rays to their source, 
which proved to be the region of impact of 
the cathode rays on the walls of the tu be. 
The feature of the new rays was their uncanny 
ability to penetrate many substances quite 
opaque to light. The degree of penetration 
was found to depend roughly on the density. 
For example, flesh is more transparent than 
bone, and accordingly the bones stand out 
dark in the shadow caused on a fluorescent 
screen. Röntgen saw at once the immense im- 
portance of his discovery to surgery, and com- 
municated his results to the Physico-:\fedical 
Society of \Yürzburg in Xovember 1895. 
The main ieatures of the rays were soon 
discovered by an army of workers. It was 
found, for example, that X-rays travel in 
straight lines, cannot apparently be refracted 
or reflected, do not carry an electric charge. 
and po
se
s the property of ionising or impart- 
ing temporary electric conductivity to a gas. 

 (7) DETECTIXG THE RAys.-Although X- 
rays are not in the visible spectrum they can 
be detected photographically or by their 
po" er of exciting fluorescence in 
creens made 
of salts such as barium platino-cyanide, or 
calcium tungstate. Another method makes 
1 :-\ee " Po
itiYe Rays," Yol. II. 


use of the ionising ability of the rays and 
measures the conductiyity so produced in a 
gas. Certain chemical reactions are also 
induced by the rays and can be made to 
sen-e as the basis of various methods of 
detection and measurement. 
X-rays can penetrate all substances to a 
greater or less degree, and in general the 
shorter the wave-length the higher is the 
penetrating power. The penetrability of a 
material by a given beam of rays is governed 
by the number and mass of the atoms it 
encounters, that is, by the atomic weight and 
thickness. Chemical combination or tem- 
perature is "ithout effect on the absorbing 
power of an atom. "-e have already men- 
tioned that the rays travel in straight lines, 
and thus it "ill be seen that an X-ray photo- 
graph or radiograph is essentially nothing but 
a shadowgraph. Radiography was the first 
and still remaL"'ls the most important applica- 
tion of the rays, and in the hands of the medical 
man has found enormous application. The 
late war brought this home in unexampled 
fashion, and the services which radiology then 
rendered can scarcely be overestimated. 
The subject is ref
rred to later, but mention 
may here be made of the necessity of protecting 
the X-ray operator from the rays. As many 
of the early workers discovered to their cost, 
indiscriminate exposure results in dermatitis, 
which may be followed by dangerous cancerous 
growths. \Yith hard rays derangements of the 
internal organs and impoverishment of the 
blood corpuscles may result. X owadays every 
precaution is taken and such casualties rarely 
occur. Hea vy lead screening in some form 
limits the beam of rays and protects the 
worker. 


II. X-RAY TrBEs 

 (8) E4RLY FORMS. -The vacuum tube 
"ith which Röntgen made his discovery had 
a flat cathod
, the cathode rays impinging 
on the glass walls. Experience soon showed 
the way to improvements. Campbell-Swinton 
inserted a platinum target obliquely in the 
path of the rays, and later Sir Herbert (then 
Professor) Jackson replaced the flat cathode by 
a concave one, so that the cathode rays were 
brought to a focus on the target. The result 
was that e
posures were enormously shortened . 
and, owing to the small area of emission of 
the X-rays, the resulting photographs were 
improved out of all recognition in definition 
and detaiL 
The present-day method is essentially un- 
altered. The electrons (cathode rays) are given 
enormous speeds (of the order of 50 to 100 
thousand miles a second) b
' means of high 
voltages, and are directcd on a heavy metal 
anticathode or target. As a producer of 
X-rays the arrangement is still extremely 



HADIULOUY 


5Ü6 


ineffideut, although we take steps to inereëtse 
the chances of an effective collision by choosing 
a t.ar,!:!et of high atomic weight or num her. 
As -already mentioned, almost all the energy 
of the electrons is degradeJ into heat, and for 
this reason it is c
sE:'ntial that the target shall 
be of a very refractory HwtaL Tungstpn (with 
a melting-point of over 3000 0 C.) is nowadays 
almost always employed for a target, though 
platinum and other metals find application for 
certain purposes. 
The X-rays radiate uniformly in all directions 
from the focus, travelling in straight lines just 
as light rays radiate from a lamp. The X-ray 
bulb is comparable to an X-ra.y lamp, in 'which 
the voltage applied to the bulb corresponds to 
the temperature of a luminous lamp. If we 
raise the temperature of the latter we increase 
the intensity and at the same time shorten 
the average wave-lE:'ngth; so with the X-ray 
bulb, if we raise the voltage we increase the 
intensity and shorten the average wave-length, 
In practice the voltages employed range up 
to 200,000 or even more. The quantity of 
radiation is dependent on the current through 
the tube, and a milliampE:'re is a convenient 
measuring unit for the purpose. 
There are two main types of X-ray bulbs 
in use (a) the hot cathode tube, (b) the gas 
tube. The Coolidge tube, invented by Dr. 
Coolidge in America, is the chief representative 
of the first class, in which the electrons are 
produced from a cathode consisting of a spiral 
of tungsten wire, raised to a white heat by an 
electric current. The vacuum in the tube is 
very high, and no discharge can pass if the 
cathode is not heated, The Coolidge tube has 
the valuable property of precise and repro- 
ducible control with a gre"1t range, advantages 
which cannot be claimed for the gas tube. In 
the gas tube very complete exhaustion is not 
attempted; a trace of residual gas is deliber- 
ately left in the tu IJe, and this serves as a 
constant source of electrons through shock 
ionisation. 
If we compare the characteristic curves of 
these two types of X-ray lamps by plotting 
current against voltage, we find differences 
which are fundamental (Fig. 2), Under the 
eonditionf in which a gas tube operates the 
current increases steadily with the voltage, 
'while in the case of the roolidge tube the 
current iq independent of the voltagE:'. In the 
latter case the current is limited only hy the 
number of electrons emitted, which number 
increases or decreases with the tempE:'rature 
of the cathode filament, Thus we can alter 
either voltage or current independE:'ntly of 
each other, and this fact gives the hot cathode 
tube a great advantage over th(" gas tuhC', in 
which indC'pendent control of voltage and 
current is impossible. 
The hot cathode tube thus utilises its 


" saturation" currE:'nt, and for that reason is 
much lC'ss affectC'd by changE:'s in th(" wave 
form of the exciting potential than is a gas 


.FIG. 2. 


tu be. On the other ha.nd, the a hsence of 
saturation in a gas tu bp leads to a more 
effective use of very high voltages, and it is 
found that, at any rate, at low gas pressures a 
gas tube givC's about twice the X-ray output 
of a Coolidge tube for the same milliamperage 
and voltage (F?"g. 3, Dauvillier). But the gas 
tube is far from bE:'ing the equal of the Coolidge 
tuhe as rE:'gards control and reJiability, though 
experience counts for a good dE:'aL 
It may be added that both types of tube 
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give heterogeneous X-rays, and there is little 
to chùose between them in this respC'ct. 

 (9) THE ELECTRODES OF AN X-RAY TrEE. 
-The cathode of t.he present.-day X-ray gas 
tuhe is made of aluminium of robust dC'sign. 
It is mounted facing the anticat.hode or target., 
the distance hptwC'cn the two hping a mattpr 
of nicE:'ty for the maker, who has to be guich'd 
largdy by his expE:'rience 
md knowkdge of the 
work for which the tu he is intended. The 
lower t.he prpssure or the" hardpr" the tulle, 
the farther the focus of t.he cathodp ra.ys 
recedes from the eat.hode and the smaller the 
focal spot. 
The material and sizC' of tlH' cathode arc 
Loth important. Aluminium possC'
ses advan- 
tages because it displays but little" sputtering " 
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or bla,ckenimr, a feature which is common to 
almost aU ;netals when functioning as a 
negative electrode in a vaCUUlll. Aluminium 
shows the effect but slightly, but with very 
heavy discharges the central portion of the 
cathode may be melted, the molten globules 
so formed being projected right across the 
tu be in s. Hue cases. X 0 particular harm is 
usually don::" except that the curvature of 
the cathode may be changed and the 
focal spot of the cathode rays moved in 
consequence. 
The choice of metal for cathode is also 
important from the point of view of the 
occluded gas. There is little doubt that in 
the case of a gas tube the gases contained 
within the metal of the cathode play an 
important part. This is probably the explana- 
tion why some experimenters have found it 
useful to keep the cathode cool by some 
device. 
The cathode of a Coolidge tube is described 
later. 
9 (10) THE ASTIcATHoDE.-The primary 
essentials in an anticathode, whether for gas 
or hot-cathode tu be, are : 
I. A high atomic number to secure a large 
output of X-rays. 
2, A high melting-point and a high thermal 
capacity to prevent the target fusing under a 
hea vy discharge. 
3. A high thermal conductivity to assist in 
dissipat,ing the waste heat. 
4. A low vapour pressure to avoid distillation 
and condensa,tion of the ll1
tal on the walls of 
the tube. 
In the light of the above requirements, 
tungsten stands almost alone as a material 
for anticathodes. Platinum was at one time 
almost exclusively employed, but tungsten 
has a much higher melting-point (3200 0 C. as 
against 1733 0 C.), has twice the thermal con- 
ductivity, and but a slightly inferior radiation 
value. 
The very large heating effects experienced 
by the anticathode of a modern X-ray bulb 
have provided scope for much ingenuity in 
getting rid of the surplus heat. The anti- 
cathode is in many tubes kept cool by means 
of a water reservoir or a stream of air. In 
other cases the massiveness of the anticathode 
is increased by surrounding the tungsten 
target with copper, the support of which 
extends to the outside of the tube and is 
there provided \\ith radiating fins, incidentall
T 
necessitat
i1g some very fine glass manipulation. 

 (ll) THE AXODE.-The modern X-ray gas 
bulb is almost always provided with an 
additional anode of aluminium, which is 
connected externallv with the anticathode. 
The precise benefits "of the separate anode are 
distinctly dou btful, and in tu bes of the 
Coolidge type it find::; no place. 



 (12) THE GAS TUBE.-The gas tube depends 
for its action on the presence of a few ions in 
the residual gas in the tube. These ions or 
electrified atoms have their velocities increased 
by the electric field, positive ions being drawn 
to the cathode and negative to the anode. The 
positive ions bombarding the cathode release 
electrons in abundance which, being attracted 
to the anode, ionise freely by shock or collision 
those atoms encountered en route, generating 
more positive ions and more electrons. The 
electrons which hit the target generate X-ra} s 
and the cycle of operations continues so long 
as the y'oltage is applied. 
The pO:::1itive ions or positive atoms thus 
playa fundamental and essential part in the 
ionics of a gas tube. They are also responsible 
for one or two other effects, the elucidation 
of which has been very puzzling. One of the 
great difficulties in exact work "ith the gas 
tube is the continual tendency of the gas 
pressure to change. One would first look to 
the electrodes which, depending on the condi- 
tions, may either emit or absorb gas and do 
so control very materially the well-known 
" crankiness" of a gas tube. But it is found 
that, provided the current is not too heavy 
to overheat the electrodes, there is a continual 
and apparently unlimited disappearance of 
gas, more especially at high voltages, and 
ultimately the vacuum becomes so high as to 
render the tube unusable. To cut a long story 
short we now know that some of the positively 
charged atoms of gas by reason of their high 
velocity (about 500 miles a second) actua.lly 
crash into the glass walls of the tube and are 
mechanically trapped there, an effect which is 
enhanced by the presence of volatilised metal. 
)Iany de\ices have been introduced from 
time to time to overcome this hardening effect, 
In some cases, when the tube becomes too 
hard, the discharge is caused to pass through 
a small annexe containing absorbent material, 
such as asbestos, which liberates enough gas 
to soften the tube. Another method commonly 
employed is to rely on the diffusion of gè1.ð 
through a small platinum tube, which can be 
heated by a small flame. 
If a gas tube is overloaded the result is 
sometimes to harden the tube, sometimes to 
soften it, depending largely on the behaviour 
of the cathode, Further, if the discharge is 
sufficient to make the target red-hot, it may 
then give off so much gas as to necessitate 
re-exhaustion of the bulb. 
A very commonly met source of failure of 
gas tubes is due to cracking of the glass, 
almost always in the region round the cathode. 
In many cases this is preceded by a roughening 
of the glass at this point. These effects are 
produced by po:Útive ra
Ys striking the glass 
walls. The positive rays are probably also 
responsible fo!' the Illf'lting of tiH' aluminium 
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cat.hode under very heavy discharges. Thf're 
is little doubt tha.t the positive ions produce 
the luminous blue glow whieh often accom- 
panies high-voltage discharges, and also the 
positive electrification which is present on 
the glass walls of the bulb of a gas X-ray tube. 
Positive ion effects are always found to persist 
so long as the electrodes are giving off gas. 
A common defect \\ ith gas tubes is the 
wandering of the focal spot. Such movement 
i.s, of course, prejudicial to good detinition in 
radiography. Further, it is not unusual, after 
the tube has been subjected to a heavy dis- 
charge, to find that the focus has permanently 
changed its position. 
Another characteristic of a gas tube is that 
the breakdown voltage is a good deal higher 
than the running voltage. This is due to the 
fact that in the gas tube the number of ions 
initially present is very small. 'Vhen the 
circuit is closed the number of ions produced 
by collision increases enormously, and the 
voltage across the terminals of the tube falls 
in consequence. 
The gas tube received a good deal of atten- 
tion in Germany during the war. In the so- 
called" boiling tube" of :\Iuller, the gas tube 
is employed to generate very l)enetrating X- 
rays primarily for use in deep therapy. The 
gas pressure is not only low, but tending to get 
lower. To prevent emission of gas from the 
(platinum) anticathode, it is kept at a con- 
stant temperature by boiling water, and water- 
cooling is also adopted for the cathode. The 
focus is very broad. The tube is operated at 
close on 200,000 volts and with small currents, 
2 to 3 milliamperes, a condition which assists 
the hardening tendency. Puffs of gas are 
introduced by an osmosis tube heated by a 
small flame ignited and operated through a 
relay by an automatic regulator which is con- 
trolled by a milliammeter in series with the 
tube. In action the water quietly boils, and 
the tube may be run for hours at a time at a 
constant milliamperage. It is claimed that 
there is a greater proportion of homogeneous 
end radiation when the X-rays are filtered 
than there is from a Coolidge tube working 
under the same conditions. 
'Vhether that is so or not, it must not be 
forgotten that an increase of potential always 
tends to render a beam of X-rays more homo- 
geneous. Further, the spark-gap readings on 
a gas tube tend to indicate voltages higher 
than those which are actually operating the 
tube. · 

 (13) TIlE COOLIDGE TUBE.-Consideration 
of the properties of a gas X-ray tube indicateR 
that most of the limitations are incidf'ntal to 
the presence of positive rays. Dr. 'V. D. 
Coolidge 1 of the ReRearch Laboratory of the 
General Electric Company, Schenectady, New 
1 Phys. Rev., 1913, ii. 409, 


York, saw t.ha.t most of these disabilities would 
disappear if the vacuum in the tube were high 
enough, so that the positive ions did not pla.y 
an essential rôle. This necessitated generat- 
ing cathode rays by some other means, and 
Coolidge turned to the ,vork of Richardson, 2 
who had made quantitative measurement of 
the electrons produced by heating a negatiyely 
charged metal. There was considerable diver- 
gence of opinion at the time as to the mechan- 
ism of the effect, and certain "'
orkers had 
suggested that in the absence of gas such 
thermionic discharges would cease altogether. 
Langmuir 3 in some experiments on the 
thermionic currents in the case of tungsten, 
showed that the effect was a real one, and that 
instead of dying away the currents actually 
increased, up to a certain limiting value, as 
the tube became freer and freer from gas. In 
brief, Langmuir showed that a hot tungsten 
cathode, in a vacuum as high as it is humanly 
possible to make it, emits electrons con- 
tinuously at a rate determined only by the 
temperature. 
Dr. Coolidge was thus led to evolve the 
Coolidge X-ray tube, the main features of 
which are as follows: 
The cathode consists of a small flat tungsten 
spiral which can be electrically heated by an 
independent circuit. Surrounding the spiral 
is a tube or bowl of molybdenum, which serves 
to focus the cathode ray stream upon the 
target. The temperature of the filament 
varies from about 1000 0 to 2300 0 C. The 
bowl is connected electrically to the cathode, 
and the anticathode or target functions also 
as anode. In the earlier or " universal" type 
of tube the target consists of a block of tung- 
sten with a molybdenum stem. This design 
has been modified in later types. 
Unusual precautions are taken to render the 
exhaustion of the bulb as complete as possible. 
Langmuir pumps with liquid air traps are used, 
and the whole tube, while connected to the 
pump, is heated in an 'electric oven to just 
short of the softening point of glass (about 
470 0 C.). Periodically the tube is operated 
with heavy discharge currents, so that the 
tungsten target is raised to a white heat. The 
test of adequate exhaustion is the complete 
absence of a luminous discharge and phos- 
phorescence of the glass walls. It is found 
that the time of exhaust.ion can be consider- 
ably shortened by previously heating the 
electrodes to a high temperature in a vacuum 
furnace. 'Metal thus treated may he left ahout 
in the air for some days and only absorb but 
a small fraction of the gas originally contained 
in it. 
The great merit of the Coolidge tube is its 
capacity to TC'produce completely any specified 
I ROll. Soc. Proc., 1003, Ixxi. 415. 
a Phys, Rev., 1913. ii. 450. 
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set of conditions. The output (or quantity) of · 
X-rays depends only on the temperature of 
the filament. The penetrating power (which 
depends upon the wave-length) is controlled 
only by the voltage 8cross the terminals of the 
tube. Furthermore, the tube allO\\s current 
to pass in only one direction, so long as the 
conditions are such that the target is not raised 
in temperature to more than a dull red heat. 
The tube is, in fact, capable of rectifying its 
O"ìl current, when supplied from an alternat- 
ing source. The latest form of radia,tor tubes 
permits the passage of a steady current of as 
much as 30 milliamperes. Care should be 
taken that the tube is not overloaded, as 
othen\ ise, if the target attains a white heat, 
a considerable amount of inverse current "ill 
be allowed to pass, with detrimental and ulti- 
mately disastrous effects on the bulb. 
Another feature of the Coolidge tube is that 
the starting and running voltages are the same. 
As the positive ions play no appreciable part, 
there is little or no consequential heating of 
the cathode, and no evidence of appreciable 
cathodic sputtering. The Coolidge tube in 
operation shows none of the fluorescence of the 
glass displayed by gas bulbs, a result due to 
the fact that the walls of the tube become 
negatively charged, and so, unlike an ordinary 
gas bulb, repel the "reflected" cathode rays 
from the target. 
In the prolonged use of a Coolidge tube a 
small amount of gas is usually liberatecl, as is 
indicated by a small drop of the millia.mperes 
through the tube, "hich can be corrected by 
raising the filament temperature; such gas is 
promptly re-absorbed when the discharge is 
stopped. 
Coolidge, by the use of the pin-hole camera, 
has shown that, in addition to the main body 
of X-rays from the focus, there is a very con- 
siderable emission of extraneous X-rays from 
the entire surface of the anticathode, which 
must therefore be bombarded by cathode 
rays Îrom some source or other. \Ye must 
look to the "reflected " rays for an explana- 
tion. These rays, which leave the focus with 
a velocity almost as high as that \\ ith which 
they approached it, are repelled by the cathode 
and the glass bulb, both negatively charged, 
and are compelled to return and collide once 
more with the anticathode. Doubtless in 
many instances this procedure occurs again 
and again, X-rays being produced at every 
collision. The pin-hole camera shows that, 
except in the region of the focus, the intensity 
of the X-rays is much the same, both back and 
front of the anticathode. Measurements show I 
that the ravs, whethm." from back or front, 
differ but little in penetration. Coolidge has I 
devised a variety of apparatus for reducing 
the magnitude of the stray radiation, but in 
the end came to the \Tiew that the extent of 


the defect did not justify the los::; of simplicity 
involved in providing a remedy. The use of a 
lead diaphragm as Rmall as possible and as 
near the tube as possible is the best cure. 
Coolidge has also developed "\""arious modifica- 
tions of the original design of tube. In the 
radiator type of tube, referred to above, the 
anticathode is made up of a solid bar of copper, 
whieh is brought out through the glass to a 
copper radiator (Fig, 4). The ht'ad of the 
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FIG. 4.--Radiator T
'pe of Coolidge Tube. 


anticathode consists of a mass of specially 
purified copper, which is first cast in a vacuum 
around a tungsten button, and is then electric- 
ally welded to the stem. In this type of tube 
the great bulk of the heat generated is con- 
ducted away by the radiator, and, as a result, 
it has become possible to make the glass bulb 
very small, a little under 4 in. in diameter. It 
may be added that the type of anticathode just 
d
scribed greatly increases the difficulty of 
exhaustion. In a still more recent model the 
glass walls have been made very thick, about 
a quarter of an inch. One effect of this is, for 
some curious reason, greatly to increase the 
steadiness of the discharge. Lead gla
s is used 
with a thin transparent ,\indow, and the tube 
thus affords protection for the opf'rator. It 
has been found possible to manufacture a 
workable lead glass which affords as much 
protection as one-quarter the same thickness 
of sheet lead. 
In some experimental models Coolidge has 
workf'd with anticathodes cooled by currents 
of water. Such tubes permit enormous X-ray 
outputs. One tube ran continuously for ß8 
hours at 100 milliamperes and 70,000 volts. 
Othf'r tubes have been run continuously for 
many hours at 200 milliamperes. the power 
input being of the order of 14 kilowatts. 
Dou btless this figure "ill be increased as time 
goes on. 
The G. E,C. of America has adopted the 
methods of mass production to the various 
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forms of Coolidgp tube, and is now turning out 
over 100 tubes a day. The bulbs and glass 
parts are blown in moulds at the glass factory, 
and the operation ()f assem hly is carried out 
by girls with the aid of glass- blowing machim's. 
There is one feature of the Coolidge tube to 
whieh reference may 
be maùe. As already 
remarked, in conse- 
quence of the low 
pressure, " sh ock " 
ionisation of the re- 
sidual gas is negligible 
or practicaIly so, and 
the work of carrying 
the current is left solely to the electrons. Thus 
the space between the
 electrodes is filled with 
carriers of one sign, with the result that at high 
CUlTPnt dcnsities there is an appreciable oh- 
structing effect due to electrostatic repulsion 
between the electrons crossing over and those 
following. This" space-charge" sets an upper 
limit to the current through a Coolidge tube at 
high filament temperatures. Thus the current 
through a Coolidge tube may be set an upper 
limit either by the filament temperature or by 
the space-charge. The restricting effect of the 
space-charge can be lessened by raising the 
voltage or by introducing positive ions in some 
fashion, e.g. by a trace of 
gas. In the case of very 
heavy momentary dis- 
charges tungsten vapour is 
produced at the focal spot, 
and this also serves greatly 
to diminish the tube re- 
sistance. 

 (14) LILIENFELD TUBE. 
- The Lilienfeld tube, 
introduced in 1913, and 
since extensively modified, 
may be said to act as a 
combination of hot cathode 
tube and gas tube, and, 
incidentally, is claimed to 
possess the advantages of 
both, In an annexe to 
the main dÜ;charge tube a 
hot cathode is separately 
excited by a moderate 
potentiaL The cJectrons 
pass through a hole in the main cathode and 
are there subjected to a much higher potcntial 
difference before they strike the anticathode 
(Fi!!. 5). Lilienfcld lays stress on the import- 
ance of using a coil discharge (as distinct from 
a transformer discharge) in that it yields higher 
momentary current densities. At high voltages 
(above 120 kv. and up to 170 kv.) the rays after 
filtering through 3 mm. of aluminium are 
statpd to he homogeneous. 

 (1.3) )IETAL X-RAY TüBEs.-From timf' 
to time various experimenters have worked 
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with metal hulbs in an attempt to get rid of 
some of the encrgy limitations imposed by 
glass. Sir Oliver Lodge designed sueh a bulb 
in 1897, and since then Coolidge (Fig. G), 
Siegbahn, and others have made use of them, 
and it is not unlikely that future commercial 
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developments ,,,,ill be on such lincs. Rilica 
bulbs have also been used by Coo1idge and 
other workers. 


III. THE HIGH-POTENTIAL GENERATOR 
The voltages which obtain in practice for 
exciting X-ray bulbs are, roughly speakiûg, of 
the order of up to 100,000 volts for radio- 
graphy and superficial therapy, and up to 
200,000 volts or more for deep therapy and 
metal-radiography. 

 (16) TRANSFOR::\IERS AND IXDUCTION COILS. 
- The high - potential generator is almost 
always a step-up transformer. 1 Less com- 
monly, especially in this country, influence or 
static machines are employed, though they 
would have many advantages if they could be 
sufficiently improved to withstand atmospheric 
humidity. 
It is customary in radiology to speak of 
" induction coils ,. and" transformers," though 
both are varieties of step-up, static, high- 
tension transformers. By an induction coil is 
meant an open-cored transformer which de- 
pends for its action on the interruptions of the 
primary current by an independent break or 
interrupter. By a transformer is implied a 
closed-core transformer fed with alternating 
current (almost always single phase) either 
straight from the main or (in the case of a 
D.C. supply) from the alternating side of a 
rotary converter. Such a transformer may 
be either oil-immersed or have" dry" insula- 
tion. 
The coil ordinarily yields a "peaky" 
potential wave as compared with the approxi- 
m.ately sinusoidal wave form of the trans- 
former. 'Yith either type some sort of valve 
or mechanical rectifier is employed either to 
cut out or invert the half of the high-potential 
wave which would tend to pass in the wrong 
direction through the X-ray hulh. In the 
case of a coil and rotary intcrrupter the 
mechanical rectifier is a commutator mounted 
on an extension of the spinclIe of the inter- 
rupter. In the case of a transformer a ðimilar 
1 ::'ce " Transformers, 
tatic," Y oJ. II. 
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commutator is mounted, either on the shaft of 
a synchronous motor (if A.C. supply is used) 
or on an extension of the shaft of the rotary 
converter, as the case may be. If a valve is 
used instead, there are several types avail- 
able, but choice is practically restricted to 
the hot cathode type such as the Kenetron, 
As already remarked, Coolidge tubes of the 
radiator type are seIf-rectif)ing. 
The initial cost of a transformer outfit is 
approximately twice that of an induction coil 
outfit of corresponding power. A transformer 
outfit is rather more bulky, and any repairs 
are also usually more expensive. On the other 
hand, the efficiency of a transformer is roughly 
b\ice that of a coil (including a break and 
rectifier). Further, o\\ing to the occasional 
vagaries of all interrupters, control is more 
precise and measurements are more definite 
\\ith the transformer, and if A.C. is available 
and we dispense "ith the mechanical rectifier, 
there are no moving parts. Transformers 
produce greater heating effect on the target 
of the X-ray bulb, but this objection is met by 
arranging the rotating commutator so that it 
picks off only the regions round the crests of 
the loops, and thereby eliminates the less 
efficient lower voltages, 
The induction coil is an empirically designed 
instrument, the present-day type of which is 
not fundamentally very different from the 
early models of Spottiswoode, although in I 
detail it differs very considerably. The exact 
measurement of the performance of coils is 
difficult, and, as a consequence, coil makers 
have been led to adopt certain arbitrary 
standards of design which are based chiefly on 
practical experience, Some of the factors 
"hich arise in the design are conflicting, and 
it is in the methods of reconciling necessarily 
antagonistic factors that the skill of the coil 
designer finds chief scope. 
The subject of induction coil design for 
X-ra:,? purposes is a large one, and only certain 
broad conclusions can be touched upon here, 
A transformation ratio of from 30 to 200 and 
an efficiency of 0,3 to O.G are usual figures, 
Some form of sectional \\inding is adopted for 
the secondary coil, allowing about 4000 volts 
for every 1000 turns, and arranging that the 
outside diameter does not exceed 2,
 times the 
bore. The resistance and, more - especially, 
the self-induction of the secondary must be 
kept do" n. The primary should be ca pa ble 
of being connected directly to the 200-voIt 
mains. The capacity of the condenser should 
be no greater than will prevent undue arcing 
in the interrupter. The interrupter should 
run at as high a speed as is expedient, and be 
of adequate design and robust construction. 
About 15 lbs, of iron core should be allowed 
for every kilovolt-ampere input. The core 
may .well have a length in the neighbourhood ' 


of up to 10 times the diameter. The primary 
windings should extend over almost the whole 
length of the core; the secondary "indings 
over not more than the middle three-q uarters, 
though care must be taken that this (the 
length of the secondary) is at least t times 
the maximum spark length. 
The induction coil is essentiallv a shock 
apparatus, and the shock excitati
n method 
of interruption may result in the presence of 
many superposed harmonics in the oscillation 
waves. These harmonics, which ha'
e high 
frequencies (se\Teral thousands a second), are 
reflected in the secondary circuit, where, from 
a practical point of view, they evince them- 
selves in the reluctance "ith which they pass 
through an X-ray bulb. The resulting tend- 
ency to spark across the surface of the tube 
can only be met by lowering the gas pressure, 
by immersing the tube in oil, by lengthening 
the arms, or, of course, by suppressing the 
high-frequency wa'?es before they reach the 
tube. 
This is done in the so-called "symmetrical 
coil" which has been developed i
 Germany. 
In this apparatus two separate coils, mounted 
vertically side by side, have their secondaries 
connected in series, and also their primaries. 
In the two connecting leads between the 
secondaries are inserted a gas X-ray bulb in 
the one and an enclosed rectif}ing spark gap 
in the other. On each side of the spark gap 
and in series "ith it is a high resistance (water). 
The self-induction of the secondary circuit is 
low, but the resistance is very high and serves 
I to damp out the high-frequency oscillations. 
The spark gap helps to enhance the break- 
down potential of the gas bulb. High voltage 
(200,000) and low current (2 to 3 m.a.) are 
aimed at. An annular air space beh, een 
}Jrimary and secondary assists natural cooling. 
A mercury break (rv = 47) is used. 
Interrupter8.-
Iuch of the progress that has 
been made \\ith the performance of coils has 
resulted from the proper selection of inter- 
rupter. The hammer break, the accompani- 
ment of most of the earlier coils. is now rarely 
fitted. The majority of present-day inter- 
rupters are of the motor-driven type, which 
employ mercury in a dielectric either of coal 
gas or a liquid such as paraffin oiL A. large 
proportion of mercury interrupters are of the 
turbine variety, in which a jet of mercury is 
pumped against a series of rapidly revoh-ing 
-vanes. 
The electrolytic or \f ehnelt interrupter still 
finds favour" ith some workers. In the usual 
form it consists of two electrodes immersed in 
dilute sulphuric acid. The cathode is a large 
lead plate, the anode consisting of one or more 
platinum points. the exposed amount of which 
may be controlled by an adjustable porcelain 
sleeve. 



602 


RADIOLOGY 


There is still scope for much work on the 
design of interrupters, which may fairly be 
said to be the most untrustworthy feature of 
a present-day coil outfit. A large amount 
of energy i5 wasted in the 
interrupter, especially with 
hea vy currents. 


of characteristic lines. Preceding this is a 
table uf lattice-constants for several crv
tals on 
which extended measurements ha"\'"e be
n made. 
(ii.) X-ray Bpectra.-Up to now, about 16 


LATTICE-COXSTANTS OF ('RYSTALS 


Crystal, La.ttice-collstant. Observer. 
X 10- 8 em. 
Rock salt, NaCI . 2.8140 ,Yo L. Bragg, Roy. Soc. 
Proc., 1913. 
Calci te (cleavage face), 
CaCO a 3 -0290 Sieg balm, Phil. .Mag" 
1919. 
Potassium ferrocyanide, 
K4Fe(CNk3H20. 8.408 " " 
Gypsum, CaSo4.2H20 7.ü21 " " 


IV. THE :\IEASUREl\IENT OF 
X-RAYS 
The output from an X-ray 
bulb must be specified with 
respect to ( 1 ) mean wa ve- 
length, quality, or hardness, 
and (2) intensity, i.e. quantity 
of rays per unit area. 
The problem is complicated 
somewhat by the existence uf 
two distinct types of radiation--( 1) a general 
spectrum of X-rays with a large range of 
wave-lengths; (2) the "characteristic" or 
" monochromatic" rays which are wholly 
characteristic of the metal of the anticathode. 
The proportions of these two classes depend 
on the conditions of discharge and on the 
material of the target. The characteristic 
radiations only appear when the exciting 
cathode rays are sufficiently fast. There is, 
in fact, a critical voltage for each metal, which 
is required in order to excite the characteristic 
rays, and the proportion of these rays in- 
creases rapidly as the voltage is raised above 
this critical limit. 

 (17) :METHODS OF .MEASURING QUALITY OR 
HARD)I'ESS.-The range of qualities of X-rays 
is very wide, em bracing several octaves. 
(i.) JVave-length.-'Ye now know that the 
hardness, or penetrating power, of an X-ray 
is precisely defined by its wave-length-the 
shorter the wave-length, the harder the ray. 
The most precise means of measuring the 
quality of X-rays is by the crystal spectro- 
meter. :\leasurements show that the majority 
of the wave-lengths of the X-rays, so far ex- 
amined, lie bet\veen 10- 7 and 10- 9 cm. 
The subject is dealt with elsewhere, but it 
has been shown by the Braggs, .Moseley, and 
others that measurements of the diffraction of 
X-rays by crystals can be made to yield the 
wave-length of X-rays as well as the dimensions 
of the lattice-constant of the crystal concerned. 
It may briefly be mentioned that in any 
crystal the atoms are regularly disposed in a 
network of intercrossing groups of planes, 
e
Jch of the planes in a group being parallel to 
and equidistant from its like neighbouring 
planes. The lattice-constant of a crystal is 
the distance separating the main atomic planes 
parallel to some specified crystal face. 
In view of their importance in X-ray 
measurement we give below a table of X-ray 
wave-lengths for the three main series (K, L, 1\1) 


lines have been found to be associated with the 
characteristic X-ray spectrum of each element. 
Three series of lines are known at present-the 
K, L, and 1\1, of which the K has the highest 
frequency. It has also been claimed that a ,J 
series exists, but the evidence needs confirma- 
tion. The K series contains at least 4 lines, a, ß, 
'Y, ò (some of them doublets), of which the ò line 
has the highest frequency. The L series con- 
tains probably 3 groups of lines, each group 
similar to the K series. 
The values of the wave-lengths of the prin- 
cipal lines are given in the tables in AngstrÖm 
units, It should be noted that all the values 
rest on \V. L. Bragg's estimate of the lattice- 
constant of rock salt (see above). 
(iii.) Absorption Coeffi('ìents.-A very usua.l 
method of determining the quality of X-rays is to 
measure their absorption in a standard material 
such as aluminium. Aluminium is commonly 
chosen because it is readily procurable in con- 
venient form, and, so far as is known, does not, 
in the majority of cases, complicate matters by 
superposing a characteristic radiation. 
Now it is found that if all the rays, both 
entering and leaving a 'plate of material, are 
homogeneous (that is, wholly of the same 
quality), then the rays are a bsorbC'd ex- 
ponentially by the plate, i.e. if 1, 2, 3. . . similar 
sheets are successively introduced, each addi- 
tional sheet absorbs the same fraction of what 
it receives. In other words, if there is no 
" scattering" or transformation of the X-rays, 
and if fJ-X is the fraction of the intensity which 
is absorbed when the rays pass normally 
through a very thin screen of thickness x (em,), 
then for a plate of thickness d (em.) 
1= 10' e-/l- d , 
in which 10 is the intensity of the beam when 
it enters, and I that of the beam whpn it IC'avcs 
the screen, e ( = 2,72) is the base of the hypC'r- 
bolic system of logarithms. fJ- is termed the 
linear absorption coefficient. 
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K SERIES (PRI:\"CIl'-\L LrllE
) 


At. 
o. Element. al/. I ala ßl' ß2' Ob:;erver. I 
- 
x 10- 8 em. x 10- 8 em. x 10- 8 em x 10- 8 em. 
11 Xa . . 11.95 . . . . Siegbahn and Stenström, P.Z., July 19lG. 
12 
1g 9.92 9.48 . . " " 
13 Al , . 8.36 7.99 . . " " 
14 Si . . 7.13 6.76 . . " " 
15 P . . 6.17 5.81 . . " " 
16 S . . 5.3û 5.02 . . " " 
17 Cl , . 4.7187 4.39 . . Siegbahn, P..Jl" June 1919, 
19 K . . 3. ,339 3..1-174 . . " " 
20 Ca . . 3.3519 3.mr;9 . . " " 

1 Sc . . 3.0253 2.7745 . . " " 
o}.} Ti 2.,46 2.742 2,;")09 2.492 Siegbahn and Stenström, P.Z" July 1916. 
23 ,- 2.502 2.498 2.281 , , " " 
24 Cr . . :! .2832 2.0814 . . Siegbahn, P.JI., June 1919. 
C)- l\1n 2.097 2.093 1.902 1.892 Siegbabn and Stenström, P.Z" Feb. 19lG. 
_<J 
2t) Fe . , 1.9324 1.,540 . . Siegbahn, P..JI., June 1919, 
o}- Co 1.7832 l.ül,6 
-I . . . . " " 

8 Ki . . 1.6347 . . . . " " 
29 Cu . . 1.5374 1.3895 . . " " 
30 Zn 1.437 1.433 1 .294 1.281 Siegbabn and Stenström, P.Z., Feb. 1916. 
32 Ge 1.261 1.257 1.131 1.121 " " 
39 y- . . 0.833 . . . . Moseley (corrected), P,.Jl., April 1914. 
40 Zr , , 0.790 , . . . " " 
41 Kb . . o .741} , , . . " " 
42 )10 . . 0,,17 , , . . " " 
44 Ru . , 0.635 . . , , ,. " 
45 Rh 0.6164 0.6121 0.;")4,53 0.5342 Duane and Hu, P.R., 1919. 
46 Pd 0.589 0.383 0,516 . . Bragg. 
4, Aa 0.5G2 0.557 0.493 . . " 
0 
48 Cd . . 0,537 0.475 . . Siegbalm. D.P.G. V., 1916. 
49 In . . 0.506 0.454 . . " " 
50 Sn . . 0'48li 0.432 . , " " 
51 Sb . . 0.469 0.416 . . " " 
52 Te . . 0.456 0.404 . . " " 
53 I . . 0.-137 0.388 . . " " 
56 Ba , . 0.388 0,344 . . " " 
7-1 W 0.2135 0':W89 0.1844 0.1794 Siegbahn, P.JI., Nov. 1919. 
92 U . . 0.1.3 0.10 . . I " " 


L SERIES (PRIXCIPAL LIXES) 


At. Xo. I Element.' ag. ala ßl' I ß2' "1' Obsener. 
I 
-- - 
X 10- 8 em. x 10- 8 em. x 10-ii em. x 10- 8 elll, x 10- 8 eIll. 
30 Zn . . 12.35 . , . . , , Friman, P.JI" XOY. 1916, 
33 As . . 9.,01 9.4-19 , , . . " " 
35 TIr . . 8.391 8.141 . . . . " " 
37 Rb . . 7.335 7.091 , . . . " ,. 
38 Sr . . 6.879 6.639 . . , . " " 
39 Y . . 6.46-1 6.227 . . . . " " 
40 Zr . . 6.083 5.851 , . 5,386 " " 
41 Xb 5.731 5.72-1 5.-193 5.317 . . " " 
42 .lUo 5.-110 5.-103 5-17.3 . . . . ,. ,. 
44 Ru 4,853 4.84.3 4.()30 . . . , " " 
45 Rh , . 4.596 4.372 . . . . " " 
-16 Pd 4.374 4.363 4.1-12 3.903 3.720 " " 
-17 Ag 4.156 4-1-1li 3-929 3.li08 3.515 " " 
48 Cd 3.9:,9 3.949 3.733 3.514 3.331 " " 
I 49 In 3.774 3.766 3.550 3.335 3.1UO " " 
5f) Sn 3-U04 3.59-1 3.381 3.172 2.999 " " 
I 


D,P,G. V., Verh. der Deutsch. PIlJls. Gcstll... P.JI., Phil. Jlag... P.R., Pliys. Rel'. 



604 


R
\DIOLOGY 


L SERIES (PRI:YCIPAL LI:NES}--Continued. 


At. 
o. Element. a
. aI- I fl. ß2. "1' Observer. 
x 10-'; em. x 10- 8 em. < 10- 8 em. 10- 8 em. 10- 8 em. 
51 Sb 3.443 3.434 3..}o)'") 3.u:!1 2.84
 Friman. P.JJI., Kov. 1916. 
5
 Te 3.:W9 3.2UO 3.074 2.881 2.712 " " 
53 I 3.15" 3 .I-!û 2.934 2.750 2.583 " " 
55 Cs 2.899 2.891 2.û84 2.514 2 .3;)0 " " 
56 Ba 2.786 2.776 2.5G9 2.407 2.245 " " 
57 La 2.G74 2.ûû5 2.461 2.307 2. 14G " " I 
58 Ce 2.573 2.5û3 2.359 2.212 2'05:! " " 
59 Pr 2.47
 2.462 2.259 2.12U 1.958 " ,. 
üO 
d 2.379 2.3ÛU 2.lü7 2.03û 1.875 " " 
62 Sa 2.210 2.200 2.0ú0 1.8b-! 1.725 " " 
ü:J Eu 2.131 :!.121 1.918 1.810 l.üG:! " " 
G-! Gd 2.034 2.043 1.844 1.744 1.597 " " 
65 Tb 1.983 1'97

 1.77;") I.GS2 1.5
H " " 
6G Dy 1.9lü 1.907 1.709 l.û22 1.470 " " 
G7 Ho 1.834 1.843 l.û46 1.5û8 1.4l!') .. .. 
G8 Er 1.794 1.783 1.,)8û 1.514 1.3û7 " " I 
70 Yb I.G81 l.û70 1.474 1.414 1.267 " " 
71 Lu 1.629 I.GI9 1.421 1.3li8 1.224 .. " 
73 Ta 1.528 1.518 1.323 1.280 1.135 Sicgbahn and Friman, 
P.JI., July Wilt 
74 \Y 1.4845 1.473õ 1.2792 1.2419 1.0955 Sieg balm, P.JI., Ko\". 
. 1919. 
7G Os 1.398 1.388 1.194 l.lü7 1.021 f'iegbahn and Friman, 
P.JI., July 19lü. 
77 Ir 1.3ÛO 1.350 1.154 1.13:J 0'989 " " 
78 Pt 1.323 1.313 1.120 1.101 0.958 " " 
79 Au 1.283 1.271 1.080 I.Uû;) 0.92::! ., . " 
80 Hg 1.251 1.240 1.049 1.042 0.89G " " 
81 Tl 1.215 1.203 1.012 1.006 u.8G4 " " 
8
 Pb 1.18û 1.175 0.983 0.983 0.842 " " 
83 Hi 1.153 1.144 0.950 0.954 0.810 " " 
84 Po . . l.lU9 0.920 . . . . " " 
88 Ra . . 1.010 . . . . . . " " 
90 Th 0.969 u.957 0.766 0.797 0.654 " " 
9
 U 0.922 0.911 0.720 0.756 0'û15 " " 


1\1 
ERIES (PRINCIPAL LINES) 


At. 
o. Elemput. a. 
. ". ð. Oh:-;ervpr. 
- 
.10- 8 em. x 10- 8 em. x 10- 8 em. x 10- 8 em. 
Au 5.838 5.G23 , 5.348 5.146 } F:iegbahn, D.P.G. r., WIG. 
79 l 5.284 5.102 
81 Tl 5'479 5.25û . . 4.82û " " 
82 Pb 5.303 5.095 4.91( ?) 4.69,) " " 
83 Hi 5'117 4.903 ( 4.72li 4.532 \ 
t 4.5GI 4.45G j " " 
90 Th 4.139 3.941 { 3.812 
 
l 3.G78 J . . " " 
92 U 3.903 3.715 3.480 ( 3.3G::J \ 
l 3. :t
4 f " , 


D.P.G. V., J erh. der Deutsch. Phys. Gesell.,' P.JJI., Phil. Jlag.. 


It follows that p- = (2.3/d)(log III ....: log I); thp 
logarithms being to base 10, If in a set of 
observations with homogeneous rays, log I is 
plotted as ordinate againHt d, the graph is a 
straight line and p- is 2.3 tilll('s the slope of 
the line. 


""'ïth ordinary }wterogeneous rays, /.I. is 
greater for thin scr('cns than for thick, and RO 
we can only deal \vith an average p-, which, 
however, varieR more and lllore slowly as the 
screen becomes thicker (Fig. 7). 
The logarithmic eurve of aLsorption for 
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heterogeneous rays, such as are given out bY' 
an ordinary X-ray bulb, is not a straight line, 
but a curve which is steeper for thin screens 
than for thick (Fig. 8), For a method of 
finding analytically the absorption coefficients 
of the constituents of a complex beam of rays, 
see J. 
T. Thomson, Phil. Jlag., December 
191.3. 
In the case of the characteristic radiations, 
an element exhibits a maximum transparency 


o 5 10 15 20 25 30 35mm. 
Thiclmess of Aluminium 


FIG. 7. 


for each of its own characteristic radiations. 
For slightly harder rays than these, the absorp- 
tion rapidly increases; the rays characteristic 
of the screen are produced and superposed 
on the transmitted rays to an extent which 
diminishes as the incident rays are increasingly 


....:-,. I I 
I 
5 
0- 

- 


FIG. 8. 


hardened. For incident rays 
ofter than the 
critical type, no characteristic rays are pro- 
duced. TllU
, as the incident rays are gradu- 
ally hardene({, the transmitted rays reach a 
maximum intensity when the incident rays 
are of the same quality as each of the charac- 
teristic rays in turn. 
...-\. large value of p. corresponds to easily 
ab
orbed rays, and a small one to very pene- 
trating rays. p. also varies with the nature 
of the absorbing screen, so that it is necessarv 
to specify the-material used. For medic
l 
purpose
, it has recently been suggested that 
water should be chosen as the standard ab- 
sorbing medium, since the absorpti,e power 
of water agrees closely with that of animal 
tissue. 
Some workers prefer to think in terms of 


the thicknes
 D, which reduces the intensity 
to half ,-alue. D is connected with p. by the 
e
pression D =0.69,'p.. A notion of the order 
of ,alues of p. may be got from the fact that 
for an X-ray beam of average hardness P.AI 
lies between 4: and 8 c
, -1; for hard rays 
between 2 and 4: em. 1. p. for fatty tissue 
,-aries from about 0.4 for hard rays to O' 7 for 
medium rays, 
A more fundamentally important constant 
is obtained by diyiding the ab:;;orption co- 
efficIent (p.) by the density (p) of the absorbing 
screen. This quantity, p./p-usually called the 
mass-absorption coefficient-gi,-es a measure 
of the absorption per unit mass of the screen 
for a normally incident pencil of rays of unit 
cross-section. Since it is mass alone that 
affects absorption, at any rate as determined 
by the usual methods of measurement, it is 
ordinarily more con\-enient to use ma&:i co- 
efficients than linear coefficients. 
If, as was at one time supposed, the absorh- 
ing powers of different materials were truly 
proportional to their den:;;ities, then for the 
same rays p./p would be a constant, no matter 
what the substance used as screen. In point 
of fact, dense substances an" a good deal more 
absorptive, mass for mass, than light, and p./ p 
increases rapidly \\ith the atomic weight of 
the screen. The increasp is more noticeable 
with hard rays than "ith soft. 
The accompanying table gives a series of 
values connecting wave-lengths and absorption 
coefficients in aluminium, derived from the 
results of Rutherford, Bragg, .:\Ioseley, and 
Barkla. A scrutiny of these results shows that 
if p. is the absorption coefficient and X is the 
wave-length, then, when the effect of scattering 
has been allowed for, 
p.= k
,n, 
where k is a constant, and n lies between 5/! 
and 3. 


Wave-length À. ,.,.!pAl. Wa\"e-length À. ,.,./ pAl, 
1 X 10- 9 em. 0.04 12", 10- 9 em. .,.") 
-- 
2 " 0.21 13 " 
8 
3 " 0,57 14 ,. 35 
4 " 1.;'?O 15 " 43 
5 ,. 2.10 16 " 51 
6 " 3.3 17 .. 61 
7 " 4.8 18 " 72 
8 " 6.6 19 .. 83 
9 " 8.9 
o " 95 
10 " 1'") .'-' 21 " lOð 
11 16.5 ,").") .. 120 
" 



 (18) THE SPEED OF THE C-\.THODE RAYS.- 
If the exciting voltage is uniform and a mag- 
netic field be applied to the cathode rays. the 
band of rays is deflected as a whole to an 
extent dep
ndlC'nt on the magnetic field and 
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the speed of the cathode rays. If the exciting 
voltage is pulsatin
, and a similar experiment 
be tried, a magnetic spectrum of cathode rays 
is formed, the least deflected band of rays 
corresponding t.o the highest speed rays which 
owe their velocity (v) to the maximum voltage 
(V) applied. 
Since the energy of the electron is equal to 
the work done in expelling it, we have 
!mv 2 = Ve, 
where e and m are respectively the electronic 
charge and mass. Substituting the accepted 
value of elm 


Y = 2'811 2 . 10- 16 , 
where Y is in volts and v is in cm. per sec. 
It is thus possible by measuring v by means 
of the magnetic deflection in a known field to 
arrive at the value of V. 

 (19) THE" QUANTU:\I LIMIT" TO THE X- 
RAys.-The X-ray spectrometer has brought 
out the truth of a remarkably simple relation 
bet\veen the voltage applied to an X-ray bulb 
and the shortest wave-length emitted. It is 
now well knmm that, no matter whether the 
exciting voltage is constant or pulsating, a 
spectrum of X-rays is generated containing a 
",ide range of wave-lengths. This spectrum is 
terminated very definitely at the short-
ave 
100 
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.8 


end (Fig. 9) at a point determined by Planck's 
quantum 1 relation 


Ve = hv, 


where 


V is the maximum voltage applied, 
e is the electronic charg(', 
h is Planek's universal constant, 
v is the frequency of the limiting wave. 
Suhstituting the accepted valuf's of the con- 
stants in the above equation, we have 
Voltage = 12,400/wave-Iength in A. U. 
It is obviou-B that the X-ray spectrometer can 
thus be utilised in some convenient form as a 
means of mea
mring the maximum effectivc 
voltagf' applied to a tube. 

 (20) THE :\IAXDIU}I RPARK GAP.-TIH' 
maximum voltage appJif'd to a tube is most 
1 
ee " Quantum Theory," 
 (1). 


commonly measured by means of the alter- 
na.tive spark gap between points or spheres, 
Some experience is necessary, especially in the 
cage of a gas X-ray tube, where the ml'thod 
tends to gi \Te too high values, especially \\ ith 
puls3.ting potl'ntials. In the case of Coolidge 
radiator tubes excited by unrectified alternat- 
ing potential, the spark gap wiH register the 
" inverse." voltage rathl'r than the lower 
" effective" voltage. 
The work of l>eek and others has shown that 
a spark gap between spherical electrodes of 
equal size is preferable to that between points. 
The spark between points is now gen
rally 
discredited for' high voltages on account of 
its inconsistent dependence on atmospheric 
humidity and frequency of discharge. By 
reason of its time-lag, its readings may be 
largely in error, in the case of high-frcquency 
steep impulses. 
On the other hand, frequl'ncy and wave 
shape have no appreciable effect in the case 
of the sphere gap, and the effects of variation 
in the atmospheric conditions are well known, 
and can be readily corrected for. 
The size of the sphercs is im port,ant. A 
good rule is not to use a gap bigger than the 
diameter of either of the balls, though some 
latitude may be permitted in this direction. 
The main point is to avoid the break-down 
discharge being preceded by brush-discharga 
or corona, otherwise a pulsating discharge ,\ ill, 
in general, give gap readings much too high. 
'\Vith the above precaution, a sphere gap is 
capable of measuring (peak) voltages from, 
say, 10.000 volts to 500,000 to an accuracy of 
about 2 per cent. 
The table below is based on Dr. A. Russd],s 
formula and incorporates the latest result.s of 
the American Institute of :Electrical Engineers 
(1918). It includes also, for convenil'nce, a 
column of figures for a needle point gap (No. 00, 
new sewing needles) which furnish a rough 
notion of the volt.ages for an instrument which 
is still much used. The A,I.E.E, recommend 
that for voltages above 70,000 (and preferably 
above 40,000) a sphere gap should always be 
employed. 
The gap should not be exposed to any 
extraneous ionising influence, such as an arc 
or an adjacent spark, nor should the gap },e 
enclosed. The first spark is the one for "hich 
the reading should be taken. The use of a 
water resistance in series with the gap will 
prevent arcing and pitting of the spherl' sur- 
faces. 

 (21) SPARK-GAP VOLTAGES AT 7GO 1\1:\1. 
PRESSURE AND 2:;0 C. - "'here any gap is 
being used outsidl' its rccommcmll'd Jimits, 
the figurcs are shown in bracket.s. Thl' bla.nk 
spacl's indicate that the gap is no longl'r suit- 
able. The gaps are givl'n to thrl'l' significant 
figures for interpolation purposl'R. 
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TABLE A 


Kilo I Diameter of Spheres. 
Y olts I 
(peah). K eedle Points. 2.5 em. 5 em. 10cm. 2:> rID. 50 em. 
eID. gap. in('he
 gap. em. gap. em. gap. em. gap. em. gap. em. gap. 
5 (0.42) (0.17) (0.13) (0'15) (0.15) (0.16) (0'17) 
10 (0.85) (0.33) 0.27 0.29 0.30 0.32 0.33 
15 1.30 0.51 0.42 0.44 0.46 0'48 0.50 
20 1.75 0.G9 0.58 0.60 0.62 0.64 0.G7 
25 2.20 0.87 0,76 0.77 0.78 0.81 0.84 
30 2.G9 1.00 0.95 0.94 0.95 0.98 1.01 
35 3.20 1.:W 1.17 1.12 1.12 1.15 1.18 
40 3.81 1.50 1.41 1.30 1.29 1.32 1.35 
45 4.49 1.77 1.68 1.50 1.47 1.49 1.52 
50 5.20 2.05 2.00 1.71 1.65 I.G6 1.69 
60 6.81 2.68 2.82 2.17 2.02 2.01 2.04: 
70 8.81 3.47 (4.05) 2.G8 2.42 2.37 2.39 
80 (II.I) ( 4.3G) . . 3.2f1 2.84 2.74 2.75 
90 (13.3) (5.23) . . 3.94: 3.28 3.11 3.10 
100 (15.5) (G.IO) . . 4.77 3,75 3.49 3.46 
110 (17.7) (G.96) . . 5,79 4.25 3.88 3.83 
120 (19.8) (7.81 ) . . (7.07) 4.78 4.28 4.20 
130 (22 '0) (8.65) . . . . 5.35 4.69 4.57 
140 (24:.}) (9.48) . , . . 5.97 5.10 4.94 
150 ( 2G . I ) (10.3) . . . . 6'G4 5.52 5,32 
lGO ( 28.1 ) (II.l) . . . . 7,37 5.95 5.70 
170 (30'1) ( 11.9) . . . . 8.16 G.39 G.09 
180 (32.0) (12.6) . . . . 9.03 6.84 G.48 
190 (33'9) (13.3) . . . . 10.0 7,30 G.88 
200 (35.7) (14.0) . . . . II.l 7.7G 7.28 
210 (37.6) (14.8) . . . . (12.3) 8.24 7.68 
220 (39.5) (15.5) . . . . (13.7) 8.73 8.09 
2:{0 (41.4 ) (16.3) . . , . (13.3) 9.24 8.50 
240 (43'3) (17 '0) , . . , , . 9,76 8.92 
250 (45.2) (17 .8) . , . . . . 10.3 9.34 



 (22) CORRECTIO
 FOR DE5SITY OF AIR.- 
Applicable only to sphere gaps. The follow- 
ing table gives the relative air density under 
different conditions. The figures are relative 
to dry air at 2,')0 C. and 760 111m, pressure: 


TABLE B 


Temperature Pressure Pr{'ss lire Pressur{' Pres!'ure 
oe. 720 rom. 740 rom. ;60 mm. 780 rom. 
0 1.0.! 1.06 1.09 1.12 
10 1.00 1.02 1.03 1.08 
20 I 0.96 0.99 1.02 1.04 
30 0.93 0.96 0.98 1.01 


'Yithin the limits of the above table the 
correction factor for a sphere gap agrees sub- 
stantiallv with the relative air density. Thus 
for a gi,=en length of spark gap, the tabulated 


kilo-voltage in Table A must be multiplied by 
the appropriate correction factor in Table B. 
Alternatively, to calculate the gap whieh "ill 
just be sparked over by some specified voltage, 
the voltage must first be divided by the 
appropriate correction factor before Table A 
is used. 
It will be seen that under normal conditions 
the correction is small or negligible, 

 (23) PE5ETROMETERS. (i.) Benoist Penetro- 
meter.-Among medical men Benoist's radio- 
chromometer or penetrometer enjoys extensi,ye 
use as a measurer of hardness. It consists of 
a thin silver disc O'}} mm. thick, surrounded 
by twelve numbered aluminium sectors from 
1 to 12 mm. thick. The X-rays are sent 
through the instrum('nt. and tll(' 
bservations 
consist merely in matching on a fluorescent 
screen or photographic plate the image cast 
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by the sih
er disc against the images of the 
a.luminium plates: the thickness of the match- 
ing sector increa.ses with the ha.rdness of the 
rays. A notion of the discharge IJutentia.l 
across a tube may be got from the very rough 
relation that the voltage is from 8000 to 10,000 
times the Benoist reading of the X-rays. 
(ii.) TValter Penetrometer.- This consists of a 
number of holes in a lead disc, which are 
covered by a sequencp of platinum discs of 
gradually increasing thickness. 
(iii.) Christen's llalf-mlue Penetrometer.- 
Christen adopts as a definition of quality the 
thickness of a byeI' of water (or, in actual 
practice, bakelite), which will reduce the in- 
tensity of a beam of rays to half its original 
value. 
The rays are sent through a stepped wedgp 
of bakelite, alongside which is a perforated 
metal plate, This provides a standard of 
reference on a fluorescent screen, the two 
image8 being side by side. The holes in the 
plate are so designed that the area of the 
metal removed equals that which remains, so 
that the plate by this mea.ns reduces the 
intensity uf a beam of rays to half-value. The 
holps are small enough to produce uniform 
illumination on a screen placed a short distance 
behind the plate. 
* (24) QUALE\IETERS.-(i.) Bauer QualÙneter. 
-This is a type of semi-electrostatic volt- 
meter, which serves to measure the potential 
difference between the electrodes of a tube. 
(ii.) Xli ngelfuss Quali meter consists of an 
auxiliary search coil and electrostatic voltmeter. 
The instrument works similarly to the Bauer. 
The hardness-numbers of the various pene- 
trometers are all much the same as Benoist's, 
except those of 'Vehnclt, which are 50 per cent 
bigger for the same quality of rays. 

 (25) METHODS OF 
h
ASURI
G INTENSITY. 
-The intensity of thp X-rays at a particular 
point is defined as the energy falling on one 
square centimetre of a receiving surface passing 
through the point and placed at right angles 
to the surface, The question is thus on all 
fours with that of illumination with visible 
light, and the need of a unit of '- candle- 
pO\\er" in X-ray work is becoming pressing. 
The work of a number of experimenters with 
the X-ray spectrometer has shown that the 
pnergy E emitted per second by an X-ray bulb 
may be written 


E=kNiV2, 


where 


V is the voltage on the tube, 
i i'! the current through the tube, 
N is the atomic number of the target, 
k is a C'onstant. 
The value of k will dppend on whether a gas 
or a hot-catho(}P tuhe is employed, and also 
on the typc of exciting potential. The above 
expression refers only to the general or " white" 


X-radiation. If the voltage is such as to excite 
the characteristic radiations, the voltage comes 
in as a higher-powered tf'rm than Y2, and thp 
efficiency increases correspondingly. 

Ieasurements of the value of k have been 
made, and result in showing, unfortunately, 
that the efficiency of an X-ray bulb is dc- 
plora bly small, of the order of I part in 1000. 
The chances that a cathode ray will ultimately 
come into suitable conflict with some atol
 
and so generate an X-ray are slight. ,re 
raise those chances by increasing either the 
exciting voltage or the mass of the atom of 
the target. 
The X-ray emission is virtually àistributed 
over a sphere, or, more practically, over a 
hemisphere, since the target blocks out most 
of one half of the sphere of radiation. 
Thus the intensity (comprising all wave- 
lengths) falling on a square centimetre at dis- 
tance d from the anticathode may be written 
kNiV 2 
(fi- 
If the length of exposure is t spcs. the total 
amount of energy received becomes 
kN iV 2t 

. 
It is apparent that we can basp on this relation 
a system of X-ray intensities and "doses," 
provided we can measure i and V and be 
certain to what extent each is effective in 
generating rays which are of practical utility. 
In pra('tice we almost always filter out the 
long waves, and we shall need then to know 
the new value of k, so as to correct for the 
proportion of i which is not usefully employed. 
The measurement of all the terms in the above 
expression, except perhaps i and V, offprs no 
difficulty. i can be measured by a milli- 
ammeter of suitable design, which even with 
rapidly pulsating currents appears to indicate 
the mean current, as has bepn verified by the 
use of the voltameter and oscillograph. 
The mea,surement of V has already been 
referred to above. If the exciting potent.ial 
is constant, it can be measured by a resistance 
type of voltmeter in series with a high resist- 
ance. If the potential is fluctuating, recourse 
will usuaJly be had to the sphere spark gap. 
The voltages are mostly too high for an plectro- 
static voltmeter. 
In addition to the above method. the radio- 
logist has employed a variety of means of 
measuring the intcnsity of X-rays at Rome 
selected point in the hea,m. To this rnd on(' 
or othpr of the properties of t.he rays have 
been utiliRed-heating, ionising, photographic, 
fluorescing, or chemical. 
The heating pfleds are minntp ancl the 
method is only fitted for thp resea.rch 
Jaboratory. 
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(i.) loni8ation J[ etlwr!s.--\Yhen X-rays pass 
through a gas they impart to it a temporary 
electrical conducti,
ity, the extevt of which 
depends on the number of ions formed and 
thus on the amount ,.)f energy absorbed in the 
gas. An ionisation method of evaluating 
X-rays thus resoh-es itself into the measure- 
ment of a minute rlectric current. For this 
purpose an electroscope or electrometer is 
commonly employed, and the delicacy and 
convenience are such that the method has 
found almost universal acceptance among 
research workers. 
But in medical radiology the method is 
only beginning to find favour, more especially 
in deep therapy. The iontoquantimeter of 
Szilard was one of the first instruments to be 
designed on this basis. In its most recent 
development a part of the quantimeter is 
sometimes actually introduced into the 
affected organ, and the rays measured which 
are actually received at the pOÍI t concerned. 
The ionisation method is unapproached in 
sensitiveness by any other method; it does 
not depend dominantly upon any selective 
process, and it is reasonable to anticipate that 
some unit of dosage thus developed and 
connected maybe with the accepted radium 
standard will ultimately receh-e recognition 
as a standard. 
(ii.) Photographic. and Fluorescence J.lletlwds. 
-Photographic plates record only about 1 per 
cent of the energy of the X-rays, but neverthe- 
less a method of measuring intensity by this 
means has been developed and finds favour 
with some workers. 
As is the case "ith most types of intensit
 
meters the short-waved ravs are recorded 
disadvantageously compared "ith the soft 
rays. Furthermore, a photographic film be- 
trays marked selective absorption, and the 
photographic effect may be quite misleading 
in consequence. 
To the worker "ith limited resources the 
photographic method of measuring intensity 
offers advantages because of its simplicity. 
Some form of opacity-meter for obtaining 
a measure of the density of the image is 
the chief requirement. The opacity meter 
measures the extent to which a standard 
beam of light is cut do-wn by the photographic 
film whose density is required. If 10 is the 
intensity of the (homogeneous) testing light 
which is incident on the developed film, and 
It that of the transmitted light, then, if p.X 
is the fraction of the energy which is absorbed 
by a very small thicknes!'!. x, of the film, 
It = Io
 - JLrl, 
where d is the thickness of the film. The film 
i
 assumed to be equally dense throughout its 
thickness. 
For films of uniform thickness, d is constant, 
VOL IV 


so that J.L is proportional to log (Io/It). J.L is 
called the absorption coefficient; (Io/It) is 
known as the opacity, and mea3Ure'3 the 
number of times the incident light is cut down. 
Log (Iol It) is termed the oVacity logarithm. 
The transparency is the reciprocal of the opacity. 
.xow, by definition, J.L is proportional to the 
density of the image-i.e. to the amount of 
silver per unit area of film. Thus the ratio 
of two opacity logarithms gives the ratio of 
the film densities, and therefore the ratio of 
the photographic energies in the two cases. 
The opacity meter is graduated to read 
directly in opacity logarithms. 
In fluorescence methods the luminosity is 
matched against some standard fluorescence 
e
cited by a steady source of radiation such as 
radium. The drawback to such methods is 
that the fluorescing salt becomes "tired" 
under the action of the rays. The sensitivity 
of a screen may also vary considerably from 
point to point, so that it is difficult to make 
a fair comparison. Barium platinocyanide is 
the material commonly used to sensitise a 
fluorescent screen. This salt, which has the 
formula BaPt{GN)!, 4H z O, exists in three 
different forms, of which the green crystal- 
line variety is by far the most efficient for 
fluorescing purposes. 
(iii.) Chemical and Other JlethoM.-In the 
therapeutic use of X-rays, various chemical 
reactions brought about by the rays have 
been suggested and employed from time to 
time as aids to .. dosage"; for example, 
the discolouring of various alkaline salts 
(Holzkuecht, 1902); the liberation of iodine 
from a 2 per cent solution of iodoform in 
chloroform (Freund, 190ô; Bordier and 
Galimard, 1906); the dar1.ening of a photo- 
graphic paper (Kienböck); the precipitation 
of calomel from a mixture of mercuric chloride 
and ammonium oxalate solutions (Schwarz, 
1907); and the change of colour of pastilles 
of compressed barium platinocyanide (Sabour- 
aud-Xoiré and Bordier). X-rays resemble 
light in their property of lowering the electrical 
rebistance of selenium; this property, Ü the 
pronounced fatiguing of the selenium could 
be overcome, would doubtless furnish the 
basis of a very convenient method of measure- 
ment, though FÜrstenau in his intensimeter 
claims to have got over this difficulty. It 
must be admitted that most of those methods 
provide little more than the roughest notion 
of the intensity of a beam of ordinary hetero- 
geneous X-rays. 
Of all the various intensity-measurers, the 
pastille finds most fa\Tour with medical men. 
The barium-platinocyanide discs are some 
;) mm. in diameter, and their colour, Ï-Jlitiallr 
a bright green, changes, \\ hen exposed to the 
rays, to a pale yellow, and finaHy to a deep 
orange. The pastille is placed at a specified 
2R 
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distance from the anticathode of the bulb, 
and the colour is matched against one of a 
number of standard tints, The method is 
easy in practice, and i
 fairly reliable as a guide 
for short exposures, but it is not trustworthy 
for heavily filtered or very penetrating rays. 
The pastille method is defective in that- it 
attempts to measure rays of all qualities by 
a surface coloration. Other platinocyanides 
show similar colour changes when exposed to 
X-rays. Levy has shown that the change 
of colour is due to a change from the crystalline 
to the amorphous condition. If the pastille 
is put aside, the reverse change slowly takes 
place, especially in the presence of light, so 
that the pastille should not be exposed to 
full daylight Juring the X-ray treatment. 
Ultra - \yiolet light and radium rays cause 
similar browning in such pastilles. 
The following table gives an idea of the relation 
between the different dosemeter scales: 


5H units (Holzknecht; alkaline salt) 
=Tint B (Sabouraud-
oiré; pa'3tilloi 
=Tint I (Hordier; varnished pastille) 
=3 to 41 (Borllicr and Galimard; iodine solution) 
= IJX units (Kienböck; photographic plate) 
=3.5 kaloms (Schwarz; mercury solution) 
= Villard dose. 

 (26) EFFECT OF \V AVE FORM OF EXCITING 
POTENTIAL.-SO long as radiologists confined 
their measurements on the X-ray bulb to the 
milliammeter and the point gap, little progress 
was made on the subject of the best form of 
exciting potential wave. It was realised that 
the milliammeter was often misleading if used 
alone. but insight into the problem only came 
WIth the use of the X-ray spectrometer and 
the oscillograph. 
The oscillograph (preferably of the cathode 
ray type) should be arranged to give simul- 
taneous graphs of both potential and current 
wave forms. The spectrometer analyses the re- 
sulting X-ray output and gives the distribution 
of intensity among the various wave-lengths. 
\V ork such as this has shown the truth of 
what might have been anticipated on a pr1"ori 
grounds, i.e. the importance in pulsating 
discharges of keeping the conditions so that 
the potential and current curves are in phase. 
In other words, for efficient output of X-rays 
as much of the current as possible should be 
sent through the tube with the maximum 
potential actuating it. 
As the output of X-rays depends on the 
sq uare of the voltage, the ideal state of 
things would appear to be to rush the poteJ1tial 
as quickly as possible to the maximum and 
keep it there for as long as any current is 
passing. Voltages lower than the maximum 
are less efficient. 
In practice much depends on the type of 
X-ray bulb used-whether gas or hot cathode, 


and it will be instructive to compare tho 
beha viour of three main types of exciting 
potentials (a) constant potential, (b) sinusoidal 
transformer discharge, (c) sharp-peaked pulsat- 
ing coil discharge, all running under the same 
maximum voltage and the same milliamperage. 
First take the case of the Coolidge tube. 
O\\"ing to the existence of the saturation 
current, the shape and limits of the current 
curve are g.æatly dependent on the char- 
acteristics of the potential wave (Fig, 10). 


Potential 


Current 


Coolidge Tube 


Gas Tube 


(a) 
Constant 
Potential 


(b) 


Transformer 


(c) 
Coil & 
Mercury 
Interrupter 


(d) 
Coil & 
Wehnelt 
Interrupter 


FIG. 10. 


\Yith constant potential, the current remains 
constant at its saturation value. In the case 
of the transformer loop the current rises gradu- 
ally to its saturation value and dies away 
again as the potentia'! loop terminates. In 
the case of the coil and interrupter, the current 
again rises to its saturation valuC', but as a 
whole the currC'nt curve is prone to lag bC'hind 
the potential curve. The ddect, which is due 
to arcing within the interrupter, increases as 
the current through the tube is increased. 
This is the explanation of the well-known 
fact that as the current is raised the output 
of X-rays increases only slowly and by no 
means proportionately. A partial cure is to 
raise the speed of the interrupter, as in the 
\Vehnelt break. 
\Ye are led to anticipate the results of thE' 
spectrometer curves. Remem Lering that the 
area of each curve is a measure of the total 
output of radiation, we see from Fig. II, which 
gives intensity in tC'rms of wave - length 
(derived from DauviIlier), that the constant 
potential is the most efficient, th('n the trans- 
former, and lastly the coil. Furthermore, the 
crest of the curve is of slightly shorter wave- 
length in the caRe of the constant potential. 
It may be added that the superiority of the 
constant potC'ntial becomes less marked as the 
potential risC':3. 
If we now consider the case of the gas tubE', 
the current curves prove. in most circum- 
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stances, to be quite different from tho
e for 
the Coolidge tube (Fig. 10). The current 
curve now exhibits no saturation value, but 
consists instead of a succession of peaks, no 
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matter whether the exciting potential is 
constant or var
.ing. The constant potential 
produces, so to speak, all the effects of a:l 
intermittent one. In the case of the trans- 
former thp middle portion of the potential 
loop produces a number of current peaks 
"hose heights wax and wane with the poten- 
tiaL The coil produces one or more current 
peaks corresponding to each potential peak. 
"Teare led to infer that the spectral curves 
for the different excitants will not differ 
appreciably, and this proves to be the case. 
Fig. 12 gives the curves derived from three 
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different excitants, Further, the maxima of 
the several spectral curves all agree in "ave. 
length. 'Ye realise then that the shape and 
limits of the spectral curve are determined 
mainly by the tube rather than by the 
excitant. 
In the case of both gas and hot cathode 
tu bes there is a variety of factors which may 
modify the various curves and graphs appreci- 
ably in detail, without affecting the main 
outlines. 
To sum up, we may conclude that for 
maximum efficiency in the case of a Coolidge 
tube we should raise the potential on the tube 
as high as is expedient or possible and keep 
it there. Thus the ideal excitant would appear 
to be constant potential or, failing that, a 
transformer of lligh frequency. 


The "shock tactics" of a coil, "hich are 
largely wasted on a Coolidge tube, are doubt- 
less well adapted to a gas tube owing to its 
characteristic way of breaking do" n under 
potential stress. From a practical point of 
view, the transformer potential wave is prob- 
ably not quite so well suited to a gas tube, 
but constant potential should prove very 
effective apart from difficulties of generation, 
etc. The practical difficulties of obtaining all 
equally high constant potential or maximum 
transformer voltage (selectively rectified) are 
probably greater, but otherwise they would 
seem to offer advantages equal to those of 
the coil. 
The interval between the discharges of a 
coil-driven bulb is not without its advan- 
tage in helping to keep down the tempera- 
ture risc of the target. But with a mercury 
break under ordinary conditions this interval 
amounts to about 90 per cent of the time 
between successive impulses, and is needlessly 
long, In the case of a single-phase trans- 
former the corresponding figure is of the order 
of 60 per cent. 
'Ye can raise the efficiency of the coil or 
transformer by increasing the freq uency 
substantially, and so crowd in more impulses 
per second, though the increased heating of 
the target may have to be met. If, further, 
in the case of a coil, we raise the voltage on 
the primary and increase the capacity of the 
condenser, we can produce a series of flat- 
topped peaks "ith little or none of the " tail " 
in evidence. 'Ye are thus approÀimating 
more and more to the transformer (selectively 
rectified) and, in the limit, the ideal steady 
potential. During these changes the readings 
of the milliammeter will approach more and 
more the effectÍ\Te values from an X-ray point 
of view. 

 (27) COXSTAXT POTE:!'TIAL.--The value of 
consta.nt potential has been referred to. It 
is not only an efficient means of generating 
X-ra:rs, but it permits precise measurement. 
As already remarked, the superiority of con- 
stant over varying potential is less marked 
as the voltage is increased, except \\ hen the 
characteristic radiations begin to be generated, 
when the constant potential increases its rela- 
tive effectiveness. ::\Ioreover, constant poten- 
tial is admirable in its precision for thera- 
peutic purposes. In radiography it generates 
sufficient diversity of wave-lengths to give 
good contrast and detail. 
Those "orkers "ho have useù the influence 
machines in America and elsewhere speak 
highly of the results. There is a great future 
for a static machine of engineering design and 
large output which will defy the varying and 
generous humidity of this country. 
The only other means of obtaining steady 
potential are by use of the transformer 



RADIOLOGY 


612 


together with the Kenetron or hot-cathode 
valve. These latter can now be obtained to 
rectify 100,000 volts. By the use of 3-phase 
current and G kenetrons a voltagf' fluctur.ting 
only 1.3 per cent can be obtained. There are 
a variety of ways of combining kenetrons \\ ith 
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condensers and inductances, so that the varia- 
tion in the resulting potential is trifling. For 
example (Fig. 13), Hull of the G.E.C. Labora- 
tory at Schenectady has so transformed and 
rectified 130 volts A.C. (N = 2000) to 92,000 


FIG. 14.-"Cppcr Curve unreciified, I
ower Curve 
reetified. 


with a fluctuation of about 1 p('r c('nt (Fig. 
14); or 50,000 volts with a fluctuation of 
only T 1 l1 per cent. 

 (28) HO:\YOGEXEOUS X-RAys.-An ideal 
of the radiologist has always been a means 
of producing homogeneous X -rays, so that, 
among other things, a precision dose can be 
the better formulated in therapy. 'Yhile all 
X-ray beams are heterogeneous, they tend to 
become less so as the voltage is raised and the 
rays are filtered by the right choice of substance 
of a suitable thickness. This may be secn 
either from absorption curves or, more accur- 
ately, from spectn
l distribution curves. 
But the nearest approach to homogeneity 
can be reached by operating thp X-ray bulb at 
a voltage somewhat above one of the critical 


values necessary to generatf' one of the three 
known characteristic radiations (K, L, l\[) of 
the anticathode, and then filtering by a screen 
either of the same element [IS the anticathode 
or, preferably, by an element of slightly smaller 
atomic number. 'Ve have already remarked 
that above the critical voltage the character- 
istic radiations are generated more copiously 
than the general radiation. The voltage should 
not be too high, however, or short-wave 
general radiation will begin to make its appear- 
ance and will not be removed by filtration. 
There i
, in fact, an optimum voltage. .For 
example, while the critical voltage for the K 
radiation of tungsten (At. Ko, =74) is about 
70,000 volts, the optimum voltage is about 
100,000 volts A filter of tungsten or tantalum 
(At, No, = 73), 0.15 mm. thick (Fig. 15; Hull), 
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removes most of the general radiation, but 
leaves both the ß and a components of the K. 
radiation. An equally thick filter of ytterbium 
(At. 
o. =70) would leave only the a com- 
ponent, ",ith an intensity at least 30 times that 
of the remaining general radiation. Similarly 
for molybdenum (At. No. =42) the optimum 
voltage is about 30,000 and the beRt filter 
zirconium (At. No. =40) (see Fig. 16; Hull). 
Tungsten would be a good filter for platinum 
radiation (At, No. =78). 
At the Na.tional Physical Laboratory there is 
a battery of X-ray tubes each wit.h a different 
anticathode, so that a variety of homogencous 
rays can be obtained. Cnfortunately such 
beams are of feeble intensity. 


V. X-RAYS AND :\IEDICINE 

 (29) RADIOGRAPHy.-X-rays have hecome 
one of the handmaidens of me(iicine, a fact 
which is bound up with the great improve. 
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ments of recent years in X-my equipment and I 
technique, which have given the diagnostic 
methods of physicians and 
surgeuns a facility and 
exactness never dreamt of 
at one time. Exposures 
have been enormously 
shorh'ned (Figs. I ï and 
18), and snapshots of any 
part of the body can now 
be taken. 
In surgery of the bone, 
not only fractures, but the 
intimate lamellar struc- 
ture of th", bone can be 
examined; we have, more- 
over, learned that tumours 
and cysts in bones are not 
specially rare, and that 
nearly a1l sprains are 
accompanied by slight 
fractures of the bone. 
'Yhen a bone is badly 
splintered the dead bone 
splinters can be surted out 
from the living. 
Tumours in any part of 
the head can be detected 
and their position determined. The diagnosis " 
and location of diseases of all parts of the 
alimpntary canal are routine-stricture of the 


Stones in the kidney and (more recently) the 
gall-bladder, diseases of the liver and pelvic 
organs, incipient tuber- 
culosis in the lung':! and 
joints can be' diagnosed 
with certainty and "ith- 
out pain or danger. 
Dental radiography has 
become an important sub- 
ject. By suitably dispos- 
ing a photographic film 
radiographs of individual 
teeth can be obtained, 
revealing in perfect 
fashion the condition of 
both the tooth and sur- 
rounding bone. 
During the war many 
thousands of radiologists 
helped to build up the 
triumphs which X-rays 
achie\Ted. The X-ray be- 
came as indispensable as 
the dressing or the splint, 
o -46.50 '54 '58 .6? .66 -70.74 ,78 '82 .86 -8 and it was an e8sential 
Wave Length x10 em. 
adjunct in prescribing 
and directing as wen as 
a voiding opera tìons. The 
detection of bullets and shell fragments in any 
part of the body was commonplace, and the 
X-rays were also used to guide the surgeon 
during his actual efforts to remove foreign 
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}-lO. lï.-Radiogmph of Hand (January 1896); 
Exposure :20 min. (Campbell-Swinton). 


FIG. 18.-Raùiograph of Han(l (January 19
O): 
Exposurp Th 
pc. (Knox). :-\howing im- 
men!;e advance in technique, although ex- 
posure onl
' Bl'l..Ulí of exposure in Fig. 17. 


oesophagus. stomachic disorders, disease's of tlw 
appendix and colon, etc., can all bedemon"trated 
by the X-rays \\ ith the assistance of special 
food containing matter opaque to the rays. 


bodies. Clevprlv de
i[!ned X - ray motor- 
lorries permitte;I early examination in the 
field. In the case of eye \\ ounds X-ray 
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stereoscopy attains its fullest delicacy, and the 
location of small foreign bodies can be carried 
out to the hundrC'dth part of an inch. Another 
war development of radiology was its employ- 
ment by the orthopaedic surge-on in his efforts 
to restore damaged limbs, )Iany hundreds of 
thousands of radiographs were taken at the 
various hospitals during the '''are 

 (30) RADIOTHERAPy.-The X-rays possess 
valuable properties in the treatment of malig- 
nant disease. The living cells have the power 
of resisting or responding to X-rays, while 
malignant celIs dic;;appear with suitable 
" dosage." The treatment has, for example, 
been largely and successfully employed for 
rodent ulcers, and much attention is being paid 
to the cure of cancer. 
In many skin diseases the X-rays have 
proved to be of notable service. For example, 
they are now tlw accepted and certain means 
of curing ringworm. The "dose" is all- 
important, for the sweat glands and hair 
follicles are also affected and, with excessive 
exposure, may even be destroyed, the result 
being baldness. 
The corpuscles of the hlood are prejudicially 
affected by X-rays, resulting in a form of 
aplastic anaemia. Curiously eaough, the rays 
seem to have little or no. action on bacteria or 
their spores, and in this respect stand out in 
marked contrast to ultra-violet light. 
Deep - seated organs are now frequently 
treated by X-rays. In deep radiotherapy 
modern technique IS tending in the direction of 
administering massÏ\Te doses of X-rays in the 
shortec;;t possible time, always having regard 
to the safety pf the overlying skin. In other 
word3, "shock t3ctics" are used, and the wave 
form of the exciting potential may prove to be 
important in this connection. The soft rays 
are remoyed by using metal filters (AI or Zn) 
with a coating on the side nearest the skin of 
wood or leather, so that no characteristic 
radhtion may play on the skin. Ovpr-dosage 
of the skin is also avoided by employing 
multiple parts of pntry, each of the various 
beams bei ng properly directed at the deep 
affpcted tis'me. 
The chief hindrancp to precise radiotherapy 
at the present time is probably the lack of a 
means of measurinf! the dose of radiation 
absorbed by the particular rC'gion concerned, 
esppcial1y if it be at a depth in the hody. On 
phYRical grounds, at any rate. it would seem 
that it is only those rays whieh arc ab
orhed 
which can produce physiological changes, and 
only 
mch rays should be in eluded when speak- 
ing of a dose, It may be, of course, that 
selective action is present, and that only a 
restricted ran
e of wave-lengths is appropriate 
for the conven;Ïon of energy in the correct spot. 
'Vith this reservation it would seem that the 
degree of reaction should be a function of the 


absorhed and converted energy. The problem 
is complicatC'd hy the lack of humogeneity of 
the primary beam. 
Among thp tragedies of the war, few were 
more pathetic than the ghastly disfigurements 
caused by shell wounds of the facc and hC'ad. 
Fortunately it was often po
sible, by the 
"onderful grafting uperations of the surgC'on, 
to restore at least a semblance of the patient's 
former appearance. Lips were reneweò, new 
noses built up, eyelids replaced, cavities in 
the palate filled in by flaps taJ,.en from the 
skin or scalp, The scar-tissues and flaps wpre 
kept pliant and adaptable by " spraying" with 
X-rays, which also served to depilate hair and 
to stimulate the healing process in both flaps 
and bone. 

 (31) X-RAY PROTECTION.-As already rc- 
marked, the X-rays possess in a marked degree 
the property of affecting animal tissue. As 
many of the earlier workers found to their cost, 
the effects of over-exposure to the rays may 
ultimately prove fatal. In view of thc great 
public interest which the subjpct has cxciteJ, 
and the f
ct that complete safeguards are 
possible, the recent (1921) report is appended 
of a representative committee which reviewed 
the whole question in the light of prespnt-day 
knowledge. The recommendations are many- 
sided and cover most of the points which 
experience has suggested both in X-ray and 
radium practice. 
It may here be remarked that with exciting 
voltages in the region of 200,000, 3 mm. of 
lead reduces the intensity of X-rays over 10,000 
times; 10 mm, of lead over 1 millIon times. 
Good lead-impregnated rubber sheet is ordin- 
arily equivalent to about } or 1 of the same 
thickness of lead sheet. For lead glass the 
corresponding figure is 
 to L althuugh it is 
possible to obtain glass 'with a figure of }. 
The dangers of scattered X-rays should he 
realised, particularly with very high eXf'iting 
voltages. One of the best remedies is to 
enclose the hulb itself as completely as pos- 
sible with adequate protective materiaL The 
report in question is as follows: 


Introd u.ct ion 
The danger of oYer-e
posure to X-rays and radium 
can be avoided by the provision of efficient protection 
and suitable working conditions. 
The known effects on the operator to he guarded 
against are: 
(1) Visible inj urics to the superficial tissues which 
may result in permanent damage. 
(2) Derangenwnt'J of internal organs and changes 
in the blood. The::;e are especially important, as 
their early manifestation is often unrecognised. 


Gennal Recom mendations 
It is the duty of those in charge of X-ray and 
Radium Dqmrtment'J to ensure eflicient protection 
and I:!uitablc working conditions for the personnel. 
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The follov.ing precautions are recommended: 
(I) 
ot more than seven working hours a day. 
(:!) Sunday:,; and two half-days off duty each "eek, 
to be spent as much as pos
ible out of doors. 
(3) An annual holiday of one month or two 
separate fortnights. 
Sisters and nurses, employed as whole-time workers 
in X-ray and Radium Departments, should not be 
called upon for any other hospital service. 


Proteäi'i:e J1 easur
 
It cannot be -in!'isted upon too strongly that a 
primary precaution in all X-ray work is to surround 
the X-ray bulb it!'elf as completely as possible ,,,ith 
adequate protective material, e
cept for an aperture 
as small as possible for the work in hand. 
The protective measures recommended are dealt 
\" ith under the folIo" ing t;ections : 
1. X-rays for diagnostic purposes. 
II. X-rays for superficial therapy. 
III. X-ray:,; for deep therapy. 
IV. X-rays for industrial and research purposes. 
V. Electrical precautions in X-ray Departments. 
VI. Ventilation of X-ray Departments. 
YII. Radium therapy. 
It must be clearly understood that the protecti\'e 
measures recommended for these various purposes 
are not necessarily interchangeable; for instance, to 
use for deep therapy the measures intended for super- 
ficial therapy would probably subject the worker to 
serious injury. 


I. X-rays for Diagnostic Purposes 
(1) Screen E.ramination,r
.-(a) The X-ray bulb 
to be enclosed as completely as possible "ith pro- 
tective material equivalent to not less than:! mm. 
of lead. The material of the diaphragm to be 
equivalent to not le:,;s than:! mm. of lead. 
(b) The fluorescent screen to be fitted "ith lead 
gla
s equivalent to not less than I mm. of lead 
and to be large enough to conI' the area irradiated 
when the diaphragm is opened to its ,\idest. (Practi- 
cal difficulties militate at present against thp recom- 
mendation of a greater degree of protection.) 
(c) A travelling protective screen, of material 
equi\'alent to not le:;s than 2 mm. of lead, should 
be employed between the operator and the X-ray 
box. 
(d) Protective glo\'es to be of lead rubber (or the 
like) equivalent to not less than! mm. of lead and 
to be lined with leather or other suitable material. 
(As practical difficulties militate at present against 
the recommendation of a greater degree of protection, 
all manipulations during screen e
amination should 
be reduced to a minimum.) 
(e) The X-ray bulb to be used at as great a distance 
and emitting as little radiation as is consistent ,,,ith 
the efficiency of the work in hand. :-;creen work 
to be as expeditious as possible. 
(2) Radiographic Examinati.on8 (" Orerhead " 
Eqllipment).-(a) The X-ray bulb to be enclosed as 
eompletely as possible with protective material 
equivalent to not less than 2 mm. of lead, 
(b) The operator to stand behind a protecti\'e 
screen of material equivalent to not less than 2 mm. 
of lead, 


IT, X-rays for Superficial Therapy 
It is difficult to define the line of demarcation 
between superficial and deep therapy. 
For this reason it is recommended that, in the 
reorganisation of existing or the equipment of new 
X-ray departments, small cubicles sHould not be 
adopted, but that the precautionary measures sug- 
gested for deep therapy should be followed. 
The definition of superficial therapy is considered 
to cover sets of apparatus giving a maximum of 
100.000 \'olts (15 em. spark-gap between points; 
5 em. spark-gap between spheres of diameter 
5 cm.). 
Cubicle System. - "
here the cubicle system is 
already in existence it is recommended that 
(I) The cubicle should be well lighted and 
\<entilated, preferably provided with an exhaust 
electric fan in an outside wall or "\""entilated shaft. 
The controls of the X-ray apparatus to be outside 
the cubicle. 
(2) The wall
 of the cubicle to be of material 
equivalent to not less than 2 mm. of lead. 'Yindov.s 
to be of lead glass of equi\'alent thickness. 
(3) The X-ray bulb to be enclosed as completely 
as possible v.ith protecti\"e material equivalent to 
not less than 2 mm. of lead. 


Ill. X-rays for Deep Therapy 
This section refers to set.:'! of apparatus ghing 
voltages above 100,000. 
(1) Small cubicles are not recommended. 
(2) A large, lofty, v.ell ventilated and lighted 
room to be provided. 
(3) The X-ray bulb to be enclosed as completely 
as possible with protective material equivalent to 
not less than 3 mm. of lead. 
(4) A separate enclosure to be provided for the 
operator, situated as far as possible from the X-ray 
bulb. All controls to be v. ithin this enclosure, the 
wall:; and \\ indows of \\ hich to be of material equiva- 
lent to not less than 3 mm. of lead. 


IV. X-rays for Industrial and Research Purpos
 
The preceding recommendations for "\""oltages abo"\""e 
and below 100,000 "ill probably apply to the majority 
of conditions under which X-rays are. used for 
industrial and research purposes. 


v. Electrical Precautions in X-ray Departments 
The following recommendations are made : 
(1) ',"ooden, cork, or rubber floors should be 
provided; e
isting concrete floors should be co"\""ered 
with one of the abo"\""e materials. 
(2) Stout metal tubes or rods should, where"\""er 
possible, be used instead of \\ires for conductors. 
Thickly insulated "ire is preferable to bare "ire. 
Slac k or looped \\ ires are to be a voided. 
(3) All metal parts of the apparatus and room to 
be efficiently earthed. 
(4) All main and supply switches should be "\""ery 
distinctly indicated, Wherever possible. double- 
pole s\\ itches should be used in preference to single- 
pole. Fuses no heavier than necessary for the 
purpose in hand should be used. Cnemployed 
leads to the high-tension generator should not be 
permitted. 
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VI. rentilation of X-ray Departments 
(1) It is strongly recommended that the X-ray 
Department should not be below the ground level. 
(2) The importance of adequate ventilation in 
both operating and dark rooms is supreme. Artificial 
ventilation is recommended in most cases. \Vith 
very high potentials coronal discharges are difficult 
to avoid, and these produce ozone and nitrous fumes, 
both of which are prejudicial to the operator. Dark 
rooms should be capable of being readily opened 
up to sunshine and fresh air when not in use. The 
walls and c
ilings of dark rooms are best painted 
some more cheerful hue than black. 


VII. Radium Therapy 
The following protective measures are recom- 
mended for the handling of quantities of radium up 
to one gram: 
(1) In order to avoid injury to the fingers the 
radium, whether in the form of applicators of radium 
salt or in the form of emanation tubes, should be 
always manipulated \\ ith forceps or similar instru- 
ments, and it should be carried from place to place 
in long-handled boxes lined on all sides \, ith 1 cm. 
of lead. 
(2) In order to avoid the penetrating rays of radium 
all manipulations should be carried out as rapidly 
as possible, and the operator should not remain in 
the vicinity of radium for longer than is necessary. 
The radium when not in use should be stored in an 
enclmmre, the wall thickness of which should be 
equivalent to not less than 8 em, of lead. 
(3) In the handling of emanation all manipulations 
bhould, as far as possible, be carried out during its 
relatively inactive state. In manipulations where 
emanation is likely to come into direct contact with 
the fingers thin rubber gloves should be worn. The 
escape of emanation should be very carefully guarded 
against, and the room in which it is prepared "hould 
be pro" ided with an exhaust electric fau. 


Existing Facilities for ensuring Safety of Operators 
The governing bodics of many institutions where 
radiological work is carried on may wish to have 
further guarantee"! of the general safety of the 
conditions under which their personnel work. 
(1) Although the Committee b('lieve that an 
adequate degree of safety would result if the recom- 
mendations now put forward were acted upon, they 
would point out that this is entirely dependent upon 
the loyal co-operation of the personnel in follow- 
ing the precautionary measures outlined for their 
benefit. 
(2) The Committee \\ ould also point out that the 
National Physical Laboratory, Teddington, is pre- 
pt\fed to carry out exact measurement" upon X-ray 
protective materiaL"! and to arrange for periodic 
inspection of existing installations on the lines of 
the present recomm('nrlations. 
(3) Further, in view of the varying susceptibilities 
of workers to radiation, the Committee recommend 
that wherever possible periodic tests, e.g, every three 
months, be made upon the blood of th(' personnel, so 
that any changes \\ hich occur may be recognised 
at an early stage, In the present state of our know- 
ledge it is difficult to decide wh('n Rmall variations 
from the normal blood-count become significant. 


VI. X-RAYS AND l\L\TERIALS 
In "ell nigh every braneh of indu
try the 
testing of materials has come to be of import- 
ance. "Tith increasing knowledge and the 
stress of competition, a variC'ty of tC'sting 
methods have been evolved to ascertain 
quality and uniformity as determined by the 
several physical, chemical, and visual charac- 
teristics. Such tests are commonly conduetC'd 
on samples which are selected to be as repre- 
sentative as possible. From the nature of 
things the value of the results is limited, and 
the engineer in particular is ever on the look- 
out for opportunities for further insight into 
the materials he employs. 
The employment of X-rays in the examina- 
tion of materials lies at present in two main 
directions : 
(1) X-ray crystallography or the study of 
crystal structure. 
(2) Radiography or X-ray shadow photo- 
graphy. 

 (32) X-RAY CRYSTALLOGRAPHy.-\Ye can 
only refer to the great potentialities of the 
results of X-ray analysis as applied to erystal 
structure.! It is a matter of great satisfaC'tlon 
to Englishmen to know how much the subject 
owes to Sir "Y m . Bragg and his son, whose 
published work on the subject is of the highest 
fascination and importance, Several methods 
have been employed, In 1912 Laue at l\Iunich 
sent a heterogeneous beam of X-rays through 
a thin crystal and photographically showeJ 
that a diffraction pattern was produced. The 
Braggs followed with the X-ray spectrometer 
in which monochromatic X-rays are reflf'cted 
from the several faces of a crystal, and by 
that means proceeded to diRdose the atomic 
architecture of a large number of crystals. 
The practical possibilities were greatly en- 
larged when Debye and Scherrer (at ZÜrich) 
and Hull (at the G.E.C. Research Laboratory, 
Schenectady) showed that large crystals 'H're 
not essential, but that the method could be 
applied to an aggregate of finely powdered 
crYRtaUine material, provided the orientation 
of the crystals were sufficiently random. This 
was a big step forward, for it enables the 
crystalline structure of a body to be examined 
even when the individual crystals are micro- 
scopiC' or ultra-microscopic i
 size. \Ve now 
know that almost every solid substancc 
betrays crystallinp struct
lre, and it would 
seem that the various physical properties- 
elasticity, hardness, melting points, etc.-are 
all manifestations of the various atomic forces 
which reveal themselves in the crystalline 
form, The very formation of solids may be 
merely an outward and visible sign of crystal- 
lisation, and a definition of a " solid" may he 
so derived "hich is, at any rate, as adequate as 
1 
ce also" CQ'staIlography," 
 (11). 
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others" h 1 ch have been framed. Xot only the 
gro" th but the decay, the change-points, etc., 
can all be followed and watched without 
harming the body in any "ay. 
'Ye have thus a new tool of research which, 
although at present rather delicate and tenta- 
ti,-e in appJication, would seem to offer bound- 
less possibilities. The metallurgist, to whom 
crystalline formation means so much, need no 
lo
ger have to content himself with inferring 
from their external forms what the internal 
structure of the crystals in his metals and 
alloys may be. He may also find that the 
method "ill throw light on the fundamental 
nature of the effect of heat treatment, temper- 
ing, rolling and ageing on steels and other 
crrstalline metals and alloys. It has been I 
sh
wn that amorphous carbo
 really consists of 
minute graphite crystals; colloidal gold and 
sih-er are made up of minute, yet perfect, 
crystals, so small that they contain only a few 
score atoms. Even the particles ,. sputtered" 
from a cathode in a discharge tube are possible 
of examination and are found to be crystalline. 
These are but a few of many examples. 
There is a great opportunity for the metallur- 
gist and physicist to get together. .-\t present 
the main difficulties are those of technique. 

Ionochromatic X-rays have to be used, and as 
these can be obtained only of feeble intensity, 
protracted exposures have hitherto been 
necessary, though these can now be greatly 
shortened by the use of more sensitive plates. 

 (33) I
DrsTRL\.I, RADIOGRAPHY.-As was 
anticipated by Röntgen and others, when the 
art of radiography had sufficiently advanced 
in medicine it extended its scope to industry, 
As already remarked, the method of X-ray 
inspection has the advantage of not injuring 
a body in any way. Furthermore, it provides 
in many cases the only means of detecting 
concealed defects in a material, or of 8crutin- 
isin
 in a structure the accuracY of assembly 
of c
mponent parts which are hicÚlen from vie
, 
The de'Telopment of industrial radiology has 
been bound up with that of the Coolidge tube, 
and, both during and since the war, the X-rays 
ha ve been a ppEed to a variety of branche
 of 
industry. As already explained, the method 
depends on receiring the shadow of the object 
on a fluorescent screen or photo
raphic plate, 
and it should be made clE'ar at the outset that 
a radiograph shows only the gross structure of 
a material and gives no information as to the 
crystaIline or microscopic structure from point 
to point. 
"-hile the general techniquE' is much the 
same as in medicine. mention shoulfl be made 
of one of the chief experimental precautions 
in the X-ray photography of metals. Even in 
medical radiography t he e
 perienced worker 
is \\ eII aware of the effect of the scattered 
radiation which is generated whenever a beam 


of X-rays strikes any particle of matter. Ruch 
scattered radiation, if allowed to reach the 
photographic plate, tends to fog the main 
image. The ,-arious surfaces of the bodie
 
encountered are the chief offenders, and even 
the air contributes its quotum. 
The effect is especially marked" ith metallic 
ùbjects which require relatively long exposures: 
worthless re3ults "in be obtained in thE' absence 
of suitable precautions. These consist in 
enveloping the photographic plate, back and 
front, with 
heet lead (preferably "ith an inner 
lining of aluminium), a hole being left no 
bigger than necessary for the reception of the 
direct image of the object, If the object is 
continuous and flat there is no difficulty, for 
it can be brought into close contact with the 
plate. If, however, the body is irregular in 
contour, it may conveniently be cemented 
with paraffin wax to the bottom of a card- 
board or aluminium tray, and mercury, fine 
lead shot, or the like poured round it. "-ax 
filling is also necessary, both to fill up any 
pockets or carities and to prevent the mercury 
or shot from straying into the path of the 
projected image. 
Considerable gain may result from the use 
of the Bucky grid between the object and the 
plate. This consists of a rectangular metal 
grid, the faces being spherical in contour and 
the dividing cell-walls of the grid everywhere 
radial. The grid, while allo"ing direct X-rays 
from the focus to pass, kills the majority of 
the scattered radiation. The grid is kept in 
slight motion to prevent its being registered 
on the photograph. Still greater freedom 
from the effects of secondary radiation may 
be obtained by using speciaIIy sensitive plates 
and so shortening the exposure, 
Xaturally the orientation of the object with 
reference to the beam of X-rays may make or 
mar a radiograph. Distortion may be reduced 
by avoiding unduE' obliquity of the rays, and 
to this end it is "ise to keep the distance 
between the objE'ct and bulb as great as i.;; 
expedient. For good definition the rays should 
be stopped down as much a8 pos:::ible. 
The present practicable depths which can 
be penptrated in v
rious materials are: 
4 to 5 mm, of lE'ad. 
12 mm. of tin. 
;.;) cm, of stE'el (carbon) or iron. 
10 to 1.3 cm. of aluminium and its alloys. 
30 to 40 cm. of wood, 
The Ii miting factor in practice is the exposure. 
which hitherto has been vpry protracted with 
the greatE'r thicknes
es, However,,, ith the 
latest type of X-ray plate the exposures are 
greatly reduced, and 1 inch of steel, for 
exampl(', nO\' requires an exposure of rather lese:: 
than a minute, using a voltage of about 130,OUU 
and a few milliamperes through the tube. 



618 


R
\DI0LOGY 


'Yithin the above limits "p can, with con- 
siderable delicacy, hunt out anything" hieh is 
so disposed as to cast a measurable variation 
in the shadow, provided the body is not too 
complicated in design to render the shadow 
too confusing to interpret. The method is 
surprisingly sensitive; for example, tool-marks 
and fine muuld-marks often show up in a 


-FIG, 19.-Defedive Wf>ltl ill Steel Plates. 


radiograph. The upacity is merely a measure 
of the number and weight of the atoms 
encountered, and so different qualitic::; of a 
metal possessing different densities display 
different intensities in a radiograph; for 
exa.mple, a wrought rivet in a casting of the 
same metal shows a darker image. For the 
same reason, eq U3.1 thicknesses of car bon, 
nickel, and tungsten steels differ markedly in 
transparency, a property which has been 
turned to account. 
Electric and oxy-acetylene welding have 
come into great prominence during and since 
the war; an indifferent welder can turn out 
what appears on the surface to be an excellent 
weld, but is quite an unreliaLle job nutwith- 
standing. There appears to be no adequate 
mechamcal test for a \veld, and in any event 
any such test, whether mechanical or micro- 
scopic::tl, destroys t he weld, good or bad. The 
X-rays promiso to be of great use in this 
connection. If the component parts are not 
actually fused together a narrow dividin,!:!: line 
comes out on the plate. Blisters and blow-' 
holes show up as light spots. X-ray photo- 
graphy of welds up to 1 inch thick is now 
quick, easy, and cprtain: with modern equip- 
ment, lengths up to 2 feet can be taken at 
once, the exposure being a fraction of a minute. 
The amount of dctail revealed is extraordinary, 
and the process comparps favourably ,vith that 
of photomicrography, \\ hich is only very local 
in its test and, as already remarked, involves 
the destruction of the weld. The X-ray 
method has proved to be a somewhat severe 
critic of present-day welds as commonly 
carried out (Fig. 19). 
Hidden cracks in a metal, which are a 
bug bcar to metallurgists, can often be detected, 
though if they are very fine or tortuous (hair 


cracks) the mcthod iR rarely suitable. St;ch 
cracks are sometimes the sequel to "pipes" 
or blowholes in the ingot, and it is easier to 
detect them in the ingot than after working. 
In the case of alloys, the uneven distribution 
of any component results in a "patchy" or 
streaky radiograph. X-ray examination will 
often diagnose defective soldering or brazing, 
the substitution of one metal by 
another, hidden stopping or pinning, 
and so on. The method has also 
found application in detecting hiddcn 
corrosion (as in gas cylinders, in 
ferro..concrcte, and the armouring of 
cables), in scrutinbing stcel turbine 
discs for segregations, etc., and 
so on. 
Naturally enough, the X - rays 
found a great opening, during the 
war, in the manufacture of ex- 
plosives and related devices, In 
some instances, e,g. the correct 
filling of liquid-gas gr('nades, the 
examination of opaque cordite, the interior 
detail of detonators, Stokes igniters, vent. 
sealing tubes and other pyrotechnic stores, 
no other method of inspeetion was possible. 
The X-rays al
o proved of value in examining 
enemy ammunition of unknown design, where, 
for reasons of safety, it was desirable to 


1"1G. 20.-Radiograph of J.ead V-tters RD tal<en 
through a :"\tppl 
lab 3" in thickness. (Radio- 
logical Laboratory, Resrarch Department, Royal 
Arsenal, W oolwich.) 


ascertain the internal conRtruction before 
opening up. They have also proved useful 
in checking the contents of packing hox('s. 
){ost of this work was carricd out by the 
Research Department at the Royal Ars('nal, 
\Y oolwich, and the Editor is indebted to the 
D('partm('nt for Figs, 20-23, illustrating some 
of the results arrived at. 
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FIG. 
1.-Radiograph showing Hidden Cracks in I" Boiler Platf'. 
(Radiological Laborator
'. Research Department, Royal Arsenal. Woolwich.) 


FIG. 22.-Radiograph showin!! Faulty 'Veld in ;oo.teel 
Plate i" in thÍr'kne,.;
. (RadiologicaII,aboratory, 
Research Department, Royal Arsenal, W oolwieh.) 


FIG. 23.-Radiograph showing Hidden crack in 
Welded :-;teel Plate i" in thickness. (Radio- 
logical Laborator
.., Research Depa,rtment. Uoyal 
Arsenal, W oolwich.) 
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In the case of tim her, the differf'nt "arietie
 I 
absorb X-rays to different degrees. Peculiari- 
ties in the structure and path of the fibres 
(such as the contortions which produce 
" figure") are easily discerned. The denser 
heart wood is differentiated from the sap 
wood, the summer and spring growths of the 
annual rings are readily identified (Fig. 2-1), 
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}'IG. 21.- Perfett Speeimen of Aeroplane Spruce. 


and defects such as knots or grub-holes show 
up ,,,ith astonishing clearness (Fig. 2.3). 
A method of utili
ing the X-rays to examine 


FIG. 23.-Concealf'(] Knots anll Orub-hole in 
Jú\minated 
par. 


the wooden parts of aire-raft was developf'd on 
bf'half of the Air :\Iinistry during the" ar. At 
a time when the su hmarinc was seriously 
endangC'ring the country's supplies of high- 
grade timber from Canada and the States. 


designs for huilding up aeroplane parts from 
smaller tim bel' were developpd, using laminah'd 
or "hox" structures. The workman
hip 


FIG. 26,-Defecti\-e f'haping of End Block of 
.. llox It 
par; ah;o Block Split by 
l'rcw;:;. 


required has to be of the finest, and much of 
it is hidden of necessity, but the inspector 
now has a powerful ally in the X-rays, which 
unerringly reveal hidden faults such as knots, 
( large resin-pockets, ddecth.e gluing, and poor 
workmanship (Figs, 26, 27, 28). 'Yood is 
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FIG. 27 .-.\eroplant' (]
o
) Spar showing forbidden 
J oint in Plywood Side. 


vpry tram;;parent to X-rays, amI thickne!'ses 
up to 18 inches or morc can he dealt with, 
screen examination heing possible in most 
cases. The method is also u!'eful for watf'h- 
ing the behaviour of the various hidden 
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members and joints of a composite wooden 
structure "hile it is being subjected to test. 



 
. 
. 

 


FIG. 28.- Defective U Bottoming" of 
\.eroplane 

trut in Aluminium :;ocket. 


X-rays are also being turned to account by 
the tyre manufacturer in his efforts to improve 
the union bet\\ een the rubber and the Egyptian 
cotton fabric. In the manufacture of golf balls, 
fine rubber tape is wound on a round core 
either of soft rubber or liquid, If care is not 
taken the core is distorted, becoming either 
roughly ellipsoidal or even dumh-bell shaped. 
The resulting ball IS defective from the point 
of view of accurate flÌ!rht. but such balls can 
be readily sorted out by the help of the X-rays. 
The method is now in extensiye use, no other 
being readily available (Fig. 29). The Post 
Office has long u8ed the rays for testing the 
amount of mineral matter in gutta-percha. 
The help of the X-rays has also been 
effectively sought by the manufacturer of 
carbon and graphite brushes and electrodes, 
to reveal mineral matter and internal cracks 
and flaws. The makers of electrical insulators 
-ebonite, built-up mica. fibre, paper, etc.- 
find the method invaluable for detecting the 
presence of metallic particles, often from the 
steel rollers used in the preparation of the 
material. 
The manufacture of optical glass hecame a 
key industry during the \\ aI', as hitherto we 
had relied wholly on Germany for our supplies. 
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l One of the greatest troubles "hich W 18 
encountered" as the destructive action of the 
molten glass on the fire-clay pot, in which the 
components were fused. It was found that 
the effect was caused by the presence of iron 
and other impurities in the clay. Recourse 
was had to the X-rays, and it was found that 
on examining the pots before they were fired, 
those containing prejudicial foreign matter 
could readily he sorted out. In this way much 
expense can be saved. The" melt " of optical 
glass can also be examined for inclusions before 
working. 
X-ray photographs are useful for displaying 
the arrangement of concealed wiring, for 
example, when embedded in the interior of 
insulating panels or in radio apparatus. In 
much the same way, during the ,\ aI', the 
X-rays were useful in scrutinising the wiring 
within the leather of aeroplane pilots' electric- 
ally heated clothing. 
A similar field of work which the X-rays 
have found is the e
amination of the interi
r 
of moulded articles, for example, the distri- 
butors of magnetos. During construction 
the insulation is moulded round the metal 
work. and subseque.rrtly machined. If. during 
the machining. blowholes are met with, the 
entire distributor has to be rejected. 
Among the miscellaneous uses of the X-rays 
ne can only make mention of the examination 
of oysters {or pearls; the differentiation of lead 


FIG. 
fI.-Golf Balls showing rnsymmetriral Cores. 


glass jewels from the more transparent genuine 
gems; the scrutiny of artificial teeth: the 
detection of contraband b,- the customs 
officials; the sorting of fresh from stale eggs; 
the detection of heavy elements in minerals, 
of metal particles in 
hocolate, of weevils in 
grain. of mineral adulterants in certain 
powdered drug.;;; (e.g. asafoetida), and of moths 
in tobacco for cigars. 
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In quite a different direction, an enterpdsil1g 
American shoe store has installed a screen 
outfit, so that the potC'ntial customer can see 
his" footigraph ., and satisfy himself visually 
whether or not the shoe he is trying on is a 
good fit. 
The application of the C'inematograph 
principle to X-ray photography offers wide 
possi bili ties. 
'Ye can only refer to the more academic 
applications of the X-rays by the conchologist 
to examine the interiur of shells and fossils, 
,vithout in any way spoiling a rare specimen. 
These have valuable educational possibilities. 
The use of the X-rays for revealing the 
interior of plant life is comparatively recent. 
Considerable differences exist in the mineral 
content and density, and hence the trans- 
parency of the different parts of a plant- 
root, stem, leaf, flower, fruit, seed, etc.-and 
thus it happens that even the most deIiC'ate 
structures of plants can be laid hare without 
tearing the plant to pieces in order to study it. 
:l\Iicroscopic detail is of course not revealed. 
Long-waved X-rays are required for such work. 

 (3-t-) X-RAYS A
D OLD 
IASTERS.-The 
first artistic oil-painting of which there is any 
record was executed in the year 1399 by 
Hubert van Eyck, a Dutchman, and from 
then up to the early Italian and Flemish 
schuul, painters had possibly only eight or 
nine pigments, mostly mineral in origin. 
To-day there are over 200 in use, many of 
them vegetable or coal-tar in origin. 
As is well known, the imitating üf valuable 
pictures has always enjoyed a great voguc, 
and there are thousands of spurious paintings 
in existence-copies of both late and modern 
masters-which have been passed as genuine 
and Rold for outstanding amounts, F'or 
examplp, so far as is known, Rembrandt 
painted S01l1P 700 pictures, yet ::\Iaximilian 
Toch estimates there are fully 4000-:>000 in 
existence, all of which are regarded as genuine 
and have 
ommanded great prices. Again it 
would have been absolutely impossihle for any 
human being to have painted all the Rubenses 
th:1 t there are in pxistcncf'. The remark is 
probably true of evpry great painter, 
TherC' are various scientific methods of 
determining the originality and age of 
paintings. Photomicrography is of great help: I 
for example, in the case of a panel of a 
picture 300 years old the protoplasm in the 
cells of the wood has entirely dried out, 
a fpature distinct from a modern panel. 
Chemical analysis of tiny detached fragments 
often throws light on the subject; for instance I 
zinc white (zinc oxide) was not known 300 
years ago, and the Flemish painters used I 
flake white (white lead). Again bitumen, at 
first transparent, gradually becomes opaq ue 
and insoluble with the pasc;;age of time. 


But not only pictures, hut all works of art, 
are imitated in thc same way. Furniture, 
pottery, bronzes, old weapons and brass work 
are so compktdy simulated that ('xpC'rts are 
freq uently baffled, 
heraton furniture is a 
familiar example. 'Ye know that Sheraton 
had a little shop and did most of his work 
himself with only occasional help from a few 
expert artisans. The amount of Rheraton 
furniturp in existence would indicate that 
Sheraton had a factory of several acres 
employing a thousand men who were lifdong 
supporters of mass production. 
It would appear that the X-rays may 
usefully be called in, in certain cases, as a 
supplementary method of scrutiny fur the 
expert. A 
tart has been made with pictures, 
as we shall now proceed to show. 
In any picture we hav(' to consider three 
media, (1) the surface which is painted on- 
usu:=tlIy canvas or wood, though paper, 
porcplain, or other matC'rials may be used; 
(2) the priming or sizing-nowadays almost 
always white lead, though formerly carbonate 
of lime and glue were employed; (3) the 
actual pigments. 
Both wood and canvas are very transparent 
to the X-rays, th
ugh different kinds of canvas 
vary a good deal. The white lead primer is 
much more opaque than carbonate of lime, and 
the former, moreover, ppnetrates much farther 
into the inter
ticC's of the canva
. This in 
itself is sufficient to show a mark('d difference 
under the X-rays between modern and older 
pictures. 
As to pigments, they vary greatly in X-ray 
opacity from the opaque salts of lead, zinc, 
and mercury to the transparent aniline 
derivatives and bitumen. Both modern and 
anciçnt whites are usually opaqup, most of 
the blacks (new or old) arc transparent, and 
modern reds are more transparent than the 
old reds. But, as alrpady remarked, most of 
the earliest pigments are mineral in origin and 
opaque. 
In a modem picture the sizing is very 
commonly more opaque than thp pigmentR, 
and X-ray examination is, for that reason, 
usuaJly inconclusive. But fortunat('ly in the 
pictures of the old masters the rpvprse con- 
ditions hole1, and thuR it is that with a ìittle 
pxperience the X-rays can be employed most 
uspfully as a mean
 of idpntifying a mo(lern 
fakf', or detecting alterations to an old pidnre. 
It is a practical certainty that, however f;kil- 
fully the process has been carried out, the 
several materials used-,vhether canvaR. prim- 
ing, or pigment-will difft:>r from thoRc in the 
original painting and will, in consequence, be 
differentiated in the radiograph. 
Notable work on thiR RU bjC'd has })('cn 
carried out by Dr. H('ilbron of Amsterdam 
and, more recently, by Dr. Chéron of Paris. 
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Among the sixtecnth century painting
 exam- 
ined by the former was the "Crucifixion " by 
CorneIis Engelbrechtsen, which contained in 
the right foreground the portrait of a woman 
which it was suspected was that of a former 
" donatrice," "Who (after a fashion not unknown 
in those days) had thus sought to perpetuate 
her aSðociation \\ith the picture. A radiograph 
of the painting showed many " restoration
," 
especially on the right half, and beneath the 
portrait of the donatrice was revealed the 
picture of a monk in surplice and stolp, the 
head being smaller than that of the over. 
painted lady. The evidence was so clear that 
the picture was sent to be restored at the 
Rijks-museum in Amsterdam, the result being 
to bring to light once more the monk who had 
been hidden for 400 years. 
Among the other paintings examined by 
Heilbron was a panel of the ")Iadonna" by 
Geertgen van St. Jans (c. 1300) which had 
always excited comment because of the 
apparently stiff and unnatural position of the 
arms. The radiograph showed that the 
presence of the Child in the arms of the 
)Iadonna fully e
plained their attitude. St. 
Jans is known to have painted his children 
dhproportionately small, and the presumption 
is that this defect was the cause of some 
former owner having the Child painted out, 
Other examples of Heilbron's work include 
a panel by De )Ieester van Allmaar, where 
the portrait of a lady (again supposed to be 
the donatrice) is found to be painted over the 
original figures. There is some chance that 
the panel will be restored to its original state. 
A radiograph of a panel by van Dyk, repre- 
senting a waterfall, a knight \Üth a horse, 
dogs, etc., shows that the artist originally 
painted a much bigger waterfall, the current 
of wa ter a ppearing to pass through the animals. 
'Ye are led to infer that the painting is an 
original and not a copy, for only in the case 
of the original can we trace such alterations 
in the ideas of the artist. 
Dr. Chéron X-rayed a Flemish panel 
attributed to van Ostade and showing a party 
of country dancers and revellers. The radio- 
graph revealed only a farmyard scene con- 
taining peacocks, ducks, and chickens. The 
supposed van Ostade i
 almost certainly 
modern, since practically all its colours are 
transparent to the rays. The farmyard picture 
is apparently old, since the sizing is not opaque. 
Another picture of the French school of the 
fifteenth century which was examined by 
Chéron was that of the Royal Infant at Prayer 
hanging in the Louvre. The black back- 
ground was found to mask a badly deteriorated 
óriginal background-confirming
 documentary 
evidence to that effect. 
The X-rays may find another field in the 
examination of palimpsests and ancient manu- 


scripts which, hitherto regarded as carrying 
only their face value, may bear under the 
triyial inscriptions of mediaeval times older 
matter of priceless "Worth, Again it is well 
known that before miIlboard came into general 
use for book covers (about the middle of the 
sixteenth century), binders were accustomed 
to make them up from such loose pages as 
came to hand, )[any discoveries of rare and 
valuable )ISS. have been made when the bind- 
ings of old volumes have happened to fall to 
pieces. The X-rays may have m;;eful applica- 
tion here, 
As regards antique furniture and the like, it 
is not improbable that examination of con- 
structional or other detail, which cannot other- 
wise be "\iewed except b
. destroying the article, 
would suffice to reveal in a fake craftsmanship 
out of tune with the reputed period. 

 (35) F"CT"CRE DEYELOP)IEXTS OF I:
i- 
D"CSTRIAL RADIOLOGy.-Our ideal should be 
to make the taking of an X-ray photograph as 
easy as that of light. The present limitations 
of radiometallography are largely those pre- 
scribed by equipment and technique. Con- 
siderable improvements "ill have to come if 
the subject is to extend its scope and become 
an attractive commercial proposition in heavy 
engineering. If great thicknesses are to be 
tackled, means "ill have to be found so that 
exposure
 are not intolerably long. There 
appear to be two means to this end-(a) by 
using much heavier X-ray outputs, at much 
higher voltages, or (b) by using much more 
sensitive screens, plates, or other detectors. 
'Ye have already considered the probable 
developments of the high-potential generator, 
and, as "We should anticipate, all experience 
agrees in demanding higher and higher voltages 
for work with metals. The ordmary Coolidge 
tube "ill, however, take no more than Ibf).OOO 
volts, preferably less. Thi.s can be increased 
to 300,000 by lengthening the arms of the tube 
and completely immersing it in oil. If there 
is a demand for it. the electrical engineer" ill 
doubtless overcome the difficulties in the way 
of supplying half a million or more volts. 
Such transformers have already been made 
for other purposes, but their bulk. weight, and 
cost are formidable. For example, a single- 
phase transformer giving a peak voltage of one 
million occupies a floor space of 13 ft. x 8 ft., 
is 15 ft. high, has terminals 28 ft, high, weighs 
20 tons, and costs about :f.:lO.OOO. 'Yith such 
voltages both transformer and tube "ill doubt- 
less be contained in a common oil tank, thus 
reducing the danger and the considerable losses 
by brush discharge. 
Hea\ier discharges will demand more 
elaborate cooling arrangements, and probably 
glass X - ray tubes will not stand up to 
the work. 'Ye ma y have to turn to metal 
tubes radically diffe
ent in design, capable of 
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absorhing 50 h. p. or more. Furthermore, we 
shan have to improve the deplorable efficiency 
of the whole outfit. 
It may be mentioned that some of the 1'- 
rays of radium are far more penetrating than 
the hardest X-rays we can produce at present 
(being equivalent to X-rays excited by about 
two million volts), but unfortunately the 
intensity is so weak (not more than a few 
per cent of that from a good bulb) that 
exposures are intolerably protracted. 
As regards fluorescent screens and photo- 
graphic plates, great improvements are called 
for. No screen at present available is sensitive 
enough for thicknesses exceeding about ! inch 
stf'el, and only then with difficulty. Photo- 
graphy must be resorted to in such cases, and 
the time taken over the process may then 
become prohibitive, at any rate for routine 
" mass inspection." 
A photographic plate registers only about 
1 per ccnt of the X-rays passing through it. 
Progress has mainly consisted in thickening 
the emulsion or richly loading it either with 
more silver or with heaVIer metals. Exposures 
may be shortened either by backing up the 
emulsion with a sheet of a heavy metal, such 
as lead, or more appreciably by the usp of an 
intensifying screen, containing a fluorescing 
salt, such as calcium tungstate. All X-ray 
plates are mue-h more sensitive to visible rays 
than to X-rays, but such screens, which are 
more efficacious "ith "hard" rays than 
" soft," are apt to impair the detail in certain 
classes of work owing to "grain." [t is 
important to have the closest contact between 
the screen and the emulsion. This is secured 
in the new "Impex" plate, in which the 
fluorescing salt is contained in a superimposed 
gelatine film which is diRsolved off before the 
plate is developed. Such plates reduce the 
exposure as much as thirty tim.es with very 
hard rays, though the efficiency is much If'SS 
with longer waves. 
Another real advance in X-ray photography 
has proved to hC' the duplitized film, i.e. a film 
coated with emulsion on both sides of the 
celluloid. A" pile" of several of these sand- 
wiched "ith thin fluorescent screens, gives a 
very sensitive df'tector. 
The ionisation method of detecting the X- 
rays offers great promise, for it can be made 
more sensitive than any photographic method 
at present available. An explorer built on 
these lines and of convenient design would 
have corresponding advantages. 
To conclude, the su hject of industrial radio- 
logy is young and, although progress has heen 
rapid, we must in all fairness be careful not to 
claim too muC'h for it, From such experience 
as we have had, it does appear, however, that 
the method is settling dm, n to be a valuable 
laboratory tool, supplementing those which 


are already available for testing materials. 
Incidentally the existence of the method is not 
without its moral effect on the personnel, as 
regards standard of workmanship, 
G. w. c. K. 


RADIOMETER: an instrument for investigation 
of the infra-red spectrum; a modification 
of the instrument, devised by Crookes, in 
which mica vanes, accurately mounted on a 
central spindle in 1'acuo, rotate when placed 
in the path of radiant energy. See" 'Yave- 
lengths, The :\Ieasurement of," 
 (7). 
R_-\DIO:!\IETRY: the measurement of radiant 
energy or radiant power. See" Spect.ro- 
photometry," 
 (2). 
R,\.DIO-MICROMETER: an instrument for in- 
vestigation (JÍ the infra-red spectrum; a 
type of galvanometer in which the current 
is generated by radiation falling on the 
junction of a thermocouple. See" 'Yave- 
lengths, The :Measurement of," 
 (7), 
RADIOTHERAPY: X-ray treatment of malig- 
nant disease. See" Radiology," 9 (30), 
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 (1) DISCOVERy.-Radium was discovered by 
:\1. and l\Ime Curie shortly after the property 
of radioactivity of uranium compounds had 
been discovered by Henri Becquerf'l in 189G. 
From observations of the activit.y of differ- 
ent compounds of uranium, l\lme Curie had 
concluded that the radioactivity of uranium 
was an atomic property; that is, the total 
radiation emitted Ly a compound was propor- 
tional to the amount of uranium present, 
irrespective of the other inactive clements 
with which it was held in chemical combination. 
'Yhen, however, a number of uranium minerals 
were examined it was found that some speci- 
mens of pitchbknde, notably thosf' from 
Austrian mines, showed much greater activity 
than the metal uranium itself. It was sus- 
pected that this abnormal activity was due to 
the presence of small quantities of an unknown 
element or elements of activity greatly 
exceeding that of uranium. 'Yith 
the '- objf'
t 
of testing this conclusion, 1\1. and 1\Tme Curie 
unch,rtook careful analyses of some of the 
uranium minerals, and their work resulted 
in the discovery of two new radioactive 
elemf'nts, namely polonium and radium, the 
activity of the latter being several million 
times that of an equal weight of uranium.] 

 (2) ÛCCURREXCE. - The two principal 
commereial ores of radium are pitchh]ende 
and carnotite. Pitchhlende haR no definite 
composition and is a very complex minerfl1. 
1 1\1. anrl )[me Curie and G. Bemont, Cumptes 
Rendus, 1808. cxxvii. 1215. 
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It contains in var
ing quantities nearly all 
the known metals, but it is rich in the oxides 
of uranium. Carnotite has a more definite 
composition, being a potassium uranyl vana- 
date (K 2 0, 2"G0 3 , Y;!Ü S ' 3H;!O) containing: 
small quantities of barium and calcium. Of les::; 
importance are autunite, a h
 drated calcium 
uranium phosphate [Ca(G02)2(POt)28H20] 
and torbernite, a hydrated copper uranium 
phosphate [f'u(V02hP208' 8H;!0]. 
Pitchhlende deposits are found at St. 
JoachimsthaJ, Bohemia; at Johanngeorgen- 
stadt, Saxony; in Cornwall, England; in 
Xorth Carolina and Connecticut, {T,S.A. The 
mines of St. Joachimsthal have been worked 
for the last twenty-five years for uranium; 
pre,
iously they were worked for bismuth and 
cobalt, and before that for silver. The veins 
show that deposition occurred in three periods; 
the cobalt and nickel deposited first, then 
the uranium, and afterwards the silver. 
Dolomite spar is always present and generally 
has a white or yellowish-white colour, but 
changes to brownish red wbere pitchblende 
begins to appear, and is a dirty grey 
"here it is actually in contact "ith the ore. 
The veins in the Saxony mines resemble 
those at Joachimstbal, the pitchblende occur- 
ring in the spar in pieces 2 to 3 in. in 
diameter. In Cornwall also the mineral 
pitchblende is associated "ith nickel and 
cobalt veins, although here only part of the 
veins are highly argentiferous. In the 'Cnited 
States there are fi-ve mines that have produced 
pitchblende in quantity, and of these the 
Kirk mine is probably the most important. 
During the last twelve years about 20 tons 
of ore with an average content of 35 per cent 
r 308' and over 100 tons with a content of 3 
to -l per cent U 3 0 ð , ha'Ve hpen mined. The 
other mines produce lower grade ores in some 
quantity. Pitchblende has been found in 
small quantities, but of very high quality, in 
East Africa, and recently considerable amounts 
of an exceedingly rich uraninite have been 
found in India. 
Carnotite deposits are found mainly in 
Dolores, San )'Iiguel and )Iontrose counties, 
Colorado, and "('"tah, and extend over a belt 
about 60 miles long by 20 miles wide. The 
most usual ore is a sandstone so impregnated 
with "Vellow carnotite that the colour is 
decidedly noticeable and contains pockets 
of brmnl sandclay. The deposits are in'
ari- 
ably in pockets, many of which, howe'Ver, are of 
considera ble size. A surrey of the carnotite 
fields, carrier! out by the Bureau of ::\Iines in 
1912, revealed the fact that the carnotite 
deposits of Colorado and rtah constituted 
by far the lar
est source of radium-bearing 
ores in the world.! It is estimated that these 
1 R. B. )[oore and Karl L. Kithil, "(" ,::; ,A. Bureau 
of )lines, Bull., 1913, :Ko. 70. . 
VOL, IV 


deposits should be capable of ,\ielding at least 
300 grammes of radium element. During the 
period from 1913 to 1919 the Standard Chem- 
ical Company, Pittsburg, Pa., alone produced 
30.8 grammes of radium element from this 
ore. 2 Carnotite is also found at OlaIT, South 
Australia, but this variety, being mi
ed "ith 
ilmenite, is very different from the American 
carnotite. Autunite is found in commercial 
quantities in Portugal in the district between 
Guarda and Sa bugal. It is occasionally 
found in very pure condition, but for the 
most part as a yery low graùe ore, bearing 
from 0.5 to 1 per cent of V 3 0 S . It is also 
found together "ith torbenÜte near Farnia in 
South Australia. 
All common rocks and minerals of the 
earth's crust contain minute amounts of 
radium (of the order of 10- 12 gramme of 
radium per gram me of rock). The atmosphere 
also contains radium in the form of emanation. 

 (3) EXTRACTIOX AXD SEPARATIOK OF 
R -\Dlr
I FRO)! RA.DIOACTIVE OREs.-The chief 
ore employed in the preparation of radium 
in the early stages of radioactivity "as 
pitch blende. The follo" ing account of the 
extraction of radium from pitchblende is 
given by 
Ime Curie. 3 The crushed ore is 
roasted with sodium carbonate, and the 
resulting material washed first with warm 
water and then with dilute sulphuric acid. 
The solution contains the uranium, whilst 
the insoluble residue contains all the radium. 
This residue chiefly contains the sulphates 
of lead and {'alcium, silica, alumina, and ferric 
oxide. In addition, nearly all the metals arc 
found in greater or smal1er amount (copper, 
bismuth, 7inc, cobalt, manganese, nickel, 
'Vanadium, antimony, thallium, rare earths, 
niohium, tantalum, arsenic, barium, etc.). 
Radium is found in this mixture as sulphate 
I and is the least soluble sulphate in it. In 
order to dissoh.e it, it is necessary to remove 
the sulphuric acid as far as pos!"ible. To do 
this, the residue is boiled "ith concentrated 
soda solution. The sulphuric acid com bined 
"ith the lpad, aluminium, and calcium passes 
into Holution as sulphate of sodium, which is 
remo'Ved by repeated washing "ith water. 
The alkaline solution remo'Ves at the same 
time lead, silicon, and aluminium. The in- 
soluble portion is "ell "ashed and treated 
"ith ordinary hydrochloric acid, "hicb 
completely disintegratps the m
terial and 
dissolves most of it. The radium remains in 
the insoluble portion. This is well "ashed 
"ith water and again treated "ith boiling 
concentrated solution of sodium carbonate. 
This operation completps the transformation 
of the sulphates of barium and radium into 


:I Sciellce, 1919. xlix. 2
7. 
3 Tranglation òf The
is for Doctorate, Chem, ...Yeu's, 
1003, p. 134-. 
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carbonates. The solid is filtered off, washed 
with sodium carbonate solution and then 
with water, and dissolved in HCI quite frpe 
from H 2 SO-t. The filtered chloride solution 
is treated with sulphuric acid to precipitate 
radium and harium sulphates which are 
contaminated with traces of lead, iron, and 
calcium sulphates. The erucIc 8ulphates thus 
obtained have an activity from thirty to sixty 
times as great as that of metallic uranium. To 
purify the sulphates they are boiled "ith 
sodium <,arbonate and transformed into the 
chlorides. The solution is treated with sul- 
phuretted hydrogen, which gives a quantity 
of active sulphides containing polonium. 
This precipitate is removed by filtering, and 
the remaining solution oxidised by means of 
chlorine, and precipitated with pure ammonia; 
the precipitate which contains actinium is 
removed, and the filtered solution treated 
with sodium calbonate. The precipitated 
carbonates formed are wash<,d and converted 
into chlorides. These <,hlorides are evaporated 
to dryness and washed with pure concentrated 
hydroC'hloric acid to remove traces of calcium 
chloride. The calcium chloride dissolves al- 
most entirely, whilst the chlorides of barium 
and radium remain insoluble. 
From 1 ton of Joachimsthal residues about 
S kilograms of a mixture of barium and 
radium chlorides are obtained, the activity of 
which is about sixty times that of metallic 
uranium. To extract pure radium chloride 
from barium chloride containing radium the 
mixture of the chlorides is subjected to frac- 
tional crystallisation in pure water, and then 
in the later stages in water to which hydro- 
chloric acid has been added. The crystals 
of radium chloride which separate out are 
elongated needles, ha\Tin
 exactly the same 
appearance as those of barium chloride. 
Both crvstals shO\\ douLle refraction, Crvstals 
of bari
m chloride containing traces of r
dium 
are colourless, but when the proportion of 
radium increases they have a yellow colora- 
tion after some hours verging on orange and 
sometimes a beautiful pink. The maximum 
coloration is ohtained for a certain degree 
of radium prpsent. This fact serves as a 
useful check on the progress of fractionation. 
Giesel pointed out that the s?paration of 
barium and radium hy fractional crystallisa- 
tion in water from a mixture of the bromides 
is more rapid and efficient than from 
that of the chlorides. 1 Another method of 
separ3.ting barium and radium is given by 
l\Iarckwald. 2 
A method of extracting radium from 
pitchblende by fusing the ore with sodium 
sulphate was employed on a large scale hy 
1 (}ipsel, Ann. Chl'm. Ph!l.
., 1Rf)f) (ii.), lxix. 91 ; 
Schall, Am. Chern, Soc. J., U)20, xliii, 889-896. 
2 Ber. 1904, xxxvii. 88. 


Haitigner, Luding, and rlrich. 3 This method 
has also been used in Australia by Radcliffe 
in treating carnotite ohtained at Olary, South 
Australia. 
Fusion with sodium carbonate was employed 
in Ameripa on carnotite ores, hut this method 
has the great disadvantage that it carries a 
large part, if not all, of the silica into solu- 
tion. This adds greatly to the cost of the 
(,peration and tends to giye radium-barium 
sulphates of a rather high degree of impurity 
which require special treatment. The method 
adopted at present by the Bureau of )Iines, 
U.
.A., 4 is based upon the fact that strong 
nitric acid dissolves radium-barium sulphates 
in considerable quantities, as well as the other 
soluble constituents of the ore. The use of 
strong nitric apid is advocated because the 
radium-barium sulphate can be precipitated 
at once in a remarkably pure form, and the 
nitric acid can be largely recovered in the 
form of sodium nitrate and uspd again, The 
radium usually exists in the ore in the propor- 
tion of 1 part in 200,000,000; a recovcry of 
90 per cent of the radium present is claimcd 
for the nitric acid method. H, Schlundt 5 
gives a method of extracting radium from 
carnotite ores with concentrated sulphuric 
acid, and has applied.it with success to carno- 
tite ores from Colorado and rtah. By Loiling 
carnotite ores with concentrated sulphuric 
acid the barium and radium compounds 
present are converted into bisulphatps, which 
remain in solution in an excess of the acid and 
may then b
 separated from the insoluble 
components by filtration, followed by washing 
the residue with concentrated sulphuric acid, 
From the acid liquors thus obtained the radium 
is recovered by diluting with water, whereby 
radium-barium sulphate is precipitated. Two 
types of carnotite ores were dealt ,\ith, a low- 
grade ore containing l.ûß per cent U 3 0 8 , 
4,.03 per cent Vl-
\, and 4-.88 parts of Ra per 
billion, and a high - grade ore containing 
14.39 per cent U 3 0 8 , 9.ß7 pf'r cent V 2 0 S ' and 
42.78 parts of Ha p('r billion. By using 
13ulphuric acid of more than 78 ppr <,ent 
concentration, at least 90 per cent of the 
radium prC'sent in these ores may be recovered 
by the above method. 
Plum 6 gives the following snmmary of the 
method employed by him in separating 
radioactive products from carnotite con- 
centrates. One kilogramme of carnotite 
concentrates was boiled for spveral hOllrs 
with 2 litres of a solution containing 
400 grammes of anhydrous sodium car- 
bonate. The filtrate yielded 
K.I graml1lcs 
3 Rer. Ühcr dip Rf'((rbeitulIq df'T P('chUrnrl-Riick- 
.c;tiindp [(. K. Akad., In.
.
('II.<;chf(ft. 1f)08, cn--iL G l!). 
4 U. L. Parson:-;, R. B. .\[oorf', S. ('. Lind, and O. C. 
S('haeff'r, J. of [nd. and Nnq. ('hf'm., viii. No. L 
s JOllfll. of PI!.II.'i. Ch(>m;,
try, HHG, xx. 485, 
8 Juurn. Am. Chern. Soc. xxxvii. 8. 
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of uranyl sodium carbonate, UÛ2,C0 3 2Xa 2 C0 3 , 
whieh repre8ented 88 per cent of the total 
uranyl in the samples. The filtrate still held 
2 pel' cent of the uranium in solution. A 
second treatment of the ore \\ith 300 grammes 
of sodium carbonate under the saIne conditions 
as above dissol"Ved out only 2.8 per cent of 
the uranium. The residue was treated with 
400 ('.c. hydrochloric acid diluted with about 
a litre of water, and boiled for about 8 hours. 
The radium-barium sulphate separated from 
the filtrate weighed 7.36 grammes. The 
residue was next heated for a day" ith 200 c.c. 
of nitric acid diluted with about a litre of 
water. The radium-barium sulphate precipi- 
tated in this filtrate weighed 0.453 gramme. 
The percentagf' of radium in these combined 
sulphates was 89.8 per cent of the total 
amount in the ore. Reprecipitations of 
barium sulphate in the two acid filtrates 
carried elm\ n '2,7 per cent more of the radium. 
The lead sulphate separated from hismuth 
and containing radio-lead, "eighed 0.49 
gramme. The polonium precipitated with 
bismuth an,d then deposited on copper "as 
50.1 per cent of the total amount in the ore. 
The residue was finally treated "ith t"ice its 
,\eight of sulphuric acid after being diluted 
with about an equal weight of watf'r and then 
heated until most of the sulphuric acid had 
cscaped in fumes. The acti\ity of the ionium 
found in this solution was 61 per cent of the 
total amount in the original carnotite. The 
residue left, after all extraction processes 
had been carried out, weighed 507 grammes 
and its activity showed that only 4.2 per cent 
of the radium still remained in it. 

 (4) 
JETALLIC R.HHU:\I has been i80lated 
by .:\Jme Curie and Debierne 1 by the electro- 
l,\:sis of pure radium chloride. . The radium 
amalgam so obtaÌlwd was heated to about 
700 0 C. in a current of hydrogen to vola tilise 
the mercury. J.. white metal remained 
::\I('taliic radi
um melts at about 700 0 C. and 
the vapour gi"Ven off rapidly attacks quartz. 
The metal turns blaC'};: in air, pos
ibly 0\\ ing 
to the formation of a nitride; it chars paper 
an('l dis
olves rapidly and completely in water 
and in dilute hydrochloric acirl. J t decomposes 
\niter "ith the evolution of hydrogen forming 
radium hydroxide solution. 

 (5) _\To:mc \YEIGRT.-
!me Curie made 
several determinations of the atomic weight 
of radium, by treating purified radium chloride 
with silYt'r nitratf' and estimatincr the amount 
of silver ehlori(le obtained. The last deter- 
mination made by her gave a value 226.4 for 
the atomie weight. 2 Employing the same 
method and about 1.3,5 grammes of purified 
radium chloride O. Honi
schlllid 3 obtained 


1 ('om ptes Rf'nffUS, un 0, eli. 523. 
2 IMd., 1!107, exlv. 422. 
3 Jrien, Ber" 1911, cxx. 1617. 


the value 22,).95. A similar set of experi- 
ments "ith the bromide gave 223.96. A. 
spectros('opic examination of the final bromide 
preparation used showed t} l at it contained 
less than 0.002 per cent of barium. The 
,-alue 226 is at present accepted as the atomic 
weight of radium. 

 (6) F-PECTR'(':\1.-Demarçay 4 sho"ed that 
radium gave a well-marked and characteristic 
spectrum. Twelve lines were observed be- 
twef'Il ^ = 5000 p.p., and ^ = 3':00 p.p., together 
with w('ll-marked bands. The general aspect 
of the sppctrum is that of the alkaline earths- 
these metals have well-marked line spectra 
with a number of bands. Later the spark 
spectrum of radium was examined by Runge,S 
Exner and Haschek,6 Crookes,7 Runge and 
Precht. 8 The chief lines observed, in order 
of decreasing intensity, were: 3814,6, 4682,4, 
4340'8, 5729.2, 4826,1, 4436.5, 5813.8, 6200.6, 
5958.4, 5660.8, 4533.3, 2813.8 p.}J-. Radium 
salts give a fine carmine coloration to the 
Bunsen flame. The flame spectrum of radium 
was examined by Runge and Preeht. 9 The 
foIlO\\ ing lines and band
 showed np cleady: 
4826, 6130-6330, 6329, ti349, 6530-6700, and 
6tj,"j3. A good test of the completion of the 
separation of harium and radium is the relative 
intensities of the lines 4533.3 (radium) and 
4.),j4.2 (barium). These two lines are of 

ame intensity when only 0.6 per cent barium 
is presf'nt in the radium salt. An acth-ity 
fifty times as great as that of metallic uranium 
is required to distinguish cleady the principal 
radium line (3814.6 p.p.) in the spark spectrum. 
\Yith a sensitive electronwter the radioaetivity 
of a substance, only one-hundredth of that of 
metallic uranium, can be df'tected, so that the 
ionisatìon meth0d of detecting radium is 
much more sensitive than the spectroscopic 
method. 

 (7) SALTS OF RXf1IL'::\1. - The salts of 
r
dium resemble the correspunding salts of 
barium. Radium sulphate is le

 soluble 
than the barium salt, the carbonate also is 
sparingly soluhle, For a 30 per cent or weaker 
solution of sulphuric acid the solubility of 
radium sulphate is practically thf' same as 
that in "ater, namely 2.0 x 10- 8 gm. RaS0 4 
per C.c. at 23 0 r. This value is that pre- 
dicted from comparison with the decreal'ing 
solubilities of Ca, Sr, and Ba sulphate
. On 
increasing the concentration of H 2 f'O. aboye 
65 per ('ent, a marked rise in soluhility of RaRO.. 
takes plaee; it is more than tweh'e times as 
soluble in 70 per cent as in 63 per cent aeid. to 


C Comples RnzdllS 1
!)8. c"\:"\:vii. 1218. 
:; Ann. d. Pllys., 1900, ii. 7-1
; 1003, xii. 407. 
II Wien. Ber., 1901, cx, 9G-1, 
7 ROIl. Soc. Proc., H)O-1, A. lxxii. 
9j. 
8 
.hin. d. Plms., ]!10-l. xiv. .u8. 
e Ibid., 1903, ,. G5;J. 
. 10 r nderwood and Whittemore, Am, Chern, Soc. J., 
1918, xl. 
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The bromide and chluride crystallise 'with two 
molecules of water: RaCl 2 2H 2 0, RaBr 2 2H 2 0, 
and these crystals are isomorphous with 
the correRponding bêtrium 8êtlts. The radium 
halides are much less soluble than the 
harium halides. Seyeral other salts, for in- 
stance nitrate, azoimide, cyanoplatinate, have 
been prepared. The radium salts when freshly 
made are white, but they afterwards become 
Yf'llow and brown, particularly if the salts 
are impure. Solutions of radium salts have 
a blue luminescence and the salts are all 
luminous in the dark. The following table 
gives the percentêtges of radium element in 
some of the radium salts: 


TABLE I 


Percentage of 
Salt. Formula. Radium Element 
in Pure 
Radium Salt. 
I Radium bromide} per cent 
I crystalline RaBr 2 2H 2 O 53.6 
I Radium bromide) 
l anhydrous , RaBr2 58.6 
Radium chloride \. 
crystalline , RaCl2
H20 ô7.9 
Radium chloride \ 
anhydrous j RaCl 2 76.1 
Radium sulphate RaS04 70.2 
Radium carbonate RaCo 3 790 
 


9 (8) RATIO OF RADIUM TO URANIUl\I IN 
l\hNERALs.-In the early stages of radio- 
activity Rutherford and Soddy had suggested 
that radium was a disintegration product 
of one of the radioacti ye su bstances in 
pitchblende and, since radium was always 
found associated with uranium, it appeared 
probable that uranium was t.he primary 
source from which radium was derived. If 
this were the case the weight of pure radium 
per gramme of uranium in a mineral in radio- 
active equilibrium should be a definite con- 
stant. A large number of radioactive minerals 
were examined by different investigators with 
a view to testing this conclusion. The ratio 
of the amount of radium to uranium in the 
older minerals showed remarkable constancy; 
mincrêtls of more recent formation, however, in 
which radioactive equilibrium had not been 
established, showed variation, and according 
t.o expectation the values of the ratios were 
always lower than in the older minerals. 
The weight of pure radium per gramme of 
uranium in a mineral in radioactivC' equi- 
librium was found by Rutherford and Bolt- 
wood 1 to be 3.23 x 10- 7 gramme, so that 323 
milligrammes of radium element are present 
ppr ton of uranium element approximately. 
This value of the "equilibrium ratio" has 
been confirmed by Lund and \Yhittemore 2 
1 Ann. Journ. Sci., l!JOß, xxii. 1. 
2 Bur. of .Mines, Tpchn. Papers, 1915, lxxxviii. 


who e)"amined samples of carnotite represent-' 
iug large quantities of the ore (a few hundrC'd 
pounds to several tons). Samples from small 
quantities of ore-hand specimens up to a 
few pounds-tended to exhibit abnormal 
ratios; in one instance the ratio was as low 
as 2.48 x 10- 7 , in another it was as high as 
4.6 x lû- 7 . These abnormal diffC'rences are put 
down to local variations which are equalised 
in large samples. 

 (0) ESTIMATION OF RADIUM.-The quan- 
tity of radium in a preparation ia C'stimated 
in terms of the International Radium standard. 
This standard is a specially purified specimen 
of radium chloride containing 21.99 willi- 
grammes of radium chloride prC'pared by 
J\Tme. Curie. It is kept at the Blireau Inter- 
national des Poids et l\IesureR, Sèvres, Paris. 
Copies of this standard have bC'C'n suppliC'd 
to the National Physical Laboratory, Teclding- 
ton, and to the official testing institutions of 
other countrips, who undertake the determina- 
tion of the quantity of radium contained in 
preparations submitted to them. 
Two general methods haye been employed 
for determining quantitatively the amount 
of radium in a preparation, namely, the -y-ray 
method wJ1Ìch is suitable for measuring 
quantities of radium varying from 0.1 milli- 
gramme to 1 gramme, and the emanation 
method which is suitable for measuring slllall 
quantities of the urder uf 10- 6 milligramme. 
(i.) The -y-ray Jletlwrl. - This method of 
measurement depends upon the fact that the 
radium in a radium salt, hermetically spaled 
in an enclosure, is in equilibrium with its 
productF: of disintegration in about a month's 
time after the preparation of the salt, and 
emits a very penetrating -y-radiation, the 
intensity of which is proportional to the 
amount of radium present. The radium itself 
emits no -y-radiation, neither do the next 
three products which follow it, except radium 
B which gives off soft -y-radiation; the 
penetrating -y-rays of radium are entirely 
due to the fourth product radium C, and 
it is for this reason that it is necessary 
to enclose the salt in a hermetically seal('
l 
tube, so that equilibrium has been estalÆshed 
before measurements are taken. It is only 
when equilibrium has been attained that 
the 1'-radiation gives a mea:-:mre of the radium 
present in the tubf'. 
(a) Rutherford's Direct .JletJtOd.-To measure 
the quantity of radium in a sample in terms 
of the standard the -y-ray a<,tivity {\f each pre- 
paration is measured under identicai conditions 
by means of an eledroseope and ionisation 
chamber. Thf' apparatus cmploYNl i
 shown 
in Fig. 1. The rates of faU of the electroscope 
leaf aftpr correcting for natural leak are 
dire<,tly proportional to the amounts of radium 
in the tubes and thus give a direct comparison 
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of their amounts. It is essential for accurate 
mea:;urements that the electric field inside 
the ionisation chamber is strong enough to 
produce saturation. The most accurate com- 
parisons are those made ,
hen the sample and 
st.andard cont.ain about. the same quantity of 
material; comparisons correct to about 1 per 
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cent can be made, however, when one sample 
is ten times as strong a!' the other if a sufficient 
number of readings be taken. It is advisable 
to make comparisons at different distances 
from the iOlùsation chamber and also to place 
different thicknesseg of absorbing screens in 
front of the chamber. The ratio of the 
activity of the two samples should remain 
constant during these modifkations. )leasure- 
ments should not be made with the samples 
too near the electroscope because a smaJl 
displacement relative to the electroscope 
introduces a large error. It is essential to 
prevent radiation other than -y-radiation from 
entering the chamber. The latter is therefore 
made of lead a t least 3 
millimetres thiek and the 
windows of the electroscope 
should be made of thick 
lead glass and be welJ 
guarded by lead shields. 
These precautions prevent 
the entry of ß-radiation, 
but s
attered -y-radiation 
from objects in the neigh- 
bourhood of the apparatus 
will ah\ ays enter the ap- 
paratus, and for this reason 
such objects should not be 
moveù during the course of a comparison. 
It is of advantage to enclose the radium 
in small tn bes so that they act as point 
sources, also the walls of the tubes should 
not exceed 0.2 miIlimeÚe in thickness. If 
they do not exceed this thickness the correc- 
tion due to absorption of the rays in the glass 
is negligible. For thicker walls, a correction 
will ha,oe to be applipd, the absorption 
coefficient of the rays in glass being 0-10 per 
cm, It is convenient to have at hand a series 
of f!raduated standards, say 0.1. 1, 5. 10, 30 
milligramllies radium element for the compari- 
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son
. The errl)r introduced on account of 
lack of saturation ruay be sedous "hen 
quantities of radium of very different activities 
are compared by the above method. The 
graduated standards woulLl be useful in this 
connection, because they could be com binpù 
together to give an amount of radium approxi- 
mately equal to that in the tube to bf' tcsted. 
(b) Rutherford and Chadwick's J[ethod.- 
Another delicate method of comparison has 
been devised by Rutherford and Chadwick. 1 
The method consists in balancing the current 
produced in an iOlùsation vessel by the -y-rays 
from the tn 0 specimens of radium to be com- 
pared in turn against that produced in a 
second vessel by uranium placed inside it. 
The ionisation in this ve:;;sel remains constant 
whilst that in the other one is varied by 
alterin'T the distance of the radium fro
 
it. "':'hen the ionisation currents have been 
balanced the position of the radium on a scale 
gives a measure of the quantity present. 
The disposition of the apparatus is shown 
diagrammaticalJy in Fig. 2. In the apparatus 
described by Rutherford and Chadwick, the 
vessel A. consists of a lead cylinder 2 cm. 
thick, 10 cm. long, and of internal diameter 
].3 em. The end of the yessel, through which 
the -y-rays enter, is covered "ith a lead plate 
1 pm. thick. This vesael is placed at one end 
of a graduated scale a bout four metres long 
along which a slide carrying the radium R 
can be moved to any desirerl distance from it. 
The insulated electrode of the cham bel' is 
connected to that of the chambpr B by a mre 
which is enclosed in an earthed tube T, about 


A 
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3 to 4 metres long, which can be evacuated. 
This prevents the production of ionisation 
in the tube by stray -Y-1'ays whic
 would 
vitiate the results. The '\'essE'l B is a brass 
cylinder 4 cm. high and 1 em. in diameter. 
The ionisation in this vessel is produced by 
thp a-rays emitted bv a film of uranium oxide 
deposite
J on a plate placed at the bottom 
of the chamber. The ioni
ation can be varieù 
over a large range by opening or shutting an 
iris diaphraffm plaeed ahm?e the uranium. 
The insulated 
ystem i
 connected through 
1 Phys. Soc. Proc., Hn
, xxiv. 141. 
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an earthing key K to one pair of y. uadrants 
of the electrometer E, the other pair of 
quadrants being earthed In order to pro- 
duce ionisation currents in opposite direction
 
in the two chambers, the one chamber is con- 
nected t.o a potential (usually 
about 2UO volts) equaì and To Support 
opposite to that on the other. 
The electrometer and innisation 
chamber R are both enclosed 
in a box covered with lead 
5 mm. thick, and as a further 
protection from the -y-rays, the 
vessel B is enclosed in a lead To 
Earth Q 
cylinder 6 cm. high and 3 em. 
thick, and insulated from it, 
It is con\;enient t.o arrange the 
apparatus so that the move- 
ment of the spot of light on 
the scale can be watched at 
the same time that the earthing key is worked 
and the slide carrying the radium is moved 
along the scale. 
In making a comparison of two preparation/:> 
of radium, the only measurements required 
are the distances of the balancing points from 
the surface of the cham 1)er. It is necessary, 
ho\\-"ever, to know the depth of the ionisation 
chamber A, and a correction has to be made 
for the absorption of the -y-rays in the air 
between the sources and the vessel A. In 
the calculation use is made úf the fact that. 
over a wide range of distance the intensity 
of the radiation producing ionisation is in- 
versely proportional to the square of the 
distance of the radium from the ionisation 
vessel. 
If r is the distance of the radium from 
the front surface of the ionigation vessel and 
t the thickness of the lead plate covering it, 
then if p..l ig t.he absorption coefficient of the 
-y-rays in kad and p.. their absorption coeffi- 
cient. in air, the intensity of the radiation 
in the ioniHation vessel is proportional to 
e - p.1t . e - p'r /r(r + d), where d is the depth of 
the ionisation vessel, which is small compared 
with r. 
Hence if R 1 milligrammes of radium, placed 
at a distance r l' produce t he same ionisation 
in the vessel as R 2 milligrammes placed at a 
distance r 2' then 
R1e- 
1 _ R 2 e- P.12' 
r1(r 1 + d) - r 2 (r 2 + d)' 
. R 2 r 2 r 2 + rl -- p.(r - 1 ) 

.e. HI =
 . r 1 + d . e 1 2 . 
This method can he employed to mea
nre 
quantities of radium greater than one miUi- 
gramme tCt an accuracy of about 1 part in 
400. Smaller yuantities than this have to 
he brought so near to the ionil'ation vef'sel 
that the inverse square law no longer holds. 


(c) ..JIme C uric' 8 J1 ctlLOd.-Â Î - ray method 
due to J\1me Curie is shown in Fig. 3. The 
radium is placed on tup of a largp circulpr 
plate crndenser C consisting of two slwets 
of lead about 
.o em. diameter and 5 mm. 
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FIG. 3. 


thick. An insulated aluminium plate situated 
between the lead plates, with a clearance of 
about 2 millimetres on either side, serves as 
the electrode. To obtain saturation the lead 
plates are connected to a high potcntiaL The 
ionisation curre..lt produceù i::; balanced by 
the use of a qnartz piezo-electriq ne Q. The 
relative saturation currents produced by the 
test and Etandard preparations afford a definite 
measure of the radium present. 
(d) Boddy's J1ethod. - Soddy describes a 
-y-ray method by which the radium content of 
a low -graùe preparation can be estimated. l 
A spherical fiask is filled with a known weight 
uf the salt and sealed up. After equilibrium 
has been attained a comparison is made he- 
t.ween this and the standard by the first nwthod 
described above. An accurate correction can 
be made in this instance for the absorptioll of 
the rays in the salt. Suppose I iR the in- 
tensity of the radiation observed from the flask 
and 10 what it would be if no absorption of 
the radiation occurred. Then it can be shown 
that 


I 
T = I - ï/L R + T\i (p..R ) 2 - t(p..R)3 + or? õ(p..R )4 
o 
- ,lo(p..R)5 + . 


. . , 


where p.. is the ahsorption coefficient of the 
radiation in the matpl'ial and R the radius 
of the flask. The value of p../p "here p is the 
density may be taken as 0.040, the density 
of the substance being taken as the mass 
divided by the known volume V of the flask. 
The series is rapidly converging, and three or 
four terms will suffice in most Cases. 
For a rapid appro
imate estimation of. 
radium in minerals Soddy employs a large 
lead electroscope, about. 20 CIll. high hy 
o 
cm. diameter anrl of wall thickness 0.4 cm. 


1 Soùùy, The Chemistry of the Radio-element,,:, HH7, 
i. 93. 
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Th
 \\ indows are made of lead gla&> and 
are shielded ny lead EO as to prevent the 
entf\? of secondary radiation into the electro- 
scop
. The leaf ;.Ystem is of the simple type 
and is insulated by sulphur. In comparing 
pitchblendes and other minerals a lump of 
20 to 100 grammes, according to the rich- 
ne
 of the mineral, is taken and placed on 
top of the electroscope. The incI'('ase in the 
leak is compared \\ ith that produced by a 
similar lump of a standard pitchblende, the 
uranium content of which is known. These 
measurements supply enough data to calculate 
the amount of radium in the mineral. Fúr 
example: 


Per cent. '\\'" eight. Leak of 
U Electroscope. 
Standard GO ::?l gms. I::? cli\". pf'r min. 
Specimen te::;ted x 30 " 8 


x=i
 x I; xüO=:?8 per cent. 


The" equilibrium ratio" of radium to uranium 
in a mineral of old formation is 0.323 x 10- 6 , 
that is, thCle are 323 milligra-mmes of radium 
element present per ton of uranium element. 
Hence the amount of radium in the above 
sample is O.:?S x 0.32:3, i.e. 0.090 gramme per 
ton of mineral. 
(ii.) The Emanation Jletlwrl.-This method 
is very suitable for accurate measuremep-ts 
of Illi
ute quantities of radium. It depends 
on the fact that radium produces a gaseous 
product, the emanation, of a comparati\-ely 
long period of transformation which can be 
separated completely from radium solutions. 
The emanation reaches its equilibrium value 
after the radium solution has been sealed up 
in an enclosure for about a month; "hen 
this stage is reached the amount of emanation 
present is proportional to the radium content 
of the solution. As a standard of compari!'on 
it is necessary to prepare solutions containing 
a known quantity of radium which has been 
measured by one of the ì-ray methods. A 
standard 
olution is prepared as follo" s : 
A known quantity of radium salt, say 1 milli- 
gram me, is dissolved in distilled water contain- 
ing a little di1ute hydrochloric acid so as to get it 
all into solution. This is made up to a litre by 
the addition of water. One cubic centimetre 
of this 
olutiotl is measured carefully, either 
by means of a pipette or by weighing, and 
transferred to another flask, and water added 
up to a known volume, St1V 1 litre: 1 cubic 
centimetre of this solutio
 would therefore 
contain 10- 6 milliaramme of radium. A 
num bel' of solutions oof different strengths are 
prepared in this manner and kept as standards 
of reference. It is e:">:,:,ential to take !!reat 
precautions that all the rarlium is iniÍialh? 
put into solution, and it is advisable to add 
 


little hydrochloric acid to the :standard solu- 
tions "hen they are made, so as to ensure 
that the radium remains permanently dis- 
solved. After the standard. solution is 
made, it is placed in a distilling flask 
which can be sealed up. Before sealin
 up, 
ho"\\ ever, the solution is thoroughly boiled 
to drive off all the emanation. Boiling for 
a few minutes suffices for this purpose. 
 The 
flask is sealed up before it cools and is 
kept for a month to allow the emanation to 
accumulate. 
\Yhen the radium content of a sample is 
req uired, it is put into solution in a manner 
similar to that described above in the case 
of the standard. In a month after the vessel 
containing the solution is sealed, the emanation 
is transferred into an electroscope. This 
transference is effected by means of the 
apparatus shown in Fig. 4. The distilling 
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flask A, containing the radium solution, is 
opened and the air rushes into the partially 
exhausted vessel so that there is no loss of 
emanation. This is then connected to the 
gas burette B, which is filled with hot water 
forced into it from the flask C. The 
flask A is then heated for about five minutes 
so as to drive the emanation into the gas 
burette; the emanation collects in the top 
of the burette and does not dissolve in the 
hot wat.er. Cold water dissolves the emana- 
tion to an appreciable extent. The flask A. 
is again sealed, and the emanation in the 
burette sucked into an electroscope where its 
activity is measurell. To do this the electro- 
scope is evacuated by mean" of a water pump 
and the emanation passed into it through a 
dr)ing tube. The burette is finally discon- 
nected from the drJing tube and a stream of 
dry air allowed to pass into the electroscope 
until atmospheric pressure is esta blished. The 
electroscope is then closed. The rate of leak 
due to the emanation in the electroscope in- 
crcasef' rapidly at first and then more slo" ly, 
reaching a maximum in about three hours 
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after the introduction of the emanation. The 
increase of leak is due to the production by 
the emanation of its products - ra,dium A, 
radium B, and radium C. During this interval 
it is advisable to keep the leaf of the electro- 
scope negatively charged so as to concentrate 
the active deposit on the central rod. Owing 
to the intense field near the central electrode, 
saturation is obtained more easily than if the 
active deposit were driven to the walls of 
the electruscope. For accurate work it is 
desirable to take measurements of the leak 
when at its maximum. The emanation should 
be swept out of the electroscope as soon as 
the measurements are made, so as to a void 
contamination from radium F, which will 
increase the naturallcak. 
The same procedure is gone through with 
the standard solution. The ratio of the leaks 
in the two cases gives a measure of the 
amount of radium in the sample in terms of 
the standard. 
The emanation method is very accurate and 
reliable. The emanation fro
 10- 6 milli- 
gramme of radium gives a comparatively 
rapid discharge, and it is possible to measure 
one-hundredth uf this quantity with cer- 
tainty. 

 (10) :\IES(\THORIU:\1. - The -y-ray methud 
does not differentiate between radium and 
ruesothorium, both of which emit penetrating 
-y-radiation. The penetrating power of the 
rays from radium is slightly greater than that 
of the rays from mesothorium
 and a careful 
comparison of the absorption of the rays in 
lead will reveal the contamination of radium 
by mesothorium without the necessity of 
opening the tube containing the preparat
on. 
A more satisfactory, although a more laborwus 
method of detecting the presence of meso- 
thorium is to dis
olve the salt and drive 
off the emanation. If the solution contains 
no mesothoriulll the -y-ray intensity "ill 
almost vanlRh after three hours; this will not 
be the case if thcre is any mesothorium 
present. The objection to this method is that 
the tube containing the preparation must be 
opened, which involves the risk of the loss of 
some of the matprial. 
The carnotites are known to contain only 
a negligible amount of mesothorium. 'Tests 
made at the Bureau of Standards, 'Vashington, 
on radium produced from this ore indicated 
that the mesothorium present did not exceed 
0.2 per cent of the radium content of the 
material. ConRequently it is qnite safe to 
assume that the radium proùuced from these 
deposits is practically free from mesothorium, 
g (11) RADIUM: ('O
STA
Ts.-Radium itself 
emits 3.57 x 10 10 a.-particles per second per 
gramme of radium; when in e<)uilibrium with 
its products 14.3 x 10 10 are expelled per Re('ond 
per gramme of radium. The total charge 


carried by the a.-l)articles emitted per second 
from 1 grarnme of radium and from each of 
its products in equilibrium with it is 33.2 e.S.ll. 
or 1.11 x 10- 9 e.m.ll. l 
The quantity of emanation in equilibrium 
with I gramme of radium is known as a curie 
of emanation, and one-thousandt.h part of it. 
is a millicurie. Similarly the quantity of 
radium A, radium B, and radium C in equi- 
librium with one gramme of radium are known 
as one curie of radium A, radium B, or radium C 
respectively. The total ionisation current due 
to a.-rays from one curie of emanation is 
2.89 x 10 6 e.s.n. when the empnation is hv 
itself and 9.94 x 10 6 e.s.u, when it is with its 
a.-ray products. 2 The total charge carried by 
the ß-particles emitted per second by Ra, B or 
H,a C in equilibrium with 1 gramme of radium 
is 18.3 e.s.u. 3 The volume of the emanation 
from 1 gramme of radium in equilibrium is 
0.63 cubic millimetre, which agrees cloRcly 
with the value caleulated from the knowledge 
of the number of a.-particles emitted per 
second, per gramme of radium itself, nauwly, 
0.62 cubic millimetre. 4 The total heating 
effect of 1 gramme of radium and its products 
in equilibrium with it is 134.7 gram me calories 
per hour. The contrihution to this total 
amount by each of the- products is as follows: 


Radium alone. . 
5.1 grammC' calories pCI' hour. 
Radium emanation . 
8.6 
Radium A . . 30.5 
Radium B } 
Rad.ium C . . 50.5 


., 


" 


" 


,. 


The production of helium by radium was 
investigated by Ram::;ay and Soddy.5 Puri- 
fied emanation from about 50 milligrammes of 
radium bromide was introduced into a small 
spectrum tube. 1\0 helium could be detectC'd 
spectroscopically immediately after the intro- 
duction of the emanation, but after standing 
for four days the helium spectrum appeared 
with all its characteristic lines. This showed 
that helium is produced' directly by the trans- 
formation of the radium emanation. It waR 
the first definite evidence of the production of 
a known element during the transformation 
of radioactive matter. Bo1twood and Ruther- 
ford 6 found experimentally that HH cu hic 
millimetres of helium are produced per gramme 
of radium per year; this figure iR in good 
agr('ement with that found hy calculat.ion, 
namelv, 1()3 cubic millilnetres. 
Fro
1 the number of a.-particles emitted p('r 
second hy 1 gram me of radium Rutherford 
and Geiger ca.lculated that the half-value 


1 RuUlf'rford and Geiger, Roy. Soc. Froc., 1908, 
A, lxxxi. 141. 
2 C;cigcr. ibid., l!)Of), A, lxxxii. 486. 
3 )To;::.cJey, ihid.. 1m2, A, lxxxvii. 230. 
4 Ullt1wrforc1, Phil. J[(((J., ]f)08, xvi. 300. 
Ii Roy. So('. Pr()('., HIO
, A, lxxii. 204. 
8 Phil, 
Mag., 1911. xxii. 586. 
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perIod of transformation of rarlium was 1()
)O 
years. Boltwood 1 determined this quantity 
e}..perimentally by separating the" hole uf the 
ionium present in a uranium mineral and 
determining the growth of the radium from 
it in terms of the equilibrium amount of radium 
in the mineral. He found that the half. value 
period was about 2000 years. A more recent 
determination by this method, and employing 
four different minerals, has been made by 
:!'IIlle. Gleditsch. 2 The mean of the four dete;- 
minations gave the value 1660 years for the 
half-value period, which agrees more closely 
with the above-calculated value. If 10 is the 
initial activity of radium and I its activity 
after an interval of time t, then 1/10 =e- .\t, 
where ^ is a constant known as the "radio- 
active constant." It may be defined as the 
fraction of the total amount disintegrating 
per unit of time, assuming the time unit to 
be so small that the quantity at the end of 
the time unit is not sensibly different from that 
at the beginning. For radium 1/10 =0.5 
when t=1690 years, so that ^=4.]0 x 10- 4 
per year. ....-\n atom disintegrating according 
to the above law can be shown to have an 
average life of l/^, which in the caRP of raùium 
would be 2440 years. 
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RADIDI, PRIXCIPAL CO:\DIERCIAL ORES OF, 
pitchblende and carnotite. See" Radium," 

 (2), 


RADnr
1 ACTIVE DEPOSIT, DECAY OF. See 
" Radioactivity," 
 (20) (ii.). 
RADIDI COXTEYT OF LrMIXous CO:\IPOU
D, 
measurement of. by -y-ray method. See 
" Luminous Compounds," 
 (5). 
RADIIDI E
L\.X ATIO
: a gaseous product of the 
disintegration of radium; employed as the 
basis of an accurate method of measurement 
of minute quantities of radium. See 
" Radium," S (9) (v.). 
RADItJ:\1 Lr:\uxous COl\IPOrXD, PHOTO:\IETRY 
OF. See" Photometry and Illumination," 

 (12.3). 
RADIL::\I P.UXTED DIALS, PHOTO)IETRY OF, 
See" Photometry and Illumination." 
 (127). 
RA:\ISDEX'S EYEPIECE. See.' Eyepieces," S (3) ; 
" Telescope," 
 (6). 


1 _1m. J. Sci., 1908, xxv. 493, 
2 Ibid., 1916, xli. 112. 
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 (1) EARLY HISTORY OF THE RAXGE- 
FIYDER.-The evolution of the short home- 
base range-finder pro\yides one of the most 
interesting stories in the whole range of 
applied optics, From the earliest times, the 
distances of inaccessible objects have been 
determined by simple triangulation methods. 
This has resulted in a constant demand for 
instruments of the theodolite type, designed 
to measure angles in azimuth with the greatest 
possible accuracy. "
hen, however, the prob- 
lem of determining ranges during a battle, 
under the eyes and fire of the enf>my it might 
be, became an urgent one, it was soon dis- 
covered that what were in essence surveying 
methods suffered under great disadvantages. 
They necessitated the use of a comparath.ely 
long base, and the employment of a number 
of men, for the carrying out of an operation 
which took a ('on
icÌerable time, and- had to 
be conduded under conditions which made 
accur:1te work difficult. Thus arose the 
demand for the short-base, single-observation 
range-finder. 
In the earlier forms of short-base ran!!e- 
finders two theodolites in effect were mounted 
at the ends of a known and rigid base. The 
theodolite telpscopes were directed either 
successively by a single observer, or simultane- 
ously by different observers, on to the distant 
object, and the convergence angle determined 
from the readings of the theodolites. 
In later forms of this type thE' two telescopes 
were fixed rigidly to the ends of the base with 
their axes parallel to one another and at right 
angles to the base. In making an observation 
the image of the object was brought on to thE' 
fixed cross-wires of one telescope, hy rotating 
the range-finder in azimuth, and then the 
displacement of the image from the a
is in 
the second telescope was determined by an 
ocular micrometer, graduated, it might be, to 
give range
. This marked a decided advance. 
In effect the object was brought into position 
along the axis of one telescope, and the range 
determined from the parallactic displacement 
of its image in the field of view of the other 
telescope. 
The two-independent-telescope type, how- 
ever, was open to manifest objections. \Yhen 
, two observers "ere empJoyed it was difficult 
to ensure that the same object was being 
ranged upon in each telescope, and ranging 
upon a moving object presented even greater 
difficulties. It was thus realised that the two 
telescopes employed should projp<'Ì their 
images into a single common eyepiece, so that 
the two images given by the two telescopes 
could be observed simultaneously by a single 
o bser\yer. 
One of the ear1icst forms of coincidence, or 
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rather supprpo
ition range-finders. was that 
invented in 1775 by an optician named 
1Iagellan. In this apparatus, as shown b
T 
Fig. 1. sliding telescopic tubes a and b carry 
mirrors .:\1' and :\1 at their outer ends, the 
latter mirror being fixed in front of a telescope 
L. Thus a di
ta,nt object can be seen directly 
in the telescope L, and indirectly, after suc- 


a 


b 


L 


FIG. 1. 


cessive reflection of the light by mirrors 1\1' 
and 
I. These mirrors are inclined at a small 
angle to one another so that within certa.in 
limits superposition of the image can be 
effected by adjustment of the base length. 
From this base length and the constant angle 
of convergence of the mirrors the range can 
be determined. A notable instrument of this 
type was also invented for military purposes 
by Brander, a description of which was pub- 
lished in 1781. 
An interesting range-finder was that patented 
in 1838 by General Clark (see Fig. 2). In this 
instrument a single telescope only was em D 
ployed. Light from the object fell simultane- 


R3 R4 
I J 

/! _-----
 


JflG, 2. 


ously upon two end reflectors Rl and R 2 , 
from which the light passed to inclined 
reflectors R3 and R.. mounted in front of 
a telescope object-glass. Two pictures, dis- 
placed horizontally with respect to one another, 
were thus seen in the focal plane of the eyeD 
piece. This horizontal displacement, which 
was a measure of the range, was measured 
directly by means of a micrometer screw. 
It should be noted that Clark's instrument 
was not, strictly speaking, a coincidence range- 
finder, since the actual displacement of one 


picture with respect to the other "as deter- 
mined directly. It was, ho\\ ever, one of the 
earliest instruments of fixed base length" hich 
permitted of simultaneous observation bv a 
single observer in a single eyepiece. . 
In 1860 Adie took out what would now be 
called a master patent for a short, constant 
base, coincidence range-finder. L"p to this 
time coincidence, or superposition, had been 
secured by varying the base length; or, the 
base length being fixed, the parallactic dis- 
placement in the ocular .field had been 
measureù directly. F1"g. 3 is taken from Adie's 
specification. An outer tube d carri('s a 
telescope system consisting of an object-glass 
b', prisms p2 and p3, and an eyepiece a 2 . An 
inner tube d' pivoted at c carries a second 
telescope object-glass a' and prisms p, p'. 
Each of the telescopes therefore projects an 
image into the focal plane of the eyepiece a 2 . 
'Yhen the inner tube is rotat('d about its 
pivot c by the operation of a micrometer d 2 , 
the image produced hy the telescopic systelll 
on the left is moved horizontally across the 



 

 I 
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---cl d 




6l 
\ d 2 
a 2 


:FIG" 3. 


line of sight in the field of view, and can thus 
be superposed, or brought into coincidence 
with the image produced by the telescope on 
the right, and the range determined. 'Y1t11 
such a simple system of reflecting separating 
prisms, partial fields with a sharp dividing 
line cannot be obtained, a condition which 
has been shown to be essential to accurate 
work. 
An interesting 
pecimen of Adie's telemeter 
is to be seen in the Science :\Iuseum, South 
Kensington. It has a base length of 3 ft. The 
parallactic angles are read off directly, whilst 
reference to a table carried by the instrument 
gives the corresponding ranges from 100 to 
2000 yarde;;. The instrument was used on 
H.1\I.S. Triton, from 1883 to 190+, during the 
survey of the East Coast of England. 
Very soon after the date of AclÏe's invpntion, 
the German opt.ician Steinheil, and the l
"rench 
optician Tavernier, brought out coincidpnce 
range-finders in which the coincidf'nce was 
brought about by a rotation of one of the end 
reflectors. 1\Iarindil1 as late as 1901 patentpd 
a range-finder in which coincidence was secured 
by a similar tilting of an end reflector. 
In 1868 Paschwitz described a range-finder in 
which coincidence was obtained by s" inging 
a plane-parallel plate in the beam passing along 
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one of the telescopes, that is in a convergent 
beam. 
The pentagonal prism appears tn have been 
first applied to range-finders by Colonel Goulier 
of the French Army about IS6..1. 
In 1883 
Iallock introduced a range-finder 
in which an optical square made up of two 
plane reflectors, inclined at -15 0 to one another, 
was useù as an end reflector. Coincidence was 
brought about by tilting a reflector by means 
of a micrometer. 
Finall v, in 1888, 
Iessrs. Barr & Stroud 
invented their well-knm" n range-finder, which 
embodied in one instrument so many of the 
features which experience has sho" 11 to be 
essential for efficiency in a service instrument. 
Thus far we have dealt with the history of 
the coincidence or monocular type of range- 
finder onlv. Quite earh y . however, as we shall 
see, it w
s recognised' that a 
econd type, 
depending upon the plastic character of 
binocular vision, was possible. 

 (2) STEREOSCOPIC RASGE-FI
DERS. - In 
binocular free vision, objects can be relatively 
positioned in the line of sight with "Very 
considerable accuracy, but a limit is imposed 
by the fact that before an object can be 
stereoscopically resolved. or seen in relief, it 
must have a certain minimum dimension in 
the line of sight, a dimension which, according 
to Helmholtz, must subtend angles at the eyes 
of the observer, the sum of which is at least 
equal to one minute of arc. This limiting 
angle, it may at once be said, has been reduced 
to 20 seconds of arc, and even less. by later 
workers. The sum of these angles, it can 
easily be shown, me
sures the change in the 
con vergence angle of the axe3 of the eye whell 
directed first at the nearer, then at the more 
remote end of the object; thus. put in 
other words, the statement means that in 
order that two objects at different distances 
from an observer shall be seen as at different 
distances, the con vergence angle of the axes 
of the eves must chan!le by at least 2()" in 
passing f
om one object 
to the other. 
Xow assuming an average inter-pupillary 
distance of 2! inche
, the distance at which 
this intf'r-pupillary distance subtends an angle 
of 20" is equal to 21.' tan 20" inches. a 
distance of about 700 yards, whilst for an 
object at infinit:,-y the co
vergence angle is of 
course zero. Obdously, then, no two objects 
which occur in space outside a sphere with a 
radius of 700 yards can be stereoscopicaHy 
resolved, i.e. the radius of the spherical stereo- 
scopic field of free vision is about ïOO yards. 
X othin
 beyond that can be seen in relief as 
compared with an object even at an infinite 
distance, ....\ point of light. for instance, 
beyond 700 yards away cannot be seen to 
be in relief against stars in the sk,\r. 
Accepting the principle of Helmholtz's limit, 
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it is obdous that the greater the inter- 
pupillary distance of an observer, the greater 
must be the radius of his stereoscopic field of 
dew. Herschel and Helmholtz, independently 
of one another. very ingeniously took a(h
an- 
tage of this fact about the \'ears 1855-38, 
and by optically magnifying the
 inter- pupillary 
distance of an observer, gave to him increased 
stereoscopic power. This was done by a 
reflecting system of four mirrors Rl' R 2 , R3' R4 
(Fig. 4). I..ight from a distant object point 
...-l,-_ -- - - - - 
 7 - - - - - - - - -- 
, u 
,.... . 
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FIG. 4. 


reaches the eyes respectively by successive 
reflections from the mirrors R3 and RI' and 
R 1 and R 2 . The effect of this is that the 
inter-pupillary distance ab is optically magni- 
fied to the distance AB, with a corresponding 
increase in stereoscopic power. The limit of 
20" now becomes (20 x AB)Jab spconds. Her- 
schel and Helmholtz both proposed, further, to 
combine the reflecting system sho\\n with a 
binocular telescope. and thus obtain a further 
increase in the final convergence angle, and 
thus, it may be remarked, a further increase 
of the radius of the spherical stereoscopic 
field of \
iew. 
A remarkable reference to a stereoscopic 
range-finder occurs as early as 1738, in Smith's 
A Compleat System, of Optih
.l The instru- 
ment and its use is described in the following 
words: 
" Having opened the points of a pair of 
compasses, somewhat "ider than the interval 
of the eyes, with your arm extended, hold the 
head, or joint, in the ball of yonr hand, with 
the points outwards, and equidistant from 
your eyes, and somewhat higher than the 
Joint. Then fixing your eyes upon any remote 
object lying in the line that bisects the interval 
of the points, you will first perceive two pairs 
of compasses (each leg being douhled) with 
their inner legs crossing each other. not unlike 
the old shape of the letter ,Yo [The old 'Y 
referred to was like two Y's slightly over- 
lapping.] But by compressing the legs with 
your hands, the two inner points "ilJ come 
1 :;ee .A. Compleat System of Optiks, yol. ii. p. 
388. 
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nearer to each other, and whe'n they unite 
(having stopped the compres
ion) the two 
inner kgs will also entirely coincide and bisect 
the angle under the out" anI ones, and will 
appear more vÏ\
id, thicker and longer than 
they do, so as to reach from your hand to the 
remotest object in view, even in the horizon 
itself, if the points be exactly coincident." 
'Ve have in the words quoted a very com- 
plete and interesting anticipation of what we 
shall subsequently refer to as the" wandering- 
mark" type of stereoscopic range-finder. It 
is, however, to Hector Alexander de Grousilliers, 
who took out a patent in 1893 for an "Im- 
proyed Stereoscopic Telemeter," that the 
modern instrument is due. The specification 
in question is a remarkable document. It sets 
out the theory of the instrument in the 
following words: 
"Assuming AIA2 to be points at which, 
in both fields of view, an infinitely distant 


R 1 
p----+-- 


object A is depicted. and N 1 N 2 to 
be the points at which is depicted 
an object 
, situated at a finite 
distance E from the observer; the 
difference between the linear dis- 
tances A 2 , N 2 and AI' N I , i.e. the 
parallactic difference between the 
image of the one object, I:'ituated 
at an infinite distance, and the 
other object, placed at the finite distance E, 
will be 


image's, or pictures, of the object may he di8- 
placed in a similar way to the wandering-mark 
in the second type, to bring the stereoscopic 
image of the object into the same plane as that 
of the stereoscopic image oi two fixed ma rks, 
one in each eyepiece. 
In effect, in the first type, when a range is 
taken, the pair of corrpsponding scale marks 
is selected which has the same inter-eyepiece' 
separation as the two images of the object 
point under observation. In the second type, 
the wandering-mark is adjusted to obtain this 
equality of separation; whilst in the third 
type, one of the pictures is traversed across 
the line of sight until the separation of the 
Ì\\-O images of the object point is made equal 
to the fixed separation of the two range marks. 
The fixed scales re'q uired in the first t
Tpe of 
range-finder might be produced in the follow- 
mg way: 
Let a number of pegs be driven into the 


H 


R 2 


<, ---
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ground so as to form a straight line 
across an illimitable plane, and. 
further, let each pf'g be marked 
wit.h its distance from a certain 
place. Now suppose that from 
this place a pair of stereoscopic 
photographs of these pegs are taken 
with a binocular prismatic telescope, 
from which the oculars have been 
removed, to allow of photographic plates being 
fixed in tlu' two focal planes of the objectives. 
These photographs, after devf'lopment. could 
be returned to the binocular telescope so as 
to occupy the positions that they did durinf! 
the taking of the photograph. In the field 
of a binocular, equippf'd with scales produced 
in this way, and clirecteä to a distant-landscape, 
that landscape would be seen in stereoscnpic 
relief in the usual way, and pas
ing through 
it, or over it, would be seen, also in rdief. a 
distance scale, to a position along which any 
object might be assigned and its distance thus 
determined. Stereoscopic scales are not, as a 
matter of fact, usually prepared in this way. 
It is more convenient to calculate and rule 
them. 
Fig8. 5 and 6 a.re taken from Grouxilliers' 
specification. Two broken telescopic systems 
are mounted in tubes Rt and Ra, secure'd 
collinearly to the ends of a box-like casing H. 
End reflectors PI and P 2 deflect the light 
along the axes of tlwse tf'lescopes, whil
t 
reflectors P., p,- I'('fleet the hpams outwardi' 
parallel to one another, throu7h eyepi('f'eR o. 
and o;!' in the focal planes of which stereoscopic 


t'1r 


FIGs. 5 and 6. 


Ll 
A 2 N 2 - AI
I =0 =E .f, 


f being the equivalent focal length of the 
telescope-lenses, and 
 the distance between 
their respective axes. 
" In the case of two objects Nand N', both 
of which are located at finite dista,nces E, E' 
from the observer, the parallactic difference 
in the two images will consequently be 
N ,\T' '\T ,\T' ( I 1 \ f " 
2

2-"'
1..."II= E-E')j.,. 
Finally Grousilliers describes and claims three 
types of the rangf'-finder, namely: (1) the fixed 
Bcale, in which each eyepiece has a fixed scale, 
which bears for each range a range mark 
corresponding to a similar mark on a similar 
Beale in the other eyepiece; (2) the wanderin'l- 
mark, in which a single fixed mark 0('cur8 in 
one eyepiece, and a similar mark, but capable 
of micrometric displacement in the plane of 
the instrument and across the linp of sight, 
in the other; and (3) what may he called the 
wandering-l)ictllre type, in which one of the 
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scales 8 1 and 8 2 are mounted, the one on the 
right being movable by means of a micrometer 
R, to effect the necessary adjustn1f'nt and thus 
determine the range. Since the telescopes are 
provided with ordinary erecting sYl':tems the 
rf'ßections by PI' 1)1 cancel one another, with 
the rf'sult that the images are seen f'rE'ct. 
Grousilliers' claim for the fixed-scale 
modification is as follows: 
"_.\n ill1Droved telf'meter, con
isting of a 
double tel
scope (which term indud{'s tele- 
stereoscopes with an enlarged distance between 
the object-glasses) within the ocular fields of 
which scales are so arranged that, when viewed 
binocularly, they present the image of a serif's 
of distanC'e marks f'xtending downwards and 
situated at predetermined distan'Jcs from the 
obsen'er: the image of such series of marks 
being projected into the image or panorama 
of a landscape, as seen through the double 
telpscope, so that the distance of any object 
viewed may be immediately read off the scale 
according t
o the point bet"
een any two marks 
of such scale to which the object can be made 
to correspond with regard to the visual depth." 

 (3) THEORY OF THE SHORT HO:\lE-BASE 
RXXGE-FI5DER.- The theory of the range- 
finder is based upon a method-well known 
to schoolboys-for finding the distance of an 
inaccf'ssible object. 
Let 
.\, Figs. 'j and 8, be the objf'ct, and If't a 
rf'ctangle BDEC, with sides of length band J, 
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FIG. 7. 


FIG. 8. 


be so positioned that the object A is seen 
along the lines DB and FC, F being in line 
"ith C and.A. \Yith the objf'ct A at an 
infinite distance, it would he sighted along 
thf' two parallf'l lines DB and EC. The 
length EF, equal to d, say, is therefore thf' 
parallactic displacement along the line DE 
of the intersection of the linf' of sight CA, 
whilst BAf' is the corresponding parallactic 
angle. 'l,e. the angle suhtende(l at the object 
point A by the base b. 
Xow, since the trianglf's ABC' and CFF are 
Rimilar, it follows that -R, the range, f'qual to 


BA, is to b as f is to d, that i<õ.1, the distance 
of the object .A is equal to the product bf, 
divided by the paralladiC' displacement. This 
is the fundamental equation for both coincid- 
ence aud stereoscopic range-finders: 


bl 
R=cr 


In the case of both these range-finders, b 
rf'presents the optical base length of the 
instruments, l the focal length of each of 
the two tf'lescope objf'ctives, R the range, 
and d the p3.rallactic displacement in the 
common foC';:!) plane of the two objectiyes 
when the range-finder scale is set to infinit
. 
The accurac
Y of the range-finder then depends 
fundamentally upon the accuracy" ith which 
the parallactic displacement d can be 
measured, and this in the limit depends on 
the eye. 
* (4) THE ACCt:'"RACY OF RAXGE-FIXDIXG 
AS DETER
IINED BY THE EYE. (i,) Coincidence 
Type.-In this type the accuracy of the 
results depends upon the aligning power of 
the eye, as exemplified, for exam pIe, in the 
setting and reading of a vf'rnier. In the case 
of the range-findf'r, this aligning takes place 
usually across a sharp horizontal line, which 
di,ides the field of ,iew into two parts. A 
flagstaff, for in
tance, that is being ranged 
upon, is seen with its top part, carrying the 
flag, displaced laterally with respect to the 
bottom. In adjusting for coincidence these 
parts are brought into alignment, so that the 
accuracy with which this operation can be 
done determines the aceuracy of the range, 
other things being equal. The important 
question then is-given two collinear straight 
lines in the field of view, through what angle a 
can one be moyed laterally with respect to the 
other before the fact that they are no longer 
collinear is detected by the eye? For practical 
range-finding purposes this angle has been 
taken as equal to about 12 seconds of arc in 
free vision, and the same, therefore, in the 
image-space, or final field of view presf'nted 
by a range-finder. There is no doubt, ho\\ eyer, 
that under favourable conditions many trained 
observers can work down to an angle of the 
order of :5 or 6 
econds of arc. Further, on 
artificial objects such as lines drawn on 
silvered glass plates placed in the focal planes 
of collimaton:;, higher accurac
? e'Yf'n than this 
can be obtained - 2 to 3 seconds of arc. 
Xow let (}' (Fig. 8) represent in actual space- 
the object-space-thf' angle corresponding to 
a in the image-space. then an object accuratf')Y 
ranged upon in the position .A may move up 
through a distance r, subtending the an de B ' . 
at the range-findf'r,1 until the angular parallactic 


1 For tlU' purpo"ò(' of simplifying the diagrams ":e 
have suppo"ed tilt' object to move up along the a"'\ls 
of one of the telescopes, 
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displacement in the field of yiew is equal to 
a, before an object at C can be differentiated 
with respect to its distance, from an object 
at A. The possible error under these circum- 
stances in ranging upon an object at A is 
equal to the distance r, anù it may obyiously 
occur in either direction. 
(ii.) Stereoscopic Type.-In this case the 
following considerations apply: If two pins 
be stuck into a table close together, and at 
the same distance from an observer, then one 
pin can be moved backwards and forwarcl
 in 
the line of sight through a certain dist.ance 
before the observer can see with certainty 
that they are no longer at the same distance 
away; that is, a certain change in the angle 
of convergence of the optic axes of the eves 
is necessary in order that two objects can 
 be 
seen to be at different distances. Helmholtz, 
as mentioned above, made a number of 
experiments in this way and came to the con- 
clusion that in free vision a difference between 
the convergence angles of one minute of arc 
was the least difference necessary for differ- 
entiation of distance in the line of sight. Later 
workers have, however, reduced this limit to 
something of the same order as that claimed 
for the coincidence range-finder. \Ve shall 
revert to the question later. 
(iii.) Coincidence and Stereoscopic Types.- 
\Ve will assume, therefore, that the possible 
error angle a represents (i.) in the case of the 
coincidence range finder. the greatest angular 
parallactic displacement in the field of view 
which can occur without loss of coincidence 
being detected; whereas (ii,) in the case of the 
stereoscopic range-finder, it represents the 
maximum difference of the convergence angles 
in the field of view which can occur without 
apparent change of the range of the object 
under observation. 

 (.3) FUNDAMENT<\L RANGE-FINDING EQUA' 
TIONS.-Iu Fig. 8 the range-finder wit.h base 
length b subtends at the ohject A the angle fie 
\\ThilF!t the range change-s by a h'ngth r, the 
angle of parallax changes by an angle (}'. To 
find the relationship between these changes, 
the angles (} and (}' being expressed in circular 
IDC'asure. Now 


b 
8=R' 


and since in any triangle the sides are pro- 
portional to the sines of the oppositC' angles, 
and in the triangle ACE the angles (} and 0' 
are Rillall, we have 


CA (}' 
CE = e ' 


and since CA = rand CE (very nearly) = R, 
r e 
rt-O' 


Su bstituting the yalue of 0 from (1), 


R2(ì' 
r=-b . . 


(3) 


Let P 6 be the percentage error for a given ran C1 e 
R, then 
 
Pe = IO 
r, 
l{ 


and substituting the valup of r from (3), 
P e = 100 R_O' 
b . 


(4) 


Let a be the error angle, as set out above, 
for both the coincidence and the stereoscopic 
types of range-finders, and 1\1 the magnifying 
power of the telC'scopic systems employC'd; 
then, in the case of the coincidence range-finder 
(see F'ig. 8), it is evident that the l
ngth AC, in 
the object-space, subtending an angle 0', at the 
window of the range-finder, wilJ appear to the 
observer, i.e. in the image-space, under an 
angle 1\10'; whilRt in the case of t.he stereo- 
scopic range-finder, the angles of conv{'rgC'nce 
in the object-space, which are (} for the point 
A, and 0 + ()' for thp point C, become l\IO and 
1\1( (} + (}') reRpectively, in the image-space, so 
that the change in the convergpnce angles is 
equal to .:\I()'. Thus for both types, - 


0' = 
 . 
1\1 


Substituting in (3) and (4), we obtain 
R 2 a 
r=-b
[' , 


(5) 


and 


p _IOORa 
e - b:\1- 


(6) 


Thus, a, b, and 1\1 being constants, the per- 
centage {'rror varies directly as the range. 
To express 0' in (3) in seconds of arc, instead of 
in circular measure, 
(}l =:;
OGOOO. (ï) 


(1) 


Assuming a value for a of 12 seconds of are, as is 
usually done, equation (6) enables us to formulate 
a very useful rule, namely. that 
"The perc<,ntage error of any range-finder at one 
thousand yards is equal to 6 divided by the b:\I 
value," since 


100 . 1000' .00006 
P - -- 
6 - b:\1 


6 
=b:\I' . 


(8) 


b heing expressed in yards. 
The corresponding error in range r is obtain('ù 
from 


(2) 


G',lO 
r= bM . 


(9) 
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Kno\\ ing the range error r 
for 1000 yards. it follows 
from equation (5) that the 
range error for any other 
range Rt, expressed in 
thousands of yards, is equal 
to rRt2. Thus the error at 
1000 yards being 5 yards, 
that at 10.000 yards" ould 
be 300 yards, 
A word of caution is, 
perhaps, necessary here. 
The numeral in equation (8) . 
assnmes a value of 12 sec, 
for the angle a; but, in the 
opinion of many experts, 
this angle is in practice 
considerably greater for the 
stereoscopic than for the 
coincidence range - finder, 
and equation (6) shows that 
the percentage error for a 
given range-finder and a 
given range varies directly 
as the angle a, 


I. DETA.ILS OF COX- 
f:TR UCTIO
 



 (6) GEXERAL Co
- 
STR UCTIO:N 0 F Co- 
IXCIDE
CE RAXGE- 
FIXDERS. (i.) Barr & 
Stroud's Range-.finder.- 
Figs. 9 and 10 show in 
sectional eleyation and 
plan respectively a 
small Barr & Stroud 
coincidence range-finder 
with a base length of 
30 em., a magnification 
of 7} time,;;, and scale for 
ranges from 330 to 1500 
yards. The optical 
system, and the prinf'i- 
pal features of the 
mechanical design 
shown, are practically 
identical with those 
adopted in instruments 
of much greater power. 
The instrument consists 
of an outer cylindrical 
tube T, with e
d fittings 
carrying the windows ,y 
and 'Y I' and end caps 
Q. QI carrying the sup- 
porting platf's for the 
prisms P and Pl' The 
inner tube E, of rect- 
angular cross - section, 
carries the objectiycs 
0.0 1 and the separating 
prism P 3' which deflects 
the light entering by 
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tlU' objectives () and 0 1 t.o a common focal 
plane, in \\ hich t.he coincidence is secured 
by observation through the single eyepiece, 
The deflecting prism K slides backwards and 
forwards in the tube E between the O.G. O} 
and thp separating prism P3' to give a vari- 
able lat.eral displacement to the correspondin? 
image, and thus effect coincidence under the 
action of a finger button L. The range-scale 
8 is attached to the mount of the prism K, 
and slides in guides carried by the inner tube. 
The scale is observed through an eyepiece V 
and a system of reflecting prisms as shown. 
U is a condenser by means of which the scale 
is illuminat.ed from the back. 
It is important that any strain of the outer 
tube T should not 
be communicated to 
the inner tube E. 
To secure this end 
the tube E is fitted 
"ith rings F and F l' 
the former of which D 
carries, at approxi- 
mately 60 0 apart, two fixed radial pins G 
and a spring pin H, engaging ",ith the 
inner surface of the outer tube. By this 
arrangement the tube is left free to movp 
longitudinally whilst secured co-axially with 
the outer tube. The second ring F] carries 
on its lower side a cup, which engages with 
a stud I, whilst the upper part of the rim 
carries a longitudinal slot, which engages with 
the stud J. The stud I prevents longitudinal 
displacement of the tube E, whilst the stud J 
prevents any lateral displacement of the axis 
of the tube E. 
The adjustment of the range-scale for an 
object at infinity is obtained by rotating in its 
own plane the window 'V, which is in the form 
of a weak refracting prism with its refracting 
edge horizontal, by means of a finger pinion D. 
The prism P is clamped to a plate A, secured to 
the base-plate R, carripd by the end-cap Q, 
by screws 8 2 and 8 3 , which permit of a rocking 
motion of the plate A and prism P with respect 
to the plate B, about an axis passing through 
the points 8 2 and 8 3 , The forward p:i,rt of this 
plate...-\. can be raised and lowered by means of 
a screw 8 1 operated by means of a finger 
pinion C, to raise and lowpr the image in thp 
corresponding partial field of view and thus 
effect thp "halving" adjustment. This ad. 
justment secures, when coincidence has been 
effected, that the image on one side of the 
separating line is a comp]('tf" reflected image 
of that on the oth('r, or, in the casp of a circular 
object, like the moon, that the image is single 
and circular. 
(ii.) Cooke & Ron8' Range - finder. - 1\11'. 
Dennis Taylor, of Messrs. Cooke & Sons, has 
done a lar
p amount (jf work in the flpv('lop- 
m('nt of a type of range.-finder which differs 


frolll that already described in several import- 
ant particulars. 
Fig. 11 shows a section of one of the modi. 
fications of this range-finder as originally 
patented in 190-1. Two optical squares úf the 
pentagonal type are mounted in a tube T', at 
a distance apart which determines the base 
length of the instrument. At one end of this 
tube a telpscopf" of the ordinary terr('strial type 


T" 


FIG. 11. 


is shown. Thp optical squares are mounted on 
different levels, so that the light rays from a 
distant object, passing into the instrument by 
the reflector 8', enter the upper half of the 
telescope object-glass 0 only, whilst light 
entering by the reflector 8 2 enters the telescope 
by the Imvel' half of the O.G. In this way, in 
the example shown, two pictures are proj
cted 
simultaneously into the focal plane of the eye- 
piece, which overlap to an extent depending 
upon the adjustment of the instrument and 
the distance of the object. The squares being 
angle-t.rue and adjusted parallel to one another, 
the images of an objpct at infinity would over- 
lap and coincide, whereas under th(' same condi- 
tions an object at a short distance would give 
two images, the separation being dependent 
upon the range. To bring about coincidence 
of the two images given in genpral, two weak 
achromatic prisms P' and p2 are ('mployed, the 
first P' being fixed in position to give minimum 
deviation to the rays passing through it from 
the square; whilst the second prism p2 is 
adapted to rotate as shown about an axis 
parallel to its refracting edge by means of a 
sector L and worm 'V. The light reflected hy 
the square S' passes through the prism P', and 
the light reflected by the square 8 2 passes 
through the prism P2. In use, therefore, the 
worm 'V, which carries co-axially the range 
drum D, is rotated to swing th(' prism pz 
through the angle necessary to secure co- 
incidence of the two images in the field of 
view. Thus the range is determined and 
indicated on the drum D din>etly. 

\s an indication of the sensitiveness of this 
swingin,g prism micrometer, it may be statpd 
that a prism proùucing a minimum deviation 
of 2 0 has to be swung through an angle of 
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ahout 30 0 , to illcrea::;e the de\ iation by 1.3 
minutes of arc. One important ad, antage 
claimed for the swinging prism over the sliding 
prism is that it gi\-e.:; a much more open scale 
for long ranges. It must, howe,""er, be mounted 
in a parallel beam: in a vergent beam it spoils 
the definition. 
In a later m0ùification of the Cooke 9 ft. 
naval range-finder, patented in 19:!O, several 
features of nO\Telt.v are introduced. The end 
optical squares refÌect in opposite directions, on 
to superposed 
cross mirrors C -- 
mounted near 
the middle of 
the range-finder, from which mirrors 
the light beams pass, parallel to 
their original direction, to a single 
mirror, mounted to direct both beams 
into a single telescope, which is in- 
clined at àn an de of -15 0 to the axis 
of the range-fi
der, but broken by 
an erecting prism system, which 
finally directs the light to the eye- 
piece in such a direction that the 
observer looks in the dirE'ction of 
the ohject being ranged upon. 
Two simultaneously operated 
swinging coincidence prisll).s are 
employed, one behind each of the optical 
squares. To prevent the intrusion of light 
from one partial field of vipw to the other. 
an ingenious ,. hal,""ing grid" is employed, 
This consists of a num bel' of stretched 
threads or cords mounted side by side in 


it is reflected back again to the telescope. 
Should thE' axis of thE' square not be normal, 
the image of the fiducial mark is seen displaced 
\\ith respect to the fiducial mark itself. The 
necessary adjustnlf'nt hadng been made, paral- 
lelism of the axes is effected simultaneously 
with any neces::;ary adjustment for halving. 
Se,""eral advantages are clainwd for this 
modification, as compared with the 1904: 
range-finder: 
(I) Coincidence of the images 


can be ob- 
tained for 
all ranges 
across the 
field of 
view. (2) The light paths. for the 
two ends are shorter and more equal 
in length. (3) Adjustments for 
parallelism of the axes of the t \VO 
optical squares in the way referred 
to above. (4:) Greater light-gather- 
ing power-60 per cent greater than 
the older range-finder. (5) Accuracy 
of range readings independent of 
bending or buckling of the tubes in 
a horizontal planE'. 
(üi.) Continental Patterns. - The 
coincidence range-finders as made on 
the Continent, by Zeiss and others, 
do nut vary substantially in general design 
from those made in England. A variahle- 
power deflE'cting prism, mounted in a parallel 
beam of light, is, however, usually substituted 
for the travelling prism of the EnQ:lish range- 
finder, although the latter too is employed. 
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a plane containin
 the a "'\: is of the tele- 
scope, each thread being at right angles to 
that axis. Thi:
 grid practically extends from 
the object-glass to the eyepiece, thus dividing 
the telescop{' into upper and lower halves. To 
obviate the serious and unsuspectE'd E'rrors 
which mav arise from the fact that the axes 
(,
irtual m'epting edgps) of the end squarE's are 
not parall('l to one another, and normal to the 
plane of triamrulation, an auto-collimatiIl!! 
tf'lescope is m'ounted \\ithin reach of the 
obs('n
{'r, bv mean
 of which a beam of light. 
from a fid';cial ma.rk in thE' E'YE'piece can 
 he 
d irectNl to one of the optical squares, by" hich 
VOL. IV 


FIG. 12. 



 ----r- 
-"'-
,
- 
I 



 


", 
-lÏllr- 


"""'"'" 


C'r
 
\ 
. - 
,..= 


FIG. 13. 


(iv.j Jlodern Barr & Stroud Pattern.- 
Fig. 12 shows the Barr & Stroud 9 ft. base 
na'"al range-finder with which the British Fleet 
was equippe-d at the battlf' of Jutland. Tho 
range-finder itself, fitted with bearing rings, is 
adapted to rotate about its own axis in bearings 
ca.rried by the upper ends of the ., Y," which 
is free to rotate about a ,""ertical axis undcl 
the actio!l of a hand-\\ heel. Adjustment in 
altitude is effected by means of a radial handle 
c:;een on the left of the support. 
Finally, Fig. 13 rPlwes('nts a monste-r co- 
incidence ranO'e-finder of 100 ft. base which has 
been constru
ted by Messrs. Barr & Stroud 
2T 
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for purposes of coast defenc<,. ()pticaIIy the 
instrument is practically identical with that of 
smaller base length. For the purpose of com- 
parison the man in the centre of the fi
nre is 
shown using the smallest range-finder \Üth a 
base length of :JO in. 

 (7) STEREOSCOPIC RAXGE-FI
DERS, GE
- 
ERAL COXSTRUCTION of.-Fig.-:. 14 and I.) 
show diagrammatically, in plan and f'Ievation 
respectively, the optical system of a typical 
stereoscopic range-finder, inv<,uted by Carl 
Zeiss in ] 907. The end :syuarec;; rt' direct li
ht 
through telesC'ope ohject-
lasse
 b to right- 
angled roof prisms c', which deflect the light 
into the focal plane of the object-glasses, in 
which two fixed stereoscopic marks p OCCUI". 
These marks are in the focal plane of eyepieces. 
each of which consists of a pair of lenses d and 
e, between which a rhomboidal prism f occurs. 
A ray passing outwards through thp eyepiece, 


l<,ft ocular. The image tllU
 produced should 
superpose on the real mark. It will he noticed 
that, in this adjusting arrangenlf'nt, each 
objective acts as a collimator for ìts corre- 
::\ponding stereoscopic mark. In operation, 
therefore, the light from one of the marks ü
 
collimated by its corresponding object-glass. 
from which it passes as a parallel beam to the 
second object-glass to be brought to a focus in 
the focal plan<, of the other mark. Th<'3e 
adjusting arrangements will be found dealt 
with more fully below. 
(i.) Forbe8 Rrtnge-finrler.-One of the pion<,ers 
of the ster<,oscopic range-finù<,r in this country 
was Professor Georgp Forbes. In 1901 }lP 
patenteel a range-finder constructe(l of two 
s<,parate parts, namely, a portable base having 
a set of reflectors rigidly fixed to it at each 
end, and a binocular field-glass. In the ap- 
proved form of the instrument the wander- 
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therefore, suffers reflections as shown by the 
surfaces of this rhomboidal prism, with the 
result that a lateral displacement of the ray 
ocC'urs. By simultaneous rotation in oppo::;ite 
ùirections, therefore, of the eyepieces about 
the axes of the lenses d, thf' separation of the 
two eye lenses e can be adjusted to suit 
individual observers. It" ill be noted that 
this adjustment is secured without any altera- 
tion of the distance between the two stereo- 
scopic marks p. . 
In this instrument, \\ hich is of the wander- 
ing - mark type, the necessary lateral displace- 
ment of the picture produced by the right 
telescope is effected by the axial displacement 
of a prism g'. To detect readily any defect in 
the infinity adjustment, a subsidiary optical 
system is employed to project an image of 
each of the marks d into the plane of the other 
onc. Light, Bay from the mark p on the right, 
is reflected by the prism (" to t.hp object-glass b, 
thence by reflection by a prism l', on the ri
ht, 
to a similar prism l', on the left, and finally 
through the object-glass b, on the left, to the 
prism c', and thence to the mark d in the 


ing-mark was adopted, namely, a fixed liu<, in 
one eyepiece combining stereoscopieally wit.h 
a similar line in the other eyepiece traversed 
laterally by means of a micrometer. The 
marks employed wpre "pictures of ordinaI"y 
objects such as a balloon as shown, the ends 
of the trailing ropes marking the centres of 
the field." An important advantage was oh- 
tained by the URe of this balloon mark. The 
observer naturally brought it over the objf'ct. 
being ranged upon, and thus in many cases 
avoided the psychological difficulty, which so 
often occurs in stereoscopic range-finding, of 
being compelled to see the scalf', as if behind 
an object, such as a brick wall, known to be 
opaq ue. 
In a seconel F:peeification, taken out in 1903, 
fixed marks are employed in the focal plan<,s 
of the eyepieces, and one of the pictures is 
displaced laterally with respeC't to the other 
one, by means of a rotat.ing prism, t,o bring 
up the stereoscopic picture into t.he same plane 
as t.hat of the image of the two fixpd mad.s. 
This type, however, as we have seen, was 
described hy Grousilliers. 
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(ii.) Zeiss Submarine Range-finder. - The 
.3-metre hase stereoscopic range-finder made by 
Carl Zei:..,
' for USE' in submarines probably 
represents the highest development of this 
type of instrument. The range-finder per se 
is contained in a horizontal tube, which forms 
the horizontal branch of a ., T;' the vertical 
branch of which represents a periscope pas;sing 
into the interior of the boat through the 
deck. The two. pictures of external objects 
are projected upon stereoscopic graticules, 
mounted close together and paraJlel to one 
another, transverse to the axis of the range- 
finder, and near its middle. The images in 
the planes of these graticules, and the range 
marks, are projected by means of a bino- 
cular periscopic system into the focal planes 
of a pair of oculars at the 10\\ er end of 
the vertical tube. The optical system em- 
ployed for the range-finder i.;; comparat.ively 
simple in character. Light enters by the win- 
dows and is reflected along the tu be in opposite 
dirE'ctions by the usual optical squares. each 
beam being brought to a focus in the planp 
of its corresponding graticule by a long focu". 
lens of the telescope object-glass type. These 
graticulps are fixed after bein!! adjusted, and 
the final stereoscopic picture itself is caused 
to ,. wander," i,e, move backwards and for- 
ward" in the line of sight, for ranging. In one 
half of the tube a weak refracting prism is 
mounted to sliùe backwards and forwards, 
along the axis of the tube, hetween the object- 
glass and the graticule, for the purpose of dis- 
placing laterally the image seen in the corre- 
sponding ocular, for the purpose of bringing 
about that adjustment, or wandering of the 
stereoscopic image in the line of sight, necessary 
to bring it up to the fiducial mark--the crossing 
point of the two linear stereoscopic scales. In 
the other half of the range-finder, a plane- 
paralIpl plate is mounted between the object- 
glass and the graticule, as so to tilt about a 
horizontal and transverse axis, for the purpose 
of raising and lowering the picture in the 
correr.ponding ocular, to hring it to the same 
vertical height as the picture with which it 
has to be stereoscopicaIly fused. 
Direct observation of the graticules being 
impossible, the range-finder is combined with 
a binocular perisf'opic systE'm, with the aid of 
which the graticules can be observed from a 
position inside the su bmarllIE'. For this pur- 
pose a pair of optical squares are mounted 
between the two graticules to face in opposite 
directions and deflect the heams of light passing 
through the graticules at right angles to the 
range-finder, and in a horizontal plane, each 
beam being again reflected vertically down- 
wards, through a collimating lens, and 
into a telf'scope by which, finally, an image 
of the corresponding graticule is presented 
to the observE'r. This periscopic system i
 


duplicated for the second half of the range- 
finder. 

 (8) HEIGHT-Fl
DERs,-In the early davs 
of the war the need for a height-finde
 as 
n 
auxiliary to anti-aircraft guns was recognised. 
:\Iany tentative solutions of the problem were 
proposed from time to time, but the final 
solution, resulting in the provision of an 
efficient short-base service instrument, was due 
to .:\Ie
srs. Barr & Stroud in 1917. 
In ranging on an neroplane, a horizontal 
range-finder is rotated about its axis to eleyate 
the linE' of sight and bring the aeroplane into 
the field of view. Coincidence is then effected 
and thf' range determined. It will be observed 
that in this operation we have got the two 
necessary elerilents for solving the right-angle 
triangle defined by the observer, the target 
(aeroplane), and a point on the ground im- 
mediately below the taqret. The range gives 
the hypothenuse of this triangle, and the angle 
of elevation, or sight, one of the acute angles. 
\Yith these two elements, it is a simple slide- 
rule problem to determine either the height 
of the aeroplane above the ground, or its 
horizontal range, that is, the distance from the 
observer to the bottom of the perpendicular 
dropped from the aeroplane. This" as the 
principle upon which some of the fir:;t height- 
finders were constructed. One of the scales 
of the range-finder was operated more or 
less automaticallv bv the motion in altitude 
of the range-find
r, to set off the logarithm of 
the sine of the angle of sight, and then, by 
a hand-sE'tting of the range, the equation. 
log H=log R + log sine angle, was solved and 
the height H determined. All these arrange- 
ments, however, gave the range primarily, so 
that so long as the range of the target was 
altering constant adjustment of the \\ orking 
head was necessary. "
hat was wanted was an 
instrument the constant-coincidence surface of 
which was not a hemisphere, as in the range- 
finder, but a horizontal plane-a height-finder. 
(i.) Barr & Stroud. ---, In Barr & 
troud's 
specifications the invention dpscribed gives 
both range and hE'ight automatically. It con- 

ists of a known range-finder of the coincidE'nce 
type so modified as to function also as a 
height-findE'!'. This in effect is carried out by 
fitting the range-finder with an automatically 
operated slide rule. The two sliding parts are 
constrained to move, one proportionately to 
the logarithm of the range, and the other 
proportionately to the logarithm of the sine 
of the angle of sight. The height can thus be 
read off directly. The motion of the adjusting 
head of the range-finder and the elevation of 
the range-finder are transmitted to the sliding 
scales through the medium of logarithmic 
toothed gearing. 
The workinO' head is transfE'ITl'd from the 
range-finder t
 the height-indicating attaf'h- 
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ment, so that the instrument acts primarily 
as a height-tinder. No manipulation of the 
working head, therefore, is necf"ssary, so long 
as the target unùer obsf"rvation retains its 
height. 
Fig. 16 shows the range-tinder, with a base 
length of two metres, mounted on a tripod 


carrying the height-scale, and also-on a radial 
shaft-the jockey wheel d, which gears "ith 
the upper anù lower members of a differential 
pair of spur wheels g and Ii. The upper 
member g of this pail' is driven directly from 
the elevating head b, through logarithmic spiral 
gear which gives to g an angular displacement 
proportional to the 
logarithm of thE' sill(' of 
the angle of sight, ThE' 
lo\\er member Ii of the 
differential pair carries 
the range-scale, and 
is geared up to the 
deflecting range-prism 
through a clutch, not shown, so as 
to have an angular displacement 
proportional to the logarithm of the 
range. 
It will be sef'n, then. that so 
long as the elE'vation of the range- 
finder is not changerl thr upper 
wheel g renw.ins fixed in a pOFition 
.with an angular displacement pro- 
portional to the 10!Sarithm of the 
sine of the angle of elE'yation. The- 
operation of the working head, to 
secure coincidence, under these con- 
ditions drives Rimultaneom;ly and 
proportionatf'ly the whpels f and 11, 
and thus also the height- and range- 
scales, These conditions are realised 
by ranging on a target tiying away 
from the observer along a straight line. 'Yith 
the working head fixed, the elevation of the 
instrument opE'rates the uppE'r wheel g, and 
also, through the jockey wheel d, the lowcr 
wheel II, and thus the deflecting prism and 


FIG. 16. 


stand, upon which it is rotated about a 
vertical axis by the operation of a two- 
speed hand-wheel A. The operation of a 
second hand - wheel I
 rotat,es the range- 
finder about its own axis to elE'vate the 
line of sight. Coincidence 
is maintained by the work- 
ing head C\ whilst D is a 
find
 6 
Three obsel'vf"rs are rE'- I 
quired: the first loohs into 
the eyepiece E and opera tes, 
as required for t.lH' main- 
tenancE' of coineidence, the 
working head C, and thp 
hand-wheel B to direct the 
line of sight in altitude. 
The second obsC'rver uses 
the finder D and is rf"spon- 
sible for the training of the 
range-finder by means of the hand-wheE'1 A. 
The third observer reads off the heigh t- and 
range-scales. 
The instrumpnt is essentially a range-finder 
with a gearing attachment, as shown by Fig, 
17, which automatically, as the target is kept 
in the fielcl of viC'w and coineidence maintained, 
in(licatC's the height and range. The end of 
the shaft of the working head a carries a 
pinion e, which gears with a bevel-wheel f, 


- 
- 
.. -... 


d s t 
I 
 
a 
,q j ...., 
--h 
<.. .-r.-. 


9 


, . 


( '" .. 
h 
flU 
"" 


.11: 1 


FIO. 17. 


the rangE'-scale. Sincp, howE'ver, thp ,,1H'E'1 f 
remains fixed, the height-scale is unaffpcted.- 
This represents the conditions of use when 
the target ranged upon is moving about in a 
horizontal plane. 
(ii.) Rottenburg and Trillan.-An ingE'nious 
optical solution of the helght-fin(ler prohlem 
was patented by Rottenhurg and \Yillan in 
191G. By this invention a secon(l prism is 
combined with the deflecting prism, and tho 
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two prisms rotated equalJy and opp05itely, 
about the a:\.is of the inc;;trument, by the 
adjustment of the instrumf'nt in alt.itude neces- 
sary to keep a target in the field of view. 
The result of thi
 arrangEment is that whereas, 
in the ordinary Barr & Stroud range-finder, 
a simple deflecting prism of constant power is 
employed, in Rottenburg and 'Yillan's in,-en- 
tion a varia ble- pO\\ er coincidence prism is 
employed, the power of which is such a function 
of the ele'Tation, or angle of sight, that thE' 
instrument is ada ptf'd to operate as a height- 
finder; no operation of the working head 
being necessary so long as the target remains 
at the same height. 


II. OPTICAL ELE
IENTS OF THE 
RA
GE-FI5DER 



 (9) E
D REFLECTORS: OPTICAL SQUARES. 
-In the early daY8 of the range - finder, 
plane-reflectors, or right-angle total-reflecting 
prisms, were employed as end reflectors, 
but these forms were open to the serious 
objection that any bending of the frame 
of the range-finder in a horizontal plane, 
due to unequal heating, for instance, caused 
these end reflectors to turn in effect about a 
vertical axis and thus alter the angle through 
which the rays were deflected; and it was not 
until these reflectors were replaced by optical 
squares that the difficulty \\ as overcome. 
'Vhen a ray of light is reflected in succession 
by a pair of plane reflecting surfaces, as in the 
caS9 of the sextant, the angle through which 
the ray is de,.iated is equal to t\\ ice the angle 
included between the reflectors, so long as the 
reflections take place in a plane at right angle::. 
to the meeting edge of the reflectors. If then 
these reflectors are inclined at an angle of 43 0 
to one another, the dedation produced by 
successive reflections is equal to a right angle, 
and we have an optical square; that is, an 
optical device which gives us an angle of 
deviation which iR independent of the angle 
at which the entering ray strikes the first 
reflecting surface. The end reflectors of small 
range - finders are now, almost in,""ariably, 
optical squares made from a single pentagonal- 
shaped hlock of glass. In use, any given ray 
passes through the entrance face practically 
normally, and after internal reflections at the 
two bounding surfaces meeting at an angle of 
43>, passes through the exit face, ägain practi- 
cally normally, with a deviation of a right 
angle which is independent of any small 
rotational displacement of the prism in it:; 
own plane. The conditions of accuracy for 
such a square are (1) homogeneous glass; (2) 
reflecting surfaces inclined at an angle of 43 0 ; 
and (3) plane entrance and e:\..it fclCPS, meeting 
under an angle of !JO o in an edge parallel to the 
meeting edge of the two reflecting surfaces. 



uch squares in large sizes become impracti- 
cable, mainly on account of tlw loss of light 
incurred by absorption, so that considerable 
atten tiOIl has been de,""oted of late years to the 
designing of optical squares comprising t",o 
plane reflectors, the included angle of which 
shall be maintained "ith great accuracy, in 
spite of beading stresses and temperature 
changes. )Ir. Dennis Taylor has paid par- 
ticular attention to this su bject, as" ill be seen 
by rE'ference to his various patents. 

 (10) DEFLECTIXG 
YSTE)IS FOR COIXCID- 
E
CE RAxGE-FIXDERs.-The following optical 
micrometriC'al de,""ices for effecting coincidence 
have been used, but the first tl
ree are no\\ 
those commonly employed: 
(11) A longitudinally tra,""el1ing prism in a 
convergent beam, 1'.e. between the telescope 
O.G. and the separating prism (Barr & ì5troud 
and others). 
(b).A tilting prism in a parallel beam 
(Taylor). 
(c) Oppositely rotating prisms in a paTallel 
beam, acting as a variable-power prism (Zeiss). 
(d) Rotary end reflectors. 
(e) Laterally displaced ohject-gla
ses. 
(f) A tilting plane-parallel plate of glass in 
a convergent beam. 
(g) Differently magnified images brought 
into coincidence by the rotation of the range- 
finder about a ,""ertical axis (Eppenstein). 
The first of these systems has the great 
merit of simplicity, and less liability, therefore, 
to derangement. The prism itself, as has 
already been pointed out, carries an ivory 
scale some seven or eight inches in length, 
graduated in ranges which are read off opposite 
a special eyepiece provided for the purpose. 
In the second system thé advantage of a more 
open scale at long ranges is secured. In the 
third system two weak prisms are mounted, 
face to face, between the end squares and the 
O,G.'s, so as to rotate equally and oppositely. 
In this \\ ay a variable deflecting prism is 
obtained which produces deflections in a 
horizontal plane only. This system is open to 
the defect that the ma:\..imum deflecting power 
of the combination is obtained bv a rotation 
through 180 degrees only, of the p
isms. This 
difficulty has been, to some e:\..tent, overcome 
in the Zeis
 range-finder by the introduction of 
a multiplying system of gear wheels, which 
gives to a circular nlnge-scale an angular dis- 
placement practically twice that of the deflect- 
ing prisms. 
In the ordinary coincidence range-finder it is 
important that the t\\ 0 images brought into 
coincidence should be magnified equally, 
othen\ ise different range-readings "ill be 
obtained according a
 the coincidence happens 
to be made near the middle or towards the 
ends of the separating line in the fidd of vie\\. 
In a new type of range-finder, introduced 
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within the last few years by the firm of Zei
s, 
and invented by Eppenstein. the two imagJ's 
arc differently magnified; so that as thp 
range-finder is rotated about a vertical axis, 
the more magnified image moves more rapidly 
across the field of view than the less magnified 
image does-starting hehind it, it may be, 
catching it up, and then passing it. FrOI
1 this 
it follows that for every range between infinity 
and the minimum range required, there is one 
place, and one 
place only, along 
the separating 
line in the field 
of view, at which 
coincidence of 
the two images 
can occur, A 
range-scale is B 
therefore dra
1n 
along the separ- 
ating line, ex- . 
tending from 
infinity on the FIG. 18. 
left to the mini- 
mum range required on the right. In ranging 
on an object, therefore, no adjustment is 
required beyond that of rotating the l'ange- 
finder about the vertical axis until the two 
images of the object being ranged upon are 
seen to be in coincidence.! 

 (11) ASTIGl\IATISERS.- '''hen the object 
heing ranged upon is ill-defined and illuminat,ed 
in patches, or a point such as a searchlight, 
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astigmatising systems are interposed in the ray 
paths on both sides of the instrument. This 
system may consist of a pair of negative 
cylindrical lenses, with axes horizontal, which 
can be thrown at \\ ill into the ray paths. The 
action of these lenses is to draw out the image 
in the eyepiece into vertical streaks across the 
separating line, when coincidence can be 
effected in the usual way. 

 (12) SEPARATIXG PRIs:us.-The separating 
prism com bination is perhaps the most import- 
ant optical element in the range-finder It is 
situated hetween the ohject-glass of each of the 


1 For information on tlw ('alihration of the rangf'- 
scales for instruments uf different types see Lelow, 

 (lü), etc. 


tC')pscopes and its focal plane: it
 function 
being to deflect the imaging cones of r3Ys, 
which it receives from the ends of the rall
e- 
finder, at right anglf'H into the common focal 
plane of the eyepiece and the two objectives, 
with fine and sharp boundary lines between 
the partial fields, and at the same time giving 
to the images in these fields the dC'sired 
orientation. .An ideal separating prism would 
give a fidd of view with an inyisihle dividing 
line when directed 
to a clear sky. 
In early forms of 
range-finders the 
separating prism 
consisted simply 
of two rectangu- 
1ar prisms 
uper- 
posed as shown 
by Pig. 18, the 
light from the 
left window pro- 
clueing an image 
in the upper part 
of the field, and 
the light from the right window producing 
similarly the image in the lower part of 
the field. Another simple arrangement is 
shown by Fig. 19. The two pri
ms ël,re 
placed edge to edge as shown, with the 
result that the field is divided by a vertical 
line instead of a horizon tal one. In both 
these cases, however carefully the prisms may 
be made, the dividing line is shown to be very 
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rough and badly illuminated when viewed, as 
it is, in the range-finder, with an eyepiece 
magnifying from 10 to 12 times. , 
In the separating prism system employed III 
some forms of the Zeiss range
finder (see FÙJ8. 
20, 21, and 22), two prisms are cl'mented to- 
gether \\ ith thf' surface of contact silvered, 
except for a small rectangular oppning sho\\ n in 
plan vie,,, (Fig. 20). This rectangular opening in 
the silvering occurs in the common focal pIano 
of the eyepiece and the telesf'ope objC'ct- 
glasses. Light from tJ1P right eye of the 
range-finder is totally reflectpd from h\<o faces 
of one of the component prisms, as shown hy 
Fig. 21, and then from the silvprNI inter-face 
into the eye of the observer. Any light, how- 
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ever, "hich falls upon the un
ih'ered 1'C'C'Ì- . 
an.
ular openin
 passes through it and away. 
Light from the left eye of the range-finder, after 
being reflected from the roof faces of the second 
component prism (see Fig. 21), passes yertically 
upward until it reaches the inner face, at 
which part is stopped by the silvering and part 
pa
8es through the rectangular opening to the 
eye of the observer. The picture in the field 
of view, therefore, is for the most part produced 
by light from the right eye of the range-finder, 
but the narrow rectangular opening seen in the 
middle of tliis field of view frames a picture 
due to light fròm the left eye only of the range- 
finder. A small su bsidiary pri
m cemented 
into the angle on the right, between the two 
main component prisms already referred to, 
seryes to reflect the range-scale reading into 
the field of view. It will be seen that since 
the small rectangular opening in which one 
of the partial pictures appears is formed on a 
prism faC'e, which is not at right angles to the 
optical axis of the eyepiece, it cannot be 


focussed up simultaneously throughout its 
entire length. This is a defect. 
Fig, 23 shows. in ::òide elevation and plan 
respectivel)\ one of the various forms of eye- 
piece prism systems used by )Iessrs. Barr & 

troud in their range-finders. The top prism 
receives the light from the left eye of the 
range-finder, and the bottom prism acts 
similarly for the rÏçrht eye of the range-finder. 
The ray L, shown as a full line, enters the top 
prism and is reflected at 1, at right angles in a 
forward direction-that is, away from the 
observer-and in the horizontal plane. It is 
again reflected at right angles into a downward 
direction at 2, ultimately being reflected at 3 
to the separating prism A: the horizontal 
dihedral edge of which, formed by the meeting 
of the two prism faces at an obtuse angle, is in 
the common focal plane of the eyepiece and of 
the telescope objèctive, and forms the fine 
separating line in the field of ,iew. All rays 
from the left eye of the range-finder fan upon 
the two faces of the separating prism, but it is 
only those falling upon the lower face which are 
refracted throu!:!h the opening in the diaphragm 
to the eve of the ob
erver. Those rays which 
fall upo
 the upper face are refracted 
s shown 
by the long-and-short dotted line so as to be 
stopped by the diaphragm. Rays reachin
 the 
separating prisms from the right eye of the 


range-finder are (lC'alt "ith in a 
imilar way. 
but. in this case, the rays falling upon the upper 
face of the prism are the only ones which 
ultimately reach the eye of the observer- 
I those falling upon the lower face are refracted 
so as to be stopped by the diaphragm. In 
this way the separating prism acts to divide 
the field of view into two parts, the upper one 
of which receives light from the right eye only, 
whilst the lower part of the field receives light 
from the "left e)-e only, the two partial fields 
of view being separated by a fine sharp line. 
_\. compound cylindrical le
s B can be thrown 
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into the ray paths at will to astigmatise the 
final observed image. 

 (13) STEREOSCOPIC GRATICULEs.-In the 
Zeiss instruments, each graticule of the pair 
used in instruments of the fixed-scale type has 
a number of range-marks, which are numbered 
at intervals and arranged along a zigzag line. 
'Yhen these scales are com bined ,isualh
, a 
single stereoscopic range-scale is seen, w};ich, 
I starting in the foreground of the picture, 
extends away from the ob
ef\
er indefinitely. 
For the wandering-mark type a pair of 
similar marks, one in each graticule, is em- 
ployed. In later instruments. however, especi- 
ally those of the wandering-picture type, each 
of the graticules bears a number of range- 
marks (arrow - head
 pointing downwards) 
arranged in t\\ 0 straight lines, approximately 
horizontal, but crossing on:' anuther at the 
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middle, at an angle of about 10 0 . These 
scales, when vi
ually combined, present to the 
eye two overhead linear rangc-scales, each 
starting near at hand and receding into the 
distance; but whilst one is seen bearing a way 
to the right, the oUlPr appears to bcar away to 
the left, so that at a mean distance they appear 
to cross, the crosRin
 point hadng a eommon 
range-mark. In observing with this type of 
range-finder. the ddl.ecting prism is adjusted 
until the object being observed is seen to be 
at the Rame distance away as the range-mark 
common to the two 
cales at their 
rossing: 
point. This design of gratieule was invented 
by Zeisa about 1908. Greater accuracy when 
ranging on isolated objects is claimed for it 
over that obtained by the use of t\\ 0 single 
mark:-:. only. 

 (1-1) RAXGE-SCALE ADJUSTING ApPARATUS 
FOR HAXGE-FIXDEIW.-Tn an instrument like 
the range - finder, which. under the severe 
conditions of use, is called upon to work at 
such a high order of accuracy, it will be 
readily understood that the maintenance of 
the various parts of the instrument in correct 
adjustment is a very severe problem for the 
de
igner and manufacturer. So far as the 
range-scaJe is concerned, the instrument can 
always be tested and adjusterl when very 
distant or celestial objects are available. It 
is then only necessary to direct the instrument 
to a distant object-the moon, say-and 
operate the working head to effect coincidence 
of the two images. The range-scale should 
then read "infinitv." If it does not do so, 
then the range-;cale is set to indicate 
.. infinity" and the adjusting prism forming 
one of the windows, above referred to, i8 
rotated until coincidence is effeeted. 
(i.) Lath Adjlt"ter.-In the simplest form ot 
apparatus for effecting this infinity adjust- 
ment, apart from ranging on real and distant 
objects, t\VO vertical lines are. drawn upon a 
lath or IJoard at a distance apart equal to the 
baRe length of the range-finder with which it 
is to he used. 'Yhpn this board is fixed up at 
a dista,nce of some hundreds of yards from 
the range-finder, and parallel to iÌ, then one 
line is projected into on(' partial fipld of tllf" 
eyepiece and the other line is similarly pro- 
jected into the other. If the range-finclf"r be 
in correct a(ljustment the range indicated will 
he "infinity" when coincir1pnce has been 
effectcd. Quite earl v, however, in the history 
of the range-finder, it was felt that this metho
l 
was too crude and cumbcrHome. 
(ii.) Abhe's ...tIel/lOd. - In thp year 1893 
Professor Ahbe devised apparatus for corrept- 
ing anù adjw;;ting telemeters or range-findC'rR, 
which was baRed upon optical Hwans which 
have practically hepn common to all the later 
anù more devcloped apparatus for securing 
the same cnd. 


Abbe's apparatus ,"a<:; particularly appli- 
eah1P to range-findel'8 of the typP (- terpo- 
scopic) in which two independent telescopes are 
employed. In Figs. 24 and 24A, for example, 
the invention is shown diagrammatically aE. 
applied to a stpreoscopic range-finder of the 
wandering-mark typC', that is, the rangf" is 
determined by the adjustment of the micro- 
meter 1\[, which iR necessary to giye to the 
observer t.hf" impression that the wandering 
stereoscopic mark seen in the field of view is 
at the same distance as the object h("ing 
ran!!ed upon. The acljuRting apparatus eon- 
sists of a pair of penb,ganal pri
ms P' and p2, 
mounted in front of the two telpgcope objpct- 
glasses as shown. The ldt eye of the observer 
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is then taken away from the telescope A', and 
a mirror S is positionf'd to illuminate the fixed 
stereoscopic scale mark a ' . Light from this 
mark. therefore, issues from the object-glass 
as a collimated beam and enters the prism P', 
by which it is reflectf'd at right angles to the 
prism p2, and then similarly into the second 
telescope A 2, by \vhich it is brought to a focus 
in the same plane as the wandering-mark n 2 . 
If the range-finder is in correct acljustment, 
and the prisms P' and p2 reflect the beam of 
coHimated rays accurat("ly through 180 0 , thpn 
it follows that the image of a ' '" ill be proj("cted 
on to the wandering-mark a 2 , when th(' 
micrometer )1 is set to infinity. Should t}]is 
not be the case, the instrument is adjusted 
until it is so. The great advantage of this 
arrangement is that each of the penta.gonal 
prism
 act
 as an optical square, that is, the 
deviation produced by it is practically constant 
and. further, indepemlf'nt of any small rotation 
of the prism about an axis normal to the plalH" 
of the diagram. 'YhC'n th(" baRe lpngth of thE" 
range-findpr is small, th(" pair of optical squares 
may be mad
 from a Ringle picce of glass. 
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The prisms P' and p2 may together 
produce a deviation of the collimated rays 
something less than 180'). Let this angular 
defect from 180(" =(J, then the rays will enter 
the telescope A 2, as they would from a real 
object on the axii; of the telpscope A', and at 
a distance equal to that at which the base of 
the instrument subtends the angle (J. If this' 
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angle (J and its corresponding range are knO\\ n, 
then the testing operation consists as before 
in projecting the mark a' on to the mark a 2 , 
but the micrometer ){ should, "hen' this 
adjustment has been made, indicate the 
corresponding range. 
111 a later modification of Abbe's apparatus, 
invented by KÜnig in 1904--1908, the necessity 
for using one of the telescopes of the instru- 
ment as a collimator is avoided by fitting a 
collimator independently. 
(iii,) Brzrr &: Stroud's J[etll")d. - An im- 
portant instrument for adjusting range-finders 
was brought out 
bv l\Iessrs, Barr 
&, Stroud ill 1906. 
The opti cal 
principle upon 
which this instru- 
ment was con- 
structed is shown 
by Fig. 2,'5. Fidu- 
eial ma rks G' 
and G2 are borne 
by lense3 L2 and 
L' respectirely, 
of equal focal 
length and separ- 
ated by a dis- 
tance equal to 
that focal length. 
Each lens a" shown, therefore, acts as a, col- 
limator to the fiducial mark on the othpr lens, 
with the result that the emergent beams are 
collinear, a property which is independent 
of any small lateral disph\'cpment of either of 
the lenses 1..' and L2, prorided that the 
marks Q' and f
2 are mounted at the princi- 
pal points of the two lenses, These collinear 
beams enter prisms p2 and P' respectively. 
from "hich they are reflected parallel to one 
anoth('r, and are therefore in a condition to 
enter the range-findpr and gi\?e images of the 


lines G' and G2. equi\-alent to the images of 
a single object at infinity. 
Fig. :W shows in plan the application of this 
instrument to a range-finder, and in addition 
an adju8ting prif->m J, which is adapted to 
rotate about an axis coincident with that of 
the two lenses G' and G2 By the rotation 
of this prism, therefore, the h\ 0 i
suing beams 
. of light can be 
made either paral- 
lel to one another, 
or to diverge at the 
angle correspond- 
ing to tha t be- 
h\een beams of 
light entering the 
range-finder from 
an object at a 
known distance. 
The adjusting ap- 
paratus may, as sho\\ n, be made separate from 
tIle range-finder, or it may be attached to the 
framework of the range-finder itself. 

 (15) HALYI:XG ADJl:"ST:\IExT.-!n general 
the picture seen in one of the fields-of-view 
of a range-finder is duplicated and inverted in 
the second field, but it may happen that corre- 
sponding image points do not occur at equal 
distances from the separating line, so that 
when the infinity adjustment has been made, 
the image in the upper field is not a simple 
reflection of that in the lower field, with the 
line of separation as a line of symmetry. 
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I The instrument is then said to be out of 
haldng adjustment. This want of adjust- 
ment, so long as straight edg{>s at right 
angles to the separating line are being ranged 
upon, is not of great importance, but "hen 
a line inclined to the separating line is used 
for ranging purposes a very serious error is 
introduced bv this want of adjustment. To 
effect the nec
ssary adjustment it is clear that 
one picture must be displaced in the field-of. 
view vertically "ith respect to the other one. 
This may be carried out in the range-finder 
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by (1) tilting one of the pentagonal reHectors 
about a horizontal axis inclined at an angle 
of 4,) degrees to the axis of the tube and 
parallel to the path of the normally incident 
ray as it passes from one reflecting surface to 
the other; (2) by displacing one of the tele- 
scope object-glasses in a vertical direction: 
(3) by the rotation in its own plane of a weak - 
prism originally mounted with its edge vertical; 
or (4) by tilting a thick plane-parallel phtte 
in a convergent beam of light. 
The halving adjustment having been made, 
the correction of the infinity adjustment is made 
by shifting the upper field in a direction parallel 
to the dividing line as already described. 


III. CALIBR -\.TIO
 OF RA
GE-SCALES 

 (16) COINCIDE
CE RA:NGE-FI
DERS. (i.) 
Sliding - prism Type. - The relations which 
must exist in a coincidence range-finder 


., 
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FIG. 27. 


between the length of its base b, the focal 
length f of its objectives, the deviating power 
ô in circular measure of its sliding deflecting 
prism, and the length L of its range-scale 
between the infinity mark and the mark for 
the minimum range Rm required, can be 
obtained as follows: 
Imagine a range-finder adjusted on an object 
at infinity, and that the object then moves 
up along the straight line joining it with the 
left eye of thf' range-finder till its distance 
from the range-finder is equal to the minimum 
range Rm which it is desirèd to indicate on 
the range-scale. As the object thus movps, 
the p
trallax angle changes from 0 at infinity 
to b/Rm at the minimum range, and the 
image projeeted by the right half of the range- 
finder into the focal plane of the eyepiece 
moves out of coincidence through a distance 
tl such that 


d b 
f - gm' . 
The image projected by the left half of the 
range-finder undpr the conditions nampd would 
remain stationary. To re-establish coincidence 
of the images tl;e sliding prism with angular 


de,-iating power 0 must be moyed through a 
distan
e L. alon.g the axis of thf' bpam of ]ight, 
such th:tt d=Lô; so that substituting this 
value of d, in equation (A) above, we obtain 


Lô=
1. 


(R) 


To apply this formula,. suppose it is required 
to find the length L, when the base Jength of 
t.he range-finder is 1 metre (39.37 inches), the 
f00a.1 length.f is 11 inclH's. the minimum range 
required is 2.30 yards, and th(' deviating po" er 
of the prism is one unit in a distance of 170 
units (equivalent to 20 minutes of arc). Then 
reducing the linear dimension., to inches in 
equation (B) we fincl that 
L _11 xl x 39.37 x 170 =8'18' 
250 x 36 In. 
(ii.) Rotfll1ng-prilJm Type.-In range-finders, 
such as the Zeiss, in which coincidence is 
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effected by imparting equal rotations in 
opposite directions to a pair of similar prisms 
mounted in the parallf'l beam between the 
end reflector and the telescope O,G., it is 
desirable to secure the maximum pOHsible 
openness of the ranw'-scale by giving to each 
of the prisms an angular deyiating power ô, 
such that a rotation of. the:-:e prisms through 
180 0 , i.e. from the position shO\vn in plan by 
Pig. 27 to the position shown by Fig. 2
, should 
allow of coincidence for all ranges between 
infinity and the desired minimum range R11l' 
The angular deviating power of each prism 
being ô, a rotation through 180'" will f'ffcct a 
deviation of any ray in the horizonta] plane 
through an angle equal to 4ô, and the 
deviation ô], produced by a rotation through 
any angle a ]('S8 than 180 0 , as sho\\ n by F1 0 g. 
29, i
 obtained from the equation 


(A) 


ô 1 = 25(1 - cos a), . 


(r) 


it being remembered that when a is between 
90 0 and 180 0 the cosine is negative in value. 
Thus for rotations of 0 0 , no o , and lRO o the 
deviations are 0, 2ô, and 4ô rf'sp('('tively. The 
angle 40 must therefore be made equal to the 
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ma
illlum angle of paralla
 blE,. to be 
measured, or 


b 
0= 4Rm ' (D) 
Thus when b = 1 metre and Rm=230 m" 


1 
o = I
OU' 
approximately 3
 minutes of arc. It will be 
noticed that the focal length of the O.G. does 


not enter into equation (D), for the reason that 
the deviation is effected in the parallel beam 
and not in the convergent beam, as in the case 
of the sliding-prism type of range-finder. 
For any gi,en range R the parallax angle 
(}=b/R, and since 0 must be equal to (} we 
have, by substituting in equation (C) above, 
b 
R =20(1 - cos a), 
b 
or cos a=l- UR' . (E) 
where a is the angle of rotation of one of 
the deviating prisms from its infinity position 
Ilece
sar'y for bringing about coincidence. By 
giving to R in the above equation the successive 
numerical values it is desired to indicate on 
the rangf'-scale, the corrf'sponding angle a can 
be found. 
Thus in the case of the range-finder con. 
sidf'red above, with a base length of I metre 
and deflecting prisms each \\ ith an angular 
deflecting power of one in a thousand, equation 
(E) becomes 


300 
cos a = I - If ' 
from which the following table has been 
calcula ted as an exam pIe : 


RansrE' Angle. Range Angle. 
(metre:,). (metres). 
I -- 

O,OOO 12:> 50' 800 6i o 59' 
10,000 18:> II' iOO i3: 23' 
5.000 
5- 50' 600 80= 22' 
4,()OO 
80 38' 50t) 9U o 
3,IHIO :tf' 3,,)' 41/0 1O-t ù 29' 
2,000 41 0 2.3' 300 131 0 19' 
1, 000 60:> 2;)U 180 0 
900 G3:> 
R' . . . . 


These llgles must, of cou
e, be multiplied 
by the gearing ratio adopted-usually two. 
(iii.) Tu'o-magnification Type,-In this type 
of range-finder an eyepiece range-scale, extend- 
ing along the 10" er side of the coincidence line, 
is graduated so that when the instrument is 
in adjustment the coincidence of the two 
differently magnified images of an infinitely 
distant object can only be obtained at the 
place along the coincidence line at which the 
infinity mark of the scale occars. Let Fig. 30 
represent the field-of- 
vie\v of such a range- 
finder, and suppose 
tha t the images of an 
infinitely distant ob- 
ject have been brought 
into coincidence on the 
line marked " oc ." 
K ow suppose the 0 b- 
ject to move up along 
the straight line, join- 
ing it with the left eye 
of the range-finder, to a distance at which the 
base length b of the range-finder subtends an 
angle 8. Then the parti
l image, in the uppf'r 
part of the field-of-view, produced by light 
passing through the right eye of the range- 
finder, will, during the supposed movement of 
the object, move from left to right through a 
distance lI(}' where 11 equals the focal length of 
the corresponding telescope objective, "hilst the 
partial image due to the left eye, in the 10\\ er 
part of the field, remains on the infinity mark. 
Xow suppose the range-finder to be rotated 
through a small angle a a bout a ,ert ical axis, 
in the counter. clockwise direction as seen from 
above, both the images will then lllove to the 
right, but the more magnified image, in the 
lower part of the field, \\ill move lllore quickly 
than the one in the upper part of the field, and 
e\-entually catch it up at a distance d from 
the ., oc " mark, such that d = 12 a, where J..!. 
is the focal length of the telescope objecti\-e 
on the left. Since the image in the lower 
field is more magnified than the image in the 
upper field, it follows that 12> iI' and that in 
consequence, whilst the lower image moves 
through the distance 12a, the upper image wiH 
move through a shorter distance 11a. Thus 
d =/I(} + 11 a, . (1) 
d=/2a, i.e. a= f f}, , (2) 
:3 
b 
(} = R' 


}'IG, 30. 


but 


and 


(3) 


Substituting these values of a and () in equation 
(1) \\e get _ lIb lId 
d = R- + 12 ' 
and solving for d we ohtain 
d = !!/2JL (4) 
R(f2 - 11) 
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which sho\\ s that the eyepiece range-scale is 
a reciprocal onE', since b, II' and 12 are con- 
stants for the range-finder. Equation (4) 
may be \Hitten 


1 1 
fl-:h 


b 
({. !{ (a constant), 


i.e. the difference in the focal powers of the 
two objective systems must be luade equal 
to the base length divided by the product of 
the length of the range-scale, amI the range 
corresponding to that length. 
In practice the total length of the range- 
'3cale is limited to about 1 em., and the mini- 
lllum range required is, say, 2,')0 metres, so 
that if the base length equals 1 metre, then 


1 1 
II - J; = 0.4, 


the focal lengths being expressed in metres. 
From this equation, one foca.l length being 
assumed, the other can be found. Thus when 
1'1 =2.3 cm., 12 must be made equal to 27.7 cm. 
In a range-finder of this type, made by Bausch 
and 1..omb, 11 = 16.26 cm., 12 = 16.78 em., 
b=0.8 m., and d=0.9.3 em. for the minimum 
range of 4.30 m, 

 (17) STEREOSCOPIC RA
GE - FINDERf; : 
FIXED SCALE AXD 'VANDERING-:\L\RK.-In 
these types of range-finders (see Fiy. 8) the 
parallactic displacement D, in the common 
focal plane of the two objectives, is obtained 
from d = hj/ R, where, as before, ß is t.he ba'3e 
length of the range-finder, f the focal length 
of the telescope objectives, and R the range. 
The distance between the two infinity marks 
-marks upon which the two images of a star 
would be simultaneously projected-in the 
common focal plane of the objectives may, 
by suitable disposition of the retlect()r
, be 
given any value, usuaIIy that of the average 
interpupillary distance of the men likely to 
use the range-finder. This distance, once 
determined and adjusted, remains fixed, that 
iç;, it is not affected by any adjustment of the 
interocular distance necessary for individual 
observers. A fixed scale might consist simply 
of a single mark in one ocular field and a 
number of marks in the other field, correspond- 
ing to the series of ranges for which the instru- 
ment is to be graduated. ,rith such an 
arrangement as this thp image of the '3ingle 
mark, in the use of thE' instrument, would be 
fused 
tcreoscopically in succession \vith each 
of the marks in the other ocular field. In 
practice, however, it has been found better 
to provide for each of the ranges to be- 
indicated a separate pair of mark
, one in 
each ocular field, but the principle of the 
calibration is the Rame. Thus for a range- 
finder in \\ hich the product bj is equal to 
k, S<1Y, and in which the distance betwpen the 


(5) 


infinity marks is equal to A. say, the di
tance 
apart of the pair of marks for an
- tinite range 
RI mllst he made equal to A-I:I RI' 
The same principles apply in the case of the 
wandering-mark. Here one ocuhr field con- 
tains a fixed mark, whilst in the second field a 
second mark is adjusted transversely to the 
line of sight by means -of a micrometer screw, 
the drum of which is calibrated for the r<Lnges 
corresponding to the paraJlactic displacements 
required for the given ranges aC'cording to the 
equation above. 
* (18) CONCLUSIo
.-}<'rom the story now 
told, it will be seen that \\ hilst the English 
naval and military authorities accept the 
coincidence type of range-finder as the most 
efficient servif'e instrument, tlw German 
authorities on the other hand, under the 
guiding and compel1ing genius of Carl Zeiss, 
have favoured the stereoscopic type. 
ow in 
the case of a coincidence instrument there is 
no question but that a comparatiyely large 
percent.age of senTice men can be trained to 
work it efficiently, whilst in the case of the 
stereoscopic instrument the conditi()m
 are 
very different. English military opinion tends 
to the conclusion that only about 5 Ðer cent 
of men tried ever become efficient range-takers 
with the stereoscopic instrument, and this 
conclusion is supported by German experience. 
In the German training - schools we believe 
that., of the total number of the men tried, 
only about 15 per cent are finally selected for 
training. I t is claimed that of these men a 
certain very small number, after an extended 
period of trial, attain a stereoscopic differentiat- 
ing power of 4 seconds of arc. This compares 
favourably \\ ith the standard reached by the 
best range-takers with the coincidence type. 
The average, however, claimed by the Germans 
is about 10 seconds-should a man not he able 
to attain an accuracy of 20 seconds or less, he 
is rej ected. 
It must be remembered that the remarkable 
accuracy \vhich has been claimed for both 
types 
f range-finder has only been secured 
by tests made under the most favourable 
conditions-laboratory conditions, in fact- 
and it may be that, as regards their best 
performances under thC'se conditions, the one 
type can claim no decided advantage over the 
other. Tests under service conditions, how- 
ever, are the only ones which have any useful 
discriminating value, and these are not so 
easily carried out. A range-taker, under the 
intensE' nerve strain hrought about by <1, 
modern bëtttle, may find that he can obtain 
very much hettel" results with one type of 
range-finder than the other, and. so far aB 
e\Tidence is available, there can be little dOli ht 
that unc1pr the severest selTiee conditions the 
coincidence has a very decided advantage 
over the stereoscopic type. 
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:Xo\\" the battle of Jutiand was fought ,Üth 
9 - feet Barr & Stroud coincidence range- 
finders on the one side, and 3-metre Zeis::; 
stereoscopic range-finders on the other. \
 ery 
few instruments of greater dimensions than 
these were used by either side. It is, however, 
strange to say, very difficult to arri,-e at a 
just conclu"ion as to the relative merits of 
the work done with these instruments, Each 
side has shown a desire to gi ,-e full credit 
to the work of the other. \Yhen, ho"ever, 
ever:y1:hing is taken into consideration, there 
appears to be very little doubt that the 


days of the stereoscopic range-finder, as a 
chief service range - finder, are numbered. 
This is not to be wondered at when it is 
remembered that, bpfore the war, Gprmany 
had held out against the world in adopting 
the type. Xo doubt it will still he made and 
used for special work, possihly against air- 
craft. Anyone \\ ho has experienced the ease 
and precision with \\ hich a stereoscopic range- 
finder can be directed to and ranged on a mere 
wisp of floating cloud will readily realise 
that for work of this kind it stands out 
unrivalled, 


LIST OF THE 1IORE DIPORTAXT BRITISH PATEXTS FOR RAXGE-FIXDER
l 


Specification 
o, Year of Application. Same. 
ubject-watteT. 
3.), 1860 Adie Coincidence : tilting mirror type 
608 1863 Coincidence : tilting mirror type 
8043 1885 
Iallock Coincidence: tilting mirror type 
12404 
886 Christie Coincidence: lateral displacement of O.G. 
9520 Us88 Barr & 
troud Coincidence: tra yelling de.flecting prism, 
etc., etc. 
13507 1893 Coincidence : astigmatisers, separa ting 
prisms 
lï048 1893 (;rousilliers Stereoscopic 
1,868 1893 Abbe Infinity adjusters 
31,2 1901 Barr & ðtroud Two objectÏ\ e-s side by side 
5267 1901 Forbes Stereoscopic 
1664, 1901 
Iarindin Tilting refle-ctor 
18273 1902 Barr & Stroud Single te-Iescope type 
1462 HJ03 Se!)arating prisms, optical squares 
4258 1903 Forbes 
tereoscopic 
12735 1904 Dennis Taylor Single telescope: swinging deflecting prism 
28866 1904 König Adjusters 
llï26 1903 Carl Zeiss Separating prisms 
10039 1906 Barr & I::;troud Deflecting rotating prisms 
:!8ï28 1906 Self-contained adjusters 
l
l.. 19U7 Carl Zei:::;" Periscopic 
15200 1907 Dennis Taylor Separa ting prism 
1646. 1907 Carl Zeiss 
tereoscopic 

6546 19U7 Adjuster 
830 19118 Adjuste-r 
1299 1908 Eppenstein-uneq ual magnification fie Ids 
3326 1908 Stereoscopic image marks 
9906 1908 Barr & ðtroud Separa ting prism 
13813 1908 Handle-s and working head:::; 
218.34 Hlo8 C. P. (;oerz ::;epara ting prism 

:?lû2 1908 Christie Adjuster 
:?23û3 1908 Goerz ;Separating adjuster prism 

31ï3 1908 
epara ting prism 
778,) H.lO
 Barr & ò::>troud Frames 
ï/86 1909 Scales and scale-ere-cting l)risms 
16847 1909 C. p, Goerz Cnequally divided fields 
18611 19119 Separa ting prism 
218.0 1909 Carl Zeiss Adj uster 
30152 1909 Barr & Stroud Separa ting prism 
&182 1910 Dennis Taylor Binocular coincidence 
7392 1910 
IiITors for optical squares 
24.14 1910 C. P. Goerz \Yertical and horizontal eyepieces 
28022 19lû ("ar] Zeiss Folding 
513 1911 Cpper im-ert, doub]e separating line 
2-tR
1 1911 c_ P. noerz Separating pri"m 


1 It \\ ill be noticed that this list is practically limited to patent:::; taken out by the four chief manu. 
facturing firms. 
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LI
T OF THE :\10RE nlPORTAST BRITISH PATE
TS 
FOR RA
l
E-FIXDERS-CO.lItinued 


Specifh'aticm 1\0. Yt'ar of Application. :\ame. 
2.')122 HHI Carl Zeiss 
252GD 1911 C. P. Goen 
233G8 1911 " 
12962 1912 Carl Zeiss 
14041 1912 " " 
1414.3 1912 C. P. Goerz 
lG837 1912 Carl Zeiss 
21027 1912 " " 
23G96 1912 " " 
2G233 l!H2 Barr & Stroud 
27483 1912 Carl Zeiss 
300flO W12 Dennis Taylor 
103 1913 Carl Zeiss 
1533 191:{ " " 
4870 1913 " " 

OU8 l!H3 .. " 
1096(; 1913 " " 
1418:J HH3 " " 
13815 1913 " " 
27217 1913 Barr & Stroud 
8312 1914 Carl Zeiss 
11463 1914 " " 
14701 1914 " " 
1.,140 1914 Barr & Stroud 
15294: 1914 " " 
20263 1914 Carl Zeiss 
21280 1914 " " 
522 1915 " .. 
2114 l!H5 Barr & Htroud 
3544 UH5 Carl Zeiss 
]179 If115 " " 
4567 If115 " " 
5426 WI:> .. " 
7679 1915 " " 
14508 1915 " .. 
123164: 1 WW Rotten hurg & ',"illans 
125587 HH6 Barr & 
troud 
12372.) 1918 Taylor 
1278R5 1917 Barr & St.roud 
127H07 1917 " " 
129043 ISH 7 Taylor 
12f1044 1917 ., 
12934;; 1917 Barr & Stroud 
129881 1918 .. .. 
13lGlO 1917 .. " 
131611 1917 " " 
133974 1917 .. " 
133223 1916 .. " 
139224 1916 " " 
14:>094 1916 .. " 
147106 1920 Carl Zeiss 
149326 1920 ., " 
lG.,461 1918 Barr & Stroud 
177 .'598 1920 " .. 
J88f130 1921 ., I 


Rubje,.t-uuttter. 


Complementary inverted fields 
Separating prism 
Reparating pri:;;m 
Huh-ing adjustment 
Adj uster 
Adjuster 
Adjuster 
Periscopic 
Periscopic 
Yariable base range-hnder 
Stereoscopic: \\ ith separating prism 
Difff'rent n'rtical and horizontal magnifiea- 
tions 
Adjuster 
Different ,'ertical and horizontal magnifica- 
tions 
Binocular coincidence: different mag- 
nifications 
Adjuster 
Stereoscopic: "it h don hIe images in each 
field 

eparating prisms 
C0incidencc and stereoscopic: dou ble 
deflecting devices 
Scale-indicating gear 
Grouped to gin- single reading 
Optical squarf's 
Optical squares 
Exhausting adjuster 
Scale-conn'rsion gear 
Adjuster 
Addition to 13813,13 
Adjustf'r 
Exhausting range-finder 
Variable rt'siRtance scale indicator 
Addition to 1581.') 13 
Setting gun-sight 
Adjuster 
Friction elevating gear 
Addition to 20263 14 
Height-finder 
Height-finder 
Adjusting f'nd squar(,R 
Separating-prism syst('tns 
Height-findf'r 
Singlr> telf'scopr>: swinging-prism tYI)e 
Hal ving systems 
Height-find('r: conv(,fi';ion gf'ar 
Height-finder: travelling deflecting pri:-;m 
Height-finder: travelling deflecting pri:-;m 
Height-finder: rotating deflecting prism 
Scale-conversion gf'ar 
Multi-magnifying systf'ms 
Height-finder 
Unit-magnification system 
Perisc0pic range-finder 
Adjuster: zero base 
"N andering- picture graticulc 
:\lounting large range-finders of the coast- 
deff'nce type 
Periscopic range- finders 


1. ear numhers 


1 10'1'0111 1 9 Hi t}w Hpedfication numbers run continuously, commencing with No. 100001. 
are given provisionally. 


F. J. C. 
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R4XGE-FIXDTXG, ACCURAC'Y OF. See" Range- 
finder, Short-base;' 
 (4). 
R_\TIOX.\L IXTERC'EPTS OR ISDICES, THE LAW 
OF, in crystal structure. See "Crystallo- 
graphy, " * (10). 
R.\.YLEIGH LI'IIT: the ma
imum difference 
in phase with which the various rays passing 
tbrough an optical system may arrive at I 
the focu') \\ ithout spoiling the definition. 
About ! ,vave-Iength, See "
Iicroscope, 
Optics of the," 
 (9): also .. Light, Diffrac- 
tion of." 
R.\.YLEIGH'S RADH.TIOS FORl'tIULA. See 
,. Radi'ttion," 
 (6). 
R-\.YLEIGH'S THEORY OF THE SCATTERISG OF 
LIGHT by particles small compared with the 
wave-Ie
gth, applied to explain the blue 
colour of the sky. See ., Scattering of 
Light by Gases," etc., 
 (2). See also" Ultra- 
microscope and its Applications," 
 (2). 
RE-\.DIXG )!ICROSCOPES. See " DiYided 
Circles," g (12). 
RECOIL ATO:
IS from radioactive substances 
which expel a-particles. See "Radio- 
acti\
ity," 
 (19). 
REEDS, 
IETAL, WITHOrT PIPES: musical 
instruments in which these form the vibra- 
tors. See" Round," 
 (31). 
REFLECTIXG TELEscoPE
. See" Telescopes," 

 (10). 
REFLECTIOX, A'IorST OF, FRO:\1 SILVERED 
MIRRORS. See ., Sikered )Iirrors and Sih
er- 
ing," 
 (7). 
REFLECTIOX, SPECTRAL. See " Spectro- 
photometry," 
 (1-1). 
REFLECTIYITY OF )lET_-\.LS. See" Telescope," 

 (12). 
REFRH'TlOX (ATJIO
PHERrc), ERRoRs DUE TO. 
See ,. Xavigation and Navigational Instru- 
ments," 
 (5). 
REFR-\.CTIOX, DOUBLE. See" Polarised Light 
and it
 Applications," 
 (5). 
REFR4CTIVE IXDEx. measurement of. See 
,. Spectroscopes and Refractometers,', 
 (9) 
ef .seq. 
REFR-\.CTIVE IXDE
 AXD \Y -\.VE-LEXGTH. See 
" Optical Glass," 
 (3). 
R EFR -\.CTOJIETER : an instrument primarily 
designed for the rapid determination of 
refractÍ\Te indices. See" Spectroscopes and 
Refractometers," 
 (13) et .seq. 
REIXFORCED GLASS, )L-\.
UFACTuRE OF. See 
,. Glass," 
 (43). 
R E'IY ÐIPLOSCOPE: a useful form of 
phorometer. See" Ophthalmic Optical 
Apparatus," 
 (3). 
RESISTAST GLASg, modern methods of test- 
ing. See" Glass, Chemical Decomposition 
of," 
 (3) (ii.). 


RESOL\TYfl. POWER OF A !\IICROSCOPE. SEe 
" )Iicroscopy with Ultra-violet Light," 
 (2) ; 
" )Iicroscope, Opti.cs of the." Introduction. 
RESOLVIS"G POWER OF SPECTROSCOPE. See 
" Diffraction Gratings, Theory of," 
 (6). 
RESOL VISG POWER OF A TELESCOPE. See 
" Telescopes," 
 (7). 
RESOXAXCE EFFECTS IX THE SCATTERIXG OF 
LIGHT BY GASES. See" Scattering of Light 
by Ga.ses," etc.. 
 (5). 
REsoxAToR, AIR, used as a sound detector. 
See" Sound," 
 (,54). 
RESTSTR4HLEY: a name given to the final 
radiations obtained by successive reflections 
from a substance; these possess their 
maximum energy for almost the same wave- 
lengths as the maxima of the absorption 
bands for the substance. See" \Yave- 
lengths, The 
Ieasl1rement of," 
 (7). 
REVERSIXG DEVICFS used in connection with 
the copying camera. See "Photographic 
Apparatus," 
 (3) (iii.). 
RIGIDITY OF GLASS. See" Glass. " 
 (26) (ii.). 
RITCHIE \YEDGE PHOTO:\IETER. See" Photo- 
metry and Illumination." 
 (27). 
RITZ, formula 
N 
n=A- , 
{m+}L+(dfm2); 2 
n being the wave-'lumber of a line in a series 
of the spectrum of an element, the series 
being determined by the constants A. p., d, 
and the line by the quantity Ill, whose 
values differ by integers in anyone series, 
X being thp "uniyersal constant. " See 
" Spectroscopy, )Iodern:' 
 (10) (iii.). 
ROCHELLE S-\.LT PROCESS OF SILVERIXG 
)IIRRORS, introduced by Cimeg in 1861, and 
used when the work is required to be 
silvered on the back. See" Silvered )lirrors 
and Silvering," 
 (2), 
ROCHOY'S PRIS:\I FOR PRODrC'TIO
 OF DorBLE 
hI-\.GES. See "Polarised Light and its 
Applications." 
 (12), 
RooF PHOTO)IETER. See" Photometry and 
Illumination." 
 (28). 
ROTATORY DISPERSIOX. See" Polarised Light 
and its Applications," 
 (21) (ii.). 
ROTATORY POLARIS -\.TIOX: an effect exhibited 
bv certain substances in which the plane of 
p
larisation of a beam of IÜrht is. rotated by 
passage through the substance. The effect 
is exhibited bv solids, liquids, and gases, 
and such su bsÚmces are said to be optically 
acth
e. See ,. Polarised Light and its 
Applications;' 
 (20); also "Polarimetry" 
and " Quartz, Optical Rota tory Power of." 
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ROUSSEAU DU,GRA:\I: a deviee for ohtaining 
the an>rage candle-power of a soul"ce from 
its polar diagram. See" Photometry and 
Illumination," 
 (42). 
ROWLA
D'S GRATI
G. See" Diffraction Grat.- 
ings, Theory of," 
 (11). 
RUBE
S A
D ,y OOD, their improvement in the 
method of isola.ting very long waves, based 
on the selective refraction and seJecti ve 
absorption of quartz. See" 'Yave-Iengtbs, 
The )Ieasurement of, " 
 (7). 
RULING O
 GLASS. See" Graticules." 


R e:\lFORD PHOTO:.\IF.TER. See .. Photollwtry 
and IUumination," 
 (2,3). 
RUSSELL ANGLES: a system of angles hy 
means of which the calculation of average 
candle-power of a light source may be 

implified. See" Photomctry and Illumina- 
tion," 
 (42). 
RYDBERG, his relations betwecn the wavc- 
numbers of lines in the spectra of elements. 
and recognition of the existence of threc 
chicf types of series, known as the Principal, 
Sharp, and Diffu
e 
eries. See "Spectro- 
scopy, )Iodern," 
 (10) (ii.). 
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SACCHARIMETER: a term applied to polari- 
meters, used to measure the strength of 
sugar solutions, in which the quartz wedge 
compensation system is employed. See 
" Saccharimetry," 
 (2). 
SACCHARDIETER SCALES. See "Sacchari- 
metry," 
 (4). 
SACf'HARDIETERS, conditions gov0rning the 
accuracy and sensitÎ\Teness of. See 
" Saccharimetry," 
 (7), 

Iechanical construction and dC'sign of, 
See ibid, 
 (6). 


SACCHARI)IETR Y 



 (1) I
TRoDucToRy.-The optical rotation of 
a sugar solution can be measured by means 
of the polarimeter,! and if the rotation of a 
pure sugar solution of the same concentrat,ion 
be l.nO\\'Il, the pC'rcentage purity of the first 
sample can then be calculated. Owing to 
the rotatory dispersion (variation of rotatory 
power with wave-lengt,h) of all acti,re sub- 
stanC?R, a monochromatic light source is 
necessary in all polarimetric measurements. 
The half-shadow angle of the.polariser mURt 


and this is by no means the casp with t.he 
average raw sugar solut.ion, 
Riot had observed t.hat the rotatory disper- 
sion of quartz was approximately t.he samC' 
as that of a sugar solution, and in response to a 
prize of 2000 francs offered by thC' "Société 
d'Encouragement" for a means of determining 
the strength of sugar solutions correct to 2 per 
cent, Soleil 2 ingeniously evoh ed the quartz 
compensator system, in which he utilised the 
rotatory power of quartz, to neutra]ise that 
of the sugar solution. "
ith this arrangement, 
the polarisel' and analyseI' arC' ft.-red and cro88ed, 
and the rotation of a sugar solution is given by 
the dist,ance a quartz wedge has to ],C' moved in 
order to neutralise the rotation of t,he solution. 
Since the rotator
T dispC'rRions of quartz and 
of sugar solutions are approximately equal, 
this system permits the u
e of white light" ith 
its relatively great intensity and convpnicncp. 

 (2) SAC'f'HAR Il\IETERS. - The term "sac- 
charimeter" is now genera]]y applipd only 
to polarimeters in which this quartz wedge 
compensation systC'm is used. 
The optical arrangement in a standard 
polarimeter is shown in Fig, 1. The pol arising 
prisms CD form the Lippich 3 polariser. The 
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he small in order to obtain accurate results. 
But even "ith a half-shadow angle of 6 0 , only 
a sman fraction of thC' incident light <,nters 
the pye of the observer at the matching 
point. The usual monochromatic light source 
(sodium light) was therefore too feeble for 
accurate measurements even when the optic- 
any active substance was highly transparent, 
1 See" Polarimf'try." 


wedges K ami L are made of left - rota ting 
quartz and have their bases on opposite side's, 
so that a he am of light wilJ paRs through 
undeviatNl. The analyseI' l\( is "crossed" 
with the polariRer CD hefore the quartz wedges 
are mountcd. A compensating disc .J of 


2 Soh'iI, Compl. Rend.. 1
4,). xx. IRO:;; IR4.), X'XÌ. 
4
6: ]847. xxiv. fJï3: Jlém. lnst., 184;), xiii. 214. 
3 See" Polarimetry J" 
 (6). 
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ri
ht rotating quartz is introduced. It
 
thickne::':3 is such that It equals that of the 
left rotating wedges K and L when the 
mO\
able \\edge K has b('("n moved approxi- 
mat<.'ly one-fifth of its total path (as measured 
froUl the position when the thinner end of 
K is nearer the centre). The objective K 
is achromatic and the eyepiece 0 is focussed 
on the sharp dividing line of the prism D. 
The li
ht source is focussed on the diaphragm 
A of the polariser by a lens (shown in the 
diagram). A can therefore be regarded as 


long wedge is right rotating while the other 
is left rotatin
. The deyiation of the beam 
is compensated by means of the glass wedge G. 
Although this method means a considerable 
sa ving owing to the scarcity of optically pure 
quartz, it has not come into general use. 
There are possibly t\\ 0 reasons for this-first, 
the double refraction almost always present 
in a thick glass wedge with the decrease in 
sensiti\
eness that follows; and, second, tll(' fact 
that the dispersion of glass being different 
from that of quartz a coloured fringe would 
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the virtual light source. An image of this is 
brought to a focus, in turn, at the objective 
X of the observing telescope, by means of 
the condenser lens B. Cover glasses F and G 
serve to protect the polarising and ana lysing 
systems from dust and damp. 
"'hen an observation tube containing a 
liquid is placed in the path between F and 
G, a halo is usually seen surrounding the 
usual field of view. This is caused by reflec- 
tions at the inner walls of the tube; if a 
diaphragm is placed at Q (the focal plane of 
the eyepiece) so that its aperture is equal 
to, or only slightly greater than the size of 
the imagp of E formed by the lens X at Q, 
then this effect is avoided, The apertures H 
and P serve to cut, off scattered light from 
outside and multiple back reflections, 
In the double wedge instrument sho\T1l in 
Fig. :! the optical arrangement is the same, 
only that now the quartz compensatin
 disc 
(in the case of the single wedge instrument) is 
replaced by two wedges J and K of opposite 
rotation to the other pair Land)I. The long 


,- G 
_._t__ 


L 


F!3:. 3. 


wedgp', K and L are mO\
ahìe. whilst the 
f:hort wedges J and 
l are fixed. The special 
achyantages of having two mm-able "edges of 
oppositC' rotations will he' discu
sed later. 
::\IartC'ns 1 sugQested that. the same result 
may L<.' ohtainNl as shown in Fig, 3. The one 
1 )[arÌ<:'l1s. Zeit.
('hr. fiir Instkde., 1900, xx. 82. 
VOL. IV 


be seen at each side of the field of new, since 
the light source is approximately white. 
The standard instruments of Fric, Schmidt 
and Haensch, Goerz, Peters, Bausch and Lom b, 
and Hilger, are all optically identical "ith 
eit.her Fig. 1 or Fig. 2. The saccharimeter 
of Pellin embodies a Laurent polariser, "hile 
in that of Bellingham and Stanley the modified 
Jellet prism described on p. 483 is employed. 
\Yhen a separate light source is used, another 
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FIG. 4. 


short focussed convex lens is mounted in 
front of the diaphragm A (F1'gs. 1 and 2), so 
that it forms an image of the source at A, 
when the latter is placed a particular distance 
(1.3 em. in the Schmidt and Haensch instru- 
ments) in front of this auxiliary lens X (in 
Fig. 4). In order to spcure a uniformly 
illuminated field of vie" a diffusing screen is 
placed at Z. and the image of S can be accurately 
focussed on it b\
 lookin!! sideways through the 
elongated obser
ation h
le Y at 
the side of the 
tube'-' carrying the lens X. The diaphragm at 
A is exte"ud;d outwards, as shown, to screen 
off the extraneous licrht from the obsen-er. A 
deviation prism \Y i
 mounted in an aperture 
in this extended diaphragm so that a beam 
of li!!ht is obtained to illuminate the scales of 
the in
trun1{'nt. \Yhen electrical illumination 
is used. the large diaphragm at -\ and the d<.'viat- 
ing prislll can be dispensed \\ ith, the illuminat- 
ing beam T heing ohtained by plaC'ing a small 
mirror at the requisite angle aho\
e the source, 
2U 
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It must be noted that, as in the polarimeter, 
the beam emerging from the condenser B is 
not strictly parallel, but is made to converge 
on the objecti,
e of the observing telescope. 
This secures that the maximum permissible 
amount of light e'nters the eye of the obse'rver, 
simultaneously with uniform illumination of 
the field of view. 
* (3) BATES'S SACCIIARI:\IETER.-It is not 
possible to vary the half shadow angle of an 
ordinary saccharimeter, because it would entail 
a remo
al of the quartz wedges, etc., in order 
to set the analysing nicol at the new position 
of matching. If the polariser and analyseI' 
are not accurately crosscd, a match cannot 
be made at any position of the" edge when 
the quartz compensating system is inserted, 
because, approximately white light being em- 
ployed, the rotatory dispersion of quartz will 
cause considerable colour differences in the 
two hakes of the field of view. 
Bates 1 has constructed a saccharimeter in 
which the adjustment of the analyseI' is 
automatically made as the half shadow angle 
is varied by rotating 
the whole Lippich 
prism of the polariser. 
Let OP 1 in Fig. 5 
represent the plane 
of polaris1.tion of the 
light emerging from 
the whole Lippich 
prism, OP2 the plane 
of polarisation of the 
half Lippich, and 
A' AOA' that of the 
analysing nicol. OD 
is drawn perpendicu- 
lar to AOA', and OC bisects the angle P 1 0P 2 . 
Let 0 be the angle that the normal to the plane 
of the analyseI' makes with 00, the bisector 
of the half shadow angle. 


D Ie 
0" 
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P 
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FIG. 5. 


7T"a ,7T"a 
LP 1 0A=2-2+ 0 , LP 2 0A =2-2- 0 . 


If I is the intrinsic intensity of illumination 
of the light emerging from th
 whole Lippich, 
its intensity after transmission through the 
analyser will be give'n by 
I cos 2 P10A= I sil1 2 (
- 0). 


The intensity of the light leaying the half 
Lippich will be appre'ciably less. A portion 
is lost by refle'ction at the t\\ 0 ends of the 
prisCl, hy absorption in the spar and by 
reflection at the balsam film; suppose this 
fraction to he 1 - K; the fraction transmitted 
will he K. Another portion is cut off becauR(, 
the half Lippioh is not paralld to the whole 
Lippich, and the' fraction transmittcd win be 
1 Hat(;o\, Ill/II. BitT, Sland., lHU7, iv. 401. 


given by C08.2 a aC'cording to the law of 
.:\Ialus. 
The resultant intensity of the' light from tlu; 
half Lippich will the'refore be' I x K cos 2 a, anè 
this after transmission through the analysel 
becomes 
I x K cos 2 a cos 2 P 20A' = h ('OS2 a sin 2 (
+ 0). 
\Yhen a match of the fields is obtained, then 
I sin 2 (
- 0) = IK cos 2 a sin 2 (
+ 0), 


. a a . 
 /- . a 
 
. '. sm 2 cos 0 - cos 2 sm u = "K cos a 
1l1 2 COS u 
,- a . 
+ ., K COS a cos 2 sm 0; 


a ,- 
sin 2 cos 0(1 - IV K COS a) 
= cos a sin 0(1 + ,r; cos a), 

 I - 
;; cos a a 
. '. tan () = - / -=--- tan :,. 
1 + , K C08 a .. 


If the loss of light hy absorption a.nd reflec- 
tion at the half Lippich is neglected, then K = 1 
and tan 0=tan 3 a/2 as was 
hown by Bates in 
his first paper. But this factor K is important, 
as was realised by Schönrock 2 and "'ri
ht 3 
independently. The latter aS8umed tha{ the 
loss of light in the half Lippieh was approxi- 
mately 10 per cent, the value of the constant 
K in the above equation being therefore ,9. 
The following ta.ble, due to '''right, shows the 
difference introduced by considering this 
factor. 


Half 
Shadow 
;\ ngle ill 
Degrees. 


I 
Value of V.tIne of I' Half 
o from 0 from Shadow 
Hate",'!; 'Vright I Angle in 
Fúl"lu ula. (Ie = ':1). Dl'grees. 
_I 


YuIlle of I '-alue of. 
o from 0 from 
nates'll Wri
ht 
Formula. (K="111. 


0 0 () 8 0 l' 7' 
2 0 0 2' 10 0 2' 10' 
4" 0 3' 1:?0 4' 14' 
(;0 l' 4' H (;' IS' 


Schönrock calculated the loss of Jight from 
the well- known equation of Fresnel. j"i'or 
perpe'udiC'ular incidence the pf"l'eentage loss is 
given by (n -1)2j(n+ 1)2 x 100. Taking 11 as 
1.486 (refractive index of IC'elctnd spar) the 
percentage IORS is 7.5. A fm ther allowaIl('(' 
of .r, pC'f (,e'ut is arbitrarily madp for ahsorption 
inside the' RUlan Lippii'll, thm; making the 
constant K in the above equation .92. The 
('ffect of considering t hp absorption is, as BatpR 4 
pointpd out, to make' the variation of 0 with 
a more' approximately linear. If the analysing 
ni('ol iR the'l'dorc ma(Ie to rotate' with an 
2 :-;('hiinrod\:, Zdt.<;rh. rt'r. !)rut. Zllrknind., ] !lOS, 
lviii. 1] J. 
3 Wright. All/a. .TOlan. Srirll('r, HIOS, xxvi. 3fJl. 
4 11ates. Bull. Bur. 8t(11Id., ]f)OH, v. 103. 
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angular velocity slightly greater than half of 
that of the whole Lippich, the variation of the 
zero point of the analyser can in Bates's con- 
struction be reduced to ::t .14 C) (or :t .0.3 0 S.) 
from the true matching position as given above, 
even ,vhen the half-shadO\y angle is altered 
from 3 0 to 1.3 0 . But it appears that, where 
the highest accuracy is required in measuring 
a rotation, a small allowance must be made 
for the change of the zero position with the 
particular half -shadow angle employed. 

 (4) SACCHARDIETER SCALEs.-The amount 
of the rotation of a substance is proportional 
to the distance that the movable wedge has to 
be displaced in order to neutralise the rotation. 
A scale is therefore fixed to the movable wedge, 
and a vernier mounted on the fixed one as 
shown in F1'(]. 6. The scale and vernier 
(S and Y of Fig. 6) are illuminated by the 
beam from the deviating prism (T in Fig. 4). 
This falls on a grey glass screen 'Y (Fig. 6) 
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FIG. 6. 


and is reflected by the mirror Rl on to the 
scale and vernier. The reflected image of 
the latter in the mirror R 2 is observed by the 
telescope O. 
It will he realised that the scales of all 
saccharimeters are arbitrary, depending on the 
angle of the wedge and on the length of a 
scale division, the rotation in a particular 
position being nl tan 8{K) where n denotes the 
number of divisions the wedge has been moved 
from its 7ero position, l the length in milIi- 
metres of a single scale division, 8 the angle of 
wedge, and K the rotatory power of quartz per 
millimetre for a particular wave-length. 
The we<l.ge angle and length of scale division 
adopted by Soleil were such that the rotation 
of the plane of polarisation of sodium light was 
21.ö7'> when the wedQ:e was moved 100 dhyi- 
sions. This was supp
sed to be the amount. b

 
"hich the plane of polarisation of sodium light 
was rotated when passed through a quartz plate 
exactly 1 mm. thick, the faces of the plate 
being cut normally to the optic axis, 
The value of the rotation gi'Ten above is that 
of Broch (lR-W). Later determinations have 
sho\\ n that the speeifie rotation of quartz is 
appreciably greatN than the abO\Tp value: 
neverthelf'!'o:s, the 100 point on the scale has 
hccn standanlised for the rotation as gÎ\Ten by 


Brach, so that all French saccharimeters give 
almost identical readings-which is by no 
means the case with the other continental 
saccharimeters. 

 (.3) ROTATIO
 COXSTAXTS OF SCGAR.-The 
speeification of the normal sucrose solution 
which, when placed in a 200 mm. tube, would 
have a rotation of .21.ö7 for the sodium D 
lines at 2u C., has been the subject of a 
large number of determinations. The normal 
weight is defined as the number of grams of 
pure sucrose that is contained in 100 c.c. of the 
normal solution at :W o C., and values ranginl: 
from 1().0 grm. (Dubrunfaut) to 16.51 grm. 
(Clerget) have been given. In 1875, the value 
of 16.19 grm. (Girad, and de Luynes) was 
adopted as the official normal weight. The 
International Congress of Applied Chemistry 
(Pa,ris, 1896) suggested that a redetermination 
should be made. The French Finance Ministry, 
acting on the report of )la8cart and Benard,) 
adopted the value 16.29 grm, which remains 
up to the present the official French normal 
weight. 
Ventzke 2 in 1842 proposed that the rotation 
of a standard sugar solution should be used to 
determine the 100 0 point on a saccharimeter 
scale. Originally, a 25 per cent solution of 
cane sugar was suggested as the normal 
solution; he afterwards proposed that the 
specific gravity of such a solution could be used 
for determining the concentration (that the 
normal solution should have a specific gravity 
of 1.1 at 17.5 0 C.). It was found impossible 
to make determinations of the specific gravity 
with sufficient accuracy, so that the normal 
solution was defined as one containing 26.048 
gnn. of sucrose in 100 e.c. of the solution at 
17.5 0 C. 3 
In 18.33 the :Mohr C.c. came into general use 
(I )lohr c.c. = volume occupied Ly 1 grm. of 
water weighed in air "ith brass "eights at 
17..'5 0 C., 100 :\lohr c.c. = 100.234 metric c.e.), 
and, until 1900, saceharimeters were standard- 
ised with a normal solution ba
ed on the 
)lohr c.c. whilst the normal weight remained 
unaltered. Thus the scale usually recognised 
as that of Ventzke has a normal '\e
ght 
1,0023-1 times greater than that proposed by 
him. 
0" ing to the confusion and errors resulting 
from the two standards of volume, the Inter- 
national Commission for uniform methods of 
sugar analysis -I recommended a new definition 
based upon the metric c.c. and a standard 
temperature of 20
 C., as 17',3 0 C. is generally 
below the average temperature of a sugar 
laboratory. 
\fter correcting for the change 


1 )Ia
cart et Renard. Ann. ('him. Ph!lsi.que, 180!), 
ei}, xvii. 127. 
2 '"eutzk<" Erdman's JOIlTll. fiir prakti.
che Chemic, 
1
1
. xxv. Û,"). 
I Ihid., 18!:J. xxviii. 111. 
· Zt'it.'
rhr. JY('T, fl('llt. Z/lrkeri/ld" 1000 (I,) 1. 357. 
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in the specific rotation of the sugar soÌution 
with temperature, and allowing for the tem- 
perature coefficient of the saccharimeter and 
tubp, a normal weight of :26,01 grm. is obtained 
for an instrument standa,rdised at 17.3 0 c. 
with the ::\lohr flask. 
The Interna,tional Commi
sion decided to 
make the new normal weight exactly 2ö'000 
grm. The following definition was formulated, 
and has since been accepted in all countries 
with the exception of France and the French 
colonies. 
"One dissolves (for instruments arranged for 
the German normal weight) 26.00 grm. of pure 
sugar in a 100 metric cubic centimeter flask, 
weighing to be made in air with brass weights, 
and 'polarises' the solution in a room the 
temperature of which is 20 0 C. Under these 
conditions the instrument must indic3.te 
exactly 100.QO. 
"The temperat.ure of all sugar solutions to be 
tested is always to be kept at 20 0 C., while 
they are being prepared and while they are 
being , polarised.' " 
By "polarising" is understood in this' 
connection the measurpment of the number of 
scale divisions that the wedge has to be moved 
in orùer to secure a match of the fields of the 
Lippich polariser when a column of the normal 
solution 200 mm. long is placed in the path, 
the point of reference being the reading on the 
scale when the fields are of equal intensity, 
without any active solution in the path. 
Owing to difficulty of making a solution of 
pure sucrose <'If the required concentration, a 
secondary standard has to be made for both 
the manufacturer in the primary graduation 
of the instrument, and the user of the instru- 
ment for checking purposes. 
The subsidiary standard is a quartz plate 
which when measured with a saccharimeter 
give:s the same reading as that of a norma] 
solution with the same instrument. The 
angular rotation of such a plate at 20 0 C. for 
sodium light was determined by Schi)nrock 1 
in co-operation with Herzfeld,2 the value given 
by him being 34.6,')7 0 . Practically all sacchari. 
meters employing the scale of the International 
Sugar CommisRion have, until recently (1917), 
heen standardised on this basis. The above 
figure is commonly called the "conversion 
factor," anJ its accurate determination is of 
great importance in saccharimetry. 
It had been noted at the Bureau of Standards 
that all normal sugar solutions, howeyPI' carC'- 
fully prepared. gave a reading below 100.00 0 
when polarisC'd in saccharimeters standardised 
on the basis of the con version factor given by 
Herzfeld and Schönrock. 
I Sdliinrm'k Z 'if.
rhr. Vn. J)r/d. Zurkrrind. (Tpdm. 
TPil), HIO-1, li\". ;-J
 I, ab"t. in 
lnn. d. Phy,'!" 1!}()-1 (-1), 
:xiv. -tOG. 
2 Hf'rzfI'M, Zrif.
cllr. VeT. DPltt. Zuckeriml. (Tcdll1. 
Tcil), If100, l. 82G. 


_\ preliminary series of measurements wero 
undertaken hy Rates and Jackson 3 in 1912, 
when they found that the normal solution read 
99.90 0 S. This ,,-a::; subsequently ,-erified by 
,ralker,4 who preparC'd sucrose by the alcohol 
JlH'tllOd and obtained 99.8
0 S. Thio;; led Rat<.'s 
and .Jackson 5 to undertake an exhaustive in- 
vestigation of the whole problem. 
The ahsolute rotation of a normal solution 
of sucrose in a 200 nun. tu be was meaRured 
by means of the spectro - polarimetC'r, uRing 
the green mercury radiation. This was found 
to be ..J.O. 7():
0. The absolute rotation of a 
quartz plate that gave the same r<.'ading on 
a saccharimetcr as the normal solution - was 
40. ()f)00, the difference being due to the 
slightly different rotatory di
p<.'rsi()ns of the 
two su bstances. 
The ratio of the angular rotations of a quartz 
plate for sodium light (X =,")892'.) A.) and the 
green mercury radiation (5461 1.) had heC'n 
previously measured hy Bates 6; this constant 
was re-determined and the mean value found 
to be 


20 0 C. 

\ - S I I ') - 0 
#\=,) . _'J.1\ - . 8 :-'0 0 ; 
cþ:?W 
'. I - ,} 0;). 
A=J-1ßl A. 


This ratio for the normal sugar solution was 
also measured and found to be .84922. 
The value of the conv<.'J'sion factor is 
t.herefore 40.690 x .83083 = 34.H20 0 for sodium 
light (X=.J
92'5 Å.) as against the value 
34.637 0 from the Herzfeld-Schönrock dder- 
mination. 
Herzfeld 7 has criticised this rC'sult on the 
ground that Bates and Jackson have omittC'd 
to guard against the pres<.'nce of micro- 
organisms in their standard solutions, and that 
the solutions froll which the purp sucrose ,vas 
crysr,allised were not k<.'pt Rlightly alkaline 
during evaporation to avoid sli
ht hydro- 
lysis. As Bat<.'s and .Jackson have pointed 
out in their paper, the value for the specific 
rotation of sugar for the normal solution 
obtained from the HC'rzfpld-Schi)nroek con- 
version factor is very much higher than the 
average value determined from thp formulae of 
Tollens and of Nasini and Yillavecchia as com- 
hined by Landolt. s According to the la.tter, 
[a]
oo c. = 66.502, whilst the value givC'1l by 
Schönrock 9 is ß{).ß27. The vahl<.' ohtainc(l 
from the redet<.'rminations of BatC's and .Jack- 
son is 66,529, which s<.'rves to corroborate thp 
3 HatC'f; and Jackson, Eif/Mll International COl1(1reSS 
of App. ('hem., I!H:?, xxv. ;)17, 
· WaJkpr, 8U(1(/T, If11;). xvii. Xo. 2, 4-7. 
5 HatC'
 and ,ja('k
on, null. Bur. 8tH., HH6, xiii. 6ï. 
II BatpH, ?'hirl.. I !)(I(j, ii. 247. 
7 Hf'rzfpJd, ZpitRchr. VeT. Delft. Zurkrrimf., 1!H7, 
l\: viii. 407. 
8 I
a IHlolt, f)rt.r; opti..,che Drel1Ullgs/'eTmli(Jrll (
n(l ('(1.). 
18f1R, p. 4
0. . 
9 Sdlünro(.k, Zeit,.,. rer. Delft. Zuckcriml., ID04,l1v. 
553. 
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value' that they have obta.ined for the con,rer. 
sion factor. l 
This modification of the Herzfeld-Schönrock 
values for the scale of the International 
Commission has been accepted at the Xational 
Physical Laboratory (England) and at the 
Bureau of Rtandards (America). Apparently 
pending international confirmation it has not 
yet been accepted by other bodies. 
Sidersky and Pellet (189ti) suggested that 20 
grm. should he used as the normal weight 
instead of the 16 gnn. (French) and the 26 
grill. (German). The proposal was rejected 
by the International Commission 2 in 1906. 
A strong movement for its adoption was 
started in America 3 in 1918. The reasons in 
favour of, and against, this scale are considered 
by Saillard..J. 
LP to the present. ho\\ e'Ter, no reliable data 
of sufficient accuracy are a,-ailable to justify 
its adoption for high-precision saccharimeters. 

 (6) CO
STRUCTIO
 A
D DESIGN OF 
SACCHARIl'tIETERS.- The polariser and analyseI' 
(with quartz compensating arrangement) are 
usually mounted on rigid trestle supports 
fastened to a heavy base. The poJariser 
is similar to the types used on polari- 
mpters (q.l'.) with fixed half -shadow angle 
(with the exception of the Bates-Fric instru- 
ment). The movable wedge of the compen- 
sating system is moved along close-fitting ways 
by means of a rack-and-pinion movement. 
The scale is mounted on the carriage hf\lding 
the movable wedge. \Yhile the other wedge 
is fixed, in the sense that it is not moved when 
an observation is being made, it can be moved 
laterally by means of a screw and key when 
necessary in order to arrange that at zero 
point of matching, the length
 of the movable 
wedge on each side of the optic axis of the 
instrument should he in the proportion of 
30 : 113. This is needed so that the full 
length of the wedge and scale can be utilised. 
The vernier scale can be mo"\"ed independently 
in a similar manner to correct for the zero 
error of the scale. The method of illuminating 
and observing the scale is indicated in Fig. ß. 
"Then two se
ts of \\ edges are employed as in 
Fig. 2, two :;;eparate observing telescopes are 
used in the Fric instruments, "hile in those of 
Goerz, and Schmidt and Haensch, the two sets 
of scale and vernier are brought into the field 
of view of the one obser"\"ing telescope. 
The range covered by single wedge (movable) 
saccharimeters generally extends from - 30 0 S. 
I An in<lep<,ncknt ddprmination of the 100 0 point 
of thp HC'rzfeld - Schiinrock scale ha
 beC'll made 
rpC'putly hv f;tanek. His rpsnlts C'oJ1firm the values 
ohtainèd h'y Bates and .Jackson. Li.
ty cukro/'auicke, 
1920-21. Xo. 45: Zpitseh. Zuckcrind. cechoslOl;ak Re- 
pub/iI.:, 19:!1, xlv. 417, -t
5. 
2 II/ta. Su(/ar Joum.. ]007, ix. 5. 
3 Cf. Browne, Loui.'1ill1w Planter, Def'. 7, 1DU
; 
Jan. f>. HHO, 
... Sail1ard, Journ. dRs FabrÙ'ants de Sucre, 100D, 
Ix... 10. o. 13. 


to + 110 0 S. or 115 0 S., the '\ erniers reading 
directly to .1 0 S. (in the case of the Hilger 
saccharimeter the '
ernier reads directly to 
.0,")0 b.). Generally it is possible to estimate 
to \\ ithin a half of the vernier didsion. The 
scales and ,-ernieI' are made of nickeline having 
a coefficient of expansion of '000018, or of 
glass (.OOOOO
). A sensitive thermometer is 
often mounted in the compensator head, so 
that the temperature of the" edges and scales 
can be accurately known. 
The movable wedge of the Bellingham and 
Stanley saccharimeter is only one quarter of 
the length of the usual wedge, and therefore 
the scale is correspondingly shorter. The 
latter is engraved by means of a photo- 
ceramic process and is observed by transmitted 
light, by means of a low-po\\ er microscope. 
The vernier is similarly engraved on a glass 
plate and is mounted in the focal plane of the 
microscope ocular. 
As the above-named process admits of only 
one definite size for the scale and vernier, the 
variations in the angle of the wedge are com- 
pensated for by a slmv motion to rotate the 
"edge in the plane perpendicular to the optic 
axi
 of the instrument, since it is the angle of 
the wedge in the direction of its motion that is 
the effecti ve factor in determining the length 
of the scale. 
Th(' external features and other details of 
mechanical construction are best 0 btained 
from the makers named. 

 (7) COXDITIO
S GOVERXING THE ACCURACY 
AXD SE
SITIVEXESS OF SACCHARDlETERS.- 
The optical purity of the quartz in the com
 
pensating system to a great measure controls 
the accuracy and sensiti\
eness of a sacchari- 
meter. Apart from regular twin crystals, 
"hich can often be detected by an examination 
of the crystal faces, 5 it i::; generally found that a 
parallel plate of quartz cut perpendicular to 
the optic axis contains anum bel' of spike- 
shaped cry
tals of opposite rotation irregularly 
distributed. usually around the outside of the 
plate and pointing towards the centre. 
These can be convenientJy detected by the 
method of Buisson. 6 where interference bands 
are produced by the quartz plate in a parallel 
beam of polarised light. \Yhen green mercury 
light is employed the interpenetrating crystals 
show up as sharp discontinuities in the other- 
\\ ise uniform interference bands. 
If a quartz plate is examined in a powerful 
polarised beam of "hite light (sa.v from a 
point-o-lite lamp) and the rotation of the plate 
be compensated tor by adjustment of a pair 
of quartz wedges placed directly in front of 
the analysin,g nicol (lnethod due to Twyman) 
a Reri("s of bands are seen of a hexagonal 
shape parallel to the natural edges of the plate. 


5 ('f. Lf>wi...;, Crystallography, p. ;) 10. 
· Bui:;:-;on. Joum, d. Phys., ;) série, UHD, ix. 
;). 
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Thesp apparpntly indicate that thc rotatory 
power of quartz is to somc C'J...t<.'nt inftuenc<.'d 
by conditions at the timc of its growth. As 
these bands are invariably present, even when 
th<.' above-lll<.'ntioned interpenetrating crystals 
are absent, it is important to cut the wedges 
in a direction along the band. 
It is owing to the lack of homogeneity of 
quartz that thc double wedge system (Fig. 2) 
is of considerable advantage. .Not only can 
the scale of working wedge be calibrated with 
reference to that of tl1P " control" wedge at 
all points along its path, but also by placing 
thp latter at different points. the rotation of 
a sugar solution can be measured with different 
portions of the working wedge, thereby elim- 
inating errors due to local imperfections in 
the wedge. 
These local crrors in saccharimeter wedges 
can also be determined by means of the 
"control tube" of Schmidt and Haensch. 1 
This consists of a telescopic observation tube 
of metal which can be adjusted by means of 
a rack-and-pinion movement, to give a column 
of solution of any length between 223 and 
410 mm. By means of a vernier the exact 
length of a column of solution within this range 
can be read upon a scale, to within 0.1 mm. 
If an approximate half-normal solution is used, 
the 100 0 S. point on the saccharimeter will be 
given by a column about 400 mm. long. If 
the length of column required to neutralise 
the wedge at each scale division is determined, 
a calibration curve is obtaincd that allows for 
the faults of the wedge and also for any 
inequalities 
n the scale division::;. It is of 
course important that the scale of the tele- 
scopic tube be accurately calibrated independ- 
ently. Browne 2 has given the curves of 
errors of a Schmidt-Haensch and a Bates-Fric 
saccharimeter taken annually over a period 
of seven years. It is interesting to note that 
while local imperfections persist, there ::;eems to 
be a small progressive decrease, from year to 
year, in the average error of the scale. 
If the optic axes of the quartz wedges and 
compensating disc do not accurately coincide 
with the direction of the optical axis of the 
instrum<.'nt, the incident plane-polarised beam 
becomes elliptically polarised after transmis- 
sion through the quartz, to an extent d<.'pend- 
ent on the amount of "axis error" and the 
thickness of quartz traversed. The methods of 
Gumlich 3 and "Talker 4 seem only satisfactory 
for comparatively thick plates. Schönrock 5 
has investigatNl the intprference bands (in 
convergent polarised light) of a plate of quartz 
1 S('hmiùt unù Ha('nsch, Z('itschr.jür Instkde., 188-1, 
iv. lß!). 
2 Rrowne, Journ. of Ind. and Eng. Chem., 1!)20, 
xii. 7!)2. 
3 Gllmli('h, Wiss. .AM. d. phys. techno Reichsanstalt, 
18!);J, ii. 201. 
4 Walkl'r, Phil. Jla(l. 
Ii Schönrock, Zeitsch. Instkde., 1Ð02, xxii. 1. 


the optic axis of whieh mak<.'s a slllall angle 
with the normal to the plate. In conjunction 
with Brodhun 6 he has evoh eù a method of 
accurately determining the axis error of a 
parallel plate of quartz. The quartz plate is 
mounted on the table of a small spectrometer, 
and is mounted at an angle of about -10 0 to 
the optical axis of the collimator and telescope, 
which are in alignment. Sicol prisms are 
placed in both thp t<.'kscope and collimator, 
and on illuminating the 
lit with sodium light 
the dark interference bands are seen. The 
plate is rotated in its own plane, until the 
displacement of the bands in either direction 
is a maximum. The plate is turned (about a 
vertical axis) until anyone band is central 
with the cross \\ ires in the telescope (or to the 
slit image). The piette is now rotated through 
180 0 in its own plane, the plate being simul- 
taneously turned (by rotating the table) so as 
to keep the band in the same position. The 
axis error of the plate is given by one-third 
of the angle that the plate has to be rotated. 
By employing a slow-motion movement for 
turning the spectrometer table llrodhun and 
Schönrock find that axis error can be detcr- 
mined to within a few seconds of arc. 
The object of correcting for axis error in 
the quartz is to avoid elliptic polarisation of 
the plane- polarised beam after transmission 
through the quartz. The same effect is caus<.'d 
by accidental double refraction at any point 
between the polariser and analyseI'. 1 t i
 
therefore equally important that all the \\edgcs, 
etc., be mounted as free from strain as possibl<.'. 
This is particularly applicable to the quartz 
control plates used for standardising anù check- 
ing the 100 0 point of the saccharimeter, as 
the temperature variations are more pro- 
nounced in this case, as \Veichman 7 and 
others have observed. \Yilliams 8 has devised 
a mount for the control plate, in which the 
latter is held freely in a guard ring of steel, 
.0023 mm. thicker than the quartz plate. 
The glass plates protecting the polariser 
analyseI' should he made of well-annealed 
optical glass, as should also the end plate or 
cover glasses of the observation tuhe. The 
latter are often made of plate glasR, this being 
the origin of some of the p<.'rplexing differences 
in rotation values obtained for one and the 
same solution examined in different tubes. 
Owing to the difference between the rotatory 
dispersions of sugar solution and quartz (which 
though small is not negligible), the colour dif- 
ference between the two halves of the field at 
the matching point is quitc appreciable when 
a white light source is used, and an accurate 
matching is very difficult. The difference in 



. ]
rl}dhun unl! S('hÖnrock, Zeitsch. Instkde., H)u
, 
XXII. ,Jh-t, 
7 Wl'khman, School of iUilles Quarl",lll, lR!1n, xx. 
8 WillLuns, Inter. Sugar Journ., IÐ1!), xxi. 330. 
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the values of the rotatiun of a normal 
olutilln 
when the saccharimeter is illuminated \\ ith 
green merc
ry light (^ = 3-Hn 1.) and sodium 
{\=3892.3 A.) is .185-:> S, (SchÖnrock 1) or .183 0 
S. (Bates and ,Jackson 2), thc value for the 
green mercury radiation being the higher. 
Schönrock 3 therefore suggested that one of 
the sodium light titters of Lippich 4 should be 
used, The latter used a 10 CIll. column of a 
ö per cent solution of potassium bichromate, 
but Schönrock found that a 1.5 em. layer \\ as 
sufficient. The International Sugar Commis- 
sion in 1912 adopted the resolution that when- 
ever white light is used in saccharimetric 
observations it must be filtered through a 
solution of potassium dichromate of such con- 
centration that the product length of column 
in cm. d,nd percenbtge concentration = 9. 
The evaporation of the water and the 
instability of the colour necessitates that the 
solution be periodically renewed. To obviate 
this difficulty Adam Hilger, Ltd" have evolved 
an aniline dye filter that is more permanent 
and gives on a saccharimeter readings identical 
with those of the standard bichromate filter. 
Fig, 7 gives the percentage transmission curves 
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for the two filters, the data being obtained by 
mean
 of a Hilger-X utting spectro-photometer. 
It \\ ill be noticed that these filters only 
exclude the lower portion of the spectrum, all 
wave-len!lths above about 5ïOO 
\. being trans- 
mitted freely. It is only to be expected there- 
fore that different observers should obtain 
slightly different results owing to their vary- 
ing spectral sensibility curves. An interesting 
o b:serva tion has been made by Browne. 5 Three 
observers adjusted the length of control tube 
required to equalise the intensities in the fields 
of two saccharimeters the wedaes of which 
were set at 100 0 S. Dividing th
 lnean value 
of each observer (for each instrument) by the 


. 1 :,
.
lönrock, Zl'itsch. YeT. Deut. Zurknind., 190-1, 
IIv. .J.):'. 
2 Bates anll Jack5on, n'lil. Bllr. Sta.. HH6, xiii. 
123 
. 3 :-;.:
(jarock, Zeitsrh. rer. DC1't. Zuckerind., 190-1, 
hv. 5;1:'. 
& Lippkh, Zeifflrh. Imltl-rip.. l
f)
, xU. 310_ 
5 Browne, JOliTn. of Ind. and En!!. Chem., 1920, xii. 
ì92. 


general 
verage length of column, the following 
values, 1ll terms of the saccharimeter scalf-', 
wero 0 btaillcd, 


Schmidt and I Ba....-F'" 
Obi!erver. H.wllsch Saccharimeter. -\. \"erage. 
S1.ccha.ri metRr. 
oS. oS. s. 
A IOU-O:!U 99-971 99-99':;5 
B 99-99:! 100.013 lûO .002.3 
(j 99,987 lOu'017 100.0020 
A \ erage 99.9Ð9ï 100-0003 100 .uouO 


It will be noticed that there is a difference 
of about ,04 0 S. between the re::mlts of A and 
C on the one instrument, while with the other 
instrument this difference has an approxi- 
mately equal negative value. On examination 
it was found that the half-Lippich pri:::im of 
the. B
tc::;-Fric saccharimeter is on the right, 
while ill the Schmidt and Haensch instrument 
it is on the left. This indicates that the 
partial absorption of the light by the half- 
Lippich prism is an appreciable factor in the 
compleÀ problem. 6 
g (8) CORRECTIOSS FOR TE
IPERATLRE.-As 
the temperature corrections in saccharimetry 
are unusually complicated, it is d<.'sirëtble to 
work at a tcmperature as near to 20 0 C. as 
possible. 
The linear coefficient::; of expansion of quartz 
parallel and perpendicular to the optic axis 
are .000007 and .000013 r<.'specti\?ely, so with 
a change of temperature the angle of the wedge 
is altered, the coeffici<.'nt of the change being 
- ,000006. The specific rotation of quartz has 
a temperature coefficient of .Oú013ö (Schön- 
rock 7), whilst that of the metal scale is about 
.00UU18 (or .000008 for glass). 
The total temperature coefficient of a 
saccharimeter is .000007 - .000013 + .u00136 
+ -000018 = .000148 in the case of the metal 
scale, and .000138 when the glass scale is used. 
The true reading of the instrument at 2û n c. 
is given by 
R20=Rt+Rt(t-200 C.).OOOI48 (metal scale), 


or 


R2o=Rt+Rt(t-200C.).OOOI38 (glass scale), 
\\ here Rt is the reading of the saccharimeter at 
the temperature t. 
The temperature coefficient of a quartz 
plate is .OOOI3ß + .OOOOOï = ,000143. So that 
if Pt is the rotation in sugar degrees of 
the plate at to C. its rotation at 20 0 C. i::; 
P2o=Pt+PkOOOI48-'OOOI43)(t-20) for the 


II Accordin!! to a footnote to the above paper, 
Rrowne nU'ntions that Horne ha:,; experienced a 
simila.r ren'rsal of tlU' .. per
onal equation" by 
looking at the image of the field in a plane mirror, 
or by ohsen ing the tie!ù with tlw hf'a(l bf'nt downwarù. 
7 Schönrock, Zeitschr. rer, Deut. Zuckerind., 1004, 
Iiv. 521. 
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metal scale, and p
o = P,. + PkOUuOOj)(20 - t) 
for the glass scale f'acchariuwter. 
Sch(jnrock 1 has determined the temperature 
coefficient of sucrose b<.'tween 9 0 C. and 31 0 C., 
and in the neighbourhood of 20 0 C. it is '00018-1-, 
the coefficif"nt of expansion of the solution is 
'000283, and that of the glass observation tube 
.000008, hence the total coefficient for the 
sucrose solution in the tube is .000461. If we 
neglect the effect of temperature on the reading 
of the quartz plate, we can express the rotation 
of a sucrose solution at 20 0 c. ("r 2 \1) in terms 
of polarisation carried out at to C., as 
\\T 20 = \V t + 'V d .0UU.Hi! + K} {t - 20} , 
where K is the temperature coefficient of the 
saccharimeter itself. 
The temperature coefficients of other sugars 
are given by Browne. 2 

 (9) TEcH:xrcAL :\IETHODS OF SACCH_\.RI- 
l\IETRY.-The saccharimeter is most generally 
used in the analysis of the products of the 
cane- and beet-sugar industries. Owing to 
the similarity in their rotatory dispersions, 
nearly all the sugars can be quantitatively 
estimated by means of the saccharimeter, 
although in certain instances, e.g. commercial 
glucose, dextrin, etc., it is advisable to use a 
bichromate filter of double strength (i.e. per- 
centage concentration x length in cm. = 18), 
as the rotatory dispersion of these substances 
is greater than with sucrose. 
For full details of the chemistry and tech- 
nique of sugar analysis, reference must be 
made to thc standard text-books of Lippman,3 
Browne, 4 ,reichman,5 and others, and to the 
Circular (.No. -l-l-) of the Bureau of Standards. 
The following is the usual method of carrying 
out a direct polarisation, i.e. the determination 
of sucrose, in the absence of any other optically 
aetive subst
tllce. 
Dissolve the normal wcight (26 grIu.) of 
the substance (assumed to be chiefly sucrose) 
in a ] 00 c.c. flask containing some water. In 
general the solution \\ ill be dark, and a clarify- 
ing agent must be added, usually 1-3 C.c, of 
basic lead acetate solution followe(l by 1-2 c.c. 
of alumina cr<.'am. (The amount of clarifying 
agent should be as small as possible.) The 
volume is then completed to the] 00 c,c. mark, 
any foam accumulating on thp meniscus and 
preventing accurate reading being diRperned 
by blowing on it a little alcohol or ether from 
an atomiRer. 
The solution is shaken thoroughly and 
filtered, thf" first portion of thp filtrate heing 
rejected, the remainder being well shaken up 
again. A 200 mm. tube is \' <.'ll rinspd in the 


1 fkhrönrock, Zeitschr. Va. Dput. Zuckerind., 1903, 
liii. fi:JO. 
2 Rrowne, Handbook of Sw/ar Anal!lsis, I f)12, p. 128. 
3 Lippman, ChemÙ) rler ZlIckn((rten, IfJO.J.. 
4 Browne. /I (uullJook of Sugar A lIalysi.<;, I fJ12. 
li Weichman, SlIfJar Analysis, 3rd eù., 1914. 


solution and fjll<'d, The reading Oh:-;('l'\T<.'d on 
t hp saccharimf't('l' (aftcr corr('ction for zero 
('1'1'01' of instrumpnt) will give dil'<.'ctl,v the per- 
centage purity of the sè:tJupl<.'. If the whole 
operat.ion has been carried out at a temperature 
other than 2u O C. a correction of .O:
O S. per 
1 0 C. differenee can be uscd for high grades 
of sugars. 

 (10) I
vERT OR DOUBLE POLARISATION 
)[ETHoD.--The method of direct polarisation, 
as explained above, gives the }><.'rcentage of 
sucrose only in the absence of other optically 
adÏ\-e substances. The douhle polarisation 
method depends upon the principle that ,\ h('n 
sucrose is hydrolysed 
he reaction is expressed 
by the folIo" ing equation: 
C12H22011 + H 2 0 =-- C 6 H 12 0 6 + C 6 H 12 0 6 . 


Sucrose. 


"-ater. Glucose. 


F..uetu
e. 


This resulting mixture of glucose and fructose 
in equal quantities is termed Invert Sugar, 
which has a specific rotation [a J
O = - 20. It 
will be seen that one part of sucrose is converted 
to (360/342) = 1.032(j3 parts of invert sugar. 
If the specific rob tion of sucrose be taken 
as 66,3, th('n the ratio of optical activity before 
and after in version will be 
66.[) - 66.5 
I.U[):W3( - 20) - 21.052(3' 
which is a derrease of 87.,j526 in the specific 
rotation, and the d<.'crease for a normal sucrose 
solution would be (100 x 87'
J526)/66'5=131.66, 
so tha.t the scale reading of a normal solution 
of pure sucrose would after inversion read 
- 31.()60 s. 
It follows, therpfore, that the d('crease in 
the saccharimeter rf"ading on inrersion when 
divideù by the factor I-:Uö() gives t.he percent- 
age of sugar orif.dnally present. This of conrse 
is only the case when no other optically active 
substance present is hydrolysed, and w}wn 
the agent used for invprsion dqes not infhwnce 
the specific rotation of the other suhstances. 
The inversion method of determining sucrose 
was discovered by Clerg<.'t 6 in 18-1:9, the in- 
ven
ion agent bping a few c.c. of hydrochloric 
acid. It is necessary to warm the solution to 
a temperature of 68 0 (i., and on cooling again 
allowance must be mad<.' for th(' dilution of 
the invert sugar by the acid. 'Yhen th(' solu- 
tion after inversion is too dark to be measured 
on the sapcharimeter, it may b<.' decoloriRPd 
by means of filtration through animal charcoal. 
or by the addition of reducing agents such as 
zinc dust, etc., thp destruction of colouring 
mattpr being due to the nascent hydrogPll 
Jiberated by the action of the hydrochloric acid 
pr<:>sent on the zinc. 
Pnfortunat('ly, the hyùrophloric acid con- 
siderably influences tit(' 
p('cific rotations of 
II ('1erg('t, ('ompt. Rt'wl., 1849, xvi. 1000. 
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frueto:-5e, raffinosp, amino compounds, etc., that 
may be present, and the Clerget method is 
modified hy either equalisin
 the conditions 
before and after inversion \\ ith hydrochloric 
acid, or to use other inverting agents that do 
not have the objections of hydrochloric acid. 
Xumerous organic acids have been tried, 
but as a whole have not been satisfactory. 
Kjeldahl i in 18tH employed yeaRt as the in- 
\.ertin
 agent, the active part of which is the 
enzyme in\"ertase, which can be prepared by 
the method gi\"en by Hudson. 2 
This inyertase method is probably the best 
of the Clerget modifications, as it has no effect 
on the specific rotations of substances usuaIl} 
present with sucrose except in the "Special cases 
where raffinose or gentianose is present. 
As the temperature of a solution of lln-ert 
sugar is raised, the specific rotation of the 
frudose is gradually decreased, "hilst that of 
the other constituent (glucose) i
 not affected. 
Those tW'o substances being present in equal 
quantities, a temperature can be reached at 
which the rotatory power of the one substance 
will exactly neutralise that of the other. This 
temperature is usually taken to be' Si o C., 
and forms the basis of the method of Chandler 
and Ricketts, 3 originally employed for estimat- 
ing the amount of commercial glucose present 
in cane-sugar, molaRses, and honey. The 
saccharimeter reading is obtained by placing 
the solution in a water-jacketed observation 
tube (as described in "Polarimeter." 
 (17)), 
and circulating water from a therr..lOstat 
until the reading of a thermometer placed 
at the central opening is steady, at 87 0 C. 
w. E. F. 
F. T. 
SACCHARDIETRY. direct polarisation method 
of, See" Saccharimetry." 
 (9). 
In\"ert or double polarisation method of. 
See 1'bid. 
 (10). 
Technical methods of. See 1'bid. 
 (9). 
Temperature corrections in. See ibid. 
 (8). 
8--\TURATIOX (OF COLO"LR IX LIGHT), the 
distinctneRs or \"Ï\-idness of hue. See 
" Spectrophotometry, " 
 (2). 
SAT(""RATIO
, DEGREE OF, used in connection 
\\ ith colour as an indication of purity. See 
" Eye," 
 (8). 
SA Y -\RT'S POLARISCOPE. See" Polarised Light 
and its Applications," 
 (I.')) (iv.). 
RCALE: a term used in music to denote a series 
of notes proceeding up or down at certain 
specified intelTals. Ree" Sound," 
 (3). 
SC \LE-READI
G PROJECTIOX FOR SEXSITIYE 
IXSTR{T)IEXTS. See "Projection Appar- 
atus," 
 (17). 
1 Kjeldahl, Compt. Rend. Labor. Carh;be-rg, U
Bl, i. 
H)
. 
2 Hud
on, Journ. Innus. Eng. Chem., HHO. ii. 1.t3. 
3 ('handlpr and Ricketts, Joltrn. Am. Chem. Sue., 
1880, ii. 4
8. 


SCATTEHIxn OF LIGHT BY (;ASES, 
'YITH 
PECIAL REI- ER EXCE TO 
THE BLrE SKY 



 (I) LIGHT FRO
I THE SKY.-The fact that 
the sky is luminous at all calls for explanation. 
Its light is evidently derived from the sun, as 
the sky becomes dark whenever the sun is 
far below the horizon. But why do we 
recei\"e sunlight from directions away from 
the sun, and why is the light modifi
d to a 
blue colour? 
If the sky in a direction at right angles to 
the sun is examined "ith a Xicol prism, it 
will be found that the light is strongly polar- 
ised. The direction of vibration is at right 
angles to the line joining the sun to the point 
examined. The polarisation, though by no 
means complete, is \-ery conspicuous, and 
could not be missed by the most casual 
obser\"er. 4 Capacity to 
 explain this effect 
must be a crucial test of the merits of any 
proposed theory of the blue sky, 
All the expìanations which hav-e from time 
to time been gi\"en postulate some material 
substance which intercepts part of the incident 
I sunlight and scatters it laterally towards the 
obser\"er on the earth's surface. 
This lateral scattering has always been 
connected \\ith the earth's atmosphere. The 
blue colour seen against the dark background 
of a distant mountain is obriouslv to be 
attributed to the ðame general caus
s as the 
blue of the zenith; thus we cannot assign 
the latter to anything that occurs in out
r 
space. 
From many points of \yiew fluorescence of air 
would seem to afford an explanation. The 
uItra-\iolet light of the sun might give rise 
to a lateral scattering of blue light of lower 
refrangibility than its own. This theory, 
however, is negativecl by the fact that the 
Fraunhofer lines are present in the light of 
the blue sky, just as in the direct light of the 
sun. A fluorescence spectrum has on the other 
hand no connection with, or at least no 
detailed resemblance to, that of the exciting 
light. )loreover, this \"iew lea\"es the polar- 
isation unexplained. Another theory was 
attempted by Clausius. 5 He assumed that 
bubbles of water "ere present in the upper 
atmosphere, and he regarded the blue colour as 
an example of the colours of thin plates, 
produced by reftexion from the bubbles. If 
these are sufficiently thin the colour will be 
the blue of the first order. This theory, 
ho\\ e\er, fails to account for the richness of 


4 TIll' plWnOnH'DOn may be u
ed to hring the moon 
in it:,; ('arli('r pha..;e:o; into yie", at an earlier hour 
of tile day than would othen\Ü;e be po<:sible: the 
ma
king light of the sky being partially quenched 
with the XÎC'oL 
6 Pogy. ...inn. lxxii., lxx,-i., lxxxyiii. 
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$ky blue, nor Joes it meet th(' requirements 
as regards polarisation very satisfactorily, 
)[oreover, the presence of bubbles of the 
req uired thickness is a purely ad hoc 
supposition. 
The true direction in which to look for an 
explanation was pointed out by the experi- 
ments of Brücke. 1 He poured a small quantity 
of a solution of gum mastic in alcohol into 
an excess of "ateI', which has the effect of 
producing a precipitate of the gum, in a 
fine state of division, and capable of remaining 
in suspension for a long period. If this liquid 
is illuminated by a horizontal beam of sunlight, 
the light scattered laterally will show a marked 
blue colour. \Vhen this is examined with a 
NicoÏ prism at right angles to the primary 
beam, it is found to be polarised almost 
completely, the vibrations of the laterally 
emitted, or scattered, light being executed in 
the vertical plane. If, keeping in the hori- 
zontal plane, we pass away from the rect- 
angular direction, thè percentage of polarisa- 
tion becomes less, tending to vanish as the 
original direction of propagation is approached. 
The conditions of symmetry round the original 
beam allow us to anticipate this, since there 
is nothing to distinguish vertical and hori- 
zontal directions of vibration in the limiting 
case. 
An alternative method of producing the 
effects was employed by Tyndall,2 who took 
ad vantage of a peculiar property of certain 
organic vapours. Butyl nitrite vapour, for 
instance, when mixed with a little hydro- 
chloric acid, gives a fine cloud as the result 
of chemical decomposition when illuminated 
by a powerful beam from tllO sun or from the 
electric arc, and this cloud, for a minute or 
two after its formation, shows the blue lateral 
emission to good advantage: though the 
present writer has never been able to get so 
good an approach to a pure blue sky as 
Tyndall's descriptions would lead one to 
expect. As the action proceeds the particles 
become larger, and the scattered light tends 
to whiteness. At the same time the polarisa- 
tion becomes less marked. The condition 
for a good blue, and for nearly complete 
polarisation, is that the particles should be 
small. 

 (2) LORD RAYLEIGH'S THEORY. - Small 
compared to what? The answer was given 
by the third Lord Rayleigh. 3 They must be 
small compared with the wave-length of light, 
so thåt at any given moment nearly the same 
ph3.se of the incident vibration prevails at 
all parts of the particle. 
Rayleigh entered on a full theoretical dis- 
I PC(J(J. .-inn. lxxxyiii. 303. 
2 Pllil. ..Uag, , Series 4, xxx,"ii. 383; Phil. Trans., 
1870. 
8 Phil, .Hag., 18i1, xli, 107-120, 274-279; Col- 
lected Works, i. 87. 


cussion of the subject. 4 He showed that if 
the particles arC' regarded as small indepC'nd- 
ent vibrators. ,\Ïth their phases at random, 
simple consiùerations of s:vmmetry indicated 
that the polarisation must be as obsC'n"ed. 
The case was essentially different from that 
of polarisation by reflexion from a glë:Lss sur- 
face, in that the phases of the elemcntary 
vibrators in that casc were not at random. 
It was also simply sho\\ n from the theory of 
dimensions that the intensity of the scattered 
light must be invprsely proportional to the 
fourth power of the wave-length: thus the 
short waves haNe a great predominance, 
which accounts for the blue colour. .From a 
consideration of the analogy of waves on "ateI', 
it "ill readily be seen that a small ohstacle 
is more effective in hreaking up and scattering 
short \Va ves .than long ones. For a more 
detailed treatment of the subject, Rayleigh 
made use of the elastic solid theory of light. 
Although this theory is now obsolete, it has 
sufficient formal analogy with the electro- 
magnetic theory to form a trustworthy guide. 
Later, the subject was rediscussed by him in 
terms of the electromagnetic theory. 5 
The blue coJour of the sky, then, is to be 
attributed to the scattering 
f light by small 
particles. But of " hat nature are these 
particles? The earlif"r writcrs appealed to 
atmospheric dust, and Rayleigh in his earlier 
papers took the sarne view, favouring eRpeci- 
ally particles of common salt, Later, 6 he 
showed theoretically that the molecules of 
the air itself would account for the greater 
part of the effect. The calculation was based 
on the values obtained by Bouguer, who 
examined the transmission of sunlight to 
the atmosphere, for various altitudes of the 
sun. The light scattered laterally is missing 
from the transmitted beam, and hence a 
measurement of the absorption gives a means 
of estimating the amonnt of, or at least a 
superior limit to, the scattC'ring. In the 
calculation referred to,. it was connected with 
the refractive index of air, and with the number 
of molecules in a cubic centimetre. 
Later and much more accurate results for 
atmospheric transmission have been obtained 
by Abbot working on l\1t. 'Yilson, and know- 
ledge of the num bel' of molecules in a c,c. is 
now much more definite. Using these im- 
proved data, Schuster 7 shows that the for- 
mula gives results within I or 2 per cent of 
those observed. 
It is to be remarked that this accurate 
agreement is only got when the observations 
are taken at a high altitude. The lower part 
4 Pha. Jlag., 18i1, "Ii. 4-17-45-1; Collected WorZ"s, 
i. 101. 
5 Ph 11. ..1!ag., 1881, xii. 81; Collp('frrf Works. i. 518. 
II Phil. .LUag, , 1899, xlyii. 375; Collected Warks, 
iv. 397. 
7 Theory of Optics, 2nd ed. p. 3
9, 
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of the atmosphere-eay the lo\\est mile- 
contain
 dust which adds considerably to 
the scatter:ng due to the molecules them- 
sel n:>s. 

 (3) DCST - FREE AIR : EXPERDIE
TAL 
VERIFICATIO
.-Thus far the investigation 
was carried by indirect methods. The direct 
observation of scattering by dust - free air 
followed considerably later. It was made 
independently by Cabannes,J by Schmolu- 
chowski, 2 and by the present writer. 3 Previous 
\\orkers (e,g. Tyndall) who had attempted the 
problem "ere discouraged by obsening that 
the track of a po" erful beam through air 
became apparently dark when means "ere 
taken to remove the dust bv filtration. It 
must be remembered, howe,-er: that the effect 
to be expected is very faint. The thickness 
of air illuminated in any laburatory experi- 
ment can only be a small fraction of the 
height of the homogeneous atmosphere. 
Thus if a beam of sunlight .3 in. square 
were used, the intensity seen laterally should 
be only about lr"U"t-outh of the brightness of 
the sky. 
Success depends not so much on increasing 
the intensity of illumination, or using a beam 
of large di
meter, for the limit of what is 
practicable in these directions is soon reached. 
The point to be attended to is rather to design 
the apparatus in such a way that no false 
light interferes with the obsen
ation. If this 
can be achieved, then the great sensiti,-eness 
of the eye or the cumulative action of the 
photographic plate can be brought to bear. 
The principle to be used is to examine the 
beam, whether TIsually or photographically, 
as it passes across the mouth of a black cave. 
If the caVf> is deep enough it gives an in- 
comparably darker background than black 
veh-et or any other blackened surface. The 
arrangement 
 used by the writer in his earlier 
experiments is illustrated in Fig. 1. The 
beam enters by the window A. It is de- 
limited by the diaphragm B. It passes out at 
C, and is viewed laterally by means of the 
window D. E is the black cave which forms 
the background. F (diagrammatic only) is a 
photographic lens. 
'Yhen the apparatus is filled \\ith the 
ordinary dusty air of the room, the track of 
the (horizontal) beam is strongly marked out 
by the illuminated dust, On drawing a 
current of filtered air through the apparatus 
the beam appears to casual observation to 
become invisible. But closer examination 
"ith a well-rested eye shows its track still 


1 Compte.y Rendllf;, 1915, clx. ü
; TMsps prbf'nttes 
à la Faculté d
s 
dences dt! Z' UniuT.f;ité dB Paris, 
19:21. 
Z Blill. lilt. dp l' 
1.cad. de Sc. de CrarO/'ie, 1916, p. 218. 
3 U. J. :'trutt (.Rayleigh, 4th Baron), Proc. Roy. 
Sor" 1918. xciv. 45:3; ibid. A, HH8, xcv, 155; 
ibid. A, 19
O, xcvii. 436: ibid. xcviii. 57. 


marke(I out in a faint hlue luminosity..t 
)Ioderate tilt ration with cotton-wool suffices 
to remove all dust from the air. The use of 
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FIG. I.-Diagram showing Arrangement of Apparatus. 


a much longer and more tightly packed 
filter induces no further change. 

 (4) POLARISATIO
 AXD IXTE
SITY OF THE 
SCATTERED LIGHT. - IfaXicol or douhle- 
image prism is held in front of the eye or the 
camera, it can readily be verified that the 
scattered light is almost completely polarised, 
the vibrations being vertical (beam hori- 
zontal) (see Plate, Xos. .3 and 6). A closer 
examination, however, shows that there is a 
slight residual defect of polarisation. The 
horizontal vibrations are too faint for visual 
detection, but can be brought out by pro- 
longed photography. Experiments made in 
this way show that with air this faint com- 
ponent 
polarisation has about 4 !)er cent of 
the intensity of the strong one. 
Tllis result indicates much more complete 
polarisation than is found in the sky. It 
must be remembered, however, that that part 
of the sky which is at right angles to the sun is 
not illuminated by the sun only, but also by 
other parts of the sky. l\Ioreover, the air 
usually contains dust particles which are not 
small compared with the wave-length of light. 
Both these causes tend to make the polarisa- 
tion less complete. 
As regards the slight defect of polarisation 
found in dust-free air, this is to be attributed 
to the non-spherical symmetry of the scattering 
molecules. 
Similar incompleteness of polarisation is 
observed in other gases; the extreme caSC8 


& Owin!! to a peculiarity of colour' ision with f<lint 
Ikht
 some persons are not able to reeogni
t' the 
colon; as blup, though others fepl no doubt about it. 
The use of colour-:'filters or a spectrographic examina- 
tion howevf>f, leayf'
 no doubt that the 
cattered 
light iQ. bluer than the inciùent (see de"cription of 
Plate, Xos, 1, 2, 3, 4). 
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1. Beam in IIIl
t-free air vÏrwel1 tmnswnwly, rltr:1-violct filter, The oval outline i::; light diffused by 
wall::; of \'f's:iel. The Leam i" seen I'assiu
 across thi
 oval. 
2, Simi!ar conditions, except that a 
'ellow nIter i::; substituted. (kam very much fainter relative to 
Jight diffused by walls of \"esse. 
3. Sppctrum of H
ht from mercury lamp scattered by dust-free air and <;howing ultra-violet lines 253û and 
26j-t, hut not the yellow and green Hnf'!;. 
4. Spectrum of mercury lamp direct, showing 
.elIow linp 5890 aud green line 546U, hut not the far ultra 
violet line:;. 
5. Beam in pl1rf' air through a douhJ{' imag{' prism. Yibrations in upp{'r ima!!e yerticaL in lower horizontal. 
The lwam is invbihle in the lower image, 
howing tl13t polarisatif\ll of the scattf'rt'd Ji
ht is nearly 
COml)ll'te. 
G. Similar photograph with dusty air. The ùeam.; are very ::;trong, anJ comparable in intensity. 



Sf1ATTERIXG OF LIGHT-
H
-\RP-)IILLAR PHOTO)IETER 669 


hitherto found are nitrous oxide, giving a 
weak component polarisation 1.3 per cent of 
the strong one, and argon, giving ,.) per cent 
for the same number. The nearly complete 
polarisation in argon "ill naturally be con- 
nected "ith the monatomic molecule. It is 
probable that data of this kind will afford 
a valuable cIue in unlocking the secret 
of molecular and atomic structure. J. J, 
Thomson has discussed the subject from this 
point of \-iew. The total intensity of scattering 
in a gi\-en gas is proportional to the density, 
and this relation has been tested in carbon 
dioxide at ordinary temperature up to the 
point of liquefaction. There is no evidence 
of molecular aggregation, which would result 
in increased scattering, up to this point. 
The proportionality to density affords an 
experimental proof that the intensities due to 
the separate molecules are additive, and con- 
sequently ha\-e their phases distributed at 
random. 
The total intensity of scattering in different 
gase.s has been compared, \\ith the result that 
it is nearly proportional to the square of the 
refractinty. This is in accordance "ith 
theoretical anticipation for a spherical mole- 
cule, an assumption \\ hich for this particular 
purpose seems to represent the main features 
of the case. 

 (.3) RESOXASCE EFFECTS.-All that has 
been said so far applies to cases where the 
period of the incident light is very different 
from the free period of the gaseous molecules 
or atoms. "Ïth ordinary gases tl1Ïs condition 
is fulfilled, since the free periods are in the 
remote infra-red or ultra-nolet. But in certain 
cases of metallic yapours it is possible to 
examine phenomena of resonance. R. ,Yo 
"-ooel 1 has shown that when mercury vapour 
at the ordinary temperature is illuminated 
by light of the ultra-nolet line in the emission 
spectrum of mercury at X2536, a copious 
scattering occurs. The scattered light is 
but slightly polarised. and the transition 
between this case and the ordinary scattering, 
in the absence of resonance, has not been fully 
traced on account of e-x:perimental difficulties. 
\Y ood has also 0 Lsen-ed resonance in 
sodium vapour illuminated by D light. 2 
The present writer extended the observation 
to the light of the ultra-nolet line ^330:3, 
which is the member of the principal series 
next to the D line,3 He also showed that 
illumination by ^3303 ga\-e rise to a secondar
- 
emission of the D line. This observation, 
howe\-er, belongs more properly to the subject 
of fluorescence. R. 


1 Phil. _11(((1.. H!12, xxiii. (ì89. 
! Ibid. 190;;. :\.. 51:3; al
o Ph!l.<:ical Opfic<:, 1912. 
3 R. ,1. :'trutt (Hayl<,igh, 4th Baron), Proc. Rnll 
Soc. A, HH9, xcvi. 27:'. 


SCATTERIXG OF LWHT BY S::\J.\LL PARTICLES, 
Rayleigh's law of. See '.l]tramicroscope 
and its Applications:' 
 (2); also" Scatter- 
ing of Light by Gases. " 
SCH'UDT AXD HAEXSCH'S POLARDIETER. See 
'" Polarimetry," 
 (13) (iii.). 
SCHr:UAXX 'VA YES: a name given to "aves of 
extremely short length mea
ured by the use 
of a vacuum spectrograph, fluorite prism, 
and special photographic plates. See <. 'Yave- 
lengths, The :\Ieasurement of," 
 (6). 
SCREES, KIXE
IATOGRAPH, surfaces suitable 
for. See'< Kinematograph," 
 (II). 
SCREEX. PHOTO:\IETER: the surface "hich 
receives the light from the sources being 
compared. See" Photometry and Illumina- 
tion," 
 (53). 
SCREWS, manufacture and testing of precision, 
as used in optical measurements, See 
"Diffraction Gratings, )Ianufacture and 
Testing of." 
SEARCH-LIGHT :\IrRRORS. THE SILYERIXG OF, BY 
ELECTRICAL DEPOSITIOX. See <, Sih-ered 
:\Iirrors and Sih-ering," 
 (3) (i.). 
SEARCH-LIGHT PROJECTORS, PHOTO
IETRY OF. 
See" Photometry and Illumination," 
 (115). 
SEASOXAL YARIATIOX OF DAYLIGHT. See 
" Photometry and Illumination," 9 (74). 
SECOSDARY SPECTRe)I: the term given to the 
residual colour effects in a simple achromatic 
optical sy
tem. See" Microscope, Optics of 
the," 
 17: also" Telescopes," 
 (9). 
SECTOR DISC: a de\ice for reducing in a 
known ratio the illumination on one side 
of a photometer head. See <. Photometry 
and Illumination," 
 (21). 
" 
EED," A DEFECT I
 GL-\S!':: fine bubbles 
"hich should be removed during the process 
of fining, but which are sometimes found in 
the finished glass. See" Glass," 
 (16) (iii.). 
SEIDEL, vos, THE FIYE ABERRATIOXS OF. 
See "Telescope," 
 (3); also " Lens 
Systems, Aberrations of." 
SELEXIU)I CELL AS A PHYSICAL PHOTO:\IETER. 
See <. Photometry and Illumination." 
 (33). 
SE)II-IXDIRECT LIGHTIXG. See" Photometry 
and Illumination," 
 (71). 
SEXTAXT. 
ee" Xangation and Xanga- 
tional Instruments:' 

 (19), (20), (21). 
SEXTAXTS using bubbles and pendulums. 
See "Xavigatinn and Xavigational Instru- 
ments," 
 (21): also .. 
\.ircraft Instru- 
ments," 
 (9), Vol. \Y. 
SIl-\.RP FOOT-CAXDLE ::\IETER: a porta hIe 
illuminatioIl ga.uge. See-" Photometry and 
Illumination," 
 (ß3). 
:-\HARP-)lnLAR ILLL)IIX.-\TIO
 PHOTO\IFTER. 
See" Photometry and Illumination;' 
 (.")9). 
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See "Sound system and paS::;t'8 through the point image, a 
line is formed on the plate or paper, when the 
I shutter is released. The length of the line 
gÍ\Tes a med-sure of the speed, provided that 
the velocity of the plate or paper is known. 
[nstead of causing the plate to move in a plane 
it is perhaps more convenient to use a piece of 
sensitive paper wound round a drum, which is 
made to rotate at a constant rêÜe, the axis of 
the drum being normal to the optical axis of 
the illuminating system. The accuracy of 
this method depcnds, of course, on the con- 
stancy with which the sensitive surface is 
moved and on the accuracy with which the 
motion can be determined. 
A method employed some years ago consisted 
in photographing a bright ball forming the 
bob of a pendulum,1 the ball being released 
from a known height and photographed in its 
first oscil
tion. A black hackground, with 
white lines drawn at distances reprC'scnting 
equal intervals of time, was used for deter- 
mining the speed of the shutter, this being 
The term "speed" really denotes the total given by the length of the trace of the bob 
duration of exposure at any point of the plate. In image. 
the case of between-lens sector shutters this is A . I . 
sImp e illstrument for testing shutters has 
equivalent to the total time during which the shutter recently been put on the market by a German 
leaves are open. In the case of focal plane shutters firm under the name" Columbus." 2 It consists 
the speed is usually specified as the time taken for the 
opening of the blind to p:tSS a point in its own plane of a tuning-fork, giving 50 complete vibrations 
opposite the centre of the plate. The duration of per second, between the prongs of which there 
exposure at any other point usually has a somewhat is a small electric bulb. A sharp image of the 
different value owing to the variable velocity with lamp filament is formed by a microscope ob- 
which the blind moves. These durations in ele jectiye attached to one of the prongs of the 
plane of the blind diff('r from the intervals for which tuning-fork. The instrument is set up in front 
the corresponding points of the plate itself are of the camera whose shutter is to be tested, 
exposed, so that, when the fork is at rest, the imaf!e of 
The speeds of ordinary shutters vary from the filament is focussed on the ground glass. 
about 1 to 1/1000 second, though some types A horizontal slit is inserted in front of the 
of shutter are designed to give speeds of the camera objective; when the fork is caused to 
order of 1 to 5 seconds. In order, therefore, vibrate, the illuminated point image is dra,,,n 
that a method should give accurate results out into a horizontal line. If, now, an ex- 
over the ordinary range of speeds it should posure is made while the dark 81ide is moyed 
be capable of measuring intervals of time to downwards in the camera, a wavy line is 
an accuracy of from 1/1000 to 1/10uOO second. obtained. The speed of the shutte
 is the'1 
It should be noted in this connection that for determined from the number (If waves formed. 
most purposes it is not necessary to obtain an The instrument enables one to nwasure the 
accuracy of, S
ty, one per cent, since in most speed for the central rays and also the differ- 
shutters the speed corresponding to any given ence in speed for the central and marginal rays. 
setting varies con8iderably in sl,lCcessive Pseful information on simpl(' methods of f;hutt('r 
exposures. testing is to be found in recent volumes of the British 

 (2) 
IEASeREl\IENT OF ST'EED. (i.) Simple Journal of Photography, in the Ci('rman work L. 
.ill etJlOds.-13efore describing the more accurate Ða,'id's Praktikll1n, :-Jrd f'dition, and in a paper by 
methods of measuring shutter speeds it may P. Schrott in tl1f' PllOtof}raphische Korre.spondenz, Oct. 
be of interest to refer to one or two simple 1919, 
methods which do not involve very e0111- (ii.).Jl ore acrurate .11-/ efhod.
.- 
plicated apparatus. One method consists of For more accurate dderminationA of shutt('r sI)('eds 
forming an image of an illuminated pinhole I a numher of devices, Ruch aA rotating diAcs pro' idf'rl 
by means of a lens and placing the shuttcr with spokes, vibrating singing flames, and tuning- 
to be tested in the path of the beam of forks, have 1)('('n employed for giving th(' nec('!;sary 
Jight. If, now, a photographic plate or a : shor1 inb'rvals of time. The first-named arrangf'- 
piect' of Rt'nsitive papPI' is madc to move with 1 For (lis(,\l<.;sions on ])l'mlulmn metholls of J1ll'asnr- 
a constant definite velocity in the plane whieh ing shutter speeds Sf'(' Brit, JOllrn. of Photography, 
HH)(j, liii. 
is normal to the optical axis of the lens 2 Zeit8, f. FeinmecJwlI ik, 1920, xxviii. 58. 


SHELL-BURSTS, LOCATION OF. 
Ranging," 
 (.3). 
SH"LTTER, EXPOSI
G: a mechanical contriv- 
ance for exposing the sC'nsitive plate in the 
camera. See "Photographic Apparatus," 



 (8). 
SHUTTER, SPEED OF, measurement of, by 
various met.hods. See" Shutters, Testing 
of Photographic," 
 (2). 


SHUTTERS, 
TESTIKG OF PHOTOGRAPHIC 



 (1) I
TRoDucTIoN.-The problem of accur- 
ately measuring the 
peeds of camera shutters 
has engaged the attention of a great number 
of investigators, but the methods evolved, 
though differing greatly as regards the nature 
and complexity of apparatus employed, are 
all based on the measurement of small intervals 
of time. 
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ment was used by Abney, l the spokes \\ hich project 
from a rotating disc being made to interrupt the 
beam of light \\ hich passes through the shutter. The 
speed of rotation of the disc is determined by means 
of the note given out by a siren arrangement. 
:\Iethods of measuring shutter speeds by utilising 
the motion of a re,-olving disc, containing a slit or 
slits, across a stationary illuminated slit, have been 
described by .A. Kersh
w 2 and J. de G. Hunter. 3 
The former varies the speed of rotation of the disc 
until, on looking through the aperture of a shutter, 
the stationary slit appears to have no dark portion. 
indicating that the speed of the shutter is the same 
as the period of the rotating slit. In the case of focal 
plane shutters the stationary slit is arrang
d per- 
pendicular to the direction of motion of the blind. 
Hunter's method is somewhat similar, e::\.cept that 
he measured the length of the trace transmitted by 
the stationary and rotating slits. As the positions 
of t}le first and last points of the trace have to be 
determined. a number of exposures are necessary 
at each speed. and in order to keep the trace at the 
same position an aut{)matic releasing device is used 
so that the e::\.po:mre is made when one of the slits 
in the rotating disc comes to a certain position. The 
mf'thod has the advantage that photographic records 
can be made at the different exposures, The shutt.er 
speed is determined from the length of the trace and 
the speed of rotation of the disc. 
Benoist 4 has utilised the vibrations of an acety- 
lene gas flame to give equally spaced short intervals 
of time. An image of the flame is formed on the plate 
of a camera. 'Yhen this is swung round during the 
exposures, a series of images is formed and the speed 
of the shutter can be determined if the frequency of 
the vibrations of the flame is known. One form 
of apparatus employed in this method is as follows. 
A box is pro.ided on one face with a small burner, 
at the extremity of \\ hich the acetylene led into the 
box is lighted. The opposite face, which is formed 
by a rubber membrane. is fixeù against an opening 
arranged at a convenient height in the wall of an 
organ pipe of known frequency, 'Yhen the organ 
pipe vibrates under the action of suitable bellows. 
the flame vibrates \\ ith the same frequency. A 
some\\ hat simpler arrangement is to use a flame of 
acetylene emitted from the end of a pointed tube 
which is surrounded by a glass 
chimney. I'uch a flame .. sings .. 
and the note can be ,aried bv 
altering the length of the chinme
:. 
The frequency of vibration of the 
flame can be determined by means M 
of the note. One disad.m;tage of 
the singing flame method is that the 
trace obtained is a discontinuous 
one. so that the flhutter speed 
can only he determined \\ ith an 
accuracy equal to the time interval of one ,-ibra- 
tion of the flame. Benoist 5 also f.uggests the 
employment of the vibrations of an electric arc run 
on altcrnating current of known frequency. 
A method employed by the Eastman Kodak 
<) 1 Sir 'Y _\bney. Treatise ún Photograph!!. 1 HO;;, 
_
)O. 
% A. Kershaw, Patent Xo. 16.0:>3. IflO-l. 
3 ,J, de n. Hunter, Opt. Soc. Tram.:., IHOG. ,iii. 1. 
4 J.. nenoi"t, Brit. Joltm. of Phot., unl, hoW. 
9-ln. 
:; L. l
pnoist, Bull. Soc. Fr. Phut., 1910, 390. 
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Company (j consist!'l in taking a number of photo- 
graphs of the shutter during its period of operation, 
the time of e"\.posure of each photograph being small 
in comparison with the rate of mm t'ment of the 
shutter. A beam of light from an arc lamp in a small 
projection lantern i", reflected from a lightly mounted 
aluminium cro\\ n on "hich are placed 
o small 
plane mirror.::! Iwld vertically on the face of the 
crown; the lantern conden"er focusses an image 
of the arc crater at the mirror surface. Thf' cro\\ll 
of mirrors is rotated about a vertical axi<; at a Fpeed 
of 50 revolutions per second by means of a motor 
controlled by a centrifugal gm-ernor. The beam of 
light i
 thus interrupted 1000 times per 8econd, 
a frequency "hich ha;; been found most suitable for 
general testing. 'The beam is limited at the condenser 
bv a vertical slit 
 mm. wide. the \\ idth of the beam 
a; it flashes by refipction past the shutter opening 
being about 1:341 of the ru
tance beh\een the fla"he;; ; 
thu.s each e"\.pOðure is about I 3 ססoo second. The 
reflected beam falls on a simple lens behind "hich 
the shutter to be tested is held, and a small camf'ra 
lens of 90 mm. focal length forms an image of the 
shutter on the rim of an aluminium \\ heel I:? inches 
in diameter, around "hich a band of negati.e 
cinematograph film is fastened, This wheel is then 
rotated about a vertical a::\.is by means of a crank and 
gearing at such a speed as to separate the rufferent 
images of the shuttt'r. Both the speeds and the 
efficiencies of a shutter may be detf'rmined by this 
method. For recorrung sh
tter speeds of 1!IÒ. 1/5, 
and 1/2 
econd, the image of the shutter opening is 
re
tricted to a narrow band by inserting a I mm. 
slit in front of the box in \\ hich the mming film is 
enelOðed. In order to sa,e counting the hundreds 
of ima!!es obtained at these speeds onc of the t\\enty 
mirro
 may be painted black. 


A ycry accurate method of testing shutter 
speeds, depending on the use of tuning-forks 
and yibra tion gah-anometers, has been de- 
scribed by Campbell and Smith,7 A phn 
of the general arranO'ement of apparatus 
employed'- in a modified form of the experi- 
ment is shown diagrammatically in Fig. 1. 
The liQ:ht from a " Pointolite" tungsten arc- 
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P i'3 reflected from the mirrOl 
1 of a vibra.- 
ti,)ll gah-anometer and then passes through 
two lenses Ll and L 2 . A diminished point 
image of th
 incandesccnt tungsten ball is 
thus formed on the snrfacp of a drum D which 


I P. G. Xuttim!. Brit. .!ol1m. nf Phot., lCl16, lxiii. 
:3 fI-l_ 
7 .\. C'ampl)('11 and T. :-\mith. Pli!IS, Soc. Proc.. 
]flnj fl. xxii. j8
; S.P.l. rollerted Ri'searl'hn:. l
nO, 
vi. fI:3: Sf'f' al"o f. :-im
th, Opt. SOl'. Tram:., HHO--ll. 
xii. 1 :?8. 
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can be rotated ahout a horizontal axis at any 
convenient speed by means of a small-power 
motor with variable gearing, The shutter 811, 
whose speed iR to be measured, is placed in the 
position where an image of the tungsten ball 
is formed by the first lens Lt. A piece of 
sensitive bromide paper is wound round the 
drum. \Yhen the -dbration galvanometer, 
which is in tune with an electrically driven 


: 
ß C 


}.'w. 2. 


tuning-fork of known frequency, is set in' 
action, the mirror .M vibrates about a vertical 
axis, so that the point image on the surface 
of the drum is caused to vibrate in a horizontal 
plane. A wavy image is thus imprinted on the 
bromide paper when the drum is rotated. The 
number of waves formed depends on the total 
duration of exposure of the shutter and the 
frequency of the tuning-fork employed. \Yhen 
measuring the time trace which is obtained, it 
is most convenient to count the number of 
complete half-waves and estimate the end 
portions in terms of their projections on a line 
parallel to the axis of rotation of the drum. 
In order to get the greatest posHible accuracy 
in determining the time intervals corresponding 
to these portions, it is necessary to remember 
that the motion of the point image is simple 
harmonic. By means of an easily calculated 
conversion table the lengths of the above- 
mentioned projections, expressed as fractions 
of the amplitude of the wave, may he obtained 
in terms of time intervals. In measuring the 
speed of a focal plane shutter a fine horizontal 
slit is mounted at the centre of the shutter and 
as near to tlw hlind as possible; it is placed at 
the position where an image of the> tungsten 
ball is formed by the lens Ll (Fig. 1). In the 
case of speeds whe>re> the width of the slit is 
not small compared with the width of the 
blind opening, a small correction has to bc 
app1ied to the result obtaineJ, if great accurae>y 
is rC'quired. 
For tC'sting spC'('(ls ovC'r the whole range 
commonly met with, it is convenient to usc' 
a num he
 of tuning-forks giving, say, 50, 250, 
and lOOO vihrations pf'r second respectivdy,l 
Each of thC'sC' is C'kdrie>ally maintainC'd in 


1 A viorating cy1inc1rir'al har haying a frcqucncy 
of 1000 per second may be u<;cù, 


vibration and is in tunC' with a vihration 
galvanometer of COlTC'Rponding frequC'ncy. 


The electrical circuits employed arc indicated 
diagrammatically in Fig. 2. 
Thc primary coil P of a transformer is connected 
through a microphone hummer 2 1\1 to a battery BJ of 
from 6 to 8 volts. The microphone is mountl'd on 
or near the tuning-fork (or bar) so as to be Ret in 
yibration with it. The current, which is induced in 
the secondary coil S of the trans- 
former by the intermittl'nt current 
in the primary circuit, passes through 
a condenser K and a coil C \\ hich 
a ttracts one of the prongs of tlw 
tuning-fork F, A tertiary coil T of 
the transformt'r is connected through 
a variable mutual inductance I to 
8 the moving coil of the vihration 
_ : 2 3 
galvanometer G; the amplitndl' of 
vibration of the galvanomt'ter mirror 
can be varied by altering the mutual 
inductanct'. The fie1ll of the gah-ano- 
meter is maintained hy the current 
from a battery B 2 of 100 volts, a 
lamp resistance L being included in the circuit. In 
order to get the Lt'st results the following condition 
should be satisfied as ncarly as possible: 


F 

 


L 


T 


LKw 2 = 1, 


where 


W=27r11. 
L=coefficient of sdf induction of the 
secondary circuit, 
K = capacity of condl'nser, 
n = freq uency. 


and 


The method of maintaining tuning-forks in viLra- 
tion by means of microphone hummers gin's a good 
deal of trouhle in practice. It is being superseded 


FIG. 3. 


hy a method v,hic>h bas been made possible hy the 
recent development of triode vahTes in connection 
v,ith wireless telegraphy, 4 The method is shu\\ n in 
Fig. 3. 


Z For information Tf' micro]JhonC' hnmnlf'rs Sf>e 
A. ('amphf'1l, Roy. Soc. Proc. A. }flOG, Ixxviii. 
OH; 
N ,P. D. Cullertf'd Re.'wlrrlll',<;, ii. 2(iR. 
3 A. f'amplwll. PIll/s. Soc. Pror., 1!'10;)-7. xx. 
6
6; Pllil. .1[(['1., 1!'l07, xiv. -lU!; S.I>.I.. ('ollectl'd 
Resl'aTchf',r;, }f}O
, iv. 201. 
. "T. H. Ec(']es. rlil/.r;. Soc. Prnc., 1!Hf), xx
i. 2f.f); 
W. H. Eccles and F. W. ,Iorelan. Elf'rfririr1l1, 1!)}f), 
Ixxxii. 70.f: for thpory. f'('C H. Butterworth; Phps. 
I 80('. Proc., 1f)20, xxxii. 34;). 
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The filament F of the triode vah-e ,or is heated by 
the battery FB. The anocle A is connected through 
the anod.e battery AB and the coil AC' to one terminal 
of the filament, and the grid G is connected to the 
filament through the coil CC. The tuning-fork T 
is permanently magnetised by an auxiliary magnet, 
on \\ hose pole-pieces the coils AC' and GC are wound, 
the poles of the fork being indicate] by nand ß. 
Suppose the fork to have been set in .ibration, and 
consider the moment \\ hen the two prongs are moving 
away from their respective coils. The motion of the 


the slit and the tungsten ball should lie on 
the same horizontal line. If, now, the shutter 
is released whilp the drum is rotating, a record 
is obtained, gi"\""ing at each instant a measure 
of the length of slit uncoyered. Such a 
record for a sector shutter is shown diagram- 
matically in Fig. 5. 1 The time trace may be 
limited to one complete re"\""olution of the 
drum by inserting an auxiliary sbutter, set 
at the necessary speed, between the lenses L 1 
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pole 8 "ill induce an E.:\LF. in the coil GC which 
\\ ill raise the potential of the grid and so increase 
the current ftm, ing into the valve at the anode. 
This current lea.ing by the filament completes its 
circuit through the coil AC, round \\ hich it pa8ses 
in such a direction as to repel the pole n, and thus 
assist its motion. The energy necessary for keeping 
the vibration galvanometer in action may be tapped 
off from a coil placed near A.C. 

 (3) )IEASt:"RE:\IEXT OF EFFICIESCy.-In 
addition to the determination of speed it is 
sometimes necessary to measure the efficiency 
of a shutter at its different speeds. The 
method employed in the case of sector shutters 
is shown in Fig. 4, A time trace is formed 
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FIG. 4. 


L 2 


and L 2 ; the two shutters can then be released 
at practically the same instant. A series of 
measurements of the area of the shutter 
aperture, corresponding to different lengths of 
t
e slit opening. is then made by projecting 
an image of the former on to a piece of 
sensitive bromide paper, a fine thread being 
stretched across the shutter at the position 
occupied by the slit. Such a series of images 
is illustrated in Fig. 6, the white line in each 
case representing the position of the thread. 
From records like those shown in Figs. 5 
and 6 a curve is constructed, gi"\""illg at each 
instant of the exposures the area of the 
shutter aperture through which light passes. 
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FIG. 5. 


on sensitive bromide paper, wound round a 
rotating drum D, by means of a system of 
lenses L 1 and Lz. as in the case of the speed 
test. In addition a horizontal slit S is placed 
in a diamctral plane of the shutter Sh and 
as close to the Rhutter lea"'\es as possible. 
This slit is illuminated by light from the 
same .. Pointolite" lamp P as is used for the 
time trace, a cylindrical1ens L3 being employed 
to give a drawn-out image .of the tungsten 
ball. An image of the slit is formed on the 
surface of the drum by means of a lens L 4 ; 
it is advisable to arrange that the Images of 
VOL. IV 


FIG. 6. 


No\\, if T=total duration of exposure, 
T=equivalent exposure, 
a=area of shutter aperture at time t, 
and A= maximum area of shutter opening, 
it follows that 


AT= fTadt. 
. 0 

T 
I adt 
Thus the efficiency = T .0 
. T 
. 


1 It is sometimes preferaNc to form the timc 
trace across the centre oi the et1icienc
 record. 
2x 
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The value of the numerator is obtained hy 
measuring the area bounded by thp above- 
mentioned curye and the time axis. Hence 
the efficiC'ncy may be dekrmined. 
The efficiency of a focal plane shutter may 
be obtained theorf'tically from a consideration 
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FIG. 7. B P 
of Fig. 7. Let L he the lens and P the plate 
of a camera, B representing the roller blind. 
Let 


w= width of opening in blind, 
v= velocity of blind, 
ó=distance between blind and plate, 
j=focallength of lens, 
d=diameter of lens aperture. 
Then, using the same notation as before, the 
total duration of exposure T at a point 0 is 
given by 


w+d' 
T- - 
- V ' 


where d' is the diameter of the oeam of light 
which the lens focusses at 0, measured in the 
plane of the blind. 
But d'=}..d. 
w+
ó 
therefore T =- .L., 
v 


On the other hand, the equivalent exposure 
T at 0 is given by 


T=w. 
v 
T w 
Thus the t'ffieiency = 
 = - d 
w+ fÓ 
In focal plane work with moving objects the 
user is intC'rested in T, while the maker reckons 
to give T when he does not rely on his 
imagina tion. 
By way of example we may take v= ]00 
inches per sec. (a hi,uhef value than usual), 
for T=I/1000 sec., in which case w=.] 
inch. Then, if d =//4 and Ó .5 inch, T= 
D /4000 se
. 
With a more usual value of v, say 50 inches 


per second, T= 1/1000 sec. corresponds to 
r=7/2000 sec. Thus the nominal superior- 
ity of the focal plane shutter for high speed 
work is largely one of nomenclature, and the 
difference between such shutters and good 
between lens shutters is less than the figures 
would indicate. 
The method of measuring the effieiencies of 
sector shutters has been employed by the 
writer for obtaining information with regard 
to the motion of the blind in focal plane 
shutte.fs. The shutter to be tested is mounted 
at Sh (Fig. 4) in such a way that the length 
of the blind opening is at right angles to the 
length of the slit S. "\Vhen the shutter is 
released, two traces are obtained on a piece 
of sensitive bromide paper wound round the 
drum D. Fig. 8 represents diagrammatically 
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FIG. 8. 


tho type of record that would be obtained, 
on unwinding and developing the paper, in 
the case of a blind moving with uniform 
acceleration. AB is the image of the slit 
when the drum is at rest and the shutter is 
fully open; the clear spaces represent the 
images of fine wires stretched across the slit 
at certain points for the purpose of reference. 
A number of interesting data can be obtained 
from a study of the trace CD. Let lines be 
drawn through the points u, b, c, d, e, and j 
parallel to AB, so as to cut the time trace E 
in the points a', b', c', d', e', and 1'. Then, 
if we neglect the fi-nite width of the slit 
image and also the distance of the slit from 
the shutter blind, we obtain t.he following 
results: 
(i.) a' b', c' a', e' f' rf'present the times 
taken by the blind opC'ning to pass certain 
points such as the top, middle, and bottom 
of the plate. 
(ü.) a' e' and b' f' idve the total times taken 
by the edges of the blind opening to traverse 
the plate. 
(üi.) The slopes of the Nlges of the trace CD 
at any point give measures of the velocities 
with which the edges of the blind opening 
pass that point. J. S, A. 


SILH'A, as used in the manufacture of glass. 
See" Glass," 
 (4). 
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 (1) HISTORICAL. - Polished silver surfaces 
have long been used as mirrors on account of 
their great reflecting power. Looking-glasses 
made of polished silver were used by the 
ancients, and in more recent times similar 
surfa___es \\ere given parabulic forms for use as 
reflectors in lighthouses. Such polished sur- 
faces were capable of æflecting about 60 per 
cent of the incident light, but on account of 
thc rapid loss in reflective power, due to 
tarnishing, it was more common to use polished 
surfaces of speculum metal, which does not 
tarnish readily and reflects about 63 per cent 
of light. 
The advantages of a combination of trans- 
parent glass backed by a highly reflecti,-e 
medium are so great that mirrors were made 
by pressing mercury between glass and tin 
fuil, the two metals forming an amalgam which 
adhered to the glass and in time hardened, 
This process is in use to-day and iq fairly 
sa.tisfactory for flat surfaces, but it requires 
considera ble skill to secure a surface free from 
blemishes; and, moreover, it is not suitable for 
surfaces with curvature. The process is often 
called" soft silvering." 
The chemical deposition of metallic silver 
on gIas, as now practised probably owes its 
origin to Liebig,l who found in 1835 that a 
brilliant deposit of metallic silver resulted 
from heating an aldehyde \\ ith an ammoniacal 
solution of nitrate of silver in a glass vessel. 
It seems, however, that a process of silver- 
ing glass without qtùcksilver was practised by 
Thomas Rogers of London as early as 1730, 
but no details of the method are a'-ailable,2 
Sih"ered glass Bpherical mirrors, for light- 
houses, \\ ere made bv Lf'tourneaux before 
18-19, and the idea of 
 sih-ering glass mirrors 
on the face for use in telescopes appears to 
ha"e occurred to both Steinheil and Foucault 
independentl.' . 
Steinheil first silvered telescope mirrors in 
1836, and refers to the '- Liebig process," 
'" hilst Foucault's account, given in the Compte
 
Rendus of Februarv 18,")7, refers to the" Drav- 
ton process." Dr
yton's are the first Briti
h 
patents on chemically deposited silver, being 
patpnts 9968/18-13 and 1233h,18-18. Dravton 
used oil of clm-es and grape sugar as redl
cing 
agents of an ammoniacal solution of nitrate of 
sih-er. 

 (2) )[ODER
 )IETHoDs.-From that time 
the records of the Patent Office show that 
tlwre is scarcely an interval in which patents 
ha ve not been taken out for new methods of 
chemically depositing silver on glass. Xever- 
thek

, all the process('s so far known are 
empirical ones, and then' are so many con- 
I _1,'WIIIlI ria ('11, wil' llIlfl Pllllrm(({'ie, 
('\ iii. 1:32. 
:t Li{Jltlh01.(.)l
, _\Ian ..;tev('lIson, l
jO, }>art ii. 103. 


ditions affecting the reaction that no hard-and- 
fast rules can be laid down. The most suc- 
ces
fulmethods are given below. 
The Rochelle salt process, introduced by 
Cimeg in 18ûl (Patent Xo. (19), is almost 
uIÙversally used when the work is required to 
be silvered on the back; the "Brashear" 
or "Sugar" process is employed when tho 
deposit is required on the face, as in tele- 
scope mirrors, and where the glass can be 
suspended face do" nwards in the sih"ering 
solution. 
In silvering large areas of plate glass, the 
sheets are first washed "ith a solution of 
proto-chloride of tin and then le,-elled up on 
a warm table; the silvering solution is then 
poured over the prepared glass (being retained 
in position at the edges by capillary action) 
and allowed to stand until the deposit is 
sufficiently dense. Further applications of 
the solution can be applied to increase the 
density if necessary. The effect of the proto- 
chloride of tin solution is to produce a darker 
and more uniform deposit, and at the 
ame 
time a deposit that is more adhesi,'e and does 
not flake off. To procure a uniform and 
adherent deposit of siker it is necessarv that 
the glass surface should be fresh. Surf
ces of 
old standing, however chemically cleaned, do 
not silver well and have often to be reground 
and polished before a satisfactory deposit can 
be secured. 
Plate glass known as "sih-ering quality," 
having received an extra finish, makes the 
best looking-glasses. Sheet glass usually makes 
mirrors exhibiting a yellow tinge, due tu sul- 
phiding from traces of sulphur acquired in the 
flattening lier; and, moreover, the deposit on a 
fine surface is rarely as adhesive as that on a 
worked one. 
(i.) Rochelle Salt Jlethod.-T\\o stock solu- 
tions are required-A and B. 
Solution A : Silver nitrate, 10 grams; water, 
80 c.c. \Yhen dissolved, add ammonia ,-ery 
slowly until precipitate is nearly redissoh-erl. 
Dilute to 1000 c.c. "ith distilled water, and 
filter. Care must be taken to avoid an excess 
of ammonia, as on this the success of the 
sih-ering depends. Thus, before filtering, the 
solution should exhibit a faint brown colora- 
tion. 
Solution B: Silver nitrate, 2 grams; di8- 
solve in as little water as possihle, and ad(I 
1000 c,c. of boiling water, To this, \\ hilst 
boiling, add l.nû grams of Rochelle salt (sodium 
potassium tartrate), and continue boiling for 
t"enty minutes or more until the liquid is 
nearly clear, leaving a grey prf'cipitate. Filter 
hot. 
Equal part
 of A amI R are mi
ed, "hen 
silver immediatply hegins to dppo:-;it. Thus no 
time should be lost in pouring it 0' er the 
surface to be sih-ered. 
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In practice on a huge scale the temperature 
is kcpt at 40 0 ('., \\ hen a good film is deposited 
in ahout twenty minutes. 
(ii.) Bra8ltear's or Sugar JI etbod.-In BraHh- 
ear's proce>ss the most important thing is the 
suga,r solution, This improves by keeping, a 
solution some months old being more effective 
than a new one. The composition of the 
reducing solution is as follows: 1000 C.c. 
distilled water, 100 grams loaf sugar; dissohTe, 
add 100 c.c. alcohol and ,j c,c. nitric acid. 
Solutions of 10 per cent of silver nitrate 
and of caustic potash are prepared separately, 
the latter one as wanted. A supply of ammonia 
and somc very dilute ammonia are also re- 
quire>d, the latter in order to obtain the pale 
brown colour of the ammoniated solution of 
sihTer nitrate that is necessary before adding 
thc reducing agcnt. 
Having sclected a suitable dish to contain 
the liquid, in which the mirror can be placed 
face downwards with about ! or ! in. of 
liq uid underneath, find, on the basis of 1 of 
sil vel' nitrate solution to 4 of the total required, 
the amount of silver solution needed. To this 
add ammonia till the first precipitate is dis- 
solved; then add one-half of this quantity of 
the potash solution (this is a variation from 
Brashear's forl11ula that works well) ; and again 
add ammonia till the mixed solution is quite 
clear, taking care to put only sufficient am- 
monia for that purpose; then add a weak 
solution of nitrate of silver till a clear brown 
colour is ohtained. Should this become a dark 
brown, some of the weak solution of ammonia 
",ill bring it to a pale brown colour, which 
must persist. 
The mirror, previously eleaned, is suspended 
in the dish in distilled water of sufficient 
amount to make up, on the addition of the 
solutions, the total liquid required; it is lifted 
out and the prepared solution mixed with 
the distilled water and an amount of the 
reducing solution equal to about one-half that 
of the nitrate of silver solution, more or less 
as the tcmperature is undcr or over 60 0 ].... ; 
the mirror is then immersed, bcginning by 
dipping the edges first and lowering so as to 
prevcnt the formation of air-bubbles under 
the glass. The solution changes from pink to 
b!ack, and in about thirty minutes sufficicnt 
silver is depositec1. 1 
The thickness of the silver film suitable 
for telescopes has been found by Dr. Drapcr 
and Dr. Common to he about 0.0001 mm. 
(iii.) Alternati1'e JI"tnnr!8. -An alternative 
method to that of immersion for the applica- 
tion of the silvering solutions is onc of spray- 
1 Further ddails of siIw'rim! glass arf' to hC' found 
in 7'''(' OlJ.
nl'fltor.ll, 1\0. 1 n:J. IR!l2; A.<;>l. PIIlI. .Tour., 
18f);). i. 2;)2: N ((tll re 
f'tJt. 23, 1R!)7. p. :in:;; ]t;lIo1if.:!t 
Jleclumic, Fpt). 3, UH L, Nov. 10 aIHL 2-1, l!HO; 
T\. noU'let/ye, K OV. 1 f) U, p. 402; ('olljoi lit R(']Jort on 
Silvering b1J tlle Pltysiral (l1/(1 Optical SocÙ'ties, 1921. 


ing. 2 This is an economical proceSR, as the two 
solutions are mixcd almost at the momcnt of 
application. esually the solutions are fe>d 
separately along the arms of a V-tuhe, uniting 
in the third arm, which is under air pressure, 
the mixture issuing as a nebulous spray. 
This method was tricd, without much succeSR, 
by Or. Common in silvering large telcscope 
mirrors, but in its modern application to 
searchlight mirrors silvered on the back, w!lcre 
the spraying is done mueh in the same way 
as paint is applied by t.he aerograph, and 
where the mirror can be rot.ated at about 100 
revolutions per minute at the same time as it 
is sprayed, the process 3 has been quite suc- 
cessful in securing uniform films. 
:Mirrors silvered on the face become tarnished 
rather quickly unlcss protected from tho 
action of traces of sulphides in the air; cven 
then it is freq uently necessary to re- polish or 
re-silvcr. 'Vith mirrors silvered on thc back, 
protection may be gi\Ten by coating the silver 
in various ways according to the subscquent 
treatment it is expected to receive. In ordi- 
nary looking-glasses the silver is first coated 
with shellac varnish or gold size, and subse- 
quently given a backing of red o},.idc of iron 
paint. Other backings, containing bitumcn or 
gutta- percha, are also used. 'Yith such pro- 
tections the silver remains good almost in- 
definitely, defects only appearing through 
action of the glass on the silver, impurities 
left before sil \'ering, or on exposure to the air 
by fracture of the backing. 

 (3) ELECTRICAL DEPOSITION. (i.) Search- 
light .Jlirror8.-Searchlight mirrors have mctal- 
lic backings to protect the silver. First a 
coating of copper is depositcd electrolytically 
on the silver, and frcquently.this receives a 
further backing of electro - deposited lead, 
which may be of sufficient thickness to form 
a support for the mirror in case of fracture. 
Such a series of Jayers, glass, silver, cOfpe>r, 
and lead, is, on account of differences in 
coefficients of expansÍon, attendcd with dis- 
advantages if suddenly he>ated, for the nwtallic 
backings expand beyond thc elasticity limits 
of the glass and tear the silver from the glass 
surface, causing "hlisters" to appear in thc 
silver film. In some cascs thc silver adheres 
to the glass so intimately that a surface layer 
of the glass itself is torn away, producing a 
frosted appearance>. 
(ii.) 111 etallic .lll irror8.-Advantage has been 
takcn of the diffe>rencc in the coefficients of 
expansion of metals and glass to producp 
metallic mirrors hy electro-deposition. 4 
A glass surface accurately "orked to thc 
figure required receives a dppoRit of silvcr; this 


2 Patf'nt f)f)77'lRf)H, Barnf'!'I ancl anoth('f. 
3 Patf'ot. 127316 I!I L 7, Harnf'H. 
4 Patf'nts 22nO,lH!H, Lake, and 5000/1859, 
Cowper-Coles, 12005/1907, Cowper-Cplcs. 
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is then used as the cathode, and by electro- ' 
deposition of the required metal the mirror 
is built up to the necessary thickness. The 
\\ hole is then subject to a sudden temperature 
change and the metal part sprung from the 
glass. 

ih-er cannot be electro-deposited on glass, 
except by first roughing the glass and pre- 
paring it with plumbago or making it 
conductive by other processes, e.g. burn- 
ing gold or other metal into its su
ace 
and then using the prepared surface as the 
cathode. 
(iii.) Cathode Rays.-A more re
'ent applica- 
tion of the deposition of silver by electric 
means is by the use of cathode rays. In 
vacuum tu bes pro\ided "ith electrodes-e.g. 
X-ray tubes-prolonged discharge produces a 
blackening of the tube due to the deposit of 
a metallic film on the interior walls. In a 
similar way small glass surfaces have been 
coated with silver by this method of cathodic 
deposition or cathodic sputtering. The body 
to be coated is placed just outside the dark 
space surrounding the cathode and is con- 
nected to the anode. The cathode is disc- 
sha ped or formed of a brush of fine wires, and 
the tube is hydrogen filled at a pressure less 
than 0.1 mm. mercury. Almost any metal is 
rea (lily deposited on glass by this method of 
sputtering, and almost any degree of opaque- 
ness can be secured. 
(iv.) Thermal Deposition.-Thermal deposi- 
tion of 
ilver is practised by heating the metal 
in a small electric furnace in an exhausted 
vessel. The receinng surface is kept cool 
and brought close to the heated metal, when, 
as volatilisation takes place, it receives a 
deposit of the metal. 
)lention should also be made of the method 
of spraJing surfaces with silver. The surface 
to be coated is placed below an o
y-acetylene 
flame, into which is inserted silver wire. The 
glass travels to and fro under the "ire or vice 
versa, and the force of the jet carries the 
volatilised metal on to the surface, where it 
condenses. 1 

 (4) DEXTAL ApPLIC-\TIOX. - One of the 
latest applications of sil\ering is in dentistry. 
Infected dental ti
sue is sterilised by treating 
"ith an ammoniacal solution of silver nitrate. 
which it readily absorbs. Healthy tissue is 
unaffected. The infected area is then isolated 
hy a further application of formalin, which 
reduces the silver solution and deposits metallic 
sihyer. This fills up minute ca\ities, inaccessible 
by other means, and thus prevents further 
infcdion. 

 (.3) HALF-
-nLYERED )IIRRORs. -" Half- 
silvered" glass mirrors ha \ing a thin film of 


1 For fllHf'r part il'ula r:i spe .. Elp('trÏf''l1 awl 
Thermal Di
intf'gmtion of )ll'ta)g" The Chemical 
World, ii. I-in tt Sf>q. 


deposited silver have been applied to many 
hinds of optical instruments. r sually the 
film of sihTer is of such a den.
ity that half of 
the incident light is reflected and half trans- 
mitted. Such an arrangement is found in the 
)Iichelson interferometer 2 and aJso in a form 
of binocular microscope, where the light, after 
passing through the objective. falls on a half. 
silvered surface, the reflected and transmitted 
beams then beinll directed to the right and 
left eye respedi\ely. Another application of 
the "half-silvered" surface is made in some 
forms of collimating gun -sights, 3 "here the 
line of sight passes through the film to the 
target, whilst at the same time the eye sees, 
in the same optical direction, the reflection of 
a fiducial point contained in an attached 
collima tor. 

 (6) :\lIscELLAxEous _\.PPLICATIO"XS, - To 
prevent loss of Jight in certain optical instru- 
ments it is often necessary to sih-er glaHs faces, 
as in prisms on which the light is incident at 
less than the critical angle; of these may be 
cited the end reflectors or pentagonal prisms, 
also the compound central prisms in use in 
many rangefinders. 
A deposit of sih-er acting as an opaque 
screen has been made use of in the Abbe test 
plate, where a sih-er film on glass is ruled in 
such a manner as entirely to remo\e the metal 
along the rulin!!s. The result, when seen under 
the microscope, is a coarse grating, "ith alteJ.'- 
nating opaque and transparent bars suitable 
for testing microscope objectives. 
X ext to the use of deposit eLl sih-er for 
looking - glasses, probably the greatest com- 
mercial application is the sih-ering of the 
interior walls of vacuum flasks in order 
further to diminish the rate at which radiation 
occurs, 
Glass and quartz fibres are silvered not for 
use as reflecting surfaces but to make them 
electrically conductive. In the Einthoven 
string galvanometer a sihyered gla
s or quartz 
fibre is stretched in a strong ma
netic field, 
the silvered fibre acting as a conductor and 
forming the moving s'}"stem of the instru- 
ment. 
2 (7) A:\IOGXT OF REFLECTIo
.-SteinJlPil, 
as lung ago as IS.3ï, founù that freshly 
deposited silver reflected 91 pel' cent of the 
incident light at 4.')0 incidenC'e and reflection. 
)Iore rec
ntly Ha!!en and Rubens" ha\-e 
dptermill
d tile co
fficient of reflecti m for 
perpendicular incidence and refleC'tion all 
along the spectrum. from Àl-f.OOOO in the 
infra-red to À2.300 in the ultra-\-iolct, and find 


I Smitn.<;onian Contrihftiolls to KnOldedqe. Xo. 
-t:::?, 
18!:12, p. B (footnot('). 
a .. Collimating Tplf'.wope C;un-..ight..," :,ir Howar(l 
Gruhb, Transa('tit}J/.
 Ro!!. DlfhlÏ11. Sol'., 
hrt'h 20, 
1001 
.. ...11111. dn Pli',
_, IDOO, i. 3:i2, 190:::?, ,Hi. 1, 
· 1!:103, xi. 873. 
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that a face - sihr{'n>d mirror reflt.>cts almost 
e(pnIly well all rays in the ,
isible Rpectrum, 
the coefficients at "^ 7000 and "^4000 being 
93 per cent and 83 per ('cnt respectÏ\
ely. 
For values of reflectivity at varying angles of 
incidpnce see "Reflecting Powcr of Mirrors" 
by C. A. Chant. 1 
In the infra-red the coefficient of reflection 
rises to a steady 98 per eent, but there is a 
rapid falling off in the ultra-violet, wherp it 
diminishes to 4 per cent at "^3160, but rises 
to 34 per cent at "^2310, The trend of the 
curye, according to Hagen and R u ben
, is 
upwards at this point., though :\Iinor 2 
finds a decreasing reflecting power beyond 
"^2300, 
In conspq uence of this transmission of ultra- 
violet rays, silver reflectors are inadmi
sible 
in spectrographs and other instruments used 
for investigating th(' Schumann and extreme 
region of the ultra-violet. 
Advantage has, howf'ver, been taken of this 
transmission band to use thp silver deposit 
as a light filter for taking photographs in the 
almost monochromatic light around "^3000. 
(See" The :l\Ioon in "Cltra-violet Light," 3 and 
,. Sickelled Glass Reflectors for Celestial 
Photography," 4 by R. ,Yo 'Yood.) 
'Vhen we come to the reflectivity of glass 
mirrors silvered on the back-e.g. searchlight 
mirrors-there is a slight loss due to absorption 
and internal reflection in the glass. l\Ieasure- 
ments of the mean coefficient of reflection 
made at the .N.P.L. in 1918 give a. 
ean value 
of 88 per cent, whilst. one of ten specimens 
attained the high figure of 94 per cent. The 
claim for the superiority of the gilded mirror 
ov{'r that of a silvered one has now been 
ahandoned. The mean reflectivit.y of two such 
mirrors is a bout 70 per cent and 86 per cent 
respectively, but there are conditions of land- 
scape ,,,,hich, under illumination from a gilded 
mirror, give greater contrast than when 
illuminated by a searchlight with a silvered 
mirr\)r, owing to diminished reflection of the 
grecn rays by the gildC'd mirror. The same 
contrast effect, hO\\ ('vel', can be produced 
with the silvered mirror by making the 
ohservations through suitable light filters. 

 (8) REFLECTION OF POLARISED LIGHT. 
-The phase change, when light is reflected in 
glass from a silver surface, d('pends upon the 
thickness of the silver. but for a thick film 
it appears to be three-quarters of a wave- 
length retardation. 5 
Circularly polpriRed light is phang('d to 
elliptically polarised b
7 rpflection from silver 
surfaces. Details of the phange in position 
of the axis of the ellipse due to changes of 
1 A.çt. Ph!!. .Jour., 10();), xxi. 
11. 
2 Ann. dn Ph!J[
., HIO:3, x. fi21. 
3 J.\10111. .Sot. R.A .S., l!HO, Jxx. 226. 
4 A."t. Ph!!. .Jour., 1!J11, xxxiv. 40t. 
Ii Nature (E(lser and :-;tansficld), 1807, h"i. 505. 


incidence are giyen in a " Note on thC' Polaris- 
ing Effect of Coe1e )stat Mirrors." 6 
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SunIANCE-ABADY FLICKER PHOTOMETER. S('e 
" Phot.ometry and Illumination," 
 (98). 
SINE COXDITIO
: a relationship which rnust 
be fulfilled for rays passing through different 
zones of an optical sYRtem in onfC'l' that the 
defect known as coma may be eliminated. 
See "l\licroscope, Optics of the," 
 (12); 
also "Telescope," 
 (3), amI "Optical 
Calculations. " 
SI
GLE-RAY YELOCITY, AXIS OF: a direction 
in a biaxial crystal in '" hich a mv underO"oes 
no double refraction; also k
own a
 a 
secondary optic aÀis. See" Polarised LiO"ht 
and its Applications," 
 (7) (ii.). 0 
SIRE
: a device for producing a musical 
note of given frequency, in which a di
c, 
wit.h a cirele of holes in it, spins so that the 
holes are alternately op(,lwd and closed by 
passing a similar set of holps in a fixed plate, 
an air- blast giving the sound; this provides 
a suitable method for ('valuating the fre- 
quency of an organ-pipe. See" Sound," 

 (;33) (ix.). 
" SMASHING " POINT OF A LAMP. Sce" Photo- 
metry and Illumination," 
 (78). 
SODIUM OXIDE, USE OF, IN GLASS l\IANUFAC- 
TURE. See" Glass," 
 (3) (i.). 
SOLIDS, SPECIFIC HEATS OF, application of 
quantum theory to. See " Quantum 
Theory," 
 (5); also" Calorimetry, Quantum 
Theory," Vol. I. 
SOPRANO, E
: a brass wind-im:;trument of 
high compass. See" Sound," 
 (44). 


SOUND 


1. PITCH, SCALES, AND TEl\IPERAME
T 
* (1) PITCH AND FREQUENCY.-As the keys 
of a piano are struck in order from left to 
right, the various notes of the in
trument 
are heard, and w(' pass, by a gradual tmnsition, 
from the deep tones of the bass to the shriller 
tones of the trebl('. The sounds succpssivdy 
heard are said to be highC'r and highe" in pit('h, 
and pitch is that property of the note which 
determines its position in this musical range. 
It is found to depend solely on t.he number of 
vibrations per sC'cond occurring in that sOlmd. 
This number of vibrations per second, or 
frequenry, is accordingly adopted as a precise 
physical measure of the pitch. :l\lusically, 
the pitch of a soun(l is dC'noted conventionally 
on the staff notation by the place of a certai
 
sym 1>01 on a staff consisting of five hori7(mtal 
linC's and thC'ir flssociat('(l spaces. TI1f' place 
of any staff among Hw pitchPH it is wi
hed to 
G _1st. Phy. Jour., !!)Oa, xxix 300, 
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denote is expressed hy the clef at its C'ommence- 
ment. Each such sounel or note is called bv 
one of the folIo" ing letters, C, D, E, F, G, A, È. 
Further niceties are then expressed by the 
presence of a sharp (::) or flat (...), denoting a 
certain sharpening or flattening of that pitch 
indicated by the gi,Ten position on the staff 
or its correspunding letter'! 

 ____________i 9 1=-=-_ 
---------
Ef"J-- 
-
Ð_-
 6
.J o- ::::=:=:--===---
 
C D E F GAB n 
 
9 (2) IXTERvAL.-'Yhen the above letters 
are used up the next musical sound to the 
right (higher in pitch) is called C again, some- 
times distinguished hy an accent (C') to show 
that it occupies a higher place on the staff 
and in the sequence of possible notes. The 
frequency of this C', when recognised by the 
musical ear as sustaining the true octave 
relation to C, may be shown experimentallv 
to be just dou hIe that of C. Further, any 
two Sl), lIllds for which the ratio of their fre- 
quencies equals t'lCO, are found to have the 
sa
ne musical relation, They are accordingly 
saId to be an octave apart. Or, in other 
words, the interral between them is said to 
be an octave. Similarly, "ith any other pairs 
of sounds which are recognised as sustaining 
some one definite musical relation, the ratio 
of their frequencies is a constant characteristic 
of and invariably associated with that relation 
and that only. Thus, the intenTal or range 
between any two musical sounds may be 
measured physically by the ratio of 
 their 
freq uencies, or by some other method closely 
linked with and dependent on this ratio. it 
thus follows that a large interval is measured 
by a ratio" hich is the product of those ratios 
which measure the small intenTals of which 
the large one is composed. For, if three notes 
have frequencies in the relation 2, 3, and 4, 
the ratios of the small intervals are 3 : 2 and 
4 : 3, while that of the whole or extreme 
intenTal is 4: 2; and this is oh,iouslv the 
product of the other two. But this multipli- 
cation of ratios of component intervals to 
obtain that of the larger is sometimes incon- 
venient. For example, it does not lend itself 
to plotting intervals to scale, on a diagram, 
where the measure of the extreme interval 
must be the sum of those of the component 
intervals. To meet this need we take the 
logarithms of the ratios instead of the ratios 
t}wmselves. Then, in the above numelical 
case, "e have 
log 3/2-'-log 4 '3 =.<'og 3 -log 
) -4-(log 4 -log 3)= log 4 '
. 
Tha tis, the logarithms add where the ratios 
multiply. 
::\Iusically, the intervals hetwC'en pairs of 
1 For pr()(ll1(otion of ",ouml..; of "ar
ous desired 1 
pitches sec section " :-;ouml Produl'crs." 


no.tes are expressed by such terms as second, 
tlurd, fourth, fifth, etc., corre
ponding to CD. 
CE, CF, CG, etc. To these terms various 
prefixes are used, such as major, mino,', dimin- 
ished, etc., to indicate the varieties possible 
in certain intervals though named by the same 
ordinal number. An alternative method for 
naming small intervals is the use of the terms 
tone (or whole tone) and semitone. Thus, the 
intervals CD, DE are tone3, while EF is 
a semitone, It must not be taken to follow 
that CD is alway::; exactly equal to DE, nor 
that EF is preeisely the half of either of the 
above. The intervals EF, BC, AR.., are 
called diatonic semitones; the intervals CC::, 
FF;:, BB... being called chromatic semitones. 
9 (3) SCALES.-.Å scale is a series of notes 
proceeding up or down at certain specified 
intervals. These usually consist of tones and 
semitones, or of semitones only. Thus the 
follo"",ing are examples of scales; (1) C, D, E, 
F, G, ...\, B, C; (2) C, D, E.." F, G, A, B, C ; 
(3) C, CoO, D, D::, E, F, F::, G, G::, A, B..., E, C. 
The first and second are diatonic scales, i.e. 
they include tones in their inten-als. The 
third is a chromatic scale, i.e. it is culuured or 
affected by using notes not belonging to the 
diatonic scale, Further all the above are 
scales of C since they begin and finish on C, 
called the keynote of the scale, and ha,-e the 
notes appropriate to that scale. In the 
chromatic scale (3) all the intervals are called 
semitones (though not necessarily all equal). 
In the diatonic scales, (1) and (2), the inten-als 
are either tones or semitones, but the order 
of their occurrence differs in the t\\ 0 scales. 
Thus in the first the order of intervals i
: 
tone, tone, semitone, tone, tone, tone, semitonc; 
while in the second we have as the order: 
tone, semitone, tone, tone, tone, tone, serni- 
tone. In the former case, the third from the 
keynote, CE, is called a major third and the 
scale a major scale. In thc latter case, the 
third from the keynote, CE.." is called a minor 
third and the scale a minor scale. These two 
furms of the diatonic scale are often referred 
to as the major and minor modes. The minor 
scale (2) is the ascending form of the melodic 
minor. The descendin!! form would ha ve 
B? and A... instead of B 'and A. There is also 
the harmonic minor which has the same notes 
in descending and ascending. ,iz.: C, D, E..., 
F, G, A..., B, C. Its intervals in aseending 
sequence are, therefore, tone, Remitone, tone, 
tone, semitone, tone and half. semitone. 

 (4) )IoDuLATIO
.-
uppose that a piece 
of music hegan with the notes sho" n in scale 
(1) above and after a time the F "as always 
replaced hy F::. It may then bc f'HIlld th'at 
the sequence of intervals is changed :-:0 that 
the sC'ale in m:e is really that of n. For. on 
passing up from G, "e ha,-e: tOlH', tone. semi- 
tone, tune, tone, tone, semi tone; and this 
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sequence is characteristic of the major dia- 
tonic scale. The piece of music is then said 
to have changed in key from C to G. If, on 
the other hand, when originally in the key 
of C major, after a time the E should be always 
replaced by E
, the music ,\ill then have 
changed from the major to the minor mode, 
the key now being C minor. Such changes, 
either of key or mode, are called lnodulations. 

 (5) IXTONATION AND TE:\IPERAMENT.-By 
intonation is meant any precisely specified 
system of tuning the intervals in the various 
scales. A temperament is an intonation 
which, for the sake of simplicity, deliberately 
sacrifices some desirable exactness. The ques- 
tion naturally arises as to why this should 
become necessary. Let us examine this point 
carefully, having in view a keyboard instru- 
ment with notes of fixed pitches. An ideal 
intonation would secure three signal advan- 
tages, n
mely: (1) pure concords; (2) free 
modulation; (3) practical convenience. The 
first is needed to express truly the intentions 
of the composer and to satisfy critical ears, 
at any rate in slow music. The second is 
needed to enable the singers or players to 
take a piece in any desirable key and to allow 
of any unrestricted changes of key or mode 
which may occur "ithin the piece itself. 
The third advantage is mmally construed as 
being a limitation to twelve notes to the octave, 
though a few more may be allowable if arranged 
,,,ith studied simplicity. It must be remem- 
bered that the limitation of the number of 
notes in the octave is desirable for various 
reasons. Thus, if too great intricacy is entered 
upon, there i.s difficulty not only in tuning and 
retuning, but in playing and also in writing 
and reading the music. 
Is there any inherent difficulty in simul- 
taneously satisfying the above three require- 
ments? To answer that we must find what 
they severally involve. 
It is found by experiment that pure con- 
cords necessitate simple ratios of frequencies; 
that is, ratios expressible by small whole 
numbers. This has led to what is called jzu;t 
intonation, in which the frequencies of the 
notes are as follmvs. Any departure from 
these precise relations impairs the purity of 
the concords. 


Rplat ive } -J-! 27 30 32 36 40 45 48 
frequencies - 
Kotes C n E F G A B C' 
Intervals } 9/8 10/9 16/15 9/8 ] O/f) 9/8 16/15 
as ratios 


In estimating the intf'rvals by their ratios, 
that of the highf'r note to the lower is taken. 
Thp logarithms of theRe three sizes of intervals 
(which may he called th(" [flrge tone, .'Wwll tone, 
and spmitone) arf' rpspf'ctively 0,0311.32,"), 
0,04,")7.")7,"), and 0.0280287. Or, if we take 


numbers of four figures proportional to the 
logarithms, we ha\'e for the. relative sizes of 
the three intervals of the just scale 311.3, 
4-376, and 2803. Xow, if we repeat cd thesc 
intervals throughout the scale as given above, 
we should have the large tone occurring 
three times, the small tone twice, and the 
semi tone Ì\\ice. This would give by additiun 
a total number 30,103, to represent the interval 
of the whole octave from C to C'. Hence, if 
the notes in the scale which give concords 
,,,ith C are to occur at certain of the natural 
equal steps in a ladder throughout the octave, 
such a ladder would need over thirty thousand 
steps. And yet this, as we have seen, wuuld 
be only an approximation to absolute truth. 
But, for free modulation, we need to be 
able from any note to proceed by any interval 
of the scale. Further, all possible modulations 
must be linked up so that sharpened notes 
at some point or other coalesce with other 
flattened notes. Hence, for exactness, every 
step in the 30,103 would have to be provided, 
for no smaller numbers express thc same ratios. 
Thus, in thp inevitable nature of things, the 
intonation which satisfies the first and second 
requirements fails utterly at the third require- 
ment of practical convenience. Or we might 
equally say that what satisfies the first when 
limited to twelve notes in the octave, fails 
utterly to comply with the second, 
Another and morc practical way of regarding 
the matter is from the point of view of the 
violinist or violoncello player. Let two such 
players tune a certain Rtring of each instru- 
ment to unison, and let one player sound 
that whole string while the other plays upon 
such a portion of that string as to give pure 
concords with the other. Thus, one might 
hold the keynote of a scale while the other in 
turn sounds the other notes of the scale. Let 
the exact stops (or positions of finger) on the 
string be marked. Then it would be found 
that they do not fall in with any simple sub. 
di"ision of the octave into any small number 
of steps corresponding to equal intervals. 
Such equal intervals would be obtained on 
shortening the string by the same fra('tion of 
its then sounding length '" hen proceeding to 
each new stop. Here lies the root diffi('ulty of 
the whole prohlem, And it is imp08sible to 
remove it. \Ve can but bow to it and do the 
best that is possible under the circumstances. 
Yet another way of emphasising the diffi- 
culty and illustrating its inevitahleness is as 
follows: Pass up from a given note, Ray 100 
per second, in three ways, namely, hy octaves, 
by fift,hs, and by major thirds. Then we obtain 
the fullowing three series: 


By o('tav('!i 
By fifths 
By major thirds . 


100, 200. 400, 800, lIiOO, etc. 
100, lfiO, 22fi, 337}, etc. 
100, 123, 15Ul, etc. 
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Thi" at once shows that. in just intonat
on, 
no number of aSCf'nts by fifths or by major 
thirds "iil ever equal any other number of 
ascents bv octaves, for the last immediately 
brings us 
 to even hundreds, while the forme
r 
two lead. to odd numbers and fractions. In 
other word::., the numbers concerned in these 
ratios (2, 3. and 5) are prime to one another. 
It is therefore clear that every practical 
solution of the problem must be a compromise, 
some desirable e
actne
s of concord being 
sacrificed for the sake of simplicity and con- 
venience. And the \\ ay to find such practical 
solutions or temperaments is to seek some 
smaller number of steps in the octave such 
that certain exact numbers of them will give 
for each note of the scale a tolerable appro
i- 
mation to the concord sought. In all such 
cases the octave relation must be retained 
inviolate: for it is mure sensiti,-e to mistuning 
than any other interval (except the unison). 

 (6) THE CHIEF TE:\IPER.UIEXTS.-Such a 
system as described above is called a tempera- 
ment, because in it certain intervals are 
purposely tempered or made to lose some 
accuracy of tuning in order to meet the 
requirements of practical convenience and 
allow of free modulation with fewer notes. 
The only temperaments that have enjoyed 
any great vogue hitherto are the lllean-tone and 
the equal tempera:nent. But it seems desirable 
to notice briefly two others, yiz. Bosanquet's 
Cycle of Fifty-
hree and 'Yoolhouse's Cycle 
of Kineteen, as the comparison of the four 
places the whole subject in a clearer light. 
(i.) Bosanquefs Cycle of Fifty-three.-This 
temperament is as near an approach to just 
intonation as could be demanded from any 
instrument \\ ith fixed keys. It retains 
 
diatonic semi tone exceeding the half of a tone, 
and even distinguishes between the large and 
small tones of the diatonic scale. As its 
name implies, it (livides the octave into 53 
equal parts or steps, It allots 9 of them to 
the large tone, 8 to the small tone, and J to 
the diatonic semitone. Its departures from 
the just intonation do not reach the hundredth 
of a tone, hence all the concords ma v be 
regarded as true. Its great fault lies 'here, 
two new notes are needed for each change of 
key to the next sharp or flat remove. This 
is due to the retention of the large and small 
tones (9 steps and 8 steps). Xow from C to D 
the interval must be 9 steps for the key of r, 
but from G to A (for the key of C) the interval 
must be 8 steps. Thus, when passing to the 
key of G, we require 9 8teps from G to A (in 
order to reproduce here the old interval C to 
D, between the l-..evrrote of a scale and its 
second note). Hen
e the first sharp remove 
from C to G invokes a slightly-sharpened A as 
well as the usual F::. Hence the first 
tep 
ton ards sim plieity is to drop the Jistinction 


between large and small tones as in the 
temperament to be noticed next. 
(ii.) Jlean-tone.-The mean-tone, as its name 
implies, uses one size of tone only, but mal-..es 
it the mean of the large and slllall tones 
required by the just intonation, Thus, the 
interval C to E is made quite true on the 
mean-tone temperament, but is divided into 
two equal mean-tones. This puts the fifths 
(and fourths) slightly out of tune. For, as 
we have already seen, just major thirds never 
repeat so as to build up any number of just 
fifths. Also, since the fourth is the difference 
of an octave and a fifth, it is disturbed also. 
Still the harmony of the mean-tone was found 
to be wonderfully good and was preserved 
on organs for many years. It presented the 
signal ad,-antage that only one new note was 
needed for each remove. The objection that 
drove it out of use was the fact that it still 
required so many notes to the octa,'e for free 
modulation into any and every key. This 
was due to the retention of a diatonic semi- 
tone about three-fifths of the tone. Thus, a 
sharpened note really differed from that 
derived by flattening the note above. Hence 
to hear the mean-tone properly all these 
separate sharps and flats must be provided. 
But tillS was never done, its necessity being 
apparently only imperfectly understood. To 
realise the number of notes needed to render 
the mean-tone, we may note that Huygens's 
Cycle of Thirty-one is practically in agreement 
"ith it. Thus 31 notes to the octave are 
needed to give free modulation in the mean- 
tone, or in what is practically equivalent to 
it. This cycle allots.) steps to each tone and 
3 steps to the diatonic semitone, leaving 2 
steps for a chromatic semitone. 'Yhen organs 
\\ith only five black digitals to the octave 
were tuned to mean-tone, only five keys could 
be played in beside the natural key of C. 
"'hen the attempt to play in other keys was 
insisted upon, then notes tuned as sharps 
were used when flats were really needed, or 
vice versa, and disaster followed. But thirty- 
one notes to the octave are too many to e
pect 
on an organ and were probably never prodded. 
Hence the mean-tone has not been really 
offered along" ith free modulation. 
(iii.) Troolhouse:.ç Cycle of Xineteen. - The 
ne
t thing is obviously to reduce the number of 
steps in the octave while retaining, if possible, 
the diatonic semitone greater than half a 
tone as it should be. This was done in the 
proposal of 'V oolhouse to divide the octaye 
into 19 steps, allotting 3 steps to each tone 
and 2 steps to each diatonic semitone, The 
first que8tinn to be asked is as to the 
approximation to just intonation which this 
cycle offers as regards the third
 and fifths. 
It is found to be nearly as good as the mean- 
tone, ha, iug true minor thirds and major 
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sixths, the fifths and fourths being a little 
out of tune. It is to be specially noticed 
that the sharps and fiats of tllÏs temperament 
cliffe-I' not in name only but in tuning, Further, 
that with nineteen notes in the octave modu- 
lation is quite unrestricted. The notes are 


C F 



 
 


FIG. l.-Woolhou::;e's Cycle of Kinetc<'Il, 


shown to scale in Pig. 1. \Yith this cycle it 
would be possible to play in the extreme keys 
B,
, F
, G::, and D
 beside the usuall.) keys. 
For slow sU::;Í<Úlled music it should be easy 
enough to play on a keyboard arranged to 

ound this cycle. The present black cligitals 
could he made with a front half (dull red, say) 


B 


:t 


for the sharps and a back half (dull green. say) 
for the flats, thell two shorter blacl,;. digitals 
could be placed between E and _F and bet\\ een 
.B and C. They would be the sharp of the 
lower note and the flat of the upper. 
(iv.) Equal Temperament. - This familiar 
temperament makes the maximum sacrifice 
of harmony for the sake of free modulation 
\\ith the minim.uUl number of notes to the 
octave, viz. 12, The semitoncs, "" hether 
diatonic or chromatic, are just half the tones, 
hence only 12 steps are Heeded. This tempera- 
ment makes the intervals of the major third 
and major sixth much too large, those of the 
minor third and minor sixth much too smaH. 
Hence the common chords in either mode 
are far from ideal. 
(v.) Comparison of YariOUB Temperaments 
with Just Intonation.-)luch of "hat has pre- 
ceded on the different temperaments is com- 
pactly exhibited in the accompanying Table I. 


TABLE I 
CHIEF MUSICAL TEMPERA)iENTS AND J1:"ST INTONATION 


,ames and 
:::; tp ps. 


Scalps, Intervals, Steps, and Errors. 


c. _
I
I
 
I 
I 


Just- 
Vibrations 24 2ï 


30 


32 


Intervals 0 l'O
 


103 


2'49 


Bosanquet's 


o 
o 


22 


1'02 


l'02.j 


2'49 


17 


9 


I !:I, 8, 5, 9, 8, 9, 5 
=53 steps I 
Errors I 


0'51, 


Hnygens's 
I (mf'an-tone 
nearly) 
I .í, 5, 3, 5, 5, !), 3 
=31 steps 
Errors 


o U"9Ii.í 


1 0 93 


2'j:l 


U 5 


10 


13 


5b 


3# 


3(3 


3'51 


3'51 
31 


3'48 


18 


3b 


A B. 


40 
4-42 


45 


5'44 


4'415 
39 


5 '434 


48 


0'51, 


0'611 


4'4 r; 


5-41 


23 


28 


3
 


2ï, 


Woolhouse's (J o !),j 1'Sn5 2'521) 3'4.4 4"42 .í 0 37 6 
I 3, 3, 2, 3, 3, 3, 2 I 0 3 6 8 11 1-t 17 19 
= HI stt-'ps 
Errors I 7 3'5b 3'G
 3'61, iÞ 


Ell ual 0 


2 


2'5 


1 


2, 2, 1, 
, 2, 2, 1 0 
= l
 stt-'ps 
L ErrOl' 


2 


4 


5 


..ót 
'ot 


1# 


21:1 


3'5 


7 
II, 


i',-) 


[,'!j 


Concords, Keys. 
1 
All 3 
true 12 
Frpe 
mod ulatioll 
- 
31 
All 6 
practically 12 
true 23 
53* 


c. 


48 


6'00 


6'00 


53 


(3'00 


True 
major third 
V pry good 
I minor third 


Ô 
11 
21 
31* 


(\ 


11 


12 


] !)* 


12 
or 1,")* 


or 
tI* 


X otf'S. 


7 
11 
29 
Unlimited 
numùer 


11 
17 
25* 
31* 
(51 in name) 
53 


12 
17 


30 
31* 


12 
Ii 


lR 


IH 


--I 


l
 
12 
12 


-II- Ft->wf'r notf's rpqnirpc] for gi\'f'll numbf'r of kpys than might h
we bel'n e)"pf>cteù. '11u:; is uecau:;c in U... f\lll 
number of notes by 7t'une some arð identical in pitch. 


!I 


11 


:-::t 


I;
 


31 


TIathfT flat 
major t1lÌrù 
awl fifth 
Twp minor 
thirf} 
Se('onù 
betwepn 
V and 'D 


(j 


Vl'ry sharp 
lIlajor third 
sb.th, and 
se'"en th 


12 
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For the just il1tonation the numbers of 
,-ibrat::.ons in the same time are given for 
t he various notes of the scale. Then below 
follow the intervals up from C expressed to 
the nearest hundredths of the equal tempera- 
ment tones. For the four temperaments 
"hich follow, the vibrations are not gi,-en, 
tut the intervals up from C are expressed 
1Joth in equal tones and in the steps charac- 
teristic of the temperament in question, In 
a third line occur the errors of the tempera- 
ment from just intonation e
pressed in 
hundredths of an equal tone. To give an 
idea what sort of interval this hundredth of 
a tone is. it may be noted it is that between 
lengths 870 and 869 of a gi,-en stretched string. 
This may be realised in millimetres on a 
munochord. Again, to make clear what the 
errors of a temperament mean" hen e
pressed 
as a change of stop on an instrument of the 
,-iolin family, take 'Y oolhouse's cycle and 
consider a -riolin string of Yibrati
g length 
13 inches (from bridge to nut). Then, if the 
open G string be taken as the keynote of a 
scale which is to be played on that string 
alone, the lengths of ,ibrating parts of string 
for just intonation and for 'Yoolhouse's 
temperament are as follows: 


The reader may be here reminded that thf' 
nu1.ous iIltervals in Bosanquet"s Cycle of Fifty- 
three are practically indistingui:;hable from 
those of just intonation: they are accordingly 
omitted from the table entirely. 

 (7) HISTORICAL PITCHES.-'Yidcly dif- 
ferent pitches ha,-e been adopted for the 
scales at ,-arious times and places and for 
distinct musical uses. A few typical pitches, 
ranging o,-er fixe centuries, are gi,-en in 
chronological order in the accompan
ing 
Table III, It "ill be seen from this that the 
church and chamber pitch began ,ery high, 
fell, rose, and fell again. The repre
entati,e 
European pitches remained "ith but small 
fluctuations for more than a century. The 
orchestral pitch, after remaining fairly steady 
for some time, rose to a climax, but a tendenc,- 
to revert to a lower value showed itself i
 
1896, and this low or flat pitch is still often 
used. The pitches are specified by the 
frequency of the note A in the treble staff 
and also by the inten-als in cents a bo,e an 
imaf,rÏnary 10" est pitch, It" ill be seen from 
the column of cents that the whole range of 
church pitches in use co,ers se'-en semitones of 
the equal tempered scale! The old European 
pitches, on the other hand, ,aried les::; than a 


X otes G. A. B. c. D. E. F
. G. 

 (Just 13 11.56 10.40 9.75 8.67 7.80 6.93 6.50 inches 

 l \Y oolhouse 13 11.G.) 10.44 9.71 8-70 7.80 6.99 6.50 
Differences 0 0.09 0.04 0.04 0.03 0 0.06 0 
flat flat :-harp flat flat 


(As may be seen from the foregoing table 
of temperaments, violin players already depart 
more than this when adapting themselves 
to the equal temperament.) 
(vi.) Chiej Intermls 'lcithin an Octm:e.-In 
the accompanying Table II. are exhibited 
the chief intervals "ithin an octa ,-e. The 
first column gives the nameR of the inten-als. 
the other four columns give their values 
clas
ified under the Val1.0US systems of tunill!!, 
TIZ. just intonation, mean-t
ne. 'Yoolhouse"s 
Cycle of Xineteen, and equal temperament. 
In the column for just intonation the ,alues of 
the intervals are expressed both in cents (or 
lllmdredths of the semitone of equal tempera- 
ment) and in the ratio of frequencies of the 
hi
her to the lower tone of the inter,al. 
Thus, Íor the major third, bet" een the notes 
C and E, we have the interval expressed as 
3
ö cents and also as j: -1. In the other 
columns the ratios are not given. as they would 
usually he cumbrous and of very little nl1ue. 
In the column fnr mean-tone, aft('r the values 
of the intervals in cents, are inserted in round 
"3rackets the ,alues for Huygen:;"s Cycle of 
Thirty-one, "hich are very n('arly the same. 


single semitone. The same remark applies to 
the modern orchestral pitches, but the 10\\ est of 
these latter is above the highest of the former. 


II. PROPAGATIO:X OF SOCKD 

 (8) SOCRC'E OF Sor:XD.-Sounds ha,-e their 
ongm in a rapid to-and-fro motion of some 
body. solid or fluid, which is then said to 
be in vibration. This ,ibrating body may 
be the string of a harp, piano, or ,iolin. the 
column of air in an organ-pipe, flute, claIinet, 
or trumpet, the skin of a drum, the prong of a 
tuning-fork, or the sides of a church bell. 
In any of these cases the rapid to-and-fru 
motion thus started may spread by a \\a,e- 
motion in the atmosphere some\\ hat as ripple:; 
spread on the surface of still water on a p()nd 
round the spot where a stone fell in. But 
though there is a general resemblance behH'en 
the two cases, some contrasts ne('d to be 
noticed. TllUs, on the surface ùf water the 
spreading occurs in all horizontal directions 
from the central sourc(' of dishlròanc('. H('llce 
the ripples are circles. In the atmo:::phere (if 
uno bstructed) the spreawng is in all directions, 
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up and ùown as well as horizontal. In 
consequence, \H' have a spherical sound \\ ave 
Rpreading round its central source. Again, 
in the case of ripples on water, though the 
spreading is horizontal the to-and-fro motion 
of the water is partly up and down. But, 


be referred to lH're. The ripples are started by 
the stone itself; the sound \\ êl\Tes often nppJ tIlt' 
intervention of something else bet\\ ecn them 
and the origin. Thus the string of a violin 
needs the bridge anù bdly of the instrument, 
other\\ ise no appreciable sound would be heard, 


TABI.E II 


(tHIEF INTERVALS WITHIN AN OCTAVE 


Just Intonation. 


Vahlps of Intervals in various Systems. 


Names of Inten'als. 


Ellis'
 cent. 


1/1200 of octave 


Skhisma (2 cents 
nearly) 


Excess of 8 fifths and 1 
maj or third over 5 
octaves = 1.953 cents 
Excess of 4 fifths over 2 
octaves and 1 major 
third=21.50G cents 
or 81 : 80 
Excess of 12 fifths over 
7 octaves=23.4G cents 


Comma of Didymus 
(22 cents nearly) 


Pythagorean comma 
(23 cents nearly) 


Step or smallest inter- 
val of cycle 


(For Bosanquet's cycle 
of 53 to octa ve = 
22.(3415 centB) 


Cents 
Chromatic semitone. fD to D# 71 or 25: 24) '\ 
t C to C# 92 or 135 : 128 f 
112 
(D to E 182 or 10: 9 '\ 
l C to D 204 or 9 : 8 f 
)Iinor third C to E J 3W or 6 : 5 
.:\lajor third C to E :
8ü or 5: 4 
Fourth C to F 49
 or 4 : 3 
Tritone, F to B C to F; 590 or 45: 32 
Fifth C to G 702 or 3' ') 
:\Iinor sixth C to A!, 814 or 8: 5 
Major sixth C to A 884 or 5: 3 
Harmonic seventh 1 
:Minor seventh C to 7BJ 969 or 7: 4 t 
(Fourth+fourth) J -C to B'J m>ü or Hi: 9 
Acute minor scventh C to B/ 1018 or 9: 5 J 
(Fifth + minor third) 
Major seventh (' to B 1088 or lfi : 8 
Octave (' to c 1200 or 2: 1 


Diatonic scmitone 


\ rhole tone. 


::\lean-tone. 


(For Huygem;'s 
cycle of 31 to 
octave =38.71 
cents) 
Cents 


7(j.l (77.4*) 
117.1 (IW.l) 
193.2 (193.5) 
310.3 (309.68) 
386.3 (387.1) 
503.4 (503.23) 
579.5 (580.64) 
696.G ((j9(j.77) 
813.7 (812.90) 
889.7 (890'32) 


1006.8 (10 0 1).45) 


1082.9 (1083.87) 
1200 


\V oolhou;;;r's ' F.cJltal 
Cycle' of 10. Te'mperamC'nt. 


One hundredth 
of semitone of 
whieh 12 = an 
octa ve 
Practically = 1/100 
tone 


Cents 
G3.157 


( 'ents 
100 


(say) (j3.1ß 100 
12G.31 100 
lR9.47 200 
315.79 300 
378.94 400 
505.2(Î fioo 
5ü8.37 (iOO 
(iU4.73 700 
7fi7.RS ROO 
884.21 900 
1010.53 1000 
1073.(39 1100 
1200 1200 


· Numbers in ( ) refrf to Huygcns's cycle of 31. 


in the case of sound in the air, while the waves 
of sound spread by ad vance along any and 
every straight line from the origin, the to-and- 
fro motion of the air at any point occurs wholly 
in the line along which the wave is there 
ad vancing. For this reason sound "a ves 
are said to be longitudinal. Thus, while the 
ripples in water show creRts and troughs the 
sound waves in air have places of compression 
and rarefaction. Yet a third contrast may 


Sounds may also advance by a wave motion 
through any other gases, through liquids (as 
the water of lakes or the open oc('an), and 
through solids (as the crust of the eart.h itself). 
The sp('(\ds of sound in th('se clifferent sub- 
Rtances will be different and \\ ill also vary 
slightly with the state of each Hubstance. 
For mathematical and physical trcatm('nt 
of these cases s('e E. H. Barton's tC'xt-hook 
on Sound (London, 1922); J. \V. Capstick's 
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Sound (ramb., 1913) ; or Alex. 'Y ood's Physical Further, in the case of sound in gases the 
Baðis of Jlusic (Camb., 1913). A general elasticity in question is l.nown to be its 
account of the more important results is given pressure (P) multiplied by a factor (k) greater 
in the following articles. than unity. This factor (k) is the ratio of 

 (9) THEORETICAL SPEEDS OF SOU5D IX the t" 0 specific heats of the ga.
 under constant 
GA3ES.-It can be shown mathematically pressure and at constant volume respectively. 
TABLE III 
TYPIC-\L PITCHES IX CHRO:XOLOGIC-\L ORDER 


Date. 


I 1
lìl 
I 1511 
}{j19 
1636 
164:0 
1648 


! 
I Ib66 
1700 
1751 
1754 
I 1776 
1788 
I 1810 
I 1820 
I 18
4: 
I 18
8 
I 1854 
1856 
I 1859 
1877 


1878 


I 1879 
I 1880 
ISb.3 
I 
]89G 


Frequency of Treble A. I 
I Cf'nts 
Church I I abo,'e 
and European. Orcllf'stra1. 1 Lowest. 
Chamber. I I 
.. I 370 . . I 
541 
33 
740 
7
6 
368 
17 
148 
289 


505.8 
377 
567.3 
563.1 
457.6 
1373.7 
l402.9 


437.1 


384:.3 


4
2.5 
415 


414.4 


4D.8 


430 
42
 .5 
4:
5'8 
433.2 


3V8.7 


44:.3 .8 
437 


, 4
2.5 
l .. 
, 43G.l 
-l : : 


44:4: .6 


44:1.2 
45
'9 


455.3 
4ô0.8 
4.32 


439 


that the speed of a wave motion in any suit- 
able elastic medium is the square root õf 
UlP quotient-elasticity concerned divided by 
density. Thus, if v is the speed of sound in 
a gas whose appropriate elasticity is E and 
density D, \\e have the relation 1 


t'= ,/ (
). 


1 See" Vibrations of Air." 


Place. 


o 


Halber
tadt 
Heidel berg 
Xorth German 
Pari" 
Yienna 
Paris 
Paris 
''" orcester 


66 
230 
199 
196 
2.31 


Lille 
England 
Dresden 
Bresla u 
',"indsor 


260 

30 

4:3 
273 
129 
3
3 
288 
230 
318 

8.3 


Paris 
'Yestminster 
Paris 
London 
Lille 
Paris 
Toulouse 
England 
London 
London 


305 
3.30 


London 
London 


359 
380 
346 


London 
l:".S.A. 
London 


297 


London 


Instrument or _\uthority, 


Imaginary lowest pitch to r( 
on 
from 
Organ 
Arnold Schlick's low pitch 
Church pitch 
3Iersenne's chamber pitch 
Organ 


Spinet 
Cathedral organ (by Thomas and 
Renatus Harris) 
Old fork 
Handel's fork 
Organ 
CIa vichord 
St. George's Chapel organ (measured 
by Ellis, Feb. Ib80, \\ hile still in 
mean-tone) 
Fork 
Abbey organ 
Opera pitch 

irG. 
mart'sown philharmonic for1.. 
Old organ 
Opera 
('onserva toire 
Cur\\en's "Tonic Sol-Fa" C=50i 
St. Paul's Organ 
Fork to which organ tuned at 
H.)!. Theatre 
Co, ent Garden Opera 
Kneller Hall )Iilitary School (high 
pitch or old philharmonic) B.J = 
479.3 at 60 0 F. 
Erard's concert pitch 
Highest Xe\\ York pitch 
International Exhibition of Inven- 
tion and Music 
Low pitch or new philharmonic 
B:1 465, C 522; all at 60 0 F. 


Its exact value depends upon the number of 
atoms in the molecules of the gas, It 
approaches 5/3 for a monatonic gas or vapour 
(e.g. argon or mercury vapour), it is about 
,'
 for a gas \\ith diatomic :inolecules, and is 
about 5/4 for gases \\ith hiatomic molecules. 
Th us for air k = 1.408 and for steam 1.26 nearly. 
Thus, if we now" rite P for the volume of the · 
gas per unit mass (this quantity being the 
reciprocal of the density), eq llation (1) becomes 
v= ,(loPC). (2) 


(1) 
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For moderate changes of temperature this 
becomes 


In u
ing tlH'se equations to ohtain numerical 
values for any gas in a specified state, the units 
used must be in agreement and on some 
definite system. Thus, if the speed is required 
in eentimetres per second, the pressure P 
must be in dynes 1 per square centimetre and 
the density D in grams per cubic centimetre 
(or its reciprocal IT in cubic centimetres per 
gram). If the speed is required in feet per 
second, the change could be effected by divid- 
ing the previous result by 30.48 (the number 
of centimetres in a foot); or, one might 
begin by putting the pressure in poundals 2 
per square foot and the density in Ibs. per 
cu bic foot and so get the result direct in feet 
per second. The ratio k is a pure number and 
has no units. It remains, therefore, the same 
whatever system of units is in use. 
Example.- To find, in cm. per second, the 
speed of sound in dry air at 0 0 C. at a baro- 
metric pressure due to 76 cm. of mercury 
(of density 13.6), the density of the air then 
being 0.00129 gm. per e.c. and the value of 
k being 1.408. Then w'e have 
v= .J{I'408 x 76 x 13'6 x 981-:-0'00129) 
=33,265 cm. per sec. nearly. (2a) 
Effect of ...110isture,- The ratio of the specific 
heats in water vapour is about 1.2ü and its 
density is 5/8 that of dry air at the same 
pressure and temperature. Hence kP/Ð for 
water vapour has a value 1.43 times that for 
air at same pressure and temperature. The 
speed of sound in air is accordingly increased 
by the presence of moisture. This increase 
d0pends on the amount of water vapour pre- 
sent, and may amount to about two-thirds of 
a metre per second. 

 (10) SPEED J\FFECTED BY TE
IPERATURE 
BUT NOT USUALLY BY PRESSURE.-By Boyle's 
law the product of pressure and constant 
volume of a given mass of gas is constant for 
temperature. Hence we see from the form of 
equation (2) that the speed of sound in a gas 
is constant 1J tlte temperature be constant, v..'lwtever 
the pressure may be within ordinary limit:..;.3 
For if P increases U correspondingly decreases 
so as to kepp the product PU constant. But 
if the temperature rises, then the value of 
PU increases by "'l+-s- of its value at 0 0 C. for 
every 1 0 C, rise of temperature. Thus, if v 
is the speed of sound at to C., V o that at 0 0 C., 
and (PU)o is the value of the prr,duct at 0 0 C., 
we may rewrite (2) in the form 
v 2 =k(PV)0(1 +2
3) = 'Z.02 (1 +2
3). (3) 


1 .\t till" spa-Iew'l in I.ondon, one gram weil!hs 
about !181 dYHf'S. 
2 \ t the sra-Irvcl in Lomlnn, onp pound wrighs 
alJ(mt 32.2 ]Juum]o1.<;. 
3 Kodl in l007 showrd that in air at 0 0 , hut uTI(lrr 
2;) atmosphrrrs prrssur('. thl' sprrd of sonnd was 
1'008 times that in air under atmospheric pressure. 


v='l.o( 1 + 516 ) nearly. 


(4) 


Thus for sound in air, if we take 33,200 cm.f
ec, 
for 
'o' "e have 


v=(33,200 +6lt) cIn./sec. nearly,. (5) 


The equivalpnt approximate formula Ul feet 
per second is 


v=(1089 +2t) ft./
ec. nearly, 


. (ö) 


if the temperature be measured in degrecs 
Centigrader 

 (11) THEORETICAL SPEEDS OF SOUND IN 
LIQUIDs,-In the casc of liquids the wave 
motion of sound is still a longitudinal one, a8 
in the case of gases. The elasticity called into 
pla.y is also, as in gases, the volume elasticity 
or bulk modulus. But it is no longer ea
ily 
obtained from the pressure, as for gases. Un 
the contrary, the elasticity for a liquid must be 
found for each case from the experiments 
on it that ha ve been made by recognised 
workers in this domain. Let the value of 
this elasticity be denoted by K for a giW'll 
state of some liquid, and let 1\1 denote its 
reciprocal called the compres
ibility, then 
we have for the speed of sounds in the liquid 
the equation 
v= ,I (
) = J (l\l I D )' . (7) 


where D is the density of the liquid. 
Often, in tables on the subject, the com- 
pressibility of liquids is given. Thus for water 
at 1-23 atmospheres pressure and 13 0 C, 
Amagat found the compressibility to be 
48.9 x 10 12 for an increase of pressure of one 
dyne per sq. cm, The density of water at 
15 0 C. is 0.99912 gm. pCI' c.c. Thus the value 
of the speed of sound in it would he given by 
V I5 = ,I (48' 9 :
 

9912) 
= 143,166 cm.fscc. nearly. (7a) 
If the density be taken at 8 0 C. as 0.9999 gm. 
per c.c. and the elasticity be supposed to 
remain practically constant, we shouhl have 


I( 1012 ) 
V = " 48'9 x 0'9999 
= 143,000 cm,fsec. l
early. (7b) 


It may he SPCll that although the much greater 
denHity of water than air tends to leHsen the 
spepd 'of sound in it, the still great<'r disparity 
of their elasticitif's OVeff'ompS that drawhack 
Thus the Rpeed of sound in water is over 
four times that in air. 
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 (12) THEORETIC' AL RPEED OF SOl:;XD I
 
SOLIDS.-Suppose first that the solid is only a 
rod, and therefore quite free to shrink later- 
ally where stretched and to bulge where 
compressed lengthwise. Then if Y denotes 
the value of Young's modulus 1 for the 
material of the rod and D its density, we have 
the following expression for the speed of 
sound in it: 
For a solid rod, I y 

'= '\ (D)' 


As an example consider brass, for which 
Y = 10 12 d:ynes per sq, em. and D=8.4 gm. per 
c.c. ß{\arly. Then 
v= ,'(1012
8'4) 
= 343,033 cm.fsec. nearly, (8a) 
or u,er ten times the speed in air. 
For an extended solid like the crust of the 
ear-th, where there h; no freedom for bulging 
sideways at places compressed endlrise, a 
quite different relation holds. In this case 
let K be the bulk modulus or volume ela
ticity 
and X the rigidity (or shape elasticity). The
 
the expression for the s}Jeed of sound takes 
the form: 
For an extended solid, 


I( K+4
 ) 
'l,'= 
 
\ D' 


Suppose an extended mass of brass existed, 
and let it be required to find the speed of 
sound in it. Then, taking the value of K 
to be 10.65 x 1011 and X to be 3.5 x lOll, each 
in dynes per sq. em" we obtain 


v= ,/{(10'65+Jl)101l
8'4} 
=427,081 cm.jsec. nearly. (9a) 
It may be noticed that the value of the 
speed for the extended solid is in this case 
nearly:5 1 of that in a rod of the same material. 

 (13) EXPERDIEXTAL DETER:\IIXATIOXS OF 
SPEED OF SOLXD IX AIR. PARIS, 1738.- The 
earliest exact determination of the speed of 
sound in the open air seems to have been made 
in 1738 by mem hers of the Paris Academy. 
The stations used were the observatorv at 
Parig, -:\Iontmartre, Fontenav-aux-Roses,' and 
::\rontlh
ry, involving a total 'distance of about 
18 miles. The experiments were made at 
night by firing cannuns alternately at the 
two end stations. The calculations depended 
upon fleeing the flash and hearimr the report 
at the other stations. Then the distance in 
questi()n divided hy the time elapsed between 
the receipts of the flash and the report gave 
the first rough value for the speed sought. 
The time required by li!!ht to cover this 
1 This i:; the qnoti('nt of stretching force ],('r unit 
area divided hy elon[!ation per unit length. See also 
I' Vibrations of a Rod:' 


(8) 


distance is justly neglected, since the speed 
of light is about 186,000 miles per second. 
The experiments were continued for some 
time under different conditions of the atmo- 
sphere as to "ind, temperature, barometric 
and hygrometric states. 
The conclusions arrived at from these 
I investigations may be stated as fuIlo" s : 
(i.) The speed of sound is independent of 
air pressure. 
(íi.) It increa::Jes with the temperature of 
the air. 
(iii.) It appeared to be the same at each 
distance from the source. 
(iv.) The speed of sound "ith the "ind is 
the sum, and against it is the difference, of 
the speeds of sound and of the" indo 
(v.) The speed of sound in still dry air at 
0 0 C. (deduced by Le Roux from aboye experi- 
ments) is 332 metres per second. 
Four of the above conclusions have been 
confirmed by other workers at various 
times and places and under very diverse 
conditions. 
S (14) SPEED OF SOUKD IX AIR I
CREASES 
WITH IXTEXSITy.
The one conclusion that 
cannot be accepted to-day for ordinary 
conditions i
 the third. This would make it 
appear that the speed of sound is independent 
of the intensity. It might not have varied 
appreciably in the experiments in question 
so far as the stations used permitted an 
analysis of the matter. But it is now known 
that with sufficiently great intensities the 
speed is appreciably increa.sed. This was 
shown in 1864 by Regnault at \Tersailles 
by experiments in the open air, two distances. 
1280 and 2145 metres, being used, and reciprocal 
firing of guns adopted. The instants of firing 
and of receipt of the Round were electrically 
recorded, and the foIlm\- ing results were 
obtained: 


(9) 


For the distance of 1280 metres, t
o=331.3ï m. per sec. 
For that of 
445 metres, l'o=3iJO.j m. per sec. 


Hence by these experiments it is shown that 
nearer the gun, where the sound is more 
intense, the speed is slightly greater. This 
is in accord \dth theory. For when the 
sounds are sufficiently intense the tempera- 
ture in the compressions is appreciably raised, 
and the speed increased accordingly 
This increase of speed "ith intensity of 
the sound is well shown by the photographs 
of bullets in flight. due to T?rofes
or C, v. 
Boys, taken in London in 1
92 (see Fig. 2). 
If a projectilp moves much quicker than the 
normal speed of sound. the air in front of its 
nose is highly compressed and so heated 
until the appropriate speed of sound is that of 
the hullet. So then the lIullet has in front 
of it and rounù its sides a shell of compressed 
air like the breast \\ aye rounù a swan \\ hen 



688 


SOUKD 


advancing in still water. In each case, the 
quicker the motion of the object through the 
medium the sharper will be the advancing 
nose of the wave, Further, in each case, 
the relation of the speed of the moving 0 bject 


, 
,
 

 


FIG. 2.-Boys's Photograph of Bullet in Flight, 


to that of the normal waves in the medium 
can be ascertained from the geometry of the 
breast wave. 

 (15) EXPERDIENTAL DETERMINATION OF 
SPEED OF SOUND IN \YATER.-The classic 
experiments on the speed of sound in water are 
those by Colladon and Sturm carried out in 
1826 in the Lake of Geneva. The stations 
were two boats moored at a measured distance 
apart. From one a bell hung in the lake and 
was sounded by a lever whose upper end by 
the same motion fired some gunpowder, thus 
signalling to the other boat the instant when 
the sound started. The sound travelling 
through the water was received at the other 
boat by a funnel whose mouth was below in 
the water and upper end a pplied to the 
observer's ear. The mean temperature W;1S 
estimated as 8 0 .1 C., and the speed found 
was 143;) metres per second. 
It may be noticed that the theorctical result 
calculated earlier is in fair agreement with 
this, especially when it is considered that the 
water in the open lake must be very different 
from that experimented upon in the laboratury 
for its compressibility. 

 (16) SPEED OF SOUND IN \V ATER INCREASES 
WITH lKTE
sITY.-Threlfall and Adair pub- 
lished in 1889 their experiments on the 
speeds of sound-waves from explosions under 
water in Port .fackson harbour, Australia. 
Charges uf gun -cotton "ere useù; the firing 
was electrical and gave a signal on a chronu- 
graph, on which also was recorded the instant 


when the sound reached an india-rubber 
diaphragm immersed at the far station 150 
metres or more distant. The normal speed 
for feeble sounds in the water was calculated 
to be about 1.300 metres per second; the 
observed speed of the explosion 
wave from 9 oz, of gun-cuttun 
was 1732 m./sec" and from 
ü-1 oz. of gun - cotton was 2013 
nl./sec. 

 (17) EXPERDIENTAL DETER- 
'\IINATIO
 OF SPEED OF SOUND 
I
 IRo
,-For' this purpose lliot 
used 376 cast-iron pipes with a 
total length exceeding 930 metres. 
A bell at one end was struck and 
its sound travelled through the 
iron walls of the pipes as well as 
through the air inside them. At 
the far end the sound through 
the iron was received first and 
that through the air arrived at a 
measurable time, t seconds, later. 
Hence, if the total length of the 
pi pes is L cm., the speed of 
sound in cast-iron u. cm./sec., 
and that in the air inside the 
pipes v cm./sec" we have for 
the times of travel through air 
and through iron L/v and L/u respectively. 
But their difference is t. Thus 


L L 
- - - = t, 
v U 


whence 


Lv 
u=L-vt" 


The value thus found for cast-iron was about 
350,000 cm./sec. or 3500 metres/sec. 

 (18) REGNAULT'S ÐETER;\IINATION WITH 
ROUGH PIPEs.-This determination was the 
result of an elaborate set of experiments 
carried out with the water-pipes newly laid 
in Paris in 1862-63, A pistol, explusions, and 
musical instruments ,ven
 used as sources of 
sound, the method of measuring time being 
electrical. The shot broke that part of an 
electrical circuit just in front of the pistol, 
thus causing a shift of the mark traced on a 
smoked rotating drum. This shift registered 
the start of the sound on its course along the 
air inside the pipes. The sound on reaching 
the far end of the pipe moved a very fine 
membrane. This made an electric contact 
and so completed a circuit, thus causing the 
reversed shift of the mark on the drum. 
Ride by shle with this mark were (1) a f'.1('t of 
dots indicating seconds given by a pendulum, 
and (2) a wavy trace due to a tuning-fork. 
Thus the time elapsing hetw('en th(' start and 
arrival of the sound (corr('sponcling to the 
length on the mark between the first and final 
shifts) was measured in seconds by the dotH 
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and in thousandths of a second by the wavy 
trace. Regnault tried to allow for the time 
lag of the membrane, which was greater for 
feehler sounds, The length of the pipe 
didded by the correct time gave a quotient 
which represented the speed of the sound under 
the experimental conditions. The pistol was 
inserted at the beginning of the pipe, whic3 "as 
there closed by a disc, and the far end was 
closed by the membrane, Thus the sound 
could pass to and fro several times, suffering 
partial reflections at the ends. Pipes of three 
diameters \\ ere used and a number of lengths 
tested. The variations of speed with length 
and diameter are shown in the accompanying 
graphs of Fig. 3. 
From these curves it may be seen (1) that the 
speed of sound tends to a lower limit when very 
feeble owing to the great distance traversed, 
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per Sec. )( 
334 


333 
"0 
; 332 
o 

331 
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0:1 330 
.
 

 329 
o 

 328 
327 
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.OOO 
Distances traversed in the Pipes 


20.000 
Metre_, 


FIG. 3.-Regnault's Speeds in Pipes. 


and (2) that this limiting speed is greater in 
"ide pipes than in narrow ones. Regnault 
considered that in the pipe of 1.1 metre 
diameter its sides were practically "ithout 
effect. He therefore gave 330.6 metres per 
second as the speed of sound in air at 0 0 c. 
in an infinitely "ide pipe (or, by taking the 
sound in its feeblest state, 330.3 m.jsec.). 
The humidity of the air in these experiments 
on pipes was observed and corrected for. 
Rink by a special anal)
sis of Regnault's 
results deduced the value 330..) m.jsec. for 
the speed of sound through air in a pipe 1'1 
metre diameter. 
In other experiments Regnault failed to 
detect any difference in the speed of sound, 
although the pressure was increased to more 
than fi-ye times its first value (viz. from 247 to 
12ö7 mm, of mercury). 
Yiolle and Vautier, in 190,3, by experiments 
on pipes, found that \\ithin the range of 
frequenciPs from about 32 to 640 vibrations 
per see-ond the speed of sound in air does not 
change by one-tenth per cent. 

 (] 9) BLAIKLEY'S DETERl\rIX -\TIO
 WITH 
S
100TII PIPES.- Tlús account of researches 
in the speed of sound through air in smooth 
hrass tu l)('s was published by 1>. .1. lllaikley 
in 18S3-8-!. He felt that in any open-air 
VOL. IV 


experiments the results were usually vitiated 
by uncertainties as to mean temperature 
and hygrometric state of the air over the 
range in use. Further, he noticed that in 
Regnault's experiments" ith pipes the decrease 
of speed there found would, if extended to 
the diameters used in brass instruments (in 
'n hich Blaikley was specially interested), lead 
to smaller value3 than those actually ex- 
perienced, This discrepancy is attributed to 
the roughness of Regnault's pipes. Blaikley 
also feared that the.. membrane used by 
Regna ult might lead him to an underestim
- 
tion of the speed, and this surmise was then 
supported by special experiments. Dulong, 
in 1829, had estimated the speed of sound by 
experiments on organ-pipes specially chosen 
as giving a tone of good musical quality. To 
this Blaikley objected, because such a tone 
consists of the prime (or fundamental) ac- 
companied by a retinue of fainter overtones 
of frequencies double, treble, quadruple, etc. 
that of the prime. X ow these overtones, when 
elicited separately, ha ye frequencies slightly 
different in value from the exact dou ble, 
treble, etc. of the prime frequency. Then, 
on blm, ing the pipe, these naturally in- 
harmonious overtones are forced into the 
strict relation to the prime expressed by the 
ratio numbers 2, 3, 4, etc. But this forcing 
into tune of the oyertones and their prime does 
not operate solely by changing the overtones, 
but also may sliglllly disturb the prime itself in 
arriying at the requisite adjustment, The 
prime tone is in consequence slightly different 
in pitch from that wlúch, "ithout such 
constraint, corresponds to the true speed of 
sound and the wave-length under considera- 
tion. Hence, from the length of the pipe 
and this constrained pitch a vitiated speed of 
sound would be inferred. 
In -dew of the above criticisms Blaikley 
preferred to experiment "ith a special form 
of pipe which resembled the glass chimney of 
an oil lamp instead of being parallel throughout 
as is an ordinary organ-pipe. That is to say, 
the pipe used has a bulb or pear - shaped 
portion in the first quarter wave-length near 
the mouth. Beyond the bulb there "as a 
considerable length of parallel cylindrical 
pipe in which worked a sliding plug. This 
pipe, when blown, gave the fundamental or 
prime tone alone, Consequently its pitch 
was not disturbed by being blo" n into tune 
\\ ith any overtones, as these \\ ere entirely 
absent. The blast was obtained from a fan, 
the nind from \\ hich pa
sed a regulating 
bellows. The bellows pressure was 
..) inchps 
of water column, and that in the mouth less 
than 0.1 inch of "ater, mue-h under the hmcst 
which Re,gnault had found to alter the speed, 
Both the temperature and humidity of the 
air" ere observed. The pitch \, a
 taken from 
2y 
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a Koenig fork of 2.")6 vibrations per second 
and the pipes were set to give a beating 
rate of about four per second, the lengths 
being gauged by standarù rods and a micro- 
meter. 
Experiments were made with smooth brass 
tu bes of fì ve sizes, the frequencies of the tones 
ranging from about 131 to 323 per second. 
The results are shown in Table [V. 
Blaikley's values show that the diminution 
of speed is proportional to the reeiprocal of 
the diameter of the pipe. They also favour 
the view that it is proportional to the reciprocal 
of the square root of the frequency of the tone 
sounded in the pipe. 
ßlaikley applied to the above mean values 


obtailleJ in Paris (a) in the open air and (b) as 
deduced from pipes. 

 (20) HEBB'S TELEPHONE l\IETHOD FOR 
SPEED OF SouND.-In 190-1 T. e, Hl'hb nutdp 
a very careful determination of the speed of 
sounù in air by use of parabolic reflcctor
 and 
telephones. Ko pipes were used, as they were 
regarded as introdm'ing complications. All 
lung-distance methods were objected to on 
the foUo" ing grounds: 
(a) Yery loud sounds must be used, so 
possibly involving a different speed near the 
su u rce. 
(b) It is almost impossible to correct accu- 
rately for winù, temperature, and humidity 
over lung ranges. 


BLAIKLEY'S SPEEDS OF SOUND FOR DRY AIR AT 0 0 C. 
 BRASS TUBES 


TABI_E IV 


Diameters of Tubes. 11'43 mm. 19'05 mm. 31'71 mm. 52'91 mm. 88-19 mm. I 
:e-! .;'33 327 .O
 328.72 329.90 330.29 
S r:T1 . 
.+J"-=' 324.234 327 .14 328.74 329.84- 330.4li 
o ..... ..... 

 Z Õ 32li.98 328.78 329.84 330.02 
1:.+-4:;:0 . . 

 -2 
 . . 32li.70 328.72 329.70 329.72 
S C,) ;.., 327.()9 328.72 329.95 32tHJ9 


g. . . 
..... C,) rn . . 32li 'ü9 328.89 329.80 330.41 
0 :.:> :.:> 3:W.99 328.76 329 .5:
 330,09 
+J F-< , . 

 ,- 
 
'B 
 C,) . . 326.79 328.84 329.5ü 330'Oli 
C,) 5. a 
0.. C,) ..... . , 32li.70 328.84 329'ü5 330.10 
Woo.;:: 32ü.8:) 328.83 329.48 330.20 
. , 
Mean speeds for each m.f
ec. m. fsee. m. fsee. m. tHee. m, fsee. 
diameter :324.38:3 32ü .90 328.78 329.72 330.134 
I 
I (Probable errors of ì m.fsee. m./see. m. fsee, m. fHce. 
mean speeds, added f . . 1: 0.037 :t 0.013 ::!::0.035 1: 0.04ü 
by writer in 1921) . 


(The probab]e errors were not given by llhtiklcy him:5rlf, but have' he'rn added for the prese'ut work to 
show how accurate thi
 iuvesti
ation is and how dose]y it Illay be trusted. If the probab]e error be both 
added to and hken from the mean va]ue to whil'h it appHes, limits wi!] br obtained between which the true 
value is as likely to He as to be outside of them.) 


of the spped for eaeh sized pipe a modification 
of Helmholtz's formula in order to calculate 
the speed of sounù in free air. He thus 
deduced the mean value 
'l'o=331'676 metres per second 
as his final determination for the speed of 
s()und
 of fee hie intensity in dry open air 
at 0 0 C. (To this we might now adù a prubable 
error of :t 0.04 m./see,) 
The corresponding value for the ratio of 
I:;pecifie heats for dry air was k = 1.4036. 
For purposes of application to brass instru- 
ments this investigation must he regarded as 
the standard of appeal, since it 'was obtained 
by direct use of such tubes. Further, the 
speed deduced for the open air, though 
ohtained indirectly, must lw regarded as of 
extremely high value. It is scen to lie 
uetween the two values already <luoted, as 


(c) The lag (or personal equation), either of a 
human operator or of some recorùing device, 
is invulved. 
In accordance with these principles a novel 
method was adopted by which it was 110ped 
all the ahove drawhaeks could he obviated, 
The experiments were carrieù out in a room 
120 feet long. with a whistle as the source of 

ound and blown so stea.(lily as to maintain 
its frequency to an accuracy of I in fiOOO. 
This source was placed at the fucus of a 
parabolic mirror made of plaster of PariH. 
From the mirror proceeded a parallpl he(\,m 
of sound waves along the room to a secund 
Himilar mirror which converged them to its 
fucus. _\t thp souree of sound was a telephone 
transmitter' connected to a batt <.' ry, an([ to 
nile of twn }Jri maries of a special induction 
coil. At the focus of the se-conù mirror was 
another similar telephone transmitter, also 
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connect
d to a battery and to the other primnry 
of the inductio!1 coil. The .secondary of thi
 
inductiun coil W!iS connected to a telephone 
receiver. Suppose the whistle to be sounding 
and the milT0rs to be such a distance apart 
that the sound heard from the telephone 
receiver is a maximum. Then the effects 
of the two primaries of the induction coil 
must be in such relation as to make their 
combination most po"" erful, i.e. their ,
bra- 
tions are in the same phase and so are mutually 
helpful. Xow let the di
tance between the 


The length L is called the ?cnre-length in air 
of the sound used. And it may be seen that 
it is on chan1!ing the distance beÍ\\een the 
mirrors by half the u'are-lengtli that we change 
the effects of the two primaries from the 
complete additive to the complete subtractive 
relation, and so change the result heard from 
maximum to minimum. Hence, by locating 
a number of successive ma"\.ima and minima 
the wa ve - length L was found. In this 
determination an accuracy of about one in a 
thousand was reached. 


TABLE V 


SPEEDS OF SO
D 
 YARIOUS :\IEDJ.\. 


)Irdiuffi. Condition. 
peed. Determined by. 
Gases. )Ietres per second. 
Open air :::>till and dry at 0 0 C. 327 Paris Academy in 1738 
332 Paris Academy and Le Roux 
331.2 Bureau des Longitudes, 18::?2 
over 1280 metres 331.37 , Regnault, 186-1> i.e. intense 
,. 2-1-15 metres 330.7 ) sounds slightly faster 
Air in rough pipes 1.1 metre 
diameter 330.G-330'3 Regnault, 18ti2-U3 
Air in smooth pipc:) 88 mm. 
diameter 330.13 1 Blaikley, 1883-84 
Open air (inferred) 331.(}7(} ), 
Open air (inferred) 331.1 Yiollc and Yautier, 188
 
Air in laboratory. 331.29 =- 0.04 Hebb, 1904 
Dry air free from CO 2 331.92:t 0.03 Thiesen, 1908 
Dry air . 330'b3 Esclangon, 1918 
Liquids. 
Fre:>h water (Lake Gene,-a) 8 0 C. 1435 Colladon and &turm, 1826 
Sea water (e
plosions from 9 
oz. gun-cotton). r 18:> C. 1732 ) 

ea water (explosions from l f Threlfall and Adair, 1889 
G-1 oz. gun -cotton) 18 0 c. :?0l3 
Sea water 14.5 0 c. 1503.5 )Iarti, 1919 
Solids. 
Brass in bulk 4270 (say) (ApproÚmate) 
Iron ("all of cast pipes) 3300 Biot 
Iron (in bulk) -t300 (
ay) (A pproxima tc) 


mirrors be changed till the sound from the I 
telephone receiver is a minimum. Then the 
primaries must be just opposite in their effects 
now. If the separate effects, which could 
thus he made additive or suhtracth
e for 
different distances, "" ere practically equal, 
then the minima effects would he reduced 
almost to zero, and the corresponding positions 
could be accurately observed. Let the fre- 
qUf'ncy of the whistle be X per second and 
jts period, or time of one complete vibration, 
he T second. Then, if the speed of sound in 
air ÍH l' and the distance in air passed over hy 
sound in one periud is L cm., \\ e may write 


V=
=XL. 


The determination of the pitch of the whistle 
was made by tuning it in unison \\ith a fork 
which was itself compared "ith a 512 fork 
by wavy traces on a smoked disc. The 512 
fork was compared in the same "ay "ith a 
pendulum, and then the pendulum "ith a 
clock. 
Thus kno\\ing L and X, their produC't gave 
v the speed of sound soufrht. The final 
determination for the speed of sound in dry 
air at 0 0 C. was 


1-'0= 331'29 metl'('
 per gee-ond, 
"ith a probahle error of + 0.0-1 m./Hec. 

 (21) 
PEEDS OF SOUXD I
 '''ARIO'LS 
)[ EDL\..-ThC' fore-p-oinf!, top-ether \\ ith other 
determinations of the sPC'('Ù::l of sound in 
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various media, are collected in the accompa.ny- 
ing Table V. for ready reference. 

 (22) ARCHITECTUR \L ACOUSTICS. (i.) 
Sabine's Jrork.-It is well known that some 
churches, halls, theatre'3, or other buildings 
are acoustically unsatisfactory. They prove 
trying to the speakers or musical performers, 
to the audience, or to both. Others are good 
for speech but bad for music, or vice versa, 
while yet others may be åcceptable for both 
speech and music. The principles and prob- 
lems underlying the successful design or 
remedial treatment of any auditorium to 
be used for a specific purpose for long 
failed to receive the attention which, from 
the importance of the subject, they de- 
served; but considerable progress in this 
direction has been made during the present 
century. 
The sounds uttered by a speaker or musical 
instrument reach the auditor somewhat en- 
feebled by the distance passed over, but have, 
on the other hand, various echoes, reverbera- 
tions or distortions added to them by the floor, 
walls, ceiling, furniture, and occupants of the 
room. Thus two questions accordingly present 
themselves for quantitative treatment: (a) 
\Vhat, if any, enfeeblement or additions are 
desirable in the case of speech, song, and 
instrumental music? (b) How may these 
desired effects be realised with approximately 
quantitative accuracy? The suhjpct has 
been investigated along both these lines by 
the late \V. C. Sabine, who states: 1." In order 
that hearing may be good in any auditorium 
it is necessary that the sound should be 
sufficiently loud; that the simultaneous com- 
ponents of a complex sound should maintain 
their relative intensities, and that the sltccessive 
sounds in rapidly moving articulation, either 
of speech or of music, should be clear and 
distinct, free from each other and from 
extraneous noises." These three are the 
necessary and sufficient conditions for good 
hearing. Scientifically, the problem involves 
the ahsence (a) of prejudicial enfeeblement, 
(b) of distortion of quality of sounds, and 
(c) of too prolonged reverberation. From the 
constructive point of view the problem 
involves the size and shape of the auditorium 
and the nature of the materials (including 
the audience itself) whuse surfaces are exposed 
to the sounds. 
(Ibid.) "Sound, being energy, once pro- 
duced in a confined space, will continue until 
it is either transmitted by the houndary 
walls or is transformed into some other kind 
of energy, generally heat. This process of 
decay is called absorption. Thus, in the 
lecture-room of Harvard Univ('rRity, in which 
this investigation was hegun, the rate of ab- 
sorptiun waH so small that a word spoken in 
1 Sci. Abs. 
\1 1915, p. 194. 


an ordinary tone of voice was audible for 
5.5 seconds afterwards. During this time 
even a very deliberate speaker would have 
uttered twelve or fifteen suceeeding syllahlC's. 
Thus the successive enunciations blended into 
a loud sounù, thr,mgh which and above 
which it was necessary to hear and distinguish 
the orderly progression of the speech. _\cruss 
the room this could not be done, nor even 
near the speaker, except with an effurt, 
wearisome in the extreme if long main- 
tained. \Vith an audience filling the room 
the conditions were not so bad but still 
intolerable. " 
"This may be regarded as a prucess of 
I multiple reflection from walls, ceiling, and 
floor, losing a little at each reflection until 
ultimately inaudible. This phenomenon will 
be called reverberation. including as a special 
case the echo. In general, rpverberation 
results in a mass of sounù filling the whole 
room and incapable uf analysis into its distinct 
reflections. It is thus difficult to recognise 
and locate. In the general case of reverhera- 
tion we are concerned only with the rate of 
decay of the sound. This rate of decay was 
gauged by measuring what is inversely pro- 
portional to it-the duration of audihilityof 
the reverberation or residu
l Bound. 
"Broadly considered, thete are two, and 
only two, variables in a room-shape (includ- 
ing size). and materials (including furnishings). 
In designing an auditorium an architect can 
give .con
ideration to both; in repair work 
for bad acoustic conditions it is generally 
impracticable to change the shape, and only 
variations in materials and furnishings are 
allowable. " 
To test the effects of absorption Rahine 
tested a lecture-room at Harvard empty, 
without and with cushions, \Yith an organ- 
pipe as source of sound and a chronometer for 
timing the duration of audibility after the 
sound had ceased, he found a time of !).û2 
seconds in the absen'ce uf cushions. \Yith 
8.2 metres of cushions this time fpIl to 5.33 
seconds, and "it.h 17 metres of cushions it 
fell to 4.94 see-onds. \Yith all the scats (4:
ß) 
covered with cushions the time of audibility 
was only 2.03 seconds. By covering the 
aisles and platform and placing other cushions 
on a scaffold till the whole number available 
(1500) were in use, the duration of audihility 
fell to 1.14 seconds. 
Sahiñe found that the above duration of 
audihility uf the sound in a room was 
diree-tly proportional to tll(' total volume 
of th(' room, and inversely as th(' tutal 
ahsorhing power of rl)l)m empty plus that of 
audience. Or we may write 


v 
t=c H +A' 
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"here t is t he time, c is a constant (òepending 
on the units in use), and may be taken as about 
O'lü \\ hen the metre is the unit of length, 
or 0,0.3 when the foot is the unit of length, 
\T the volume of the room, R its absorbing 
power when empty, A the absorbing power of 
the auilicnce. 
(ii.) Halls in Paris. - )Iarage tested the 
acoustic properties of six halls in Paris 1 and 
quuted Sabine's formula as applicable. "In 
the largest of these halls, the Trocadero, 
holding 4.300, the mean time of resonance "as 
2 sec. when empty and 1.4 ::;ec. when full, 
To make himself dÜ;tinctly heard in this 
hall a speaker must use a slow utterance, 
pau
ing at each phrase. But it was not 
necessar
 to use more energy than in address- 
ing 2.30 in the Physical Theatre of the Sorbonne. 
In the large theatre of the Sorbonne, holding 
3000, the resonance extended almost to 3 sec. 
empty, but was only 1 !:;ec. or le::-;:, when fulL 
The acoustic properties of this hall were con- 
sidered very good." 

Iarage agreed with Sabine that this time of 
resonance serves to characterise the acoustic 
properties of a hall. He found that this 
duration of the sound varies "ith the quality, 
pitch, and inten
ity of the primary sound; 
hence a hall good for a speaker may be bad 
for an orchestra. For a hall to be good 
acoustically )Jarage considered that the dura- 
tion of the resonance should be practically 
constant at all parts of the hall, for all vo\\ els, 
and fall between half a second and a second. 
If the duration of the resonance much e
ceeds a 
second, the speaker can make himself under- 
E>tood only by speaking very slowly, articu- 
lating distinctly, and a70iding giving to the 
voice too much energy, 
(iii. ) Jaeger' s Trdtt
nent.-G. Jaeger carried 
the treatment of the subject a step further 
by stud
ing the gro\\ th, maximum, and decay 
of the intensity of sound in a room. 2 He 
showed that E, the intensity of sound per 
unit volume in a room, "hile the source "as 
sustained constant, grew according to the 10" 


E = 4
 S ( 1- e- kt ), 
ra.. 


where P is the power of the source. v the 
speed of sound in the air of the room, a 
the mean absorption coefficient (ratio of 
absorbed intensity of sound to that falling 
upon it) of the surfaces in the room (walls, 
floor, ceiling, audience, etc.), S the total area 
of these surfaces, e=2.71B3, k=vaS!(4 volumes 
of room). and t is the time from commence- 
ment of sound at source. 
Thus the maximum value of E would be 


1 Compt('
 R 1I'11l.
, \pril fI, 1006, cxlii, 8;8-880; 
and SciP1/c(' .H,..
trtl('t
, \. 1006, 313. 
I Akatf. WiRS. JJïell. Her., lOll, cxx. 
a, 613-631 ; 
Scinlce Abstracts. .A. HH2, 17. 


4P/l:aS. TllP decay of the sound "hen the 
source became silent "ould be f!in'Il by 


4P 
E = e- I : t 
t:aS ' 


where t is now the time from cessation of 
sound at source. 
The value of the product as, occurring in 
these formulae, is the sum of a number of like 
products,. say alSl+a2S2+a3S3' where aI' ai' 
a 3 , etc., are the absorption coefficients for sur- 
faces of areas SI' S2' 53' etc., rcspecti,.ely. 
The formulae show that the greater the 
product as, the smaller is the maximum 
energy that can be attained in the room by 
a source of fixed power P, but that the rise 
to this maximum is qzticl..-er and the decay 
more sudden also; though these times of 
rise and fall depend upon the t'olume of the 
room as well. 
(h-,) Jralson's Inz:estigations.-In 1913 F, R. 
\Yatson published an account of a case in 
which the ventilating arrangements were held 
to assist the acoustics of the room under 
notice, namely, the Baltimore 
\.cadelllY of 
)[usic. 3 In this hall ,. the \\ hole supply of 
fresh air was admitted at the back of the 
stage, was there warmed, then crossed the 
stage horizontally above the speakers, acturs, 
or musicians, passed through the proscenium, 
and then, somewhat diagonally toward the 
roof, across the auditorium in one grand 
volume and with gentle motion so as almost 
entirely to prevent the formation of minor 
air-currents. It was exhausted partially by 
an outlet in the roof and partly by numerous 
registers in the ceilings of the galleries. The 
acoustics of this auditorium v.-ere considered 
excellent. The" eakest yoice was audible to 
every seat in the house: sounds such as a 
sigh; a kiss, or even the simulated breathing 
of the somnambulist, might be heard in the 
most distant parts; and all musical efkctR 
were exactly appreciated. AU singers and 
speakers agreed in describing the facility" ith 
which the yoice "as used on this stage. " It 
was stated that haphazard currents of air or 
those intervening between the speaker and 
the audience are detrimental, and should be 
avoided. 
Later, F. R. \Yatson described his acou
tic 
treatment of the faulty auditorium at 
Illinois. -I 
This room was dome-shaped and had many 
subordinate curved 
urfaces, which focussed 
the sound:i in an objectionable manner. It 
seated 2200 and originally showed a rever- 
beration of 9 seconds. After some treatment 


3 En{J. Record. 1 01
, 1:\:\ ii. 263-268; Science Ab- 
strart'?, \, 1 0 1
, 
 \"i. 3:30. 
4 rni,'. ()f lllill()i.'1 nllll., HI] 1, xi. Xo. ;3, 3-
fI; 
Scicnce Abstracts, A, IOU, xvii. 310. 
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the mean timr of ren'rberation df'tf'rmined 
from 400 observations was 3.D se('ond8, whereas, 
calculated by Sabine's formula (yolume of 
room 11,80U cuhic metres), this time came out 
as 6.4 seconds. Thick carpets "ere l>laced 
on the stage, a large canvas painting (400 
square feet) was introduced, and the glass 
removed from the skylight in the ceiling. 
This reduced the time of reverberation of the 
hall when empty to 4.8 seconds. \Yhen quite 
full the hall showed a stilI shorter reverbera- 
tion \\ hich was not troublesome. Pronounced 
echoes, howe'
er, still gave trouble. These 
were prevented by draperies hung in the dome. 
A sound-" board" was constructed of plaster 
in a paraboloidal form and acted well for a 
single speaker, but was objected to by some 
on account of its appearance. Further, it 
was useless for a chorus or band, and was 
accordingly discarded. The auditorium was 
finally corrected by installing a calculated 
amount of hair felt on walls that produced 
echoes. A decorative cloth was applied over 
the felt to give a pleasing appearance. 
\Vatson afterwards treated the armoury at 
Illinois, 1 This room presented an unusual 
case of defective acoustics because of its huge 
volume and small absorbing power. It was 
built to fulfil the usual requirements of an 
armoury in regard to military drills; but, in 
addition, it had been used occasionally for 
other large assem Llies. The acoustics proved 
impossible for speaking and music, The room 
is 4uu feet by 212 feet by D3 feet high at the 
centre of the roof, which is almost semicircular 
(and thus fOnTIS a reminder of the roof of 
St. Pancras Station, London). Calculated by 
Sabine's formula the time of reverberation, 
when empty, was 24 seconds. It was now 
seen why attempts with a special megaphone, 
parabolic reflectors, and loud-speaking tele- 
phones had all failed, 
The final and successful treatment lay in 
the introduction of canvas curtains to enclose 
a space 212 feet by 134 feet by 34 feet high. 
The time of reverberation in this enclosure 
for an audience of 4500 was then estimated 
to be 1.1 secund. The arrangement was 
carried out and auditors in all parts of this 
space could hear and understand the various 
speakers. 
(v.) General.-Large, bare, unbroken wall 
spaces of Rtone, brick, or plaster may produce 
objectionable echoes and are to be avoided 
whenever possible in a room intended for 
speaking or rapid music. Roughnesses or 
recesses in the walls only count when their 
size is comparable to the wave-length of the 
sounds in use. For the quiet speech of a 
lecturer with a bass voice in a room to hold, 
say, 100, the wave-length is of the order f'ight 
1 Rrirk1JUilder, un;:;, 1-4; Science Abstracts, .A, HHü, 
xix. 74-75. 


feet. Consequently, in such a case, \\ indow 
recesses two feet wide amI six inehes deep 
could scarcely be counted as roughnesses, but 
alcoves four feet \\ ide and two feet d('f'}> 
might be so reckoned. The same remarks 
apply to the recessing of the ceilings by beams, 
coves, mouldings, etc. 
H by reason of bare hard walls distinct 
echoes occur, their objectionable presence may 
be sometimes reduced bv the use of a soulld- 
board over the speaker. 
 Thus if, by the meet- 
ing of the direct and retiected sounds at SOlne 
one small region in the room, the hearing is 
there very defective, a concm:e sound-board 
may focus part of the sound directly to that 
" dead" place and so improve matters. In 
other cases it may be advisahle to use a plane 
or convex sound-board to prevent the chid 
sound proceeding ilirect to that surface which 
produces the objectionable echo, or to cut 
the sound off entirely from the upper part 
of the space. Obviously the sound- board is 
not easily applicable to the case of mUl:;icians, 
so we consider it for the case of a single 
speaker only and when located at a definite 
place. Then, since the wave-length may be 
large, say 8 feet, the sound-board must he 
correspondingly large or the waves of sound 
will bend round it and the board "ill be usckss. 
Again, if the sound-board is required (as usual) 
to reflect as much. as possible, it ig lwtter 
made of plaster on a framework of \vood and 
finished to the exact curvature needed fur 
the purpose in view. 
A careful examination of all the circum- 
stances of the case is req uired bdorp 
deciding what, if any, sound-board is de- 
sirable and Dlight be expected to prove of 
service. 
There are very few, if any, cases in ,,,hieh 
wires strung along or across a building can be 
expected to he of the slightest use, 
It is to be noticed that a room consid('red 
to be right for speech may be just a little 
too dead for music. Such a room may he 
improved therefore hy the removal, on musical 
occasions, of some carpets, curtains, or other 
deadening trappings which are needed for 
lectures. 
(vi.) Absorption Coeffidents.-In the accom- 
panying table are given the values of the 
coefficients of absorption for a numher of 
different materials as determined by \V. C. 
Sabine, H. O. Taylor, and others. These will 
be found useful to insert in Sahinf"s formula, 
either when designing any auditorium, or 
wh('n the endeavour is to remoye the dp- 
fective acoustics of some room already in 
use. 
The a hsorption coeffi('ient, a, is definf'cl as 
the quotient, intensity of sound absorbed hy 
a given surface divided by the intensity of 
sound falling upon it. 
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T\BLE VI 
.dBSORPTIO:XS OF SOU" D 



uh'!hnce. 


Coefficient 
of 
Ah;;:orption a. 


Open "indO\\ 
Auùience . 
H.tir felt (I inch thick) . 
Compr(>ssed cork (l! inch thick) 
Oriental rugs, e....tra heavy 
Oil paintings and frame. 
Asbestos roll fire felt (!-inch thich.) 
Hea vy rug
 . 
Bru
;;;cl
 ('arpet . 
('arpet rug
 . 
Cretonne cloth 
Linoleum, loose on floor 
Pine boards . 
Plaster on laths . 
Single glass 
Bricks or plaster. 
Cheese cloth . 


1.000 
0.96 to 0.44 
0.,8 to u..30 
0.3
 
O.
9 
0'
8 
O.
û 
0.2,) 
0.2:3 
0.2U 
0.1.3 
0.12 
0.06 
0.034 
0.02, 
Q.u:?.3 
O'U19 


Reference :::;hould also be made to the sound- 
proofing of buildings,1 
The bulletin on .. Sound-proof Partitions" 
rrives a survey of the whole subject with a 
bibliography 
f pub1ished articles. 

 (23) LOXG-R..!.XGE TRAXSIT OF SOCSD.- 
'''hen wa yes of 
ound are spreading from a 
powerful source in the open air a number of 
causes operate to dimiIúsh their intensity 
and may prevent their ever reaching the 
de
tination for which they were intended, 
A number of these cases "iÌl be noticed here. 
)Iuch of our knowledge of such phenomena 
i
 due to Tynd
lll and to the late Lord Raj- 
leigh,2 
(i.) Radiation.-If sound issues from a small 
source, comparable to a point, and spreads 
eq ually in all directions in a still homogeneous 
atmosphere, then its intensity falls off in- 
versely as the square of the distance from the 
source. Thus at double the distance the 
intensity is reduced to a quarter, at treble 
the distance to one-ninth, and so on. 
(ii.) Temperature Gradient. - Kelvin has 
shown that, when undisturbed by "inds and 
sunshine, the air tends to a state "hich he 
called C0111:ectiz'e equilibrium. In this state, if 
air he suddenly taken from one level to 
another, the e;pansion or compression con- 
sequent on the change of pre
sure, but 'Zeit/lOut 
any gain or 1088 of heat. \\ ould just bring it 
to the temperature already possessed by that 
region. There is thus a 10\\ er temperature 
at greater heights since there the pressure 
must be less, and the air in ascending to it 
would suffer expansion and consequent 


1 :-;ee "In
nlatjon of :O:onn(l." 'Yo C. ..;ahinf'. Rrick- 
buildn, Un;), xxiv. 31. ":-O;ound-proof Partition
," 
F. H. Watson, CnÜ'. of Illinois Bulletin, Xo. 12ï, 
H):!
. 

 :-'f>e Tynd:lll'
 Sound, London, 189;). 


coolinD'. It can be shown that in f:uch a 
I state, the temperature of the air falls steadily 
in pruportion to the height ascended. 
\rhere this state of things prevails it has 
been shown by the late Lord Rayleigh that 
the path of a ray of sound through the air 
is a catenary \\ith vertex downwards and that 
if the ray ;,-ere reversed the same catenary 
would be described. (A. catenary is the shape 
assumed bv a uniform and flexible chain or 
rope fixed 
 at two points and hanging slack 
at rest under gravity, the ,-erteÅ being the 
lowest point.) 
(iii.) Irind Gradient.-If the "ind is every- 
where horizontal, and in the same direction, 
but increases uniformly from the ground 
up'\\ards, the ray of sound may describe a 
catenary or something closely like it. But in 
this case the path is not reyersible. Thus, 
if the direction of the sound is against the 
\\ ind the catenary has its vertex downwards. 
But if the sound passes \\ith the \\ ind the 
catenary described has its vertex upwards. 
Hence, if cannons are fired at two stations, 
A and B, it may happen that those fired at A 
\\ill be plainly heard at B, whereas those fired 
at B may be inaudible at _-\. 
(iv.) Regular Reflection. - Any large solid 
surfaces, such as a hillside or a cliff, lllay 
produce regular reflection as in the case of 
the ordinary echo. Such reflection may also 
occur at in
isible surfaces in the atmosphere, 
where its density suddenly changes owing 
to a change in temperature, or to a change in 
humidity, or to changes in both. These may 
be called aerial echoes. Tyndall considered 
they are probably concerned in the rolling of 
thunder. 
(v.) Scattering.-Sometimes the atmosphere. 
although optically transparent, is partially 
opaque to sound. It has been found that this 
is due to the presence of patches or layers of 
alternately different densities o\\ing to sudden 
changes in temperature, in humidity, or in 
both. In this state of things. no regular 
reflection occurs such as produces an echo. 
But, on the other hand, the sound is scattered 
from each such irregular surface, and so the 
intensity of the direct sound is, in consequence, 
distinctly diminished. This phenomenon is 
analoD'ous to the reddeninD' or partial obscura- 
tion of the sun when setti
rr in a smoky atmo- 
sphere and to the scatterin
 of light f
'om the 
interior of a turbId liquid or of an opal glass. 
For in these latter cases the optical media 
cited. while failing to gi,-e a reflection in the 
rerrular manner needed to form a mirror image, 
ye
 
top and scatter so much of it that the 
quantity pas:,ing directly onward
 is appreci- 
ahh? reduced, 
1'his state of 
emi-opacity in the acoustic 
sense wa
 carefully mH>stigated hy Tyndall. 
and illustrated by the follo\\ ing lecture 
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experiment. A Hum 1)('1' of altf'rnate byers of 
carbon ùi()
ide and coal gas were interposed 
bet\\een a bell and a sen
itive flame. The 
flame then remained unaffected by the bell, 
though the region which was acoustically 
op,tque was optically transparent. 'Yhen the 
two gases were turned off and air had diffused 
into the space, the flame responded readily to 
the belL 
Suppose the atmosphere has many of these 
patches which scatter the sound, so that its 
acoustic action may be compared to the 
optical effects of a turbid liquid. Then, on 
this account alone, the law of diminution of 
the sound proceeding direct! y ahead would be 
as follows. On advancing equal distances the 
intensity of the suund would lose equal per- 
centages of the values it had on beginning 
each such distance, In other words, the 
intensity of the direct sound would diminish 
in geometrical progression as the distance 
increased in arithmetical progression. This 
same law has been found recently to hold for 
sounds under water in which many small 
obstructive patches occur. (For the recent 
development of submarine signalling see the 
article on "Sound Ranging.") 
(vi,) Diffraction,-The spreading of sound 
behind obstacles, which is one form of diffrac- 
tion, must also slightly weaken the main or 
direct beam of sound, beyond that due to 
other causes. 
(vii,) Fog, etc.-\Ve may now notice other 
states of the atmosphere which have been 
supposed prejudicial to the free passage of 
sound, but whìch Tyndall by an elaborate 
series of exneriments found are not so, These 
include the.&. presence of rain, hail, snow, and 
fug, which. he asserted, have "no sensible 
power to obstruct sound." Kelvin has shown 
that the temperature gradient, which forms the 
limiting condition of equilibrium of the air in 
a warm fog, is about half that in the limiting 
condition for fog-free air. This state is, of 
course, one in which the temperature falls as 
we ascend. Thus on theoretical grounds it 
should be expected that sound would pass with 
less loss in a fog than when the air is clear. 
This inference is fully borne out by Tyndall's 
prolonged researches off Dover. 
It must be pointed out that the above 
statements, though correct, may be easily mis- 
understood and a false impression received as 
to what is really meant. Sound will usually 
travel better in a fog than in clear air, provided 
that the path in question is 'lcholly in the sattle 
continuous bank of fog. That is to say, the 
sound must originate in and be heard in the 
same continuous brmk of .fog. If a sound 
originates in clear air and is to be listened for 
n 
clear air on the far side of an intervening bank 
of fog, then therp might be large reflections at 
the first and second faces of the fog, and the 


sound might he much WeakCl1f'd or inaudible at 
the place \\ here it \\ as intended that it should 
be heard. Again, if the sound originatf's in one 
bank of fog and the listener is in a second bank 
of fog "ith clear air intervening, the sound 
might again be very faint or inaudible at the 
listener's position owing to the two reflect- 
ing surfaces interposed. Thus, though it is 
rightly asserted that sound travels well while 
entirely in one continuous portion of fog, the 
presence of a number of ban/;:s of fog with 
intervening clear spaces, all between the source 
and its de
ired destination, may prove velY 
detrimental to the long-range transit of sound. 
(viü.) Zones of Silence.-l\Iany nutices have 
appeared of late years calling attention to 
exceptional cases of sound propagation in 
which sume explosiun is heard in the dcinity, 
following which is a zone or annular space of 
silence, this being succeeded by a still more 
distant region in whiC'h the sound is again 
audible. Variuus theuries have been put 
forward to account for this, such as (a) \\ind 
gradient, (b) temperature gradient, (c) more 
complex meteorological states of the atmo- 
sphere. The first alone may suffice to bring 
sound down again by total reflection at a height 
where a certain C'ritical state obtains. The 
difficulty in settling what has been the cause of 
such phenomC'na on any particular occasion 
usually lies in the absence of qualified observers 
expecting an explosion and listening for it. 
Thus evidence collected afterwards may be 
biassed or in other ways untrustworthy. 


III. SOUND PRODUCERS 

 (24) GENERAL Sl'RVEY.-\Ve shall treat 
here the various producers of sound whether 
devised for music, signals, or other purpo
es, 
the first clasg, however, greatly preponderating. 
It is often convenient to think of a musical 
instrument with its accessories (and certain 
parts of the performer himself) as divisi
le into 
three main portions. Thesp are: (a) the 
exciter, or means of producing vibrations; (b) 
the 'ciúrating system; and (c) the manipula- 
tive mechanisul, for the production of the scale, 
for expression, etc. Sometimes the vibrating 
system may be subdivided into a t'iúrator of 
definite pitch and a resonator \\ hich reinforces 
and otherwise modifies the sounds originated 
by the vibrator, In other cases there is a 
vibrator, not possessing a definite pitch of its 
own, but only favouring certain pitches, some 
one of which is made actual and definite by 
the resonatur (in addition to its functiun of 
modifying the quality of the tone). The su h- 
division gives, in all, four portions of the instru- 
ment. Take as an example the case of tl1f' 
violin. In this the how in the playpr's right 
hand is the e
citer, the Htrings arc the vihrator.; 
of definite pitch, the suund box and cuntained 
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air form t.he resonator, "hile the finger-board ' 
and the fingers of the pla)er's left hand fur- 
ni
h the mechanism for the scale. The second 
form of subdivision is illustrated by the flute. 
Similar analyses may be supplied by the reader 
for the other instruments, special intricacies 
being referred to as we proceed. 
Having thus briefly glanced at how the 
sounds may be produced, we now pass on to 
notice what are the characteristics" hich serve 
to distinguish one musical instrument from 
another, The chief of these are as foUu" s : 
(a) The range of pitches possible, or the 
compass of the instrument. 
(b) The interval relation of the notes, or 
scale in use. 
(c) The power and delicacy of the sounds 
produci ble. 
(d) The noises accompan)'ing the bepinning' 
or finishing of the sounds. 
(e) The possible or inevitable change of in- 
tensity of the sounds while they last. 
(f) The quality of the sound when estab- 
lished, by musicians termed tone. 
(g) The possibility of sounding a number of 
notes together or the restriction to one at a 
time, i.e. the capacity for harmony or the 
restriction to rnelody. 
Taking each of these seven points in order, 
we may illustrate them by the foUo\\ing con- 
trasted pairs of instruments, of which one of 
any pair may be distinguished from the other 
on the above principles by hearing "ithout 
seeing, 


(a) Harmonium Concertina Large, small compass. 
(b) Bugle Cornet Harmonic series, chro- 
matic scale. 
(c) Trombone Flute Po" erful, feeble. 
(d) Trumpet Clarinet Declamatory, smooth. 
(e) Harp Violin Sounds die away, 
sustained. 
(j) Oboe French horn Penetrating, muffled, 
(g) Violoncello Piano )Ielody, harmony. 


The endeavour has been made to cit{' 
typical examples, but no doubt the discrimina- 
tion between the members of each of the above 
pairs "ould depend partly upon other guiding 
factors, some perhaps too subtle to be recog- 
nised as such. 
As to <:t uality of tone, we may trace an almost 
continuous gradation from rough coarse bass 
quality, through dull, rich, full, or mellow 
tones, to those" hich are described as brilliant 
or even penetrating. Helmholtz has shown 
that the qualities of tone thus popularly 
described correspond to compound sounds in 
which the prime or fundamental sound of 
lowest frequency is accompanied by a retinue 
of other (and mmally) fainter sounds of higher 
frequencies. All these sounds (including the 
lowest) are caUed partials, l\Iusical sounds, as 


to their qualities of tone. may be scientifically 
di, ided into the folIo" ing classes: 
(i.) Those "ith the full harmonic series of 
partials; i.e. the sounds have frequencies as 1. 
2, 3, 4, 5, 6, etc. 
(ii.) Those "ith the odd harmonic series of 
partials; i.e. the sounds have frequencies as 1, 
3, 5, 7, etc. 
(iii.) Those "ith inharmonic partials; i.e. 
the sound::) have frequencies inexpres8ible by 
small u'lwle numbers. 
(iv.) Those without any upper partials. 
(v.) Those with harmonic partials, some of 
which near fixed pitches are specially Jamured 
whatever the pitch of the prime. 
)Iost musical instruments fall into the first 
of these classes; a few into the second; church 
bells, bars, and gongs into the third; tuning- 
forks into the fourth; while the human voice 
sÏ-1ging vo" els stands alone in the last. (The 
question of the special tuning of keyboard and 
other instruments i::; treated in 

 5-6.) 

 (23) COl\IPASSES OF CHIEF :MUSICAL I:N- 
STRUl\IESTS. -Table YII. (p. 699) gives the 
approÀimate compasses of the chief musical 
instruments classified both scientifically and 
musically. The notes given show the trlie 
pitches of the limiting sounds, and not neces- 
sarily those written for the instruments, 
n hich are often different according to the 
pitch of the instrument and the traditions of 
the profession. 

 (26) THE GUITAR.-This instrument has 
six strings, the three upper being of catgut, the 
three lower of silk covered with silver "ire. 
The strings are plucked by the right hand, thc 
thum b being used for the three Im\ er strings, 
and the first, second, and third fingers for the 
three upper strings, the little finger resting on 
the body of the instrument. To obtain the 
different notes of the scale, the strings are 
pressed by the fingers of the left hand (or 
stopped) against the frets or little pieces of 
wood "hich cross the finger-board at the 
appropriate places. "Then the vibrating 
length of the string is thus reduced the fre- 
quency is increased and the note producl
d 
is accordingly higher. Thus. if the string's 
vibrating length is reduced to one-half the note 
is raised an octave, because its frequency is 
doubled. Again, if the length is reduced to 
two-thirds the note is raised a fifth, because the 
frequency is increased in the ratio of two to 
three. Similar remarks apply to the other 
notes of the scale. Thus every use of the fr{'ts 
raises the pitch a bo\e that of the open string. 
An account of the th{'oretical calculation of the 
freq uencies of st rings is gi ,-en in 
 (32) (i.). 
Kotes called llflrmonics may be obtained bv 
touching the strings lightly;' ith the fingers (;f 
the left hand instead of pre-

ing them hard on 
to the frets. Thus. touching at the middle- 
yields the octave, touching at either point ot 
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trisection (one-third up or two-tltird.s up) yields 
the twelfth, touching at. one-fourth up yields 
the double-octave. Hence (reverting to the 
typical :::>ubdivisinn::) of a musical instrument) 
the thumb and three fingers of the right hand 
are the eÅciters, the six strings the "\'ibrators, 
the sound box the resonator, while the fingers 
of the left hand and the frets are the mani pu- 
lative mechanism for producing the scale. 
Since the notes are made by plucking they 
soon die away. 

 (27) THE )IA
DoLIN.-This instrument has 
four double strings, those of each pair being 
set to unison. The e" strings are of catgut, 
the a' strings of steel, the d' strings of copper, 
and the g strings of catgut covered with silver 
,vireo The notation for these strings is that 
shown at the top of Table YII. The strings 
are plucked with a plectrum (of tortoise-shell 
or horn), and stopped (that is pressed hard by 
the fingers of the left hand) upon the finger- 
board to produce the notes of the scale, H. 
Berlioz, the composer and writer on instru- 
mentation, states that the quality of tone of 
the mandolin has a keen delicacy not possible 
on other instruments. This is probably due 
in part to the fine point of the plectrum used 
to initiate the vibrations. As in the case of 
the guitar the notes of the mandolin are soon 
damped out. 

 (28) THE HARP.-This is the important 
representative of stringed instruments played 
hy plucking ,,,ith the fingers, The double- 
action harp is tuned in C, and has seven 
pedals. Each vedal acts upon all the strings 
of a given name throughout the compass of 
the instrument. l"urther, each pe-dal may be 
used to raise the strings to which it applies by 
a semitone or by a whole tone at the option 
of the player. Thus, by the right use of the 
pedals before commencing a piece, the instru- 
ment may be arranged to provide anyone of 
the fifteen major scales in the keys frum C
 to 
C:, both inclusive. The melodic minor scales 
cannot be thus set by the pedals, since they 
req uire different notes in ascending and 
descending passages, The harmonic minor 
scales can be set in the twelve keys from A, to 
C: inclusive. The octave harmonics may be 
produced on the longer strings of the harp by 
touching them at the middle with the fleshy 
part of the palm of the hand and plucking with 
the thumb and two first fingers of the same 
hand. "In the harp a spparate string is pro- 
vided for each note of the diatonic scale, and 
the pedals are the only accessories needed 
to give the accidentals or other sharps or 
fiatf
. 
The harp's quality of tone mingles well with 
the various bras
 instruments. The tone i:-; 
also somewhat undpr the control of the player, 
since the strings may be plucked at various 
places and in a variety of ways. 


It is tp be noted that the lower notea of the 
harp, being made by long and hea yy stringg. 
are fairly pll\\erful,and not soquicklyquenchf"'d 
as those of the guitar and mandolin. Indeed, 
they often need to be damped or checked by the 
hands. Still, since they are plucked, they 
must die a\\ ay in time, having no supply of 
energy to sustain them. Further, the fact 
that the string is excited by plucking leaye-s 
the string free to foHow the vibrations natural 
to it, and this gives a certain charactcristic 
quality tg the tone of such instruments. This 
is due to the fact that the higher partials 
of a thick string are slightly inlwnnonic and 
will so sound in the case of a plucked or struck 
string, whereas in a bowed string all the vihra- 
tions are forced by the Low into the strictly 
harmonic frequencies. 

 (29) THE PIANOFORTE.-In thi!:5 inRtrll- 
ment 1 the strings are of cast-steel wire, at mm;t 
parts of the compass being in duplicate or 
triplicate, but at the bass end single and over- 
spun or wrapped \\ith copper or other \\ ire. 
In the grand pianos tll(' strings are arranged 
horizontally to admit of greater length and 
correspondingly increased powe-r. The sounds 
are excited by the felt.-faced hammers striking 
the strings, then rebounding and leaving them 
free to vibrate. The hammers are set in 
motion by the action (or train of mechanism) 
intervening betwe-en them and the keys which 
form the familiar keyboard. The action also 
lifts a felt-covered dnmper from the string 
when the key is struck, holds it off while the 
key is he-Id, and replaces it to terminate the 
sound when the key i
 released. The deprcs- 
sion of tlw right pedal take-d the dampers off 
all the strings and thus allows a considerable 
increase of loudness and change of quality of 
tone through the sympathetic resonances of 
strings which are not struck. The use of the left 
or soft pedal either (a) restricts the vibrations 
to a single wire for each notf', (b) muffles 
the sound by the interposition of a layer of 
felt, cloth, or other soft. material hetween the 
strings and the hammers, or (c) obtains a 
softened effect by shortening the stroke of the 
hammers. Along the upper part of the frame 
(in the upright piano) there is the wooden 
wrest - plank caTTying the tuning pins into 
which the stringa are fastened, their lowcr ends 
being secured to the hitch pins placcd along 
the lower parts of the frame. Thc strings 
rest upon hard-wood bridges glued to the 
sounding- board, This is often of spruce fir. 
It is slightly convex towards the strin
s, and 
is strcngthened by bars of pine glued to ib; 
inner concave side. 
Havina thus outlined the construction and 
action or the piano, let us tUI n to thc factors 
upon which depend its retinllc of partials and, 
consequently, the quality of its tone. 
1 ::;cc also" l)ianoforte, The." 
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As Wp have Hecn, the ('Àciters are the 
hammcrs, the vibrators of definite pitch are 
t he strings (one or more for each note), and 
the sound-hoard is the resonator. Thus the 
blow of the hammer, at a spot chosen by the 
maker, imparts a transverse velocity to a small 
portion of the string. The state of things 
produced there runs to and fro along the string. 
This leads to a particular type of vibration 
according to the form and ,,;oftne88 of the 
hammer face and the place at which it strikes 
thf' string. A sharp hard edge to the hammer 
would favour very many partials and develop 
a tinkling or piercing tone; the rounded soft 
face of the hammer in actual use !;ives a justly 
prized mellow tone. Again, if the string were 
struck at a seventh of its length from one end, 
it is impos
ible for this point to be a place 
of no motion, Con
equently the seventh 
partial is not encouraged, for it would corre- 
spond to the vibration of the string in seven 
sections with one of its nodes (or places of no 
motion) at a seventh from one end. But this 
remark as to no motion at the node applies 
only to the vibration for which it is a node. 
Hence, though the hammer by striking at a 
seventh would not encourage the seventh 
partial. this partial might still crpep in. In 
some pianos the striking place is between the 
seventh and the ninth of the length uf the 
strings from one end, varying in different parts 
of the compass. The time of contact of the 
hammer with the string may be of the order of 
half the period of the prime or fundamental 
of that string. rhus for the middle C (of, say, 
2ö4 per second) the time of contact might be 
less than one five - hunùredth of a second, 
perhaps as low as one six - hundredth uf a 
second. 
'Ve have seen that the character of the 
vibrations of the piano string itself depend3 
largely upon the nature of the hammer and 
the position of its blow. It must be notf'd, 
further, that the character of the vibrations 
depends also on the thickness and material 
uf the strings. Thus, very thick strings of 
rigid material would be too stiff to form very 
high partials, since they currespond to the 
vibration of the string,; in many small segments 
and involve considerable bending. And for 
the same reasons any moderate partials would 
be inharmonic and would so sound, 
But when the type of the vibrations of the 
string itself is finally settled, is the instrument 
committed to a definite effect as to quality 
of tone? Certainly not. Another very im- 
portant factur remains to be examined. This 
is the sound-board and its bridge upon which 
the string presses. 
The importance of the sound-board may be 
Reen thus. If a string isolated from the ROlmd- 
board vi hrated precisely as a pianoforte string 
dues, very little sound would be heard. The 


rpasnl1 is t.hat t]H' air \\ (mId flow and refluw 
round the string and II(' :scareely disturbed 
far away. A sound-board, on the
other hand, 
cannot vibrate "ithout setting in motion a 
large body of air, thus starting waves of 
sound that are audible all over a large room. 
Accordingly we must asl.:, not merely what 
vibrations does the string itself execute, but 
also what vibrations does the string force 
the sound - board to executc? Of course. 
the latter vibrations dep<:,nd upon the 
former, hut lllay differ from them in e8sential 
respects, 
If the vibrations of the string itself are 
precisely all that could be desired, then it is 
the duty of the bridge and suund- board tu 
reinforce them without clul11ge of character 
and convey .them to the air. If, on the 
contrary, the vibrations of the string are 
defective in any way, then on the bridge and 
sound-board is imposed the double duty of 
reinforcing and Ùnproving these vibrations 
so that the desired quality of tone is received 
from the instrument as a whole. - 
The exact types of complex vibration 
which are most acceptable as forming the ideal 
musical tone are to some extent matters uf 
opinion or controversy. Rtill more difficult 
is it to assign the precise dimensions of the 
mechanical details of hammer, string, bridgf', 
and sound-board which would secure their 
production. Probably the nature of the wood 
of the sound-board and its seasoning are very 
important. Possibly also the exact dimen- 
sions of a sound-board must be varied accord- 
ing to the particular nature of the specimen 
of wood used for it. The various point.s 
here briefly referred to have been under 
investigation for some time, but no final 
solution of such intricate problems can be 
expected at any early date. In matters of 
this kind we no doubt owe much to the 
refined taste and instinct of those concerned 
in the making of pianos, and to their accumu- 
lated experience during two and a half 
centuries.! 

 (30) THE VIOLIN FAMILY, -The instru- 
ments of this family now in use in England 
are four, namely, the violin, the viola, the 
violoncello, and the double-bass (see F
'g8. 4A, 
4B, and 4c). The violin has its strings of 
cat.gut tuned to e", a', d ' , and g, the latter 
being covered wit.h silver" ire. The notation 
here uspd is that at the top of Tahle VII. 
 (25). 
The viola has its strings tuned to a', rI ' , g, and c, 
all heing thus a fifth lower than those of the 
violin. The violoncello is pitche(l an odave 
below the viola, its strings heing a<:'cordingly 
tuned to a, a, 0, and C. The double-bass may 


1 For rpspar('h work on piano vihrations s('c papPI's 
hy n. H. Bpfry, Phil. lIIaf!.. .\ lIrH amI October 1910 
:In(1 July 1911: also onp by ('. V. Itaman, Roy. Soc. 
Proc., April Ht?,O, xcvii. 99-110. 
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haye three strings or four, and they may be 
tuned to fourths or fifths, the earlier alterna- 
tive in each case being that in more general 
use in England. Thus the three-stringed 
bass may he tuned in fourths to G, D, and AI' 
or in fifths to A, D, 
and G I . 
Except for the 
strings, their tun- 
in!!, and the corre- 
sp
nding sizes of 
the instruments, 
they have much 
in common. Thus 
many of the follow- 
ing remarks apply 
to all of them. The 
bow "ith its ros- 
ined hairs is the 
exciter, the strings 
are the vibrators 
of definite pitch, 
the sound - box is 
the resonator, while 
tlI{' finger - board, 
free fro rn frets, 
allmvs the scale to 
be played by the 
fingers of the left 
hand. The vibrat- 
ing portion of the 
string reaches from 
the bridge to what 
is called the nut, 
the little cross- piece 
of ebony or wood 
between the neck 
and head or peg- 
box. "'hen the left 
hand is farthest 
from the bridge it 
i
 said to be in 
the first position. 
Thpn, the first, 
second, and third 
fingers "hen uscd 
in turn to stop the 
string (i.e. to press 
the string against 
the finger - board) 
gi ye the notes of 
the diatonic scale 
req uired to bridge 
the interval between one open string and the 
np)"t. Thus from the fourth or g-string 
of the violin, these fingers give in turn 
the notes u, b, and c'. The next open 
string is d', on which the fingers stop the 
notes e', 1', and g'. The fourth finger may 
be used on an
T of the three lrm er strings 
t () give a note in un i80n \\ it h the 0 pen string 
above. ,rhen the hand is shifted nearer 
the bridge so that the first finger occupies 
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the place formerly held by the second finger. 
the hand is' 
aid to be in the second po
ition. 
The third, fourth, fifth, siÀth, etc. positions 
are also used, the odd being easier than the 
even positions. Each position has its advan- 
tages as regards the notes commanded on a 
given string, either for the sake of (a) smooth- 
ness of phrasing in certain passages, or (b) the 
special quality of tone of the string on which 
such notes are now played. For pach string, 
differing in thickness and mass from its 
fellows, has its own tone and other individual 
characteristics. 
The fingering of the violin in the first and 
third positions, in illu.-:tration of the above 
remarks, is 8bO\\ n in Fig. 3. In the third 
position the notes 
indicated by 
 are 
played by the 
fourth finger 
stretched out a notp 
higher and only 
touching the string 
lightly at its 
"centre." thus 
eliciting the octUl"e 
harmonic. ,rhen 
the term centre is 
used here it must 
be interpreted, not 
necessarily as the 
point equidistant 
from bridgp and 
nut, but as that 
point which divides 
the string into two 
segments which 
yibrate in the same 
time. This is often 
not quite the same 
as the former, be- 
C?Juse the strings are 
usually slightly 
tapering from end 
to end. 
I.Æt us now ex- 
amine more closely 
the action of the 
violin and thE' rôle 
played by its various 
parts. 'Ye may thus 
learn something of 
the qualities a fine 
instrument Rhould possess. and also of 
what its technique demands. The stroke 
of the bow pulls the bowed part of the 
string aside at 
't.s Oll'n speed; I this part then 
springs back, usually at a different 
peed. 
Further, "hpn the bow properly rosined is 
applied with due pre
sure at the right place 
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1 
lIrmi..;('(l hy Hdmholtz awl fpf'f'ntly (lB14) 
esb hlishe(l h
. C. Y. Raman. (::;ce Science .Abstracts, 
A, l
HjJ X\ iii, 8ï.) 
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on the string and I11m'ed at the vppropriate 
speed at right angles to the length of the 
string, then the full series of partial tones is 
elicited, and "ith a special grading of their 
intensities as follow
 : 


Relative frequencies} 1 2, 3, 4, 5, 6, f'tc. 
of vartials ' 
Intf..nsities in viOlin} 1 1/4, 1/0, ] /W, 1/'25, 1/36, etc. 
tone ' 


Or, in words, the intensities of the partials 
of a well-bowed string are inversely as the 
squares of their fre- 
Third quencies. This highly 
Position specblised composition 
constitutes what may 
be called violin tone, 
But these partials do 
not make any im- 
mediate appeal to the 
car. The yiLrations of 
the string first affect 
the briùge (of maple); 
its feet press upon t.he 
pine belly and set that 
in sympathetic vibra- 
tion. The belly sets 
the ribs (of maple) and 
back (maple or syca- 
more) in vibration, 
and thus &Iso the air 
contained in the sound- 
box, which passes in 
and out at the two 
i-holes. The belly is 
strengthened by the 
bass bar, which is inside 
it and lies beneath the 
g-string. Nearly under 
4 one foot of the bridge 
o (on the e" -string side), 
the belly is supported 
by the sound-post, a 
little round piece of 
pine which is held in 
place hy the pressure between back and belly. 
It seems highly probable, therefore, that the 
main portion of the sound heard is that proceed- 
ing from the vibrations of the belly, the back, 
and thf' air betwpen them, Further, since 
these structures are of complicated shape 
"ith asymmetrical strengthening pieces, it is 
not likely that they can follow precisely the 
vihrations conveyed to them from the string 
by the bridge. Indeed it has been shown 
experimentally that the vibrations are modified 
in eharackr as they pass through the series 
of moving parts: string, bridge, belly, and 
air between it and the baek. And this is 
only what may he expC'ctecl from the practical 
consiùeration that the value of the instrunwnt 
lies in the sound-úox that modifies the vibra- 
tions in ::t certa-in individual manner, and not 


First 
Position 
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FIG. 5, 
Fingering of Violin. 


in the strings that originate them. The fine 
old violins have also a special varnish which 
preservr-s and perhaps enhances their tone. 1 
Let us now consider ,,,hat the violin requires 
from the performer, The fingers of the left 
hand have to stop the strings so as to produce 
the notes in the intonation desired according 
to :hat other instruments are used in concert 
with the violin. Further, this task must be 
performed without any help from frets, which 
are not present on the keyboard. But this 
leaves the possibility of gliding the finge-r 
from one stop to another, thus introducing the 
grace called porta mento, which must ue used 
with discretion. The finger bolding a stop 
may also be rocked or rolled, thus producing 
an effect called the tremolo. It may be 
executed rapidly to intel1::;ify dramatic e)"pres- 
sion, or slowly to impart tenderness to a 
pathetic melody. Thus, except for the 
portamento and the tremolo, only accuracy 
(in stop and time) is demanded from the 
left hand. But from the right hand are 
req uired not accuracy only but the production 
of all the tone and expression of which the 
violin is capable. The bow should always 
move perpendicularly to the string::;; the place 
of bowing must be chosen according to the 
effect desired, near the bridge for loud passage::;, 
farther away for softer ones. Again, "ith 
each such place must be associated the COITe- 
::;ponding pressure and speed. The strings 
of the harp are plucked, those of the piano 
struck, and the vibrations of each die away 
according to the inexorable law of such 
instrument, over which the player has no 
control. The vibrations of a bowed string, 
on the contrary, may be sustained of constant 
intensity, or may be gradually increased or 
decreased in intensity at the ,,,ill of the 
performer. Indeed, in this respect, everything 
is possible on the violin, though correspond- 
ingly difficult. 2 

 (31) :METAL REEDS WITHOUT PlrEs,-The 
harmonium, the American organ, and the 
concertina present examples of this class of 
vibrator, the reeds in question being called 
free reeds. A reed or tongue of this type is a 
thin oblong metal plate or strip fastened at one 
end to a block in which there i::; a hole hehind 
the tongue of the same shape, In some 
examples of these reeds the tougue, when at 
rest, closes the hole in the block except for a 
very fine clearance at its margin. "'hen in 
motion the tongue alternately opens and 
(nearly) closes the hole in the block. 
ow, it 
is a r('sult of theory that, the more sudden 
the discontinuity of any periodic motion, 


1 For resC'arch work on the yioHn Sf"C Phil. JI (((I., 
.\n
. l!Um, SPpt. I!HO, ,'line I!H2: also ];ullf'fin, .No. 
}'-" [ndian . \ssoeiation for the ('ulti \'ation of S
Ïf'n('e, 
1!H8. 
2 For :l rC'sC'ardl on these pointH !ice Pltil. 
llao., 
May lU:W
 xx},.ix. 53:)-5:36, 
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the greater the relative importance of the high 
pëlrtials which are present in the corresponding 
sound. Thus, the more sudden the action of 
the reed, the more obtrusive are the high 
partials in the sound, and the more cutting 
or grating is the quality of tone. Further, 

ince in the instruments now under notice 
there is no pipe whose resonance might 
modify this quality, it remains of that cutting 
character which soon palls. 
To sharpen the pitch of a reed, a little is 
scraped off the tip. This, while not changing 
the spring, diminishes the mass at the end 
"here its effect is greatest and so increases 
the frequency. To flatten the pitch, a little is 
scraped off the root of the reed. This, while 
not changing the effective mass, weakens the 
spring and so decreases the frequency. 
In the harmonium the bellows forces the 
wind through the reeds, while in the American 
organ the wind is drawn through the reeds 
into the bellows. The English concertina is 
tuned to mean-tone and has separate notes for 
D::: and E.." also for G:: and A.,. 
* (32) REED PIPES IN THE ORGAN.-These 
differ in two respects from the reeds of the 
harmonium, first in ha,ing a pipe to modify 
the quality of tone produced by the reed, 
second in the manner of their tuning. It is 
also to be noticed that the reeds are of two 
kinds, free reeds like those in the har- 
monium, and beating reeds which are too large 
to pass into the opening with which they are 
assuciated. They therefore bentJ. on to the 
opening like a covering flap until they have 
nearly closed it. Such a reed is adjusted, 
or 'L'oiced, so as to cluse "ith a rolling motion, 
and thus gradually cover the aperture. The 
harshness of quality consequent upon a sudden 
discontinuity is thus obviated. The free reed 
of an organ pipe is tuned by a wire clip which 
grasps it near its root. The shorter the 
vibrating part of the reed the higher the 
pitch, The beating reed has a wire pressing 
upon it near the root, and by its adjustment 
the repd is tuned. By varying the deign of 
the reeds and the shape uf the pipes ,dth 
which they are used, various typical tone 
qualities c
n be obtained ur approached, thus 
imitating or suggesting the various orchestral 
instruments. 
In these repd 8tOp8 (or sets of pipes of a 
given type for several octaves) we may nute 
the following parts and functions. The blast 
of wind is the exciter, the reed of definite 
pitch is the vibrator, and the pipe "ith "hich 
it is associated is the resonator modi(
ing the 
quality of tone produced. 

 (33) ORGAK PIPES WITHOITT REEDS,- 
These com;titute the flutC', or flue, stops of the 
organ. They are usually parallel and ah':ays 
have a typical opening callC'd tllP mouth. 
Above the Illouth is the speaking length of the 


pipe, helow it is the ra('k length, or portion 
of smaller tube by which the pipe is put in 
connection "ith the "ind chest from which 
it is blown. :\Ietal pipes are usually of 
circular cross-section, wood pipes are usually 
rectangular in cross-section. The flute pipes 
also fall into two main classes according as 
they are open or stopped at their top end. 
Let us inquire how these pipes come to 
utter their musical sound, (See Fig. 6,) 
Suppose the pipe is in position, the air in 
the "ind chest at the right pressure, and the 
key is depressed. Then the blast of air issues 
from its slit-like opening at the lower part of 
the mouth of the pipe and passes up in the 
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form of a thin sheet or blade and strikes the 
lip or upper edge of the pipe's mouth. It may 
pas::! chiefly outside the pipe and so make a 
rarefaction inside or it Illay pas.; chiefly inside 
and so make there a compre::;sion. \Yhiche\ er 
state is first produced just inside the mouth 
advances to the top of the pipe, is there re- 
flected, and returns to the mouth. On 
reaching the mouth this reflected di::;turùance 
reacts upon the unstable blade-shaped stream 
of air still PM.sing upward at the mouth. 
Accordingly this stream i:; easily pU!:5hed or 
drawn aside, and by this very detlection 
encourages that state which already e'\.ist:;. 
Thus the ,\ind maintains the sound of the 
pipe. Hut its pitch or freq ueney is fixed by 
its speaking-length, the nature of the reflec- 
tion at the top. and the spC'ed of 80und in 
tt-e ail" of the pipe. 
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(i.) Open Pipes.-If the pipe is open then a 
com pression arriving there "ill be reflected as 
a rarefaction, for the two opposite states are 
req uired to keep the pressure practically con- 
stant, as mu::;t be the case at an open end. 
Hence, if a compression starts up from the 
mouth, it is cha,nged into a rarefaction after its 
ascent, and after its descent it is again reversed 
in state by reflection at the muuth, so starts up 
again as a compression, That is, the original 
state of things is repeated after twice travers- 
ing the speaking-length of the pipe. Consider 
now the case of a btopped 
ipe, A compression 
arriving at the top end i::; reflected as a com- 
pression (the double compression being easily 
supported by the stopped end), descends to 
the mouth, is there reflected as a rarefaction, 
and passes up and down the pipe again in 
that state. Then, by reflection at the mouth, 
it is changed to its uriginal state of compres- 
sion. And this occurs after traversing four 
times the speaking-length of the pipe. Thus a 
stopped pipe has about double the period 
and half the frequency of an open pipe of the 
same length. In other words, stopping the 
pipe lowers its pitch about an octave, All 
the above remarks apply to the prime or 
fundamental of the pipe, Let us now inquire 
what are the pitches of the other partials 
possible to the pipe. Take first an open 
pipe as shown in Fig. 6. To prepare for the 
upper partials we may with advantage go 
into a little closer detail in the prime itself. 
Thus the mouth and the upper open end are 
buth antinodes or places of freest motion. 
These are accordingly marked A in the first 
column of Fig. 6 under the heading prime tone. 
But, half a period after a compression leaves 
the mouth to ascend, a rarefaction leaves it 
also and starts up the pipe. Now, at this 
very instant a rarefaction, derived from the 
previous compressiun, is starting down from 
the top. Thus, these two rarefactions will 
meet at the middle of the pipe, and while (by 
their opposite direction) annulling all motion 
they will produce a dou hIe rarefaction. This 
middle point is therefore for the prime a 
node, or place of no motion but greatest 
change of pressure. It is accordingly marked 
.N on the figure. If the pipe were overblown 
it cuuld sound its second partial tone. The 
corresponding state is as shown in the column 
under that. heading. Thus, there are again 
antinodf'H at the open end and mouth, hut 
now an antinode in the middle also, nodes 
occurring midway hetween the antinodes as 
before, The wave-length of the vibration is 
accordingly half that for the prime and the 
frequency, in consequence, is doubled. The 
next column shows the state of things for the 
third }mrtial, in which the wave-length is a 
third that for the plime and the frequency is 
trebled. In Fig. ö a little tambourine with 


sand is shown at the middle, by'\- hich it may 
be demonstrated that there is no motiun at 
the nodes and much at the alltinodes. The 
gas jets F, G, H show that there is a fluttering 
of pressure at the nodes, 
Now, when the pipe is supplied "ith wind 
of the appropriate pres,.;ure it sounds the prime 
most prominently, but also the other partials 
too, their intensity falling off as we a8cenù in 
the series. A set of pipes intended for use 
at any given pressure must therefore be so 
voiced (or adjusted at their mouths) as to 
respund readily to blowing, and start their 
notes as promptly as possibl{'. If the stream 
of air were so directed as to fall outside the 
pipe always, or inside it always; then in 
each case the pipe would nut speak. It must 
be so directed and of such unstable nature 
as to be easily pushed out or dra" n in by the 
first feeble pulse that has travelled up and 
down the pipe. Further, this stream of air 
must be of such nature as to encourage, not 
the prime only, but each of the other desired 
partials also, and each in the degree desired. 
But the pipe has a great effect upon the final 
result whatever the stream of air is favouring. 
Thus, with a narrow open pipe, all the partial 
tones are well in tune, that is the frequencies 
possible to the pipe are almost exactly in the 
ratio 1, 2, 3, 4, 5, ö, etc. Xow when the 
blast is on, all the partial tones actually 
sounded must "be precisely in tune as just 
mentioned. Hence, on bluwing such a pipe 
these partial tones readily respond and the 
tone is fairly bright because many partial 
tones are present. Again, consider an open 
pipe, but this time a wider one (and perhaps 
of \\ ood), the possible partials have frequencies 
nearly as 1, 2, 3, 4, 5, 6, getting more out of 
tune as we ascend the series. Accordingly it 
requires more effort to induce these higher 
partials to spea.k in tunc, which they must 
do under the influence of the blast if they are 
tn speak at all, The result is that these 
higher partials speak more feebly in a wide 
pipe than in a narrow one, and the tone is 
conseq ucntly melluwer or less bright. 
(ii.) Stopped Pipes. - Turning now to a 
stopped pipe, we must always have a node at 
the stoppC'd end anù an antinode at the mouth. 
For the prime tone there is no other node or 
antinode in the pipe, which accordingly has a 
length about a quarter of the "ave-length 
speaking. J
or the next partial we should 
have the state of things reprC'senh'd hy 
ANA
; beginning at the mouth and denoting 
by A an antinode and by N a node. The 
length of the pipe is accordingly three-quartf'rs 
of the wave-length now in use, In other 
words, tlw wavc-If'ngth is now one-third that 
for the prime and the frequency is trehled. 
Similarly for the next higher partial" e 8hould 
have the scheIn,) A.NA
A
. ThÜ; shows that 



tho pipe is fi ve-q uarters of the wave-length 
now in use, whose frequency is accordingly five 
times that of the prime. Thus, for a stopped 
pipe the frequencies of the partial::; possible 
are as 1, 3, 5, 7, etc., i.e. as the odd numbers 
only. \Yith the stopped pipes again (as "ith 
the open ones), the narrowness of the pipes 
favours the upper partials and produces a 
brighter tone, while widening discourages 
them and giyes a duller tone. But, whether 
wide or narrow, the stopped pipes have a tone 
quality distinct from the open ones because 
of the odd partial.::; only being present instead 
of all. The tone of stopped pipes may be 
described as somewhat hollow, the wider 
stopped pipes h:1.ve a dull quality of tone, and 
when very low are said to be soft and powerless. 
The tuning of open flue pipes" hen of metal 
and cylindrical is accompanied by shifting a 
sleeve which slides on the upper end. Pushing 
the sleeve up lengthens the pipe and flatteud 
the pitch, pushing it down shortens the pipe 
and sharpens the pitch. 
\Vooden open pipes are tuned by bending a 
metal piece which shades the top, The pitch 
is flattened by lowering this flap, because the 
open end is then more effectively shaded 
and this is equivalent to lengthening the pipe. 
For the ",'irtual open end, as regards the waves 
of sound, is ahvays beyond the actual end, 
and the less open the enc1 is the greater the 
discrepancy between the two. To sharpen 
the pitch the flap or shade is raised and the 
pipe virtually shortened. 

 (34-) THE FL"GTE AYD PICCOLo.-In the,;;;e 
instruments (and fifps) we have a pipe parallel, 
or nearly so, open at one end and pierced "ith 
a special mouth-hole near the other end. They 
are thus comparable to the flute pipes of the 
organ as to the manner of maintaining their 
sound, though the lips and chest of the 
flautist replace some corresponding mechanism 
in the organ. The air blast may be regarded 
as the exciter, while the ribrating system 
comprises (a) the blade-shaped stream of 
air which passes from the player's lips and 
strikes the sharp erlge of the mouth-hole, and 
(b) the column of air within the cylindrical 
pipe. The pitch is decided and kept steady 
by the length of the air column whose vibra- 
tion causes the stream of air alternately to 
enter or pass over the mouth-hole. The 
manipulati\Te mechanism for the production 
of the scale consists of the holes and keys 
along the side of the tu be which act by regul
t- 
ing the effective length of the tube in use. It 
is this length which governs the time of 
passage of a pulse to and fro in the tube. In 
a very simple form of flute or piccolo there 
are only six finger holes and six keys, the former 
being open except when closed by the fingers, 
the latter closin,g holes except when opened 
by t,he fingers. In such a flute the uncovering 
VOL. IV 
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of the holes in order beginning at the right-hand 
or open end would usually give the diatonic 
scale of D. If, howe,er, the tube is lengthened 
and other keys provided, the chromatic scale 
may be continued down to C natural. By 
some musicians the flute is then said to be in 
C, although the holes still correspond to the 
scale of D. In Table VII., p. 699, flute in D 
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FIG. 7.-Concert Flute, 
Pratten's Cone. 


FIG. 8.-bilver Concert 
Flute, Boehm Cylinder, 


is inserted although of this type. In the Boehm 
flute the holes are all coyered, but the positions 
of these key-holes correspond to all the finger- 
holes and key-holes in the simpler arrange- 
ment. The two flutps are 
hown in Figs. 7 
and 8. The mu
ical notes indicated against 
the open end and the other holes give the 
pitches sounded in the lowest octave when 
each place is in turn the first opening counting 
from the mouth. hole. In other words, the 
place in question is open but evprything else 
is closed between there and the mouth-hole. 
The higher octaves are obtained by oyer. 
blo\\ing and slightly different fingering. 
2z 
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The flute has the fnll series of partials since 
its tube is parallcl and open at each end, but 
the partials do not usually extend far. Thus, 
the quality of the flute's tone is very mellow 
and pleasing, heing somewhat dull in the lower 
register if sounded suftly, but brighter in the 
middle part of the compass. The partial 
tones of the flute are in Borne cases almost 
limited to the prime and octave. In attempt- 
ing to obtain low notes loud, the octave (or 
second partial) may be much louder than the 
prime, and there is difficulty in keeping the 
prime going at all. 
The piccolo is about an octave above the 
flute, but in other respects similar. The 
lower part of its register is poor in quality and 
is not much used, the flute giving hetter notes 
in this part of the com pass. Also the higher 
notes of the picculo, if loud, are somewhat 
harsh and need toning down by a sufficient 
acc
mpaniment. But the piccolo, judiciously 
u
ed, can give an incisive brightness not 
otherwise obtainable. It can also continue 
a melody beyond the range of all other 
orchestral instruments. 
The flute and piccolo are the most agile of 
the wood-wind instruments, being capablo 
of rapid staccato passages which would be 
difficult and ineffective on reed instruments. 
This is in great measure due to the posRibility 
of double and triple tonguing on the flute, 
which is impossible with a reed, To grasp 
this point we mu,st note that the ordinary 
method of producing or tonguing detached 
notes on the flute is by articulating the syllable 
too, or something which approximates closely 
to it. Now this is done hy sharply withdraw- 
ing the tongue from between the lips and emit- 
ting a puff of air. But if this syllable too were 
required for every detached note, however 
rapid the music, only a confused scuffle would 
follow. For the tongue would have to perform 
two motions, backward and forward, for every 
note uttered. This difficulty is obviated by 
pronouncing different syllables alternately. 
say too with the backward stroke of the 
tongue, anù koo with its forward stroke, a 
musical note being obtained at each stroke. 
Various syllables are nqed according to 
individual choice, dearness and equality of 
articulation being the aim. It is easily seen 
that double-tonguing offers the same advan- 
tage to the flautist that up-and-down bo"in,!! 
does to the violinist, a note being obtained at 
each stroke, instead of only one note for both 
strokes, as in single tonguing on the flute, 
or using all down-strokes with the violin bow, 

 (35) THE OBOE AND BAssooN.-These are 
the soprano and hass instrunH'nts of the same 
family. Each iR played with a small double- 
cane reed, and each has a conical tube. It 
can be shown mathematically that such an 
in':Jtrument (a cone closed by the reed at its 


verte-x) must ha\ye the fun sprics of partials. 
_
nd it is found hy experiment to bc the case 
for the ohoe. Indef'd, some of its high partials 
are \Tery powerful, and therefore make the 
tone quality thin but penetrating. The oboo 
takes so little air that the player is practically 
holding his breath while sounding a continuous 
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FIG, 9.-Thr Oboe. 


FIG. to.-The Rassoon. 


note, and needs rest not to take breath but to 
I expel that which could not be passpd through 
the ref'd. 'Yith these instruments the air 
blast is the exciter, the rCf'd and its associated 
tubp form the vibrator, and the somewhat 
complicated system of holes and keys supply 
the meehani:;:nn for the production of the scale. 
This is aecompliHhN] hy changing the f'ff('('tive 
l('ngth of tlw tu he from the rCf'el to the first 
opening, 
The conical tube of the oboe is straight, 
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while the bassoon, about two octave'3 lower, 
has a bent tube, The bell oÎ the bassoon is 
at the upper end, the other or reed end being 
near the bell, but lower, while the èpnical 
tubing passes down from the reed to the con- 
cealed bend at the lowest part of the instru- 
ment and thence straight up to the bell. Both 
instruments are shown in Figs. 9 and 10. 
The English horn or Cor Anglais may be 
regarded as an alto oboe, but the bell is rather 
different in shape, and the 
tone is quite characteristic and, 
in certain cases, extremely 
effective (see Fig. 11). 
All the instruments of this 
family (like the flutes) yield the 
octa ve by over blowing. By 
this device, therefore, com bined 
with suitable fingering, the 
higher octaves are obtained. 

 (36) THE CLARIXET.- This 
illstrumen t is very special from 
the scientific standpoint and 
justly prized by musicians for 
its fine tone. It is played "ith 
a single beating-reed of cane; 
the tubing is parallel, except 
for a small part ne:u the 
mouthpiece and the end which 
forms a belL Thus, since the 
reed must count as a closed 
end, the clarinet has the odd- 
numbered partials most pro- 
minent, although the even ones 
are not entirely absent. It is 
this, together "ith the special 
beha viour of the reed in the 
mouth of a skilled performer, 
that gives the tone of the 
instrument its quality so 
characteristic of the clarinet. 
Further, it must be noted that 
the instrument (because of its 
odd partials) overblows the 
t'll'elfth (instead of the octave, 
as in the flute above). In 
other words, since the strong 
partials ha ve freq uencies, as 
1, 3, 5, 7, etc., that of triple 
frequency is the next note to 
the prime, and so is got by 
overblowing. And this note is the twelfth 
of the prime in the musical method of reckon- 
ing by counting the notes of the diatonic 
scale. Accordingly, on the clarinet a sufficient 
number of holes and keys must be provided to 
give the chromatic scale over the interval of 
a twelfth from low E up to B. This requires 
at least 19 holes and keys, but it has been 
found prefera hIe to provide 7 holes and 13 
keys. These arC', as sho" n in Fig. 12, the 
letters against each hole or key indicating the 
notes sounded when the place in question is 
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open and all else is closed bet" een there and 
the reed. 
Since the fingering is somewhat complicated 
in the clarinet it is found preferable to keep 
it "ithin the limit of keys without more 
than two flats or sharps in their signaturf's, 
at any rate for rapid passages. This necessi- 
ta tes the provision of clarinets in various keys, 
those in common USf' in the orchestra being 
in C, in B
, and in 
\. Thus, if a piece of 
music required perform- 
ing in the key of E., 
(three flats in the signa- 
ture), by directing the 
use of the B., clarinet 
the music would be 
written in F (one flat 
only in the signature). 
For the fingering that 
produces F on the C 
clarinet "ill produce E, 
(a tone lower) on the B, 
clarinet, since the instru- 
ment itself is a tone 
lower by reason of its 
extra length of tubing. 
Again, if music in the 
key of E (four sharps in 
the signature) were to 
be played on tl1P clari- 
net, the music would be 
written in a (one sharp 
in the signature) and 
assigned to a clarinet in 
A. Then, since this 
instrument gives A for 
the note "ritten and 
fingered as C, it "ill give 
E for that. written and 
fingered as a. Of course 
the C clarinet could be 
used for the five keys 
B." F, C, a, and D: but 
the B., clarinet would be 
better for the first of 
these, about equally good 
for the second, whilf' 
the A clarinet would be 
better for the last. But 
apart from the ease of 
fingering which has just 
been alluded to there is the distinctive quality 
of tone of each instrument to be considered. 
Thus the C clarinet is in the upper parts some- 
what unsympathetic, while the A clarinet 
is duller than the B., instrument, which is 
considered the richest and fullest in tone. 
It may be noted that the clarinet is specially 
capable of the most delicate gradation
 of 
piann and pianissimo. Further, in common 
"ith all the other reed instruments, the 
clarinet is heard at its best in legato phrase's. 
Staccato pla
'ing on the reeds is ineffective 
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in rapid passages, as no douLle - tonguing 
is possible (as in the case with the flute). 

 (37) THE FRE
CH HOR:-l WITHOUT VALVES. 
-'Ye now commence the notice of a class 
of instrument very important musically and 
of high scientific interest, namely, the brass 
of the orchestra and other bands. 
\ll these 
have hyperholical pipes and cupped mouth- 
pieces, the human lips forming the very special 
double-reed. To produce any desired note, 
that is l'o::!::!ible with the length of tube in use, 
the lips (at the right h'nsion) are applied to 
the mouthpiece, the tongue is suddenly 
withdrawn from them anù a sound like too 
articulated. This sound is steadied in pitch 
and much increased in power by the tube. 
Thus the blast of air is the exciter, the human 
lips and the tube together forming the vibrator. 
in the above respects all the brass instruments 
are alike. They differ, however, very \\idely 
in the mechanism for the scale, in compass, 
in power, and in many other details. 
All French horns have very long tubing 
coiled in a circular form and ending in a large 
bell, and are played with a long narrow taper- 
ing mouthpiece which favours the production 
of high notes of a soft quality of tone (see Fig. 
13). In playing, the right hand is placed 


FIG. 13.-Frcnch Horn without Valves. 


inside the hell to give the tone a slightly 
muffled or veiled quality. The hand can 
also be changed somewhat in position su as 
to alter the pitch by various fractions of a 
tone, quarter-tone, semitone, three-quarters 
tone, etc. This changed position of the hand 
involves also a change in the degree of muffling. 
In common with all the other hrass instru- 
ments French horns have the full series of 
partials. This is due to the fact that a cone 
closed at the yertex gives this full set, and 
that all the brass instruments are quasi- 


conical. The curvature is to correct for the 
bell and mouthpiece, etc. By a suitable 
pinch of the lips these different partials may 
be elicited in turn as the open notes of the 
instrument, tho'Se which are lower than the 
note required being suppressed, In this 
way the various possible frequencies from 
1 to 1ß may be sounded. These notes for a 
horn in C may be represented in ascending 
order as follows: 


[C] e g d e' g' (1/11) e" d" err (f") g" (a") (b"b) b" c lll . 
[I] 2 3 4 5 j) 7 8 9 10 11 1
 13 14 15 16. 
The notation here used is that at the top of 
Table VII., p. mm, giving the compass of the 
various instruments. The first note or pedal 
is shown in square brackets and is very 
f'eldom used musically. Indeed, it is not 
strictly in tune, but is somewhat displaced 
in pitch in order to bring the other notes 
that are used into more exact tuning. Again, 
the 7th, 11th, 13th, and 14th notes are in 
round brackets to indicate that they are 
not in exact tune with the notes shown by 
b
, f, and a, nor indeed "ith any notes in 
the tempered scale in use. But, if the instru- 
ment is a good one, the notes in question have 
the frequencies shown by the numbers 7, 
11, 13, and 14. It is seen that the series of 
open notes give some approximation to a 
diatonic scale in the top octave but not in 
the lower ones. In the original form of the 
horn (which is very ancient) no valves were 
provided, and the fist had to be used to 
modify the open notes if an approach to 
the ordinary scale were required in parts of 
the compass where the open notes left large 
gaps. :For this reason the French horn .with- 
out valves is uften called a hand-horn. But 
when the instrument was used without valves 
there were still gaps in the lower parts of its 
compass where the open notes are a musical 
fourth or fifth apart. To meet this deficiency 
horns were used in various keys by the addition 
of coiled tube
, called crool.:s, near the mouth- 
piece. The crooks were of different. lengths, 
so as to put the horn in A, A" G, F, E, E" etc. 
Thus, by having some horns in one key and 
some in another, a composer could get alì 
the notes he required. Suc>h crooks are still 
used on the French horns with valve;-;, becawo\e, 
by putting the horn in a suitable key, more 
open notes are obtained, In urùer tu tunc 
the horn some parallel tubing is provided, 
of which one piec>e like a U can be drawn 
out at pleasure. This is called a tuning 
slide. 'Yhen no valves were used the horn 
would have a characteristic of its 0\\ n, 
owing to its scale limitation, apart alto- 
gether from its special quality of tone. 
The same thing is noticeable to-day in bugle 
calls and in fanfares on trumpets \\ ithout the 
use of valvc::!. 
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 (
b) FREXCH HOR
 WITH YALYEs.-Let 
us now consiùer the use of valves to complete 
the chromatic scale on a brass instrument, 
Such valves act by putting in use additional 
lengths of tubing and so flatten the pitch (see 
Fig. 14). (This may be contrasted \\ith the 
method of side openings on the wood-wind 
instruments which shorten the portion of 
tube in use and so sharpen the pitch.) For 
the French horn the longest gap which it is 
necessary to bridge is that between the 
second and third open notes c and g, a musical 
fifth apart. \Ye thus need six different 
lengths of tubing to derive, from the upper 
note g, the notes J-:., f, e, d
. d, and c::. Then, 
if this longest gap is bridged, all smaller gaps 
are bridged also and \\ith something to spare. 
Further, the valves "ill be available to extend 
the scale down from c, should that be req uired. 
The six lengths of tubing needed are supplied 
by three valves, of which the middle or second 
valve adds sufficient length to depress the 
pitch a semitone, the first valve alone flattens 
the pitch a tone, while the third valve alone 
flattens the pitch about a tone and a half. 
Then the combinations, second and third, 
give a flattening of about t\\ 0 tones, the first 
and third two-and-a-half, while all three 


be difficult to I,btain and those below the 
bottom C shown in braces are difficult also. l 
It is easily seen from the table below that 



 .-.
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FIG. 14.-French Horn. 


in the higher parts of the compass alternative 
fingerings are possible. These would be 
indicated by writing notes in the lmes so as to 


TABLE YlII 
SCALE o
 FRE
CH HOR
 
 C 


Order of 


Fingering and X otes. 


Open X otes Open 1 1 I 1 1 
in -ese. 2 2 2 2 
o. (or 3) 3 3 3 
lG C . . . . . . . . . . . . I 
15 B: . . . . . . . . . . . . 
14 - Bb A c= . , . . . . . , 
I 12 G F:: F . . . . . . . . 
10 E D: . . . . . . . . . . 
9 D C: . . . . , , . . . . 
.................... ............... ................ ................ ......... .. 
S C p
 Db A a: 

 
 . . . . 
ß G F:: F . . . . , . . . 
5 E J): D c' . . . . . . 
4 C B:: Bt1 A I c: . . . . 
3 G F: F E D: D c: 
2 C {n: Bt1 A I c: G I F;} 


together flatten the pitch about three tones. 
It may be noted that the first and second 
valves are generally used together instead of 
the third alone. The use of the valves, and 
the notes produced on a horn (or other valved 
im;trument) in c, are shm\ n in Table YIII., 
together \\ ith the order of the partial or 
open note in use on the tutal length of 
tubing. 
Any notes above the tnp C sho\\ n "ould 


fill up all the blanks, taking care to descend 
a semitone in each shift to the right. It 
may be noticed also that two valves (the first 
and second) would give the chromatic scale 
over the upper part of the compass. 'Yhen 
a longer crook is fitted to the French horn 
1 On the cornet and some other Y:tln'll instruments 
no note hÏ!rIH'r than the C, whieh is the dghth olwn 
note, is u
ually employed, thi
 limit twing indiratf'cl 
lJy the dotted lint'. On th(" cornd. howeyer, the low 
notes in braces are all reaùily olJtained. 
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('<"tch of the valves needs more tubing also. 
They are accordingly fitted "ith slides that 
are drawn out to suit. 

 (39) FAL"LTY IXTO
ATIOX OF ORDI
ARY 
Y ALVEs.-Let us now inquire if the valves 
can be tuned so as to be strictly correct for 
use alone and in combination. Suppose that 
only the equal temperament is aimed at, so 
that the problem is ::;implified as far as 
possible. Even then the theoretical require- 
ments cannot he met by ordinary valves. 
Perhaps the simplest" ay to see this is to take 
some concrete case as fullows: Let the first 
and third valves give the dppression of a 
musical fourth correctly, i.e. the length of the 
tu bing is increased in the ratio 3: 4. (The 
tempered intonation is practically equal to 
the just for this interval.) Then, if the 
second valve used alone depressed the pitch 
by an equal-tempered semi tone, it will need 
to be 
 of its previous length to depres:3 it a 
semitone when used along with the other 
two valves. If therefore the second valve 
is not altered when in combination with 
the others it will depress the pitch by i 
of a semi tone only; thus leaving the note 
in question one - fourth of a sentitone sharp. 
Hence, \\ith three ordinary valves, some 
compromi:;;e is inevitable. Thus, as exactness 
throughout the compass is impossible it has 
to be considered on what notes mistuning 
will be least objectionable. A glance at 
Table VIII., 
 (38), shows that the first and 
second valv('s are more used than the third, 
which is scarcely needed in the upper range. 
Also the three valves together are needed 
only for one or two notes near the hottom of 
the compass. Further, it must be remarked 
that the resonance of the instruments under 
consideration is much more spread in the 
lower part of the compass than in the upper. 
That is to say, it is quite easy t.o blow the 
lower notes a little sharper or flatter than their 
natural pitches, but diffiC'ult to do so with 
the upper notes. Indeed, other things being 
eq ual, the difficulty of blu\\ ing a note sharper 
or flatter than its true pitch is proportional 
to its frequrncy,l All these considerations 
point to the desirability of k('eping the first 
and second valves, used alone or in combina- 
tion, as true as possible and allowing errors to 
accumulate on the comhination of all three. 
But to mini mise the sharpness in this last 
case the third valve slide may he made fairly I 
long. Let us now illustrat<.> this hya numerical 
example. Suppose some cornet has an ap- 
proximate length of 50 inC'hes of tubing from 
mouthpiece to hell when no valves are in use, 
and, for simplicity, let us ignore any modifica- 
tions in lengths that may ari<;e from the fact 
that through the valves the tubing is parallf'1 
but is tapering both bpforC' and after, then 
1 See Phil. ..Hag., July 1913. 


the lengths to the nearest tenth of an inch 
required for the various notf'S in equal 
temperament are as shown in Table IX. 
It is to be noted that the nominal note C Ì<; 
really the open note natural to the instru- 
ment. Next below are given the lengths 
t.hat might }-Je added by the ordinary valves, 
the total lengths of tu bing so obtained, and 
the errors in length and in fractions of a 
semitone. It is seen that the C
 and F: are 
about a quarter of a semitone sharp, and 
that the D
 
nù G: are about one-seventh 
of a semitone flat. Also if the third valve 
be used instead of the combination of one and 
two, we have the E and A ahout a quarter of 
a semitone flat. 

 (40) EQUAL TE:\IPERAME
T \\ ITH SPECIAL 
VALVES.-Let us now notice the principle of 
certain special valves with which it is possibl(' 
to attain equal temperament. This improve- 
ment has been introduced by two firms, the 
details of construction bcing different. In 
each case, however, the main principle is the 
same, viz. that when the third valve is used 
in combination with either of the others (or 
both of them) some extra length of tubing 
shall come into use over that in use with thc' 
first and second valves alone or together. 
The effects of this arrangement are shown in 
the lower part of Table IX., by which it is 
seen that the lengths shown for the first and 
second valves are greater when the third is in 
use than when it is not. The results are seen 
to be errors so slight as to be practically 
negligible. Hence, musically speaking, the 
instrument is true to the equally tempered 
chromatic scale throughout, provided the 
open notes are so tuned. :Uessrs. Boosey & 
Co., of London, ohtain this advantage by 
arranging that certain extra compensating 
knuckles of tubing shall come into use in 
connection with the first and second valve3 
when, and when only, the third valve is de- 
pressed. They called their device "compen- 
sating pistons." 

Iessrs. Besson & Co., Ltd., of London, 
have a pair of separatp knuckles of tubing for 
the first valve, and a pair for the second also. 
One of each pair is called the short sHde and 
comes into play "hen that valve is used 
without the third valve. The oth('r of each 
pair is the long slide and comes into play only 
when the third valve is depressed as well as 
the valve in question. The arrangement of 
the
e p
Ürs of i'li<ks (long and short below 
and above) is clearly seen from Fig. 15, show- 
ing one of Besson's cornets \\ ith their "t"n- 
harmonic" valves. Each of the five valve 
I slides may be drawn for tuning so as to reach 
tht' hest adjustment. It seemed desirable to 
show these valves at th(' ontsf'Ì in connection 
with the cornet, but it must be remarked 
that their use is more desirable in the 
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FIG. 13.-Cornet \\ith ::;pecial Yal\"cs. 
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T.\BLE IX 


Y ALVES OS CORSET 


Inches. 
5G.I 


Inches. 
59-,") 


Inches. 
G3.C 


Inches. 
GG-7 


Inches 
70.7 


F 


D
 


c: 


E 
A 


D 
G 


c: 


F
 


BJ 


(j.3 


3.2 
and 
tj.3 
(1O.3) 


3.:! 


3.2 


G.3 
10.3 


G.3 
10.3 


10.3 


5tj.3 


I 
I (+
'h) 
I 


0-"23: 


59.5 
(GU.3) 


(j3.;) 


6tH'> 


G9'S 


+0.5 


+0,1 


+0,2 


-0.9 


Ifl5 


o 
(I/-b ) 


I/;b 


I 3; 


6.:!5 


3.13 
and 
G-"25 
or 
9.4 


3.'j,} 


3.'jJ 


7-4 


7.4 


9.4 


9.4 


9-4 


56.25 


G3.IJ 


59.4 


f}t) .8 


'j 0.55 


+O.IJ 


+0,15 


-0-15 


+0,1 


-0.1 


1/20 


1, "23::7 


I 37 


1/"27 : 


I, 34 


air in these ba

 instruments make it much 
harder for the performer to correct any faulty 
intonation by blo\\ing so as to force the 
notes in tune. \Yhereas, \\ ith smaller instru- 
menb like the cornet and trumpet, professional 
players often disdain all complications, since 
they are so expert at forcing each note into 
tune. 

 (41) THE B.-\.CH TRr
IPET.-This trumpet 
is quite straight and allows the light to pass 
through it when the valvps are not depres<;;ed. 
It is usually made in E... and D, the change 
being made by u:;;inu the E.., or the D middle 
piec
 bptwee
 the ;alves and the belL (See 
Fig. Itt) 
As in the case of the French horn, this 
trumpet is made "ith Ì\\ 0 or three valves 
according to the mu
ical paSE,a
ps for which it 
IS required. Thus in Handprs Jlessiah, for 
the trumpet obbligato in ., The tnuupet shall 
sound," the solo player generally uses an 
instrument "ith two vah-es only, the third 
vah-e not heing required. Indeed this part 
was originally ,,,,ritten for a valveless trumpet 


euphonion and bombardon. These will be 
dealt \\ith later. The much greater masses of 
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of double length 'l.ud therefore an octave lower. 
Then the high F and F:; had to be blown into 
tune from the eleventh open note, which 
really lies between them in 
pitch. This trumpet has a 
tone of great nobility and 
brilliance, but yet is sus- 
cepti ble of piano pas!;ages 
and is then comparatively 
meUow. I t reaches easily 
the highest notes allotted to 
the orchestt'al brass. I t is 
tuned by the particular 
setting of the middle piece 
between the valve portion 
and the bell, a certain 
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FIG. 16. 
Bach Trumpet. 


FIG. 17. 
Trumpet in 130 and A. 


latitude being availahle at each end. To 
put the instrument in the low pitch (or " new 
Philharmonic") a small bit of tu hing about 
an inch and a quarter long is inserted next 
to the mouthpiece. The vah
e slides are all 
dra wn the correct distances "hen this bit is 
in use or when the trumpet is put in n. 

 (42) TRU'IPETS I
 B." 1", ETc.-The trum- 
pets in ordinary use have the tubing coiled 
up in the fashion so familiar and as shown 
in Fig. 17. This model changes easily from 
B.., to A: by dra,,,ing the slide as indicated 
lightly at the right. Thi8 kind of trumpet 
is now made in C also and is milch in use in 
orchestras. Fig. 18 Rh(n"s the symphony 
trumpet in C with rapid rotating chan
e to 
B; made by C. G. Conn, Ltd., of Elkhart. 


Trumpets in F and E., of the same model 
as the above, but without an
T rapid change, 
are often used in orc hes- 
tras for the lower 
trum pet parts. They 
can be set tù E.., by the 
insertion of a crook as 
shO\yn in Fig. 19. 
Trumpets in B::t are 
a]
o made without 
valves for fanfares, etc. 
Their scale is then re- 
stricted to the notes of 
the ha.rmonic series of 
relative frequencies L I J, 
2, 3, 4, 5, 6, [7J, 8- 
The first and seven th 
notes are not genera]]v 
u
ed. (See Fig, 35, 

 (52) (vi.).) Bugles in 
B., are similar as to 
the absence of valves 
and consequent re
trjc- 
tion of scale, hut are 
more gently tapering 
from the bell and so 
ha.ve a mellower, less I"IG. 18, 
hrilliant tone. (See Tru1l11Jet in C and J\
. 
Fig. 3-!, 
 (52) (vi.).) 

 (43) TRo:MBo
Es.-\Ve now consider a 
family of brass instruments in which no 
restriction is placed 
on the intonation 
possible. Thus it 
may be equal tem- 
perament or just any- 
thing that is wished 
and the performer has 
the skill to attain. 
This is owing to the 
fact that the mechan- 
ism for the scale 
('( msists of a U -slide 
which may he drawn 
out so as to flatten 
the pitch continu- 
ously by any dPRired 
amount to six semi- 
tones. \Yhen the 
slidp is closed it is 
said to be in the first 
position. By extend- 
ing it to the second 
position the pitch is 
flattened a semitone, 
on reaching the third 
position the pitch is 
a ",-hole tone lower, 
and so on to the fuJl 
extension of the slide, 
whi('h is the seventh 
position and inv.olves a. flattening of six 
8emitoncs. On com paring this arrangc- 


!
 


FIG. HI, 
Trnmprt in F amI Eb 
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ment \\ith the system of three valves it is ' 
seen that the first position of the slide corre- 
sponds to the open notes on the valved 
instrument, the second position to the depres- 
sion of the second valve alone, the third 
position to the use of the first valve alone, 
and so on. the seventh position corresponding 
to the use of all three valves in combination. 
The full comparison may be shown thus: 


Positions 
slide 


Of} 1st. 2nd. Srd. 4th. 5th. 6th. 7th. 


Flattening in-} 0 1 
 S 4 5 û { semi- 
volyed tones. 
corresPOnding} 1 2 1 1 
0 2 1 
 
val yes 
 3 3 S 


Slide trombones are made of various pitches 
called alto, tenor, and hass trombones; these 
are in E
, B..., and G 
respectively. A tenor 
trom bone is shown in 
Fig. 20. At the top end 
is seen the tuning slide, 
and it may be noticed 
that its plane is at right 
angles to that of the 
long slide used for the 
scale, which extends 
downwards from the 
I mouthpiece. This set- 
ting of the two bends at 
right angles is a peculi- 
arity of slide trombones, 
and distinguishes them 
from all other instru- 
ments, in which the coil- 
ing of the tubing is 
almost parallel to one 
plane. Although the 
siide of the trombone 
allows of perfect intona- 
tion, it calls for addi- 
tional skill on the part 
of the performer to take 
all the positions \\ith 
readiness and right ad- 
justment. Further, it 
calls for great care on 
the part of the makers 
as to the right propor- 
tioning of the taper 
and curvature of the 
FIG. 20. t b - I b 
Tenor Trombone in B=,_ u mg. n any rass 
ins trument there is 
much difficulty in obtaining a tube of such 
shape as to give the harmonic series of open 
notes in tune down to the second. This 
difficulty is enhanced when the taper is 
interru pted by a parallel portion to act as a 
tuning slide or a set of valves. Xow in the 
case of the three ordinary \'ah-es there must 
he a length of parallel tubing provided suffi- 


cient to fhtten the pitch three tones_ The 
part of this length in use ,-aries from nothing 
to the full amount. But in the slide trombone 
an additional length of parallel tubing suffi- 
cient to flatten the pitch three tones must 
be drawn out for the se,-enth position, and 
the same length of parallel portion must be 
present for the slide to close upon into the 
first position. Hence in the slide trombone the 
length of parallel tubing provided is double 
that required for three tones, the amount in use 
varying from the half to all of it. Again, in 
the slide of the trom bone \\ e have a slight 
change of diameter inevitable on passing 
from the parallel fixed portions to the 
movable portions of tubing \\ hich slide 
upon them. To mini mise complications and 
avoid a "break" upon certain notes this 
difference of diameters must be as small as 
possi ble. 
The trombones are capable of great power 
and have a rich and brilliant tone. In the 
hands of sympathetic performers they are also 
capable of pianissimo 
effects of great beauty 
and value. The somewhat 
uncouth mechanism for 
the scale forbids their use 
in quick florid passages, 
especially in the lower 
parts of the scale where 
the extreme positions of 
the slide are needed. 
They shine rather in slow 
movements of a certain 
stately grandeur. It may 
be noticed in conclusion 
that the possession of the 
slide confers the power to 
produce the grace called 
]Jortamento, or the con- 
tinuous gliding of the 
pitch from onf" note to 
another. This power in 
its complete fulness iR 
otherwise possessed only 
bv the instruments of 
t he violin family and by 
the human voice. 
A slide trumpet i
 occa- 
sionally used for oratorios 
and other purposes. It 
is very little different 
from the trombone in essential qualities, so is 
included here (see Fig. 21). By the use of 
crooks it can be put in \-arious ke) s. 
* (44) V -\.LVED IXSTR(;
IE:XTS OF BR4.SS 
BAXD.-\Ye now notice the instruments which 
form a complete family of 
imilar units and 
constitute the brass band proper, to which 
may be added tromhones and trumpets. All 
the variou
 elt:'ments of this family han
 
vakes, usually three only, but some ()f the 
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FIG. 21. 
Slide Trumpet. 
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ba
s ones occasionally have four or even five 
valves. Beginning at the upper part of the 
compass and pa:ssing down to the bass, we 
have in order the following chief instruments: 
E, soprano, B7 cornet, E
 tenor horn, B, 


(The orchestral tuha in C is a noh' ahove the 
Bo bombardon.) 
Of the main instrumcnts, the first four, 
I soprano, cornet, tenor horn, and euphonion, 
may be compared to the four varieties of 
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FIG. 22.-Eb Soprano. 


II, 


FIG. 23.-llb Cornet. 


FIG. 24.-E:1 Tenor Horn. 


euphonion, E, hombardon. BB, monster bOIll- 
bardon. These are shown in Figs. 22 to 27. 
Others of secondary importance are B.., fluegel 
horn, same pitch as the cornet; B
 baritone, 
.,ame pitch as the euphonion but of smaller 
tubing; B
 bombardon, same pitch as BE" 
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.FIG. 2;).-Bb .Euphonion. 


monster but of smaller tubing. Thus, glan- 
cing at the list, we see that the tenor horn 
is an octave below the soprano, while the 
bomhardon in E, is an octave below the 
tenor horn. Again the euphonion is an 
octave below the cornet., while the ß" born- 
bardon is an octave below the euphonion. 


human voice, soprano, contralto, tenor, and 
bass. The bom bardons differ from the 
euphonion more in getting greater power on 
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FIG. 26.- Eb Bomharclon. 


the low notes than in going so much lower. 
This is due to the fact that the euphonion 
is 0ften providpd with a fourth valve to enable 
it to take the full chromatic scale ùown to its 



ped'd B
. Tlús fourth valve lowers the 
pitch about a musical fourth, so b} it, in 
conjunction with the other
, the player can 
bndge the gap of an octave bet\\cen the 
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FIG. 27.-BB'o Mon5ter Bombardon. 


second open note and the pedal or first of 
the same name, This de\ice is occasionally 
applied, however, to the E.., bombardon also. 
In either case the fingering is as follows, the 
notes being "ritten (' to C as is usual for any 
valve instruments playing from the treble 
clef : 


Sotes in l B. ED. A. G;. G. F; F. E, 
pedal oeta ve J C. 
Fingering Of} 2 1 1 1 3 
2 3 2 
four valves 0 3 3 3 4 4: 


In these bass instruments the compensated 
pistons or enharmonic valves are specially 
important. .For the mfu:)S of air to be set in 
vibration is very much greater than in the case 
of higher and smaller instruments. Conse- 
quently it is hardpr for the player to elicit 
a fun and powerful tone unlcss the resonance 
i8 at its best, because no forcin CT to a somewhat 
different pitch is needed. It may also be 
seen that with uncomppnsated \:alves the 
deiect. would be emphasised by the addition 
of a fourth valve to be used with them down 
to the peùal. 
Of the instruments now under review, each 
has a somewhat different \Toice and utterance 
(as well as cUlllpa
s), and each has its appointed 


SOUXD 


713 


place b) fill. The cornet is specially pdzed 
as a solo instrument, and next to it the 
euphonion, the Ì\\ 0 being roughly compa-rable 
to a contralto and a bass soloist. Bv the 
device of double-tonguing (borro"ed 
rigin- 
ally from the flautist) very rapid iterations 
on the cornet are quite easy. Aho the attack 
may be varied from one of almost ideal smooth- 
ness to the úther extreme of declamatory 
abruptness, the tone very varied to match. 
Staccato and legato playing are equally easy, 
shakes and turns (though not quite so fine 
as on the strings or wood."'\\ind) can be readily 
e
ecuted, and ju
t a slight suggestion of 
portamento is possi ble. A wide range of 
power from double forte to pianissimo is at 
the disposal of the competent performer, 
either O\Ter a succession of detached notes 
or in the crescenòo and decrescendo of a 
sustained note. Further, the grace called 
tremolo is pOl:)sible on the cornet and may be 
easily indulged in too freely. This embellish- 
ment appears to consist of an alternate wax- 
ing and \\ aping of the sound a few times per 
second, produced by vibrating the instrument 
in the hand. But the cornet may be and often 
is vulgarised, as it lends itself so easily to 
music that is frÏ\'olous and ephemeral. )10st 
of the above powers belong as well to the 
trumpet as to the cornet, but the trumpet, 
having a more noble and brilliant tone (and 
often associated \\Ïth \\ ood-\\ind and strings), 
is usually resenTed for loftier utterances and 
is concerned rather with the clash of battle 
or the pomp of regal appearances than "ith 
the more commonplace occasions of life and 
the sentiments appropriate to them. 
Comparing for a moment the piano, organ, 
Lowed strings, and \\ ind instruments, we see 
that the first lacks sustaining power, the 
second lacks accent, \\ hile the rest have both. 
In com pensa tion, the first 
t" 0 are harmony in- 
struments in themselves, 
while the rest are only 
melodic components of a 
concerted harmony, 

 (43) HL
IAX VOlcEs.-In many respects. 
to the human voice must be conceded the 
highest place among musical instruments. 
For the variety and depth of expression" hich 
can be concentrated into a single note, it 
stands unrivalled. Though the compass of 
anyone voicp may be less than that of most 
instruments, the four varieties taken together 
range o\?er and exceed the limits of the treble 
and bass staves. Among the women's and 
nlPn's voices and the boy sopranos we ha,-e 
also a deli
htful \?ariety of tone quality and 
aptitude for music of distinctly different 
characters. But the chief characteristic of 
the human voice is its unique pm\ er of so 
modif)illg the quality of the 8ustained sounds 
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and so speeialising their start and cessation 
as to give utterance to vowels and consonants. 
That is to say, the human voice alone can 
render the words as well as the music. For 
the vowels con::)ist of a very special quality I 
of sustained tone which may be called rowel 
quality. Of the consonants some are produced 
by specially rapid and irregular vibrations 
preceding or following an intermediate vowel. 
Some other so-called consonants can be sus- 
tained as long as any recognised vowcl and 
have scientifically the right to be classed as 
vowels. The letter s is a case in point. 
This is not the place to enter into any 
minute anatomical examination of the human 
organs of song and speech. A very cursory 
notice of a few salient features must suffice 
here. Adhering then to our usual subdivision 
of the e
sential parts of a musical instrument, 
we may, for the human voice, state briefly 
as follows. The exciter is the breath from 
the lungs ria the windpipe. The vibrator of 
uefinite pitch is the pair of vocal cords (or 
ligaments), which form a partial obstruction 
across the larynx (or voice-box) and leave only 
the vocal chink or slit between them for the 
passage of air. The resonator is triple, consist- 
ing of the cavities of the pharynx (or upper 
part of the throat), the mouth, and the nose. 
These are modified by the tonsils, the soft 
palate, the tongue, and the lips. The 
mechanism for the scale consists of the set 
of muscle
 which control the position, tension, 
and therefore also the vibrations of the 
vocal cords. The vocal cords in a state of 
rest are about three-quarters of an inch long 
in men, and about half an inch long in women. 
\Yhen producing a musical sound the vocal 
chink (or slit between the vocal cords) is 
alternately closed and opened at the required 
frequency, depending on the tension of the 
vocal cords, their length, mass, and loading. 
The air-blast is, in consequence, checked and 
allowed to pass alternately anù at the right 
frequency. Thus the loudness and pitch of 
a note depend upon the amplitude of vibration 
and frequency of the vocal cords, and conse- 
quently upon the muscles which supply the 
blast and set the vocal cords in the precise 
state required. It may be remarked that the 
resonator, having soft walls, is unable to 
modify the pitch fixed by the vocal cords. 
Upon what does the quality of the tone depend? 
Clearly, (a) upon the exact nature of the vibra- 
tions executed by the vocal cords and so 
impressed on the issuing air, and (b) upon the 
resonant cavities which modify these vibra- 
tions, encouraging some partials and relatively 
discouraging other'3. That special quality 
which we recognise as constituting a given 
vowel appears to be due to thé special favour- 
ing by r('sonance of any partials near a given 
fixed pitch, whatever the pitch of the prime may be. 


'Thus, the vowel 00 , as in moon, is ('haractcr- 
ised by the favouring uf thosc partials whose 
frequencieR are near 17.> per second. Accord- 
ingly, a musical note "hose prime was 87.j 
per second "ith a very loud second partial 
(175) would sound like õõ; so also would a 
musical note whose prime was 17.') per second, 
if the prime ih;elf \\ erc ,'cry loud compared 
\\ith any of the upper partials. It is easily 
seen that the cavities affecting the human 
voice may be set at will to respond to various 
pitches and thus give utterance to the corre- 
sponding vowel. Further, if a given vowel is 
sung in notes of different pitches, then the 
setting of palate, tongue, and lips must be 
preservcd unchanged to keep the same vowel 
(according to the above statement) ,\ hile the 
vocal cords are altered to change the pitch of 
the prime. And this is a matter of experience, 
as anyone may verify. 

 (46) C01\IPARJSON OF THE VOICE WITH 
OTHER I
STRrMENTS.-\Yc may now naturaJIy 
compare the human voice with other musical 
instruments as to the power left to thc per- 
former to control the quality of tone }1l'oduecd 
and in other respects. 
In the case of the piano the quality varies 
somewhat with 10udness, hut probahly the 
performer has little or no control over it for 
any specified degree of loudness, though hc 
often imagines he has. Indeed it seems 
scarcely possibJe that he should have such 
control. For the maker has settled the shape 
and quality of surface and mass of the hammer 
and the place on the string to be struck by it, 
also the sound-board and hridges; and upon 
all these the quality depends. \Yhat choiee 
remains to the performer concerning an 
individual note played without use of pedals? 
The speed at which the hammer shall strike 
the string. This appears to be the sole 
variable at the disposal of the performer, 
especially in the ca::;e of pianos in whieh the 
hammer is free from the mechanism of the 
action before it strikes. But of course for 
each note struck there may Le a different 
speed of striking in use and consequently 
a different quality of tone elicited. Thus 
an ail' or certain notes in it may be made 
distinct from those of the accOJnpaniment 
by a different degree of Joudness and con- 
sequent difference in quality of tone, and 
the power to produce this difference is at the 
instant clisposal of the performer. 
In the organ it is the maker again who has 
controlled the quality of tone in the pipes 
of each stop. The performer has no pm\ er 
over that and can sim ply mix as hc chooses 
what is provided for him. But evcn so, what 
a vast field is placed at his disposa1! \Yhere 
only t('n Rtops are available over a ,givell 
compass, if all "pre suitahle for thc purpose, 
no less than 1023 different combinations are 
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po
sible. (This is easily seen if we note that 
there are 10 ways of taking a single stop 
and 10 more for nine stops, 43 ways of taking 
two stops and 43 for eight stops, 1
0 ways for 
three stops and 120 for se,-en, 2] 0 ways for 
four stops and 210 for six stops, 232 ways for 
:five stops, and, finally, only 1 way of taking 
all ten.) Again, for twenty stops the number 
of combinations is 1,048,573, or 300 per week 
for about 42 years! The varieties of tone 
quality at the disposal of the organist are, 
however, available only for broad effects. and 
not for single notes as in the case of the 
pianist. 
In the case of the violin much has been 
done by the maker and the age and ripening 
of the instrument, but very much is still left 
to the performer. He may re-spt the sound- 
post to his liking, he may choose his strings 
to suit the particular in- 
strument, also his bow, 
and take care that it is 
"ell haired and properly 
rosined. He may oftf'n 
choose upon \\ hich string 
a certain passage shall 
be taken, He must 
always choose the place 
of bo\\ing, the pressure 
and the speed, and can 
vary these at will for 
each string, for every 
stop upon it, and for 
every instant while the 
note" last:,. And all 
these variables affect the 
quality of the tone. 
In thp case of the 
wood-wind there is the 
right application of the 
player's lips to the flute, or to the reed of the 
oboe or clarinet, and the appropriate pressure 
and air supply. And these variables must be 
changed in concert for the different notes 
and for every variety of light and shade on 
each. 
On the brass instruments there is the right 
application and tension of the lips to the mouth- 
piece, and the corresponding suitable pressure 
of air and spped of supply to be arranged and 
maintained for each note of the scale and each 
degree of loudness or delicacy "ith "hich it is 
produced. 
But, in playing all thp fore
oing instrumpnts, 
there is no possibility open to the performer 
of appreciably '\arying the character of the 
resonance arrangements applicahlp to each 
note. That has been settled beforehand by 
the maker of the instrument. 
In thpse respects thp human voice has at the 
command of the singer resources not offered 
by an
'" musical instrument fashioned hy man. 
For not only can the human voice be con- 


trolled at the n'ry seat of its production, 
wherp the hreath pas::;es beÌ\\ een the vocal 
cords, but the resonant cavities which modify 
the original vibration::; are all under control 
also. Hence the final resulting quality may 
be '\aried from instant to instant so as to 
render tones expre
sive of triumph, menace, or 
entreaty, or J,>as::;ing from artless gaiety to 
pa thetic wailing. 

 (47) DR"L)'[s.-As is well kno\\n, the exciter 
of a drum is the drumstick, the \ibrator is 
the circular membrane called the drumhead 
or skin, the resonator is the chamber between 
the two drumheads, or, in the case of kettle- 
drums, the space belO\v the single head. In 
the case of ordinary drums, hass or side, there 
is 
mch a jumble of sounds produced that it 
is extremely difficult to assign any definite 
preponderating pitch to the resulting effect. 
In the case of kettle- 
drums it is quite possible 
for the trained ear to 
detect the preponderat- 
ing pitch and to tune 
the drums to the note 
required. In Fig. 2
 
is shown an orchestral 
kettledrum in which the 
T -shaped tuning handles 
are clearly seen. It is 
customary to have three 
kettledrums in. an 
orchestra, all under the 
charge of a single drum- 
mer. The drumsticks 
may be entirely of wood, 
or have felt heads, or 
ha ve heads of cork 
covered \\ ith chamois 
leather. Berlioz ex- 
pressed a preference for drumsticks \\ith their 
heads co'\ered \\ ith sponge. 
9 (-i8) LATERAL YIBRATIOXS OF BARS AXD 
TUBES.- If a thin uniform bar of metal, glass, 
or wood is supported at two places rather 
more than a fifth of its length from its ends. 
and then struck or otherwise excited, it \\ill 
execute its slowest lateral ,ibrations and 
sound its corresponding fundamental note. 
Other higher notes are possible to the bar if 
supported at two of the places "hich are 
nodes for those higher sounds. If the funda- 
mental for such a bar be the note c, then 
the first few of the series are approximately 
c, 1'-:., I", d"', a"', Expressed nlore accurately 
by their relative frequencies these would be 
1, 2.7':;lÎ, 3.404, ð.9:J3. and 13.34.3 respecti,
ely. 
It is seen that the possible partials of this set 
rise in pitch much quicker than those of 
string
, open parallel pipes, and open-ended 
cones closed at their ,yertices. Indeed, e},.cept 
for the second partial, they rise quicker even 
than those for a stopped parallel pipp, \\ hich 
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FIG. 28.- Kettledrum. 
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has the series 1, 3, 5, 7, 9, ('tc. The 
sounds of these bars afford a good eÀample 
of inharmonic partials, i.e. those whose 
frequencies are inexpressible by small whole 
numbers. 
Sets of bars supported so as to e'mit their 
fundamentals when excited, and arranged 
to give the chromatic scale over about two 
octa ves, are used occasionally in orchestras 
under the name of glockenspiel (chime). The 
bars are struck by little mallets or strikers 


}'IG. 2D.-Glockenspicl. 


(see Fig. 29). Bars with both ends free. as 
here dealt with, are often called free - free 
bars. 
Instead of bars laid horizontally and sup- 
ported at two points, tubes (or bars) may 
be hung vertically and struck \vith a mallet 
or beater (padded or bare) and so imitate 
bells to some extent. They are usually made 
in octave sets of 8 tuned to the diatonic scale, 
or 13 tuned to the chromatic scale. (See I 
Fig. 30.) On referring to 
 (50) it will be 
seen that the quality of tone of a church bell 
is different from that of a plain bar or tube, I 
since its partials form a distinctly different 
series. 

 (49) TU
IXG FORKS.-As a standard of 
pitch for ready reference a tuning fork is very 
convenient as it has no need of supports at 
special places like a free-free bar. Each prong 
of the fork is very like what is called a fixed-fret, 
bar, being practically fixed in the massive 
part near the shank where the prongs unite, 
but free at the other end, A single fixed-free 
bar would be very unsuitable as a standard 
vibrator since it would be unbalanced and 
therefore need a very massive base to fix one 
end. The tuning fork always vibrates with 
its prongs both out or both in together, and so 
balances itself and consequently needs very 
little support. It should be noted that a fork 
lightly and carefully bowed at or near the 
ends of the prongs emits practically its prime 
partial only. Its second partial is vpry high, 
having about ().ß times the frequene'Y of the 
prime. This is ohtained when a fork is struek 
on a bare table or other hard surface, The 
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prime is much fuller" hen the fork is mounted 
on a suitable resonance box, 

 (50) BELLs.-As we ha vp already seen, 
the musical string, whether of catgut or metal, 
is very simple in its behaviour and yields the 
full series of harmonic partials. A membrane, 
though flexible like the string, is t\\ 0- 
dimensional, having length and breadth 
instead of being almost confined to length 
only like the string. Hence its vibrations 
are much more complicated than those of a 
I string. 'Yc may approach the vibrations of a 
bell by way of those of a straight bar, which 
we have seen consist of a set of inharmonic 
partials. \rhen the straight bar is replaced 
by a bent one in the form of a fork with 
special mass and shank at the bend, the \'ibra- 
tions are still more complicated. If we now 
pass to the case of a hell, whose sides are like 
a number of prongs all united into one of 
circular form, we have far more complication 
still, even if the sides and top were uniformly 
thin. If the top and the different levels of the 
side have all varieties of thickness, then the 
state of things is quite beyond rigorous 
mathematical treatment. 'Ve can only derive 


}.'IO. 30.-Tuhular Chimes. 


some guidance and light from a combination 
of theoretical speculation and experimental 
tests. Thus we might expect the bell to show 
nodal meridiatzs, or lineR where an axial plane 
cuts the surface, and along whie'h there is no 
radial displacement. Again, we might expect 
there would }JP nodal circle's wlwre plane's 
perpe'ndi('ular to the axis Gut tll(' surface'. 
I Both these surmises are \'crified hy experi- 
mental tests. It Rhould he noted that .t 
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node for radial motion may be an a'ltinode 
for tangential motion. Bell-founders recognise 
five chief tones or partials in the sound of a 
church bell. Beginning from the highest these 
are called the nominal, quint (or fifth), tierce 
(or third), fundamental, and hum-note. The 
nominal, fundamental, and hum-note are 
spaced about an octave apart. The other two 
approximately fill in the fifth and minor-third 
in the upper octave. At one time none of the 
five were in any exact relation that could be 
expressed by small whole numbers, i,e. all 
the partials were inharmonic. But, by turning 
or boring at certain regions of the bell, it was 
afterwards found possible to get the three 
main notes in the true octave relation or nearly 
so. It has now been asserted that one firm of 
bell-founders is able to tune each of the five 
tones of a church bell true to a single vibration 
per second. 

 (31) FOG-HORss.-For the warning and 
guidance of mariners fog-horns are erected 
on capes and other important points, and serve 
the Flame purpose during a fog that a light- 
house serves during the night. Small ones 
may be worked by hand power, but large ones 
are driven mechanically by an engine or motor 
of some kind. The passage of air in the throat 
of the apparatus may be alternately inter- 
rupted and freed by a revolving disc or 
cylinder with holes or slots which pass similar 
oÌ)enings in a corresponding fixed plate or 
cylinder. Such an arrangement is called a 
siren, The sound thus originated is reinforced 
and directed to its objective by a large horn. 
This may be twenty feet long and taper from 
a few 1 inches diameter at the throat to five 
or six feet across at the mouth of the bell. 
If (as is usual) the sound is required to spread 
over a large distance horizontally and a less 
distance vertically, then the mouth of the bell 
is made elliptical with the major axis vertical 
and the minor axis horizontal. For the less 
any diameter of the bell is the better does 
the sound spread in the directions of that 
diameter. This is an example of the diffrac- 
tion of sound, a phenomenon more frequently 
met "ith and studied in connection "ith 
light. 

 (32) FREQUEXCIES OF SOU
D PRODUCERS 
CALCULATED.-\Ye now notice how the fre- 
quency of a simple sound producer may be 
calculated so that arrangements may bE" 
made accordingly in any actual case, 
(i.) Strings.-In the case of strings displaced 
transversely we may note first that the speed 2 


1 Sometimes surprise is expressed that snfficient 
ranJle can he ohtained with so small a throat. Xo 

n('h difficulty need be felt when it is relUemb('recl 
that the mon1:hpi('ce of a cornet narrows to onr-fifth 
of an inr-h in diametN and that its sonnd:,,; may hI' 
hear,l with ea
p half a mill' a wax. 
2 S('(' "strin!!
, Yihmtions of"; also Raykigh, 
Sound, i. cha.p. vi. 


of propagation of such a disturbance is given 
by v = " (JJ'j m), where .F is the stretching 
force in dynamic units and m is the mass of 
the string per unit length. Thus, if we want 
v in cm. per sec., we should take F in dynes 
and m in gm. per cm. If, on the other 
hand, F is expre::;sed in poundals and In in 
pounds per foot, v will be 0 btained in feet 
per sec. 
Suppose now a harp string be plucked near 
one E"nd, then the disturbance passes along to 
the far end, is there reflected with a rerersu.l 
of the displacement, comes back to the end 
where it first occurred, and is thE"re a second 
time reflected with a reversal. Hence aftcr 
passing over t,',ice the length of the string 
the original state of things is almost repeated. 
Thus, the time in question must be the period 
of vibration. Or the reciprocal of that must 
be the frequency of the string. But this "ill 
be the number of double traverses accom- 
plished in one second, and therefore equal to 
the speed of propagation divided by twice the 
IËmgth of the string, Thus, for the frequency 
of the fundamental (or prime) of the string, we 
have the expression 
N - 
- ,/(F Im
 ( 1 ) 
1 - 
L - 2L ' 


where Xl is the frequency of the prime for a 
string uf length L. The violin family falls 
under this class. So the pitch is raised by 
stopping a string on the finger-board and 
thereby shortening its vibrating length. 
For the other possible partials of the string, 
we imagine it vibrating in two segments 
with a node at the middle, in three segments 
with two nodes at the points of trisection, 
and so forth, Thus the virtual lengths for 
these become half, third, and so forth of the 
whole length. Hence the upper partials have 
frequencies double, treble, etc., that of the 
prime. Or 


N _
2=
3= N4 
.l' 1 - 2 :
 4 ' 


(2) 


where X 2 is the frequency of the second partial, 
etc. On this principle hannonics are obtained 
on the harp, violin, etc. 
(ii.) Open Pipes.-Thp case for parallel 
pipes open at both ends is very similar to that 
of strings. \Ye are concerned "ith the speed 
of propagation in the air 1 or other gas filling 
the pipe, and "ith the number of tra'
erses of 
its length L before the ori
nal state of things 
is approximately repeated. (See 
 (33) (i.).) 
Thus, for the open pipe, since at each end a 
com pression is reflected as a rarefaction and 
vice rersa, two traver!'('s complete the cycle 
and constitute the period. Or thE" fn'quency 
of the primp is the speed dÏ\-idc(1 hy the 


3 See" Vibrations of Air in a Tuhe:' 
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double length of the pipe. Hence we may 
write 
N = v = I\.I(kP/n)_
'OI\./(l +(t
/273)) ( 3 ) 
] 2L 2L - 2L ' 
where N 1 is the frequency of the prime, L 
the length of the pipe, v the spced of SOUlh.I 
in the gas, P and D its pressure and density at 
temperature to C, k the ratio of its specific 
heats, and V o the speed of sound in the gas 
at 0 0 C. 
By subdivision of the pipe into segments 
we see that quicker yibrations can occur, 
and that the conditions for these segments 
are (a) antinodes at ends, "ith (b) freedom to 
ha\Te either nodes or antinodes at other places 
in the pipe. Hence the pipe may subdivide 
in 2, 3, 4, etc., segments. (See Fig. 5, 
 (33).) 
Thus we have for the frequencies N 2 , N a , .Nil' 
etc" of the upper partials 
N 1 = 
_2= 
3 = 
4 , etc, (4) 
(iii.) Corrections for Jlouth and Open End,- 
'Ve have hitherto supposed that the reflection 
occurs exactly at the end of the J}ipe. In 
reality therp is an end corredion needed,] as 
though the pipe were a little longer, or as 
though the vibrations extended a little beyond 
the end before reflection occurred. For a 
cylindlieal pipe without any flange this 
correction is three-tenths of the diameter. 
_Further, if the fully open end needs a correc- 
tion, as though it were not open enough, 
much more must there be a correction for the 
mouth, which is far less open. This correction 
is of the order 1.36 times the diameter. Thus 
the two together make about five-thirds the 
dia meter, Hence, if we denote by e and In 
the end and mouth correction respectively, 
(3) and (4) may be rewritten thus, 
N _ V o "/(] + (t o /273)) 
1- 2(L+m+e)- 


1I.T N 2 N 3 N 4 
.J.:\ 1 = 2 = 3 = 4 ' etc. 


The flute falls under this category. So the 
pitch is raised by opening a side hole and 
thereby shortening thp vibrating length in 
usc. But it is noteworthy that the end 
correction e will be much greater for a side 
hole than for the open end of the fI. ute. And 
the smaller the hole the greater the correction. 
(iv,) Stopped Pipe.s.-As previously shown 
(see 
 (33) (ii.)) the disturbance paRses four 
lengths of a stopped pipe before the original 
state of things is repeated. Hence for the 
frequency of the prime we may write 
N _ V o ,,1(1 + (t o /273)) 
1 - 4( L + 'In) , 


1 See Rayleigh, Sound, ii. 201; also ibid. chap. xii. 


where 
'o is the speed of sound in the gas at 
0 0 C., t is the temperature of the gas in the 
pipe, L is its length, and m the correction for 
the mouth. 
:Further, as we have se{'n (
 (3:
) (ii.)) that 
the second partial has three times the frequency 
of the first, the third partial five times the 
prime frequency and so on, we have 
N _N 2 _N 3 _X 4 t 
1 - :
 - 5 - 7 ' {' c. 


(8) 


(5) 


The clarinet falls approximately umler this 
category, hence its special tone quality and its 
overblowing the twelfth. It is also seen that 
the opening of its side 
holes shortens the 
vibrating lpngth and so 
raises the pitch. 
(v.) Conical Pipe.s.- 
Let us now consider 
the case of a conical 
pipe closed at the vertex 
and open at the base. 
Then it is found that 
there is an antinode at 
the open end and that 
the other antinodes 
occur equidistantly just 
as if the whole pipp 
were parallel and open 
at both ends. The 
nodes, on the other 
hand, are displaced to- 
wards the apex from 
the in tervening eq ui- 
distant positions they 
would occu py in a 
parallel pipe. .Moreover, 
those antinodes near 
the open end are dis- 
placed a little, the 
others more and more 
till the last is always 
displaced right up . to 
the vertex. (See Fig. :FIG. 31.-Conical Pipe. 
31.) Thus, with due 
correction for the open end, the posHihle 
frequencies for this conical pipe arc given by 


Third Closed Sixth 
Partial Vertex Partial 

- - - - - - - - - - - -x 
I I 
: : 
I I 
I _____..J 


I 
I 
I 
. ----- 


- - - --0 


':< 


G - -- -- 


- - - - -0 


-----
 



 


- - - --0 


____.'5 


0----- 


-----0 


----
 


>s_____ 


-----0 


- - - - -
 


G----- -----0 
Open 
Mouth 


(6) 


N = 
'0,,/ (1 +(to / '273)) = N2 =N3= Nn ( l\ ) 
1 .) ( L ) ., <) , etc., OJ 
... + e ....) n 


(7) 


where N 1 , N 2 , etc., are frequencies of prime 
and partial, 1'0 is speed of sound in the gas in 
use at 0 0 C., L is the actual length of the pipe 
in use, and e the end correction. In the 
figure the antinodes are shown by circleR, 
the nodes hy crosses, and tlwir undisplaced 
position hy dots. The pipe is shown speaking 
its third and its sixth partials. 
This case includes (approximately) the 
oboe and hassoon. It should he observed 
again that the end correction e will bc much 
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more for a small side hole than for the termina- 
tion of the pipe at the bell mouth. It is easily 
seen that the mouthpiece and bell in,-olve a 
slight departure from the simple form of the 
ideal cone. 
(ri.) Hyperbolical Pipes with .J.1Jouthpieces.- 
The case of all the brass instruments \\ ith 
cupped mouthpieces falls under this class, which 
accordingly merits special attention. It may 
seem that the simple cone and the larger brass 
instruments ha-,e very little in common, but 
the "ide gap between 
them may be bridged 
by a number of quite 
small steps. Take 
first the tandem horn 
shown in Fig. 32, and 
next the drag horn 
shown in Fig. 33. 
The first of these 
departs but slightly 
from the simple cone, 
the second rather 
more. But neither 
of them disturbs ma- 
terially the sequence 
of the partials pos- 
sible to the pipe. 
This is on account 
of the hyperbolical 
curvature of the sides, 
which is purposely 
introduced in order 
to counteract the 
disturbinrr effects of 
the bellI""' and the 
mouthpiece. The 
great length of such 
straight tubes is 
often very incon- 
venient. "Therefore 
they are often coiled 
up into a compact 
form. Thus, the 
tandem horn gives 
place to the bugle 
(see Fig. 34), and 
the drag horn to 
FIG. 3
. FIG, 33. 
Tandem Horn. Draa Horn. the cavalry trumpet 
..., (see Fig. 35). 
\Yhen the ideal cone is departed from by 
introduction of bell and mouthpiece, it i
 
difficult to so model the pipe as to retain all 
the partials in their strict harmonic relation. 
The practical escape from this difficult,v for 
musical purposes is highly interesting. Such 
a curvature is adopted as \\ ill keep all partials 
in relati,-e tune except the pedal, or prime of 
the wholc 
eries. A mouthpiece is adopted 
\\ h:eh is usually too small to allow of the easy 
production of Ùle pedal. Tlwn the others are 
all musicallv aVallahlp, and thc largl'st gap 
to be hridgcd by valves or slide is a fifth 


II 
I 


VOL. IV 


(between open notes 3 and 2) instead of an 
octave (bptween open notes 2 and 1). The 
resultant set of partials for some forms 
of tubing involves a 
sharpening of the pedal 
 
from its pitch as in the 
cone, but more often we 

 . 
find in use a form of r 
 
tubing involving a fiat- 
] -.1 


.-/ 


--- 


"""'-- 


FIG. 34. 
The Duty Bugle. 


FIG. 3;). 
The ('ayalry Trumpet. 


tening of the pedal. The two cases are con- 
trasted \\ith the simple cone in the folhming 
approximate statements of frequencies. 
Trumpet and Cúrnet 
, 2, 3, 4, 5, 6, 7, 8, etc. 
Simple Cone 1, 2, 3, 4, 5, 6, 7, 8, etc. 
Euphonion and Bombardon i, 2, 3, 4, 5, G, 7, 8, etc. 
If, therefore, 'We seek the length for a bras5 
instrument of a gin'n pitch, it is easily seen 
that there is the choice to be made between 
calculating for the mistuned pedal or for the 
other notes musically in tune. Again, if the 
pitch is to be right at a f,!'iven temperature of 
the room, there is the further uncertainty as 
to the actual temperature (and moisture) 
of the player's breath in the instrument when 
in such a room. It is difficult to settle any 
of these points "ith precision, In the me
n- 
time it is instructi'Te to work out a concrete 
case for a simple cone and compare the result 
"ith an actual instrument, say the B., comet, 
'Whose length has probably 
 been fixed by 
experience. The military pitch of the treble 
B" is 479.3 vibrations per second at 60 0 F. 
= 15
0 C. Thus for the length L of the cone 
with end correction e we have 


L = IOR9 + (2 x 15
) = 1_!20

 =4.6-5 ft (10) 
+ e 2 x (479.3-7-4) 2;
9'6 I . 
If the diameter of the base is 4.3 in., 'We have 


e=1.3,) in. 


Hence 
L=
'675 x 12 -1.35=56.1 -1.3=34.8 in. 


The length of the tubing of a ll., cornet by 
Boosey & ('0. meaRures 54.3 in. when in the 
military pitch. It tllU
 appears that the 
various departures of this casp from the 
simpiicity of the cone arc almo..:t compensa- 
tOlT. As to what Romp of the separate 
dt'l;.utun>s are \\ 0 may note thc follo\\ ing. 
:j .\ 
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The player's breat.h has a tempen,ture well 
over 80 0 F., as may be found by breathing 
on a thermometer. Suppose the breath 
leaves the cornet at about 6."- F. (as a simple 
test showed), then the mea,n temperature in 
the "instrument may be taken at say 77 0 F. 
or 2,')0 C. Further, the moisture due to the 
breath might be accountable for an extra 
5 ft. per second in the speed of sound. Then 
the speed of sound in the cornet might be 
1089 + (2 x 23) + 5 = 11.1-! ft.]sec. Again, taking 
the pedal as expressed by t instead of unity, 
its freqUf'ncy would he ! of (479-;-4)=100 
pe 
 sec. nearly. Then, finding the length as 
though it were not changed by the hyperbolic 
shape, we should have 
L+e=il:

0=3'72 ft. =68.64 in. (II) 
SO that for e = 1.35 in. as before, L = 67.3 
in. nearly. Hence, the higher temperature 
and the moisture both increasing the speed 
and the flatter pedal note decreasing the 
frequen-;y, all concur in increasing the length 
of tubing required. The factors which reduce 
the length are therefore to be sought in (a) 
the hyperbolic shape of the tubing from the 
bell to the valves, (b) the parallel part through 
the valves and tuning slide, (c) the slight taper 
from the valves to the mouthpiece, (d) the 
shape of the cupped mouthpiece itseJf, and (e) 
the different dinânutions of the speed of sonnd 
in each part, because the air is not open but 
in a small pipe. And these factors must act so 
as to reduce the length from 67.3 to 5-1.5 in. 
It must not be assumed tlmt pipes of a 
different proportion, like those of the euphonion 
say, would show the same departure as above 
from what might be expected as to the length 
from considerations of actual temperature, or 
that all the disturbances in this case would 
mutually cancel. Probably in all these forms 
of tubing the lengths have been settled as a 
matter of trial and error, tradition, etc. 
(vii.) Temperature and Pitrh of Trind 
Instrument8.-It is evident from the foregoing 
that the pitch of "ind instruments deppfi(ls 
somewhat upon the t 'm perature of the room 
in which they are played. But this deppndence 
must be slight for a small in<;trument easily 
warmed by the player's breath (like the flute) 
and more pronounced for a large instrument, 
like the hombardon or the organ, where the 
player's breath has little or no effect. The 
details given in Table X. are taken from 
lectures delivered by D. .J. Blaikley at thf' 
Royal ::\Iilitary Rehool of Music. 
Reeds, on the other hand, flatten with a rise 
of pitch. Hence, if the temperature of the air 
used in an organ on some occasion is m ueh 
warmer or cooler than usual the reed an(1 fiup- 
pipes will be oppositely affected and cannot 
be used in combination. 


TABLE X 
TEl\IPERATURB AND PITCH 


RiBe of Pitch due to RiBe of 
10 0 F. in Ruom, 
InBtrument. Actual Increase 
Percentage of Number of 
Illcrease of \ïbratiolls per 
Frhluency. Se 'Olul ill Bb 
(4;9 per sec.). 
Flute and Oboe. 0.31 ] .50 
( 'larinct 0.43 2.0ü 
( 'ornet and 
trum pet 0.51 2.45 
French horn . ì O'üO 
Trom bone J 2.8R 
Euphonion 0'ü6 3.]() 
Born bardon 0.73 3.50 
l\Iean of full wind 
band 054 2.60 
Organ flue-pipes. ] .05 5.04 


(viii.) Free-Free Bars.-The calculation of 
the frequency of lateral vibrations of uniform 
bars is very complicated, only the result can 
be quoted here. If N l he the frequency of the 
fundamental of a steel Lar of length L em. 
and thickness a em., then it el,n be shown 1 
that 
N l =538,400 x a-;-L2 per sec. (12) 
Th us for a steel har 29 in, long and 
 in. 
thick we find 


2.!)4 ., 
N l =538,400 x 2 -;-.(29 x 2.54)
 = 12ß per sec., 


which is the value experimentally found for 
the prime tone of the har in queRtion. 
(ix.) Fixed-Free Bars.-\Ye meet with an 
approximation to this caRP ehiefly in the 
prongs of tuning-forks. If of steel, w
 have for 
the frequency N l of the prime executed hy a 
uniform bar of thickness n em. and length L 
em., the expression 
N l =H4,590 x.a-7-L2 per sec. (13) 
Hence for a prong of steel II in. long and I in. 
thick, we find 
Kl = 84,590 x t.;- (1}2 x 2.54) = GR.8 per sec., 


which is in agreement with experinwnt. 
(x.) Temperature-Change of Pitch 1.n Forkc;. 
-Since the frequency of a tuning-fork depcnds 
on its dimensions and the dpnRity and clasticity 
of the steel, it is scarcely likely that the value 
of its frequency "ill escape ul1chanf!ed when 
all these factors arc changed hy an alteration 
of temperature. The variation "ith tem pera- 
ture is too small to he important in ordinary 
mURical practice. But, as a mattcr of strict- 
ness, it needs notice for the sake of accuracy 
in eopyin.
 forks or comparing one with 


1 See Ra
'I<'Îgh, Sound, i. 273, 
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another. If Xt is the frequency at to C. and I vitiation is in this \\ay detectable by the beats 
Xu that at 0:) C. we have the relations between the two pipes. 
(iii,) Ratio by the Ear.-'Tery often only a 
(14) rough gauge of the inten-al beh\ een two 
musical sounds is required, and for this purpose 
the musical ear (where possessed) may suffice 
even \\ hen the sounds occur successively. The 
result of the test can be announced almost 
instantly if the interval is one in. musical use. 
But if it is not of that simple musical character. 
it may take longer to decide quite \\ hat it is. 
The accuracy of results 0 btflined in this manner 
should be quite right as to the number of semi- 
tones in a musical intervaL Such decisions 
could be scarcely trusted, however, to dis- 
criminate between the large and small tones 
of just intonation, their ratio frequencies 
being 9/8 and 10/9 respecti,-ely. 'Yhen the 
sounds occur simultaneously the sensitÍ\-eness 
of the ear is distinctly greater, and fairly good 
tuning is possible in this \\ ay, especially as 
the occurrence of beats often assists in the 
final judgment. 
(iv.) Forks compared by Smoke Traces.- 
A con,-enient way of comparing frequencies 
of forks is that of letting each \\ rite a wavy 
trace on smoked glass or paper. This method 
has the advantage of being independent of 
hearing altogether. Each fork has a small 

tyle of aluminium foil fixed on it, and the 
forks must be so arranged that the t" 0 traces 
can be obtainf'd side by side for comparisons. 
This may be accomplished in a variety of ways. 
One plan i
 t{) ha ye both forks fixed by their 
shanks and some wood pac-king in a vice so 
that the four prongs are all side by side 
horizontall
y, the sholes being on the under- 
side 'of the prongs. Then, the forks are set 
in vibration, preferably by bowing, and the 
smoked glass mm-ed by hand parallel to the 
prongs and in contact \\ith their styles. 

\.nother plan is to have the forks mounted on 
a frame along which the smoked glass can 
slide. "Then the traces are obtained their 
wave-lengths are compared \\ith whatever 
nicety is desirable for the purpose in yim\. 
I Thus the ratio of the frequencies is found, 
since X1^1 =N 2 ^2' "here the .x's are the 
frequencies and the X's the corresponding 
wave-length of traces. Both these frequencies 
'lre slightly different from those of the forks 
without the styles. If the latter are sought the 
method of correction at end of 
 (33) (viü.) may 
I be adopted. 
I (v.) Lissajous' Figllres.-This is an optical 
I method for testing the accuracy of tuning of 
some simple interval (unison, oc-tan', etc.) 
between two. forks. The arrangement iH 
sho" n in Fig. :
G. 
The li,!!ht from an arc lantf'rn passes through 
the f()cu
:-;ing lens L, and is rf'tiectf'd at a littlc 
mirror P oil the fork .\. then at a mirror (
 on 
the fork B, and finally reaches the screen at O. 


Nt =Xo(l - 0.u00112 to). . 


The change per 1 0 F. would be only 5/9 
of the above decimal fraction or 0,000062. 
This is equivalent to about one vibration in 
si
teen thousand per èegref' Fahrenheit. 
Thus the Kneller Hall B, fork, giving at 60 0 F. 
the military pitch of 4 ï9.3 per second, has at 
other temperatures the values shown belo". 


Tem p erature}40 0 F 50 0 F. 60 0 F. 70" F. 80 0 F. 
or fork . 
Freq H P l1CY } -1 
g.9 4ï9.6 4ì9.3 4,9.0 4 i8. 7 per sec. 
of fork I 



 (33) EXPERDIEXTAL DETER:\UXATIOK OF 
FREQUEXCIES.- 'Y e shall notice first a few 
comparative methods that yield the difference 
or ratio of the frequencies and then pass on 
to methods that obtain absolute values of the 
frequency. 
(i.) Difference by Beats,-'Yhen two musical 
sounds of nearly equal frequencies are about 
equally intense and remain so we may notice 
the phenomenon of beats, which is the alter- 
nate waxing and waning of the sound. Thus, 
if we start with two tuning-forks of the same 
pitch, bow each and place them together "ith 
the mouths of their resonance boxes side by 
side, we shall find a smooth flow of the sound 
as though there was only onf' fork sounding. 
Xext, let a little soft wax be stuck on the end 
of the prong of one fork and some lead shot 
em bedded in the wax. Then, on bowing the 
forks, an alternate loudening and softening 
of the sound "ill be noticea ble. If the num bel' 
of throbs or beats per second be counted, 
this will give the difference of freqllenries of 
the t\\ 0 forks in their state at the time: for 
the loudest phase of the beats corresponds 
to the instant when the forks are impressing 
the ear \\ith vibrations just in step with one 
another. The softest phase of the beats 
corresponds to the instant when the vibrations 
at the ear from the two forks are just out of 
step. To hear beats to advantage from strings 
and forks they should be plucked or struck 
and let go.. If one continues bowing the 
vibrations are liable to be changed by the act of 
bowing and the beats will not be trustworthy, 
if indeed audible, 
(ii.) Detection of J[ine Gases by Beat8.-The 
method of beats has a useful application in 
the detection of deleterious gases in coal mines. 
A portable equipment has bef'n devised to 
be carried in the pit, by which two similar 
pipes are blown so as to emit simultaneously 
their notes, one pipe taking pure air from a 
reservoir, the othf'r pipc being hlown from th(' 
air, etc., presf'nt in the mine. Long hefore 
the air is bad enough to be dangerous it
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if both forks are at rest. The vibration of 
fork A \\ ill di
place the spot of light parallel 
to XOx.', those of fork B will displace it 
paralld to YOY'. Hence, if both forks 
are vibrating together in unison, a special 
figure is described, which may be an oblique 
straight line or an ellipse or circle according 
to the phase difference of the' vibrations; 


L 

 {' , 
4 


of sound in the air at the temperat.ure (to C.) 
in the room at the time. Henee \\ e may \\ rite 
N4(L 1 + e) =v=(33,200+ ()It) cm./sec., (3) 
where e is the end-correction for the tu he and 
equals 0,3 of its diameter, whence X the onlv 
unknown can be found. Let the next larger 
air column that responds be Lt. Then one- 


:FIG. 36.-Lissajous' Figurc
. 


but nothing else is posl:!ible if the unison is 
exact. If, however, the unison is not exact 
the figure slowly melts from one of the above 
figures to another, and after a time, t seconds 
say, returns to its original form. Let the 
frequencies be Nand .N', the latter being the 
less. Then in the time t one vibration has 
gained a complete period on the other. So 
Nt -1 =N't, 


or 


N - N' 1 
N- = Nt ' 


whence 


N' 1 
N =I- 
f 


As an example, suppose one fork is known to 
have the frequency 100 per second =N say, 
and the figures are found to go through their 
cycle in 2 minutes = 120 seconds. Then 


X' I 
-Ñ = 1 -12,000' 


or 


N' 11,999 
= 
N 12,000' 


So that N' is accurate to one in twelve thousand, 
or N' = gg.mn 7 per second. This illustrates 
the accuracy possible; the interval is less than 
one five-hundredth of a semitone. 
(vi.) Rp80nance Tube.-If a tall, narrow jar 
or tube be taken, and the level of '" ateI' in it 
quickly and quietly adjusted, the air column 
above the water may he set to respond weU' 
to a vibrating fork he1ù over the top of the 
tube. Suppose the shortest length of air 
column that responds is L 1 , then this is like 
a closed organ-pipe, whose kngth we have 
seen is traversed four times in the period of 
the vibration. Thus this distance multiplip(l I 
hy the frequency N of the fork givps thp speed 


third the length of this must correspond to the 
previous Lr Thus we have 


N4(L 2 +e)=3v=3(33,200+ tilt) em.jsec.,. (4) 
whence, by subtracting (3) from (4), we find 
N -_ 
 _ - 33,200+ 6 lt (5) 
- 2( L 2 - L 1 ) - 2( L 2 - L 1 ) · 


(1) 


This is preferable to using (3) alone, if the jar 
or tube is long enough to permit of finding 
this second place of resonance. 
(vii.) 11Ionoc/wrd J.llethod.-To finù the fre- 
quency of a fork it is sometimes convenient to 
set the string or wire of a monochord so that a 
certain length L of it (adjusted by a movable 
bridge) is in unison with the fork, This 
adjustment should be done first by ear, and 
second by beats. Finally, it may be made 
more exact by setting the vibrating fork with 
its stem on the string where it crosses the 
bridge. It should start the string in vibration. 
This last is a very delicate test of the exact 
unison, the vibration of the string being 
repeatedly started and detected by the finger. 
Then, the tension of the string being due to a 
weight of :\1 grams and the mass of the string 
m grams per cm., the frequency of the fork 
and string being each N, we have 
N _ ,T
fglrñ 
- 2L ' 


(2) 


(ü) 


where g is Ok} cm.jsec 2 . 
(viii.) Fall Plate.-A very useful metho(l 
for the frequency .N of a fork is that known 
as the fall plate method and il1m
trated in 
Fig. 37. A smoked-glass plate is allowed to 
fall so that a style G carried hy th(' fork F 
traces the wavy mark P, Q. R on it. AR sp(\n, 
th(' plate hangs hy a threa.d. which is Imrnt 
hetween the pinH HH when all is ready. At 



SOUXD 


725 


the very heginnimr of the trace the waves 
nre too crowded to he di:-;tingui
hed; but a 
littlf" farther on. say at P, let them become 
clear. Then count an exact number of waves 
n, and measure the length PQ =1 1 totalled by 
them. Thpn, from the end Q of that set, 
count the same number n of waves and let 
them occupy the total length, QR = 1 2 say. 


H H 


p 


c 


FIG. 37.-Fork and Fall Plate. 


Then if u denotes the speed of fall of the 
plate when the style touched P, we have for 
the fall PQ 


1 1 = ut + !gt 2 , 


where t is the time of n waves=n/X. ....\gain, 
for the fall QR, the speed at Q i8 U + gt; thus 
wc have 


1 2 =( u+ gt)t + !gt 2 


Hence (8) - (7) gives 
_ 2 _ ( yn 2 ) 
l:t, - 1 1 - gt - 52 ' 


or 


x =n,1 ( 1 2 
lJ . 


It should be noticed that the presence of the 
style on the fork "ill load it and flatten its 
pitch somewhat. This flattening could be 
evaluated if another fork were available 
exactly like that used, so that "ithout its 
style they were in exact unison. Then the 
dïfferenc
 due to the style could be found by 
observing beats between the two forks. If 
it were t
 0 per second, then we should have to 
add t\\ 0 to the value found hy (9) to obtain 
the frequency of the fork when the style was 
removed. 
(ix.) Siren.-If the frequency of an organ 
pipe is to be evaluated, some of the methods 


already described are not available. Indeed 
some other sound produccd by an air hlast 
seems preferable as a standard of comparison. 
For tillS purpose a siren may be used in which 
a disc \\ith a circle of holes in it spins so that 
the holes are alternately opened and closed 
by passing a similar set of holcs in a fixed plate, 
an air hlast gÏ\ying the sound. 'Yhen the siren 
is set rotating at such a speed that its 
sound is in unison with that of the pipe 
under te
t, the number of revolutions in a 
given time must be observed by the counting 
arrangement on the siren and a stoP-\\ atch. 
Then, if the frequency sought is X, the number 
of holes in the circle on the disc is m. and the 
number of revolutions of the disc is n, in 
time t seconds, we have 


'-"':" -?!!!!: 

,,- t . 


(10) 


It is not possihle to keep the siren steady 
if driven by air alone unless some mechanical 
supply is available and a screw-clip or similar 
adjustment is used on the india- 
rubber pipe conducting the air to 
the siren. Another method is to 
supply the siren from a "ind-chest 
in which the air is kept at a con- 
stant pressure by means of a loaded 
safety-valve. If it is not possible 
to keep the siren in unison, we 
may keep it a little too slow all the 
time, t, and count the total number, b, of 
beats thereby produced. Then, obviously, (10) 
changes to 


(7) 


K= mn+b . 
t 


(II) 


(8) 


(x.) Tonometer.-This arrangement consists 
of a set of tuning-forks e
tending throughout 
an octave or through a number of octaves. 
The succe
si ve forks differ in frequency by 
a few vibrations per second only, say, about 
four, all these differences being obsen-ed 
by beats and carefully noted, till the series 
building up an exact octave is dealt "itb. 
Then, if the bottom fork of this octave has a 
freq uency N, the t;yP fork has a frequency 
2X. Further, let the number of beats per 
second between successive forks be a, b, c, 
d, etc" and let the SUIll of all these through 
the octave be found. Then obviously this 
sum is the value of X. Then the frequency 
of one fork bein
 known, that of any other in 
the series is known by adding the beat- 
numbers. "e can then compare any othpr 
sound with the forks of l1<:>ighbouring fre- 
quencies, note the beats, and thus ascertain the 
frequency of the sound in question. Thus, 
suppos(' we ha\
e fork!'; of frequencies 132, 
136.1, 1-10'2, 143.8, and 1....7.9 per sec. Then, 
if our sound to he tested gives about 5 beats 
per second \"ith the first fork, 1 beat per 


(9) 
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second with the next one, and :i.1 heats }><,r 
second with the third, and about 7 per second 
with the fourth, we see tha.t the frequency 
sought is 137.1 per sP('ond. Such a set of 
forks, ranging over a numher of octaves, Ulay 
be taken into a belfry and so the exact pitches 
of the pa,rtial tones of any or all the church 
bells there be ascertained. 


TV. SOU
D DETECTORS 

 (34) ....\Ilt RESONATORS. -The air in a 
globular or conical gas or lamp shade may 
sometimes be ohserved to ring or resonate in 
response to some sound made by chance near 
it. In such cases it iH often found that a 
musical sound a semitone higher or lower 
awakes very little response. Thus, the 
response of such an arrangement would 
act as a detector of the presence of a sound 
of particular pitch mixed up with other 
sounds of different ritches. To apply this 
principle we may use a jar, bottle, or flask 
and tune it to a particular pitch (as given by 
a tuning-fork) by pouring water into the flask 
to sharpen it, or partly shading its mouth 
by a cardboard to flatten it. In this way 
the first bottle picked up may be readily 
tuned to respond well to any ordinary fork. 
Then, in the case of a tuning-fork an octave 
lower but very vigorously bowed, this im- 
provised resonator may be used to detect the 
presence of the octave of this lower fork's prime. 
For with large amplitudes of a big tuning-fork 
the air near its prongs executes a complicated 
motion in which the octave may be detected, 
although the prongs do not give that octave 
by simple subdivision of vibrating segments 
as a string does. Such a resonator may also 
be used to detect the octave or higher partials 
in the human singing voice. The use of a 
special form of resonator for a determination 
of pitch is given in 
 53 (vi.), 

 (55) SENSITIVE FLA:\fES.-Various flames 
have been found to be sensitive to sounds of 
high or medium pitch and have been studied 
from several points of view. Apparently this 
phenomenon was discovered fir
t by J. 
Leconte 1 and then independently by 'V, F, 
Barrett in 186,'}.2 
(i.) Tyndall's Vowel Flame.-This is a high- 
pressure gas flame sensitive to very high- 
pitched sounds, and so can detect and exhibit 
peculiarities in certain sounds owing to the 
presence in them of different high partials. 
The gas issues from the single small hole of a 
Sugg's steatite pinhole burner, and the flame 
is about two feet high. The gas may be 
derived from a weighted gas hag or a steel 
cylinder of compressed gas with regulator. 
The flame must be adjusted to the sensitive 
1 [)/;il. Jlff'!.. 18:í8, xv. 335-330. 
2 Ibid., 1807, xxxiii. 216-222 and 287-290. 


state, as tall as possible without flaring. 
This flame responds, by falling down to a 
half or a quarter of its normal height, when 
excited by suitable soun(ls, such as a tap on 
a distant an \
il, the shaking of a bunch of 
keys, the jingling of coins, the creahing of 
hoots, the crumpling or tearing of paper, or 
the ticking of a watch. A loud 00 leaves it 
unaffected, it quivers to 0, is strongly affected 
by ee, and still mure so by ah ! 
(ii.) Rayleigh' 8 Sellsiti I'e Flame.- The late 
Lord Rayleigh devised an enclosed jet 
sensitive to soundH of ordinary pitches, say 
those through the compass of a piano. It has 
the advantage of working off the ordinary gas 
supply. A jet of coal-gas rises from a steatite 
pinhole burner placed in a chamber (whieh 
may be cubical of about two inches siòe). 
The gas then passes up through a vertical tuhe 
i-inch diameter and 61 inches high, mounted 
on the cham bel'. On reaching the top of 
the tube it burns in the open air. The front 
of the chamber is covered with tissue paper to 
receive and yield to the sound and affect the 
jet inside. To adjust the flame to sensitive- . 
ness, begin with the full pressure of tho 
ordinary gas supply and slowly turn the tap 
down till the flame suddenly assumes a 
fluttering lop-sided appearance, being at one 
side drawn down the inside of the tube a 
little. Lower the pressure yet more till the 
flame, though still lop-sided, is steady. [t is 
then right for use and will be found sensitive 
to the crumpling of paper, clapping of hands, 
and the piano. Its recovery aftpr stimulus is 
rather slow. 
(iii.) Bunsen-burner Sensitive Flame. - For 
this purpose the Bunsen burner must be 
carefully chosen. The following type has 
been found suitabl0: upright tube of hrass 
5 inches high and 
-ineh bore, only one side 
hole for air, which is perfectly closed by a 
half-turn of the sleeve. To obtain the sensi- 
tive state exclude the air completely and reduce 
the pressure of the ordinary gas supply until 
the flame is lop-sided but quiet. The maxi- 
mum pressure consistent with these conditions 
seems to give the best results. The flame is 
about 4 inches high, that side of its base next 
the supply tube being detached from the lip 
of the upright tube and extending dOWll 
into it about a third of an inch. The burner 
is not, however, lit back, \rhen reHponding 
the flame falls to ahout I! inches high and 
quickly recovers. It is insensitive to crump- 
ling of paper and to the jingling of k<,ys, but 
responds promptly to clapping of the hands, 
shuffling the feet on hoards, coughing, speak- 
ing, whistling, or singing. It is possible to 
whistle a slow staccato passage, each note 
being acknowledged by a lowering of the 
flame and each rest by a recovery to the 
normal height. This flame is very useful for 
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detecting the noùes and ar:tinodes where a 
sound i
 reflected from a wall. The waye- 
length can thu::; be found and the frequency 
of the sound calculated. 

 (56) THE RAYLEIGH DISC.-It is found 
that any flat obstacle in a stream of fluid 
tends to set itself across that stream. This 
was utilised by the late Lord Rayleigh in the 
form of a (lisc suspended by a fibre with its 
zero position at angles of 45 0 to the directions 
of flow of air in the vibrations to be detected. 
The quantitative treatment of such a disc 
was given by König in 1891. The turning 
couple or torque is thus shown to be expressed 
by 


G = !pa 3 "'2 sin 20, 


wherE" G is the couple, p the density of the 
air (or other gas) moving at speed \Y, a is the 
radius of the disc, and f) is the angle between 
its normal and the direction of the wind \\ 
when undisturbed by the disc, A simple 
t'xperiment "ith the disc is as follows: Just. 
inside the mouth of the resonance box of a 
tuning - fork suspend by a cocoon fibre a 
disc of mica, thin card, or very thin mirror 
about an inch in diameter. Arrange that the 
zero position of the disc shall bE" at 4.3 0 with 
the plane of the mouth of the box. Then on 
bo"ing the fork, or singing its note in front. 
the disc "ill promptly set itself across the 
mouth. By light reflected from the mirror 
the effect may be made e\ident to an audience, 
or by use of a scale in addition the action 
may be used as an absolute measure of the 
intensity of the sound in question. In this 
quantitative manner the Rayleigh disc has 
been used in various researches in architectural 
acoustics and other investigations. 

 (57) HIDIA5 HEARI
G.-This is a vast 
subject taken in all its possible aspects; only 
a few of the physical ones can be noticpd here. 
But their importance is very great, because 
almost all sounds are brought to the arbitra- 
ment of the human ear, hence the necessity 
of gaining what insight we can into the organ 
itself and its manner of working. 
(i.) The Ear.-A general view of the human 
ear, somewhat departing from exact scal
 
for the sake of clearness, is given in Fig. 38. 
In this we easily recognise the external ear, 
the ear passage en (ling at the drum-skin 
(often improperly spoken of as the drum). 
Beyond this lies the cavity which is properly 
called the drum, From the drum the 
Eustachian tube proceeds to the pharynx. 
This tu be opens when swallolring occurs 
and so sets the pressures eq nal on each side 
of the drum-skin. This equality is essential 
to hearing, and if by plunging or diving 
under "ater, or ascending in an airplant', 
the equality is lost, it may be restored by 
purposely s",allo"ing. The cavity of the 


drum is bridged across from the drum- 
skin to the labyrinth by a train of three little 
bones c
lled rec;;pectively the hammer, the 


FIG. 38.-Genera.1 View of Human Ear. 


anvil, and the stirrup, The labyrinth com- 
prises the vestibule, the three semicircular 
canals, and the cochlea, The vestibule is 
the middle part of the labyrinth, and contain
 
the oval window which receives the foot of 
the stirrup. Forward and downward from the 
vestibule we haye the important structure 
resembling a snail-shell and called the cochlea. 
It contains a spiral canal, which is seen in the 
cross-section of a single turn or whorl given 
in F iy. 39. 
The cochlear canal (canalis cochlearis) is 
seen to be almost triangular in cross-section, 
and is diyided from the scala re.stibllli by the 
mem brane of Reissner, and, by the basilar 
membrane, from the scala tympani, whIch 
ends in the round window when it reaches the 


FIG. 39.--('ro::)S-
ection of a Whorl of the Cochlea. 


drum. These two scalae (or staircases) are 
separatpd by the lamina spiralis, through 
which the fibrils of the auditory nerve are 
distributed to the sensitive structures of thE" 
basilar membrane. 
(ii.) Tile Act of Hearing.-\Yhen minute but 
rapid alternations of air pressure of suitable 
frequency and range occur at the external 
ear, they pass along to the drum-skin and set 
it in ,-ibratory motion. This motion passes 
, through the chain of tiny bones (hammer, 
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anvil, and stirrup) to the oval window, whose 
displacemcnts, according to Helmholtz, never 
exceeù a tenth of a millimetre. But the area 
of the drum-skin is fifteen to twenty times 
that of the oval "indow. Thus, the train of 
bones receives the lllotion of the comparatively 
large drum-skin mmTed by the air and changes 
it into the more forcible motion of the very 
small oval \\ indo\\, which has to move the 
liquid in the labyrinth. Hence the Illotions 
are handed on to this liquid, and the waves 
passing along the scala vestibuli are felt in the 
canalis cocltlearis and then affect the sensitive 
apparatus on the basilar membrane. At the 
tip of the cochlea the partition ceases between 
the scala vestibuli and the scala tympani, so 
the waves proceeding along the first can return 
by the second. This ends at the drum with a 
round \\ indow which seems to play the part 
of a safety-valve. :\Iuch controversy has 
raged as to which are the structures that 
form the sensitive part of hearing and how 
they act. Some hold that these structures 
are some tuned vibrators which are set in 
sympathetic vibration by impulses of their 
oun natural frequency. On this view, a 
vibration of 100 per second, say, would set 
in full vibration any vibrators which had the 
same or a Ilcar frequency (sharper or flatter), 
these vibrators would stimulate the nerve 
fibrils, and so the message would reach the 
brain that certain vi brators were in motion. 
This would constitute hearing a sound of 
frequency 100 per second. Any other audible 
frequencies would be dealt with in like manner, 
each setting in action those responders of 
freq uencies near to that of the external 
stimulating sound. And all these could be 
hearù simultaneously as separate sounds if 
not too close in frequency, or some of them 
too faint to be recognised amid the din of the 
others. SOllle reject this sO-f'alled resonance 
theory of hearing, hut have little to put in its 
place which is intelligible or acceptable to a 
physicist. I t is perhaps too early to feel 
certainty ,\ ith respect to any hypothesis of 
audition. But it may be pointed out that 
one objection to the resonance theory has 
been recently removed, It was at ne time 
imagined that thousands of differently tuned 
responders would be needed in the ear to 
satisfy the requirements of that theory. It 
has now hef>n shown that ahout twelve to the 
oetace in the musical range of hearing, and, 
say, a hundred in all, may he taken as sufficient 
to account for all the dclicacy of perception of 
J}itch possessed by us. l 
(iii.) Lilllit8 of _luditifJn.-Spparate impulses 
may have a frpquency too slow to be heard as 
a continuous sound, and vibrations may be 
too raltid to be heard at all. Thus for each 
person there are limits of pitch outside ,\ hich 
1 l'ltil. .Mag., HH9, xxx,iii. IG4-173. 


no sound is heard as such. These limits are 
very diffl'r('nt for different persons, and vary 
,vith time for the same person. Some cannot 
hear much continuous tone for less than 
thirty per second, though others may hear 
down to fifteen per second. Some gigantic 
organ pi pes are effective by a selÏes of thro bs 
shaking the floor or panes of loose glass rather 
than by any continuous influence they may 
have on the ear. The highest pitch audible 
is also somewhat uncertain. Thus, some can 
hear sounds up to or beyond 40,000 per second, 
while others fail at an octave lower. 'Ye might 
then place the extreme limits at 15 to 40,000 
per second, those useful for musical purposes 
at about 40 to 5000 per second. Thus, while 
the eye only sees one octave, the ear hears 
about eleven octaves, of "hich about seven 
are musically available. It should be noticed 
that not only are thc qualities unpleaHant at 
the extreme pitches, but that the sounds are 
useless musically for another reason, namely, 
that the discrimination of pitch is obscured 
and lost beyond certain points both up and 
down. And this is just what 'Yould be the 
case if we heard by means of a sct of vibratory 
responders, For obviously such a set must 
have its limits up and down, .Further, any 
note within the range of this set would be 
located in pitch quite distinctly. But, beyond 
the range of this set, if upwards, thc note 
would be recognised as high because only the 
high - pitched responders would be affected. 
But the pitch could not be precisely dis- 
criminated, because there would he no other 
responders still higher in pitch than the note 
heard. And to locate a pitch, on this view, 
it would need some responders too high to be 
disturbed by the sound, some respomkrs too 
low to be disturhed by it, and some between 
that were powerfully affef'ted. Thus a sound 
so high as to be hpyond the range of the 
vibrators present would he known to be high 
hut not clearly discriminated in pitch. Simi- 
larly, a sound lower in pitch than any of 
the responders present in the car would be 
acknowledged to be low, bnt its exact pitch 
would clude discrimination. And this is just 
what we actually experience at each ('nel of 
our auditory range. 
It is also a matter of some interest to ascer- 
tain the total numher of vibrations needed 
to enable an observer to decide the pitch 
of a sound heard. Kohlrausch investigated 
this by attaching to a pendulum an arc of 
a circle \\ith a limited number of teeth on it. 
On letting go the pendulum the teeth struck 
a card, and on hearing the sound a monochord 
was sC't to agree as closely as possiblp with 
the pitch as it was judged to be. As the 
num bel' of teeth was refluced so was the 
fillPness of judgment as to the pitch hcard, 
Thus, the error of judgment rose fl'Ol1l 0.14 
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of a semitone "ith 16 teeth to o.!) of a semitone 
"ith 2 teeth. Hence, even with two yibra- 
tions the judgment of pitch ,\ as only in error 
by a quarter of a tone. 
(iv.) JIinimum Amplitude Å udible.-So far 
back as 187U, Toepler and Boltzmann made 
an estimate on this subject by experiments 
on an organ pipe. Their result was that 
with an amplitudf' (or displacement each 
side of the mean position) of 200 x 10- 8 cm. 
a sound of frequency about 180 per second was 
just audible. The late Lord Rayleigh carried 
out experiments on two plans, one with a 
whistle, the other with a tuning-fork. The 
first, ,\ith a frequency of 2730 per second, 
gave an amplitude of 8 x 10- 8 cm. as being 
jwst audible. The second, with a frequency 
of 2,:)6 per second, gave a minimum audible 
amplitude of 12.7 x 10- 8 em. Dr. P. E. Shaw 
in 1904 applied his electrical micrometer to 
test the minimum audible amplitude of the 
diaphragm of a telephone receiver. For an 
expected sound he found the minimum audible 
motion of the diaphragm to be 7 x 10- 8 cm., 
and inferred that the motion of the ail' produced 
by it at the ear was only one-fifth the above. 
Thus the minimum audible amplitude would 
be 1.4 x 10- 8 cm., or about 1-;.-180,000,OuO of an 
inch ! 
(v.) Perception of Sound Direction.-In 1907 
the late Lord Rayleigh published a series 
of experiments undertaken to ascertain the 
powers of the ears in estimating the directions 
from which sounds came, and how these powers 
may be explained, By theory and experi- 
ments it was concluded that for sounds higher 
in pitch than about c" (512 per second) the 
discrimination of right and left is made chiefly 
upon the difference of intensities at the two 
ears. but that at low pitches, at any rate below 
c (128 per second), the recognition of phase- 
differences at the two ears must be appealed 
to. But it is to be noticed that we have very 
little judgment about front and back in 
attempting to locate the source of a sound 
heard. Thus, on board ship, if "ishing to 
locate the source of a fog-signal, a combination 
of several observers facing different ways 
offers advantages. In comparing their judg- 
ments attention should be paid only to which 
of his sides, right or left, each listener supposed 
the sound source to lie. 


V. SO"LSD REPRODUCERS AND RECORDERS 

 (38) THE TELEPHo5E.-In 1876 Graham 
Bell patented his speaking telephone,l At this 
time his instrument acted both as a trans- 
mitter (gi,ing to the line signals corresponding 
to the sounds spoken into it) and as a receiver 
(which reconverted thosp signals into sounds 
1 :-:ee algo .. Telephony ," 
 (17), Y 01. II.; ")lirro- 
phones," Yol. II.; ")licrophone, The Hot 'Vire," 
V 01. II. 


at the receiving end). In essential prin('iple. 
Bell's telephone, as a l'e('eiver, is in ul::ìe to-day ; 
though alterations ha,-e been made in details. 
But, as a transmitter, the Bell telephone is 
superseded by some form 
of carLon transmitter. 
The Bell telephone is 
shO\\ n in section in F'ig. 
40, and an Edison car- 
bon transmitter is sho" n 
in Fig. 41. 
'Yhen using for tele- 
phony a carbon trans- 
mitter, a battery is 
needed to generate the 
current, and it is the 
function of the trans- 
mitter, by the variation S 
of its own resistance, to 
vary the current thus 
produced. How this is 
d T T ' 
one may be seen from 
the figure. The sound FIG. 40. 
"a \Tes pass through the Bell's Telephone. 
mouthpiece :\1 and set 
the diaphragm D in vibration. This motion 
acts upon the button B and the adjoining 
platinum plate, which thus makes a variable 
contact with C, a disc of carbon (sometimes 
now replaced by 
separate carbon 
balls). The electrical 
circuit in the instru- 
ment is from the 
terminal T through 
the spring S to the 
I t ' I t FIG. 41. 
P a Inum p a e, Edison Carbon Trall
Illitter. 
thence through the 
carbon and the case of the instrument to the 
second terminal T'. The variations of the 
electrical resistance (due to the movement of 
the diaphragm upon" hich sound wa,-es fall) 
arf' thus impressed upon the current through 
the line to the other station, and there act 
upon the telephone receiver (see Fig. 40). 
The current enters and leaves by the terminals 
T and T', and so passes through a coil C near 
the end of a magnet .xS. The variations of 
the current attract in varying degrees the 
diaphragm of the recei,-er. It thus vibrates 
in correspondence with that of the transmitter, 
and so emits sounds which agree in essentials 
with those falling upon the transmitter's 
dia phragm. 
Portable telephone sets (called audiphones) 
have been arranged to relie,-e partially deaf 
persons, the carbon transmitter being on the 
dress and the receiver or receh-ers applied to 
one or both ears. To some patients they have 
proved beneficial. But at present the details 
of a scientific test of defective hearing seem 
to be not so far advanced as the corresponding 
ones applicable to a test uf eyesight. 
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 (59) ÐUDDELL'S SPEAKING ARC. - This I 
arrangement may be said to utilise the arc 
light as a flpecial form of telephone receiver, I 
The arc is at the same time (i.) part of thp 
direct-current circuit which supplies its main 
current and (ii.) part of an oscillating circuit 
containin rr a condenser and a coil. On this 
oscillatin; circuit are impressed the alternat- 
ing current::! obtained by induction from the 
fluduating currents of a telephone transmittpr. 
The arc then changes its state in such ,\ ise as 


photography ùf sound curn's, called the 
plwnodeik. This is sho" n diagrammatically 
in Fig. 13. It collel'ts from the air what we 
may call the total resulting sound from all 
parts of the instrument under test. This 
passes down the horn h to a diaphragm of glass 
about three-thousandths of an inch thick, llE:'ld 
lightly between soft rubber rings. To the 
middle of the diaphragm a few sill\. fibres (or a 
platinum "ire 0.0005 inch in diameter) are 
attached, and after passing once round a tiny 
pulley finish at a spring tension 
piece. This pulley is on a spindle 
carrying a mirror Hi, I millimetre 
square, the whole mass being 
under one five - hundredth of a 
Aro gram. Light from a lamp 1 passes 
to the mirror focussed by a lens 
on to a film f moving in a special 
camera. The uniform motion of 
the film is perpendicular to the 
motion on it of the spot of light 
due to the vibrations to be re- 
corded. Thus a displacement - time graph 
is obtained. The apparatus can be arranged 
also ,\ith a rotating mirror and screen instead 
of the camera. thus projecting the curves in 
the sight of an audience listening to the 
sounds which produce them. 
::\Iany interesting results have been obtained 
with the phonodeik, a few of which are repro- 
duced here. Figs, 44 to 48 show records of the 
violin, flute, oboe, piano, and bass voice 
respectively. Finally, Fig. 49 is from a 
gramophone and shows Tetrazzini.singing alone 
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..FIG. 42,-l)uùùell's Speaking Arc. 


to emit very feeble sounds, but it can yet 
render speech and song and the performance 
on musical instruments so as to be just audible 
to an audience of several hundreds. The 
arrangement is shown diagrammatically in 
Fig. -1:2. It is seen that in the direct-current 
circuit of main supply is included an induct- 
ance L to prevent any appreciable part of the 
alternating current obtruding there. Also in 
the oscillating circuit a condenser S is included 
to prevent the direct current from flowing 
there. Only in the arc itself are both the 
steady and the alternating 
currents allowed to flow. 
The alternating currents are 
inductively produced in the 
coil B by the variations of 
current in the coil A through 
the waves of speech, song, etc., 
falling upon )1 the microphone 
(or telephone transmitter). 

 (60) 
lILLER's PHONODEIK. 
-Various arrangements have 
been adopted by different 
experimenters to analyse the motions of the 
strings and other parts of musical instruments, 
separately or simultaneously. Probably the 
first was the vibration microscope of Helmholtz. 
Others have involved the photographs of an 
illuminated portion of the vibrating string 
together with a uniform perpenùicular motion 
of the sen::;itive film or plate. They also 
include the use of rocking mirrors reflecting 
a spot of light and so recording photographic- 
ally the motions of the briùge, helly, and air 
of a violin, etc. These methods have been 
useù by F. Krigal'- 'Ienzel and A, Raps, by 
E. H. Barton and by C, V. Raman. 
In 1912 D. C. )liller published an account 
of his apparatus, for the demonstration and 


f 


FIG. 43.-Miller's Phonodeik. 


a high B., in Lucia dt Lammermoor, the fluc- 
tuations in amplitude being due to a slight 
tremolo. The whole recorù for this one note 
lasts about three seconds; only about a tenth 
of it, just at the finish, is here shown. 

 (HI) RANKINE'S PnOTOl'HO:KE :FOR TRA:KS- 
MISSION OF SPEECH BY LWHT. - In 1919 
A. O. Rankinc published an account of his 
arrangements, which may be described briefly 
as follows. Light from a point source is col- 
lected by a lells and an image f( ,rnH'd on a 
small concave mirror which is atta<:hed to the 
diaphragm of a gramophone recorder. TIle 
light diverges and passes through a second 
similar lens, "hich projects it to the distant 
station. Two similar grids are mounted, one 
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FIG. H.-Photograph of the Tone of a noUn at the time of Reversing of the Bowing. 
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FIG. !;).-Three Photographs of the Tone of a Flute, ph

'ed p, mJ. and J, 


FIG. -t6.-Photograph of the Tone of an Oboe. 
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in front of pach lens. An image of the fir::;t I dl'n>lopment. For rppJ'odudion of the fo\ounùs 
griù is ::;uP('l'})()sed on the second h} rl'fleetion light from an illuminat('d ::;lit is foeu:-i:-ied on 
in the c
mca,ve mirror when silcnee reigns. the film, he-hind which a selenium cell is placed 
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.FIG. 47 .-Photo
raph of tlu Tone of a Piano. 
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:FIG. 48.-I)llOtograph of a Bass Yoice. 
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FIG. 49.-Sound Waves from the Soprano Yoice (Tetrazzini) singing high Bb. 
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But '" hen the mirror oscillates undcr the 
vibrations ùf speech, the dark spaces of th(' 
image move over the openings of the second 
grid, thus producing fluctuations of the inten- 
sity of the beam, The light is received by a 
collecting lens anù focw.,:-;ed on a selenium 
cell in circuit with a IJattery and telephone 
receiver. 
If the light from the above photoplwne 
transmitter is concentrated on a narrow slit, 
an image of which is produced hy anotlH'r 
lens on a einematograph film, then the varia- 
tions in intensity of the light (causeù by the 
sounds on the photophone) are recorded as 
variations in the density of the film after 


connected to a telephone circuit in which 
ma.y be heard the sounds. l E. H, B. 
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 (1) G ENER_\.L. -" Sound Ranging" consists 
in the location of a source of sound by means 
of measurements made on the sound wave- 
which spreads from the source. Fig. 1 
illustrates the manner in which this may 1e 
done. _\ sound originates from the point S 
in the figure, and is recei,-ed at three stations 
A, B, and C. At each station the time is 
registered at which the sound wave arrives, 
and so the time intervals between its reaching 
A and B, Band C, can be measured. A 
geometrical construction such as that shown 
in the figure then gives the position of the 
source with reference to 
the surveyed stations A, 
B, and C. If the sound 
arrives at B t l seconds 
after reaching A, and at 
C t 2 seconds after arriv- 
ing a t A, circles are 
drawn with Band C as 
centres and with radii 
equal to Vtl' Yt 2 , where 
Y is the velocity of sound 
in air. The centre of a circle which pas8es 
through A and touches the other two circles 
"ill coincide with the point S. This point S 
may alternatively be regarded as the inter- 
section of two hyperbolas. If the time 
interval for the stations A, B is t l seconds, 
all possible positions for S lie on a hyperbola, 
"ith A and B as foci, and which is determineò 
by the relation SB - SA = Yt l . A similar 
hyperbola can be drawn for Band C, and the 
two cun-es inter
ect in S. 
It will be clear that the method is not 
applicable to a source of continuous sound; 
it can only he u
ed when the s(Jlmd has a 

harply defined conuuencement. 
Towards the end of HIl-t-, "IH'n.th(' fighting 
in Franc(' and el:,ewhere dc,"eloped into 
" trellch warfare," it became clear that Sound 
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Ranging might provide a valuable means of 
locating hostile artillery. The batteries on 
both sides took up fixed positions, in which 
the guns were protected from shell fire hy 
emplacements, and were carefully camouflagf'd 
to screen them from aerial observation. 
Their location bf'came increasingly difficult. 
At the same time the stability of the front 
line made it possible to develop more complPx 
methods of determining their positions, For 
instance, one method "hich soon proved of 
great value consisted in the installation of 
observation posts at suitable points behind 
the front line, from which bearings were 
obtained of the flashes and smoke puffs when 
hostile guns fired. Thcse positions were 
accurately surveyed, and the locations deter- 
mined by the co-operation of several posts. 
Experiments were also commenced in the 
French and German armies, and later in the 
British army, to test the practicability of 
Sound Hanging, and their successful result 
led to t.he establishment of Sound Ranging 
as a valuable means of location. 
9 (2) SOU
D RANGING IN PRACTICE. (i.) 
Difficultie.<; of Location.-Although the prin- 
ciple of Sound Ranging is simplf', in prac- 
tice many difficulties had to be surmounted. 
The batteries to be locatpd were situated 
from 50UO to 15,UOO metres from the points 
where it was possible to put the recording 
stations. In order that the locations may 
be of value they must be accurate to within 
100 or 200 metres. A consideration of the 
displacement of the plotted position which is 
caused by errors in timing the sound shows 
that these timing errors should not exceed 
one-hundredth (If a second. For this reason 
it is impossible to use human agency to 
record the sound wave, except under the most 
favourable conditions. A man recording the 
commencement of a gun report, by rressing 
a key or starting a watch, will make errors 
of at least one-tenth of a second. Some 
succesq was attained by systems of sound 
ranging in which stop watches. or registering 
me
hanisms actuatcd by the pressing of keys, 
Wf're employed; and in the German army 
thpse methods were continued until a later 
date than in the British and .French armies. 
Finally, however, they were replacf'd by an 
automatic registration of the sound by mf'an
 
of microphones or similar devices connected 
by cahle to a central Rtation. 
The velocity of the sound wave is affected 
by the wind and is dependent on the tpmpera- 
turf', so that allowance
 must be made for 
these factors. Both wind velocity and tem- 
perature vary with the height from the ground, 
and measurpll1ents of them madp at groullli 
level will not HPrVf' as a basis for calculation. 
This question will be dealt with more fully 
belm\", for the calculation of the true wind 


and temperature corrections is a complex and 
difficult problem. 
(ii.) Effect of Jr indo - r ntil experimen tR 
were made, it was not generally realised to 
what an extent the audibility of a sound 
coming from a point several miles a way 
depends on the direction of the \\ indo The 
\\ind velocity almost invariably increases with 
the height from the grounù. A sound wave 
proceeding in a direction opposed to that of 
the wind is in consequence refracted up\\ards, 
its velocity along the ground being greater 
than that at some distance above it. ItE 
energy is dissipated upwards, and it will not 
affect a microphone or observer on the ground 
level. It was found impossible to make 
locations when the wind was bl0\"\ ing from 
our side of the line towards the enemy; the 
reports of the guns never reached the micro- 
phones, or were drowned by other noises on 
our side of the line. On the other hand, 
when the wind was blowing from the batteries 
towards the recording stations, the reports 
were heard clearly and had a sharply marked 
commencemen t. 
The wind, besides displacing the apparent 
centre from which the sound wave is spread- 
ing, also causes irregularities due to local 
variation in velocity. The sound wave is 
slightly distorted and cannot be represented 
on the plotting board by the arc of a circle. 
No perfection in the accuracy with which 
timing is made will obviate this, and the 
errors thereby caused can only be reduced to 
reasonable dimensions by having the record- 
ing stations a long distance apart. The 
system of recording stations, generally five 
or six in number, constitutes what is tprmed 
the sound-ranging" base," and it is necessary 
to have a base from 5000 to 8000 metres 
in length in order to record with accuracy 
guns at normal ranges. 

 (3) SOUND-RANGING STATIONS. (i.) The 
Base.-Fig. 2 shows diågrammatically the 
general arrangement of the microphones and 
central station which was employed on the 
British front. Thf' rf'ceiying stations were 
six in number. They were arranged regularly 
along a base three or four miles in extent, 
at p
sitions which were surveyed with extreme 
accuracy. The relative positions of the 
microphones must be known to a metre, and 
their absolute positions with relation to the 
trigonometrical framework to about twenty 
metres, if the locations are to hc accurate. 
The base was Flituated about 3000 metres 
from the front line. Each microphone was 
connected by cabl(' to a central station 
hphind UH' hasp, and at this station a record- 
ing apparatus rcgistprpd tlH' yal'iations in 
electrical current caused hy the impinging f)f 
t1JC sound on the microph011(,R. It consiHted 
of an Einthoven galvanonH'ter
 in ,,'hich six 
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fine wires were mounted between the poles 
of the electromagnet, each win'" being con- 
nected to one of the microphones. The 
shadowf! of these six 
wires were thrown, by 
a suitable arrangement 
of lam p and lenses, 
acroEoS a narrow slit in 
the side of a camera. 
A strip of cinemato- 
graph film paRsed con- 
tinuou
ly bphind the 
slit while a record was 
being taken, and, if the 
Einthoven wires wen' 
stationary, the fiim 
when developed showed 
six continuous straight 
lines where the shadows 
of the "ires had pro- 
tected it from exposure 
to the light. If a 
"ire quivered in response to a signal from 
a receiving station. the line on the film 
had a corresponding .. break." The illumina- 
tion was cut off one hundred times a 
second by a toothed wheel 
rotating in front of the 
lamp, the angular velocity 
of the wheel being regulated 
by a tuning-fork. In this 
way a series of timing lines 
was ruled across the film. 
By counting the number of 
lines between two breaks, 
the time interval between 
the arrival of the sound at 
the two stations could be 
read. Fig. 3 shuws a typical 
record, that of the report 
of j a ho\\itzer which has 
reached all six microphones 
in turn. The film has run 
from right to left, so that 
the left-hand edge of each 
break marks the arrival of 
the sound. The time in- 
terval can be estimated on 
the film to .002 of a second. 
(ii.) Ob8en.:ation Posts.- 
In front of the sound- 
ranging base two forward 
obsen-ation posts were sta- 
tioned. These were so 
placed that enemy guns 
were heard at one post or 
the other at least three 
seconds before the sound 
arrived at the nearest microphone. The 
observer in eaC'h post pres
pd a key whpn 
he heard a gun fire, and the key ol1Prated 
electrically a S\\ itch at the central station 
which set in motion the recording apparatus. 


"rea occuped bl/ 
.neml/ batteries 


FIG. 2. 


The observer kept the key depressed until 
he judged that the sound of the gun and of the 
shell-burst had reached all the microphones. 
He then ;:;topped the recording apparatus 
and telephoned to the central station such 
information about the sound as "ould aid 
the computing staff to make the location. 
The film was developed and fixed, the time 
intervals read, and the position of the gun 
plotted on a chart of the surrounding district. 
An automatic means of developing and fixing 
the film was finally adopted by means of which 
these two processes could be completed in 
fifteen seconds. 
(iü.) The Jlicrophone.-The microphone was 
of a special type. l The report of a gun differs 
from other sounds in that a great part of the 
energy is represented by waves of very low 
frequency. In the case of a l.3-in. gun, for 
instance, the main oscillations of pressure 
occur at the rate of four or five per second. 
The microphone was made responsi ve to 
waves of low frequency, and was practically 
unaffected by the rapid oscillations of pressure 
caused by other noises than reports or shell- 
bursts. A gun-report almost imperceptible 


Report reaches :s- o. 1 
Microphone. 
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Report reaches :So. fì 

1icrolJhone. 
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FIG. 3.-The figure is an elllaraf'd print of the record of a 15-cm. 
howitzer, the report of which ha
 reache(l So. ] microphone fir
t 
and So. 6 microphone la
t. The film ha.s been moving from right 
to ldt while the record was being taken. The time inten als are 
markerl by n'rtical line
, one hundred to the 
econd, every tenth 
line being heavier 
o as to facilitate countin!.!. The horizontallinrs 
repre!'ent the 
haclows of thf' Fintho\'en strings, which lip across 
the 
lit behind which the film is exposed, and the movements of 
which are shown on the record. 


to the ear \\ as recorded by it, wherea3 rifle 
fire, the noise of traffic, amI other diRturhanc('g, 
produced no ('ffect. 1'hi
 tuning was done hy 
placing it in a slllall aperture opening into a- 
1 ::'ee ")Iicrophone, The Hot Wire," Vol, II. 
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canister of large volume, on the principle of 
the Helmholtz resonator, constituting a highly 
damped system whose natural period was 
about one-twelfth of a second. It was further 
necessary to devise a type of microphone which 
recorded the amplitude and wave-length of 
the sound, and therefore gave characteristic 
records. ",Iany other sounds interfere with 
those from the gun being located, and this 
made it necessary to be able to recognise on 
the film the breaks "hich belonged to the 
same series. 

 (4) THE "ONDE DE CHOC."-One of the 
most formidable difficulties in measuring the 
time of the arrival of the report was found 
to be the" Onde de choc," or " Shell-wave," 
which precedes the true report when the 
observer is \vithin a certain area in front of 
a gun which is firing. The shell from a gun 
travels initially with a velocity greater than 
that of sound, and in so doing it creates in 
the air a conical bow-wave such as is evident 
in the well-known photographs of a rifle- 
bullet in flight. This bow-wave is heard 
as a sharp crack, the intensity of which, as 
judged by the ear, is generally very much 
greater than that of the report which succeeds 
it. The shell-wave affects the ordinary type 
of contact microphone tu a far greater extent 
than does the gun-report, and generally masks 
the latter in consequence. The special type 
of microphone empluyed, invented by Lieut. 
Tucker and named after him, distinguishes 
hetween the two sounds, and the adoption of 
this microphone contributed very greatly to 
the success of Sound Ranging in the British 
army. 

 (.J) LOCATION OF SHELL-Bl'RSTS.-\Yhen 
a record of a hattery in action was obtained, 
it was possible to locate the bursts of the 
shells as well as the guns which were :firing. 
The distance hetween gun and burst told 
the range at which the battery was :firing, 
and a simple calculation from the time 
interval on the :film between report and burst 
gave the time of flight of the shell. By 
comparing the range and time of flight with 
those for various types of guns as given in the 
range - tahles, a guide to the calibre of the 
piece could be obtained. The shel1-wave was 
also of assistance in the determination of the 
type of gun. No shell-wave is created by 
the low-velocity shell from a hrmitzer, so 
that howitzers and guns could at once be 
distinguished. The heavier the piece, and 
the greater the initial \Tdocity of the shell, 
the longer is the time interval hetween the 
shell-wave and the gun-report as heard by an 
observer in the line of :fire. This interval 
can he calculatf'd from the rangp-tahles for 
each gun, and when the interval read off from 
the film is corrected for the elevation and 
line of fire, it is a guide in the determination 


of type. It was also found that the "ave- 
length of the bound increascd with the 
calibre, and could he used as an indication 
of it. Finally, since the position of the 
bursts had been recorded. it was possible 
in many cases to tell the calibre fmm the 
fragments of shell and the fuc;;es in the shcll- 
cra tel's. 
This information was of great value. The 
number and character of the batteries on any 
particular section of front \\ as an indication 
of the offensive or defensive intentions of 
the enemy in that area. Further, in cases 
where large numbers of batteries were placed 
in a limited area, locations, owing to errors, 
might overlap to a considcrable extent. If 
the calibre were determined in each case, this 
mass of locations could be resolved into groups 
which \vere assignable each to one battery, 
and the probable position of that battery 
fixed with greater certainty. 

 (6) 'VIND AND TEMPERATURE CORREC- 
TIONS.-It has been stated that wind and 
temperature corrections play an important 
part in accuracy of location. If rays are 
drawn from the source of the sound, these 
rays being everywhere normal to the wave, 
like those used to illustrate the propag'1tion 
of light, then the sound will travel frum 
source to microphone along that path for 
which the time taken is the shortest possible. 
'Yhen the wind is blowing from the gun 
towards the microphone, the highest puint 
on the path may be one or two thousa.nd 
feet above the surface of the ground, since 
at these heights the greater wind velocity 
more than compensates for the longer distance 
over which the sound has to travel. The 
temperature may be very different at these 
heights from that near the ground. The 
prohlem of calculating the corrections is So 
complicated that it was found necessary to 
determine them empirically. At certain 
points, at some distance behind the front, 
microphones were arranged on the arc of a 
circle of about 7000 metres radius. Every 
hour a charge was exploded at the centre of 
the circle and the average velocity of the 
sound travelling to each microphone was 
determined directly. From these data values 
for the "effective wind and temperature" 
could be calculated which, when applied as 
corrections to the results obtained by sections 
at the front. brought their locations on to the 
true gun positions. The effective wind and 
temperaturp found in this way wpre nearly 
the same for all the stations on the front, 
except when some rapid change in the weather 
conditions was taking plape. By comparison 
of these results with the metporologi('al data 
mp<lsurecl in the ordinary way. pmpirical 
rplationships Letwt'pn them werp formulated 
which could ])p used when the special im
talla.- 
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tions to measure "ind and temperature were 
not in action. 

 (7) )IETHOD OF l'sE.-Sound Ranging could 
only be employed "hen the front remained 
stationary for several days at the least. In 
installing a section, a base must be planned and 
carefully surveyed, positions made for the 
microphones, central station, and advanced 
posts; some forty or fifty miles of cable laid 
in an exposed situation, the apparatus set 
up, and the chart constructed on which the 
results are plotted. The time necessary to 
carry this out was reduced by training and 
experience to two or three days, and could no 
doubt be still further reduced by improved 
methods. If a method of \\ireless trans- 
mission of the signals could be devised, it 
would obviate the labour and delays caused 
by the constant cutting of the 
cable by 
traffic and shell-fire. Though the use of 
Sound Ranging has hitherto been restricted 
to conditions of stationary" arfare, it may 
develop into a means of location available 
under all condition
. 


w. L. B. 


SOUXDIXG )L-\CHIXES. See" Xavigation and 
Xavigational Instruments." 
 (17) (iii.). 
SPACE-LATTICES define..l by Frankenheim and 
Bravais, fourteen in number, fundamental 
to the 230 modes of arranging points in a 
homogeneous structure such as is pos::,ible 
to crystals. See" Crystallography," 
 (II). 
SPARK-GAP: the maximum sparking distance 
between point or sphere electrodes, the 
degree of s?paration being a measure of the 
applied voltage. See" Radiology," 
 (20). 
SPECIFIC HEAT OF GLASS. See" Glass," 
 (28). 
SPECIFIC IXDUCTIVE CAPACITY OF GLASS. See 
" Gla
s," $ (
m. 
SPECIFIC RESISTAXCE OF GLASS. See" Glass," 

 (:
O), 
SPECTRA : 
Arc and spark, Fowler's work on. See 
,. Spectroscopy, )Iodern," 
 (11), 
Band: a type of spectrum, usually associated 
"ith the spectra of compounds or mole- 
cules, which are composed of bands; that 
is, of groups of lines which converge to 
definite heads, t he head of a band being 
frequently the strongest line in the bancÌ. 
o The lines in a series of bands may be 
represented by the formula 
n=Am 2 +Bn 2 +C, 
where A, B, C are constants and 11l and n 
integers. See ibid. 
 (12). 
Classification of luminous, into t\\ 0 classes: 
(1) continuous spectra, due to the radia- 
tion of heated soJids; (2) discontinuous 
spectra, in f!eneral peculiar to luminous 
gases. See ibid. 
 (2). 
VOL. IV 


Dispersion and resolution in. See" Diffrac- 
tion Gratings, Theory of," 
 (6). 
Overlapping. Ree ibid. 
 (7). 
SPECTROMETER. See" Spectroscopes and 
Refractometers. " 
Adjustments of. See" Spectroscopes and 
Refractometers," 
 (8). 
Hilger's Constant deviation type used as 
monochromatic illuminator. See "Im- 
mersion Refractometry," 
 (7). 
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1. IXTROD{;"CTIO
 
ALL sources of illumination, such as the sun, 
the electric arc and spark, the incandescent 
electric lamp, the gas and kerosene flames, 
the fire-fly, and countless others, emit what is 
known as
radiant energy. "
hen this impinges 
upon any obstacle and is in part absorbed, 
there is, in general, a rise of temperature of 
the absorbing substance. Other manifesta- 
tions of the reception of radiant energy are 
also " ell kno\\ n. Some h.inds, for in::;tance, 
when reaching the retina of the eye give rise 
to the sensation of coloar, some cause blacken- 
ing of a photographic plate (" hen it is exposed 
and developed), some give rise to an electric 
CUi"rent under certain conditionR, and so on. 
Tbe time-rate of transfer of radiant energy is 
called the radi
nt power, and this may, of 
course, be expressed in the same units as 
other power. It has become of great import- 
ance in many branches of science and industry 
to be able to analyse qualitatively and quanti- 
tatively the radiant power" hich any '3ource 
emits, or that which a given material may 
transmit or reflect. 
"
hen this radiant power is examined by 
means of a prism and the resulting spectrum, 
it is found that only a part is visible to the 
eye; that beyond the red end of the spectrum 
is a large invisible region, called the infra-red, 
which may be detected by means of the rise 
in temperature of various kinds of sf'nsitive 
radiometers; and that in the other direction 
beyond the violet is a second invisible region, 
called the ultra-t'iolet, which may, if sufficiently 
intense, be detected bv these same radiometers, 
but much more easÙy by the photographic 
plate or photoelectric cell. 
The usual types of radiometer, which depend 
for their action primarily upon the heating 
effect of the incident radiant power, are non- 
selective as regards waye-Iength or frequency, 
and can be used to measure this po" er in 
absolute quanti.ties. The eye is different 
from the radiometer. howeyer, in being 
sensitive to only a part of the radiant power 
from any source, that part by definition heing 
the ,-isible region of the spectrum. It is also 
different in that it cannot give the absolute 
3B 
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value of this radiant power. 'Yhen, howeyer, 
two beams of light of the same quality and 
bricrhtness are brought into the proper juxta- 
po
tion, the eye can detect very small varia- 
tions of brightness in eithcr beam provided 
the other remains constant. Therefore, if the 
proper means are available for varying the 
bricrhtness of either beam, the two may very 
acc
uately be brought to the same brightness. 
This fact is the fundamental basis of photo- 
metry. 
SPECTROPHOT01IETRY, strictly speaking, is 
the visual measurement of relative radiant 
power as a function of wave-length or fre- 
quency. The term, however, i::3 usually not 
limited to visual methods; it is often made 
to include also certain radiometric, photo- 
electric, and photographic methods of measure- 
ment used not only in the visible region but 
in the ultra-violet or infra-red. The term is 
so used herein. The kinds of work are many 
and varied, but may be classed, in general, 
under three heads: 
(i.) The measurement of the relative specfral 
distribution of radiant power of sources of light. 
If the absolute or relative spectral distribution 
is known for anyone source, used as a standard, 
the others may easily he comput.ed. 
(ii.) The measurement of the spectral tran.s- 
missÏL'e properties of transparent materials, 
such as eye-protective or signal glasses, dyes, 
oils, and all kinds of organic and inorganic 
solutions-in fact, solid, liq uid, and gaseous 
Inatter of great variety. 
(iii.) The measurement of t.he diffuse spectral 
reflection of opaque objects, such as paints, 
cloth, paper, an
l so on. :\Iagnesium carbonate 
or oxide is usually taken as a standard white 
for comparison purposes. 
SPECTROPHOTOMETRY is gem'rally admitted 
to be the fundamental basis of colour specifica- 
tion. "A spectrophotumetric table, derived 
from at least twenty-five points (for a con- 
tinuous spectrum), gives the only uniq ue 
description of a colour, and it appears probable 
to the writer that the requirements of precision 
technical colour measurement are most likely 
to be met by the development of simple and 
rapid means of plutting and recording accurate 
spectrum . plots of reflection or transmission 
characteristics." 1 The large and growing 
demand made by industrial and commercial 
as well as scientific interests for the standard- 
isation and specification of colours may be 
partly realised by referring to a paper on 
" The 'York of the (D.S,) :Xational Bureau of 
Standards on the Establishment of Colour 
Standards and 
Iethod!
 of Colour Specifica- 
tion." 2 The relation between spectrophoto- 
metryand colourimetry will be brought out 
more fully in Part II. 
lIves, .Jour. Franklin 11/.';t., H)!:>, c]xxx. iÛO. 
II Priest, Trans. I,E.S., 1918. xiii, 38. 


It has not been attempted to give a history 
of the science of spectrophotometry nor a 
complete bibliography. Such will be found, 
up to the year 1903, in Kayser's Handbuch der 
Spectroscopie, vol. iii. A fairly detailed de- 
scription of visual instruments in u'Se up to 
1909 i
 al'3o given in Krüss' Kolorimetrie und 
Quantitative Spektralanalyse. The references 
given herein, however, cover the field in a 
general way; and a study-of the papers cited, 
together "ith the references which they in 
turn suggest., will lead one directly into a 
comprehensive study of the whole suhject. 
Most of the different types of visual instru- 
ment are mentioned herein. Since eertain 
fundamental principles underliÐ the use of all 
of them, one of these in'3truments has hf'en 
selected for a detailed description of method 
of use. The instrument and method so 
selected have been proved accurate and reli- 
able by direct and extensive comparison of 
results with those obtained by other methods, 
not visual. The photoelectric and photo- 
graphic methods so tested are likewi.se, by 
this intercomparison, _proved accurate and 
reliable. They are both null methods and 
eliminate many possible errors, uncertainties, 
and difficulties. Because of their importance 
in confirming and extending results obtained 
vi-mally, these are also described in detail. 

\ fourth method available in this inter- 
comparison of methods has been the thermo- 
electric method. This i
 briefly described, 
but the large and important subject of spectro- 
radiometry in the infra-red is otherwise un- 
touched. This fourfold comparison of mcthods 
has made it possible to found a statenwnt of 
the accuracy at present ohtainable hy spectro- 
photometric methods upon a basiR of fact 
rather than of opinion; but there is no reason 
to believe that the accuracy obtainable may 
not be still further increase(ì by further work 
along this line. 


II. RELATION OF SPECTROPHOTO:\-IETRY 
TO COLOURIMETRY 

 (1) THE KEED FOR A RECOGNISED KO:\IEN- 
CLATURE AND SYSTEl\1 OF STANDARDs.-For 
an intelligent discussion and understanding 
of any science then' should he available an 
exact and well-known nomenclature and 
system of standards. Otherwise one is under 
the necessity of p:iving detailed definitions 
of all terms used if he wishes to be sure that 
the reader will understand bv the terms what 
he himself has in mind. Thi; has been largely 
the case in papers on spectrophotometry, 
e
pecially those which ha.ve reference to the 
measurement of the transmissive properties 
of materials, which part of the RC'iencf' has 
probably had a wiùer field of application 
than the others. 
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The sciences of spectrophotometry and 
colourimetry are inseparably connected; and 
a majority of the terms and exvressions used 
in one are also necessaí'Y in the other. An 
effort to eliminate the present confusion in 
the nomenclature of the science of colouri- 
metry has been initiated by the Optical 
Society of America and a preliminary report 
made. l The follo" ing paragraph from the 
introduction to this Report is '
ery pertinent in 
this connection: 
In the field of chromatics and colourimetr:r, experi- 
ment and kno\\ledge have outrun establi
hed and 
recognised language. There are many names for the 
same thing and many different things designated 
by the same name. Progress requirt>ð the co- 
operation of individual'S and the co-ordination and 
discussion of results; and co-opt>ration and discu
sion 
are primarily conditioned upon unambiguous 
language. 'Yhile numerous plea::> for standardi...ation 
and some d('tached recommendations for particular 
definitions and terms have been made in the past, 
no attempt at all commensurate \\ith the magnitude 
and importance of the subject has been made to 
formulate and present a consistent organised system 
of nomenclature as extensive as is found neccssary 
in practice, Probably the most urgent need of 
colourimetry i;;; the establishment of a recognised 
nomenclaturf' and s,-stem of standards, To one not 
thoroughly familiar' \\ith the subject, the insi<;tence 
upon this, and particularly the elaborate and e
ten- 
sive system with fine di'Stinctions of meaning to be 
set forth in this report, may appear pedantic and 
academic. X ot so to him "hose daily work is in 
this fielci, for in his preparation of reports and ordinary 
conversation "ith his coHeagues and as:"istants! he 
is continually inconvenienced and annoyed by the 
circumlocution and misunderstanding occasioned by 
lack of suitable terms and symbols to express his 
ideas and findings cogently and without ambiguity. 
He find.'3 that the orderly and efficient conduct of 
his work compels him to assume the tedious and un- 
pleasant task of formulating a nomenclature. Thi" 
necessity is the cause of the present report. 
Certain parts of this Xomenclature Report 
are of special yalue for the science of spectro- 
photometry, and are therefore presented here. 
All the quotations in Part II. of the present 
article are taken from that Report. 

 (2) GEXERAL TER:\IISOLOGY.-" COLO"(;R 
is the sensation- due to stimulation of the 
optic nerve." 
" Colour may be evoked by various stimuli 
acting on the optic nerve, for example, 
mechanical and electrical stimuli; but the 
only one of these "ith which we shall be 
mu
h concerned is liglzt (see definition below), 
which may be called the proper or ordinary 
stimulus of colour. 
"In adhering to the strictly subjective 
definition of colour we are not estopped from 


1 Optiral "oriety of America, Committee on 
KOffiC'nclature an(l :-'.tandard:" 
ub-committee on 
('olourimetry, I. (
. Priest, Chairman, Report, HH9 
(Preliminary Dratt), r.s, Bureau of ::;tandarcls 
Librar
', Wa
hington, D.C. 


the use of such convenient expressions as 
'the colour of light,' or the 'colour of a 
material,' for we proceed consistently to 
define: 
" The colour of. light as the sensation which 
that light evokes; and 
" The colour of a material as the sensation 
evoked by the light transmitted or reflected 
by that material under specified conditions 
of illumination." 
" CHRO:\'[ATICS is the science of colour." 
" COLOrRDIETRY is the science and practice 
of determining and specifying colours by 
reference to the stimuli and conditions "hich 
evoke them." 
" LIGHT is radiant p01.L'er multiplied by the 
YISIBILITY of the radiant power in question." 
" RADIATI05 is the process by which energy 
is propagated through space. . , ." 
., RADIO
lETRY is the measurement of 
radiant energy or radiant power." Spectro- 
photometry is thus seen to be one branch of 
radiometrv. 
"The SPECTRDI is a graphic arrangement 
or setting in order of radiant energy "ith 
respect to wave-length or frequency." 
The ware-lengtlz units which are convenient 
for use in spectrophotometry are the micron, p. 
(one-millionth of the metre), and the milli- 
micron, mp. (one-thousandth of the micron). 
The latter unit is used throughout this article, 
"BRILLBSCE is that attribute of colour 
without which colour cannot exist, the 
attribute in respect of "hich all colours may 
be classified as equivalent to one or another 
of a series of grays of which black and u'hite 
are the terminal members." 
" H rE is that attribute of colour in respect 
of which it differs from gray, the attribute in 
respect of which colours may be classified as 
red, orange, yelloll', green, blue, t'iolet, and 
purple, or their intermediates." 
"SATURATI05 is the di::;tinctness or viyid- 
ness of lz lie." 
" Qr AUTY is the property of colour due to 
its hue and safuration." 

 (3) )IETHoDs OF SPECIFYI5G COLOLR.- 
" A colour may be specified by reference to 
stimuli in the folIo" ing ways: 
"(i.) By specification of the identical 
radiant po" er actually evoking the colour, 
both in regard to 
(n) Its total amount, 
(b) Its spectral distribution. 
"The crude specification of spectral distribution 
referring roughly to spectral region.s rather than 
points is sometimes used for special purposes, 2 
but its limitations must be kept in mind. 
" The partial specification of spectral di:,tribution 
may be uspd as a colour specification in particular 
II lye::::, Tint Photometn, He
:"- Iw!';C'o.. Philarlelphia; 
"Block, " Die Kennzekhnl1ng cler Farbe de:3 Licht(
:' 
Electrot. Zs., HH3, xlvi. 1306. 
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cases. 1 but as in the case abo,'e, its limitations mu:;t 
be carefully ob:;erved in order to avoid erroneou
 
('oncI usions." 


" (ii.) By :specification of a stimulus empiriC'- 
ally found to evoke the same colour in 
juxtaposition. 
"There are, in practice, several important 
special cases of this. They are: 
"(a) The stimulus composed of hetero- 
geneous light of the spectral distribution 
which alone evokes the colour gray plus 
homogeneous light-the wave-length of the 
latter, the total light, and the ratio of hetero- 
geneous to homogeneous light all being ad- 
justed by trial and error until the sensation 
evoked is exactly like the colour to be bpecified. 2 
This method we call homo-hetero-analysis. 
"(b) The stimulus composed of lights of 
three (or more) different freq uencies (or 
frequency ranges), the relative and absolute 
values of which are adjusted by trial and error 
until the sensation evoked is exactly like the 
colour to be specified. 3 
"(c) The spectral distribution of energy of 
the stimulus modified by rotatory dispersion, 
and its total radiant power adjusted in any 
way by trial and error to {'voke a sensation 
exactly like the colour to be specified. 4 
"(d) The spectral distribution of energy 
of the stimulus and its total radiant power 
modified by the selective transmission of 
glasses or solutions 5 chosen by trial and error 
to evoke a colour exactly like the colour to 
be specified. 
"(e) The stimulus being radiant power 
from a complete radiator (' black body'), the 
temperature of which is varied until the 
quality of the colour evoked is exactly like 
that of the colour to be specified, the spectral 
distribution of energy being a known function 
of temperature." 

 (4) THE FU
D.U[E
TAL PHYSICAL BASIS 
OF COLOURUIETRY.-" The method indicated 
un
er (i.) of 9 (3) is, of course, the primary 
basIs of colourimetry." In this connection, 
note the statement by I ves 6 alre1,dy refprred to. 
Priest anll Peters, Bltr. Stand. Tech. Pap. No. !)2. 
U
zold, 
lt('ory of Colo/IT, Eng. trans. by Koehler, 
Am. Ed., 18,G, p. 100; Rood. .Zllorlnn Chromatic.'? 
1879, chaps. iii. an
l xiv. p. 213; Ahney, Colou; 
]I,!ea.
urement ((nd Jl1xture, 1R!)1. chaps. iv. and xiii.; 

,uttlIlg, Bltr. Stand. Bull., 19]3, ix. 1; ,Tonf's, 
1. rans. l.E.S., 1!)U, ix. G87; Priest, Jour. Wash. 
Acad.. Feb. 4, 1016. 
3 )[.axwcll, "Colour nox," ,J. f'lerk-)laxweJI, Sci. 
Pal!. I. 420; F. E. Ives, Jour. Frank. lm
t., 1!)07, 
dXIV. 47 and 421; Howland, Science Conspectu.</ Soc. 
of Arts, l}!ass. lnst. of Tech., l!nG. yi. 29; Carpets, 
JV
1l Parers, and Curtains, Feh. 2, 1!)18. 

OIl1g, Ann. der Ph!!., 1RFì
, xvii. !I!)O; ::\Ieisberg, 
Z.</. fur anal. Chem., 1D0-1. xliii. 137; Arons, Ann. der 
Ph}/s. (4
, UHO, xxxiii. 7DD, amI ibid. (-1), ] 912, xxxix. 
g
8.; PrIest, Phy.</. Bel'. (
), 1917, ix. 341, and ibid. x. 
Ii Loyibond tintomf'ter; "Arny's Solutions." 
ll. V. Amy, Jour. Ind. alld Eng. Chem., Oct 1DlD 
xi, 050. . , 
· Ives, Journ. Prank. lnst., 1m;:;, clxxx. 700, 


"Radiometry, Ùt its most general sense, iA 
the key to all fundamental work in colouri- 
metry. Some empirical testing and comparing 
may be done without dirert reference to it; 
and. its bearing on the subject may not be 
ObVIOUS to the casual observer of routine 
testing; hut the essence of all fundamental 
standardisation is radiometry. Kote the 
following: 
"(n) The fundamental reference standards 
of colourimetry are light sources of f'l)ecified 
energy distribution. 
"(b) The most important specification of 
the colour of a transparent plate is its spectral 
transnâssion. 
"(c) ThE" most important specification of 
the colour of an opaque object is its spectral 
reflection. 
" If two transparent objects have identical 
spectral transmissions, or two opaque objects 
identical spectral reflections, they will evoke 
colours exactly alike in light of any spectral 
energy distribution. :ì\Ioreover, this is the 
only form of colour specification for materiala 
which will ensure this result." 

 (.3) TECHNOLOGICAL ApPLICATIONS OF 
SPECTROPHOTO:\-IETRY. - The following ex- 
amples will illustrate to what uses the sciencc 
of spectrophutometry has been or may be put 
as regards its technological applications: 
.Many vegetable oils, such as cotton-seed 
oil, for example, have for many years been 
graded from the standpoint of their colour, 
approximate and empirical methods being 
used. The present status of this work, and 
the growing demand that the standardisation 
be put upon a spectrophotometric basis, may 
be noted by referring to recent numbers of 
the Cotton Oil Press. 7 
Accurate spectrophotometric data are of 
value in the analysis of dyes,8 or would be if 
such were available to any great extent. The 
concentration of aU kinds of solutions might 
also be determined from" known transmissive 
data. 


The great importance of securing adequate protec- 
tion from injurious radiant energy is now wcll 
recognised, and a large numbf'r of glasses are un the 
market advertised to protect the eyes from the ultra- 
violet and infra-red and from excessive hrightness in 
the visible region. Since both the amcunt and the 
waye-Icngth of the transmitted energy ddermine 
the valuf' of these glasses for protf'etive purpoi"f's, it 
is obvious that their transmission curves should be 
accurately known. Thf' results of such a stndy on 
a large number of glasses in the ultra-viclct, vi
ible, 
and infra-red have been puhlishec1. 9 The last of 
these papers givf>s also the spectral transmif:sion of 


. 7 
hcn
ist
' .Se
'ti()n, concluded by tlw American 
011 (henllsts SocIety, e.g. ,Tan. l!)
l, pp. 42--14. 
8 )[athewson , Assoc. on. Anr. Chem yo l ii No ') 
p. 1G4. JJ II .... 
, 
II Rur. Sta
ul. Te('h. Pap. No. 9:3, 1!)l7, 3rd. ed., 1919; 
No. 119, 1919; No, 148, 19
0. 



SPE(,TROPHOTO
IETRY 


741 


coloured railway :,ignal glM
c8 and of glasse
 used in I obtaining ma"\.imum sensibility is that the 
ultra-violpt signalling. dividing line or lines between parts 1 and 2 
Selecth-e ray filters, both of glass and of dyed of the photometric field should be as fine as 
g
l
\t
e fi
ll1s, are 

w \\idely used t0 1 incr
a
e possible and should disappear when the match 
vISIbIlity (l.e. the abIlIty to see clearly). This 15 has been made. Another essential condition 

rue not o
ly visualJy, but has become 
f great is that the field be of the proper angular size. 
Importance m aeroplane photographv. The Increase :\ fi II bt d. I f 3 t 5 d 
in vi;;;ibility is brought about by absorption oi the : e ( . su en mg an. ang e 0 0 . egrees 
shorter wave-lengths, and the spectral transmission IS. 
onsldered ,ery sUItable. These t\\ 0 con- 
of the glasses and dyes used is necessary to make dltlO.ns are, of c?urse
 understood and, so far as 
any intelligent study of the subject. Other filters, possl?le,. comphed ,nth by the makers of com- 
especially the dichromatic red-blue kind, are of mercIaJ mstruments. 
value in the detection of chromatic camouflage. A third condition for obtaining maximum 
sensibility is that the field be of the proper 
brightness. In spectrophotometry one is seldom 
troubled by having too much light. For 
the sake of the measureménts in the Jow- 
visibility parts of the spectrum-the red, blue, 
and violet-one should, in general, strive to 
have as much light as possible available. If 
the field becomes too bright throughout the 
green and yellow, it may easily be reduced 
by narrowing the slits of the instrument or 
by means of rotating sectors, It is also very 
important for accurate work that each separate 
part of the field be of uniform brightness. 
In addition, the eye should be protected 
from all stray light; the room should be 
dimly lighted, if at all; and if the 01Jseryer 
has to record his own observations, the 
illumination of the record sheet should be as 
low as can be used. A single glance at a bright 
sheet of paper or other light may incapacitate 
an observer's eye for several minutes if he is 
working at low brightness. 
"ïth any instrument or method, too, there "iIl 
be certain coflditions undt>r "hich measurement:> 
may be made with maximum precision; and every 
instrument should be studied and used \\ ith this 
in mind, For example, at what value on the scale 
(i.e. at what slit-width, at what distance, at what 
angle of the nicol, etc.), at what concentration and 
thickness of solution, etc., will the percentage error 
in the final r('sult be the least if an error of one 
division is made in the 8etting? 
uch a study id 
too often neglected. 


III. VISUAL IXSTRU11E5TS 



 (6) GEXERAL CHARACTERISTICS. - The 
visual spectroph()tometer
 as the name would 
imply,is really composed of two separate instru- 
ments, the spectrometer and the photometer; 
and various problems in the construction 
and use of these instruments are, therefore, 
present in their combination. Those which 
have special reference to spectrophotometry 
as a single and separate science "ill be dis- 
cussed at the proper places. 
(i.) The Photometric Field.-In practically 
all visual spectrophotometers two beams of 
light (beams 1 and 2) of approximately the 
same wave-length are finaJly brought to form 
the two parts of what is called a photo- 
metric or comparison field, which may be 
viewed by the eye, and the brightness of one 
or both parts of which may be varied at will 
in a known manner, the two parts being 
finally brought to a match-that is, to an 
equality of brightness. 
Some of the common types of photometric 
field are shown in Fig. 1. The light in parts 
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FIG. I.-Types of Photometric Field. 


1 and 2 comes from beams 1 and 2, respectiveJy. 
Type B is slightly different from the others 
and is known as a contrast field, Its con- 
struction is such that the trapezoidal parts are 
slightly darker than the surrounding field, 
equality of contrast being the criterion for a 
match. Type E is that usually obtained when 
a simple spectrometer with eyepiece is used, the 
light in parts 1 and 2 coming from different 
parts of the same slit. X 0 one of these types 
has any 
pecial adYanta
e o,er the others, 
unless it is type B, which is probably less 
fatiguing' to the eye, and in the faint red and 
blue regions more sensitive than the others. 
(ii.) Conditions for High Sensibility.- 
One of the most impurtant conditions for 
1 Phys. Ra. (2), 1919, xiv. 2ûl, 


(iii.) The SOllrce
 of Ill'llmination.-\Yhen 
the relative spectral distribution of radiant 
power of a light is to be obtained, the follow- 
ing essential conditions should be met: 
(n) A source of illumÏ!1ation must be avail- 
able whose relati,e spedral radiant power is 
accurately known
 so that it may be used as 
a standard. 
(b) Lif!ht from this standard and from the 
unknown source must be subject to the same 
conditions; that is, they must travel along 
identical paths and he compared in turn" ith 
the same illumination, supplied by a third 
source. 
(c) All the sources of illumination must be 
kept of 'constant value while measurements 
are being made. 
If the spectral transmissi,e or reflectiyc 
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properties of materials are to be studied, the 
apparatus should be so constructed, if possible, 
that the following conditions are true: 
(a) The two beams of light should originate 
from the same source, so that fluctuation "ill 
not introduce errors. 
(b) It shoull be possible to obtain diffuse 
spectral reflection as quickly and as accurately 
as spectral transmissive properties. 
(c) In work on transmissive properties no 
error should be introduced or correction needed 
because of the change in length of the optical 
path caused by the beam traversing the 
specimen. 
(d) In reflection work the illumination of 
the surface should be as nearly as possi ble 
eq ually diffuse from all directions, and the 
sample should be studied from a direction 
normal to its surface. 
(e) The illumination should be intense 
enough to permit of very narrow slits being 
used; for the narrower the slit the purer the 
spectrum and the more accurate will be the 
measurements. An intense source of light will 
also make possible further and more accurate 
readings in the red and violet. 
(f) In addition to heterogeneous illumina- 
tion, sources of homogeneous illumination 
should be available at as many different wave- 
lengths as possible, that all slit-width errors 
may be completely eliminated and the hetero- 
geneous readings checked. 
(iv.) .111 etlwds of varying the Brightness of 
the Photometric Field.-Different well-known 
methods are available for varying the amount 
of light which comes to form the parts of the 
photometric field. In spectrophotometry the 
actual amount of light which enters the slits 
of the instrument is not required; it is 
rather the relative amounts under specified 
conditions. . 
One may vary t.he brightness by varying the 
distance of a small source of light from the 
slit, the amount of light entering the slit for 
any two positions of the source being inversely 
proportional to the squares of the distances 
between the source and slit (or screen before 
the slit) in the two cases. This relation is very 
accurate, provided the diameter of the source 
is very small compared to the distances being 
used, e.g. 1/2,). 
A second accurate method is to use a pair 
of polari-;ing nicol prisms in the path of the 
light. The light transmitted is then zero when 
the nicols are crossed and a maximum at a 
position 90 degrees from that, and the amount 
transmitted at intermediate positions is pro- 
portional to the square of the sine of the angle 
measured from the position of extinetion, The 
faces of the nicols should be perpendicular to 
the direction of propagation of the light, the 
light entering the first nicol should })e Ull- 
polarised, and the first nicol only should be 


rotated. Other combinations of polarising 
prisms may be also used, such, for example, 
as t.hrce nicol prisms (the middle one being 
rotated), or a ,r ollaston prism and nicoL 
Varying the widths of the slits is a method 
often used with certain types of instruments, 
the brightness being taken proportional to the 
slit- width. This method is, however, "Lad 
at heart," and should not be used where other 
methods are }>ossi ble. [n order to secure a 
suitable range of variation the slit-width has 
to be varied from a large part of a millimetre, 
which includes too much of the spectrum, 
making it very impure, down to a few 
hundredths of a millimetre where errors due 
to diffraction from the edges of the slit may 
he come serious. It is probable, however, that 
this diffraction error is approximately elimin- 
ated by subtracting 0.02 mm. from all read- 
ings. 1 The error resulting from the use of too 
wiùe a slit may become enormous if, for 
exam ple, one is measuring the transmission of 
substances like didymium glass or the solutions 
of certain rare earths which have very strong 
anù narrow absorption bands. ]\Ieth()d
 for 
making the slit- width correction have been 
derived. 2 If it is necessary to use the slit- 
width method of varying the brightnesfJ, a 
thorough calibration should lIe made with a 
rotating sector or other means under the same 
conditions of wave-length and brightness as 
are to be used in the investigation. 
A fourth method of varying the brightness 
is by the use of rotating sectors at speeds 
where flicker is no longer noticea LIe. The 
transmission of the sector as judged by the 
eye is accurately proportional to the aperture 
being used. 'Yhere this cannot be changed 
while the sector is rotating, the method is 
of greatest use as an auxiliary to increase 
the range of other methods. Sectors whose 
aperture may be changed "hile in operation 
have, however, been designed,3 and in this 
form the method is as accurate and COll- 
venient as any other. 
Other methods are sometimes uHed, such, 
for example, as interposing an absorbing" edge 
of varying thickness in the })ath of the light. 
but these are, as a rule, not as suitable as the 
others mentioned. 
(v.) Calibration of the Dispersing Pris1Jl. 
- In spectrophotometric work the wave- 
len
th (or frequenC'y) calibration need not be 
made as exactly as is reC} uired for most. 
spectroscopic work. Because the amount of 
the spectrum heing examined at any wave- 
length is usually one or more millimicrons, it 
1 
Ïf'ho]:o; and 
Icrritt. Pll.ll.
. Rel'.. If)} 0, xxxi. 502. 
2 Ibid. xxx. 328; Hyde, ARtrop. Jour., HHi, xxxv. 
"'H 
-' 3'IIyde, Astrop. Jour., H112, xxxv. 2:JÎ; AbnC'y, 
Rpsearrlzes in Color ri,çioll, p. (iR: Brorlhlln, Zl'it.<:rllr. 
f. In,,;trk., 1D07. xxvii. 8. The in:-.trumcnt (}f'scribC'r! 
in the Ja:;t r{'fpren('(' has a rotating bp.alll of light and 
a stationary but variable sector. 
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is as a rule sufficient if the calibration can be 
guaranteed to a fe\\ tenths of a millimicron. 
The use of symmetrically 0 pening slits is
 of 
course, highly desirable
 so that changing the 
width of a slit will change the effective wave- 
length as little as possible. 
The usual method of calibration is to locate 
the position of a number of well-known spectral 
lines on the arbitrary scale of the instrument, 
(If the scale is already graduated in wave,. 
lengths it should be checked very carefully 
before using.) These lines should be "ell 
distributed from the extreme red to the 
extreme violet
 no extensive part of the 
spectrum being omitted. As a rule, the more 
lines one observes, the more accurate" ill be 
the calibration. The sources often used for 
this purpose include the mercury
 helium
 and 
hydrogen vacuum lamps
 and the electric arc 
of metals like cadmium, copper, zinc, etc.
 
whose spectra contain not too many lines. 
The known values of wave-length, or fre- 
quency, and the corresponding reaùings on 
the arbitrary scale of the spectrophotomete
 
should be plotted to a proper scale and a 
smooth curve carefully drawn through these 
points. It is then a simple matter to obtain 
the value of the arbitrary-scale reading for 
any desired wave-length or frequency. The 
frequency curve will be found to have much 
less curvature, and is thercfore safer to use 
if but few known values are available. 
Empirical equations have been found which 
represent the wave-length curve quite accu- 
rately and which may be obtained when 
three or four lines well distributed oyer the 
range to be used have been accura tel y located. 
The constants of the equation haying been 
obtained from these values
 it may then be 
used to compute the value of the arbitrary- 
scale reading for any desired wa ye-Iength. 
The use of equations, however, is apt to be 
quite laborious, and the graphical method first 
mentioned is ordinarily sufficient. 

 (7) I
DIVIDUAL TYPES. (i.) The LummeT- 
Brodhun Spectrophot01neter. - The Lummer- 
Brodhun spectrophotometer 1 is a well-known 
instrument
 a brief de
cription of which will 
illustrate some of the points already men- 
tioned. (A much more complete illustration 
of the various principles underlying the use of 
any spectrophotometer "ill be found in Part 
IV.) An outline diagram (plan) of the instru- 
ment is shown in Fig. 2. The light in beams 
1 and 2 enters slits 
1 and 8 2 respectively of 
collimators T 1 and T 2 , and is made parallel by 
lenses L 1 and Lt. These two beams of parallel 
light then enter the Lummer-Brodhun cube 
at right angles to each other. 
This cube is composed of t"o pieces of 
glass. Part 2 is a right-angled total-reflection 
1 Zeitsclzr. j. lnstrk., 189
. xii. 132. See" Photo- 
metryand Illumination." S (18). 


prism
 and if used alone would refleC't all of 
beam 2 towards P and all of beam 1 away 
from it. A small part of the surface of part 1 
is
 however, cemented on to part 2 with Canada 


ìl 
L.8 L, 
: S2 
 
c [MJ ø T 2 . 
Lh 
La
 


 
Se 
FIG. 2.-The Lummer-Brodhun Spectrophotometer. 
Th T 2 =collimating tf'lescopes; T 3 =observing tele- 
scope.; 
h. 
2' 
3 
 vertical slits; Lh L 2 . La = lenses; 
P=dlspersmg pnsm; C= Lummer-Brodhun cube- 
giving field of type C, Fig. 1. 


baìsam
 the rest of that surface of part 1 
being ground away so as not to be in contact 
with part 2. "['nder these conditions the 
central part of beam 1 and the outer part of 
beam 2 will form the photometric field of 
type C, Fig. 1. (Type B is another common 
form of photometric field found with Lummer- 
Brodhun spectrophotometers.) This is viewed 
by the eye placed at slit 8 3 , no eyepiece being 
u::;ed. Uniformity of the field is obtained by 
using pieces of ground glass before slits 8 1 and 
8 2 or by having the light come from illuminated 
pieces of magnesium carbonate. 
This instrument is especially well adapted 
to compare the relative spectral distribution 
of radiant power of two light sources. 'Yhen 
this is being done
 it is be::;t to compare each 
one of them in turn with a third source, this 
third source being placed, for example
 before 
8 1 , giving rise to beam 1, and the other two 
being in turn placed before 8 2 , giving rise to 
beam 2. Anyone of the methods already 
indicated
 or a combination of them
 may be 
used to vary the amount of light entering 
slits 8 1 and 8 2 and thus bring the t\\ 0 parts 
of the photometric field to equality. 
In transmission work two sources may be 
used-or better
 only one, the light being re- 
flected by mirrors or pieces of magnesium 
carbonate into the two slits. This" ill depend 
somewhat upon the method used for varying 
the brightness to obtain the match when the 
sample being examined is placed in or out of 
one of the beams of light. For the measure- 
ment of diffuse or specular spectral reflection 
special auxiliary illumination apparatus is 
necessary'. This may be easily de\-ised. 
(ii.) The KÖllig-Jlarte1l8 SpeLtrophotometer.- 
A second well-known instrunwnt operating on 
a very different principle is the König-)Iartens 
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spectrophotometer, 1 In this case variation of 
brightness of the photometric field is brought 
about within the instrument by polarising the 
light and intercepting it with a nicol prism. 
An outline diagram (plan) i::! given in Fig. 3, 
Beam I 8 L P W B L N 

 

E 
Be 2 rn j 8 2 
 " 
.FIG. 3.-The Künig-.Uartens Spectrophotometer. 
. 
=lenscs; ,y = 'Vollas
on prism; B= bi-prhnn, 
glvmg fi
'ld. of .type A, FIg. 1; P=dispersillg prism 
(the 4enatl
m IS away from thp planc of thc paI)Cr). 

 =mcol prIsm; :-)., :-)2' t;3 = horizontal slits (Sl and 
8 2 are parts of the same slit); .E = position of the 
eye, 


The light from beams 1 and 2 traverses 
the instrumcnt approximately as shown. By 
means of the 'Y ullaston prism each beam is 
split up into two parts vibrating at right angles 
to each other. One part of each beam is lost 
within the instrument; the remainin a parts 
}Jularised mutually perpendicular, are brought 
by means of the bi-prism and lens to form the 
two halves of a photometric field, which is 
viewed by the eye through the nicol prism. 
Errors do not result from the partial polarisa- 
tion by the dispersing prism P, because the 
light is polarised by \V after leaving P. The 
field is of type A, Fig. 1, the dividing line being 
produced by the apex of the bi-prism, Uni- 
formity of field may be secured in the same 
way as with the Lummer-Brodhun spectro- 
photometer. 
. Since the two beams of light reaching the 
mcol are polarised in directions at right angles 
to each other, a rotation of the nicol prism will 
obviously increase the brightness of one half 
of the field while decreasing that of the other, 
one becoming a maximum when the other be- 
comes extinet, and vice versa. The angular 
scale is made to read zero for one of the 
positiong of extinction. 
If one of the original h('ams, e.g. beam 1, is 
kept constant while the other, beam 2, i::! 
varied, and a match has been obtained in 
two different cases, the bri(Y'htness of beam 2 
in the first case to that in the second case will 
be given by the ratio of the squares of the 
tangents (or cotangents) of the angles of match. 
If beams I and 2 may be interchanged, the 
ratio of brightness is the pro(luct of the tangent 
of the angle of match in one case by the co- 

angent in the other. )Iethods of using this 
mstrument are explained in detail in Part IV, 
(iii.) Other Tnstrllrnents. - These two ex- 
amples are illustrative of the great variety in 
method which haR been employed to bring 
two beams of light of the same wave-knrrth 
. b 
mto the proper juxtaposition in a photometric 
1 Ann. der Plil/s. (4), ID03, xii. D84. 


field, :mcl to enable eith('r or both beams to 
he varied in brightnesR at "ill in a continuous 
and kno\\ n manner. They are illustrative of 
the two general claRses into whieh visual 
spectrophotometers are often clivickd-viz. 
polarisa
ion in
truments and others (mostly of 
the vanable-sht type). Thf'Y are also illus- 
trative of ano
her general division which might 
be m:tde-vIz. those whieh are de
i
ned 
p
im
ril
 for the comparison of the spe
tral 
dIstnbutIOn of radiant power in two sources, 
and tho::!e in which the measurement of the 
spectral transmissive properties of materials is 
the .
ain purpose in mind. "'ith the propf'r 
auxIhary apparatus, however, most instru- 
ments may be used for both these purpos('s as 
well as for the measurement of diffuse reflec- 
tion. 
There are many other well-known instru- 
me
ts in addition to the two already de- 
scnbed. One of the earliest types was the 
double-slit spectrometer of Yiel'ordt,2 in which 
a single collimator carried a divided slit 
either half of which could be varied in "idth 
independently of the other, vahl('s b('ing com- 
puted fro.m these known slit-widths, The t)pe 
of field IS that represented by E of Fig. 1. 
The accuracy possible with this instrument was 
increas('d by later investigators. Krüss 3 used 
slits which opened symmetrically on either 
side instead of having one side fixed and the 
other variable. Further improvements in this 
method by various investigators consisted in 
devising means for making the dividing line 
of the photometric field as fine as possible and 
at the same time separating the two beams of 
light a short distance to make it easif'r to 
insert a specimen in one beam without inter- 
fering with the other bf'am. One of the modern 
varieties of the double-slit instrument, hut with 
two collimators and a Lummer-Brodhun cub(' 
is called the Differential Spcctrophotometer,
 
in which the two slitR work by a single serew 
in such a way that the .sum of the two slit- 
widths remains constant. 
The Brace 5 :::::pe('tropllOtometpr is very 
similar in action to the Lummer-Brodhun it 
having two collimators widely separated. ' In 
this instrument, however, the photometric 
field is formed in the prism itsdf; it is of 
type D, Fig. 1. 
'Vhile much valuahle wurk has he('n dOl1e 
with variable - slit instruments, the general 
accuracy and reliability of all of them are 
in
reased if some other means of varying the 
bnghtness of the phutometric field is w:;ed; 
and this has often been donf'.6 


2 PO[](J. Ann., 18(j!), ('Xxxvii. 
()o: l
ïO, n1. 1 ï2. 
3 IlI'p. d. J>hy,<;., xiii. 
6ï; Zeit,<;chr. j. (lIllI[ytit,clte 
Clii'mie, 1

2, xxi. IH
. 
4 
h()()k, A,<;trop. Jour., ]!)] 7. Ix\-i. 30!). 
Ii Pldl. Jla[]. (5), 18!m, xh-iii. -1
O; A.<;trop. Joltr. 
1 BOO, xi. (). ' 
e E.[]. Lemon, A,o;trop. Jour., IOU, xxxix. 20-1. 
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Spectrophotometers which make use of 
polari:Úng apparatus to vary the brightness of 
the field do not require the use of variable 
slits, but retain the same ease and speed of 
making settings. They should, however, like- 
wise be su bjected to thorough test as to the 
possible presence of errors resulting from the 
polari
ing action of the dispersing prism or 
other parts of the apparatus. The objection 
often made to polarisation instruments, viz. 
the loss of light "ithin the instrument, has 
become of little weight because of the high 
efficiency, especially in th6 blue and violet, of 
the gas-filled incandescent lamps now avail- 
able. In addition to the König-)Iartens in- 
strument, elsewhere described in detail as to 
construction and use, the follü\\ ing methods 
have been used. 
In Glazebrook's 1 instrument two widely 
separated beams are each polarised by a nicol 
prism, but mutually perpendicular. These are 
brought into juxtaposition and viewed by the 
eye through a third nicol. By rotating this 
nicol a photometric match is obtained, values 
being computed by the tan 2 relation as "\\ ith 
the König-)Iartens instrument. 
In another type of instrument, 2 similar in 
many respects to the König-)Iartens spectro- 
photometer, a single collimator is used. Light 
from two separated parts of the slit are 
polarised mutually perpendicular by means of 
a Rochon prism. The two beams, after pass- 
ing through a nicol prism, finally form two 
contiguous spectra, any width of which may 
be e),.amined by the eye. Eq uality of bright- 
neS$ is obtained, again, by rotating the nicol 
and values computed from the tan 2 relation. 
A polarisation instrument of different type 
is that by Crova,3 in \\ hich the light in only 
one beam is polarised. In that beam two 
nicol prisms are placed and equality of bright- 
nes;:; obtained by rotating one of the nicols, 
the sin 2 relation being used for the computa- 
tion. In this instrument the two beams of 
light come from different parts of the same 
slit, but that in one half is deflected in by 
means of a total reflection prism, its original 
direction being at right angles to the other. 
Three nicols instead of two have sometimes 
been used, t In this case the middle one is 
rotated; and the sin t relation must be used 
in computations. 
In Hüfner's spectrophotometer 5 one beam 
only is polarised, one nicol being phced in 
one beam before the collimator slit, thp other 
in the observing telescope, Hüfner's rhombic- 
prism scheme is used to bring two slightly 
separated beams into the proper juxtaposition 
through different parts of the same slit. 
1 ('amb. Pror.. 1883, iv. 3tH. 
2 man. nïed. Ann., 18ïï. i. 3;) 1. 
3 Ann. de ('him. et P/I./IS. (5), IX'33, x
ix. 5:>6, 
.. Zpnkpf. Zeitschr. J, Iw;tk.. 1
1"I3, iv. 83. 
5 Zeit.
ch;.. j. physik. Chemie, 188D, iii. 36
. 


The action of a polarisa tion instrument by 
\Yild 6 depends upon the vanishing of the 
interference bands formed by the proper 
superposition of the two beams of light from 
anyone source. 
"Various devices are available by which any 
spectrometer may be converted into a spectro- 
photometer; in fact, some of the instru- 
ments already mentioned are practically that. 
Total reflection or rhombic l)ri
ms are used for 
this purpose, bringing two beams of light into 
separate but contiguous parts of the collimator 
slit. Auxiliary means must be provided for 
var,ying the brightness of one or both beams. 
Such methods have been used by Xichols, 7 
Houston, 8 I ves, 9 X utting, 10 and others. 
One of the most recent forms of spectro- 
photometer is the Keuffel and Esser Color 
Analyser, a direct - reading instrument. A 
constant-devia tion spectrometer is used. A 
bi-prism placed over the telescope lens gives a 
field of type A, Fig. 1, \\ ith horizontal dividing 
Jine. The two beams come from different 
parts of the same slit. The brightness of one 
beam relative to the other is varied by means 
of a variable rotating sector, and the scale 
re
lds transmissive 01' reflecti\?e percentages 
directly. 
A s
mewhat different method from any of 
the a bove is that by A. bney, 11 " here the 
illumination of two shado\\ s, side by side and 
touching one another and cast on a screen by 
placing a rod in the path of the Ì\\ 0 sets of 
rays, is equalised by placing a ,ariable-aperture 
rotating sector in the path of one of the beams. 

Iention might also be made of spectro- 
photometers operating on the flickerprinciple. 12 
This subject, however, is one for hetero- 
chromatic photometry rather than spectro- 
photometry, and is, therefore, untouched here. 

 (
) PHOTO)IETERS ASD HO)IOGESEOrS 
LIGHT.-Considerable work of \-alue in the 
line of checking and studying other methods, 
or in actual experimental work, if a spectro- 
photometer is not a ,aila ble, may be done by 
means of a photometer, source of homogeneous 
light, and selective ray filters. The )lartens 
photometer 13 has been used at the r.
. Bureau 
of Standards for this kind of \\ ork; other 
types would also be suitable. The mercury, 
hydrogen, and helium lamps are of value 
because of having several \\idely separated 
lines of sufficient brightness to be used. If 


· Iùp. d. PlIys.
 1L',
3, xix. 81
; JJïeif. Ann., 1t'
:3, 
xx. -!.)
. 
7 Phys. &1"., 18Ç)-!, ii. 138. Diffraction grating 
also used fOf di
peD'oion. 
8 PMl. JIag., 1908, xv. 282. 
· PhYR. Rel'., IDlO, xxx. .1-16. 
10 Bur. Stand. Sri. Pap. Xo. 11,"), lÇ)1l: see also 
The Sutting Photonwter, advertbed by Hilger. 
11 Rt'çearcl/l's in Colollr Jïsion, p. ï 4. 
l
 E.g. I.ummer-Prin!,!shrim. Jallrps!Jl'T. d. .'-r},[t'S. 
fies. J. raterl. l\.llltur, WOG; R,?ibl.. IUOi. .Hili: 
liIne, 
Proc. Roy. Soc., Edinburgh, HH:!-13, xxxiii. "237. 
13 Phys. Zeit.. 1900, i. "29f1. 
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all three sources are available, the follo\\ ing 
wave-lengths may be obtaint>d : 
Hg--lO-I: 7 + 4V7.8, 133'8, 546,1, 576.9 + 579.1 
m!L ; 
H -434: 1, 48G'2, 636.3 Ill,a; 
He-387.(), 6G7.8+ 70ö'5 (706.3 weak in com- 
parisun to 667.8), 70ö.5 m,u. 
The helium Lines in the blue are too close 
together to be efficiently separated. 
Glasses for filtering out these lines are 
described in Bur. Stand. 1 J ech. Pap. No. 148; 
and gelatine filters for the same purpose are 
advertised by the Eastman Kodak Co., 
Rochester, N.Y. 
A Variation-of-Thickness Photometer has 
recently been designed for measuring the 
transmissivity of liquids. The following are 
the essential features: 1 
"Two beams of light proceed horizontally, 
one above the other, from a uniformly illu- 
minated vertical surface. 
"A rotating sector disc of known trans- 
mission can be interposed in the upper beam. 
" By means of two totally reflecting partially 
immersed rhombs, the lower beam is diverted 
through a variable thickness of oil determined 
by the distance between the rhom bs, one of 
which is carried by a slide on a track parallel 
to the beams of li
ht. The oil is contained in 
a horizontal trough with open top into which 
the rhomLs dip. 
"The two beams are brought into juxta- 
position in the photometric field by means of 
an arrangement of biprisllls. 
" The thickness of oil in the lower beam is 
varied until its transmittance 2 equals the 
transmission of the sector disc as judged by 
equality of brightness in the photometric field. 
" A suitable scale proviùes for direct reading 
of transmissivity 3 or the logarithm of trans- 
missi vi t y. 
"Light of definite wave-length may be 
obtained either by: 
"(1) Use of light filters with a selective 
source, such as a mercury lamp, or 
"(2) Dispersion 'with a prism, which con- 
verts the instrument literally into a spectro- 
photometer, " 


IV. DESCRIPTIO
 AND CO:\IPARISON OF 
:l\IETHODS 
For several years the subject of spectro- 
photometry has been given considerablo 
attention in the chromatics section of the 
U.S. National Bureau of Standards. This has 
been necessitated by the many requests 


1 Priest, The f'otton Oil Press, ,July ID20, p. 9û. 
2 'l'ransmiffr!n('(': the ratio of the radiant power 
incident on the' 
N'ond 
llrfa('e of a suhstanee to that 
transmitt.e(l hv the fir
t surface. 
3 TrftnsmiÚ;ivify, t: Let T=transmittance, b= 
thickncss; then t= 
/T. 


continually being received there for tests 
of the spectral transmh,sive and reflective 
properties of all kinds of material, and by 
the large and increasing demands for the 
standardisation and specification of colours. 
Spectrophotometry, as already noted, is the 
fundamental basis of all work of this kind. 
It was early realised that sufficient attention had 
never bpen paid to the detection and elimination of 
errors by the comparison and counterchecking of 
radically different methods, It is no trouble at all 
to obtain, for example, "smooth" spectral trans- 
mission curves by anyone :mf>thod, the observational 
error being perhaps very small, and repetition of the 
measurements being easy to obtain, It is only 
when the samp specimen is measured by a different 
method over the same range that one rcalises there 
may be enormous errors present though previously 
undetected. l\Ioreover, anyone met.hod is limited 
in range and becomes somewhat unreliable as the 
outer regions are approached. The limits of the 
visible spectrum arc often taken al' 400 and 750 :mfJ-, 
but little accurate visual work has ever been done at 
wave-lengths less than 450 and greater than 700 m,u. 
And yet cases arise where measurements within these 
regions are of great importance. 4 
For these reasons several independent methods of 
spectrophotometry have been developed, in addition 
to the construction of much auxiliary apparatus for 
use with instruments already available; and by 
means of the counterchecking thus :made possible 
the work has been brought to a high degree of 
efficiency and reliabilit.y. It has therdore been 
t.hought that the ends of tllÏs article can be served 
in no better way than by describing in considerable 
detail the apparatus and methods now beil1g used 
there. Most of thiq material has hecn obtained 
from pu blii::!hpd papers, and reference will be made 
to these at appropriate places. 

 (9) THE VISUAL l\IETHOD WITH THE 
KÖXIG-.UARTENS SPECTROrHOTOl\1ETER AND 
AUXILIARY ApPARATUS.-As already noted, a 
spectrophotometer for general purposes should 
be of such a kind and used in such a way 
that anyone of three different kinds of 
experimental work may be accurately and 
conveniently performed with it; that is, it 
should be available for the determination of 
(i.) the relative spectral distribution of radiant 
power of the various sources of illumination 
in commercial use at the present time, (ii.) 
the spectral transmissive properties of all 
kinds of substances, up to a considerable 
thickness if necessary, and (iii.) the diffuse 
Rpectral reflection of a great variety of 
materials. The KÖnig-l\Iartt'ns spectrophoto- 
meter, when used in th(' proper way and with 
suitable auxiliary apparatus, meets these 
conditions admirably, as will he illustrated. 
The usual working range of the instrument 
has been from about 450 to 700 mjJ., with 
Rlit - widths of 0.10 m,u in collimator and 
telescope. But by widening the slits reliahle 
· E.g. in chromatic camouflage, Jour. Opt. Soc. 
.America, 1920, iv. 390. 
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work has been dope as far as -l2u and 7.:;0 m,u. 
with the heterogeneous source. The brilliant 
mercury line at 4:33.8 m,u. has been of great 
assistance in obtaining reliable readings in 
this region. The use of the bright homogeneous 
lines of the mercury and helium lamps has 
proyed of considerable value for checking 
purposes. 

Iethods of computation, which would ordinarily 
be yery laborious "ith this instrument, haye been 
simplified by the design of slide-rules, by which 
the yarious computations inyoh-ing tangents and 
cotangents, or their squares, may be performed as 
conveniently and accurately as in ordinary numerical 
work \\ nh the ordinary slide-rule. 
(i.) Comparison of Light SOllrces.-The use of 
this spectrophotometer for the comparison of 
light sources is described in a paper on the 
" Colour and Spectral Composition of Certain 
High-Intensity Searchlight Arcs." 1 By the 
method therein given in detail it is possible 
to obtain the relative spectral distribution 
of radiant power of even a varying source 
like the electric arc. The follm\ing diagram 
and description of the method are taken from 
that paper. 
An illumination box was constructed and 
fastened to the spectrophotometer immediately 
in front of the slits (Fig. 4). This consisted 
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FIG. .t.-Details of Illumination Bo"'\:, used with the 
König-)Iartens 
pectrophotometer for the com- 
l)arison oi light source8. 


of a brass box diYided into two compart- 
ments by a brass partition. "The interior 
of each compartment was coated white with 
magnesium oxide, put on by burning magne- 
sium ribbon, and blocks of magnesium 
carbonate were placed as shown. Thus th
 
whole interior was white and the reflection 
from all surfaces was entirely diffuse. The 
magnesium-carbonate blocks were illuminated 
as shown, and li
ht from these t" 0 illuminated 
surfaces entered the double :;1Ït of the spectro- 
photometer through small openings in the 
illumination box. The whole interior of the 
box is, of course, illuminated by diffuse 
reflection from the magnesium-carbonate 
1 Bur. Stand. Tech. Pap, Xo. Hi8, 19
O. 


blocks, and two beams of light from the 
sides of the box ne:x t to the spectrophotometer 
pass through openings in the opposite side 
and are compared by means of the :Martens 
photometer." A red glass filter was placed 
oyer the eyepiece of this photometer to 
eliminate the colour difference beÍ\\ een the 
arc and the comparison lamp, and a ground- 
glass diffusing screen used, as shm, n, to 
make the photometric field still more uniform 
and of the proper brightness. Lenses were 
used to obtain sufficient illumination of the 
magnesium-carbonate blocks, care being taken 
that this illumination was uniform, and that 
chromatic effects were avoided. Rotating 
sectors of knm\n aperture were used on one 
side or the other, as needed, so that the 
comparison field of the spectrophotometer 
might be brought to equality within a suitable 
region on the scale. 
The substitution method of measurement 
should always be used in this kind of '\\ ork ; 
that is, a comparison lamp should be kept on 
one side and light from it compared first" ith 
light from a standard lamp whose relative 
spectral radiant power has been determined 
radiometrically, and then "ith that from the 
lamp, arc, o
 other source of illumination 
whose relative spectral radiant power is to 
be determined. If the unkno'\\ n source of 
illumination i:::; one that may be easily main- 
tained constant, e.g. an incandescent light, 
but two obser\ers are needed-one to watch 
and control (by means of a potentiometer) 
the voltage around the lamps, thus maintaining 
constant illumination on eith
r side, the other 
to make observations at different regions in 
the spectrum. If the unkno'\\ n source is an 
arc (in this case the Sperry searchlight arc), 
more observers will be required. 


"Five people were necessary in making the observa- 
tions on the arc, one to watch and control the arc, 
recording the readings of the yoltmeter; a second 
to regulate the current through the are, recording 
the rf'adings of the ammeter; a third to obseryc 
the illumination through the 
Iartens photometer; 
a fourth to take readings on the spectrophotometer; 
llnd a fifth to record those readings and keep the 
proper yoltages on the lamps by means of the 
potentiometer. The procedure for taking a series of 
observations under these conditions was as follO\\s : 
"The arc was allowed to run a few minutes in 
order that conditions might become aR steady as 
possible. 'Yhile this was being done, the comlk'1rison 
lamp was kept at its proper voltage and the variations 
of the illumination from the arc followed on the 
"\Iartens photometer. Finally, the photometer was 
set for eq ualit}' of brightness bet" een the Í\\ 0 
sourceR at what seemed to be the best mean value 
of the illumination from the arc. This setting was 
then unchanged during the run. Sow, for any given 
waye-length, the variations in the illumination from 
the arc were follO\\ ed on the :spectrophotometer, the 
attC'mpt b{'ing made to keep the Í\\O halyes of the 
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photometric field alway
 equal in brightness. 'Yhen- 
f'Vf'r conditions were right, as shown by the .Martens 
photomf'ter, a !;'harp f;ignal wa.;; given and the reading 
of the sp
ctrophotometer take'll at that instant. It 
was not attemptf'd to do thi
, of course, if thc 
illumination varied too rapidly through the proper 
value. Usually the variations were quite slow, the 
illumination often 8ta
ving constant at the correct 
value for a considerable part of a minute. It was 
noticed during the course of the investigation that 
the valuc of the current through the arc would have 
served nearly as well as the au"Xiliary photometer 
for enabling measurements to be made always at 
the same illumination; for the current was practi- 
cally always at a given value, about 75 amperf's, when 
the signal was givcn by the observcr at the .:\Iartens 
photometer. 
.. At each wave-length from four to ten readings 
were taken on the spectrophotometer, the number 
depcnding on the agrf'ement obtained among the 
rf'adings. .Measurements were made bf'tween wave- 
lengths :1:30 or 440 and 710 mfJ. usually at every 
20 lllfJ.. 
.. After this series of measurements was completed, 
the total reflection prism was set up to locate the 
position of the arc and kcpt there until the standard 
lamp had been put in position. It was then removed, 
and another series of measurements madc at thc 
same wave-lengths as previously on the arc. Only 
two observers were now necessary, one to make the 
measurements on thc f;pectrophotometer, the other 
to record the data and kef'p the voltages constant 
with the potentiometf'r. 
" In this manner all the data were obtained, either 
a complete run or check points being taken on the 
standard lamp between any two of the runs on the arc. 


" The spectral distribution of radiant power 
of the arc was computed as follows: All the 
values of the angles of the nicol prism read on 
the spectrophotometer for the standard lamp 
were plotted at the proper wa
-e-Iengths and a 
smooth average curve drawn through these 
points. All values for the standard lamp 
uscd in the computations were taken from this 
curve. Thus the same values of the standard 
lamp wcre uscd for all computations. For 
each wave-length the square of the cotangent 
of the average anglc, read on the spcctro- 
photometer when thc arc '" as in position, was 
divided by the square of the cotangent of the 
angle as read from the curve ,\ hen the standard 
lamp was in position. 'Yhen this is done for 
all the wave-lengths, the radiant power of the 
arc relative to that of the standard lamp is 
obtained. By multiplying these values by the 
known relative values of radiant power of 
the standard lamp at the different wave- 
lengths, the relative spectral distribution of 
radiant power in the arc was obtained." 
(ii.) Spectml TrnnsmissÎ1'e and Reflective 
J[ eaSltrements.-No complcte account of the 
illumination apparatus which has been 
developed for use "ith the Kö.nig-:\rartens 
spectrophotometer has yet hC'cn published, 
but brief reference to it has been made 


in two papers. 1 The C'ssC'ntial features an' as 
follows : 
A metallic box was const.ructcd large enough 
to contain ten 500-watt, incaI:descent, 
Iazda-C 
lamps and three large M -shaped mercury 
lamps well distributed throughout the interior. 
A system of air and water cooling prevent:::) 
undue heating of any part of the apparatus. 
The interior of the box was painted white 
and finally coated with magnesium oxide, 
giving diffuse illumination from all parts. 
Thf" box was set up in front of the spectro- 
photometer at suffiC'ient distance to allow 
samples of considerable thickness to be inter- 
posed. In the si(1e of the box next to the 
slits two small openings were cut just large 
enough to include thc ang]es suhtended by 
the slits and lens of the spectrophotometer. 
On the opposite side of the box, two pieces of 
magnesium carbonate are placed, in such a 
position as to cover the same angles. Thcse 
two surfaccs of magne::;ium carbonate are 
illuminated from all directions within the box 
by means of the lamps and the white walls, 
the incandescent lamps or the mcrcury lamps 
bcing used at will. 
A telescope arrangement within the box 
prevents any of the light entering the slits 
of the spectrophotometer except that coming 
from the surfaces of magnesium carbonate. 
Thus the comparison field of the instrument 
is fillcd with light, half from one magnesium- 
carhonate surface, half from the other; and 
any variations in the amount of light from the 
lamps will be exactly neutralised. The lamps 
may thus be run on an ordinary, fluctuating 
circuit, even the flickering of the mercury 
lamps causing no trouble. Throughout the 
part of the spectrum of high visibility only a 
part of the lamps need be used, and these can 
be run bC'low the maximum efficiency to 
prolong their life. It is only in the red, blue, 
and violet that it is necessary to malu' use of 
all available light. 
'Vhen the spectral transmission of any 
material is to he obtained, the sample is 
placed in its carrier between the hox and the 
slits and made to intercept the light first in 
one beam and then in the other. This intpr- 
change may be quickly effccted by the observer 
without leaving his seat, J.'or anyone position 
in the spectrum he first takes from one to fivp 
readings with the sample in one beam; he then 
transfers the sample to the other side and takes 
twice as many readings; finally he returns it to 
the first beam and rppeats his rf'adings thC're 
to detect any possiblc change of conrUtions. 
The transmission is then cumputed hy the 
product of the tangC'nt of one set of readings 
\\ ith the cotangent of the otltcr. 
'Vhcn thl:. spectral c1iffusC' rcflf"ction of any 
1 Bur. Stal/d. Tech, Pap. ",,0. 1-18, 1020; No. Wi, 
1 !)
O, 



SPECTROPHOTO)IETRY 


material is to be measured, a sample is cut 
to the right size .and substituted for one of the 
magnesium - carbonate surfaces. Interchangt=> 
of sample and the other magnesium-carbonate 
surface is eao;;;ily made by the observer, and a 
set of readings taken analogous to those 
already described for transmission work. 
The result "ill Le the reflection relative to that 
of magnesium carbonate. This latter is nearly 
100 per cent. 
The carriers for holding the specimens in both 
transmis!'.ion and reflection work were very carefully 
made so that in transferring the specimen from one 
beam to the other it might always be returned to 
exactly the same position. This is very important, 
for it often happens, especially in I'f'flection measure- 
ments, that the samples are not absolutely uniform 
throughout. The carri{.r for transmission measure- 
ments has, of course, to be adjustable in order that 
specimens of varying thickness and diameter may 
be accommodated. 
In connection \\ ith the study of the spectral 
trl'lnsmissive properties of dyes and other solutions, 
::;pecial apparatus has been constructed. The cells to 
hold the solution and solvent were made after the 
pattern of those put out by Hilger for use \\Íth the 
8ector photometer. 'Yhile it is unnecessary to 
describe this cell in detail. it has 
our \-alua ble char- 
acteristics which should he possessed by all cells used 
in this kind of work: 
!} evaporation is prevented; 
(2) nothing but glass (or quartz) comes in contact 
\\ ith the solution; (3) no \\ ax or cement of any sort 
is used; (4) in order to refill, it has to be completely 
taken apart, and may therefort'o be easily and 
thoroughly cleaned for each new solution. 
Inasmuch as some solutions change their tran:-- 
missive properties rapidly \\ith change in tempera- 
ture, holders for these cells have been constructed, 
in \\hich \\ater at constant temperature is circulated, 
the constant temperature and circulation being 
maintained by a 'pump-and-thermostat arrangement. 
The solutions may thus be kept constant '\.\ ithin a 
fraction of a degree at any desired temperature over 
a considerable range. A detailed description of this 
auxiliary apparatus for use with solutions has been 
published. 1 Similar apparatus has also been con- 
structed for use \\ ith the other methode; \\ hose 
description follows. 



 (IO) THE PHOTOELECTRIC :KULL METHOD, 
(i.) Admntages of the Jlethod.-The well- 
known difficulty of obtaining accurate spectro- 
photometric measurements in tbt=> blue and 
violet by any other method led to the develop- 
ment of the photoelectric null method herein 
described, 2 The potassium-hydride, gas-filled, 
photoelectric cells now on the market make it 
possible to obtain as reliable determinations 
throughout the blue and violet, and even 
beyond those regions, as are obtained at 
other wave-lengths by other methods. 
The photoelectric cell has been u<;ed III 


1 Bur. Stand. Sci. Pap. :Xo. 440, 1922: "I. The 
Heyen Food Dves." 
2 Gibson, JÒ1.lr. Opt. 80(', Am., Jan.-Jlar. 1919: 
Bur. Stand. Sc'i, Pap. .xo, 349, 1919. 
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various ways by different investigators. 3 
Either the galvanometer or electrometer 
may be used "ith it; and in practically an 
measurements of spectral transmissive or 
reflective properties some form of deflection 
method has been used, much valuable work 
having been performed. For example, the 
absolute specular spectral reflections of a 
large number of metals have been determined 
in the ultra-violet between wave-lengths 380 
and 180 m,u. 4 
In various ways, however, a null method 
seems to be more suit a ble than a deflection 
method. It has been concluded by the 
majority uf in,.estigators that it is not safe 
to assume a direct proportionality between 
photoelectric current and exciting radiant 
power; and therefore any cell used in a 
deflection method, unless it be a method of 
equal deflections, must be tested and calibrated 
if there is deviation from this straight-line 
relationship. The so-called dark current must 
also be eliminated or a correction made, unles
 
the radiant powers used are so great that it 
may be neglected, wbich is seldom the case in 
spectral work. 
'Vhen the electrometer is used, still further 
difficulties are met by one using a deflection 
method. A strict proportionality between 
deflections of the disc, as read by means of 
the mirror and scale, and the potential acquired 
by the quadrants, must be proved by test or a 
calibration made. Timing devices are also 
necessary "ith their accompanying incon- 
venience and possible errors. But the electro- 
meter is so much more sensitive than the 
galvanometer that it is desirable to use it if 
possible. 
In the follo\\ing description of the null 
method are shown the ways in which the 
questions of the current-irradiation 5 relation- 
ship and the dark current may be avoided 
and their errors eliminated while retaining 
the extreme sensith-ity of the unshunted 
electrometer. 
(ii.) Spectral Trallsmissit'e l.lea.surements.- 
The principles on which the null method 
is based are very simple and may be under- 
stood in connection "ith the accompanying 
diagram (Fig. 5). 
" 'Yhen the earth connection is made at U, 
both pairs of quadrants are at zero potential. 
Cnder this condition the charged electrometer 
needle ,\ ill be at rest. Let the voltage applied 
to PI be VI and that applied to P::! bc Y2' 
and let tht=> total resistances (mainly that of 


3 R-:surné, Coblentz, Bur. 
tand. Sci. Pap. Xo. 31!), 
1918. 
, Hulburt, 
.t.<1rop. Jour.. 1915, xlii. 
Oj. 
6 The term;; irradiate and irradiation, as cmphasised 
by Iyes (A.çtrop. Jour., un i, xlv. 39), 
hcnlcl 
hE' n
ed analogously to the t('fm
 illuminate and 
illumination when radiant energy rather than light. 
is discussed. 
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the photoelectric cells) between U and G' 
be R 1 by way of PI and R 2 by way of P 2 . 
Then through PIa current will flow of magni- 
tude 11 = V 1 /R 1 and through P 2 of magnitude 
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1G. 5. 
Illustrating the Photoelectric 
N iin )Iethod. 
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E=Dolezalek quadrant dectrometer, disc charged 
to + 1;;0 volts; motion shown by spot of light and 
scale, as usual; PIP2=Kunz photoelectric cells; 
GG' = earth connection, zero potential; U = make- 
and - break mercury connf'ction ; VI V 2 = voltages 
a pplied to p] and P 2, respectively: H = position of 
Hilger constant-deviation glass-prism spectrometer 
with slits ::;2 and 
3 (:-ì 2 =:-;3 always); B=location of 
specimen whose transmission is to be lUpasured (mean:-; 
provided for moving in and out of beam); R=rotatin
 
Bector to increase range of measurements; T = track 
on which distance of (jUO-watt lamp L 2 from slit 
2 
may be varied; 8 1 = slit by which irradiation of PI by 
miniaturf' lamp LI may be varif'd, the amount being 
accurately proportional to the width of :-)1' 


1 2 = V 2/R2' No radiant energy to which the 
photoelectric cells are sensitive is considered 
as falling on them, 11 and 1 2 being what are 
ordinarily called the dark currents. 
"If the earth connection at U is broken, 
the electrometer disc will be deflected (shown 
by the drift of the spot of light) unless 11 
is exactly equal to 1 2 . If they are not equal, 
they may be made so by changing the relative 
values of VIand V 2. This is done by varying 
the point of ground connection at G'. 
"Now lct PI and P 2 he irradiated by L 1 
and L 2 . This will bring about a great increase 
in the photoelectric currents 11 and 1 2 , and the 
irradiations may be so adjusted (by varying 
the currents through the lamps, the width of 
8 1 , or the distance of L 2 ) as to make 11 again 
exactly equal to 1 2 , as shown by the zero 
motion of the electrometer disc "hen the 
ground connection at U is broken. N ow let 
the irradiation of P 2 from L 2 be reduced by 
interposing the specimen B. Then 1 2 will be 
less than II' and, with U broken, the spot of 
light will he deflected. Two methods may be 
employed to make 11 and J 2 again equal, a 
means of obtaining a measure of the trans- 
mission of B being thus possible: (1) The 


amount of radiant energy falling on PI may 
be decreased by narrowing SI until 11 becomes 
equal to 1 2 , the ratio of the slit-widths in the 
two cases being a measure of the transmission; 
or (2) the amount uf radiant energy falling 
on P 2 may be increased by moving L 2 ncarer the 
slit S2 until 1 2 again becomes equal to 11' 
the inverse ratio of the squares of the distances 
in the two cases giving the transmissiun, 
"The value of the transmission obtained 
by the two methods will be the same only 
in case the dark currents are exactly equal 
and in case the two photoelectric cells obey 
exactly the same irradiation-current law. In 
case either of these conditions is not fulfilled, 
the value of the transmis8ion obtained by the 
first method will be in error, but by the 
second method the accuracy of the value 
of the transmission will be unimpaired though 
either or both of these conditions are not 
fulfilled. Therefore, the transmission is 
measured by merely varying the distance 
of L 2 from the slit S2' thiH distance being the 
only variable in the uperation; for the width 
of the slit SI' the amount and quality of the 
radiant energy falling on PI and P2' the 
photoelectric currents II and 1 2 , and the 
currents through Ll and L 2 are unchanged, 
whether the specimen is in or out" 
H The distance of L 2 from 8 2 can u('vcr be made 
lpss than 46 em. because of the other apparatus on 
the bench, such as the sector, carrier, etc. This, 
combined with the fact that the filament of L 2 
is in a plane only 1 em. square, enablE's the inverse- 
square ll'lw to be assumed; that is, the amount of 
radiant energy entf>ring the slit 
2 varies inversely 
as the squarE' of the distance of L 2 from 8 2 , The 
rotating sector serves as a ml"'ans of making sure 
that the apparatus keeps in perfect working condition 
from day to day. The length of thl"' photometer 
bl'nch enablE's L 2 to be moved back to 255 em. from 
the slit. Therefore, thE' range of transmission 
possible with the 10 per cent sector is from 1.00 to 
approximatf'ly 0,004." 
Between 410 and 550 mp.: inclusive, the method is 
vE'ry reliable as shown by agrepments with other 
methods. These wil1 be discussed latE'r. If a quartz- 
prism spectrometer Wf>rp uspd, measurements could 
be extendpd into the ultra-violet. In thp long wave- 
length direction the cell itself soon hccomes very 
in
ensitive. The u1'lual working range of the 
apparatus has bef>n from 390 to 600 mfJ- inclusive, 
but valucs have been obtained as far as 380 and 
650 mfJ-. 
(iii.) The J1 eaS'/lrement of Diffuse Spectral Re- 
flection and other Ã1pplications.-The apparatus 
was designed primarily for the measurement of 
spectral transmissive properties, but has also 
been used to obtain the diffw;;e spectral reflec- 
tion of substances relative to that of magnesium 
carbonate. For this purpose the lamp 1. 2 
iR moved forward, and hy means of lcns and 
mirror the rays are brought to a focus upon 
the substance to be studied, the angle of 
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incidence being approximately 4.3 degrees. 
The diffuse reflection leaving this substance 
(or the magnesium carbonate) at right angles 
then enters the slit 8 2 , and the resulting 
photoelectric current in P2 is balanced by that 
in PI excited by Ll' as was done in the case 
of spectral transmission. The method of 
obtaining the balance now, however, has to 
be by the means of varying the width of 81' 
The method hh 
 not been as thoroughly tested as 
that for the transmission measurements. Com- 
parison with other methods, however, has shown 
that for approximately diffusing surfaees the method 
is yery reliable except at waye-Iengths where the 
sensitivity is low or the reflection being studied is 
verv small in valuc. 'Yhere yalues have to be obtained 
by 
Yarying the \\'idth of Sl' ho\\ever, the accuracy 
is about balf that resulting when the distance of L 2 
from 1')2 can be varied as explained under spectral 
transmission. But as already noted this accuracy 
is dependent upon the two cells obeying the same 
current-irradiation law. 



Ieasurements of relative specular reflection 
have also been made by the method of varying 
the "idth of 8}" 1 
"The apparatus is well adapted for the 
comparison of spectral distribution of radiant 
power of two sources over the same range 
of wave-lengths as used in transmission and 
reflection measurements. If the two sources 
are such that they obey the inverse-square 
law, the method of varying their distances 
from 8 2 could be used, 8 1 being kept constant. 
If the inverse-square law were not obeyed 
by either source, the other method could be 
used, their distances from 8 2 being kept 
constant and 8 1 varied to obtain a balance:' 
(iv.) The Elimination of Errors,-In setting up the 
apparatus the usual precautions \\ ere taken to 
eliminate so far as possible all mechanical vibration, 
moist air, stray radiant energy, and electrical 
disturbances. This was accomplished by the proper 
use of a metallic enclosure for the f'lectrometer and 
photoelectric cells, and by resting this upon a cement 
pier in a basement room. 
The usc of the null method eliminates the error.:; 
liable to be found with electrometer-deflection 
methods. .. Such errors may be those due to the 
deflections of the electrometer disc as given by the 
spot of light on the scale not being strictly propor- 
tional to the charge .or potential acquired by the 
quadrant
. tho.-e due to leakage of C'harges because 
of imperfect insulation or moist air, or those connected 
\\ ith the UðC of timing de\-ices." 
The method of varying the distance of L 2 from S2' 
as illustrated under spectral transmission measure- 
ments, eliminates two other possible crrors : 
(1) .. Errors due to the photoelectric current not 
being strictly proportional to the radiant power 
incident on the cell. Xo calibrations of the celli 
are neceRsary, and it makes no difference what the 
1 Karrer amI Tyndal1. Bur. Stal/d. Sri. Pap. Xo. 
3
!1, l!}
O, p. :38R. In this work the HraC'e sp('C'tro- 
photometer waR used to measure the spectral trans- 
mission of the atmosphere. 


relation is between radiant power and photoelectric 
current;" (2) .. Errors due to what is ordinarily 
known as the dark current. It makes no difference 
whetber or not it i.. eliminated, SOl' do the dark 
currents through the two cells haye to be the same, 
though approximately this condition is desirable for 
convenience' sake." 
Error3 which might result from undetected change!'! 
of the dark currents throu
h PI or P 2 or of the currents 
tbrough L 1 or L 2 are largely eliminated by taking 
the first and third readin
 with the sample in the 
beam, the second with it removed, etc. 
Errors arising because of the inverse-f'quare law 
not being exactly obeyed by L 2 " \\ ould be expected 
to be very small becau
e of the filament occupying 
an area of only 1 cm. 2 , and becau:-:e it is not possible 
to move th(> filament closer to the slit than 46 cm. 
It has been tested by means of the rotating sector. 
Other inve'ltigators 2 ha"Ve found that Talbot's law 
holds for the photoelectric cell; and a great number 
of observations at different times and at many wave. 
lengths on the apparatus herein described prove that 
the inverse-square law is obeyed, assuming Talbot's 
law to hold, or that Talbot's law is obeyed, a:ssuming 
the inverse-square law to hold. Actually, the error 
due to any failure of L 2 to obey the inverse-square 
law is too small to be detected over the range of 
distances used. It might be noted here that when 
the tran<;mission of thick specimens is measured, 
corrcction is made to the distance as read on the 
Rcale, thi'l reading being larger than the true optical 
distance of T4! from 8 2 ," 
Errors of observation arf' small because the final 
result is not a question of judgment, as in vi<;ual 
and photographic methods. 
Errors to which all method,,; of spectrophotometry 
are liable, such as those resulting from stray radiant 
energy and inaccurate wa"Ve-length calibration, were 
carefully guarded against, Slits of 0.20 mm. (S2 
and Sa) have been usually used. This include.'i 
appro,imately from 1 mf-L in the violet up to 4 mfJ. 
in the red, Errors due to these finite slit-\\idths are 
considered negligibie ewept for very n9.now bands. 

 (II) THE THERMOELECTRIC 1IETHOD.-All 
that has been done in this connection is to adapt 
one of the well-kno\\n radiometric methods 3 
to the measurement of spectral transmissive 
properties in the red and infra- red as far as 
13.30 mf-L. This limit was neces
itated in this 
case because the thread of the spectrometer 
was cut no farther. The same spectrometer, 
glass prism, was used as already described 
in the previous section. A Coblentz linear 
thermopile and sensiti\ye galvanometer werp 
used. The apparatus has been arranged so 
that the thermopile and galvanometer may be 
substituted, in a moment's time. for the 
photoelectric cell P 2 (Fig. .3) and electrometer. 
L 1 is not used Radiant energy from L 2 is 
focussed upon the slit 8 2 and measurements 
made by moving the specimen in and out of the 
beam. The following points are of interest: 


2 Tve
, A.
trop Jour., HHG, :x.liii. 24; KUlll, 
A strop. Jour., HH i, xlv. G9. 
3 
ef', for examplf', Coblentz, Carnegir Inst. of 
Wash.,.Pub, So. 35, 1905, 
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(i.) The absorption of 1 cm. of water 
becomes so great at 13,')0 m,u that readings 
could not be made with any precision much 
beyond that point. The ordinary glass 
spectrometer is therefore sufficient for work 
upon aqueous solutions. 
(ii.) Over this range and for a considerable 
way beyond, wherc large glass spectrometers 
and high-power incandescent lamps may be 
used, such an arrangement seems better than 
the usual infra-red spectrometer, because it is 
possible to work with very narrow slits. In 
this particular case slits of 0.20 m,u ",idtb 
were sufficiently large, that being equivalent 
to about 4 m,u in the red and about 18 m,u 
at 1uOO m,u, less than 1/3 of the widths 
often used. This is important in the study 
of narrow absorption bands, 
(iii.) Instead of a single lens it would be 
better to use two lenses, the light between 
them being in a parallel beam and the specimen 
inserted in this parallel beam. No errors 
because of the thickness of the specimen would 
then arise. 
(iv.) The quartz-mercury lamp is excellent 
for calibration purposes in this range, it having 
strong lines at 1014 and 1129 m,u and weaker 
lines above 1:300 m,tt. 
(v.) The method is of great aid to visual 
work between 630 and 800 m,u, 

 (12) THE PHOTOGRAPHIC 
IETHOD WITH THE 
HILGER SECTOR PHOTOl\IETER A
D AUXILIARY 
ApPARATUS,-A great advance in the ease and 
accuracy of photographic spectrophotometry 
has been made possible by the sector photo- 
meter, manufactured by Adam Hilger, Ltd. 
'Vhile this might be used in any spectral 
region where photography is applicable, its 
primary importance is in the ultra-violet. 
The measurement of the spectral transmissive 
properties of all kinds of organic anù inorganic 
chemicals is of great importance to the chemist 
and the physicist, theoretically and practically, 
and an immense amount of work has been done 
along this line. The great uutstanding fault, 
however, of most of this work in the ultra- 
violet is that it i
 merely qualitative. As 
noted by Hilger, "it must not be forgotten 
that nut only the intensity but the actual 
position of the maximum of an absorption 
band is undetermined until quantitative 
measurements have been made, since any 
variations throughout the spectrum of inten. 
sity of the light source, or scnsitiveness of the 
photographic plate, or of dispersion, may 
cause the apparent maximum of absorption 
to be in a position different from that of the 
actual maximum," \Yhile quantitative work 
is possihle hy the older photographic methods,1 
it is apt to be tedious and liable to serious 
errors which are entirely eliminated by the 
sector- photometer method. 
1 Résumé, Ewest, I'hotog. Jon '., If>l-!, liv. Uo. 


Auxiliary apparatus is necessary consisting 
of a quartz spectrograph and a source of ultra- 
violet radiant energy. The folIo" ing descrip- 
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FIG. 6.-Hilger :-:lector Photometer )Iethod. 


tion of the method is taken from a paper 
pu blished by :\lessrs. Hilger. 
"Immediately in front of the slit and 
attached to it is a bi-pri811l, :B, which receives 
the light from the source in the follow-ing 
manner. The light emanates from the 
source, L, and may reach the slit by two 
alternative paths. An upper beam passes 
through a rotating sector, S, the aperture of 
which can be varied, The beam then passes 
through the wedge prism, P, and, falling on 
the bi-prism, is ùeviated by the lower half of 
that prism to pass axially along the collimator 
of the spectrograph. The second beam 
traverse
 first the absorbing li<llÚd under 
examination contained in a suitable cell, A, 
then through a rotating sector, S', of fixed 
a perture, and a wedge prism, P', similar 
to P but so arranged as to divert the light 
upwards instead of downwards. The beam is 
then diverted Ly the upper half of the bi-prism, 
B, and passes axially along the collimator of 
the spectrograph like the first. \Ye thus have 
the spectrograph fed by two beams, the one 
capable of being varied in intcnsity at will 
by varying the aperture of the rotating sector, 
the other subject to the absorption of a 
known thickness of t.he liquid under examina- 
tion. A series of photographs is taken \\ith 
the sector S set to different aperture::;. If we 
consiùer one of these photographs we shall 
see that it consists of a pair of spectrum 
photographs in close juxtaposition, one of 
which is of reduced density throughout its 
whole length, the other-that, namely, which 
has passed through the material under test- 
being more dcnse than the first in certain 
parts and less so in others, there heing certain 
wavc-lengths where the denRity of the two is 
eq ual. 
" It is found that the wave-leì.gtn at which 
the densities of the two spectra &t'C equal is, 
within wide limits, independent of the expos- 
ure, of the intensity of illumination, and of 
the speed of rotation of the sectors. 
"Furthcrmore. the photographs are taken 
simultaneously, and there are, therefore, no 
errors arising from fluctuations in the light 
source, 
"Let the fractions of whole revolutions 
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durin!! which the \
ariable and fixed aperture 
sectors allow light to pass be respecti\-elv t 
and t', and let the intensities of light of wa;'e- 
length À reaching the slit by the upper and 
lower beams in Fig. ü be respecth-elv I and I'. 
., Then if at \, ave-length À the 
density is 
exactly the same in both spectra, we have 


I f. ( ' ) " 
1'=)lt,t. 
The makers of the instrument assume the 
Schwarzchild 1 relation, 1/1' = (t'/t)n for un- 
interrupted exposures, to hold in this ca:5e, 
n being different from unity, and supply a 
C'alibration from which 1'/1 may be obtained 
from the known values of t/f'. It has been 
found,2 however, that "the photographic 
plate, the use of which in photometric measure- 
ments is usually considered questionable, 
integrates intermittent exposures in such a 
way that the comparison of two intensities 
can be made directly in terms of sector 
openings, pro'dded th
at the time from the 
beginning to the end of the exposures is the 
same, and that the t\\ 0 e
posures produce 
equal blackening of the plate" ; i.e. the con- 
stant n for the sector photometer is unity 
"ithin the limits of photometric accuracy. 
This relation has been further verified by 
comparison \,ith other methods,3 and exten- 
sively by comparison \\ ith the König-)Iartens 
visual method and the photoelectric null 
method at the Bureau of Standards. These 
data ha,e been published in the Bureau of 
Standards Paper. .No. 4-10, on the spectral 
transmissive properties of the seven food dyes. 
The sector photometer at the Bureau of Standards 
. has both sector:'! variable, 
û that, for example, the 
celJs containing ðolution and soLvent may be inter. 
changed for check readings. The quartz sppctro- 
graph i
 a Feu
,;; in,;;trument (slit-\\idth=O'1O mm.) 
\\ith a dispcr
ion of nearly 14 cm. bf't\\('I:'n 500 and 
230 mm. The :'!onrce of' radiant ener
.v is a high- 
voltage (T('sla ('oil) :-park under water. \\hicb gives 
a continuous spectrum from the vi
ible a"J far as tbe 
quartz sy!':tem will transmit. The vertical spark 
is more sati.sf
ctor.v than the horizontal. for it kef'ps 
the two 
pectra in contact thronghout their wh
le 
length. T\\o pieces of maanesium carbonate diffu.
elv 
illuminatf'd as in the 0 König-)Iartens a m.ihary 
apparatu,;;, but by the spark, \\ould be still better 
and \\ould enable measurements of diffuse spectral 
reflect ion to be madE' as \\ ell, provided sufficif'nt 
intensity could he obtained. 
Errors in loc3tin
 the \\ave-Iength or frf'quency 
of equlll den<:ity ha,-e been madc ,-erv small by 
means of a speci;l comparator, described in Appendi;' 
to Bllr. Stand. Teell. Pap. Xo. 148, \\ hich permits 
of readings bE'ing madc \\ithout marking the negativf>. 
Therefore any number of readings may be-made 
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. Opt. Soc., 1!Hï, xyiii. :H;; Ph!ls. Rei'. (
), 
1917, x. 76ï: Bur. Stand. Tech. Pap. Xo. 119 191
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and an average taken. The principal souJ'{'e of error 
at presf'nt is thought to bf' due to occasional non- 
uniformity of tbe spark. Di
placement of the 
E'l('('trodes, and tberefore of the spark as a whole, 
from the proper position ma}" be quite accurately 
controlled. Interchang
 of solution and Eolveu"t 
\\ill test this, as well as e:.\.posure "ith both cells 
containing solvent. 

 (13) GE:XERAL CO:\IPARISOX AXD H.ELATIYE 
ACC"CRACY OF THI: ÐIFFERE:XT )IETHoDs.- 
The azreements and lack of agreements found 
\\ hen the spec-tral transmissions of a larae 
o 
n
mber of glasses \\ ere first obtained by 
dIfferent methods are well illustrated in Bur. 

tand. Teelt. Pap. Xo. 119. In this investiga- 
tIon four methods \\ ere used: the König- 
:Martens and the Lummer-Brodhun spectro- 
photometers in the ,isi ble, and also the 
.:\Iartens photometer "ith selecti \-e ra v filter!:; 
and monochromatic light, and the 
 Hilger 
sector photometer method in the blue, yiolet, 
and ultra-,iolet. Each apparatus "Was con- 
sidered to be in reliable working condition, 
but the comparison of results showed occasional 
yery serious discrepancies, especially in the 
blue and in the red beyond 63U JDf.1. 
Iuch of 
this \\ as due to insufficient precautions against 
stray light. 
Since that time the four methods alreadJ- 
described in detail-viz. the visual, the photo- 
electric, the thermoelectric, and the photo- 
graphic-have been de,eloped or improved; 
and values of spectral transmis
ive character- 
istics may no\\ be obtained from about t30 
to 1350 mf.1 \\ ith no "\\ eak" regions and no 
serious discrepancies, In the pa per on the 
food dves noted above the 0 bsen-ed ,alues 
of tran
mittancies 4 bv all four methods are 
plotted for all the con
entrations, thicknesses, 
and temperatures studied. As a result of this 
inyestigation the follo\\illg statements may be 
made: 
(i.) Errors of method are believed to have 
been eliminated in the visual method \\ ith the 
König-)Iartells spectrophotometer when homo- 
geneous light is used. 
(ii.) There is very close agreement be:tween 
the visual and photoelectric methods. This 
is true not only between 50u and 330 mf.1, 
where both methods are ,ery reliable, hut 
throughout nearly the whole r
nge of eithel. 
(iii.) In com paring the photographic deter- 
minations with the TIsual or photoelectric 
between 390 and 300 1llf.1, it has been found 
that the agreement is usually better the 
shorter the wa\-e-Iength, the le8:o; the trans- 
mittancy, and the "steeper" the trans- 
mittallcy curve. From the nature of the 
photogra phic method it i
 difficult to dptermille 
exactly the value of maximum or minimum 

 Trnn,'mlÏtfall(,Y: the ratio oi the tran"mb,..ion oi 
a cell eontainilH! a suh4anc't' in solution to that oi 
the same or an C(!uÏ\'<llcllt cell filled with the solwnt 
onl)'. . 


30 
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transmittancy. But the agreement in the 
blue and violet indicates that in the ultra- 
violet, where the dispersion is greater, the 
method is very reliable, especially for the 
determination of the frequency and magnitude 
of absorption bands, the lllain purpo::;e of 
most investigations in this region. 
(iv.) Agreements between the visual and 
thermoelectric methods between HOG and 700 
mu indicate that no serious errors are present. 
(v.) On the KÜnig-l\Iartens spectrophoto- 
meter with homogeneous light, values of k, 
the specific transmissive index,! may, as a 
rule, be obtained accurate to within :t 2 per 
cent, provided that suitable concentrations 
and thicknesses are used. 2 
(vi.) Yalues of k at any wave-length between 
about 400 and ß80 m,u visually or photo- 
electrically (i.e. both methods being used) 
with a heterogeneous source may be obtained 
with slightly less accuracy than this. 
(vii.) Definite maximum values of k, i.e. the 
absorption bands, if not too narrow, may be 
obtained in the visible accurate to within 
:t 3 per cent; but in the ultra-violet, because 
of certain characteristics of the method, the 
uncertainty lllay often be greater than this. 
(viii.) In the visible and ultra-violet the 
wave-lengths of definite maximum values of 
k are accurate within :t 1 m,u; in the infra- 
red the uncertainty becomes greater, but is 
considered less than:!: 5 m,u even at 1350 m,u. 
The visual method is the only one so far 
developed by which measurements of diffuse 
spectral reflection may be made under approxi- 
mately ideal conditions, and there is no reason 
to doubt that values of reflection are obtained 
with as high accuracy as is possible in trans- 
missive work. As already noted, the photo- 
electric method gave values of reflection 
considered of perhaps half the accuracy of 
transmissive measurements, for approximately 
diffusing surfaces. Examples of the close 
agreement between the visual and photo- 
electric methods for such surfaces are given 
in Bur. Stand. 1'ech. Pap. 
o. ] 67. Approxi- 
mate measurements on some of the same 
samples by the photographic sector photometer 
method with a quartz-mercury lamp as source 
indicate the reliability of the method if proper 
irradiation is used. K. S, G. 


SPECTRO-POLARIMETER : an instrument for 
mpasuring the rotation for different wave- 
lengths of the plane of polarisatiol1 of light 
Ly various substances. See" Polarimetry," 

 (14). 


1 Specific transmissÜ'e indf'x, k: Lct T=trans- 
mittancy, C = concentration, b = thickness; then 
k= -loglo 
/T. 
2 Tllf' photometric prf'cision of this instrllmmt, aR 
tf':-;teù hy mf':UlS of a('curately calibratc(l rotating 
sectors. is bcttf'r than 1 per cent. 


SPECTROSCOPES 
AX D REFRACTOl\lETERS 


I. THEORY 

 (1).-'VHEN light falls on a prismatic piece 
of a transparent substance it is de\-iated by an 
alllount depending on the angle of the })rism, 
and on the pro})erty of the substance known 
as its refractive index, ",hich varies \\ith the 
wave-length of the light. Light of different 
wave-lengths is therefore deviated to different 
extents; and if the incident beam contains 
constituents of more than one wave-length, 
each constituent beam emerges from the l)rism 
in a different direction. 
The deviation of a beam of light by a 
prism depends, therefore, on two inter-related 
physical quantities, t}U' refractive index of 
the prism and the wave-length of the light; 
and it may be measured with a view to deter- 
mine unknown wave-lengths, if the properties 
of the prism are known (or eliminated), or to 
determine the refractive properties of the 
prism for known wave-lengths. The instru- 
ment.al requirements for precise determinations 
vary somewhat, depending on which of these 
purposes is in view; and the spectroscopist, 
who is primarily interested in wave-length 
measurements, would rarely have much use 
for the instrument best suited to the require- 
ments of the refractometrist, who is primarily 
inteff'sted in the refractive indices of the 
prism. 
Since the determination of refractive indices 
may be said to be the basic measurement in 
applied optics. inasmuch as the design of any 
optical instrument depends for its realisation 
on a precise knowledge of the refractivc 
properties of the materials used in its construc- 
tion, we shall devote some eonsideration to 
the methods and inRtrumpnts best ada})ted 
to this measurement; and in the first place 
we shall investigate generally the conditions 
which govern the refraction of light by a 
" prism" with a view to determining the 
comparative accuracy of differf'nt methods 
and the actual accuracy likely to be obtained 
with a given instrumental equipment. 

 (2) PASSAGE OF LIGHT THROUGH A PRISl\I. 
-All the methods suitable for precise re- 
fractometry involve the determination of the 
angular deviation, with respect to some fi>.ed 
direction, of a beam of light which has been 
refracted by a sYRtem of })lane f;urfaCf'S, 
usually two in number. Sc}mrate formulae 
are readily obtained for the various methods; 
but it is more useful, in order to correlate 
such methods and compare thf'ir advantages 
and disadvantages, to treat them as special 
cases of a quite general relationship. 
Let AB, Fig. 1, he a ray of mouo('hromatic 
light incident on tht> first of two plane Rurfaces 
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which separate three regions in which the 
refractive indices for the wa\e-Iength of the 
light employed are. fJ.l' f.12' and fJ.3' 'Ve shall 
assume that the incident ray 
and also the normals to the 
surfaces lie in the plane of the 
paper. 



,1 


, " 
, \ 
I, p.t I 
"-- 



 P.2 
 
" " 


"--, 
: p. , 
\ 3' 
" " 


FIG. 1. 


It is necessary to employ a definite conven- 
tion \\ith respect to the signs of angles in 
order to prevent confusion, and, in certain 
cases, ambiguity, _Hl angles u'ill be c01lsidered 
posith'e when measured in a counter-clockzclse 
direction from the appropriate reference direc- 
tions. For angles of incidence and refraction 
thf' reference directions are the normals to 
the respective surfaces; while, in considering 
the angle between two surfaces, the normal 
to the surface first encountered by the ray 
is the reference direction for the normal to 
the second surface. ...-\S regards the deyiation 
of a ray, the initial direction of the ray is the 
refen'n
e line for the final direction, 
 
FiJ. 1 has been drawn so that all the angles 
with which we are concerned are positive on 
the above convention. The formulae obtained 
from it will of course differ in the signs of 
certain terms from thm:;e deduced in the text- 
books, in which the magnitude of an angle is 
alone taken into account. 
Let the angle of incidence ABX 1 = 'i. The 
refracted ray BC in the second medium 
makes an angle .K1'BC, =r, "ith the normal 
at B, and finally enters the third medium, 
making an angle of emergence X 2 'CD, =e, 
with the normal to the second surface at C. 
If the angle between the surfaces is (), it 
foUows from the geometry of the figure that 
BC
2' the angle of incidence a1 the second 
surface, =r-(}, and that angle CDO=(}+e-i. 
But CßO is the angle by ;-hich the ray has 
been deviated by the two refraction
, = ò say. 
Therefore the de\iation, õ, = () + e - i. 
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From the law of refraction 
PI sin i =,u2 sin r; ,u2 sin (r - (}) =,ua sin e: 
therefore 
P2 2 sin 2 () = pJ2 sin 2 i + ,u3 2 sin 2 e 
- 2 fJ.I P-3 sin i sin e cos (). (I) 
Equation (1) is the starting-point from which 
all special cases may be deduced. 
(i.) Parallel Surfaces.-Ií (}=O, equation (I) 
reduceg to 
P3 sin e = PI sin i. 


But this is the same relationship between i 
and e that would apply if the first and third 
media were separated hy a single surface. 
The parallel plate of index ,u2 is therefore 
without effect on the final direction of the 
beam, which depends simply on the properties 
of the first ar d last media, If,ul =,u3 the ray 
will be undeyiated by passing through the 
plate, 
(ii,) Prism in Air.-In this case ,ul=P3=1 
(approx.), and equation (1) becomes 
,u2 2 sin 2 (}=sin 2 e + sin 2 i - 2 sin e sin i cos (). (2) 
There are three SpeCIal cases of practical 
importance, \-iz. e=O; i=90 o ; and the case in 
which the deviation is a minimum. 
(a) "Then e=O the ray strikes the second 
surface of t.he prism normally. Equation (2) 
reduces in this case to 


sin i 
,u2 = sin 7J 


(3) 


(6) 'Yhen i=90 o the incidence is "graz- 
ing," the ray being refracted at the so-called 
critical angle. 
Equation (2) reduces in th's case to 
2 _ I ( COS () - sin e ) 2 
fJ.2 - + sin () . 


. (4) 


(c) 'Yhen the deviation is a minimum 
the angles of incidence and emergence are 
equal. This is shown in all text-books and 
it is needless to prove it here. "Then this 
condition is fulfilled i = - e and equation (2) 
becomes 
P2 2 sin 2 () = 2 sin 2 i(1 + cos (}), 
or 4f.12 2 8in 2 ((}/2) cos 2 ((}/'2) = 2 sin 2 i. 2 cos 2 (f/,'2), 


whence 


sin i 
,u2 = sin ((}f2 f 


The de,iation. ò, =(}+e-i, 
i =l(() - ò); therefore 
sin I(O - õ) 
,u2 = sulØJ2 . 


= () - 2i, or 


(5) 


sm 2 ()= {sin r cos (r-(})-cos r sin (r-(})}2 
The reader may ha\Tc observed that the sign 
=sin 2 r+sin 2 (r-())-':?Rulrsin(r-(})coB(}. I of sine in equation (4) and of òin equation (6) 
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are different from the usually given forms. 
In the latter case, 0 is invariably negative on 
the sign convention adopted in this t.reatment ; 
so if ð denotes the numerical value of the 
measured deviation, 0 = - ð and 


_ sin I (8 + ð) 
f.L2-- sin 8/2 ' 


which is the usual form. In the case of 
equation (4) the formula is usually deduccd 
in the text. books for a case in which e is 
negativp, in which case, if the numerical 
value of sin e is denoted by sin ë, the usual + 
sign is obtained in the formula. However, 
in this method e is by no means always -ve. 
If 8 or f.L2 is small, the emergent ray may lie 
between the normal and the refracting edge 
of the prism, in which case e is positi,-e and 
the npgative sign in equation (4) must be used. 
It is easier therefore, as in other optical 
pro blems, to remember the generalised forms 
of these equations, inserting the appropriate 
signs in practical cases, rather than to 
remember each case se}>arately. 
(iii.) Prism with one Surface in Contact with 
another Refractive Substance,-Suppose that 
in contact with the first surface of the prism 
there is anothcr refractive substance. In this 
case f.Ll 
 I, and equation (1) becomes 


f.L2 2 sin 2 8 = sin 2 e + f.L1 2 sin 2 i - 2 (.{l sin i sin e COB 8. 


The only case of practiC'al importance is that 
of grazing incidence, or i = DO o . 
In this case the equation reduces to 


f.Ll = :t sin 8 ,,'f.L2 2 - sin 2 e + sin c cos 8. 


The index f.Ll is 1)ositive and greater than 
unity, whercas the product sin e cos 8 is 
necessarily less than unity; so that the 
positive sign before the square root must 
always be taken, Thus 
f.Ll = sin 8 ,/
2 - si Ïl 2 e + sin e cos 8. (6) 
If f.L2 and 8 are known, f.Ll can be determined 
from equation (G), the only measurement 
required being the angle of emergencp p 
which the ray makes with the normal to the 
second surface of the })rism. 

 (3) A
GLE OF INCIDENCE FOR A GIVEN 
DEVIATIO
.-In the prcceding section the 
relations involvcd in the principal IDethods of 
refractomctry have becn deduccd. In each 
case some particular value of i, e, or 0 was 
chosen, the choice being dictated by the 
convenience of realising these particular 
conditions in practice 


It is f'lOmetimf"R desirr'd tn prndu('(> a given devia- 
tion hy a given pri!'lm (in air). and an angle of in- 
cidence has to he chm;en to give this deviation. 


( .3a) 


The general equation. (2), is 
f.L 2 'r. sin 2 8=sin 2 e+sin 2 i- 2 sin e sin i cos 8 
=!{2-(cos 2c+cos 2i)} 
- cos 8 {cos (e - i) - cos (e +i)} 
=![2-2{cos (e+i) cos (e-i>)] 
- cos 8 ('os (e - i) + cos 8 cos (e + 1") 
= 1- ('os (e +i) {cos (e- i) - cos 8J- 
- cos 8 cos (e- i). 
But e+i=0+2i-8, and e-i=0-8; 
.'. f.L22sinz8-I+cos8cos(0-8) 
= -cos (0-8+:?i) 
cos (0-8)-cos 8} 
or 
cos (0- 8+2i)=1 ?22 sin 2 8
cosß cos (
-=!). 
co
 (0-8)-cos 8 
Since 
 is always - VE", provided f.L2 > I, we may put 
0= - 0 where 0 is the numerical valuf' of the df'via- 
tion, and 
cos (:?i- 8- ð)= 1- f.L2 2 s in 2 8
 
O!! 
_c
s ( 
 +5) 
cos (8 + 0) - cus 8 ' 


from which, since 8 and /-'''2 are suppo
ed known, 
the value of i C'orre!'1ponding to a specified value of ð 
can he calculated. 

 U) SE
SITJYITY OF METHODs,-The equa- 
tions of 
 (2), relating to various methods of 
refractometry employed in practice, ten us 
nothing about the relative advantages of the 
methods, and give no guidance as to which 
should be used in any particular circumstancps. 
It is necessary to discuss the sensith-itv of the 
methods, that is, the ('hange in the 
eaBured 
quantity per unit change of refractive index, 
and also the extent to which the results ale 
affected hy errorR in the values of the auxiliary 
constants, such, for instance, as the anp-Ie of 
the prism, or, in the case of the method to 
which pquation (G) refers, the refractive index 
#2 of the auxiliary prism. 
Taking fir
4 the mm;t familiar method, the 
quantity measured is 0,. the minimum devia- 
t.ion. The sensitivity S may be measured 
by the number of F:C'conds which ô varies when 
the refractive index of the prism chan
es by 
one unit in the fifth decimal place. Thus 
S - êo 57.3 _x 60 
 GO _ 2 . 0 ' ro 
- ;) x 10 5 - Ü 
 . 
( #2 C #2 
From equation (5) above, 
ê#2 = _! cos l(8-0). 
éo sin {} /2 


'Vhence 


S - -4.12 sin 8/2 
cos 
(8-0) . 


(7) 


Thus the sensitivity is a function of the devia- 
tion and of the angle of the prism. 'Ye can 
calculate its value for any values of #2 and fI, 
first findin
 the appropriate values of 0 from 
equation (5). 
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For a !r1H'n material (i.e. fJ.2 constant) it i:; 
interesting to observe how the sensitivity 
\
aries for different prism angles. There is 
dearly a major limit to the permissible angle 
for any value of fJ.'!., which is reached when (J 
is such that both the angles of incidence and 
emergence are 90 0 . If (J is greater than this 
there is no emergent ray, the light being totally 
reflected at the second surface for an possible 
an
les of inC"'idence on the first. 
If i= -e=90;), o=(J+e-i=(J-I80 o , and 
equation (5) reduces to 


1 
fJ.2 = sin (J /2 - 


The largest refractive index of which measure- 
ment c
n be made with a prism of given 
angle, or the largest angle which 
a pr 1 sm of given index may have 
and still transmit light, is given 
by the a bo\ e relationship. 
If fJ.2 = 1.6 the largest possible 
prism angle is Ti 1 0 , while for the 
usual 60 0 prism the largest 
po
sible index is 2. 
In F iy. 2 the sensiti\'"ity of 
prisms of refractive index 1.6 g 20 
and 1.7.3 is plotted for different c 
9 
prism angles. The sensiti\'"ity 
increases as (J increases, the rate 
of increase being \-ery rapid as (J 
approaches its greatest possible 
value, being infinite when that 
yalue is reached. The cur\'"e 
shows that for fJ.2 = 1,6, which 
i<; about the average of the \'"alues 
encountered in practical work of 
high preciðion, an angle of 75.;) 
would give more than fi\?e times 
the sensitivity of the usual 60 Q 
prism. 
Sensiti\?ity is, however, only 
one factor in the accuracy of the 
measurements; and we shall see that there are 
other factors which prevent the utilisation of 
the large sensitivity which might be obtained 
by suitable choice of prism angle. 
Leaving for the moment the case of minimum 
deviation, let us consider the method in which 
the incidence is grazing, and for which we 
found (equation (4)) 



 

 
]30 

 

 
t:!) 

 
t:s 

 

 


"" 

 
Q" 
0, 

 

 
o 
Ç.) 

 10 

8 

 6 

4 
0, 

 2 
C:I 


40 0 


The quantity in brackets is always positive 
provided fJ.2< 1, since, if fJ.2 is unity, the ray is 
undevia ted and emerges parallel to the 1st 
facp, in which case e = 90 0 - (J and 
in e = cos (J. 
This is the largest positive value e can ba\'"e, 
so that if 'fJ.2> I, sin e < cos (J. Thus re/2fJ.2 is 
always - vo and the ray is always deviated 
farther away from the r
fracting "edge for an 
increase in the refractive index. 
Clearly the maximum value of (J for a given 
fJ.2' or vice t'ersa, is the same as in the minimum 
deviation method, since the case in which 
I both i and - e = 90:1 may be regarded indiffer- 
ently as pertaining to either method. 
I As regards the sensitivity obtained with 
I different an:zles for a given fJ.2' the general 
features of the curve would be similar to F'ig. 2, 
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FIG. 2.-:'ensiti\.it
. of )Iinimum Deviation lIethod for different 
Prism _-\.ndes. 
A, ,u=1'60. - B, .u=1'ï5. 


fJ. 2=1 + ( 
oS (J.- 
in 
 ) 2. 
2 8m () 


In this case the measured angle is e, and the 
sensith--ity, in the same units as adopted for 
the last case, will be S = 2.06 (ie/êfJ.2). 


2fJ. ê!2 = _ 2 ( COS (J. - s in e ) 
_?
, 
2 ce Sill () sm (J 


or 


sin 2 (J / ' 
s= -2'06u,
 - (cos (J-sme}. 

 cos e 


(8) 


for it is easy to see from the form of equation 
(8) that as cos e approaches zero, that is, as the 
angle of the prism approaches the value for 
which the emergent ray is grazing, ce/êfJ.2 
increases more and more rapidly, becoming 
infinity when the limiting value of the angle is 
reached. In this case as in the last, however, 
practical considerations prevent the highest 
sensitivity being fully utilised and, as we shall 
see, the halance of advantage for most 
ordinary purpoRes lies with the 60 0 prism. 
If then we take the 60;) prism as basis, it is 
useful to compare the sen
itiyities of theRe two 
methods throughout the range of refracti\'"e 
index usuallv encountered in practice. 
These ha
e been plotted in Fiy. 3. The 
curves tell us the accuracy with which the 
direction of the emergent beam has to be 
determined in each m
thod in order to have 
an error not exceeding O'OOl}(JI in the refractive 
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index. Thp preciRion requirl'd is greatest for -which, after transformation and substitution 
from equation (6), becomes 
cos e I -
 
, 2 - - 2 - A 112 111. 
'" 112 - S111 e." 
Thus the sensitivity for measurements 
which we may deno"te by S111' 


1.5 and 1.75. In the majority of cases, then, the 
sensitivity for the grazing incidence method is 3 
seconds per 0.00001 change of index and for the 
minimum deviation method from 3 to 4 seconds. 
The third method which it is 
of importance to discuss is that 
due to \V ollaston, 1 in which the 
object is not the determination 
of the index of the prism but 
of a substance in contact with 
its first face, the prism merely 
filling an auxiliary rôle. Several 
commercial refractometers due 
to different inventors are made 
on this principle. The prism 
we may term the standard prism 
or standard block. 
Eq ua tion (6) refers to this C 
method, 111 being the index to D 
be determined, 112 the index, for , 
the wave-length in question, of 1'0 
the standard block, and () its 
angle. The quantity measured FIG. 4.-Sem,itivity of Refractive Indcx )[easurcmcnts by Wollaston 
is e, the angle of emergence from Method. 
the second face of the block. 
Differentiating equation (6) under the con- 
ditions that () and 112 are constant, we obtain 
f'111 sin e . 
""" =! /_ 
(- 2 sm e cos e) + cos e cos () 
ce " 112 2 - sin 2 e 


low indices_ For indices below 1-5, an error 
of 3 seconds in the direction of the emergent 
ray will introduce an error of 
0.00001 in the result with either 
method. At higher indices there 
is a slight impro\Tement, particu- 
larly with the minimum deviation 
method. The region of high 
sensitivity (1.8 to 2-0) is not of 
great importance, as most sub- 
stances employed in optical work 
have indices between 1.4 and 1-8, 
the great majority lying between 
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A, )Iinimllm Deviation )Iethod. 
B, Grazing Incidence )lethod. 


A:- e = 90 0 
B:- 8 = 80 0 
c:- e = 60 0 
0:- e = 45 0 


I 
1'1 


= 


cos e f / 2 '2 . . } 
. I cos () '112 - sm e - sm e sm () , 
,,'112 2 - sm 2 e 


1 Phil, Trans., 1802. p. 365. 


of ILlJ 


= 2.06 - ce = 2.06 "/112 2 - sin 2 e 
eILI cos e ,, ' 112 2 - 111 2 . 
This quantity can be calculated for different 
values of 111' 112' and (), the appropriate values 
of e being obtained from equation (6), which, 
for this purpose, can be reduced to a rather 
more convenient form, viz. 


(9) 


sin e= 111 cos () - sin () '/112 2 - 111 2 . . (10) 
In Fig. 4 a series of curves are drawn showing f 
for the case in which 112=1.75 (a usual value 
for this method), how the sensitivity, SPl' 
varies with the index under test (111) for 
prisms of different angles. The sensitivity 
is in all cases high for indices near that of the 
block, diminishing to a minimum value, 
which is lower, and occurs at a lower value of 
111' the smaller () hecomes. Thus with a 90 0 
block, the minimum sensitivity occurs when 
111 = 1.57 approx., and is about 6 seconds per 
0-00001 variation of 111; for () = 80 0 the 
minimum is at 111 = 1'
), and is under 
) seconds; 
for () = 60 0 the minimum is not reached until 
111 is in the neighbourhood of 1-2, and is just 
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over 3 seconds, while for () = 45 0 the minimum 
is never reached. 

 (5) EFFECTS OF ERRORS IN AUXILIARY 
CONSTANTs.-In all the formul:tp which we 
have considered the anglp, (), of the prism 
occurs. This quantity has, in general, to 
be experimentally determined, and is therefore 
subject to possible error. The assumption 
of an erroneous value for () in any of the 
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In this ca.se, therefore, the tolerance 
in angle is independent of the angle 
of the prism, depending only on the 
values of fJ.l and fJ.2. Assuming 
/12 = 1.75, Fig. 7 shows the value of 
Tø for different values of the index 
under test, \Ye see from it that 
the effect of an error in () is less 
the higher the index under test. 
For substances of index about 1.5 
77}J 0 80 0 an error of two seconds in the angle 
of the block will introduce an error 
of 0.00001 in the value of the index. 
The accuracy of this method 
also depends on the accuracy with 
which fJ.2' the index of the pri8m, 
is kno" n. The:> error in /11 due to 
from the figure that the effect of an error in I an error in thp assumed value of fJ.2 will be 
the angle of the prism is much greater for proportional to the partial derivative of the 


formuhe for refracth"e index will lead to a 
corresponding error III the result. This 
error is clearly proportional to the partial 
derivatives with respect to () of the expres- 
sions for }l. 
For the minimum deviation method we 
obtain, by partial differentiation of equa- 
tion (5), 
(;!2 = 1 cos (() 
 ó/
) _1 F:ÏE (
- ó/2) 8 / 2 
cO "2" sin {j {2 "2" ein 2 () /2 cos 


sin ó /2 
=l 8in 2 (}ji 


It is usually more convenient to express the 
result as the inverse of this, i.e the error in 
angle which will produce unit error in the cal- 
culated refractive index. \Ye may call this the 
Tolerance in prism angle and denote it by Tf, 
the factor 2.06 being introduced as before to 
give the result in seconds of arc per 0.00001 
error in index. 
sin 2 () /2 
Tø=4'12 sin ój2 -. 


Thus 


For the grazing incidence method by differ- 
entiation with respect to (), of equation (4) 
we obtain 
2 
2 =2 ( COS 
-sin e ) 
'fJ-2 00 sm () 
{ sin () ( COS e - sin e ) 8} 
--_-. cos 
sin 8 sm 2 0 
( COS () - sin e ) r 1 0 ( COS 8 - sin e ) '- 
= -2 -Sin () - l +COS - siÌi 2 (j- J 


= - 2 { ,,' /12 2 -=-1 + (,a 2 2 - 1) cot (}} , 


c(} 
T = 2.06 
ø Ô/12 


- 2.06 }.tz 
,' fJ.22-1 +(}.t2 2 - I )cotO. 


In F:g. .3, Tø is plotted for both of these 
methods for different prism angles, the 
refractive index being taken as 1.6. \Ye see 
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grazing incidence than for minimum deviation, 
except near the limiting prism angle, in which 
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case the two methods tend to become identical. 
In Fig. 6 is plotted the tolerance with a 
60 0 prism, for different values 6 
of the index. 
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In the case of the \V ollaston method 
have, from equat ion (6), 
;I =COS () , 1 }l2 2-sin2 e -sin e SiD (), 
which reduces to ,I fJ-2 2 - P-12. 
c(} 2'06 
Tø= 2,06;;:;:-, - r- - -. . 
('}.tl " }.t2 2 - }ll 2 


(13) 


we 
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right-hand side of equation (ß) \\ ith respect 
to f.12' 0 and e being regarded as constant. 


Vf.1 t sin fJ 1'9, sin 0 
_ 1 -- '), 
0f.12 - 2" ,I f.12 2 - sin 2 e' -.:12 - J J.12 2 - sin 2 e. 


In the part.icular case when e = 90 0 , this 
reduces to f.12/f.11. In Fig, 8, ('f.11/2fJ-2 is plotted 
for different prism angles for two values of f.11' 
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:FIG. 8.-\Yollaston )Iethod. l
fr('ct of Errors in Index 
of :,tallliard Block. 


It will be noticed that the smaller the value 
of e the smaller is the effect of an error in f.12. 


II. THE SPECTROl\IETER 

 (6).-The spectrometer in its simplest 
elements consists of a collimator, an adjustable 
table on \\hich a prism or other dispersing ap- 
paratus may be placed, a telescope which rotates 
about an axis concentric with the table, and 
a circular scale on which the angular position 
of the rotating telescope p1ay be determined, 
It is necessary to be aLle to rotate the table 
itself about the same axis as the telescope 
rotates; and, except in the simplest instru- 
ments, means are provided for reading the 
angular position of the table. either on the 
same circle as used for the telescope or on a 
separate circle. 
The former arrangcment is the more 
generally useful, since it enables rotations of 
the table to be determined with the same 
accuraC"'y as rota tionR of the teleRcope. 'Yhere 
a separate ('ircle is provided for the table it 
is rarely of the same accuracy as the ot.her. 
(i.) The Collimator. - This consists simply 
of a narrow slit at the focus of a lens. The 
rays from each point (If the slit are therefore 
rendered parallel by passage through the 
lens, The necessity for eollimatio'.l is due to 
the fact that unless the sJit were virtually 
at infinity, rays from any point of it would 
meet different parts of the prism at different 
ang1es of inC"'idence and would therefore be 


(14) 


deviated to different extents. If the slit 
is at infinity, all the rays from any point of it 
which reach the prism an' de,'iated equally 
and. can be recombined at a single 1) oint 
in the focal plane of the telescope. A sharp 
image of the slit is the result. The slit is 
usually formed Lctween two ja\\s of untan1Ïsh- 
able metal. The edges are he veIled on the 
side which faces the lens and are ground 
perfectly sharp anù straight, The method 
of mounting the jaws varies in different 
designs; but there is invariably prodsion 
for opening or closing the sJit by means of 
a screw of fine pitch, which is usmi.lly pro- 
vided with a divided drum so that the slit 
width can be set at definite values. In the- 
majority of cases one of the jaws is fixed,. 
and the slit opens and shuts unsymmetric- 
ally. In some of the more e}..pensive slits 
both jaws move simultaneously, so that 
the centre of the sJit remains in the same 
position whatever the slit width. Some 
workers have a preference for symmetrical 
slits; but except when the instrument is 
used as a monochromatic illuminator, it i
- 
doubtful if there is appreciaLle advantage- 
in their use. On the other hand, with an 
observer who is apt to take an instrument 
on trust, they may be a source of danger. 
"Then precise measurements are in question 
it must never be assumed that the centre' 
of the slit has exactly the same position for' 
different widths. It is not therefore satis-- 
factory to vary the slit width when dealing- 
with spectrum lines of different brightnesses. 
as advocated by some writers. If some 
lines are too bright with the slit width necessi- 
tated by the faintness of others, their bright- 
ness should be diminished by plaeing absorbing. 
glasses between the slit and the source, re- 
moving these when working on the faint lines.. 
There is no slit mechanism sufficiently perfect 
to enable one to assume an absolutely sym- 
metrical opening and closing of the slit to 
the very high degree of accuracy of which a 
well.designed spectrometer is capable. 
'Yhpther symmetrical or unsymmetrical, a 
good slit wiJI also have provision whereby the 
exact paralleli
m of the jaws may be adjusted. 
In certain classes of work extremely tine slit 
widths, as little as 0.01 mm. for instance, 
are used. It is only with the mORt accurate 
adjustment for par
lIelism that slits of such 
fineness are possible. 
'Yhen a good slit has heen obtained it 
should be t.reated with the utmost care. To 
close the jaws completely is almost invariably 
fatal, and it is rare to find aRlit whieh has 
been in general laboratory use for any length 
of time which will close down to a very narrow 
width "ithout sho,,,ing streaks across the 
spectrum due to some parts of the ja" s bcing 
in con tact. 
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The use of quartz jaws was suggested by the 
late Sir \\? Crookes.! These are be\-elled to 
a very sharp edge in the same way as the 
ordinary metal jaws. The edges therefore 
form prisms, and light \\ hich passes through 
the quartz is refracted to\\ ards the sides of the 
collimator tuhe, by which it is absorbed. 
Only the light passing between the edges 
reaches the lens of the collimator, just as in 
the case of opaque jaws. The ad\?antage of 
quartz jaws is that they can be polished to a 
more accurate edge than metal. The dis- 
advantage is that the edges are so extremely 
fragile. The jaws should therefore be mounted 
in such a way that the moving mechanism 
drags them forward by friction, so that there 
is no possibility of jamming them together in 
the event of the slit being accidentally closed. 
It is surprising that this method has not been 
generally adopted even for metal jaws, as it 
would greatly minimise the risk of damage to 
a valuable slit. 
The slit is usually attached to a short tu be 
which slides into the end of the collimator 
tube, and may be adjusted, preferably by rack 
and pinion, for focussing the collimator. 
The body tube of the collimator should be 
lined with some corrugated material or fitted 
with a series of diaphragms to prevent light 
which falls on the side of the tube from being 
reflected as st.ray light through the lens. 
The lens of the collimator should be a 
telescope objective of the finest quality. It 
should be free from all but the merest trace 
of spherical aberration. The lenses employed 
in spectrometers are almost in \Tariably ce- 
mented doublets. There is therefore always 
considerable residual chromatic aberration, 
which is usually particularly manifest at the 
blue end of the spectrum. By the use of 
triple lenses the greater part of this could be 
obviilÌed, and a very serious nuisance to the 
spectroscopist removed. 
(ii.) The Telescope.-The requirements of this 
important part of the spectrometer have not, 
unfortunately, received the attention from 
makers which ought to have been de\oted 
to them. As in the case of the collimator, 
telescopes are frequently fitted with object 
glasses made to an ordinary formula suitable 
for telescopes of surveying instruments, etc. 
The type of colour correction suitable for such 
instruments is entirely unsuited for spectro- 
scopic work, in which the rays at the extreme 
ends of the spectrum are just as important as 
those in the more central regions. Here,:1 s in 
the case of the collimator, it would be possible 
to get a much more satisfactory result from a 
triple lens than from the usual doublet, 
As the tele
cope may sometimes have to he 
used with a micrometer eyepiece, the lens 
.ought to be de8i
ned to give the best definition 
1 Chern, 
Reu's, 1895, lxxi. lï5. 


possihle over a field of at kaf-it 2 0 on either 
side of the axis. Further, the fidd of vie" 
should be flat, othe1'\\ ise the measurements 
with the micrometer eyepiece \\ ill be affected 
by distortion. 
The power of the eyepiece employed lllay 
vary o,er a fairly \dde range,without appreci- 
ably affecting its usefulne
s; but a convenient 
power is one which gives a magnification of 
the telescope as a whole of 18 to 20 diameters 
for each inch of effective aperture. 
An important feature of a spectroscopic 
telescope. and one which greatly influences 
the accuracy of the results obtainable with the 
instrument, is the cross-lines. 
Considerable e
perimenting "ith settings 
of different types has been done by various 
workers, but there is very little doubt that 
the most suitable arrangement for general 
spectroscopic work is that in which the crol:5l:)- 
lines are mounted diagonally as shown in 
Fiy.9 (a), The angle beÌ\\eel1 the lines varies 
in different instruments from about 20 0 to 
90-'. "?here possible the writer always mounts 
them at GOo. Such lines can be set with great 
accuracy on a vertical line as in F iy. 9 (b ì. As 
regards the thickness of the lines, there is 
no great ad,'antage in ha,ing them excessively 
fine. 'Yithin reasona ble limits, the thicker 
the lines the less fatiguing it is to keep them 


(a) 


(b) 


FIG. 9. 


in sharp focus. 'Yith an eyepiece of about 
I! cm. focal length a convenient diameter of 
fibre to employ is from 4 to 8 }.t. 
In the case of a micrometer eyepiece, the 
best type is that in \\ hich the ocular can be 
moved as well as the cross-lines. If the ocular 
is fixed only small mO\Tements of the cross-lines 
are possible, since the definition falls off 
rapidly towards the edge of the field. But 
if the ocular can also be translated, so that 
the cross-lines always appear in the centre of 
the field of vie\\, good definition is obtained 
over a much larger range. 
(iii.) The AxisGnd Sca!e.-The considerations 
of 

 (4) and ( 5) show us t ha t in order to measure 
refractive indices correctlv to the fifth decimal 
place it is neces
ary that 
we should be able to 
determine angles to within a little over one 
second of arc. This requires most accurately 
turned centres and accurately divi(kd scales; 
but e,-en when the instrument-maker ha.., done 
his very best, there is much to be done by the 
experimenter in discovering the peculiarities 
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of the instrument and the errors to which it is 
liable, and in de\-ising means for their elimina- 
tion or correction. The proper attitude to 
adopt to any instrument is one of distrust and 
suspicion; and it should not be regarded as 
accurate in any particular until it has been 
carefully verified by tests as many and varied 
as possible. 
For working to anything less than ten 
seconds verniers are unsatisfactory, and the 
scale has to be read by two or four micrometer 
microscopes. The need for an even number 
of microscopes arises from the very pro ba ble 
existence of " centering error." This error is 
due to the scale not being exactly concentric 
with the axis of rotation. 
Suppose C 1 , Fig. 10 (a), is the centre of the 
scale, and C 2 is the axis about which the moving 
portion of the instrument rotates. Let C 2 V 
be the arm carrying the vernier or micrometer, 
Then the reading will be at R, where O 2 Y inter- 
sects the scale. Let the line of ex centricity 
EEl make, an angle 0 0 from the zero point Z 
of the scale and let C 1 C 2 = e. It is clear that 
if the scale reading is 0 0 , that is, when the 
radius bar lies along EEl' the reading is 
independent of the displacement e, and is 
thereforf?' the same as if e were zero. 'Vhen the 
bar is in any other position the angle through 
which it has been rotated from EEl is RQ2EI' 
But the angle recorded un the scale is RCIE I . 
The recorded angle is !herefore too small in 
the case shown by C I RC 2 =e sin Olr, r being 
the radius, For any scale reading ø, therefore, 
there is an error of - (elr) sin (Ø - ( 0 ), This is 
of maximum value when the vernier arm is 
perpendicular to EEl' and is zero when it 
is parallel to EEl' The curve of error will 
be a sine curve of the form shown in Fig. 10 
(b). The actual error between two readings 
Øl and Ø2 is the algebraic difference between 
the ordinates of the curve at these readings. 
It may therefore vary from zero to 2(eJr) de- 
pending on the values of cfJl and Ø2. 
'Ve notice, however, that the ordina.te at 
any point of the curve is equal and opposite 
to that at a point 180 0 from it. Thus if 
there are two verniers 180 0 apart the errors 
of one will always be equal and opposite to 
those of the other, and the mean of their 
readings wiH gi ve the true angle. 
Thus centering error can be eliminated if the 
mean reading of two verniers (or micrometers) 
180 0 apart are taken. Spectrometers, except 
of the most elementary type, are therefore 
fitted with two or four verniers (or micro- 
meter.:;) equally spaced round the circle. 
This, however, while it eliminates centering 
error where the directiun and magnitude of 
the eccentricity is constant, does not elimin- 
ate every possibility of error from defective 
centres. If in the course of rotation the 
relative position of C 1 and C 2 alters, which is 


l'prtain to happen to a greater or l('
::! extent 
unless the bearings are perfect in tllP literal 
sense of the term, the errors in each vernier 
reading need not follow the simple sine law 
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and will not necessarily be eliminated by 
taking the mean of readings Hmo apart. An 
instrument, even if perfect when new, is 
certain to develop erratic centering errors of 
this type in the course of time, unless the rotat- 
ing portion is very carefully balanced so as to 
press uniformly at all points of the bearing. 
If the contact is heavier on one side than 
another, the axis will be worn slightly elliptical 
in use, work being more concentrated in some 
ranges of angle than in others. and therefore 
e will change both in magnitude and direction 
for different readings. 
Apart from centering errors, the scale 
divisions may themselves be non-uniform. 
There may be gradual .variations of tlie size 
of a division due to unsuspected centering 
errors in the dividing engine with which 
the graduations were cut, or there may be 
irregular displacements of the division lines 
owing to imperfect working of the engine. 
To calibrat.e the circle for every di\Tision 
is a very tedious business, and is not at all 
easy to perform with great accuracy except 
where sppcial apparatus exists for such tests. 
On thÌs account it is usual in the best instru- 
ments to provide means for altering the 
orientation of thc scale with respect to the 
verniers or microscopes, in order that a 
particular measurement may be repeated, 
using different graduations distributed round 
the scale. In this way, if sufficient measure- 
ments are made, the graduation errors tend 
to average out. 
The foregoing considerations apply both to 
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the measurcments of the rotatiun uf the 
telescope and rotation uf the table. A serious 
defgct in the design of most spectrometers is 
that the axis of rotation fOf the tal.le is much 
less satisfactory than for the tel!Jscope; 
consequently measurements of table rotations, 
even w hen made on the same circle as those of 
the telescope rotations, are liablc to much greater 
errors due to defective action of the centre. 
This is a <;erious matter in the general use of 
such instruments where, for certain purposes, 
such as the measurement of prism angles, for 
instance, it is necessary that the table rotation 
should be measurable with the very greatest 
accuracy. 
There is one more important point a bout 
the centering arrangements of the spectro- 
meter. The two moving parts should be 
mounted on a single axis, the table being, of 
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coufge, uppermost; and the clamping devices 
and fine motion fittings should be so arranged 
that there is no frictional connection whatever 
between the two rotatable parts. If this is 
not secured the usual result is that the part, 
which in a given experiment is supposed to 
remain fixed, suffers a slight drag by the 
moving part in the direction in which the 
latter is moved. 
(iv.) A Standard SpertrolnptfJr.-In Fig. 11 
is shO\\''11 a spectrometer designed in its 
essentials. by the writer and in detail by 
:Messrs. E. R. \Yatts, Ltd., of London, who 
made the instrnment fOf the Optics Depart- 
ment of the Xational Physic
ll J..aboratory. 
The diameter of the base is 36 inches, which 
gives the scale of the figure. 
The aim in the design was to avoid all 
sources of error which could be foreseen and 
to render easy the detection and eJimination 
of such unf(;reseen and unavoidable errors 
as might still be present in the completed 
instrument. 
The base is a circular iron plate, strengthened 


with radial and l'oncentric wehR on the 100H'r 
sidp, and provided with two c0nccntric slots 
of l.. section in the upper facf'. Ther.;e are 
shO\\ n at 1 in the figure. The collimator, 2, 
is of 3
-inch aperture, and can be clamped 
to the hase in any azimuth by four bolts, 
the heads of which are in the broad portion 
of the l.. slots. The telescope, 3, of 2!-inch 
aperture is mounted on an accurately balanced 
arm. In order to reduce the weight on the 
centres to a minimum, light alloys '\\ er
 
employed wherever mechanicl:\l considerations 
permitted. A second telescope, 4, the uses 
of "hich are indicated later, is provided. 
This telesc0pe is identical with 3, except that 
it stands on a pillar which can be clamped 
in any position round the base in the same 
way as the collimator. \Yhen not required 
it can be removed. Both telpscopes and 



 ' - 


 - - 
-- ::::I _ 


r, 


FIG. 11. 


collimator are provided with adjustments 
for horizontality of axis, '\\ hich are carefully 
designed to give great rigidity without the 
introduction of strain in the tubes. 
The centre consists of a strong tapering 
pivot. About the lower portion of this the 
telescope rotates, fine adjustment being 
obtained by means of the clamping collar, 5, 
and tangent scre\v, 6. A ring, 7, is screwed 
on a thread at the lower end of the pivot. 
This ring supports a ball-bearing, which in 
turn supports the weiF!ht of the moving tele- 
scope system. By adjusting 7, the moving 
system can be slightly raised or 10\\ ered to 
vary the tightness of the centre and secure 
proper freedom of rotation. 
On the upper half of the central pivot, a 
second moving system, consisting of the 
table and graduated circle, rotates. The 
circle, which is of 1.3 inches diameter, is 
completely encloscd by a dust-proof cover. 
The scale is read bv four micrometer micro- 
scopes, 8, reading 
 directly to half.seconds 
and by estimation to less. These are attached 
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to a ring associated with the lower moving 
system and can be ti-x:ed in any position 
relati \Te to it. The table itsPlf can rotate 
for adjustment purposes independently of the 
circle. For thi:-:; motion it is actuated by an 
endlpss tangent screw, 9, which can ue thro\\ n 
in or out of gear by a paul, 10. 
'Vhen using the instrument for purposes in 
which rotation of the telescope is to be 
measured, the upper moving system has to 
be clamped to the pivot, thus fixing the 
position of the circle. The clamping device 
employed is such that no radial force whatever 
is exerted on the system. There is therefore 
no po:,;sihility of centering prror being intro- 
duced by the process of clamping. 'Vhen 
measuring rotatiuns of the table, the telescope 
being fixed, the upper moving part is un- 
clamped from the centre. Fine motÌon of 
the circle relative to the telesw)pe is obtained 
by mpans of the clamping collar, 11, and 
tangent screw, 12. This collar can be removed 
entirely when not required, there by removing 
any danger of a slight frictional drag on the 
circle and table when rotating the telescope. 
If desired, the tangent screw, 12, can be 
tram,ferred to the support of the additional 
telescope, 4. 
This instrument, it wiI] be seen, can be 
used with equal accuracy for aU purposes for 
which a spectrometer can be employed. 

 (7) THE PRIS:\I. - In the last section 
the principal features and requirements of a 
spectrometer designed for the most accurate 
refractometry (and goniometry generally) 
were indicated. 'Ve shall now look at the 
requirements of the prism on which such 
measurements are to be made. In the first 
place, we must decide to what angle it should 
be cut. In discussing the sensitivity of the 
two princip:ll methods available for determin- 
ing the index of the prism, viz. the minimum 
deviation and grazing incidence methods, we 
saw that the sensitivity considerations alone 
would lead us to employ the largest angle 
for which light would still be transmitted 
by the prism. Further, from Pig. 4, the 
extent to which an error in the angle of the 
prism affects the result is seen to be nearly 
the same for all prism angles for the minimum 
deviation method, while it diminishes appreci- 
ably as the angle increases in the case of 
grazing incidence. This would also lead us 
to use as large an angle as possible. 
There are other considerations, however. It 
is clear that the more nearly grazing the 
emergent ray is, the narrower is the transverse 
aperture of the beam which enters the telescope, 
This results in loss of definition. Up to a 
certain extent this is found to be ,,,ithout 
effect on the precision of the settings; but 
when carried too far some accuracy is lost, 
particularly in the method of grazing incidence, 


in whieh, as we shall see later, the setting 
is unsymmetrical. This consideration woulò 
lead us to use small angles. The final 
con iderat.ion, and the decisive one in the 
present stage of angular metrology! 1
 that 
angles which are submultiples of 3GO ð , such 
as 30 0 , 45 0 , GOo, and 90 0 , can easily and 
conveniently be measured with greater 
accuracy than those of intermediate value.] 
This fact leaves the balance of advantage with 
the GOo prism. Kot only so, but if the 
substance is isotropic, or if it is a uniaxial 
crystal with its axis perpendicular to the 
principal plane of the prism, so that it has 
the same refractive index in any dirpction in 
the principal plane, it is possiblp, if all three 
faces are polished, to make measurnnC'nts 
with each angle in turn. Glazebrook has 
shown 2 that if the indi \Tidual angles of an 
approximately equilateral prism do not differ 
too much from HO o , the mean of the deviations 
when eaC"'h angle is used in tun1 is equal to the 
deviation corresponding to a prism anf!le of 
exactly GOo. It must be borne in mind, 
however, that this result assumes that the 
prism is a true prism, i.e the three edges are 
supposed to be accurately parallel. By the 
assumptions on which the formulae of pri
m 
refraC"'tion are based, the angle of the prism 
is the angle between the two plane faces at 
which refraction occurs. If the prism is 
pyramidal, the sum of the angles between 
the faces taken in pairs exceeds 180 0 , and the 
mean deviation corresponds not to 60 0 but 
to 60 0 + 
/3, ,vhere the sum of the three angles 
is 180 0 +
. It is shown in the article on 
"Goniometry," where the methods of measur- 
ing prism angles are dealt with, that for a 
GOo prism, 
=0.279p2 x 10- 5 seconds, where P 
seconds is the inclination of an edge of the 
prism to the opposite face. Thus if the 
pyramidal error of the prism is 10 minutes, 
the sum of the angles is 180 0 + 1 second. 
'Yhile it is necessary to bear this in mind, and 
to tpst for pyramidal error, no prism which is 
otherwise good enough for precision determina.- 
tions is likely to have more than a few minutes' 
pyramidal error at the outside, in which case 
the excess of the angles over 180 0 can be 
neglected. 
Thus with a GOO prism it is }>ossihlc to 
dispense altogether with a precise knowledge 
of the angles, thcreby diminating about. half 
of the possible experimental error of the inde-x: 
determinations. 
A })rism which is to be usC'd for ddC'rmina- 
tions of great accuraey must ue in the highC'
t 
degree homogeneous and haw' its surfaces 
very accurately plane. 
The total ('flect of dcfC'cts of surface and 


1 Ree article on .. GoniOIll(.try," 
 (3). 
2 Se(> footnote to paper by Gifford, Roy. Soc. Proc., 
1902, xx. 230, 
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non-homogeneity on the transmitted wave- 
front, and also the 1'lan('nes8 of the 8urfaces 
themselves, can be tested by interference 
Dlethods (ride ., Interferometers: Technical 
Applications," 
 (4)), and from these results 
the departures from homogeneity of the 
material can be deduced. The great skill 
with which burfaces can now be polished 
renders it easy to get prisms with surfaces of 
almost perfect flatness; but it is by no means 
easy to obtain a prism of satisfactory homo- 
geneity. In fact the homogeneity of the 
material is what se1::; the limit at present to 
the accuracv to which it is wort.h while 
attempting to push refractometric measure- 
ments. 
Theoretically, by increasing the mechanical 
perfection of the spectrometer, and by using 
telescopes of greater aperture and power, 
the precision of the- angle measurements could 
be increased very considerably beyond what 
is necessary for fifth place accuracy in the 
index measurements; but the useful size 
of the telescopes is ìimited by the size of 
prism which can be 0 btained of satisfactory 
homogeneity, It is of little U::;E at present 
to attempt to use }1tisms of more than 2- 
inch side. 

 (
) .ADJLST)IE
T OF SPECTRO)IETER.- 
There are two principal a(ljustments which 
have to be made before a spectrometer is ready 
for use. The ('ollimator and telescope have to 
be focussed for parallel light, and they ha ,-e 
also to be adjusted so that their optic axes 
are perpendicular to the axis of rotation of 
the instrument. There are '
arious ways of 
performing these adjustments; but by far 
the most con"enient makes use, in each case, 
of an auxiliary telescope. Since such an 
auxiliary telescope is of the f!reatest con- 
venience in many methods of using the 
spectroscope, particularly for goniometry 
(ddc "Goniometry," 
 (2)), the eXl)erimenter 
should always pro\-ide one for his instrument. 
The telescope should be similar to that of the 
spectrometer, though it need not ha n:" a 
micrometer eyepiece, and should be mounted 
on a rigid stand with adjustable feet as 
described in the article just quoted. 
The adjustment for collimation is "ery 
simple. First one teles('ope and then the 
other is focu'<sed on the slit of the collimator, 
The two telescopes are then placed in line 
with each other, and the cross-lines of one of 
them illuminated by meanR of a lamp placed 
behind the eyepiece. If on looking through 
the other the cross-lines of the first appear 
in sharp focus, the collimation is corred. 
If, however, the collimator was not in correct 
adjustment to start with, the tele
copes 
would each be focussed for an object either 
within or beyond infinity. 
upp()se the lath"r. 
i.e. the telescope cross-linc
, are nearer the 


objecth-e than the true focus, then if the light 
pas
e::; in the ren'rsf" direction, rays from a 
point in the plane of the cross-lines willleaye 
the objective as a di\-ergent beam. Thus 
when the first telescope ið employed as a 
collimator with respect to the second, the 
rays from it di I..erge, " hereas the second 
telescope is focussed for cOllt'erging rays, and 
so the cro::;::;-lines of the first are not seen in 
sharp focus. Half the adjustment nece
sary 
to bring them into focus should be made with 
each telescope, after whieh both will be 
correctly collimated. Either can then be 
directed towards the collimator and the latter 
adjusted to bring the slit into focus. 
If the initial error of collimation is great, 
the process should be repeated; a yery few 
repetitions will secure perfect adjustment. 
Apart from spectroscopic work, any three 
telèscopes or collimators can be focussed for 
infinity in a very short slJace of time by 
adjusting them in this way until they will 
focus on each other in pairs. 
, In the case of the spectroscope the collima- 
tion must be adjusted for the wàye-length of 
the light with which the instrument is about 
to be used, since the chromatic aberration 
of the lenses is always appreciable near the 
extremities of the spectrum. 
The adjustment of the optic axes of the 
telescope and collimator to be perpendicular 
to the axis of rotation of the former is also 
most con"eniently performed with the aid 
of the auxiliary telescope. The method is 
ag follows : 
The rotating telescope is turned to an 
oblique position, such as T 1 , Fig. 12, and a 
prism is set on the table and adj usted so that 
one of its faces reflectg the light from the 
collimator into the telescope. It is necessary 
to mark the approximate centre of the slit. 
This is usually done by stretching a fine "ire 
or fibre across it; but it is much better to 
employ two such fibres, separated by about 
0..3 to I mm. The point half-way" between 
these, which can be judged with ample 
accuracy, is taken as the centre of the slit. 
Tlûs obviates making setting's where the slit 
is cro
sed by the fib;". The L lJrism is levelled 
by means of one of the adjustment screws 
of the table so that the centre of the slit comes 
on the cro
s-lines of the telescope. The latter 
is now rotated out of the way and the auxiliary 
tele
cope, T 2 , set up in its 'place. The latt;r 
is adjusted by mpans of its own levelling 
screws until the centre of the slit is exactly 
on the cross-lines. It will be clear that b;T 
this proce
=" we have placed the auxiliary 
telescope \\ ith its axis in exactly the same 
direction as that of tlH' h" lescope T I in its 
initial po
ition. The prism is now rpmoved, 
and T} i
 swung into a position in line \\ ith 
T 2 . .\ lamp is placed behind the eyepiece 



766 


SPECTROSCOPES AXD REFRACTO)IETERS 


of the latter to illuminate the cross-lines, which 
are then visible in the field of TI" If the adjust- 
ment is correct. so that the axis of T 1 generates 


T, in first arrangement 
T 2 in second 


- - -1- - - - - - - - - - - - - - - - - - m- - - -
 
Collimator 
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T, in second arrangement 


FIG. 12. 
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a plane on rotation, it is evident that the 
cross-lines of T 2 and those of Tl itself will be 
at the same height in the field. But if the 
optic axis of T 1 is not perpendicular to the 
axis of rotation, it generates a cone, and in 
this case there is a vertical displacement 
between the cross-lines of T 2 and those of TI" 
Obviously the angular extent of this dis- 
placement is twice the amount by which the 
axis of Tl departs from perpendicularity 
to the axis of rotation. Tl is therefore adjusted 
to reduce the vertical displacement by one- 
half, when its axis should be in correct adjw;;t- 
ment. It is then brought into line with the 
collimator and the latter adjusted with respect 
to it. It is advisable to repeat the IJrocess 
if the initial error is large. 
This method of axis adjustment can be per- 
formed quite quickly in practice, and is much 
less tedious and also more accurate than the 
customary spirit-level methods. 

 (f)) THE USE OF THE SPECTROMETER 
FOR REFRACTOMETRY. !\h:XIMUM ÐEVIATIOY 
l\IETHoD.-The prism of which it is intended 
to measure the refractive indcx is placed on 
the table. Let FI and F 2 , Fig. 13 (a), be the 
faces which are to be employed in t.he meaRure- 
ment; one of them, F I , should be placed ap- 
proximately perpendicular to the line ab joining 
two of the adjustment screws of the tabk. 
The telescope is put in any convenient position, 
say T, Fig. 13 (b), and the table rotated so 
that an image of the Edit is seen by reflcction I 
in F I" The centre is brought to the Ipvd of 
the cross-lines by the screw a, Pig. 13 (a). ! 


The table is thcn rotated until F 2 is in the 
position previously occupied by FI' and the 
height of the image adjusted by the adjust- 
ment screw c. Since this does not affect the 
previous adjustment of }\, both FI and F 2 , 
and, therefore, also the edge in which they 
intersect, are now parallel to the axis of 
rotation, The prism is thon in adjustment 
for making the index measurements. The 
minimum deviation method is carried out as 
follows: 
The prism table is rotated so that the light 
tranRñ1Ïtted by the prism is deviated to one 
side as in Fig. 13 (c). The table is rotated, 
and the image followed with the telescope 
until the deviation is a minimum. Many 
observers use special methods for determining 
when the deviation is a minimum; hut it is 
quite easy to obtain the correct position 
without them. In case of doubt, however, 
the best method is to note t.he two positions 
of the table for whir'h thc deviation has a 
particular value just a little in excess of the 
minimum, and thcn set it half-way between 
these positions. If the telescope is provided 
with a micrometer eyepiece the bef't method 
of determining the position of the telescope 
is to clamp it in the approximately correct 
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FIG. 13. 


position ánd note the scale reading. This should 
be left fixed and the s('ri('s of actual !;;ettin!!s 
on the spectrum line made by m{'ans of the 
micrometer eyepipce. The individual settings 
will usually be of grpater vrecision, and com;c- 
quently few{'r will be requir{'d to attain a gi,'en 
aCf>urar'Y of the mean than if the telescope 
iR Dwver! bodily at cadl setting. 
Ha,.ing (l{'tcrmin{'d th{' dir{'ction of tJI{' 
refracted ray in t.his l)osit.ion, the prism ta hIe 
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is rotated so that thp deviation is to the other 
side, Fig. 13 (d), and the same process of 
measurement is performed. The diffE'rE'nce in 
the scale readings for the two cases, corrected 
for the difference in the micrometer means, 
is twice the angle of minimum deviation. 
The necessity of doubling the angle by 
employing the two positions of Fig. 13 (c) 
and (d) arises from the difficulty of taking 
the zero reading with the telescope and 
collimator in line. These are focussed up 
for the wave-length of the monochromatic 
radiation for which the determination is 
being made. If a direct zero reading were 
attempted the light in the image of the slit 
WQuld comprise all the components emitted 
by the source, and in general the settings 
could not be made without readjustment of 
focus. 
Such, in outline, is the minimum deviation 
method. There are '\arious matters of tech- 
nique which must receive attention, however, 
if the highest accuracy is aimed at in the 
result,s. 
(i.) Position of Prism on Table. - This 
must be so adjusted that in both positions, 
Fig. 13 (c) and (d), thE' light comes from the 
same area of the collimator lens and enters the 
same area of the telescopë lens. If, for 
instance, the prism is arranged with its centre 
coincident with the axis of rotation, this 
condition will not be fulfilled. Thus in Fig. 14 
the portion of the apertures used is mostly 
to one side of the axis in (a) and to the other 
side in (b), The errors which may arise from 
such an arrangement, on account of imperfect 
focussing or spherical aberration, are discussed 
in another article. l ThE' prism must be 
moyed towards its base so that it employs 
the apertures centrally, as in Fig. 14 (c). 
To make this adjustment, examine the exit 
pupil of the telescope with a magnifier. The 
illuminated aperture of the prism will be 
seen within the circular aperture of the 
telescope. )Iove the prism until its illumin- 
ated face a ppears symmetrical with respect 
to the telescope lens, taking care to keE'p the 
bisector of the refracting angle above the 
axis of rotation. "
hen this is done the prism 
aperture will be symmetrical with respect 
both to the telescope and collimator axes 
in both positions, Fig. 13 (c) and (d). Xeedless 
to say, the parallelism of the refracting edge 
to the axis of rotat.ion should be C'hecked 
after the prism is in its final position. 
(ii.) Adjustment of the Light.-The source 
of light has to be adjusted so that the aperture 
of the collimator is evenly filled with light. 
\Yith broad sources such as flames it is some- 
timE's good enough 
imply to place them at a 
little distance from the slit. \Yith vacuum 
tubes or other small sources it is essential 
1 .. Goniometry.u 
 (1). 


to form an image of the source on the slit. 
The source should be placed at some distance 
from the slit and adjusted until the rectangular 


FIG. 14. 


patch of light, "hich will be seen falling on the 
collimator lens, is at the centre of the latter. 
A lens is then interposed and adjusted until 
an image of the source is formed on the slit. 
The aperture and focal length of the lens should 
be such that the cone of rays which it con- 
centrates on the slit just fills the lens of the 
collimator. If a wider cone is supplied some 
of the light is scattered from the sides of 
the collimator tube and may ultimately reach 
the field of view, adding to the stray light 
which is always to be found there. 
(iii.) Illllmlnation of the Cross-lines.-!t is 
necessary in order to make comfortable and 
accurate settings that the cross-lines should 
be clearlv see
. FurthE'r, it is necessan". 
particularly towards the blue end of tl;e 
spectrum, to illuminate them with light of 
the same waye-Iength as the spectrum line 
on which mE'asureruents are being made. If 
this is not done '\ery serious troubles ari
e, 
due to chromatic parallax, which make accuratE' 
settings an impossibility. The peculiarities of 
chromatic paralla
. which arise
 from the 
chromatic aberration of the eye and the 
restricted size of the E'xit PUI)il of the telescope, 
are explained in another article. 2 
There are 8eyeral method
 of eliminating 
chromatic parallax, 3 but thE' most convenient 
for refractometric work, and in fact for any 
I ee Eye, The" 
 (:27). 
3 Guild. Proc. Phys. Soc., 1917, xxix. 311. 
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spectroscopic work except wh('n th('re ar(' 
numbers of linE's closdy pack('d together, is 
to use a wide slit, say 1 to 2 nUll., with a fibre, 
similar to those used for the cross-lines, 
stretched along its centre. Each spectrum 
line then gives rise to a band of light with 
a black line down the middle. The band 
serves as a background for the cross-lines, and 
settings are made on the central line, Suit- 
able fibres of quartz or glass can be mounted 
on large washers, together with a horizontal 
pair to mark the centre of the slit, and pro- 
tected with microscope cover glasses. These 
can then be afuxed in front of any spectro- 
scope slit with wax. It will be found usdul 
to prepare a number of such fibres of varying 
thickness, say from 5 to 10 thousandths of a 
millimetre, and employ that which gives the 
greatest comfort under the circumstances 
of the observation. The collimation has 
of course to be adjusted with the fibre in 
position. 
This arrangement has several advantages 
in addition to the elimination of chromatic 
parallax. Every worker with a spectroscope 
has realised the difficulties of setting cross- 
wires accurately on a fine spectrum line. 
Even when the general field illumination is 
satisfactory and the cross-lines are distinctly 
visible there is an annoying uncertainty as 
to the exact point of supeI1)osition, Diffrac- 
tion effects make themselves evident in a 
wavering and loss of definition at the point 
of intersection, which is very trying. \Yith 
the arrangement described there are no such 
effects at the moment of contact, En'ry- 
thing appears as distinct and clear as if it 
were a diagram drawn on paper. Secondly, 
the tiresome fluctuations of accommodation, 
to which the eye is subject when using faintly 
illuminated cross-lines, are practically absent, 
Thirdly
 the full brightness of the line is 
utilised. \Vith a fine spectrum line the field 
illumination has to bp low enough to give a 
satisfactory contrast. \Vith faint linE's this 
involves working at illuminations for which 
the acuity of vision is not great. \Vith the 
wide slit method thp full brightneRs of the line 
is utiiised as background for the cross-lines, 
so that the maximum usp is made of the 
available light. 
The method can be used with advantage 
for all cases in which tlwre are not several 
lines packed close together. \\ïth sodium 
light, for instance, the 
lit images for Dl and 
D 2 are superposed, hut the cE'ntral line of 
each is quite clearly defined. It is only when 
the bands of several close lines overlap that 
the imlivirlual images of the fihre become 
difficult to 8('e, 
(iv.) Elimination of Scale Error8. - \\rhen 
determining the scale rparling hy means of 
the micrometer micro!'otcopcs, settings should 


be ma{le on several consC'cutive rulings. This 
tends to reduce errors due to local iUE'gularities. 
To eliminate progressive errors of ruling it is 
necessary to repeat the whole determination, 
say half-a-dozen times, with the scale shiftpd 
through about GOo in relation to thc micro- 
scopes each time. 
(v.) Careful .J.J[ani]Julation.-In general the 
greates1 care in handling the instrument 
in the course of a series of observations is 
essentiaL No spectrometer will give consistent 
readings if subjected to 
trains and flexurcs, 
In particular the rotation of the telescop<, 
from one position to another must be made 
slowly and "ith the careful avoidancp of 
sudden accelerat.ions; and the manipulation 
of the micrometer eyepiece must be performed 
without any tendency to push or pull the eye- 
piC'ce in the direction of measurpment. 

 (10) CRITICAL ANGLE .:\IETHOD. - The 
essential condition for this method is that a 
converging beam of light should faU tangen- 
tiallyon one face of the prism, FiJ. 15. The 



 


1 


FIG. 15. 


rays arc refracted into the prism and fall 
obliquely on the second face, at which they 
are refracted into the air and may be received 
by a telescope suitably placed. It is clear 
that all rays which have the same angle of 
incidence ,,,ill be deviated equally by the 
prism and will combine in the focal plane of 
the telescope to form a fine line parallel to 
the refracting edge of the prism. Actually 
the line will be slightly curved (as in the case 
of the image of a slit) on account of the fact 
that the dE'viation for rays which are inclined 
to the principal plane of the prism is greatpl' 
than for rays in the principal planE'. Tn 
practice, if the adjustments of thp prism have 
heen properly carried out, wp arc only con- 
cerned with rays in the principal planE'. 
\\Te have, then, a fine line in the fiE'ld of 
tllf' telescope corresponding to each anglp 
of incidence prespnt in the converging heam. 
The resulting effect. will be a hand of light. 
It is evident that the incidencp angle is sharply 
(klimit('d at 90', when the rays are jUi't graz- 
ing. There arC' thcrdore no rays for "hich 
the angle of r('fradion is grea t('(" than for 
those at grazing incidence, and the band of 
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light in the telescope must terminate abruptly 
at the line cOlTesponding to these rays. Thus 
the band will have a sharp edge; and if the 
cross-lines are set on this edge the inclination 
of the telescope axis to the normal of the 
face :F 2 "ill be the angle of emergence, e, 
in the formulae which were developed in 
 (2) 
for the case of grazing incidence. 
To make a determination by this method: 
the prism is mounted on the spectrometer 
table and levelled as described in the preceding 
paragraph. The source S is placed in line 
with one of the faces, Fig. 16 (a), and a lens L 
inserted to produce a converging beam. The 
distances of Sand L should be such that an 
image of S is formed about an inch or so 
beyond the prism. 
The telescope is rotated until the critical 
edge is on the cross-lines and a series of settings 
made. As in the case of minimum deviation, 
it is preferable to make these settings with 
the micrometer eyepiece, leaving the telescope 
clamped in one position throughout. 
Ha ving determined the reading for the 
critical edge in the position shown, the source 
and lens are shifted to S' and L' so as to 
bring the illumination from the other side 
of the prism. The telescope has then to be 
moved to the dotted position and the settings 
repea ted. If tþ is the angle between the two 
positions of the telescope, and e is the angle of 
emergence (the sign of e being given in 
accordance "ith the convention adopted in 

 (2)), 


2e= tþ + ð -180:>. 


It has to be noted that the angle of emer- 
gence in the first position corresponds to a 
refracting angle A, while)n the second position 
the refracting angle is B. If these differ the 
angles of emergence are not equal in the two 
cases. However, if they do not <;!iffer greatly, 
the value of e given by !( tþ + C - 1800) will 
correspond to the mean of the angles A and 
.B. Clearly, if the measurements are made 
with the light incident on each of the faces 
in turn, giving three nearly equal values, 
tþ', tþ", tþ"', for the rotation of the telescope, 
"e can put e =! {( tþ' + tþ" + tþ"')/3 + 60 0 -lSOO} ; 
and the value of e so obtained "ill correspond 
to a prism angle of exactly 60 0 (assuming no 
pyramidal error). 
The order of magnitude of tþ is about 60 0 , 
more or less. This method, therefore, involveH 
the measurement of a fairly large angle. An 
alternative arrangement, which only involves 
measuring a small angle, is shown in Fia 
16 (b). It requires the use of the additional 
telescope on a separate stand, to which 
reference has already been made (
(8), p. i'ü.J). 
The light is incident along the two faces which 
contain the refracting angle. The telescope 
T 1 is rotated so as to receive one of the 
veL. IV 


emergent beams. The auxiliary telescope T 2 
is placed so as to receive the other. The 
method of making the measurement is as 
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FIG. 16. 


follows: The critical edge in the field of the 
fixed telescope T 2 is brought on the cross-lines 
by means of the tangent screw which rotates 
the table; then the telescope Tl (or its 
micrometer eyepiece) is adjusted so that its 
cross-lines are set on the other critical edge. 
Both settings should be repea ted several 
times, the telescope reading being noted each 
time. If 0 is the angle between the axes of 
the two telescopes when they are both correctly 
set on the respective critical edges, 2e = 0 - f). 
If the process is repeated mth each angle of 
the prism in turn, giving three nearly equal 
values,o',õ n , 0"', then 2e=(õ' + ó n + ó"')/3 _60 0 . 
where e is the angle of emergence corresponding 
to a prism angle of 60 0 . 
To measure 0 we illuminate the cross-lines 
of T 2 and treat it as a collimator \\ith respect 
to T 1 , which should be rotated until the 
two sets of cross-lines coincide. The angle 
through" hich it hag to be moved is the angle o. 
In order that all the observations may be 
made "ithout removing the prism from the 
table, it is convenient to arrange the height 
of the latter (or of the telescopes, if this is more 
convenient) so that the lower half of the 
telescope objectives are utilised for the critical 
angle measurements, while the upper half are 
above the level of the prism top and are avail- 
able for the collinear measurements. 
As rea<lrds the latter there are one or two 
precauti
ns to be observed. In the first place, 
it is not satisfactory to attenlpt to set the 
two cross-lines in exact coincidence. Such a 
setting is very insensitive. The telescope 
axes should be very slightly out of line in 
the 'i:ertical direction, so that one cross is a 
little above or below the other. Then when 
the axes arE' in line horizontally the t\\ 0 sets 
3D 
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of wires form a small symmetrical rhomboid. 
If a suitable vertical displacement is chosen, 
this rhomboidal setting can be made with 
great precision. In repeating the determina- 
tions ab initio, the cross-lines, which in the first 
case were lower, should be the hight'r next 
time, and so on. In this way any error due 
to want of exact parallelism of the two sets 
of wires is eliminated, and a true setting 
corresponding to exact coincidence of the axes 
is secured. 
As in the case of the minimum deviation 
method, the final accuracy of the 
result depends on the care with 
which the manipulation iR per- 
formed, and on the arra.ngement of 
the apparatus so that the processes 
involved in the actual measure- 
ments are rendered as few and as 
simple as possible. In the critical 
angle method the success or failure 
largely depends on the illumination 
arrangements. If these are satis- 
factory the method is easy and 
accurate; but if they are 
otherwise, as may very 
easily be the case, or if 
they require readju
tment 
in the course of a deter- 
mination, the greateHt 
trouble may be encoun- 
tered. It is undesirable, 
for instance, to ha ve to 
shift the source so as to illuminate 
first one face of the prism and then 
the other. Two sources must be 
set up to begin with; or, what is 
better still, an arrangement should 
be adopted by which one source' 
may be empluyed to illuminate 
both faces simult:1neously. 
A convenient and easily con- 
structed illuminator for this pur- 
pose is shown in plan in Fiy. 17. 
D is a hole of about 3 mm. dia- 
meter a little outside the focus of 
a condensing lens L. The source, if it 
has appreciable width, is placed behind D, 
or an image of it is formed at 1) by 
another lens, as if D were the slit of a 
spectroscope. The light leaves the lens L in 
a slightly converging heam. It the'n meets 
a no c prism, which should be of ('leal' colourle'ss 
glass polished on all three sides, but which 
need not otherwise be of good quality. This 
splits the he am, by internal reflection, into 
two beams which emerge in the directions 
shown, These beams, when they have 
separated to an extent of 15 em. or so, meet 
a pair of right-angkd prisms so placed as to 
make them rcconverge at an angle of noc. 
Th(' various parts can he mounted permanently 
on a single stand. The supports of the right. 


angled prisms should be capable of rotation, 
as this facilitates adjustment. 
The illuminator is so placed in relation to 
the spectrometer that the prism under test 
occupies the position which is shown dotted 
in the figure.! The lens L should have a pO\H'r 
of about 10 diopters, and the distance' of D 
from it should be such that images of j) arc 
formed at D' and D", about two inches beyond 
the apex of the prism. \\'hen the ilhllni
ator 
has been placed approximately in the correct 
position, a slight rotation of the right-angled 
prisms will usually be sufficient 
to give satisfactory bands "ith 
sharply defined edges. 
If the source is rich in light of 
other wave-lengths than that for 
which the measurement is heing 
made, stray light of these wave- 
lengths almost always appears in 
the field, and may give rise to 
chromatic parallax troubles. To 
overcome this difficulty filters must 
be used in front of D to cut out 
or reduce the objectionable 
rays. 
In determining 0, the 
suitable i1lumination of the 
cross-lines of T 2 may pre- 
sent some difficulty. It 
is evident that when the 
telescopes are sharply 
focussed on the critical 
edge of the refracteJ beams they 
are eollimated for the wave-length 
of the light employed. In the 
prcsence of the usual amounts of 
chromatic aberration, they wiJI 
not be in correct focus for other 
wave -lengths. If the refracted 
light is in the yellow or green 
part of the sp('ctrum it "ill 
generally be quite satisfactory to 
put a table lamp behind the eye- 
piece of T 2 with. possibly, the 
interposition of a colour filter to 
approÀimate the colour to that for which 
the telescopes are focussed. If, however, 
the refracted light is not near the middle 
of the spectrum it is not usually possible 
to get sharp enough focus with colour filters, 
and it is necessary to employ Jight of the 
wave-length for which the index det('rmination 
is being made. An arrangement which proves 
convenient, except with faint lin('s, is to 
mount a small mirror close up to the eyepiece 
of 1'2 and adjust it so that it sends the refracted 
light which ('merges from tll(' ey('piece b'tck 
into it to il1uminatp the cross-lines. This 
adjustm('nt has to he made with so:=ne nicety, 
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1 Partkulars of thiH mrthol] ar(' J:!Ï\'('Jl in a papPI 
hy Uuild anu Dale, Trans. Optical Soc., 1920, xxii. 
pt. 3. 



SPECTROSCOPES AXD REFRACTO:\IETERS 


771 


so it is expedient to mount the mirror on the glass G 1 are placed so as to illuminate the 
end of a lever, pivoted on a suitable stand. face of the prism, and a second source 8 2 
It can then be s,,,ung out of position when and ground glass G 2 are placed "here they 
it is desired to look into the eyepiece of will illuminate the plate A. The observing 
T2' and swung back to position for the telescope is placed at T and focussed sharply 
collinear measurement, "ithout upsetting on the edge E of the prism. If 8 1 is turnecl on 
its adjustment. In this way the difficulty and 8 2 is off, the field "ill be bright on one 
of securing light of the same wave-length side of E and dark on the other; while if 8 2 
for all the measurements involved can be is on and 8 1 is off, the bright and dark sides 
overcome. are reversed. If, then, the cross-lines are set 
Special Case of}.t= 1'53.-From equation (4), on the edge when first one side and then the 

 (2), if }.t2 = 1.528 the emergent angle is I other is bright, the difference in the micrometer 
- 30 0 , and the two critical readings will be twice the 
rays are collinear, provided O 2 error due to irradiation. 
e = 60 0 exactly. Thus for 8 2 
 'Yhen such measurements 
,
 0 
indices near this value ô is /1' are made it is found that the 
very small, and can be 
E I , 5, e
ror amounts to about 40 
measured on the micrometer PV 
 -3:
 seconds divided by the 
eyepiece "ithout rotation of magnification of the tele- 
the telescope at all. For scope. Thus for a telescope 
such indices we thus have a useful of power 20 the error is only about 
check on the accuracy of more general 2". Further, this is found to be 
methods; since we eliminate com- independent of the brightness over 
pletely the axis of the instrument and a very wide range, and also of the 
any undetected peculiarities it may colour. Thus one may find very pre- 
possess. cisely the correction to be applied 
It is this feature of the met.hod to critical angle readings on account 
which invests it ",ith importance in of irradiation. It will be clear, of 
precise refractometry. It is not in course, that this correction includes 
itself quite so easy to perform as the any other" personal equation" error 
minimum deviation method, and is which may influence the setting in 
not suitable at all except for bright 
 addition to irradiation. 
spectrum lines; but the fact that it : There is one particular in which 
can be made to involve oniy very : the conditions in the actual critical 
small rotations of the telescope or, 
 L angle setting differ from those in 
in a particular case, no rotation at I the arrangement just described. It 
all, makes it highly useful as a check is evident that in the latter case 
to be used in conjunction "ith other the intensity is uniform right up to 
methods which depend for their T the edge, and that a sudden dis- 
accuracy on the accurate measure- continuity occurs there. In the 
ment of comparatively large rota- case of the critical edgp there is no 
tions. actual discontinuity. The int
nsity 
It is desiraLle therefore to investi- falls off more and more rapidly as 
gate the errors to which the results the critical angle is approached, and 
m
y be liable on account of the is actually zero at that point. The 
unsymmetrical nature of the setting. Fm. 18. intensity curve can be calculated 
There are two points which require from Fresnel's equations for refrac- 
attention. In the first place, on account tion and reflection, correction heing made 
of thp phenomenon of irradiation, the bright for the fact that the rays in the refracted 
area will encroach on the dark area and beam are compressed more and m<?re closely 
the edge will be displaced on this account. as the critical angle is approached. These 
The magnitude of this error can easily curves have been calculated by Krue
s,1 and 
be determined experimentally. As the in FÙJ. 19, the intensity CUf\?e for a band 1 0 
observer should alwa vs determine it for "ide is given for fJ.. = 1-6, and fJ.. = 1.03. 'Yha t 
himself cith the telesc
pe to be used for the "ill the eye adopt as the "edge" of such a 
measurement, a mpthod of doing so may be band? There is reason for belie\ing that 
described. the "edge" "ill be that part at which the 
A prism P, Fig. 18, is placed at the focus intensity is diminishing most rapidly. ,rhile 
of a long focus telescope objective L with it is not evident from Fig. 19, on account of 
one of its faces appro
imately at 43 0 to the the scale on which it is drawn, the slope 
axis. A glass plate .Â is placed a little behind of the intpnsity curye increases continuously 
the prism, also inclined at 43 0 to the axis. 
A f I . h S d I f d 1 Hugo Krucs$) Zeit. j. 1llstk. x).xi'i:., 
Iarch 1919, 
source 0 19 t .. 1 an a Sleet 0 groun p. 73. 
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up to the critical angle, and is therefore 
greatest at this point. Therefore, if the 
above suppositÜm 
fþ is correct, the same 
setting should be 
made as if the 
brightness were 
uniform up to the 
edge and suddenly 
dro pped to zero. 
That this some- 
what unexpected 
result is correct to 
a high order of 
accuracy has been 
demonstrated ex- 
perimentally.I Con- 
sequently the criti- 
cal angle setting 
only requires the 
easily determined 
correction, men- 
tioned above, for 
irradia tion and 
personal eq uation. 
The results of the 
method may there- 
fore be employed 
with confidence 
for com paris on 
with those obtained 
by the minimum deviation method, 
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FIG. 19. - Intensity in 
neighbourhood of Critical 
Angle. Iþ = Critical Angle. 


III. REFRACTOMETERS 

 (ll).-The methods which have been 
described in some detail in the preceding para- 
graphs are those suitable for the most precise 
absolute determinations. They involve a con- 
sidera"ble amount of time to carry out com- 
pletely, and also require carefully worked prisms 
of fairly large dimensions. They are even more 
troublesome when applied to the case of liquids; 
as the liquid has to be contained in a hollow 
prism, built up of accurately plane parallel 
pieces of glass, which has frequently to be 
taken to pieces for thorough cleaning. 
There is a large amount of refractometry, 
which has to be done in connection with various 
industries, for which the very highest accuracy 
is not demanded, and for which the time and 
trouble involved in such determinations would 
be unjustifiably expensive. :For such purposes 
a number of instruments have been devised, 
most of which arp largely empirical in their 
results, but which are very rapid in use, and 
req!1ire a minimum of material and labour 
for tho preparation of the necessary specimens. 

 (12) ABBÉ'S AUTOCOLLIMATION SPECTRO- 
scoPE.-This instrument employs a modifica- 
tion of the minimum deviation method in which 
1 ftuild and Dale, Trans. OlJtica[ Soc" 1020, 
xxii. 13, 


the telescope also serves as collimator. In the 
upper half of the focal })lane of the eyepiece 
is a slit. The light enters by a holo in the 
side of the tube and is reflected through the 
slit by a small 4.-;0 prism. In the lower half 
of the field is a sharp pointer. The prism 
employed for the test is cut with an angle of 
30 0 . The prism table is rotated until the 
light refracted at the first face of the prism 
meets the second face normally, and is 
returned along its path to form an image of 
the slit in the focal plane of the telescope. 
'Yhen this image coincides with the pointer, 
the normality of the beam to the second face 
of the prism is exact. 
The angle of refraction is then equal to the 
angle of the prism, The angle of incidence, 
i, is found by rotating the tclescope until it is 
normal to the first face of the prism, and the 
refractive index is obtained from the formula 
sin i 
J.' = sill O' 
The method is not very convenient for 
accurate determinations of the refractive 
index, since the value of f) must be deter- 
mined; but it gives quite accurate values for 
the dispersion. It has t.he advantage for 
commercial work of requiring only half as 
much glass as å 60 0 prism, but has the dis- 
advantage over some of the empirical refracto. 
meters, described later, of requiring two first- 
class surfaces instead of only one. 

 (13) PULFRICH REFRAcTol\lETER. 2 -This 
employs the JV olla8ton method discussed theo- 
retically in 

 (2) to (5), The main feature of the 
instrument is a block, A, Fig. 20, with one 
polished face horizontal and another vertical. 
The substance whose index it is desired to deter- 
mine is placed in contact with the horizontal 
surface and a convergent beam of mono- 
chromatic light, L, is directed along the inter- 
face. In Fig. 20 (a) the arrangement employed 
for liquids is illustrated. A circular glass 
tube, C, is cemented to the block with a cement 
or wax which is not soluble in the liquid 
to be examined, some of which is poured 
into the cell thus formed. A portion of the 
incident light is refracted from tho liquid 
int.o the block, ultimately emerging from 
the vertical face into the air, and is received 
by a telescope. As in the case of the critical 
angle method for determining the index of 
the prism itsPlf, a band of light is produced 
in the field of view which has a sharp edge 
corresponding to the direction of emergence 
of a ray incident at grazing incidence on the 
first face. The angle of emergence, e, which 
this ray makes with the normal to the vertical 
face of the block is determinpd. In order 
to set the telescope normal to the face of the 
2 C. Pulfrich, Zeits. Instrumentenk. 1888, viii. 47 ; 
and 1895) J\. v, 389. 
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block it is provided with an autocollimating 
device, consisting of a small 45 0 prism fixed 
behind a portion of the cross-lines. This 
priSlfi can be illuminated by a lamp placed 
to the side of the instrument. "Then the 
telescope is approximately normal to the face 
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FIG. 20. 


of the block a reflected image bf the illumin- 
ated face of the little prism is seen at the side 
of the field opposite to the prism itself. It is 
crossed by images of the parts of the cross. lines 
which are in front of the prism. 'Yhen the 
actual cross-lines are brought into coincidence 
with those images the axis of the telescope is 
normal to the face of the block. 
To avoid having to place the head in incon- 
venient positions, the telescope is constructed 
as in Fig. 20 (c), with a right-angled prism 
behind t.he object glass, so that the main 
body of the telescope is always horizontaL 
The circle is usually dhided so as to read 
to minutes bv means of a vernier. It is 
provided with
 a radius arm and micrometer 
tangent screw by means of which it may be 
moved through a range of 50 or 6 0 , for which 
readings can be taken on the drum of the 
tangent screw to 0-1 minute, Thus the 
actual values of e can be determined to about 
1 minute, which, from the curves of Fig. 4, 
corresponds roughly to 1 unit in the fourth 
decimal place, whereas the differences of 
readings within the range of the tangent 
screw may be accurate to 0-1 minute, corre- 
sponding 
to about 1 unit in the fifth place. 
The quantities usually wanted in practice 
are the refractive index for some wave-length 
near the brightest part of the spectrum and 
the dispersion, i.e. the differences in refractive 
index for a series of lines SþIT'ad throughout 
the spectrum. The lines almost universally 
used are C, D, F, and (1', the first, 
hird, and 
fourth being obtained from the vacuum tube 


spectrum of hydrogen, and the second being 
the well-known sodium line. The procedure 
usually followed is to bring the tangent screw 
to the beginning of its range, and rotate the 
telescope so as to bring whichever of these 
lines corresponds to the smallest value of e, 
usually C, to the middle of the field. The 
circle is then clamped to the radius arm and 
the settings on the various bands made by 
means of the tangent screw. By noting the 
circle reading wlùch corresponds to some 
reacling on the tangent screw, and correcting 
for the reading which corresponds to the 
normal (e = 0), the values of e for the various 
Enes will be obtained correct to 1 minute, but 
mutually consistent to a much higher degree. 
}'or determining the indices of solids, the 
arrangement of Fig. 20 (b) is employed. The 
specimen requires to have two polished faces, 
one of them two to three cm. long and accur- 
ately flat. The other, which should be approxi- 
mately at right angles to the first, need only 
be a few millimetres deep, and its quality is 
immaterial pro\ided it intersects the first 
surface in a clean sharp edge without trace of 
bevel. 
In order to obtain optical contact, so that 
refraction from the specimen to the block 
may occur, it is necessary to interpose a film 
of liquid of higher refractive index than the 
specimen. If the fi]m is parallel-sided-which 
can always be secured by examining the 
interference bands at thp interface - the 
presence of the film does not affect the ultimate 
direction of the rays, which is the same as if 
the specimen were 
ill optical C'ontact with the 
block. 
For this refractometer, in which the angle of 
the block.A is 90 0 , equation (6), 
 (2), becomes 
Jl_12=fJ..22-sin2 e. 
For convenience in computation the instru- 
ments are usually supplied with tables gi\ing 
the indices corresponding to values of e, 
increasing by intervals of 10 minutes, for each 
of the lines C, D, F, and G'. The valuE's for 
intermediate angles are obtained by pro- 
portionate interpolation. 
rnfortunatelv such tables as issued are 
rarely sufficiently accurate for any but the 
roughest approximation. The actual angle 
of the block usually departs apprE'ciably from 

oo; and the values adopted for the indices 
of the block are those determined for a 8pE'ci- 
men of the melting used for a number of 
bloC'k
, and may differ considE'rably from those 
actually posses;ed by anyone of them. 
ThE' angle should alwaY
 be D1E'asured, and 
the true 'indic('
 of thE' 'hloC'k rlC'duced from 
careful detC'rminations with a substanC'e wh08e 
indices ha\?p Lppn detenuinE'd by an acC'urate 
absolute D1E'thod; or, if thi
 is not, ayailahle, 
with a specimen of quartz J for which the 
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values are reasonably well establishe,.l. Hav- 
in er obtained this i
formation a new set of 
o 
tables can bc computed; but it is much 
simpler to employ the erroneous tables and 
apply corrections. 
For instance, fmppose the angle of the prism is 
90 0 - õe, where õe is a small qualliity. 


õe 
P-l =i1 1 - To 

 òe "rji ?- P-1 2 
=!J..l- - - - ( from 13), 
2.úô 


where /1] is the value given by the table
. The 
tabulated value, ill- has to be diminished to give 
the true value if the anale of the block is less 
than 90 0 , and increased if the angle is greater 
than 90 0 . The correction can be calculated for a 
f,erics of values of ;;'1' say 1'5, }'53, }'G, }.G5, etc. 
It will not be necessary to tabulate it for smaller 
intervals unless the error in angle is unusually 
large. 
A similar small correction can be applied to the 
tablf's for errors in the assumed values of !J..2' This 
of course has to be done for each wave-length. Let p.'J. 
be the assumed value u,"ed in computing the tables, 
and P-2 the true value. Also let fll be the value of 
the index under test as given by the tables. and P-l 
the true value. 


- d!J..l ( _ ) 
ILl = 1-'1 - -s-- !J..2 - P-2 
l.Jp-2 


= ill _1!2(i12 - J1..2). 
!J-l 
This correction can also be tabulated for a series 
of values of fil for eaeh wave-length. If there is also 
an error in the angle of the block, the two corrections, 
being small, can be obtained separately as above and 
added to give a sinf!le correction. 
The total correction for values of ill increasing 
by intervals of .O} can be got out in a comparatively 
"hort time. The corrections should be computed 
to the sixth decimal place to prevent accumulations 
of small errors mounting up to I in the fifth place. ) 

 (14) THE ABB}
 R.EFRACTOMETER, - This 
instrument is of lower accuracy than the 
Pulfrich refractometer and gives results which 
are only n.liable to a few units in the fourth 
decimal place. 
The essential parts of the instrumcnt are 
shown diagrammatically in Fig. 21, the 
arrangement of parts being that followed in 
the instrumpnt made by Bellingham and 
Stanley of I..on(lon, which has various advan- 
tages over the Zeiss mod('l. PI and P2 are two 
prisms of dense glass. Surfaces 1, 3, and 4 are 
polished; surface 2 is matt. The prism PI 
is hinged at H, so that it can be swung away 
from P 2 and removerl altogethpr if desired. 
In (letC'rmining the indpx of a liquid, a drop 
of the latter is })lacpd on surface 2, which is 
1 For a diHcuRRion of the pO
Hihi1iti('B of th{' 
Pulfrkh Rf'fractompt{'r and the limitation!:; of 
pxisting pattpfl1s of t h(' instrumpnt. see Guild, 
Proc. Phys, Soc. xxx. part 111, p. 157. 


thC'n dosed up into contact with surface 3, 
the liquid bC'ing syuC'C'zed out into a thin film. 
Light from a suitablC' source is direcÌ('d to- 
wards the prism system by a mirror 1\1. It 


:FIG. 21. 


strikes the matt surface 2, and is scattered 
into the liquid film and the prism P2' Since 
no ray can enter P 2 with a greater angle of 
refraction than that of the ray at grazing 
incidence, the emergent rays whcn collected 
by a telescope will all converge to points on 
one side of a line in the focall)lane. The fidù 
will therefore be divided into dark and light 
portions, the edge of the bright port,ion 
corresponding to the value of e for the critical 
rays, as in the similar cases previously dis- 
cussed. 
The rotation of the telescope is registered 
on a graduated arc which reads rC'fractive 
index directly. In practice the instrumC'nt 
is used with white light. To compensate for 
the dispersion of the system, and at the same 
time get a rough measure of the dispersion 
of the substance under test, the ingenious 
device is adopted of introducing a reven;:e 
dispersion by means of two direct vision 
prisms. These are mounted one aboye the 
other in front of the object glass of the tele- 
scope, and are geared so that by turning a 
milled head they may be rotated in opposite 
directions. They are so oriented to start 
with that their planes of dispprsir.n are parallel 
to each othpr and to the principal planp of Ow 
prism P 2' their dispprsions being additive, If 
k is the angular dispprsion of one of t.he prisms 
bptwepn the (; and F linps, thp total disPNsion 
in this position is 2 J..-, If now the þrisms are 
rotatpcl at equal ratcs in opposite rlirpC'tiom:, 
the resultant dispersion is still parallf'l to thp 
principal plane of P2' hut is diminisll('d. J-'or 
any orientation, t:þ, from the initial position 
the resultant dispersion is 2 k cos cþ. \Vhen cþ 
is DO o the dis1wrsion dup to the prisms is 
l('ro, 
and when t:þ pxepecls DO o it changes sign, and 
inf'l'(,[)sPs to 2 k in tllC' rcversp dirp(tion. 
In using the instrument the critical edge as 
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fir5t observed will probably be spread out into 
a short spectrum, The compení'ating prisms 
are rotated until the colour disal)Jìears and 
a sharp achromati;:;cd eùge is obtained. The 
cross-lines are set on this edge; the reading 
on the arc then gives the index for sodium 
light. The orientation of the compensating 
prisms gives, by reference to a, set of tables 
supplied with the instrument, a rough value 
of the dispersion, from C to F, of the sub- 
stance under test. 
To use the Abbé refractometer to determine 
the indices of solids, the l)rism P is removed, 
and a specimen similar to that employed 
with the Pulfrich refractometer placed against 
fact=' 3, optical contact being obtained by a 
film of liquid, as described in connection with 
the latter instrument. 

 (1.3) ABBÉ'S CRYSTAL REFRACTO:\lETER. 1 - 
Tnis instrument is designed for the convenient 
examination of crystals in different orienta- 
tions. The block is in this case hemispherical, 
F-ig. 22, and is fitted with a cell to contain 
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liquids. The crystal specimen is placed on 
the surface, immersed in a liq uid of higher 
refractive index. The axis of rotation of 
the telescope passes through the centre of the 
hemisl)here, so that the optic axis is always 
normal to the latt.er. The front surface of the 
object glass is close to the hemisphere and 
parallel to it, thereby neutralisillg the effect 
of the curvature of the block on the focus of 
the emergent beam. There is evidently no 
deviation of the beam on leaving the block, so 
that when the telescope is set on the critical 
edg p it measures r, the angle of refraction of 
the critical ray into the block. The index 
of the specimen. fJ..l' = fJ..2 sin r. 
It is possible to rotate the hemisphere about 
a vertical a
is, thereby altering the orientation 
of the crystal with resl)ect to the direction 
of the light, The illumination may either 
bl) supplied at grazing incidence, as in the 
Pulfrich refractometer, or the beam may be 
incident from within the glass as shown 
dotted at L'. In tht=' latter case the critical 
edge di,-ides the field into reg:ons of total and 
partial reflection, the critical direction being 
the same as for grazing incidence. The 


1 See S. f'zapski, Zeit.ç. f. lnstrumentk., lK
O, x. 
246, and Feu-;sncr, Zelts. j. Instrumentk., 1894, 

iv, 87. 


arrangement is advantageous with specimens 
whose eùges are irregular or not apvroximately 
perpendicular to the face in contact with the 
block of the instrument; but the edge ið not 
so sharp nor the contrast so good as "itb 
grazing incidence. In order to pass readily 
from one method of illumination to the other, 
the source is mounted in line with the axis 
of rotation of the telE'scol)e, the light being 
reflected in the direction L or L' by a mirror 
mounted on an arm whieh rotates about the 
same axis. Thus, by s,vinging the mirror, 
the light can quickly be adjusted for either 
type of illumination. 

 (16) THE DIPPING REFRAcTo:\IETER.-This 
instrument is designed for the refractometry 
of liquids available in fairly large quantities. 
It is only suitable for use o,
er a small range of 
index and is therefore mainly used for special 
purposes. such as the estimation of alcohol, 
wines and beers, sea and mineral wa tel'S, etc. 
The principlf' of the apparatus wiJI be clEar 
from Fiy. 23. P is a cylinder of glass on which 
a plane surface inclined at about 30 0 to the 
axis has been ground and polished. The end 
of the in
trument is immersed in the liquid, 
which is contained in a vessel with a glass 
side so that light reflected 
from a diffusing reflector, 
R, may enter the -vessel. 
The critical edge is -vie" ed 
in the focal plane of the 
eyepiece, in which there is 
also a scale divided to read 
refractive inflices directly. 
A is a direct TIsion prism 
which compensates the 
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FIG. 23. 


dispersion and ensures a sharp achromatic 
edge. The instrument is usually supplied 
with several nose-pieces of differE'nt glass to 
render it suita ble for diffE'rE'nt ranges. The 
most usual rangf' i
 1.32.3 to I.:3ß5. 


I\"r. EFFECTS OF TE:\IPER.-\TURE AXD PRESSDRE 

 (l7).-In the preceding paragraphs we 
ha-ve concerned ourst='ln>s "ith the methods of 
determining refracti,e indices as accurately as 
pos
ible. under thp circumstances ll'ldch pram? 
during the determination. For the results to 



776 


SPECTRORCOPES AXD REFRACTO:\IETERS 


be of value it is necessary to state them in 
such a form that they can he compared with 
those made under other conditions. In the 
first place. the quantity measured by all the 
methods employed in practice is the relative 
index, i.e, the absolute index of the substance 
with respect to vacuum divided by the 
refractive index of air. If þ- is the absolute 
index and p. thp observed index, jl = fJ..n, 
where n is thp refractive index of the air 
during the observation. Both ii and n are 
affected by temperature, and n is also affected 
by pressure. An observpd value of fJ.. is 
therefore only correct for the particular 
temperature and pressure for which the 
determination was made. 
As regards the variation of ji, this may be 
taken as linear over the usual range of labora- 
tory temperatures, so that iit=Jit'+p.a(t-t'), 
where a is the temperature coefficient of abso- 
lute index, and is taken as positive when the 
index increases with temperature. 
The variation of n with temperature and 
pressure follows Gladstone and Dale's law 
that n -1 is proportional to the density of 
the gas. Thus ' 
11 ( 760 ) P 273 
n t - 1 = no -1 700' 27 3 + t 
=ß( 1 +7-
0) (1- 2
3) =ß +ß 7
0 -ß2
3' 


where 1 + ß is the refractive index of air at 
0 0 c. and 760 mm. pressure, and 0 is the 
ex('ess of pressure above 760 millimetres, 
Let p.ð be the observed relative index at to C. 
t 
and 7GO+ 0 mm. pressure, then 
fit = p.
n
 = f.t
 (1 +n
 -1) 
ð 0 t 
= fJ.. t + fJ..ß + fJ..ß 760 - p..ß 273 . (i.) 


This gives ,ü,t in terms of the observed relative 
index. Similarly, for observations at any 
other temperature and pressure, 
_ , _ ð' ð' t' 
fJ..t - fJ.. t ' + fJ..ß + p..ß 760 - p..ß 273 . (ii.) 
Subtracting (ii.) from (i.) and rearranging, we 
get 
ð' ô 0-15' ( ' )( ß ) ( "' ) 
p..t' = p..t + p..ß 760 - p.. t - t a + 
73. lll. 


Equation (iii.) gives the relative index at any 
temp<,rature and pressure in terms of the 
relative index at the temPf'rature and pressure 
of the ohservation. It is evident that the 
tempprature coefficient of the relatit.e index is . 
a + t"3/273. 
These relationships enahle us to express a 
result eithf'r as absolute index at a standard 
temperature, or as relative index at a standard 
temperature and pressure. The most useful 


in practice is the latter, and, where possible, 
results should be expressed for a tClnperature 
of 17 0 C, and a pressure of 760 mm. 
The values of ß can be obtained from the 
results of Kayser and Runge, 1 Scheel,2 and 
others. Kayser and Runge's fOrIuula for 
da mp air at 0 0 C. and 760 mm, pressure is 


ß= 10- 7 (2878.7 + 13' 16 b +0' 316 1), 


where 
 is the wave-length of the light. For 
dry air 3 x 10- 7 should be added. This 
difference is negligible for our present purpose. 
The following table gives the indices for dry 
air for various spectrum lines: 


Designation Approximate I 
in Rolar ß. 
Spectrum. À, 
A 7590 AU. .0002905 
B 6870 " .0002!H 1 
C 65()0 " 2914 
D 5890 " 2922 
E 5270 " 2933 
F 48(;0 " 2943 
G 4310 " 29()2 
H 3970 " 2978 


From these figures the reduction of the 
results to standard pressure can ålways be 
performed; and. if a is l..nm\"n, the reduction 
from one temperature to another. The co- 
efficients both of absolute and re]ative index 
are given for a typical series of optical glasses 
in Hovestadt's "Jenaer Glas." For the 
ordinary flint glasses a varies fairly regularly 
with p.., and the value for any glass of this 
type can be found suffiC'iently accurately for 
correction purposes by interpolation. For the 
more complex glasses, hçnvever, the data are 
insufficient for interpolation, except for glaRses 
which are very near one of the type glasses, and 
it may be necessary to determine a. In 
doing this it is safest to avoid attempts to 
heat the prism. It is vpry difficult to obtain 
reliable results in this way. In most labora- 
tories there is some room or rooms of which 
the temperature can be varied over a range 
of at least 10 0 C., so that measurements can 
be made, with the whole apparatus at a 
uniform temperature, over a sufficient range to 
give the necessary accuracy in a for correcting 
over a smaller range. 


v. SPECIAL VARIETIES OF SPECTROSCOPES 

 (18).-The type of spectrometer discussC'd 
in 
 (6) is really in principle the simplest and 
earliest form of spC'ctroscope, elaborated in 
mechanical detail so as to enable the measure- 


1 Ablwmll. d. Bal. Ak(l(l. Wiss., 1803. 
2 Berl. VeTh. d. PhJlsik. Ges., IDOi, ix. 
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ments involved in refractometry and gonio- 
metry to be made with the utmost accuracy. 
Except for these specific purposes, however. 
such an instrument would rarely be used. 
It would find no place, for instance, in the 
equipment of a modern spectroscopic labora- 
tory, where the primary object of the work 
is the identification and accurate measurement 
of wave -lengths. Such determinations are 
always made by interpolation betwpen adjacent 
lines of known wave-length, and the spectro- 
scopist is never concerned with any but quite 
small angular measurements. This being so. 
the instrumental requirements are somewhat 
different. X ot only so, but the development 
of photographic methods has practically ousted 
the spectroscope as an instrument of spectro- 
scopic research. 
Thus the beautifully designed instruments, 

ith long trains of prisms intended to give 
very high resolving pO\V('r, which were formerly 
features of spectroscopic laboratorie
, are now 
rarely if ever employed; they are replaced 
by spectrographs, which not only are capable 
of greater accuracy, but have the inestimable 
advantage of giving permanent records of the 
observations. The visual spectroscope is only 
u'ied for the identification of simple known 
spectra, or for other work for which great 
accuracy is not required. The special needs 
of the spectroscopic laboratory are beyond the 
purview of this article, which deals primarily 
with the requirements of the "applied" 
rather than the "pure" physicist; but a 
certain amount of spectroscopic equipment, 
suitable for general work, is essential in an 
optical laboratory. 

 (19) THE DIRECT YISIO
 SPECTROSCOPE.- 
This instrument, which is suitable for the ex- 
amination of light sources to ascertain the 
general nature of their spectra, has all its parts 
mounted in one straight tube, and is therefore 
easily directed to the light when simply held 
to the eye. Its essential element is a com- 
pound prism, P (Fig. 2J-), which consists of a 


L 1 P L 2 I 
-S 
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prism of dense flint glass cemented "ith 
Canada balsam between two prisms of crown 
glass. The refractive index of the denser 
glass will be about 15 per cent greater than 
that of the other, hut its dispersion may be 
t"ice as great. Consequently, if the prisms 
be cut to such angles that the total deviation 
for, say, the sodium light is zero, rays at the 
blue end of the spectrum will be de\ iated 
towards the base of the dense pri.,m, and those 
at the red end" ill be de\
iated in the opposite 


direction, on account of the preponderating 
dispersion of the flint glass. 
The collimating and telescope lenses, L I 
and L 2 , have usually a focal length of 2 to 3 
inches. In some instruments the slit, 8, is 
fixed, and tbe positions of lines in the spectrum 
are read on a scale in the focal plane of the 
eyepiece. This is only convenient for instru- 
ments of small dispersion. If the dispersion 
is large the whole spectrum cannot be seen 
in the field of view at once. In a convenient 
form of instrument made by Hilger the slit 
can be moved across the end of the tube by a 
tangent screw. By this means different parts 
of the spectrum can be brought to the centre 
of the field of view, 
 hich is marked by a 
pointer. 
Larger and more ambitious types of direct- 
vision spectroscope can be obtained; but 
for anything except the roughest of purposes 
it is better to employ- 

 (20) THE HILGER CO:KSTAKT DEVIATIOX 
SPEcTRoscoPE.-This is an exceptionally con- 
venient instrument for general laboratory use. 
Fig. 25 (a) is a diagrammatic plan. The colli- 
mator C and telescope T are permanently fixed 
at right angles to each other. The prism P 
is cJamped to a table which may be rotated 
through a small angle by means of a tangent 
screw. The nut in which the tangent 
crew 
works is attached to the fixed part of the 
stand, and its movement is registered by a 
drum D 
 ith spiral scale. The special feature 
is the prism, which can be regarded as built 
up of three prisms arranged as shown in F2"g. 
25 (b). If a ray of light is incident at such an 
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FIG. 2:>. 


angle on Aß that it is refracted parallel to 
BC it \\ ill he parallel to EA after internal 
reflection at the hypotenuse face of the 4.3 0 
prism CED. It is therefore incident on AD 
with an angle of inciùcnce equal to the angle 
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of refraction at _\B
 and so emerges from the 
pri
1U at an angle, e, which is equal to the angle 
of incidence i. f;ince D
1B=90o and i=e
 
the incident and emprgent rays are at right 
angles. But we may regard ACB and ADE 
a'3 two halves of a GOo prism, so that a ray 
which travels paraHel to BC and EA suffers 
minimum refraction. l This applies to any 
ray which traverses the prism and emerges 
at 90 0 to its initial direction. Clearly the 
shorter the wave-length, and, consequently, 
the greater the refractive index of the prism, 
the greater the an
le i will have to be in order 
that the refracted ray should be parallel to 
BC. Thus as the prism is rotated by the 
tangent screw, thereby altering the angle of 
incidence of the beam from the collimator, 
the spectrum will pass across the field of 
view
 each wave-length being at minimum 
deviation, in the restricted sense indicated in 
the footnote, at the moment when it occupies 
the centre of the field. 
The advantages of this instrument over an 
ordinary 60 0 prism spectroscope are, firstly, 
that both telescope and collimator being fixed 
extreme rigidity and permanence of adjust- 
ment are obt3.ined; and, secondly, no readjust- 
ments of the prism are necessary in order to 
get minimum deviation for all measurements. 
The drum is graduated to read wave-lengths 
directly; and all that is necessary is to adjust 
the cross-lines of the eyepiece occasionalJy so 
as to make the instrument read correctly for 
some known wave-length. 

 (21) :\Io
ocHRo
IATIC ILLU::\IINATORS.-It is 
frequently necessary to obtain monochromatic 
light, either from a source giving ÐJ continuous 

pectrum, or hy isolating a particular line in 
a line spectrum. Any spectroscope can be 
used for this. It is only necessary to replace 
the eyepiece by a second slit in the position 
normally occupied by the cross-lines. If the 
collimator slit is illuminated by white light, 
or light containing more than one spectrum 
line, the Jight which passes through the 
second slit can only contain the wave-length 
of that part of the spectrum which falls on 
it. Either the direct vision spectroscope 
described above, or the constant deviation 
spectroscope, make excellent monochromatic 
illuminators. The former is particularly suit- 
able for separating the green line of the 
mercury spectrum from the other lines. If 
the slit widths are chosen as wide as possible 
without including any of the nearpst yellow 
line, the resulting illumination is very bright, 
and suitable for such purposes a8 polarimetry 
1 The total (}rviation, whkh is due not only to 
refraction hut to reflection at HC, is never a minimum. 
It is only the portion du(' to rf'Îra('tion that has a 
minimum value; hut umler these conditions thf' 
magnification is unity, as in tlw ('a<.:e of a GO prism 
at minimum dt'viation, It is only in thi:; refìtricted 
sen"l!' that Uw tf'rm minimum deviation can he 
employeù in connection with thi8 instrument. 


where an intense light is required. For use 
with white light greater dispersion than that 
of the direct - vision instrument i
 required, 
and the constant - deviation spectroscopp is 
better. Hilger makes a special form of the 
instrument for use as a monochromatic 
illuminator. The telescopes are shorter and 
of larger aperture, thus securing a greater 
amount of light, and both slits open sym- 
metrically. On account of the fixed direction 
of the emergent beam
 the Hilger instrument 
is specially suitable for purposes in which it 
may be necessary to vary the wave-length 
during an experiment. The importance of 
being able to do this will be realis{'d in reading 
the article on Immersion Refractometry. 
There is one precaution which must be 
borne in mind in using monochromatic 
illuminators for work, such as })olarimetry, 
in which complete exclusion of other wave- 
lengths is essentiaL There is always a 
proportion of the light which passes through 
any spectroscopic system scattered irregularly 
at the surfaces of the lenses and prisms, and 
even within the material. Thi
 is due to 
imperfect polishing, minute air-bubbles, and 
to any dust particles that may be present. 
Some of the scattered light, which contains 
all wave-lengths present in the light from the 
source, passes through the slit in addition to 
the rays which are properly focussed there. 
Thus, in separating the green line of mercury, 
if the light from the monochromatic illuminator 
is examined by another spectroscope it will 
be found to contain an appreciable quantity 
of the yellow and blue radiations. I.'or most 
purposes this is immaterial, but for polarimetry 
it is fatal, on account of the rapid variation 
of optical rotations with wave-length. It is 
necessary in this case to pass the light from 
the first illuminator through a second, which 
reduces the scattcred residuum to a negligible 
amount. J. G. 


SPECTROSCOPY, :l\IODERN 

 (1) ApPARATUS AND :l\IETHODS OF OBSERVA- 
TION.-In the classical researches of Bunsen 
and Kirchoff, one of the chief functions of 
the spectroscope appeared to lie in its use 
as a tool in chemical analysis and in the 
discovery of new elements, and indeed it 
may be said that many of the chemical 
elements would probably Put have b('en 
detected or isolated without the help of the 
spectroscope, In additini1 to the spectro- 
scopic detection of ele
lents, by {'xamination 
of the radiations which they emit when in 
the state of luminous gases, the spectroscope 
has proved of signal service in the identifi- 
cation of compound!'!, particularly in organic 
chemistry, by ubst:'rvatiol1 of the radiations 
which they absorb, either in a pure state or 
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"hPIl dissoh
pd in appropriate soh-ents, At 
the pre:;ent time, ho" ever, the main usps of 
the spectroscope are in its application to 
physical problems, in "hich it has proved one 
of the most powerful methods of attack in 
many widely differing fields of investigation. 
In its simplest form the spectroscope consists 
essentially of a slit on which the image of a 
luminous source is projected. the rays" hich 
traverse the slit being made parallel by means 
of a lens, kno" n as the collimating lens, and 
after passing through the dispersing system, 
consisting of one or more prisms, being brought 
to a focus by means of a telescope lens, the 
spectrum being either observed visually with 
an eyepiece or recorded permanently on a 
photographic plate. This simple system forms 
the basis on which the modern spectrometer has 
been developed, and can be used in this form 
for preliminary \isual observation and appro
i- 
mate measurement of wave-lengths. In recent 
years, however, visual observations have been 
almost entirely superseded by photographic 
methods, for the latter ha\
e numerous advan- 
tages both in regard to accuracy of measure- 
ment, the range of wave-lengths which can 
be recorded, and o"im! to the fact that a 
considerable portion of -the spectrum can be 
photographed at the same time on the plate, 
thus obviating the instrumental displace- 
ments which are liable to occur "hen con- 
secutive measurements are made. Spectro- 
gra phs were formerly designed "ith trains of 
prisms of relatively small aperture and lenses 
of short focal length, but in recent years there 
has been a tendency towards single prism 
instruments of large aperture, the required 
dispersion being obtained by the use of lenses 
of greater focal length. In the design of all 
forms of spectrograph, rigidity of all the parts 
is an essential feature, since exposures often 
extending over manV' hours have to be made. 
and any 
displaceme
t of the apparatus would 
give rise to serious errors in measurement or 
loss of definition. In designing a spectrograph 
for a particular purpose it is generally necessary 
to arrÍ\-e at some compromise between (lis- 
persion and li,ght-gathering power, the former 
attribute being essential for the accurate 
determination of wave-lengths and the latter 
for recording faint spectra which would require 
impracticably lon
 exposures "ith an instru- 
ment of low light-gathering power. For the 
accurate determination of wave-lengths either 
concave gratings or plane grating
 mounted 
,\ith lenses of lon
 focus are to be preferred, 
thou!;!h good results can be obtained "ith 
priS1l1 instruments of adequate (lispersion. 
For the photography of faint spectra it is 
often f's
ential to u:-:c prisms of large aperture 
and lenses of relati\-ely short focal length ,\ ith 
a consequent sacrifice of disper
ion. For the 
visible spectrum and the ultra-violet spectrum 


down to about 3Goo Å. the len
es and prisms 
are usually made of glass, but for the morc 
refrangible rays do" n to 1800 Å. both lenses 
and prisms are made of quartz, since glass i
 
opaque to these radiations. In the latter case 
the quartz prisms are made up of two halves of 
right- and left-handed quartz re
pectively, and 
the collimating and camera lens are also made 
of right- and left-hand quartz in order to ob- 
,iate the doubling of the image" hich would 
othe
ise occur. An instrument "hich is 
now "idely used and which has many advan- 
tages is known as the Littrow spectrograph. 
This mounting, in "hich the principle of auto- 
collimation i::; used, is applicable both to grat- 
ings and prisms and is essentially similar to 
the ...\.bbé spectrometer. In the determination 
of wave-lengths a spectrum containing a 
sufficient number of lines of kno"n wave- 
lengths is photographed in juxtaposition to or 
superposed on the spectrum to be measured. 
The "ave-lengths of the unkno\\ n lines are 
determined by measurement of their positions 
"ith respect to the standard lines and subse- 
quent reduction by appropriate f
rmulae. In 
all accurate work the utmost care must be 
taken to ensure correct superposition of the 
spectra and to guard against i
strumental 
displacement between succes
iYe exposures. A 
great deal of attention has been paid to the 
photographic plates used for spectroscopic 
purposes, and whereas ordinary pJates are 
insensitive to wave-lengths greater than about 
5000 Å. it is now pos
ible to obtain plates 
which have been bathed in appropriate dyes 
which render them sensitive as far as the 
extreme "risible red, and by the use of dicyanine 
bathed (1) plates it has 
recently been 
 found 
possible to extend the sensibpity of the photo- 
graphic plate to about 9ûuü À. In the regions 
of shorter wave-length the ordinary plate is 
sensitiye to about :WOO A., but beyond this 
limit its sensibility fall;:) off rapidly o"ing to 
the absorption of the more refrangible rays 
by the gelatine of the plate. Plates are nO\\ 
made on a commercial scale in which this 
difficulty is overcome by following the special 
methods of preparation devised by Schumann 
(2), in which the gelatine is reduced to a mini- 
mum, and such plates have recently been uf:cd 
successfully b.J- )[jIlikan dO\\ n to a "ave- 
length of 360 A. It should be mentioned that 
a number of special methods, notably that of 
Abney (3), have been devised for the purpose 
of e
tending the sensibility of photographic 
plates into the infra-red, but the technique 
I of these methods is exceedingly difficult and 
I laborious and they have not come into general 
use. In spectrographs in which lenses of 
single material (not achromatic lenses) are 
used, it is necessary to incline the plate, so that 
the rays do not fall on the plate at an angle 
perpendicular to its surface, and in such cases 
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it is essential t
at backed plate:;;; shoulù be 
used to eliminate the reflection from the back 
of the plate, though it is desirable to use 
backed plates in all cases in which the most 
critical definition is required. For the photo- 
graphy of the ultra-\iolet regions below 1800 
Á. it is necessary to use specially designed 
spectrographs from which the air can be 
exhausted or which are filled with pure 
helium, since air absorbs these radiations 
strongly. For the examination of the infra- 
red regions of the spectrum which are beyond 
the range of sensibility of photographic plates 
special spectrometers are used. In these 
instruments glass must be eliminated and 
either gratings, or prisms of rock-salt or sylvin, 
are used. Lenses are usually replaced in 
these instruments by concave reflectors of 
metal, and a second slit is placed at the focus 
of the telescope reflector. Radiations which 
traverse this second slit are detected and their 
intensity is measured by means of a thermo- 
pile or a bolometer which is fixed behind the 
sli t. 

 (2) CLASSIFICATIO
 OF SPECTRA,-Lumin- 
ous spectra can be divided into two classes, 
namely continuous spectra, which result from 
the ra.diation of heated solid3, and discontinu- 
ous spectra, which are in general peculiar to 
luminous gases, though in some cases con- 
tinuous spectra can be observed from luminous 
gases, and s
lids may under certain conditions 
give rise to spectra which ca.nnot be described 
as continuous. Di.;;continuous spectra may 
be subdivided into line and band spectra, 
the former consisting of lines distributed at 
intervals through the spectrum in a manner 
in which certain mathematical relations can 
frequently be found, thuugh the existence of 
such relations is not immediately apparent; 
band spectra usually consist of complex 
groups of lines arranged in a manner in which 
some regularity is obviuus, these groups 
repeating themselves at intervals in the 
spectrum. The regularities in these two 
classes of spectra are discussed in a later 
section. 

 (3) THE PRODUCTIOX OF A SPECTRUM. 
(i.) Flame Spectra.-One of the most striking 
phenomena in spectruscopy is to be found in 
the varia,tÏon in the spectrum of an element 
under different conditions of excitation. The 
spectrum of substances introduced into the 
Bunsen flame consists generally of a certain 
number of lines due to the element together 
with bands due to compounds of the clement 
with oxygen or with other elements with 
which it has been introduced into the flame. 
Thus in a spectrum of calcium chloride intro- 
du('ed into the Bunsen flame we have, in 
addition tu the characteristic flame lines of 
the elemcnt, bands due to calcium oxide and 
other bands due to calcium chloride, the 


spectrum of caleium bromide being thus 
similar as regards the lines and oÀide bands 
but showing bands peculiar to calcium bromide 
in place of those due to calcium chloriùe. The 
efficacy of flames, as a method of producing 
spectra, can be greatly enhanced by introducing 
the substances in a finely divided state, most 
conveniently in the form of a spray (4), but 
the method is in general limited to the more 
volatile elements. 
(ii.) .Arc Spectra, - The spectra of less 
volatile elements can be conveniently pro- 
duced by burning an electric arc between 
poles of a metal under investigation or between 
carbon poles impregnated or filled with the 
substance in the case of non-metallic bodies, 
\Yhen the arc burns between metallic poles 
the spectrum is found to consist of lines due 
to the element and sometimes also of bands 
duo to the oxide; but in the case of sub- 
stances introduced into the carbon arc there 
are a vast number of lines due to impurities 
in the carbon poles and bands which are 
attributed to cyanogen and other carbon 
compounds. The number of lines exhibited 
by different elements under these conditions 
varies widely, as also docs the quantity uf 
an element necessary for the appearance of 
its spectrum. The distribution of intensity 
amongst the lines in the spectrum of a given 
element depends also on the density of the 
radiating vapour, and it is found that the last 
lines to disappear from the spectrum when the 
quantity of a substance in the arc is gradually 
reduced are not nece
sarily the lines which 
are strongest when the density of vapour in 
the arc is greater (3). The recognition of the 
last lines to disappear under these conditions 
is, uf course, a matter of importance for the 
detection of small quantities of a substance 
which is present as an impurity. The electric 
arc, burning between iron poles, is a source 
of radiation of great importance in spectro- 
scopy, since its spectrum contains the lines 
selected as the international secondary stand- 
ards of wave-length, and a special form of the 
iron are, due to Pfund (ü), has been chosen as 
the standard iron arc for this purpose on 
account of the fineness of the iron lines ,vhich 
it yields. Arc spectra generally contain, in 
addition to the "arc lines" proper, the lines 
characteristic of the flame spectrum and also a 
certain number of lines which b('long more 
appropriately to the spark spectrum. A 
numher of interesting changes oc('ur "hen the 
arc is burnt in vacuo, Under these con- 
ditions the spark lines, which arc relatively 
feeble in air, are greatly enhanced, and the 
oxide bands difmppear and are often replaced 
by bands usually attributed to hydrides. The 
arc in vacuo thus represents a tram.;ition stage 
between the arc in air and the Rpark Rpcctrmn, 
and it has the advantage that the sp:,trk iines 



SPECTROSCOPY, !\IODERX 


781 


are exceedingly narrow and therefore capable 
of mea
urement "ith a high degree of precision, 
which is uno btaina ble in spectra of condensed 
spark discharges, in which the spark lines, 
though relatively stronger in so far as their 
energy content is concenled, are so diffuse 
as to be unsuitable for measurement. 
(iii.) Spark Spectra.-A striking change in 
the spectra of most substances is found when 
the arc spectrum is compared with the spec- 
trum obtained when high potential discharges 
from an induction coil or transformer are 
allowed to pass bctween poles of the sub- 
stance under investigation. \Yith discharges 
obtained "ithout the use of a condenser the 
spectrum consi
ts mainly of bands due to 
air "ith feeble metallic lines in the neigh bour- 
hood of the poles, but when a condensed 
discharge is employed the spark spectra of 
the poles are obtained together with the 
characteristic spark lines due to the nitrogen 
and oxygen of the air. \Yhilst the latter 
lines e
tend uniformly across the spark gap 
the lines due to the poles are strongest in the 
immediate neighbourhood of the poles and 
extend to varying distances across the spark 
gap (7). Both arc and spark lines are present, 
the latter being greatly enhanced in intensity, 
and being in many cases found only in the 
immediate neighbourhood of the poles, whilst 
the arc lines extend to a considerable distance 
between the poles or right across the gap. 
The lines which extend furthest across the 
ga p are precisely those lines which are the last 
lines to disappear "When the amount of the 
substance in an electric arc is gradually 
reduced. The spark lines themselves extend 
to varying distances across the gap and can 
thus be classified into different groups. A 
remarktble change is observed when the period 
of the condenser is increased by the introduc- 
tion of a self-induction coil in the circuit (8). 
Under these conditions the air lines disappear 
from the spectrum, which in other respects 
approximates closely to that of the electric 
arc, only the "longest" of the spark lines 
being visible in the immediate neighbourh{}od 
of the poles. The temperature of the poles 
aL;o exerts an influence on the spectrum, the 
effect of cooling being in general to enhance 
relatively the intensity of the spark lines. 
(iv.) Tllbe Spectra.-Gases can best be 
excited to luminosity by the use of vacuum 
tubes. Such tubes generally consist of two 
glass bulbs connected by a length of capillary 
tubing, each bulb being provided "ith an 
electrode which is usually made of aluminium. 
The tube'S contain the g<
ses to be investigated 
at relatively lùw pressures, generally in the 
neighbourhoJd of a few mm. of mercury, 
and can be excited by means of an induction 
coil or transformer. The preparation and 
filling of these tubes require a great de
l of 


care, as the spectrum of the substance which 
it is desired to examine is often ma::;ked by 
impurities, notably compounds of carbon, 
with which the glass tube and the electrodes 
are frequently contamÍ"l::tbd. In preparing 
the!"e tubes they are u.:;u<tlly exhausted to a 
very high vacuum, and there are several 
method:; by which th
 desired g3,S can then be 
admitted into the tube in a sufficiently pure 
state, but special methods are u'3ually required 
for different gases. As in the case of the 
spectra of spark discharges between metallic 
poles, the spectra of gases in vacuum tubes 
can be profoundly modified by the introduc- 
tion of a condenser and spark gap into the 
electrical circuit. Kitrogen, for example, 
shows with an uncondensed discharge two 
band spectra, one of which is known as the 
negative band spectrum, and "hich appears in 
the neighbourhood of the cathode, "Whilst the 
other, the positive band spectrum, is brightest 
in the capillary portions of the tube. \Yhen 
the condenser and spark gap are introduced 
into the circuit the two band spectra disappear 
and are replaced by a bright line spectrum, 
which is the spark spectrum of nitrogen. 
This spectrum is itself capable of further 
modification, for when more powerful spark 
discharges are employed certain of the lines 
are relatively enhanced. \Yith these powerful 
condensed discharges, it is usual to find lines 
due to the constituents of the glass "aIls of 
the capillary. A very striking example of 
the change due to the introduction of the 
condenser and spark gap is afforded by the 
rare gas argon, which "ith the uncondensed 
discharge glows "ith a red light, which changes 
to a bright blue when the condensed discharge 
is used. In addition to spectra due to pure 
substances, it is common to find in vacuum 
tu bes bands due to compounds. A large 
number of different types of vacuum tube 
have been designed for different purposes. 
For the investigation of the ultra-violet it is 
necessary to use tubes of fused silica, or glass 
tubes provided "ith a quartz window. For 
the investigation of some substances, e.g. 
metallic cadmium, "hich are not volatile at 
ordinary temperatures, it is possible to obtain 
satisfactory results by raising the temperature 
of the vacuum tube. In tubes containing 
mixtures of gases it frequently occurs that 
the gas whiGh is present in smaller quantity 
dominates the spectrum, though it is often 
possible to reverse this state of affairs by a 
change in the conditions of electrical excita- 
tion. Thus in a mixture of helium and argon 
a small quantity of argon is sufficient to mask 
the helium spectrum when an uncondensed 
discharge is used, although the helium lines 
appear brightly when a condensed discharge 
is employed. Some gases are decomposed 
I by the passage of the electric discharge, and 
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in these cases it i
 necpssary to arrange for a 
continuous flow of the gas through the tube 
so that the products of decomposition are 
carried away. Changes in t.he spectrum of 
gases in vacuum tubes can also be brought 
about by changes in the pressure in the tube
 
and by the presence of impurities. Some of 
these changes are yery striking and can be 
observed "ithout difficulty, whilst others are 
discovered only when photometric measure- 
ments are made of the relative intensities of 
the lines. 
(v.) Other lJ/etlwdð of Production.-Interest- 
ing results havp been obtained by examining 
the spectra of substances at vel'y high tempera- 
tures by enclo::;ing them in graphite tubes 
heated by the passage of, a very powerful 
electric current (9). In such cases the 
luminosity is probably due to temperature 
alone, but it resembles in general the spectra 
from electric arcs, although at the highest 
temperatures available a certain number of 
spark lines can be observed. In recent years 
attention has been paid to the spectra of 
fluorescent substances (10), In the case of 
solids and liq uids, the spectrum usually 
consists of broad and somewhat indefinite 
bands, but in the case of fluorescent vapours 
the spectra are discontinuous and often 
exceedingly complex, the spectrum depending 
on the nature of the exciting light. 

 (4) ESTIl\IATES OF INTENSITY.-In record- 
ing a spectrum it is usual to give, in addition 
to the wave-lengths of the lines, an estimate 
of their intensities and an indication of any 
peculiar characteristics which they show. 
Thus, in a given spectrum some lines may 
appear perfectly sharp, whilst others are 
diffuse, either uniformly or in the direction 
of longer or shorter wave-length. It is usual 
to express intensities on an arbitrary scale 
from 0 to 10, the stron
est lines being desig- 
nated 10, whilst those ,vhich are just visible 
are given as intensity O. This procedure, 
whether by direct visual observations or from 
photographic plates, is very inaccurate and 
i
 subject to considerable personal error on 
the part of the observer. In the infra-red 
regions of the spectrum where the thermopile 
or bolometer are used, the intensities can be 
quantitatively measured, and methods have 
becn introduced recently by which quantitative 
measurements can also he made photographic- 
ally in the visible and ultra-violet portions of 
the spectrum (11). 

 (3) DOPPLER'S PRDIC'IPLE.-There are a 
number of phenomena in spectroscopy which 
depend on the application of Doppler's prin- 
ciple. According to this principle a small 
change in the wave-length of a line is found 
whcn the ohserver or the source of radia- 
tion is in motion. If Xu is the wave-length 
.0 bserved when both the 0 hserver and the 


source are at rest, and if a is the velocity of 
the obsC'rrer and b that of the source in
 the 
line of sight, V being the velocity of light, 
then X, the observed "ave-length when the 
observer or source is in motion, is given by 
the equation 


_ (V+b, 
X-X o , V fa1' 
the upper sign being used in the case of 
approach. 
Thus, if the displacement of a line is 
measured
 the velocity of the movin a source 
relative to the observer can be det;rmined. 
This has been applied to the determination 
of the velocity of the positive rays in hydrogen 

nd ot?
r gases (12). In such expC'rilllents
 
1Il addItwn to the displaced line, there is a 
line in the undisplaced position, the latter 
being due to particles made luminous in the 
path of the positive rays, whilst the former 
is due to the radiation of the mmTing particles 
themselves. According to the kinetic theory 
of g
ses the particles of a gas are in motion, 
and In consequence part of the radiation in a 
luminous gas will be from particles which 
are approaching the observer, and some from 
particles which are receding. The result of 
this is that spectrum lines are never infinitely 
narrow, but are broadened accordina to a 
law which depends on the distrilmtion of 
velocities in the gas. These velocities are 
proportional to the square root of the absolute 
temperature, and inversely proportional to the 
square root of the masses of the radiating 
particles. According to the kinetic theury 
the distribution of intensity in a line which is 
broadened in this way foÌ1ows a law of the 
form y=e- k ;r2. The width of a spectrum 
line is thus mathematically infinite, but it is 
usual to define it by the" half-width," which 
is the valup of x when y =
. Lord Rayleigh 
(13) has shown that if oX is the" half-width" 
of a line of wave-length X from a sourc>e at 
TO ahsolute, the masses of the radiating 
particles,. in terms of that of the hydrogen 
atom, bemg m, 


oX _ 3 :-
 10 - 7 I T 
-, - .,)1 X \ -. 
^ 1n 


This affords a means of determining the 
masses of the radiating particlcs in luminous 
gases if the temperature is known, or the 
relative masses independently of the tempera- 
ture in the case of mixtures of gases. By 
measuring the "half-widths" of the lines of 
the rare gases from vacuum tubes at ordinary 
temperatures, and when immcrsed in liquid 
air, it has neen possible to show that the 
temperature of the radiating particles in a 
disc-harge tuhe is not apprpciahly greater 
than that of the walls of the tube, and that 
the measured "half-widths" of the lines are 
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in close agrpempnt "ith the values deduced 
on theoretical grounds (1-1). 

 (6) DISTRIBUTIO
 OF IXTEXSITY.-It has 
been found possible to measure the actual 
di
tribution of intensity in the lines, and the 
results have been found to be in accordance 
with theory. Investigations of this kind 
recp1Ïre the use of spectroscopic apparatus of 
very high resolving power, far exceeding that 
of any prism instruments and barely "ithin 
the capacity of the largest gratings. The 
instruments usually employed for investiga- 
tions of this kind are the 1Iichelson or Fabry 
and Perot interferometers, the Echelon 
diffraction grating, or the Lummer-Gehrcke 
plate (1.3). The method of measuring the 
widths of lines with the interferometer consists 
in gradually increasing the distance between 
the plates until the interference fringes vanish, 
the ,. half-"idths" of the lines being deducible 
from the optical difference of path when this 
occurs (13). By some,vhat different methods 
the Echelon and Lummer-Gehrcke plate may 
also be used for measurements of the widths 
of lines. These instruments are of great value 
in all cases in "hich phenomena depending 
on small changes or differences of wave-length 
are concerned, though the largest gre:1tings 
can also be used. 

 (7) THE ZEE:\IA
 EFFEcT.-Amongst the 
phenomena included in this category may be 
mentioned the magnetic resolution of spectrum 
lines into components discovered by Zeeman 
in 1
96 (16). Zeeman found that when a 
source of light is placed in a powerful magnetic 
field the lines are split up into components, 
some of which are polarised in a direction 
perpendicular to the magnetic field, whilst 
others are polarised parallel to the field, when 
the luminous source is observed transversely 
to the field. In the simplest case a line 
observed transversely is split up into three 
components, the outer components being 
polarised at right angles and the central com- 
ponent parallel to the lines of force. The 
separation of these two outer components is 
an important constant, from which the ratio 
of the electric charge to the mass of the elec- 
tron has been deduced. It is found that 
Zn=(..l\jÀ2H) x 10 5 , where..lÀ is the separation 
of the outer components of a "normal" 
Zeeman triplet, À the wave-length, H the 
magnetic field, and Zn a constant which, 
according to the most recent results, is equal 
to 9.38,). \Yhen -de" ed along the lines of 
force the resolution in the simplest case is into 
two components of equal intensity which are 
circularly polarised in opposite directions. 
This simple case has been accounted for 
theoretically by Lorentz, but the phenomena 
ctre generally much more complex, many dif- 
ferent types of resolution being no" recogIli
ed. 
It has, however, been found that all lines 


belonging to the same spectral series exhibit 
the same resolution, and corresponding lines of 
different elements behave in the same way. 
Runge has shown that in many cases these 
complex separations may be expressed as 
simple fractions of the separation of the 
normal Zeeman triplet, but there are many 
complex types which do not appear to con- 
form "ith this rule. The phenomena are even 
more comp1icated in the case of certain Jines 
which exhibit dissymmetries and shifts, and 
complex phenomena are frequently observed 
in the resolution of lines which are themselves 
close doubles. 
1Iany spectrum lines, when examined under 
a high resolving Po\\ er, are found to possess 
a complex structure. This is most common 
in lines of the heavier elements, which are 
frequently accolllpanied by satellites. Certain 
regularities in the positions of these satellites 
have been observed, but their precise nature 
is not yet understood. 

 (8) \
ARIATIOXS OF 'YAVE-LE5GTH.-It has 
been found that the wave-lengths of lines are 
in lllany cases affected by the pressure of gas 
in the luminous source. The change in wave- 
length observed is usually 'Very small, even 
when very great ranges of pressure are em- 
ployed. These displacements appear to be 
directly proportional to the pressure and vary 
for different lines and for rlifferent elements. 
They are independent of the partial pressure 
of the luminous gas, but depend only on the 
total pressure. Recent investigations have 
shown that the prf'ssure effect is an exceed- 
ingly complex problem. 
It has been found that in electric arcs at 
atmospheric pressure minute changes of wave- 
length of some of the lines are to be found 
in the neigh bourhood of the poles. This 
phenomenon, which is known as the Pole 
effect, is distinct from the change in waye- 
length due to pressure, and is of fundamental 
importance in the choice of standards of wave- 
length. The exact nature of the phenomenon 
is at present not fully understood, 
Spectroscopic apparatus of 'Very high re- 
solving power is required in the investigation 
of the minute differences in wave-length which 
have been observed between the lines of tll,;;> 
isotopes of lead. 

 (!1) THE STARK EFFECT. - Rtark dis- 
covered in 1913 (17) that whf'n certain 
spectrum lines are emitted in strong elpctric 
fields they are resolved into component
, 
\\ hich. as in the case of the Zeeman effed, 
are polarised in different planes. This pheno- 
menon differs from the Zeeman effeC't in the 
fact that the resolution is not the same for 
lines of the same series, the separation and 
numbf'r of the component", increasing \\ ith the 
term numher. though. as in the C'lse of the 
Zeeman effect, the polarisation and numbe!' 
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of the components depend on the direction 
"ith ré:5pect to the field in which the observa- 
tions are made. Stark's method of investigat- 
ing the phenomenon was to observe the radia- 
tion of positive rays in a space between two 
metal plates "mch were kept at a suitable 
difference of potential in a specially designed 
vacuum tube, "hilst Lo Surdo, who discovered 
the phenomenon independently at about the 
same time as Stark, found that the electric 
field in a vacuum tube in which the cathode 
"as in a constricted part of the tube was great 
enough to exhibit the phenomenon. It has 
recently been found possible to investigate the 
electric resolution of the less volatile elements. 
In some cases the resolution is symmetrical, 
,vhilst in others there is a marked di:5symmetry 
of the components, both as regards their 
position and intensity. Lines of the diffuse 
series are affected to a much greater extent 
than those of the principal and sharp series. 
Stark has pointed out that the broadening of 
spectrum lines "hich occurs when powerful 
electric discharges are used is greatest for 
those lines which exhibit the greatest electrical 
resolution, and has suggested that the broaden- 
ing in this case is due to the electric fie]ds of 
neighbouring charged atoms on the radiating 
particles. Later investigations have confirmed 
this explanation of the broadening both quali- 
tatively and quantitatively. It should be 
pointed out that this broadening by powerful 
condensed discharges, and also the broadening 
which results from an increase of pressure, is 
distinct from and superposed on the broaden- 
ing which is due to the motions of the radiating 
particles in the line of sight. "'"hilst the latter 
effect imposes an inferior limit to the widths 
of spectrum lines, the former conditions can 
be varied from a negligible effect to a state 
in which the lines broaden to an almost con- 
tinuous spectrum. 

 (10) SPECTRU1tl SERIES. (i.) Balmer.-It 
had been recognised for many years (18) that 
the lines in spectra were arranged in a manner 
which implied some definite relation b
tween 
them, but the first successful representation 
of a series of lines was the formula of Balmer, 
which represents to a high degree of accuracy 
the chief series of lines in the :;;pectrum of 
hydrogen. The word series is taken to mean 
a succession of lines the intervals between 
which become less from the rcd towards the 
violet and which degrade in intensity in the 
same direction. These series may consist of 
single lines, pairs or groups of more ('omplex 
structure, amI a spectrum usually comprises 
a number of such series. In the simplest 
case, that of hydro
en, Balmer expressed the 
,vave-Iengths of the lines (in reality complex 
lines) by the formula, 
m 2 
X = 364û.14 -
 4 ' 
m - 


where m takes a series of integral values 3, 4, 
5, etc. The serics therefore converges to a 
limit at À=3646'14, but the limit of a series 
is never observed 0" ing to the rapid degrada- 
tion in the intensities of the lines, though in 
the case of hydrogen upwards of 30 members 
of the series have been observed in the chromo- 
sphere of the sun. In all the more recent 
work on spectrum series it has been found 
convenient to express the results in terms of 
the wave number, which is the reciprocal of 
the wave-length or the number of waves per 
centimetre. In terms of the wave number 
Balmer's formula reduces to 
_ 27418 ....... 109675 
n- _ 10--. 
'/n 2 
(ü,) Rydberg, Kayser and Runge.-Further 
regularities in spectra were recognised in the 
classical work of Rydberg and of Kayser and 
Runge. These investigators recognised the 
existence of three chief types of series which 
are now known (following Rydberg) as the 
Principal, Sharp, and Diffuse serks, which are 
abbreviated P, S, and D respectively. Kayser 
and Runge expressed the ,vave numbers of 
the lines of series by the formula 
n=A- Bm- 2 -Cm- 4 , 
where A, B, and C are constants, A being 
the limit of the series; but this method of 
representing the series is inferior to that of 
Rydberg, which not only expressed with suc- 
cess the wave numberR of the individual lines of 
series, but brought out the relation between the 
different series. Rydberg employed the formula 
N 
n = no - ('In + }J. ) 2' 
where no is the limit of the series, }J. a constant 
peculiar to the series, and N the" universal 
constant," which is equal on Rowland's scale of 
wave-lengths to 109ô7.3, m taking successive in- 
tegral valups. A recent investigation of Curtis, 
in which the lines of the Balmer series of hydro- 
gen were remeasured with great precision, has 
shown that on the international scale of wave- 
lengths the value N = 109678.3 should be 
adopted. This" constant" is nearly the same 
for all series and all elements, and its inter. 
pretation in the light of the quantum theory 
is one of the most stril...ing achievements of 
modern theoretical physics. The P, S, and 
D series differ physically in many imporÍélnt 
characteristics. Thus, of the three serieR, the 
P series, which usually contains the most 
prominent lines in the spectrum, shows the 
phenomenon of reversal most readily; in the 
S series, as its name implies, the lineg are sharp 
under most conditions and are seldum rever:scd ; 
whilst the lines of the D sprieR 
re u
uany 
diffusc. and undergo a great('r resolution in 
the electric field than the lines uf the other 
series. Rydberg and Schuster discovered in- 



SPECTRORCOPY, )IODERX 


785 


dependently the important relation that the 
difference between the limit of the P series 
and that of the S '!eries is equal to the wave- 
number of the first P line. The relations 
disco\ered by Rydberg can be seen from the 
follo"ing formulae, which represent the wave- 
numbers for the three series in the case in 
which each component of the series is a pair. 
\Yriting p, 8, and d for the values of p. in the 
P, S, and D series respectively, and noting that 
the limit of the series 110 in the simple Rydberg 
formula. can be ,vritten in the form -X/em + p.)'2., 
we have 
P series, 



 ( 1 I ) 
n 1 =:'\ (1 + 8)2 - (m+ Pl)2 ' 
N ( 1 1 ) . 
n 2 =.r ( 1 + 8)2 - (m+ P2)2 ' 


S series, 


n -X ( 
 __1_ ) , 
1 -
 (1 + P2)2 (m+ 8)2 
n.) =x ( ( 1 ) 2 ( 1 f ) ; 
.. 1 + PI m + 8 
 


D scries, 


n 1 =X ( (I 1 )2 - ( 1 d)"' ) ' 
+ 112 m + - 
n 2 =X ( (1 +I r1 ) 2 - (m: d)'2. )' 


n 1 in each case denoting the member of the 
pair of greater wave-number. The following 
important facts emerge from these relations: 
(1) The Sand D series converge to the same 
limit, but the separation of the components of 
the pairs remains constant. 
(2) In the P series the separation of the 
components of the pairs decreases ",ith the 
term number, converging to a common limit. 
(3) If the more refrangible member of the 
pair is the stronger in the P series, the less 
refrangible member "ill be the stronger in the 
Sand D series. 
(iü.) Ritz and Ilicl'8.-These relations are 
probably exact, though the wave-numbers 
of the individual lines of series mav be more 
accurately represented by the fo
mulae of 
Ritz and Hicks. The formula of Ritz may 
be written approximately 

 
n=A - (m+p.+(a/m2))2 ' 
while Hicks finds that the most accurate 
representation of the wave-number is given by 


n = A - ( 
 ( / ) Q . 
m+p.+ am)- 
In the Ritz formula m takes integral values 
for the P and D series, but in the R series 
it as
umes the values 2.;;, 3-,), 4..), etc. In 
the Ritz and Hicks formulae the values of 
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p. and a for the P, S, and D series are expressed 
by the symbols p7r, 86, dõ respectively, and the 
relations between the series can be con'\'"eniently 
expressed by adopting the abbrevjated forms 
due to Paschen, "ho "rites, for example, 
mp, m8, and md, for the variable parts of the 
P, S, and D series; similarly Ip denotes the 
common limit of the Sand D series. Similar 
relations to those f!iven above are found in 
the case of series consisting of -triplets. The 
above formulae require some amplification 
in the case of series which have satellites 
a!:)80ciated "ith the D series. It" ill be seen 
that every line in the scheme given abo'\'"e is 
represented as the difference between t", 0 
wave-numbers, one of which is thf" limit of 
the series, and Ritz's important combination 
principle states that lines are often observed 
which can be represented by combining these 
wave-numbers in different ways. Thus in 
certain '" combination" series, as they are 
called, the wave-numbers are equal to the 
differences between other obsen-ed wave- 
numbers. The validity of the combination 
principle has been established by the 
recognition of a great number of combination 
series. Of these com bination series the most 
important is known as the Fundamental or 
F series, the wave-numbers of "hich can be 
expressed, in Paschen's notation, as lIF =2d - mi. 
Ritz has suggested another representation of 
this series, but this does not appear to be fully 
established, The spectra of elements in the 
same group in the periodic table are similar, the 
separation of dou blets or triplets being roughly 
proportional to the squares of the atomic 
weights. 

 (11) ARC AXD SPARK SPECTRA (FOWLER ).- 
In a prenous paragraph the terms arc and 
spark spectra were used to denote the lines 
which were relatively stronger in the spectra of 
electric arcs and spark discharges respectively. 
These terms ha '\'"e now assumed a new and 
more fundamental significance in the .light of 
the important "ork of Fowler (19) on series 
in spark spectra. The fundamental difference 
in the spark and arc series lies in the fact that 
the "universal constant" X in the serieR 
formula. is replaced by 4X in spark series, 
which is in accordance ""ith recent theoretical 
in\estigations on the origin of spectra. The 
case of magnesium may be cited a
 an e},.ample. 
In the spectrum of this element thf"re is a 
complete set of arc series with the" universal 
constant" equal to X. compri
ing a triplet 
system and a single line system, and also a 
pair system of spark lines in which th
 K is 
replaced by 4X. Both these fets of senes are 
accompanied by combination series, These 
results are of fundamental importance in 
recent work on the origin of spectra in rdation 
to atomic structure, hut thcir discussion is 
beyond the scope of the present article. 
3E 
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 (12) B.-\XD HPECTRA. - The existence (jf 
regularities is very apparent in the case' of 
band spectra. 13andR," hieh are usually 
associated with the spectra of compounds or 
molecules, consist of groups of lines which 
converge to definite heads, the head of a band 
heing frequently, but by 110 means invariably, 
l.he strongest line in the band. These bands 
may bp degraded either towards the red or 
towards the violet, and a large number of the 
lines composing them can often be enumerated, 
and bands of similar structure recur at intervals 
in the spectrum. Deslandres has shown that 
the ,,,ave - numbers of the lines composing 
bands may be expressed by a formula of the 
type n=A +Bm 2 , where A is the wave-number 
of the head of the hand, B a constant, and 111 
takes a series of integral values 1, 2, 3, etc. 
In the same way it has been shown that the 
heads (,f the different hands may he arranged 
in series by a similar formula. The two 
formulae may be united into one, so that the 
complete representation of the lines in a series 
of Lands is given by 
n=Al2+ Bm 2 + C, 
where A, E, and C are constants and l and In 
are integers. These formulae are oillyapproÀÍ- 
mate, and a number of more complex modifica- 
tions have been proposed; but in the absence 
of any theoretical knowledge as to the origin 
of band spectra, it may be considered doubtful 
whether they are to be regarded as having 
greater significance than pure interpolation 
formulae. Band spectra are often exceedingly 
complex, several series frequently converging 
to the same head, and these different com- 
ponent series may show variations in their 
relative intensities under different physical 
conditions of excitation. Fowler (20) has 
recently observed a new type of band series 
associated with the spectrum of helium. In 
these hands the individual lines composing 
the Lands are arrangcd in a manner which can 
be expressed approximately by Dcslandres' 
formula, whilst the heads of the bands are 
arranged in series resembling thol::1e found in 
line spectra. T. R. M. 
REFERE
TES 
Uf'fl'relH'e may hI' m
1I1c to the following works on 
RJlcetroseol'Y, to whkh tll<' numhered refercnee8 
given iJclow are sUVlIlementary: 
n'lII,llJllch ria Spf'ldroflropw, n. Kayser (Hirzpl, 
L('iJl7.ig); SpectruscuP!/. ßaly (Longman8, (
r(,l'n & 
('0., UJl2). 
1. )I{'gger
, AstTnph!f.'i. ,Tnurn., HHR xlvii. 1. 
2. Lyman, Tit" Spef'tros('op!f of the Bxtreme Ultra- 
doll.t, HIl-t (Longmans, (
r('('n & ('0.). 
3. Phil. 'l'rans., I R
O, dxxi. 5(ì:
. 
4. nOIlY, AI/II. ('him. pt 1'},I/,<;., lR7n. xviii. ;). 
5. ('f. Pollok, Pm('ti('r([ Spp('tro(/raphif' Allal,IJRi.'i. 
ü. Astroph,IJs. ./ man., 1 
)nX, xxvii. 2!Hi. 
7. :-kh(,ll('k, Astrn]Jh!f.<;. .!mlTlI., InOl, xiv. 1 Iß. 
8. Hdmster and llemsalech, Phil. Trails., A, 1 noo, 
cxdii. Hm. 
H. Kill
, A.'itroph!f.'i. .JOUrl/., 1 Ç)OR, xxvii. 353, and 
numerous later papers ill Astro}Jhys. .JonTn. 


10. l
,. \Y. Wood. Phys;f'ulOplÏ('s, l!H-t C\Iacmillan), 
11. Phil. 'l'ram;., A, HH 7, ec:\.Yii. :!37; Proc. R,S., 
_\, 1!)
1, xcix. 7R. 
12. ,r. J. Thomson, Rays of Positite Elect1'icity, 
1 Ç) 13 C\laemillall). 
13. /'ltil. Mag., 1!)15, clxx. 274. 
1!. Dubson and .Fabry, Joum. de Physique, 1912, 
ii. 4--t
. 
1;). nehreke, Aml'elldllllg deT Illterferrllzell, InOG. 
16. Zeeman, Jlagneto-oplÏ('.'i, l!n
 ç;\Iaemill:m). 
17. Elektrisrhc Spectrala II a lyse , HH -1 ( Hirzel, 
Leipzig). 
18, FowlPr, Rrport on 8pl'ftTum Series, Physical 
::;oeietv Pnblimtion. 
19. 'ßakcrian Lecture, PMl. Trails., 191!, ('('xiv. 
2
j. 
20. Proc. Roy. Soc., A, UH5, xci. 208, 


SPECTRUM: the arrangement of radiant 
energy in order of wan'-length or fre- 
quency. Sep" Spectrophotometry," 
 (2). 
Arc, the production of an. See" Spectro- 
scopy, l\Iodern," 
 (3) (ii.). 
Flame, the production of a. See ibid. 
 (3) (i.). 
foipark, the production of a. See 
'úid. 
 (3) 
(iii. ). 
Tube, the Production of a. See ibid, 
 (3) 
(iv.). 


SPECTRUM THEORY, application of quant.um 
t.heory to. See ,. Quantum Theory," 
 (7). 
SPHERICAL ABERRATION: a defect of an 
optical system in which the focal length 
va.ries for different zones of the aperture. 
See "l\licroscope, Opties uf the," 
 (3); 
"Telescope," 
 (3); ., Optical Calcula- 
tions "; "Lens Systems, Aberrations of." 
In telescopes. See" Telescope," 
 (3), 
Investigated by Foücault's original knife- 
edge method. See" Optical Parts, The 
'Vol'king of," 
 (3) (ii.). 
Measurement of. See "Camera Lenses, 
Tcsting of," 
 (2); "Telescope," 
 (fJ). 
Of eye. See" Eyp," 
 (24). 
Physical aspect of. Sep "::\Iicroscope, 
Optips of the," 
 (7). 


SPIIEROl\IETER: an instrument for measuring 
the curvature of the surfaces of lenses anù 
mirrors. See" Spherometry," 

 (1) to (6). 
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 (l) IN thp following paragraphs methods 
will he desprihr-d which arc suitahle for the 
determination of the purvatures of the surfaces 
of lenses and mirrors. Only these arrange- 
ments will be treate(l whid; arc of gpneral 
applicabHity, and which will he found useful 
in determining the structural data of optical 
instruments. A complete eompendium of all 
the arrangements employed hy different ex- 
perimentprs would hp quitp hpyoml t hp space 
at our di:;;posal; hut HIP IIlPthods dpsel'iheù 
will be found to cover satisfadorily the wholp 
range of curvature encountered in practice, 
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from the minute radii of the high - power I and the first and second fingers, and screw up 
micro::,cope objective to the long radü of nearly the micrometer, taking care to avoid bearing 
flat surfaces. more heavily on one of the feet than on the 
I others. So long as d is not touching, the 
spherometer remains quite steady; but as 
soon as d touches the surface any further 
rotation tends to raise the other feet
 from the 
surface and the whole spherometer rotates. 
\Yith a little pFactice in handling the instru- 
ment, readings can he repeated to a surprising 
degree of accuracy by this method provided 
the span, 2p, is fairly large. This type of 
instrument is very useful therefore for large 
surfaces; but for surfaces of smaller diameter, 
where an instrument "ith the feet closer 
together must be employed, the precision of 
setting falls off considera Lly. 
For the great majority of lenses the diameter 
is under two inches, and it is desirable to employ 
more accurate types of spherometer. 

 (3) THE ABBÉ SPHERO:\lETER. 1 - This 
spherometer, designed by Profe!'1sor Abbé, gets 
over- the difficulty of determining when con- 
tact is made by dispensing altogether with 
the micrometer 
screw and re- 
placing it by a 
plunger which 
slides freely in 
guides and is 
pulled against 
the surface of the 
Ìens by a definite 
force. The de- 
gree of contact is 
therefore always 
the same. The 
position of the 
plunger is read 
by means of a 
microscope with micrometer eyepiece. Fig. 3 
is a diagrammatic section of the instru- 
ment, from which its construction \\ ill be 
easily understood. B is a circular plate 
supported on two stout pillars, of which 
only one, P, is sho\\n. The sliding rod 
R 
 pa!'1ses through the centre of Band 
through a lo\\er guide C, which is attached 
between the t\\ 0 uprights. A counter\\ eif!ht 
'V is attached to R by a string which pa&;es 
over a puBey. This is slightly heavier than 
R, so that it tends to pull the latter upwards. 
A finely-divided scale is attached to the side 
of the' plunger and is read hy a microscope 
attached to the underside of P, fractions of a 
division being obtained by the micrometer 
eyepiece. The lens under test rests on a ring 
A which is concentric ,\ ith the plunger. The 
ring is not bevelled to a single razor edge, but 
is ground to an annular plateau about 
 mIll. 
,\ide. Conca,.e surfaces make contact with 
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 (2) THE SnIPLE SPHERO'IETER. - For 
medium curvatures, provided the diameter 
of the surface is 
reasonably large, 
the rletermina- 
tioll of curvature 
is most easily 
perfor-med ,\ ith 
a spherometer. 
The simplest 
form of sphero- 
meter is shown 
in Fig. 1. Three 
rigid legs, ter- 
minating III 
points a, b, and 

 c, are attached 
b to a stout plate. 
Through the 
centre of the 
plate pagses a micrometer scre'\, also terminat- 
ing in a point d. 
The three points a, b. and c are at the corners 
of an equilateral triangle, and d is equidistant I 
from each of them. If the spherometer rests 
on a plane surface and d is screwed down so 
as just to touch the surface, the reading of the 
micrometer corresponding to zero curvature is 
obtained. If the instrument rests on a cur"\"'"ed 
surface, and d is adjusted to make contact, the 
difference be- 
tween the micro- 
meter reading and 
that correspond- 
ing to zero curva- 
ture is a measure 
of the curvature. 
Suppose this 
difference is 11, 
and that the 
radius of the 
circle on which 
the three fixed 
feet lie is p. In 
Fig. 2, de=ll, and 
eb ( = ec = ea) = p. 
From the geo- 
metryof the fif!ure cd x ef =eb 2 , i.e. h(2r-h) =-p2, 
where r is the radius of the 8pherical surface. 
Therefore 


m 


2 
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p2 h 
r=:Üi +2' 


In order to determine the exact moment at 
,\ hleb d makes contact, the usual method of 
using the instrument is to grip the milled 
head 11/, Fig, I, lightly beh\ecn the thumb 
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FIG, 3. 


1 :;ce l
ulfrich, Zeits. J, I nstrumentk., Ib
)
, }..ii, 
307. 
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tl.1e outer rim and convex surfaces with the 
inner. There is therefore a slightly different 
value for p, the radius of the ring, in the two 
eases. The reason for this arrangement is 
that "ith pointed feet, as in the simple 
spherometer first described, or with rings 
bevelled to a single razor edge, the points or 
edges become rounded in use and lenses of 
different curvature make contact at different 
distances from the centre. It is therefore 
impossible to ascribe an accurate value to p. 
'''ith Abbé's arrangement the edges are much 
less acute and so do not round off readily. 
There are anum bpI' of rings such as A, but 
of different diameters, which may be fitted on 
the instrument so that lenses of various sizes 
may be measured. 
S (4) THE ALDIS SPHEROMETER.-In this 
spherometer the lens rests on three steel balls 
instead of on points or rings. rhis appears 
to be the best method of support, inasmuch 
as the blunting difficulty is entirely eliminated; 
and, further, t.here is no tendency to scratch 
or mark the lens, a fault which some users 
allege against the ring support. 'Vith spheri- 
cal supports the formula requires a Jittle 
modification. Let An, Fig. 4, be a convex sur- 
face of radius 
C r resting on 
spheres of 
radius a whose 
centres are on a 
circle of raùius 
p. Thequantity 
which the 
spherometer 
measures is h, 
the vertical 
distance be- 
FIG. 4. t wee nth e 
lowest point of 
the surface and the plane FG tangential 
to the spheres, the zero being 0 htained 
by the use of a flat surface in the ordinary 
way. This is equal to the vertical distance 
between the lowest point of A'B', a curve 
concentric with AB but passing through the 
centres of the Hpheres, and the plane F'G'. 
Thus the ordinary spherometer formula, u
ing 
the values It and p, would give the radius of 
A'B' which eq uals the radius of A ß plus the 
radius of the supporting spheres. Therefore 


p2 h 
r= 2h +2- a . 


p2 It 
r = 2ft + 2 + fl. 


Similarly the formula in the case of a concave 
surface is 


In the Aldis instrument, which is shown 
diagrammatically in Fif}. 3, the lens is held 


donn on the three-ball support by the weight 
of a plunger P, which slides smoothly in a hole 
in the superstructure. The micrometer screw 
is brought up from below. Before it makes 
contact the lens is held fairly firmly against 
the three peripheral 
spheres, and there is 
appreciable frictional 
resistance to rota- 
tion. 'Yhen contact 
is madf', however, the 
lens is practically 
held between the 
point of the micro- 
meter and the 
plunger, and can be 
rotated freely. 
Therf' are obvious 
defects in this ar- 
rangement for accu- -FIG. 5. 
rate work. The 
weight not only of the lens but of the 
plunger has to be supported on the sharp 
point of the miel'omcter. Quite an appreciable 
local depression is therefore produced before 
lifting occurs. This "ill occur to approxi- 
mately the same extent in taking the zero 
reading, but the process is disastrous to any 
surface \\ hich undergoes it very often. The 
flat used for zero testing is soon ruined. The 
sensitivity with which the contact can be 
detected by rotating the lens is fairly high 
with large lenses, but for small lenses, such 
for instance as those in eyepieces, it becomes 
very low. 
S (5) THE GUILD SPHERO:\IETER. 1 -This in- 
strument is similar to the Aldis instrument 
as regards the arrangement of the micrometer 
parts and the use of thrf'e-sphere supports, 
but the method of detecting contact is quite 
different. 
The micrometer screw, instead of terminat- 
ing in a point, terminates in a small sphere of 
quartz (or glass). 'Vhen this is nearly in 
contact with the surface of the lens under 
test, Newton's rings can he seen if a suitable 
arrangement for obscrving them be pro- 
'Tided. From the bella ,-iour of these rings as 
the micrometer is rotated the point of contact 
can be observed. The instrument iH shown 
diagrammatically in Fig. ß. L is the lells 
under test resting on the three-sphere Rupport 
(only two are shown), B is the slllall trans- 
parent sphere in which the micrometer ter- 
minates. A microscope l\T, "ith an ordinary 
vertical illuminator V fittf'd above the ob- 
jective, is arranged for ohserying the Newton's 
rings formed between Band L. Illumination 
is supplipd by a small 4-volt lamp on a 
suitable bracket. A piece of \Vratten Ko. 2,) 
gelatin filter (red) is mounted hehind tlIp 
aperture of the illuminator, and rendprs the 
1 UuilJ, Trails. upt, 8ociety, HH8, xix. 103. 
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light sufficiently monochromatic for sew'ral 
rings to be scen surrounding the point of 
e(lntact. 
The mcthod of using the instrument is 
simple. Suppose that the small sphere B is 
graduaHy approaching the surface of I.... 'Yhen 
it comes within a short distance of it the 
Xe" ton's rings become visible on suitably 


M 


:FIG.6. 


focussing the microscope. As the surlaces 
approach still closer the fringes expand out- 
wards, a fresh one appearing at the centre for 
each half wave-length that the screw advances; 
but when actual contact is made the expansion 
of the fringes ceases abruptly, any further 
motion of the screw simply lifting the lens 
from its support. This point can be deter- 
mined 'with certainty to less 
than one five-thousandth of 
a millimetre. It is better, 
however, to use as the 
criterion of contact not the 
point at which the expansion 
of the ring system cea
es, 
but some easily recognised 
configuration j U8t before this 
stage is reached. A con- 
venient configuration is that 
in which the central hlack 
spot approximately trisects 
the diameter of the first 
black ring. This has the 
advantage that the appear- 
ance of the rings continues 
to alter for a little beyond the required 
setting, which is more satisfactory in practice 
than when the criterion adoptprl is one-" 
sided. Rut the greate:-:t advantage if-! that 
the surfaces arc not in tight contact at this 


stage, and so no errors due to 10Gi11 distortion 
of the surface can arj
e. 
\\ïth thi'3 in:-;trument, exactly the same 
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ac(mracy in the micrometer settings is obtained 
\vith small lenses as with large. 'Yith a little 
practice readings of h can 
be repeated to a ten- 
thousandth of a millimetre, 
which is several times as 
sensitive as the best of the 
other existing types. An 
actual instrument is shown 
in Fig: 6 \. 
S (6) THE "T ATCH - POCKET 
SPHERO:\IETER. - For very 
rough work, and for the 
rapid identification of sur- 
faces, it is convenient to use 
a simple arrangement sold 
under the name of the 
Dioptre-meter. In appear- 
anC'e it is similar to a watch, 
\\ ith three feet projecting from the rim 
(Fig. 7). The outer feet are fixed. amI 
the central one can he pushed in against 
the pre-SHure of a spring. \\llen the feet are 
pressed against a lens surface, the central leg 


l"IG. 7. 
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is pushed inwards to an extcnt ({('pending on 
the curvature of the surfaf'e. It
 motion is 
converted into rotation of the dial pointer by 
toothed wheels. 
As the instrument is principally used to 
measure the power of spectaf'le lenses, it is 
graduated to read the pcm er of the surface in 
dioptres, assuming a refractive index of 1,;:;2, 
Thus the actual reading gÏ\
es the quantity 
Oo32,'r, where r is the radius. 


II. OPTICAL .:\IETHODS 



 (7) NEWTON'S RINGS,-Por lenses at least 
1 cm. in diameter, provided the curves are not 
too shallow, the curvatures can usually he 
most conveniently determined by means of an 
accurate spherometer. There are cases, how- 
ever, in which the sphero- 
meter is inapplicable. 
For very small lenses, 
such as may be en- 
countered in a micro- 
scope objective, or for 
lenses of shallow curva- 
ture for which the value 
of h would be very small, 
other methods have to 
be adopted. There are 
a great variety of such 
methods, but they are 
not all of satisfactory 
accuracy or convenience 
to be of practical value. 
\ r e shall restrict ourselves 
here to a description of 
some of the methods 
which are of real utility 
in the optical labora- 
tory. Of these the :Kewton's Rings method is 
the most suitable of any for conveÀ curves 
of long radius; but by employing suitable 
arrangements it can be used down to quite 
small radii. 
In Fig. 81d P be:> a plate:>, of ,\hich the under 
side is accurately flat, resting on the surface 
of a lens L, and let a beam of monochromatic 
light fall on it from above. The lower surface 
of the plate forms \\ ith the lens an air film of 
which the thickness increases in all directions 
from the point of contact. Circular inter- 
ference fringes surrounding the point of contact 
can therefore be seen if suitable observing 
apparatus is provided. Let us assume that 
the thickness of the film i
 zero at the centre, 
Since the ray reflected from the lower sur-face 
of the flat is incident from the glass side of a 
glass-air surface, it undergoes no phase change 
on rpflection, The light refleeted from the 
surface of the lens, being incident from tl1P air 
side of a gla
R-air surfacp, undergoes a phase 
change of half a wave-length. C'onsf'quently, 
at the point of contact, where the thickness 


p 


of the air film is zero, the rays allnul c,1(:h 
other by interference and proZluce darkness. 
There is therefore a hlacl
 spot at the centre 
of the system. At any point away fmm the 
centre the illumination \\ ill be a maximum or 
zero according as the total retardation, which is 
f'qual to twice the distance beh\ecn the surfaces 
+ half a wave-length, is an even or odd number 
of half wave:>-lengths; that is, there will he a 
bright or a black ring at a distance P from the 
centre according as 2h, Fig. 8, is an odd or 
eren number of half wave-lengths. For pur- 
poses of measurement the black fringes are 
always used. These will be at. such rlistances 
from the centre that twice the:> separation of 
the surfaces =mX, where X is the wave-length 
and 'In has successively the ,'alues I, 2, :3, 
etc. If pn is the radius of the nth ring, 2h 
for this ring = nX. But 
2rlt- h 2 =Pn 2 , where r is 
the radius of t.he curved 
surface. 
ince h is only 
a few \Va ve - lengths, It 2 
may be neglected in 
comparison with 2rh, so 
that 


I 
I I 
I.f--p-
 


Pll2 =- '2rh =rnÀ, 
... pn = ,i rnX. 


The raùii of the rings are 
therefore proportional to 
the square roots of the 
natural numbers, and the 
fringes become eloser to- 
gether as we pass out- 
wards from the centre. 
The width of a fringe is 
very approximately in- 
versely proportional to its distance from the 
ce:>ntre; for if 


FIG. 8. 


pn 2 =nr'7\., 


Pn_1 2 = (n - l)rX, 
.'. (Pn - Pn-l)(Pn + Pn-l) =rÀ. 
Appr'oximatcly, therefore, the "idth of a fringe 


rX 
=Pn- pn-l =9- 
--pn 


It is ea
ier to measure the diameter of the 
rings than their radii. If Dn is the diameter 
of the nth ring, 


Dn 2 
r=4nX' . 


(1) 


This relation can be employed to dete:>rmine 
the radius of curvature of th(' HUJface. It 
aSHUmf'S, however, that tlI(' flat is gpometrically 
tangential to the:> lens at the pf)int of contact. 
[n praf'ticp the nature of the contact is hy no 
means dC'finite. If thf' surfaces werp to tou<'h 
at one point only the prcssure would be 
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infinite. There is alway:;;. tll('I'efoI'e, a flatten- 
in l1 of the cun"c and denting of the flat to 
sp
ead thp contact over an al>preciahle area. 
On in!! to this ùeformation near the middle of 
the system the diameters of the rings will not 
be accurately given hy the formula we have 
di"cussed. However, the difference in the 
diameters of rings at some distanC'e from the 
centre will not be affected, and the radius uf 
the surface will be correctly gi,
en by 
r _DII22-DII12 (2) 
4(n2 - ?ll)\ ' 
where D n2 and Dill are the diameters of the 
?l:!th and 11 1 th rin
s respectively. In carrying 
out this method for lenses of long radii a 
travelling microscope, such as that employed 
for the measurement of spectrum photo!lraphs, 
etc., is essential. The lens i" laid on the stage 
of the microscope, Fig. 9, \\ ith the suriace to 
be tested upwards, and the flat plate laid on 


top of it. Unsteadiness can be prevented by 
little pellets of plasticene or soft \\ ax near 
the periphery. The illumination should be 
supplied in a parallel beam at exactly normal 
incidence by means of an arrangement of the 
type shown in the diagram. A is a small 
aperture in a screen, behind which is placeù 
a strong source of monochromatic light. The 
aperture is at the focus of a lens L. The light 
is reflected at a transparent glass reflector R, 
"hich is mounted in a bracket with universal 
adjustment attached to the Íramework which 
carries the mipro
cope. By adjusting R the 
light can bp brought to normal incidence. 
In makin
 the actual measurements it is 
neces
arv, as we have seen, to measure thp 
diampte
 of two ring
, the ?lIth and the ?l
th, 
The accuracy of the final result" ill he grpater 
the greater 11 2 - ?It. It iR not (]psirable. however. 
that eitller n,!. or 71 1 should be RmalJ, as the 
rings near t11P centre heing broad and diffuse 
the accuraC'y of settin,g is c()n
id('rahly less 
than fnr rin!!s furtll('r out. The effect on 1 hp 
re
ult of errors in D II2 and n lll i<;; readily 
deduced by differentiating equation (2) "ith 
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respect to each of them separately. It re- 
quires DlI:!/D1I1 times as big an error in Dnl 
as it requires in ])II
 to produce a given error 
in r. Thus the relative accuJ'acv with which 
the diameters ha '
e to he measu;ed is propor- 
tional to the diameters. 'Ye saw that the 
widths of the fringes were inversely propor- 
tional to their diameters, so that if settings 
were accurate to the same fraction of a fringe 
",idth the probable error in the result would 
be of the same order in each measurement. 
As a matter of fact the accuracy of setting 
does vary nearly in this way at some distance 
from the centre, but for the first few fringes 
the fringe width is varying rapidly and the 
judgement of the setting is affected by the want 
of symmetry. It is not desirable therefore 
to make measurements on rings of sIm
ller 
order than the 6th or 7th. For the outer ring 
as large a value of n as possible should be 
taken, This involves "orking where the 
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FIG. 9. 


I fringes are very close together, and it \\ ill 
be found of convenience to employ a micro- 
meter eyepiece to the microscope. The 
microscope as a whole is moved slowly acros.'3 
the fringe system by means of the screw S, 
the fringes being counted as they pass the 
cross-lines. 'Yhen the fringe is reached at 
which it is intended to stop, the reading on 
the drum D is taken. Sever-al settings are 
thpu ma(Ie hy means of the mieromete
 eye- 
piece, and the mean of these readings uspd to 
correct the drum reading. The advantage of 
this process is that if the repeate(l settings 
are mane with the screw S, the cross-lines ha'
e 
to he brou
ht baek se,.eral fringes eaeh timf" 
in order to take up th(' LaC'klash of the screw. 
It is very easy in- doin!! this to get confu:o:ed 
as to the frin!!e on which the measureU1Put is 
being made. If the repetitions are made with 
the mierom('ter eyepiece, hO\\ ever, the screw 
hping of finer pitch and the mechanism being 
more delicate altogether it i
 not usually necpc;- 
sary to retreat more than a fringe \\ idth to 
take up the hackla
h, and the chance
 of 
getting on the \\ rong frin'ge are minimised. 
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Thl're are' one' or t\\"o (ktails in the arrange- 
llH'nt of Fig. !) which differ frum those wmally 
described in text-bouks and papers, and which 
require some explanation. The lens is uni- 
versally made to lie on the flat surface, and 
in eonse4. uenee the fringes are seen through 
the lens, and are in general magnified. An 
object in contact with one surface of a lens 
is magnifiC'd, when 0 hgerved through the lells, 
in the ratio filII' where I is the focal length 
and Ib is the .. back focal kngth," i.e. the 
distance from the principal focus to the surfacC' 
of the lens. It is only in the sppcial case of a 
lens in which the other surface is flat, and in 
which, therefore, the appropriate nodal point 
coincides with the curved surface, that Ib=l. 
In all other cases the distance traversed by 
the miC'roscope has to be multiplied by Ilifl 
to give the true diameters of the rings. In 
the diagrams illustrating the method this 
point is always ayoided by the convenient 
choice of a pIano-convex lens; but in practice 
this is the exceptional case. The expedient of 
placing the flat uppermost, as in Fig. Ü, over- 
comes this difficulty entirely. 
The use of the illuminating arrangements 
described here, instead of the usual vertical 
illuminator above the microscope objective, 
ensures a parallel beam at normal incidence 
for all positions of the microscope. ""lth the 
ordinary method of illumination, in which the 
light comes as a convC'rging cone from the 
objpctive, fringeR are only visible \"ith ex- 
tremely thin air films, and consequently the 
lpns and flat must be in contact. This being so, 
the expedient is adopted, in dealing with con- 
ca ve surfaces, of measuring the difference in 
curvature between the surface and a convex sur- 
face of greater curvature which rests within it, 
This is an inaccurate arrangement C'xcppt when 
the two curvatures are very nparIy equal; as an 
error in the assumed value of the radius of the 
convex surface produces a greatC'r percentage 
error in the re:mlt obtained for the concave. 
Suppose 11 is the vertical distancp bptween 
the two 
urlaceR at a distance p from the centre. 
I.et IiI and 11 2 be the respPC'tive distances of 
the eonvex and concave surfaces above a 
plane which is tangential to them at their 
point of contact. 
Then if T 1 is the radius of the con vex and 
T 2 that of the concave surface 


I _ '2h 1 
- - -2-' 
T 1 P 


I _ 2h 2 
--2' 
T 2 P 


I 1 2 2h 
eee - - - = ,,(71 1 - 71 2 ) = -2" = constant ; 
Tl T 2 P" P 


cr 


1 I 
.e. {Irl = 2 dr 2 
Tl T 2 
dr l T 2 _ dr 2 
Tl Tl --;ç-. 


Thus a !wrcenta:!e error dr/rl in the a
sumf'd 
value of T 1 gives rise to a percentagf' error 
dr".!./1'o;., whidl is T:!./rl times as great. Rilll'e, 
except in special easeR, T 1 has itRclf to he 
determined, and cannot be known to a greater 
percentage accuracy than is also desired for 
r 2 , the method is not a good one. 
'Vith the method of illumination shown in 
Fig. 9 it is quite possible to get fringes \\ ith 
a large total path differpnce and to measure 
the radius of a concave surface dirC'ctly against 
a flat. The flat is laid on the rim of the le:>ns, 
as in Fig. 9 (a), and when the light is properly 
adjusted the fringes will be flef'n and can be 
measured in the same way as for a convex 
surface. The light has to be absolutely normal, 
and the angular aperture which the source 
su htcJHls must be small. The reasons for 
the::;e precautions need not he treated herC'; 
they will he understood from the treatment 
of intederenee by thid\. pJates in another 
article. In making the adjustments the best 
method of procedure is to mount the kns L 
on a stand which has rack-and- pinion adjust. 
ments both horizontally and vcrtically. Re- 
move L and adjust It by hand until the fringes 
appear as distinct as pogsible. Replace L, 
and adjust it horizontally and yertiC'ally until 
the rings are equalJy distinct in all parts of 
the fipld. A guide to the corrpct adjustment 
will be found in the size of the rings near the 
centre. Since for normal incidence the retarda- 
tion is a maximum, the rings shrink to a 
minimum size when the incidence is normal. 
The movements of the rings with slight 
changes in the adjustment of tlIP light giye 
rise to the impression that the results obtained 
dcpend C'ntirely on the adjustment. This is 
not so, however, as the Telati ce positions of 
different parts of the ring sy:;tem are affected 
by the adjustment, of the light to exactly the 
same extent as if the surfaces \\ ere in contact 
as in the ordinary method. 
The necessity of emplÓying as small a hole 
3S possible at A necessitates the URe of a very 
bright source of light. The green line of 
mercury is the most useful to cmploy, and 
should be obtained from a quartz arc made 
speciaJIy for interference work. I The othC'r 
lines in t.he spectrum are mueh IC'ss intpnsc 
than the green linp, and only detract slightly 
from the blackness of the fringes, the positions 
of which are ddermined by the grecn line. 
The hest type of aperture to use at A is a 
small iris diaphragm, which can be adjusted 
to give the hC'st compromi
c between hrightness 
and distinetnPHs. 
In employing Newton's Rings for meùimn 
and steep curves, the tnt yclling microscope 
cea1'.C's to be Ratisfactory on account of the 
RmalJness of the raùii of the rin!I1'.. It is better 
in this case to use an ordin,uy microscope ,\ ith 
1 Guild, Proc. Phys. Suc., lU
OJ xxxii. 3U. 
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a micrometer scalp in the focal plane of a 
Ramsden pyepipcp, an(l to measure up the 
rings on this scale. An objecti,-e 5hould be 
ehospu of such power as to giye an image of 
the ring system of suita hIe size. "Ïth steep 
curve
, the objective re<{uires to be of too 
high a power to allow the interposition of the 
vertical illuminator shown in Fig. 9, and an 
ordinary vertical illuminator above the 
objecth-e must be employed. The arrange- 
ment cannot then be used for conca,-e surfaces. 
However, for medium and steep curves the 
method is no more accurate and is much more 
tedious than several other methods which win 
now be described. 

 (8) )!ICROSCOPE :JIETHuDs.-The follo"ing 
methods require a good micro- 
scope stand with mechanical 
stage and a universal sub- 
stage with centring adjust- 
ments, A '-ertica
 illuminator 
of the ordinary inclined cover 
glass type is mounted above 
the objecth-e. 
(i.) For Concaæ Surfaces. 
-The lens is mounted on a 
support attached to the sub- 
stage fitting, which ('an be 
raised or low-ered by the rack 
and pinion P, Fig. ]0 (a), 
and centred b
- the scre" s 88. 
A piece of thin (;over glass 
on w-hich some easily recog- 
nisable markings have been 
scratched is I)1
1ced on the 
 
stage, and the microseope 
is focussed on these, vertical 
illumina tion being suppJied 
hy the lamp L. The sub. 
stage is then racked up or 
down until the ima!!e of the 
markings formed by reflection 
at the concave surlace is also 
seen in sharp focus. B
- means of the screws 88 
the image is centred with respect to the object, 
which is then at the centre of curvature of the 
surface. The cover glass is remm-ed and the 
microscope racked down until some lycopodium 
grains sprinkled on the surface of the lens are 
in focus. The distance the microscope bas 
been moved is the radius of curvature required. 
The method is ac('urate to about 0.03 mm. 
(ü.) For Conl'e,t; Surfaces.-For this case the 
arrangement is some\\ hat more complicated. 
The microscope is initially racked down so 
that the objective is ahout the leyel of the 
stage. The sub-stage is adjusted until some 
lycopodium grains on the surface of the lens 
are in focus. The surfacp is then at the object 
point 1 of the microscope. A piece of silvered 
1 For eonn'nien('e of de
('fiption we may use this 
t('rm to denote the point conjU!:wte to the centre 
of the focal plane of the e) epif'('e. To fix till' po:o;ition 
of this plane a gr.ltkule 
hould be fitted. 
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glass \\ ith a numher of scratches cut on it is 
placed at 0, and its distance from the ,-ertical 
illuminator is adjusted until an image of the 
sera tches is seen simultaneou
h- "ith the 
lyco p odium. rnder these circum
tanc('s liuht 

 
 
from the scratches, after reflection at the 
vertical illuminator and passage through the 
objective, converges to\\ ards the object point 
of the latter. The suh-stage is then racked 
upwards until an image of the scratches 
is again in focus. This happens when the 
rays converging from the objective meet 
the surface normally - that is, when the 
object point of the micrm:cope coincides 
"ith the centre of cun"ature of the sur- 
face. The microscope is now racked up- 
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FIG. 10. 


wards until the lycopodium is again in focus. 
and the distance moved is the radius of the 
surlace, 
This method is frequently described in an 
inaccurate manner. By foHo" ing the pro- 
cedure outlined above, it will be obsen'ed that 
all adjustments invoh-ing the image of the 
scratches are made "ith the microscope and 
the object () in a fixed relative position. This 
is clearly an essential condition to accurac
. 
The results are reliable to about 0.03 mm., as 
in the case of the prenous method; but the 
range of curvature for which it can be u
ed is 
limited by the working distance of the objective 
"hich is available. In the previous method the 
range was limited only by the range of vertical 
traverse of the microscope. 
(iii.) Jlagnijication JI etlwd for t'ery large 
Curmtllres.-For lar,!!e curnlÌures 
ueh as are 
met \\ ith in some of the lcnscs of microsell!)e 
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objectiv"cs, none of the mcthod:-; so far men- 
tiom'd are satisfactory. The folIo" ing lllcthod 
is at once e
tremely simple 
and extremely accurate; and. 
has the great advantage that 
the percentage accuracy is 
practically independent of 
the curvature. Suppose 
(Fig. II) that we employ as 
ohject a suitable mark on 
the front lens of the object 
ghtss of the microscope, and. 
so adjust a reflecting surface 
:\1 th3.t an image of this 
object is seen in sharp focus 
in the focal plane of t.he eye- 
piece, It follows that the 
image I formed. by reflection 
in the surface is situated at 
the object point of the 
micro:scope and is therefore 
at a fixed distance from 
0, = k S3.y, whatever the 
curvature of the surface may 
be. From the magnification 
of the ima
e the curvature 
}'IG. 11. can be deduced. Let u be 
the distance from the sur- 
face to the object, v the distance from the 
surface to the image, and r the radius of the 
surface. Then I/ll+ IJv=2Jr, quantities being 
regarded as positive when measured against 
the incident light. I... = 10 =u - v. The 
magnification of the image at 1= - vJu, = In 
say, Hence 
'>v 1 2u 
I-m=":':.-, 1- -=-, 
r m 1. 


. I _ 2k 
..m-:m-:r 


or 


-2mk 
r= 1 - m i. 


. (ii. ) 


From (i.) we see that in general there are two 
distancps of the mirror from th(' object which 
satisfy the conùition of the experiment, 
namely the value of u which gives a magnifica- 
tion m, and another value u' for which the 
magnification is m', where tn' = - IJJïL. In the 
case of a convex surface one of these values 
is negative and so is experimentally in- 
admissible. The other value is fmch that 
the magnification is + ve and numerically 
less than unity. 
_For a concave surface, hoth values of 'U 
are positive. In one case u is less than r/2 
and the magnification is positive and greater 
than unity. In the other case u is greater 
than r, and the magnification is - 'ce anù 
numprically less than unity. 
This method can he em ployed ovpr a large 
r<tn
e of curvature; hut the heRt experinH-'ntal 
conditiom
 differ for different ranges. 


(i. ) 


For yerv short radii the a.rrangement of 
FÙ/. 12 i
 ef>llv('nient. The mieroF;cope ig 
fitted with a ,'cl'tieal illuminator, ['rdel"a hly 
of the type shown, in "hieh the reflpcting 
cover-slip is just undpr the e
'epiece. Light 
is supplied by a small 4-volt lamp, attached 
for convenience to the microscope. The 
illuminated aperture of the lens itself scrvps 
as the object. The curve C to be measured 
is placed centrally on the stage, and, on 
racking the micro::lcope up or down, a circular 
disc will be seen which is the image by reflec- 
tion in C of the aperture of tlU' objecti\.e. 
This is sharply focus:scd and its diameter 
measured on a micrometer seale in the focal 
plane of the eyepiece. The êlctual dimension!'l 
depcnd of course on the magnification of the 
microscope as well as the 
magnification m of the 
reflected imagf'. However, 
for a given ohjective and 
tube Jength, the measured 
diameter is proportional to 
the magnification 'In. Tlw 
instrument is calibrated by 
measurements on a series 
of the steel spheres sold as 
ball- bearings. These can 
be obtained of diamE'ters 
ranging from 1l'1. of an inch 
to 3 inches by small steps. 
The sizes up to about. an 
inch make excellent optical 
standards, and a complete 
set should be available in 
any laboratory. They can 
be measured with a micro- 
meter gauge; but it will 
be found that they are invariably so close 
to their nominal values that for optieal 
purposes these values can be taJ\.en as sub- 
stantially correct. 
The accuracy "ith which the diameter of 
the luminous disc can be measured dppends 
of course on its size. An ohjective should 
he employed which gives an image of at 
least 4 mm. on the eyepiece scalP. The size 
of the image depends not only on the PO\\ er 
of the ohjective but ah;;o on its working 
distance and the linear dimensions of the 
aperture. However, it is easy to find a scrips 
of three or four ohjectives which hetwPt'n 
them will cover tll(' range from the smallest 
radii encountered in microscope work up to 
radii of about 10 mIll. If, by means of the 
steel halls, calibration curves are dra" n for 
each objective for the rangp in which it is to 
he w;;cd, they "ill be found to he practically 
Rtraight lines within the accuracy of obscrva- 
tion. This follo,,,s at once from the rclation 
r = - 2mlt./I- m 2 when iii is very small, as is 
the case with surfacps of sueh short radii. 
rrhus the scale reading is proportional to the 
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radius. By a Ringle reading the radiu<; of any 
surhce can he ohtainerl from the calihration 
CUlTe. It is safer, however, to make check 
measurements on one or two of the spheres 
each time the apparatus is reas
embled, to 
ensure that the constant of the instrument 
has not been altered. 
It is evident that the calibration cur"\"'"e 
obtained with the spheres "ill do equally 
well for the measurements of concave curves, 
the real image formed being of the same 
magnification as the image obtained \\ ith a 
convex cnrve of the same radius. 
It "ill be observed that if suitable objecti"\"'"es 
are employed, the diameter of the disc to be 
measured is of the same order of magnitude 
(-10 to 100 scale divisions), howe"\"'"er small the 
radii tested may be. Since it is easy to read 
to .1 scale division ("ith a good quality micro- 
meter scale), the average sensiti"ity of the 
method is about 1 part in 700. Further, the 
method is nrtually one of sunstitution, and 
all aberrational effects of the observing micro- 
scope are eliminated. 
Thus there is no source of error other than 
the accidental errors of measurement, and the 
accuracy is equal to the sen:::;itivity. 
In practice the definition is impro"\"'"ed by 
using a light green filter to cut out the 
extremities of the spectrum, as, if white light 
is used, chromatic aberration tends to spoil 
the sharpness of the ima
e. 
(h-.) JJagnification Jlethod for !Jledium 
Curmtures.-It is not convenient to use the 
method in the form described a hove for 
radii much over I cm., because the disc 
becomes too large to be contained in the 
field of view even "ith the lowest power 
ohjectives. 
For larger radii it is better to use as object 
a scale, similar to that employed in the 
eyepiece, attached to th(' front of the objective 
with soft wax or plasticene. An image of tRis 
scale is seen when the object is at the correct 
distance from the :-:llrface. By measuring 
the dimensions of a suitable' numher of 
graduations, the magnification can be obtained 
from a knowled
(> of the magnification of the 
microscope. 'Ye may, if we choose, determine 
1.., and calculate the radius directly from 
formula (ii.) above. To measure k
 a flat 
surface, preferahly sih-ered, is laid on the 
stage and the microscope focussed on some 
scratches on the silver. On racking down- 
ward:;;, an image of the scale comes into focus. 
The distance which the microscope has been 
mo"\"'"ed is clearly !k. 
As in the ca;e 
f very small radii, however, 
it i
 better to calibrate the instrument empiric- 
ally. rnfortunatelv. there ar(> no ea3ily a"\"'"ail- 
a bie standard
 sl{ch as the hall - bearings 
employed in the formpr ea:;;e; but points on 
the curve can be obtained from measurements I 


on len
 surfaces ,\l1Ìch have been determined 
accurately "ith a f;pherometer. If suffieient 
of such standards are a, ailabJe to det(>rlllil1c 
the calibration curve accurateh-, an unknm\ n 
radiu,> can be ohtained dire
tly from the 
cun-e; but it is usually better to measure 
1Il for the surface in question and also the 
corresponding value for the nearest standard, 
and deduce the ullkno\\ n raalius from the 
formula 


_ m(l- m 1 2 ) 
7-71 (1 2 ) . 
ln 1 -m 


In the casp of conca"\"'"e curves, if the radius 
does not pxceed two or three centimetres, it 
is easy to obtain the real and diminished 
image, and in this case the convex standards 
apply to concave curves a
 well. 'Yith 
shallower cur"\"'"es, however, the real image is 
too far from the lens to be "ithin the range 
of "\"'"ertical traverse of ordinary microscopes; 
and it i::; necessary to work "ith the virtual 
image, for which, as we saw earlier, m is greater 
than unity. A separate set of concave 
standards is necessary for those. C nfortun- 
ately, as the magnification increases the 
image of the scale becomes \ery faint, and the 
measurement is somewhat difficult with 
magnifications greater than unity. The range 
of cur"\"'"ature for which the diminished real 
image can be utilised may be increased by 
mounting the lens on the sub - stage or 
even on a separate support below the 
microscope. 
Except" ith comparati"\"'"ely smalJ radii the 
4-"\"'"0It lamp L (Fig. 12) "ill not gi,-e a 
sufficiently bright field. It is better to 
employ a 100 c.p. "Pointolite" lamp, or 
any similarly intense source, behind a ground- 
glass screen situated about 30 cm. from 
the miC'roscope and on a le\el "ith the 
aperture of the illuminator. Except for 
the ground glass the lamp should be entirely 
enclosed. 
The scale employed as object should not 
be too fine. AI! - inch 0 bj(>ctive "it h a 
working distance of about an inch will !!ive 
sa tisfactory results over most of the range 
for which the method is applicable. 
There are a variety of other magnification 
methods; but they involve the measurement 
of two magnifications and are inferior in 
con"\"'"enience and accuracy to that just 
descri bed. 

 (9) DIRECT LO('\TIOX OF CE....TRE.-For 
conca, e cur"\"'"es of radii above 20 cm. this 
m(>thod may be empll)yed prmi.ded the ratio 
of the diameter of the surface to the radius 
of cun ature is not too small. The principle 
of the method is that if an object and its 
image by reflectjon in the f:urface are co- 
iucid(>nt, or in close juxtapo
iti(ln in a plcllle 
perpendicular to the axis of the surface, 
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they are located at the centre of curvature. 
Th
 method as wmally descrihed, in "hich 
the imagp i::; formed on a card, is not, how- 
ever, \
ery sensitive; and if the best possible 
accuracy is required in the result the following 
arrangement "ill be found much better. A 
microscope slip is silvered or platinised on one 
side, and a network of very fine 
cratches is 
made ,\ ith a sharp needle, The slip is mounted 
on the stage of a microscope which is turned 
back so that the microscope tube is horizontal. 
The scratches are illuminated by means of a 
small prism P, Fig, 13 (a), and a " pointolite " 
la.mp S. Th(' concave surhce 2\1 is arrall!
ed 
so that an image is formed on the slip a little 


db 


Pin-_ . 
hole 


(c) 


to the side of the illuminating prism P. In 
this region the plating should be almost all 
scraped úff, a few streaks being Ipft on which 
to focus the microscope. 'Vhen tllf' adjust. 
ment is correct, these streaks and the reflected 
image of the illuminated scratches will he 
simultaneously in focus. The plated f>ide of 
the slip 
hould be towards the mirror, and the 
distance between them can be measured in 
any cunvenient manner. It is advantageous 
in practice not to attempt precise adjustment 
úf the mirror, hut to get it approximately 
correct and measure the error by racking 
the microscope so that first the suriace of 
the slip is in focus and then the reflected 
image. Half the distance between the two 
positìuns is the correction to be a pplie'd to 
the distance from slip to mirror. The edges 
of a silvered film can be focussed up with a 


micrn
('npe mor(' ('('iticn.Jly than almost an;\
 
other type of objeet, and the d('pth of fOCUR is 
reduced to a minimum. The a('curac) dppend:-: 
on the ratio of diameter to raùius of cun ature. 
It is about 0.1 millinwtre for a ratio of 1 : 20. 
The direct location of the centre is un- 
fortunately impossihle with convex surfaces. 
The method in which an auxiliary lens is 
used to produce a convergent beam, which 
meets the convex surface normally and is 
reflected back through the lenR and fo('usseù 
in the vicinity of the object, is valuelpss for 
work of any accuracy on account of the 
aberrations of the len
. 

 (10) FOUCAULT'S SHADOW 
IETHOD.-This 


M 


(a) 


FIG. 13. 


is another useful method for concave curves. 
It forms at the same time a sensitive test of 
the sphericity of the surface. A convenient 
arrangement is shown in F'ig. 13 (b). I) is a 
small 45 0 prism with clean sharp edges. One 
of the square faces is covered with tinfoil 
in which a fine hole has becn pierccd with a 
needle close up to one of the 43 0 angles, 
Fig. 13 (c). This prism is mmmtpd on a 
platform capable of fine adjustment in two 
directions, A good mechanical stage of a 
microscope ,,,,ill do. The pinhole is illuminated 
by focussing on it, a very hright souft-'e, e.g, 
a "pointulite" lamp. A lJPam of light 
spreads out from the pinhole, and the mirror 
AB is placed so that an image of the pinhole 
i
 formed just a little to the side' of the pri:-:m. 
The eye is placed just bf'hind the prism at E 
so as to receive the reflected light. Since 
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this comes from all parts of the surface the 
latter appears uniformly bright all over. 
If, now, the prism is moved laterally, so as 
to hring the pinhole closer to th
 axis of the 
mirror, a point is reached at "Which the edge 
of thp prism cuts into the reflected beam and 
shuts off some of the light reaching the eye. 
Ås:-;ume first that the surface is truly spherical 
so that all rays corresponding to one point 
of the object converge to one point in the 
image. If P is exactly at the centre of 
curvatur@ it "ill cut the beam exactly at the 
ima ue and the surface will darken uniformly 
all ;v;r. If P is insìde the focu., the rays from 
A are intercepted before those from B and a 
shadow comes over the surface from A. to B. 
If P is outside the focus the shadow starts from 
B. The stage is moved longitudinally until 
the lateral movement produces a darkening 
of the whole surface simultaneously. The 
distance from the pinhole to the surface is 
then the radius of curvature. As a test of 
the surface this method is valuable. If there 
are any parts of it from which rays do not 
converge to the same point as from others, 
the surface will not darken uniformly in any 
position of P. If, for instancp, the focus for 
the peripheral zone is farther out than for the 
central zone, and P is at the focus of the latter, 
the central zone "ill darken uniformly, but 
the rays from A "Will be cut off, while those 
from B will not. A crescent-shaped region 
near A will therefore remain bright after 
the remainder of the surface is obscured. If 
P is at the focus of the marginal rays the 
regiòn
 near A and B will darken simul- 
taneously; but rays from the side of the 
central zone nearest A will pass the edgp 
of the prism and this region will appear 
bright. 
The effect of local irrpgularities is to give a 
patchy appearance to the field. The exact 
path of the rays from different parts of the 
surface can be determined, for the place 
where the rays from any two parts, say the 
centre and any other region, intersect the same 
vertical plane parallel to the axis is found by 
adjusting P till the two parts in question 
darken simultaneously. By making observa- 
tions with AB in azimuths differing by 90 0 
the paths of the rays may be completely 
determined. 

 (II) Sr
DIARy.-The method., of curvat
rE" 
measurement described in the preceding 
sections provide complete equipment for 
curvatures of all possible magnitudes. "There 
to leav
 off one method and use another 
depends laq!f'ly on the predilections of the 
observer, as their ran
es of utility overJap. 
As the intpntion "as to give only those method
 
which are of general application, description 
has had to he omitted of various useful 
methods, suitahle for works practice, "here 


the possession of both the conve
 and concav
 
curves of any radius is assumed. l J. G. 


SPIRIT -LE'TELS 

 (I) GEXERAL. -Spirit -levels are used to 
determine the direction of the horizontal, or 
vertical, at any point, and sometimes to 
measure small angles from the horiz
mtal. 
The usual form consists of a glass tube shaped 
so that the longitudinal section of its upper 
internal surface is the arc of a circle. The 
tube is nearly filled "ith liquid, so that a 
bubble of vapour is left. The bubble rise
 
t{) the highest portion of the tube, and when 
at rest the line joining the two ends is hori- 
zontal. The tube is generally graduated on 
its upper surface. The graduations are gener- 
allv sin ale or double millimetres, 
ths or 
7J.1ìj ihs in
, or in older instruments Paris lines 
(2'26 mm.), and may be continuous or have 
the centre marks omitted. The line joining 
the ends of the bubble, when these ends are 
equidistant from the centre of the tube as 
sho" n by the graduations, may be called the 
axis of the bubble. The glass tube is generally 
fixed in a metal tube, cut away to enable the 
bubble to be seen, and this tube is again 
adjustably fi..
ed to some mount. For rough 
work it is sufficient to fix the bubble tube 
so that the instrument to which it is attached 
is le\el when the bubble is in the centre of its 
run, and trust to the adjustment remaining 
constant. The bubble is in adjustment when 
its axis is parallel to the base of its mount, or 
to the surface which it is desired to level. 
A tubular bubble will obviously only indicate 
the horizontal in the direction of its length, 
and if a surface has to be levelled two bubble 
tubes are required at right angles to each other. 

 (2) CrnCUL-\R BrBBLEs.-For rough wor
 
a circular bubble is often convenient. In thIS 
case the upper surface of the ,""essel con
aining 
the liquid is a portion of a sphere, and disleyel- 
ment in any direction is shown by t
e one 
bubble. Fig. 1 shows two forms of cIrcular 



 . 
-
 lea d 



 
--. . .- . fOil
 
A B 
FIG. I. 
bubbles. A has the vessel containing the 
liquid formed of a completely sealed-up glass 
yessel, B has only the top of !!lass; it is more 
compact than A, but it is difficult to ensure 
that there shall be no slow leakage. 

 (3) Tr-BrLAR BrBBLEs.-'Yhere the hori- 
zontal is required "ith an error of less than 
a minute or so of are, tubular bubhles are 
1 S{'(>, for in,;;taIH'f', :,,\, D. Chalmers, Trans. Opt. 
Soc., 191:>-16, XYÏ. 16
. 
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almost always used, and tlU'y must he made so 
that they can be reversed end for enù in order 
to ched., the adjustment. 
For levelling a plane surface the under 
surface of the level mount is also a plane 
surface. If this now rest on a flat surface, 
which is tilted as necessary till the bubble lips 
in the centre of its run, the surface is Ipvel 
in the direction of the lC'ngth of the bubble 
tube, provided the bubble is in adjustment. 
The adjustment is checked by reversing the 
bubhle tube end for end. If the bubble still 
lies in the centre of its run the adjustment is 
correct. If it has moved it is brought back 
half-way by tilting the surface and the rest 
of the way by the adjusting screws on thp 
bubble mount. rrhe whole is then checked 
by reversal. It is not necessary fOT the 
bubble to be in adjustment: if the bubble 
:remain in the same position in the tube after 


. 


:FlG. 2. 


reversal, the surface is level. A consideration 
of Fig. 2 will mal\..e this clear. 

 (4) STRIDIXG LEYEL.-For levelling the 
axis of a cylinder, such as the telescope of a 
collimator or the horizontal axis of a transit, 
the level is mounted as sho\\ n at Q in 
Fig. 3. This is known as a striding level. 

 (,j) USE OF LEVEL FOR 3IAKIXG A VERTICAL 
AXI
 VERTICAL. -In order to make the 
vcrtical axis of rotation of any instrument 
(e,g. a thcodolite) truly vertical, a bubble tube 
is fixed to the rotating portion of the instru- 
ment at right angles to the a2l.is. If the bubble 
axis is truly at right angles to the vertical 
axis it is only neccssary to set the bubble by 
means of tllP instrument levelling screws, in 
two positions at right angles to each other. 
In practice the instrument is rotated till the 
bubble tube is parallel to two of the levelling 
screws of the instrument, and by their means 
the bubble is set, i.e. brought to the centrC' 
of its run. The instrument is then rotated 
through U
Oo. If the huhhle remain RC't the 
bubhle is in adjustment; if not. the bubble is 
brought baùk half-way to its original position 
by means of the Ipve11ing screWR, the instru- 
ment is again rotated throu
h U
Oo into its 
ori.!.!:"inal position, when the hubble should 
retain the mean position at whieh it was last 
set. The instrument is then rotated through 


9ú" and the bubble set to the mean po
ition 
as found above by me.tns of the third leve11in
 
screw. The hubble should now take up the 
same position howen'r the instrument is 
rota.ted, and if this i8 so the YC'I'tical a2l.is is 
vertical. It is usually neeessary to repeat 
the reversals several times hefore this condition 
is obtained. If the mean position of the 
bubble is not the centre of the tube the 
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bubble can be hrought into adjustment by 
means of the Lu b hIe - adj usting fwrews, hut 
unless it is badly out of adjustmcnt this is not 
worth while. 

 (ü) TII E SE"\SITIVE);"ESS OF A BUBBLE, i.e. 
the amount the Lmhhle will move when the 
tu be is tilted through a small angl(', varies 
directly as the radins of curvature of the tuhe, 
and is generally measured by the angle of tilt 
necessary to move the bubble through one 
(Ii vision of tl1(' tu he. 

 (7) THE A('('{TUACY OF A RurmLE (kpC'nds 
on other factors as well as on its sf'l1sitiveness, 
notahly on the l('ngth 1)( the huhhle itsC'lf, 
and the method of illumination awl viC\\ing 
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adopted, and also of course on the accuracy 
of the figuring of the surface of the tube, 
'Yhen the tube is tilted and the ends of the 
bubble cease to be at the same level, a force 
due to this difference of level tends to move the 
liq uid. This force i::s proportional to the 
specific gra\ity of the liquid and to the 
difference in le\el of the ends of the bubble. 
The difference of level or .. head" is l sin a, 
where 1 is the length of the bubble and a th6 
angle of tilt. This force therefore varies as 
the length of the bubble, and is independent 
of the CUlTature. This force has to overcome 
the inertia of the liquid and the frictional 
forces. The more sensiti\e the bubble the 
greater the wor1. that has to be done to move 
the liquid to its new position; hence the 
slower the movement. 
The accuracy required in forming the surface 
of a sensitive bubble tube is very great. The 
following example gives some idea of the 
accuracy necessary. Suppose the tool used in 
forming the surface vibrates in such a manner 
as to superimpose a sine curve on the theo- 
retical circle, and that the equation of this 
curve is y=k sin (27rxjp), where y is the linear 
departure from the true curve at any point 
whose distance along the curve is x, k is the 
maximum value of y, and p the period of the 
sine cUr\Te. For a displacement dx of the 
bubble the change of level of one end of the 
bubble is (ldxJ2R) + (Yl - Y2) cos () =h, "here 1 is 
the length of the bubble, R the radius of 
curvature, and () the angle between the radius 
at the end of the bubble and the vertical. 
Thus () =lj:!.R, and cos () may be considered as 
unity. If hand h' are the changes in level at 
the two ends the corresponding angular tilt is 
(h + It')/l =a, whence 
4k . trl . 7rd:t: . 7r(:!.x + l + dx) dx 
a=T s1n p SIn p sm p +JI' 


The first term represents the error in sensi- 
tiveness at the point considered. This shows 
that in general the error is reduced "ith in- 
crease in 1, but the term sin 7rl/p will vary 
from 1 to 0 as l varies. Applying this to a 
bubble "ith a mean sensitiveness of 10.3" per 
miHimetre (R = 20 metres) and an irregularity 
represented by k=-0003 mm., p=10 mm., 
length of bubhle 3,) mm., it is seen that the 
tilt nece
sary to move the bubble 1 mm. 
varies from 6.8" to 13.8'. If the length of the 
bubble he increased to 40 mm. the error 
vanishes. If R = 100 metres (sensitiveness 
about 2" per mm.) and the length of the 
bubble 63 mm., the tilt to move the bubhle 
1 nUll. varies from 0.9" to 3-9", it will he 
difficult to set the buhble, and no accuracy 
can be obtained in reading small angles 
f 
di
;;]en'lment. The above shows that the tube 
must he vcry accurately shaped, especially if 


angles of dislevelment are to be read: it also 
shm\ s that it is usele::;s to attempt to calibrate 
a bubhle tube, as the errors depend on the 
length of the bubble itself, and this is con- 
tinually varying with changes in temperature. 

 (8) EFFECT OF TEJIPERAT"CRE CHAXGES.- 
If the temperature of the tube rises the liquid 
"ill expand and the bubble itself "ill contract. 
If the bubble become unduly short the level 
becomes unsatisfactory. To 
obviate this, sen- 
sitive bubble tubes 
re often made with a 
chamber as shown in Fig. 4, so that the length 


ff 


- 


1 


}'IG. 4. 


ùf the bubble can be adjusted by allo"ing 
more or less of the air to be caught in the 
chamber. If the tube be unevenly heated it 
\vill become distorted, and the same will 
happen if the tube be mounted in a metal 
mount so that it is strained by unequal ex- 
pansion of the glass and metal. If the liquid 
be unevenly heated the "armer portion will 
have it;:; density reduced and \\ill take up 
more room and so cause the bubble to move 
irrespective of tilt. .Å still more important 
effect of unequal temperature is probably that 
due to the alteration of the surface tension of 
the liquid \\ith change of temperature. In 
general the surface tension is reduced by 
increase of temperature, consequently the 
stronger surface tension at the cooler end of 
the bubble \\-ill cause the air bubble to move 
towards the warm end. It is therefore im- 
portant that sensitive bubbles should be care- 
fully shielded from becoming unevenly heated, 
and it is advisable to enclose the bubble tube 
and its mount in an uuter glass tube. 

 (9) )!orsTI:xa THE BrBBLE TrBE.-The 
bubble tube is usually fixed in its metal mount 
by means of plaster of Paris, but this is not 
suitable for sensitive bubbles. Another method 
is for the tube to rest on two Y -shaped supports, 
and be held in place by springs: the Y's and 
springs may be lined \\ith cork. Another 
method is to fix a metal cap on each end of 
the tube with wax. The caps are split and one 
portion turned up slightly to form a spring. 
The caps are then secured in the metal mount 
by means of three screws each, one of "hich 
presses against the sprung portion of the cap. 
The metal tube must also be mounted flO that 
it can be adjusted \\ithout it being strained. 
One end must be capable of a small turning 
movement, while the other is fixed by two or 
four antagonising screws, or by a screw working 
against a spring. 

 (10) .METHOD OF YIE\\T
G THE BrBBLE.- 
The accuraey of Retting or reading the buhhle 
depend::! nut onl,)' on the sensitiveness and 
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accuracy of the tube itself, but also on the r 
method of vie" ing and illuminating the bubble. 
In the usual methud of muunting the bubhle 
is hoth lit and viewed from the top, In this 
case the appearance of the bubble ends vari.es 
with the direction from which the light falls, 
and there is also a parallax effect depending 
on the thickness of the glasa - this being 
specially noticeable "ith a long bubble. The 
best method uf illuminating the bubble appears 
to be by transmitted light, the mounting tube 
being cut away below as "ell as above, and 
a suitable reflector provided beneath it. If 
the bubble be mounted in this way the edges 
and ends of the bubble are better defined if 
the siùes of the bubble tu be are blackened. 
In many instruments, e.g. engineers' level:::; and 
theodolites, the bubble is so mounted that it 
cannot be viewed by the ohserver from his 
position at the end of the telescope; he has to 
move round the instrument to see the bubble, 
and by this movement he may tilt the ,vhole 
instrument unless it stand on an exceptionally 
firm base. This effect can be largely over- 
come by viewing the bubble in a mirror, but, 


A-----
 
u- ---- -
----- --------
 
I I :2 1 r 2 :8 
I I 
 43 \ 1 =rrt1- ' 45 
I I l I 
: I 
e
e

_tv I 


FIG. 5. 


unless the mirror is at the correct inclination 
-and this varies according to the position of 
the eye,-parallax is not avoided, and the 
divisions of the scale at the two ends of the 
bubble being at different distances from the 
eye, they appear of different sizes. Both these 
effects are liable to introduce errors. A com- 
bination of reflecting prisms such as that shmvn 
in Pig. 5 avoids these errors, and also enables 
the ends of a long bubble to be viewed close 
together. The method of vie\\ing the bubble 
shown in Pig. 6 (introduced by l\Iessrs. Zeiss) 
entirely eliminates parallax, and enables the 
bubble to be set \vith very great accuracy. 
If the line ab of the prism is vertically over 
the centre line of the hubble, one half only 
of each end of the bubble is seen; and if 
the ends of the huhble are equidistant from c, 
the appearance is as shown in Pig. 6 (a). As 
the bubble moves to the right the two ends 
appear to move in opposite directions, and the 
appearance is as in Pig. 6 (b). The bubble is 
set by bringing the t\\ a end::; into -.:oincidence 
as shown in Fiy" 6 (a). This arrangcment more 
than doubles the accuracy of setting, as the 


separation of the two ends as seen in the 
prism is dou hie the actual movement of the 
bubble, and it is much easier to hring the two 
ends into coincidence than to judge when the 
bubhle is lying e,"enly between the mark:::; on 
the tube. Another advantage of this arrange- 



(b) 
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(a) 


FIG. 6. 


ment is that the bubble can be very easily 
adjusted, the final adjustment being made by 
shifting the prism box along the tube instead 
of tilting the tube itself; this is a far coarser- 
and easier mechanical adjustment for a given 
angular adjustment. 1 This arrangement is 
probably the best so far devis<,d for setting the 
bubble, but is not so suitable for use where it 
is required to read small angles of dislevehllent. 
An attempt has been made to get the same 
facility of adjustment by marking the gradua- 
tions on an outer glass tube instead of on the 
bubble tube itself; this method, however, in- 
creases parallax errors. 

 (11) TESTI:KG BUBBLE TUBES. - The 
" bubble tryer" shown in Fig. 7 is used for 
testing the sensitiveness and accuracy of 
bu b hIe tubes. The bu h ble tube to be tested is 
placed on the V's, the instrument is levelled 
laterally by the supporting screws on the 
right. The bar supporting the Y's can be 
tilted by means of the micrometer shown at 
the left. The dimensions of the instrument are 
calculated So that one revolution of the screw 
tilts the bubble by a defir?te number of seconds. 
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For spnsitive bubbl{'s a dOll ble lcver arrange- 
ment can be used. By thIs means the angle 
necessary to move the bubble through any of 
the divisions of the scale can he found, hence 
1 Firl. 1 (j of artielc .. 
lIr\"eyill!:! and Sun"ey 
In
trum('nts" shuws an instrumcnt with this 
arrangement. 
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the mean angular value of a division anù the 
constancy of this value. It will be seen from 
what has been said abm-e that it is not possible 
to calibrate a bubble tube, as \\ith an in- 
accurate tube the sensitiveness will vary \\ith 
the length of the bubble itself. 
11EFERE
CE.-Tran8. Optical Soc. YOI. xx. p. -15. 
E. o. H, 


SPRAYI
G as an alternative method to immer- 
sion for the application of sih-ering solutions; 
an economical process, used for search-light 
mirrors. See ,. Silvered ::\Iirrors and Silver- 
ing," g (2) (iii.). 
STADH. SURVEYI
G \Y ORK, special instru- 
ments for. See" Surveying and Surveying 
Instruments," 
 (21) (v.). 
STADIA SURVEYS, subtense methods. See 
., Surveying and Surveying Instruments," 

 (22). 
STADIA SURVEYS, TACHEOftlETRIC OR, general 
methods. See" Surveying and Surveying 
Instruments," 

 (9) (v.), (20). 
STAXDARD \YAVE - LE
GTHS, definition of a 
system of standard wave -lengths. See 
"'Vave -lengths, The 
Ieasurement of," 

 (4). 
Discussion as to their values. See ibid. 

 (4). 
STANDARDS, OPTICAL, limits of error permis- 
sible in the manufacture of spectacle lenses. 
See" Lenses, The Testing of Simple," 
 (4). 
STA
DARDS OF LIGHT. See" Photometry and 
Illumination," 
 (4) et sqq. 
STARK EFFECT: an effect, discovered by Stark 
in 1913, in which certain spectral lines 
when emitted in strong electric fields 
are resolved into components which are 
polarised in different planes. The resolution 
is not the same for lines of the same 
series, but the polarisation and number 
of the component
 depend on the direction. 
with respect to the field, in which the 
observations are made. See "Spectro- 
scopy, 1Iodern," 
 (9). 
STARLIXG - THO::\IPSO
 PHOTO)IETER, See 
" Photometry and Illumination," 
 (27). 
STATIO
 POI
TER, its use for fixing position 
of ships. See" Xavigation and Xavigational 
Instruments," 

 (14) (i.), (17) (i.). 
STEFAX-BoLTZ:\IAXN LAW, See "Radiation 
Theory," 
 (5). 
STEREOSCOPIf' ORATIcrLEs: a device employed 
in some stereoscopic ran,!!e-finders to gÏ\-e a 
distance scale in the field of ,-it'w. Ree 
" RangE'-finder, Rhort-ba!':e'," 
 (J 3). 
RTEREOSCOPIC R.\XGF.-FIXDI:R. See" Range- 
finder. Short-base," 

 (2) and (7). 
VOL. IV 


STDI1:'"LTTS: a term nsed in connection with 
sensory phenomena to denote the external 
physical eause as di
tinct from the sensation 
percei ,'ed. 
.. STOXES;' a defect in glasð. See" Glass," 

 (lü) (i.). 
STOPS, l\IEAsrREME:r\T OF EFFECTIVE APER- 
TITRE OF. See" Camera Lense's, Testing of," 

 (8). 
STRAI
 IX TRA
SPAREXT l\L-\.TERHLS, detec- 
tion of, by polarised light. See" Polarised 
I..ight and its Application
," 
 (19). See 
also" Glass," 
 (19) (iv.), 
Production of, in gla
s. See ibid. 
 (19) (i.). 
,. STRIAE," A DEFECT IX GLASS: veins of gla8s 
of a different refracth-e index from that of 
t.he rest of the glass; known also as " cords." 
See " Glass," 
 (16) (ii.). 
STRIXG, CALCULATIOX OF FREQrE:KCIES OF 
YIBRATIOX OF, See" Sound," 
 (32) (i.); 
also" Strings, Vibrations of." 


STRIXGS, VIBRATIONS OF 


To investi
ate the transverse vibrations of 
a tense string or wire we take the axis of x 
along the undisturbed position and denote by 
y the transverse displacement at time t of 
that point whosE' equilibrium co-ordinate is 
x. If T 1 be the stretching force the transverse 
forces on the ends of an element ôx are 


- Tl sin ý;, and Tl sin ý; + Ô(TI sin 1/), (1) 
\\ here ý; is the inclination of the curve to the 
axis of x. Hence if p be the line density, ,ve 
have 



2 
pôxhf = ð{T 1 sin ;f). 


(2) 


This E'quation is accurate, but if ý; is every- 
where small we may neglect the cl1anges of 
tension, and further write sin 1/ = tan ý; = êy jêx 
with sufficient approximation. Thus 
ê 2 y _ i 2 y 
êt 2 - - C êx 2 ' 


(3) 


where 


c= ,/ (
1 ). 


(4) 


The simplest, and naturally the mo:;:t 
important case is where the string is uniform, 
an;l c ac
ordingly a constant. the general 
solution of (3) is then 


y=f(ct-x) + "F(ct+x). 


(3) 


It is easily verifiC'd. in fact. that this satisfies 
(3), and tile arbitrary functions f and F E'na ble 
us to satisfy prescrihed initial and terminal 
conditions. For instance, in the case of an 
3F 
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llillimited string started from rest in the form 
y=q>(x) the solution is evidently 


y=!{q>(x-ct) +q>(x+ct)}, . (6) 


since this makes 


y=q>(x), 


êJ! -0 
êt - , 


when t=O. 
If t be increased by any arbitrary amount 
T, and x by CT, the value of the first term 
in (5) is unaltered. Hence thi
 term, taken 
alone, would represent a wave-form travelling 
unchanged in the direction of x-positivp with 
the constant velocity c. Similarly, the second 
term in (5) represents a wave travelling with 
velocity C in the npgative direction. From 
the generality of the solution (5) we infer 
that any initial disturbance of the string 
resolves itself into two waves travelling in 
opp08ite directions. In the particular case 
where the string is started from rest, the 
formula (6) shows that the two waves are 
identical in form, and have at corresponding 
points half the original amplitude. 
The kinetic energy of any portion of the 
string is given by 
T =! f ( 
i ) 2 pdx , . (8) 


the integral being taken over the portion in 
question. Since the len
th of an eleuwnt is 
altered from êx to sec ý;ox, the work done 
in stretching it i
 
( Z'y ) 2 
Tl (sec ý; -1)dx =!T 1 ('X OX, 


(7) 


end, ,,,hilst the second rppresents the reflected 
wave. Thi:;; is anti-symmetrical to the original 
wave, i.e. it is identical in form except that it 
is reversed in sign, and also end for end. 
In Acoustics we are concerned "ith strings 
of finitp length, fixed at both pnds. Supposing 
these to be the points x=O, x=l, tll{> formula 
(12) will apply, provided 


F( ct + 1) = -F( rt -l) 


(13) 


for all values of ct. The function F is t!wrefore 
unaltered whenever the variable is increaspd 
by 21, and the values of y and d!l/dt "ill 
thprefore recur exactly whenever f increases 
by 21/c. Hence, whatpver the initial circum- 
stances, the motion of the string is strictly 
pprioòic, the period 21jc being the time a waye 
would take to travel ov<<;r twice the length 
of t.he string. In this respect strings occupy 
an almost unique positioIl among vibrating 
systems of multiple freedom, The only other 
acoustical instance is that of loru!Ìtudinal 
vibrations of uniform rods or columns'-' of air. 
To treat the question by the more genC'ral 
procedure of t.he Theory of Vibrations we 
inquire what modes of vibration are possible 
in which the motion of each particle is simple 
harmonic with uniform period and phase. 
Assuming 


y =u cos (wt + f), 


(14) 


where u is a function of x only, we find that 
(3) is satisfied, provided 


d 2 ,lt W 2 
dx 2 + C2'U =0, 


(15) 


to the second order. The potenti
l energy is 
therefore whence 



 ( 2 ) 2 
V =!Tl} (
 rlx, 
the integral being t.aken over the disturbed 
portion. In a "progressive" ,,,ave, i.e. a 
wave travelling in one direction only, say 


y=f(ct-x), 


we have 


ry _ ?y 
êt - -c êx ' 


and therefore T = V, in virtue of (4). The 
energy is therefore half kinetic and half 
potential. 
\Vhen the string is limited in one or in both 
directions rC'fle('tion will take place. For 
instance, if the origin be fixed we must have, 
in (5), f = - F for all values of the variable, 
and therefore 
y=F(ct+x)-F(ct-x).. (12) 
If we snppose the string to lie to the right 
of the origin, the first term represents a wave 
of arbitrary form travelling towards the fixed 


wx . wx 
u=Acos- +B SIll-. 
C C 


(16) 


(H) 


Since u is to vanish for x = 0 and x = l we 
must have A =0 and sin (w1jc) =0, or ' 


87T'C 
w=T' 


(17) 


(10) where 8 is integral. . \Ve infer that there is 
an endless series of normal modes (as they 
(11) are called) of the type 


. 87rX ( 87T'Ct ) 
y=Ba sm T COS T +fa , . 


(18) 


where the constants Ba amI fa are arbitrary. 
The mode corresponding to 8 = I is caned 
" fundamental"; in it the form of the string 
at any instant is that of a semi-undulation 
of a curve of sines. In the next member 
(8=2) of the series the string forms a complete 
undulation, with a point of rest, or "node," 
at the mid(lle point. In the mode corrpspond- 
iug to any other valup of ð there are 8+ 1 
nodes (counting the C'nds), an(l 8 intervening 
"loops," or points of maximum amplitude. 
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. 
The frequencies (wl'.:.1r) of the successive modes 
form a harmonic series- 



 x (1, t, t, 1, . . . ). 
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Tlús relation of frequencies has important 
con8eq uences in Acoustics. 1 As is suggested 
by a remark already made, it i
 peculiar to 
strings and to one or two other ideally Silll pIe 
systems. Even in the case of a string the 
harmonic relation is at once violated if the 
density is not uniform. or if the flexural stiff- 
ness of the \\ire has to he taken into account. 
The frequency of the fundamental mode, 
which detennines the "pitch" of the note 
prod uced, is 


(' Tt 
_ 1 

l- 
lp! . 
It is lowered bv increase of lencrth or of 
line-density, and 
raised by increase 
f tension. 
These points have familiar illustrations in the 
structure and tuning of the pianoforte. 
So far, the string has been supposed free 
from external force. To illustrate the case 
of " forced" vibrations we may ima0ne that a 
prescribed vibration 
 
 
Y ={3 cos wt (
O) 
is imposed at the point X=ll. The two parts 
of the string are to be treated separately, since 
the equation (3) is violated at the point in 
question. The solution is 


sin (wx'e) 
Yl = . ( I / 1 cos wt, (21) 
SIn wa e. 


for O<x<a, and 


sin {w(l- x)/e} 
Y2 = . I (l )/ } r3 cos wt. (22) 
sm ìW -a e 
Each of these expressions is seen to come 
under the form (5), whilst for x =a the values 
of Yl and Y2 agree \\ith (20). The amplitude of 
YI or Y2 becomes very grent whenever wale 
or w(l- a)/e is a muJtiple of 1r, i.e. when the 
imposed period approximates to a natural 
period of either of the two segments of the 
8trin
. 'Ye have here an illustration of the 
principle of Resonance (see" Simple Harmonic 
)Jotion." Vol. I.), but it is to be remembered 
that when the amplitude fxceeds certain limits 
dis:'.ipation forces become important. 
It is to be remark(>d thè.
t the direct action 
1 ::;ec " ::;ouml," 
 (
:!). 


of a string in 
tarting air wa\es is quite 
in
ignific!:mt. In tbe pianoforte, for example, 
the periodic pressures on the bridge8 near the 
ends of the string set the whole area of the 
s
)lmding - board into \ ibration, and this is 
really the orighl of the audible 
ound. There 
is, of coursf', a certain reaction on the string 
it-.:elf, but this is negHg:ible except in so far 
as the loss of energy gradually brings the vibra- 
tions to an end. H. L. 


(19) 


Sr-B)I-\RIXE RAXGE-FIXDER (Zeiss). See 
"Range-finder, Short-hase," 
 (7). See also 
" Periscopes. " 
SrB-ST-\XDARDS OF LIGHT: electric lamps 
used in practical photometry instead of 
primary standards. See" Photometry and 
Illumination, " g (13). 
SCBSTITUTIO:X :\IETHoD: application to 
measurement of prism angles. See" Gonio- 
metry," 
 (2). 
SUBTESSE )IETHoDs. See "Surveying and 
Surve)ing Instruments, '. 
 (22). 
SUGAR, ROT lTIOS COXSTAXTS OF. See U Sac- 
charimetry, " 
 (.3). 
SUGAR STAXDARD, SrBSIDIARY, FOR:\IEAS{!RIXG 
THERoTATIOXCOXSTAXTSOFSrGAR: aquartz 
plate which, when measured with a sacchari- 
meter, gives the same reading as that of a 
nonnal solution "ith the same instrument. 
See" Saccharimetry," 
 (5). 
SO[XER LIXE. See" Xayigation and Xaviga- 
tional Instruments;' 
 (4-). 
SrRFACE TESSIOX OF GLASS. See" Glass," 

 (32). 
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I. SrrRVEYIXG IX GEXERAL 

 (1) IXTRODrCTlo:x.-SUrYeying consists in 
the application of physical measurement to 
the earth's surface, and furnishes a basis for 
its discussion. Land 8urveying may be divided 
roughly into three classes, cada<::tral, topo- 
graphical, and geodetic, but there is no clear- 
cut ùhTision between them. Strictly speaking, 
a cadastral survey is concerned only " ith 
property boundaries, the topographical \\ith 
natural features and physical objects, and 
geodetic "ith the shape of the earth, In any 
highly dcyeloped country a cadastral sun-ey 
must be on a large scale. and any large scale 
survey is frequently callf"d a cadastral survey. 
For example, the large scale Ordnance 
urvey 
maps of the "Cnited Kingdom are sometimes 
called eadastral maps. although they do not 

how property boundaries as such; they show 
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the physical di \Tisions of the land such as 
hedges, walls, or ditches, which lllay or may 
not be the actual property boundaries. They 
are therefore, strictly speaking, topographical 
maps on an unusuaHy large scale. On the 
other hand, a cadastral map is of little use if 
it does not include some topographical features. 
Generally speaking, a topogra,phicalmap should 
show all the accidents of the surface which 
distinguish it from a featureless plane and 
which are of sufficient size to be shown legibly 
on the map. To satisfy these requirements on 
a scale larger than six inches to the mile (or 
about 1/10,000) would be very expensive and 
of little general use, and such large scale ma ps 
are only made of small areas for special en- 
gineering purposes. The smallest scale which 
can be considered a topographical map is 
about 1/.300,000, maps on scales smaller than 
this become compilations or atlas maps. The 
scales most used for topographical purposes 
vary from 1/23,000 to 1/230,000. A geodetic 
survey does not in itself result in a map, but 
it is impossible to prc'duce a good topographical 
or cadastral map of any considerable area 
without measurements which approach the 
accuracy required for geodetic purposes, and 
if the maps are to be on any but the smaller 
scales geodetic accuracy is necessary. 
Land surveying is a very ancient art, and 
was carried out in Egypt as early as 3000 B.C., 
being required for laying out property bound- 
aries on the land covered by the Nile floods, 
and for measuring the areas of holdings for 
revenue and land registration purposes.! 

 (2) ACCURACY REQUIRED.-In deciding on 
the methods to be adopted in any given case 
it is necessary to consider on the one hand 
the precision of measurement and the elimina- 
tion of errors of observation, and on the other 
the nature of the region to be surveyed and 
the purpose for which the results are required. 
Superfluous accuracy may lead to as un- 
profitable expenditure as an attempt to survey 
a large area without suitable means of con- 
trolling and eliminating the errors which must 
occur. For economical work there must be a 
proper adaptation of the means available to 
the end in view. The attainment of this 
requires a knowledge of the principles on which 
all survey work is based, and of the causes, 
and laws of accumulation, of the errors in the 
various pl'Ocesses. 
The ideal accuracy is such that no error in 
fixing the position of any point is greater than 
the smallest amount that can be plotted on 
the largcst scale map which is to be produced. 
\Vhile this limiting error should never be ex- 
ceeded, it must be rememhered that the final 
error in the position of a point depcnds not 
only on the immediate measurements made to 
1 See H. G. L
Tons, Cadastral SUTL'cy of EUypt, 
Cairo, 1908. 


it, but includes the errors of the points from 
which it is fixed. It i
 lleces
ary therefore to 
provide a framework of points fixed with 
great accuracy, and \\ ith any errors that may 
appear, distributed in the best manner pos- 
sible. These points are then used to control 
the detail of the survey, and prevent the 
accumulation of errors. By this means the 
bulk of the work can be done by rougher 
methods, and the most accurate, and therefore 
most expensive, work reduced to a minimum. 
\Yhen commencing any new survey it is 
always economical in the long run to provide 
a framework, over the whole area to be sur- 
veyed, of the highest accuracy that is likely 
to be required in the future, and so to arrange 
it that it can be extended if and "hen the 
area is to be extended. If the framework is 
only just sufficiently accurate for a small scale 
topographical map, it will be useless for a 
larger scale, or more extensive, survey in the 
future. Limitations of time, or funds, avail- 
able may necessitate a lower degree of accu- 
racy, but it is generally false economy to hurry 
unduly or to starve the provision of this 
primary framework. If such an accurate 
framework is provided the points composing 
it must be marked in a permanent manner, 
so that they can be accurately identified at a 
future time; it is obvious that any failure in 
this respect makes the work useleEs for any- 
thing but the survey immediately in hand. 

 (3) CO-ORDINATEs.-In all cases the general 
principles of fixing and defining the points are 
the same. The position of a point is defined 
either numerically or graphically by some 
system of co-ordinates, one co-ordinate being 
always measured vertically, i.e. in the direction 
of the force of gravity through the point. A 
surface which is everywhere at right anglt's to 
the vertical is a horizontal, or level, sudace. 
The simplest example of such a surface is that 
of a lake or sea at rest, and the other two co- 
ordinates are generally measured on the surface 
represented by the mean level of the sea, 
supposed to be continued through the land. 
This sudace constitutes the '" Geoid," being 
the mathematical "figure of the earth" (Ree 
the article on "Gravity Survey." Vol. III.). 
The shape of the geoid approximates to an 
oblate spheroid having a semi-major axis of 
about 6,378,000 metres and an eccentricity of 
about 1/299. In surveys of large areas, such as 
countries or continents, it is necessary to take 
account of the spheroidal shape, and measure- 
ments are reduced to some selected "spheroid 
of reference." For smaller areas it is sufficient 
to consider the reference sudace as a sphere 
whose centre lies in the earth's polar axis, and 
for still smaller areas the surfaee may he 
considered as a plane. The aHsumption that 
the surface is a sphere rather than a spheroid 
leads to the simplification that the vertical 
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plane through a point A "hich also includes 
a point B is identical with the vertical plane 
through B which includes A, and that the 
level surfaces are all concentric spheres. 
In commencing the survey of any area the 
reference surface is first selected, a point on 
this surface is then chosen as "Origin," and 
if the survey is to be connected to any other 
survey, the position of this point must be 
determined, either by connecting it to an 
existing survey, or by astronomical determina- 
tion of its latitude and longitude. An azimuth 
must be similarly determined in order that 
the survey may be properly oriented. If the 
direction and distance from the origin of any 
other point is determined its position is 
fixed. Further points can be fixed in a similar 
manner, or by determining their directions 
from two points already fixed, or by deter- 
mining their horizontal distances from two 
fixed points. In the latter case the height of 
the point must be determined separately, in 
the former case it is usual to measure horizontal 
angles only, and if this is done the height 
must also be determined separately. The 
system of horizontal co-ordinates to be adopted 
depends on circumstances. \Yhen an appreci- 
able fraction of the earth's surface is to be 
considered the co-ordinates used are Jatitude 
and longitude. 

 (4) LATITL"DE,-The latitude of a point is 
defined as the angle made by the ,-ertical 
through the point" ith the plane of the equator. 
It is measured north or south from the equator. 
Strictly there are three different definitions of 
latitude-astrOJwmicallatitude as defined above 
and depending on the true vertical at the point; 
geocentric latitude, which is the angle the line 
from the earth's centre to the point makes 
\\ ith the plane of the equator; and geographical 
latitude, which is based on the suppo
ition that 
the earth is a spheroid of known compression, 
and is the anale that the normal to this spheroid 
makes ,Üth V the plane of the equator. It 
differs from the astronomical latitude only in 
being corrected for the local de,'iation of the 
plumb-line. It is this latitude which is used 
in mapping. The astronomical latitude of any 
point can be found direct by observation on 
the sun or stars, and can be found "ithout much 
difficulty "ith an error of less than 0.3" (cor- 
responding to about 30 feet on the ground) 
using a 6-illCh theodolite, and with greater 
accuracy by using special instruments. The 
astronomical latitude is not absolutely constant 
for any point, but varies through a range of 
about 0..)" 0\\ ing to the fact that the geometric 
axis of the earth does not coincide absolutely 
with the a
is of rotation. 
The angle between the true vertical at any 
point and the normal to the spheroid of 
reference is kno\\ n as the deviation of the 
plumb-line, and in places \\ here this (or rather 


its component in the meridian) varies the 
length of a degree of latitude as measured on 
the earth's surface \\ ill also vary irregularly; 
consequently astronomical latitudes are not 
suitable as co-ordinates for mapping purposes 
for large scale work The deviation of the 
plumb-line may amount to over half a minute 
in exceptional cases, 1 and in the absence of a 
geodetic survey there i:::. ah, ays an uncertainty 
of a few seconds. Geographical latitudes are 
corrected for this dm-iation, and therefore the 
length of a degree of geographical latitude does 
not vary irregularly. \Yhen the latitude of 
the origin, and the spheroid of reference to be 
used, have once been settled for any survey, 
the geographical latitudes can be calculated 
from the measurements and used for mapping 
purposes, but the resulting values will depend 
on the spheroid adopted and on the (necessarily 
unknown) deviation of the plumb-line at the 
origin. Consequently t" 0 surveys started in- 
dependently cannot in general be expected to 
give the same ,'alues for the latitudes of any 
points common to both. 

 (5) LO:XGITCDE.-The longitude of a point 
is the angle between the meridian plane through 
the point and some standard meridian plane, 
and is measured east or "West from the standard. 
The meridian plane now almost universally 
adopted as standard is that of the transit 
instrument at Greenwich Observatory. The 
plane of the meridian may be defined in two 
ways, either as the plane through the earth's 
axis which contains the point, or as the plane 
parallel to the earth's a
is which contains the 
vertical at the point. The first definition gi,-es 
the geographical longitude and the second the 
astrOlwmical longitude, the difference between 
them being the deviation of the plumb-line in 
the prime vertical (the plane passing through 
the vertical anrl perpendicular to the meridian). 
Geographical longitude is calculated in the 
same way as geographical latitude, but the 
determination of astronomical longitude is less 
simple. The difference in longitude bet" een 
two points is a measure of the difference in the 
local times of the two points., one hour of 
mean time corresponding to 13 0 of longitude. 
Local time can óe found by astronomical 
observations with an error of less than T"'u- 
second without much difficulty, but to deduce 
the lomritude Green" ich mea
 time must also 
be kno
'TI. This is the most difficult part of 
the problem. Recent ad,-ances in "irele::;s 
telegraphy have simplified this, and "irele
s 
signals can be recorded on a chronograph with 
a time lag of less than Tã1J second, Hnd there 
now appears no reason" hy astronomicallongi- 
tudes should not be ohtained in the field with 
the same accuracy as latitudes, and" ith nearly 
1 Sec d{' Graaf Hnntrr, TIll' Earth's Axis and 
Triangulation, Sun
ey of India, Prof. Paper, 16, Dehra 
Dun, HHS. 
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the same facility. In the past the only accu- 
rate method has been by exchange of tele- 
graphic signals. Thi
 is only possible when 
arrangements can be made for the use of a 
telegraph wire between the field station and 
some station whose longitude is kno" n. 
Transport of chronometers is not very sa tis- 
factory, as the rates of the chronometers are 
liable to change while they are being trans- 
ported, but this has up to now been the best 
method available where triangulation or tele- 
graphic determinations have not been possible. 
Recent improvements in chronometers, com- 
bined with the possibilities of rapid transport 
by aeroplane, have increased the accuracy 
po::;sible by this method. A recent determina- 
tion 1 of the difference in longitude between 
Paris anù Greenwich shows the possibilities. 
In this Paul Ditisheim used 13 chronometers, 
and took in all five trips between Paris and 
Green,vich, giving sixty-one separate dder- 
minations. The mean for the sh..ty-one was 
9 minutes 20.947 seconds -t '027, the probable 
error of one determination being 0.214 second. 
The mean of the French and Bliti
h deter- 
minations by telegraphic methods in 1902 was 
9 minutes 20.933 seconds. 
Green wich time can also be obtained by 
observations of the occultation of stars by the 
moon, or by observing or photographing the 
position of the moon among the stars, but 
such observations are neither simple nor accu- 
rate. 

 (6) "FIGURE OF THE EARTH."-This is 
found by determining as accurately as possible 
the astronomical latitudes and longitudes of 
points connected by a geodetic survey, and the 
figure so found is that which makes the result- 
ing deviations of the plumb-line a minimum for 
the stations considered. Naturally as geodetic 
surveys are extended more data become 
available, and fresh figures can be found 
which approximate more closely to the true 
geoid. For' this reason surveys started at 
different times and in different countries have 
adopted different figures for their calculations, 
but these variations have little effect on the 
mapping of the various countries, and the 
labour of fresh calculations which would be 
necessitated by a change in the figure has not 
been considered to he justified by any gain in 
accuracy that ,vould rpsult. Inconvenience 
atises, however, when two such surveys connect 
up with each other,2 and as the existing gaps 
in geodetic triangulation hecome filled up, the 


1 Monthly Notices, Royal Astrowilnical Soc" lxxx. 
son. 
2 A striking ('
amplp of the inconvenipncc cansed 
hy surveys whif'h had not bcen reduced to a con- 
Ristrnt whole, hut which connf'ctf'd or overlapped, i!'! 
givpn hy tlw theatre of o})Nation!'! of thp British 
Armies in Frant'e and l"lawlers in th(' late war. 
There were no If'sS than tiye good} hut ('onflicting, 
Rystelns of triangulation in this area, Sce Geographical 
Journal, liii. 253. 


question of recalculation. so as to make a 
consistent whole, will ha.ve to l.!e seriously 
conRidered, 

 (7) BE(,TA
GUL.\R Co - ORDINATES. - In- 
stead of using geogra phical co-ordinates 
(latitude and longitude), it is freq uently 
preferable to use rectangular co-ordinates, 
and these are invariably used in large-scale 
,vork The position of any point on the 
earth's surface can be defined with reference 
to any other point chosen as origin by the 
intercept of the great circle at right angle's 
to the mm'idian through the origin and pa::;sing 
through the point (x co-ordinate), and the 
diHtance along the meridian from the origin 
to the intersection of the great circle (y co- 
ordinate). Bectangular co-ordinates as thus 
defined are strictly accurate means of defining 
the position of points. Geographical and 
rectangular co-ordinates can be converted 
the one into the other. 3 
The rectangular co-ordinates of tl'averse 
points or trigonometrical point::;, whose latitude 
and longitude are not required, are generally 
calculated as follows. 
A (F1"g. 1) is the origin, AY the meridian, 
AX the great circle perpendicular to the 
meridian. Then the co-ordinates (X1YI) of B 
are given by Xl =AB sin a and YI =Aß cos a, 
where a is the azimuth, or true bearing of 
the first side Aß. Similarly, if ß =ABC - a, 
X 2 = BC sin ß, and Y2 = BC cos ß, the co-ordinates 
of C are (Xl + X 2 )(YI - Y2). Similarly the co- 
ordinates of D and further points can be found. 
It will be noticed that 
in the case of a tri- y 
angulation such as i8 
sho\\ n in Fig. 1 the 
co-ordinates of C can 
be found either from 
B or A, and those of D 
from B or C. It is 
generally advisable to 
compute both ways so 
as to provide a check on the arithmetic. It 
must also be noticed that once the initial 
meridian has been left the angles ß, 1', etc., 
are no longer the true bearings of the sides, 
and must never be used as such. They 
are commonly known as "false bearings," 
and differ from the true bearings by an 
amount known as the convergence of the 
meridians. This method' of calculation as- 
sumes that the perpendiculars dropped from 
the points B, C, etc., to the' axes are parallel 
straight lines. In f('ality the perpendiculars 
to the Y axis are portionR of great circles, 
and therefore not parallPl to each other nor 
to the axis of X, hcnce as thf' points get 
further from the Y axis the y co-ordinates as 
calculated become larger than their true 


x 


1.'IG. 1. 


3 S{'p A" R. ('larkp's or other hook on (;p()(h'sy ; or 
C, )'. Close, Text-book on Topographical Surl'eyi1/g. 
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value. This error increases as the square 
of the distance from the meridian, and amounts 
to about 1 ft. per mile at a distance of 75 
miles from the meridian. The errors of the 
x co-ordinates, and those of the y co-ordinates, 
due to increasing distance from the X a xis, 
are much less serious. This method of 
computing, though extremely useful, must 
not be continued too far from the initial 
meridian. 

 (8) )IAP PROJECTIo
s.-In order to form 
a map the points must be plotted on a plane 
surface, and some orderly system of construct- 
ing the meridians and parallels must be 
selected for this purpose, Such an arrange- 
ment is called a map projection, although it is 
not, as a rule, a projection in the geometrical 
sense of the term. As the surface of the 
earth is curved it is impossible to represent 
it \\ithout distortion on a plane surface. 
For small areas, where the departure of the 
earth's surface from a plane is small, it does 
not matter much what projection is selected, 
and points are generally plotted by treating 
their (spherical) rectangular co - ordinates as 
plane co - ordinates. In a map covering a 
large area of ground the main points must 
be plotted either from their geographical 
co-ordinates, or from these reduced to plane 
rectangular ('0 - ordinates, according to the 
projection adopted. In the case of large- 
scale work minor points are plotted by 
rectangular co-ordinates. and the consequent 
errors are prevented from accumulating to 
any appreciable extent by shifting the origin 
uæd from one principal point to another as 
the work proceeds. The various map pro- 
jections in use are dealt ,Üth in a special 
article. 

 (9) )IETHoDS OF ßIEASURE
IE:ST, - The 
actual measurements required in the field 
are of two kinds : 
(a) Length measurements, either direct by 
means of measuring rods, chains, tapes, etc., 
or indirect by the use of angular measure- 
ments. (b) Angle measurements. Generally 
horizontal and vertical angles are measured 
separately. The instruments most used are 
theodolite, compa
d, or plane table, for 
horizontal angles; theodolite or clinometer 
(with either a spirit-level or plumb-bob) for 
vertical angles; and the sextant for direct 
angles. 
These fundamental IDPasurements can be 
combined in various ways. For obtaining 
horizontal co-ordinates the follo\\ing methods 
can be adopted: 
(i.) Trianqulation,-This consists of forming 
a network of triangles, built up one on the 
other, the distance between two points being 
first accurately measured by a base measuring 
a pparatus. The angles of the triangles being 
then measured "ith a theodolite, the lengths 


of all the remaining sides Can be calculated. 
This method is the best Íor providing the main 
framework of any eÅtensive survey, and is the 
only one used for geodetic work. It should 
always be used where circumstances permit 
(see 
 (10)), 
(ii.) Traversing.-Traversing consists in pro- 
ceeding from point to point in straight lines. 
The distance between points is measured 
directly, anù changes of direction are measured 
at each point by means of theodolite or 
compass. Traverses are used in close country, 
such as towns or forests, where triangulation 
is impossible or unduly expensire, or for 
railway or road location surveys where the 
survey of only a narrow strip of land is 
required, They are generally used in conjunc- 
tion with a triangulation (see 
 (11)). 
(iii.) Detail Surz:ey.-Detail survey consists 
in the filling in of minor points of detail 
between the trigonometrical or traverse points 
alrearly fixed, It is generally carried out hy 
simple length and angular measurements 
(chain survey, etc.), or in some cases by large- 
scale plane-table work (see 
 (15)). 
(iy.) Plane - tabling. -The plane - table con- 
sists simply of a dra\\ing - board mounted 
horizontally on a portable stand, The detail 
is dra \\ n 
traight on the board in the field. 

\.n alidade, or sight - ,rane, consisting of a 
ruler fitted with sights, enables rays to be 
dra wn on the board in the direction of the 
various points. Points are fixed by interpola- 
tion or resection from knowTI points, or by 
a system of graphic triangulation, or by 
means of directions determined graphically 
and distances by tacheometric means (see 

 (16)). 
(v,) Tacheometric or Stadia SUr1:ey.-In this 
case distances are measured indirectly by the 
angle subtended at the instrument by a 
known length at the distant point. If the 
bearing of the point is known the co-ordinates 
of the point can be calculated, or its position 
plotted by protractor and scale (see 
 (20)). 
(vi.) Åstrmwmical Obserrations. - Astro- 
nomicallatitudes, local time, and the direction 
of the true north can be obtained from 
observations on the sun or stars. As already 
explained, such obselTations are required 
for determining the position of the origin 
and the orientation of new surveys, and for 
geodetic purposes. They are also useful as a 
check on route traverses and rough tri- 
angulation. The determination of an azimuth 
is often required in many classes of survey 
(see 
 (23)). 
(vii,) Photographic SUrl,'eying.-Photographs 
can be used for measuring angles if the focal 
length of the lens used is known. Such 
methods are sometimes of use in mountainous 
country, and the recent de,?elopments in 
aviation have opened up possibilities of 
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surveying by means of photographs taken 
from aircraft. 
The general utility of photographic methods 
is, howeyer, much debated, and for a complete 
topographic survey plane-table methods are 
generally preferable, but photographic nlf'thods 
may be useful in very rough country, or for 
location surveys in mountainous country. 1 
Elaborate apparatus for plotting from photo- 
graphs has been made, notably by Zeiss. 
A full description of the different apparatus 
available, together "ith a bibliography, is 
given by 
Iax 'Veiss. 2 
Survey from aerial photographs suffers at 
present frolH two great disadvantages: (1) 
The apparent direction of gravity in an aero- 
plane depends on the acceleration of the 
aeroplane, consequently the direction of the 
true vertical is not known. This difficulty 
can be overcome if sufficient points, whose 
position and height are known, can be accur- 
ately identified in each photograph, but the 
result is that a stronger and more expensive 
trigonometrical control is needed than would 
be required for ordinary methods. (2) The 
difficulty in obtaining an adequate know- 
ledge of the relief of the ground. In any 
case it is only the tOp8 of walls, houses, etc., 
that can be fixed accurately, whereas the 
ground plan is usually required by surveyors. 
The overhang of trees and buildings creates 
further difficulty. These disadvantages make 
the method of little use in closely inhabited 
country. On the other hand, aerial photo- 
graphy prm-ed of great use during the war 
to fill in fresh detail in inaccessible country, 
and is also of use in the survey of flat country 
that cannot easily be walked over, and for 
the rapid survey of high-water mark on the 
coasts or in flooded areas, 3 
The vertical co-ordinates are found in the 
following ways: 
(a) Levelling.-Readings are taken on a 
vertical scale by means of a horizontal line 
of sight. The difference of two such readings 
from the same position of the instrument 
gives the difference of height of the two points 
on which the scales are supported. By a 
succession of such readings the heights of 
successive points are obtained. This is the 
most accurate method (see 
 (29)). 
(b) Trigo no 111 etrical Determination of Heights. 
-If the distance of a point is known and the 
vertical angle to it nWHsured, tllf' height of 


1 ;o;ee F. 1[anrk, ñ.strrrrichi.'I('lu'r lngenieur- und 
Arrhitfk[Pn- rf'rpill, Zeif.
rhrilt. lxxii. 7:3. 
2 Die !lP,
chi('htlich(' Enf1l'icklll1lfl ripr Phofoflram- 
?nftrie wul die Ri'flTÜnrlllllfl ihrer JT fru'endbarkrit Iür 
Mess und !(mu;tmkfiml.c;zuwkp (Stl1tt!mrt). l!n3. See 
alho R. HC'lh1ing. S('hll'Pizpri,
('h(' Ra/lzfifw1fl, lxxvii. 6 
an(l ]3, anù ".. Sander, Zeit. In.c;frllmpntPrlk. xli. 1,33, 
and ()5, 
3 S('c G{)of/raplliml .Journal. Ivi. 201 and 4Rl; al
o 
C. n. J.ewis and II. G. Salmonù, .surl'ey of India, Prùj. 
Paper, 19. 


the point above, or below, the im;trmuent 
can be calculated. For distant points allo,,- 
ance must be made for the curvature of the 
earth and for atmospheric refraction, The 
method suffers from the uncertainty of the 
allowance for refraction, and the errors from 
this cause increase rapidly "ith the distanec. 4 
(c) Barometric Jlet/w([.s. - :\Ieasurement of 
the atmospheric pressure by means of an 
aneroid, or otherwise, is the quickest method 
of determining heights, but as the pressure 
varies according to the " weather" as well as 
the height, this method giyes only rough 
results in most cases. 
The various methods set out above and the 
instruments used will now be considered in 
more detail. 


II. TRIANG ULATIOK 

 (10) TRIANGULATIO
.-lf the length of one 
side, and the three angles, of a triangle are 
known, the lengths of the other si<ks ean be 
calculated, from whence it follows that if the 
angles in any figure built up of triangles are 
measured, together with the length of any 
one side, the lengths of all the other sides can 
be calculated and the apices of the triangles 
fixed. The measured side is called the base, 
and its method of measurement is described 
Jater. The figure may consist of a chain of 
triangles, of quadrilaterals, of polygons, or 
of a network, as shown at (a), (b), (c), and (d) 


}'IG. 2. 


of Fig. 2, Although it is sufficient to measure 
two of the three angles of each triangle it 
is better to measure all three, as this gives 
a measure of the accuracy and prevents 
mistakes. The International Geodetic ÀS8()('ia- 
tion classes triangulation as follows: .First 
order has a triangular error not exceeding 1", 
second order not excpeding 5", third orùpr 
t Sf'C' artidf' on co Trigonolllí'trkal Hf'i!!hts and 
Tf'frestrial AtmosphC'ric Uefraction," Yol. Ill. 
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not exceeding I.,)", fourth order exceeding 
I.')", In a first-class pxtensive survey there 
arf' generally three classes of triangulation. 
The ,. priluary" should, if possible, be of 
the first order of accuracy, or should closely 
a pproach it. The ::;ides of the triangles \\ ould 
average 30 to -10 miles (up to 100 miles 1 a ,e 
been observed). All angles are measured, 
and a 10- or I
-in. micrometer theodolite 
is used. This forms a backbone, or main 
framework for the survey. The" secondary" 
triangulation is carried out with H- or 8-in. 
instruments, with fewer observations, and the 
lengths of the sides are shorter. Errors are 
prevented from accumulating by adjusting 
the re
mlts to those of the primary work. 
.Finally the whole country is covered by a 
,. tertiary" network, based on the secondary 
work. The length of the sides depends on 
the scale of the map required, and for large- 
scale work would average about Ii miles. 
'Yhen time and funds permit, it is always 
advisable to provide a framework of fir::;t 
ord
r triangulation. This will then serve 
for any survey that may be required in the 
future; and if accurate large - scale surveys 
are started in various parts of the country 
this framework ensures that they will join up 
correctly when they meet. If it is impossible 
to carry out such work, the main framework 
should be of at least sufficient accuracy to 
ensure that no error is introduced which will 
be plottable on the scale of the map which it 
is to control. 
\Vith any extended system of triangulation 
it is always advisable to measure one or more 
check ba::;es, at considerable distances from 
the original. Bases can now be measured so 
easily that modern practice tends to multiply 
the number measured. 
The errors in primary work are always 
adj usted by the method of least squares. 
The accuracy depends not only on the accuracy 
of mea
mrement, but also on the "strength " 
of the figure. In a simple chain of triangles 
((a), Fig. 
) the triangles are all independent, 
and the only adjustment made is by distribut- 
ing the triangular error between the three 
angles. In other words, there are three 
unkno" n errors, and only one conditional 
equation that must be fulfilled by the correct 
angles. In the case of a chain of quadrilaterals 
((b), Pig. 2), while each quadrilateral is in- 
dependent, eight angles are measured, but 
there are four conditional equations connecting 
them, hence the errors can be distributed 
better and the figure is "stronger." The 
strength also depends on the figure being well 
conditioned; e.g. an equilateral triande is 
stronger than one containing an acutp angle. 
l\Iore complicated figures are still stronger, 
but as tllPir strength increases so does the 
labour in adjusting them. Check bases 


provide a further correction, "hich must be 
applied throughout the chain connecting ea('h 
pail' of ba"es, it being usually considered that 
the measured lengths of the base8 are errorless 
compared with those calculated through the 
triangulation. Similarly a chain closing on 
itself, or on a previously adjusted chain, so 
as to form a closed circuit, provides a further 
condition, 110dern practice tends to adopt 
chains of quadrilaterals, forming a grid or 
network, with occasional more complicated 
figures as may be necessitated by base 
extensions or topographical conditions. 
In first order work the signals observed 
to are generally lamps or heliostats, work on 
lamps at night giving the best results. If 
opaque signals are use-d, c
re must be taken to 
avoid a construction that presents variations 
in phase according to the direction from which 
the light falls upon it. ..All stations must 
be carefully marked and described so that 
they can be found again in later years. It is 
desirable to have concrete or brick pillars to 
support the instrument and the lamps. In 
fiat or wooded country it may be necess
try 
to erect towers to support the instrument 
so as to get a sufficiently clear sight 


III. TRAVERSES 

 (II) GEXERAL.-A traverse consists of a 
series of straight lines on the earth's surface. 
the lengths and bearings of which are measured. 
Each straight section is called a leg. The 
bearings of each leg may be obtained in- 
dependently by compa
s, or the bearing of the 
first ma v be measured or assumed and the 
bearing 
f each successive leg determined by 
measuring the angle made with the preceding 
leg. Traverses may be made in many ways, 
and with all degrees of accuracy. The 
distances may be measured by pacing, by 
time, by counting the revolutions of a wheel 
run along the ground, by chain, by steel or 
invar tape, or by tacheometric methods, anù 
the angles by prismatic compass, by theodolite, 
or by direct plotting on a plane - table. 
Accurate tra '
erses may be used for the 
secondary framework of an extensive sUl'\
ey 
where the conditions are such as to make 
triangulation difficult or impossible; such 
conditions obtain in dense forest or flat grass 
country where high to" ers of some sort 
would have to be built for the stations of a 
triangulation, caw;;ing great expense. ...\lodern 
developments in the use of steel or innu 
tapes for rapid and accurate measurement of 
length have greatly increased the accuracy, 
and hence the application of this type of 
traverse (see also 
 (41)). 
Traverses are most widely used for roughly 
mapping travellers' routes, and for ùetail work 
in towns and close country. 
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Traverses are also used where a large- 
scale map of a narrow strip of country 
is required, such as a railway survey, and 
also for lllilling work where triangulation is 
im possi ble. 
9 (12) USE OF TAPES.-For town traverse 
work the tapes are generally stretched along 
tile ground, the tension being applied by a 
spring balance, and the slope measurelÌ by 
the theodolite at the saBle time as the hori- 
zontal angles. In rough or jungle country 
it is convenient to use long tapes, up to 
5 or 10 chains in length. In such cases it is 
generally best to let the tape hang free clear 
of the ground, support.ed at intervals of every 
cbain, or some other convenient wstance. 
For traverse purposes these intermediate. 
supports can be wire nails driven into the 
sides of rods, the rods being held vertically 
by assistants; the supports must be aligned 
vertically and horizontally. 
In using a spring balance for applying the 
tension it must be remembered that the tension 
indicated by the dial is that applied to the 
hook when the balance is in a vertical position 
with the hook downwards, i.e, it is the tension 
of the spring minus the weight of the draw bar 
and hook; the tension indicated is therefore 
too low, when the balance is held in any other 
position, by an amount w( 1 - cos a), where w 
is the weight of the drawbar and hook attached 
to the spring, and a the angle made by the 
balance with the vertical, reckoned as 0 when 
the hook is downwards and 180 0 when the 
hook is upwards. 
In order to provide a check on the 
measurements it is useful to have the tape 
graduated on the back and front in two 
different units, e,g. feet and links, or feet 
and meters. 

 (13) )IEASURE)lE
T OF ANGLES. - The 
method of measuring the angles with a theo- 
dolite is similar to that employed in triangula- 
tion, but the following special considerations 
apply, As the bearing of any leg is burdened 
with the accumula.ted error of all the angles 
measured up to the point considered, the 
accuracy becomes of special importance irre- 
spective of the length of the leg sighted. It 
is therefore of great importance, especially 
when using short legs, that the travprse 
points should he very finely marked, that 
both theodolite and signal should be care- 
fully centred, and that the signal should 
he such that it can be accurately bisected. 
The longer the legs the less important this 
becomes, 

 (14) COMPUTING AND PLOTTI
G.-Traverses 
can obviously be plotted direct with a pro- 
tractor and scale, but it is almost always 
better to calculate the co-ordinates of the 
points. Such co-ordinates, or their differ- 
ences, are frequently known as "latitudes 


and departures" 01 "N orthings, Eastings," 
etc. 
Traverses iihould always be run between 
points already fixed, or be closed on the starting- 
point; this enables the total error to be deter- 
mined. The errors accumulated depend on 
the accuracy of both the length and angular 
measurementf.J, and the problem of distribut- 
ing the errors found in the best manner does 
not lend itself to any simple solution. There 
are two main cases, (1) where the bearings 
are measured by compass, in "hieh case the 
error in bearing is not aceumulative, and (2) 
where the angles between successive legs are 
measured, in which case the error in bearing 
increases as the square root of the number of 
angles (assuming that all angles are read "ith 
pqual accuracy). In distributing the errors it 
is usual to correct the angles or bearings 
independently of the lengths. In any closed 
tra verse the correct sum of the angles can be 
calculated and the error divided equally among 
the measured angles. The same applies when 
traverÛng between trigonometrical points. 
These corrected angles are used in the calcula- 
tions, and the remaining errors are distributed 
by corrections applied to the co-ordinates. 
The simplest method is to divide the total 
error in latitude equally among the stations, 
and similarly with departures. A better way 
(on the assumption, generally correct with 
careful theodolite traverses, that the length 
errors are large compared with the angular 
errors) is to use the following rule: "As the 
arithmetical sum of all the latitudes is to any 
one latitude, so is the whole error in latitude 
to the correction to the corresponding latitude, 
and so with the departures." 1 
The angular error can often be checked at 
intervals by observing angles to points already 
fixed, or by astronomical azimuths. Length 
errors can only be checked by closing on fixeù 
points, or, in the case of rough exploration 
surveys over long distances, by astronomical 
observations of latitude and longitude. 


IV. DETAIL SURVEYING 

 (15) GENERAL l\IETHoDs.-The detail on 
large-scale surveys may be inserted by stadia 
methods (q,'L',), by plane-table "ork (q.v.), or 
by chain survey. In small- scale work the 
])lane-tahle is generally used. The surveyor's 
chain consists of links oÎ iron or steel,,, ire 
connected by rings, and ,Üth a brass handle 
at each enfl. In countries using English 
measures the chain is generally ()() ft. long, 
divided into 100 links, every tenth link hcing 
marked by a brass tan. As ten sq narc chains 
are one acre, this forms a convenient decimal 
system for the measurement of areas; 100 ft. 
1 :-:Cf' ,J. TI. ,J olm
on, Theory and Practwe of Surz'eYD 
ing. 17th eù. p, 233. 
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and 20 metre chains are also used. The area 
to be surveyed can be split up into triangles 
(generally starting from a triangle of the 
tertiary triangulation) the sides of which are 
measured. The position of detail })oints are 
fixed by the distance along the line chained and 
the di
tance from the nearest point on the line 
measured (at right angles) by means of a gradu- 
ated rod or tape. Such distances are called 
" offsets." Offsets should be kept short, or the 
error in estimating the right angle "ill become 
too great. Cross staves or optical squares can 
be used to give the right angle if long offsets 
are necessary. The simplest form of optical 
square consists of a pentagonal prism "ith 
reflection at two faces including an angle of 
4.3 0 . It is more accurate, and now more usual, 
to use a graduated ::,teel tape instead of a 
chain. Allowance for slope is maùe by 
estimation, or by measuring the slope by 
clinometer and calculating the correction. 
The field work is booked in a field book, all 
distances being booked as total lengths from 
the start of each chained line. Although the 
chaining of the three sides of a triangle, or the 
four sides and one diagonal of a quadrilateral is 
sufficient to determine it, it is advisable to 
chain also a tie line, i,e. a line from the apex 
of the triangle to a known point on the base, 
or the second diagonal of a quadrilateral. 
This gives a check, and tests the accuracy of 
the work when plotted. 


v. PL_-\.
E-TABLI
G AND PLA
E-TABLES 

 (16) PLANE-TABLING. - The plane-table 
consists essentially of a drawing-board mounted 
horizontally on a portable tripod, and capable 
of being adjusted in azimuth. Accessories used 
with it are a ruler provided \\ith sights (either 
open or telescopic), a compass, and a clino- 
meter. The sigh ted ruler is called the" alidade. " 
The plane-table is used for topographic survey, 
the detail being drawn in direct on the paper, 
and as a rule on the scale required for the 
finished map. Such scale may be anything 
from about 1,2.30,000 upwards. It is not 
advisable to work to a larger scale than that 
of the final map as this entails a larger number 
of field sheets, limits unnecessarily the number 
of trigonometrical points that can he plotted 
Ön the sheet, and leads to an unnecessary 
amount of detail being plotted, and hence to 
a waste of time. The only ad\Tantage is that 
a lower standard of draughtsmanship can be 
used. If a larger scale map is likely to be 
required in the near future it should, how- 
ever, be considered whether the larger -"cale 
should not be adopted at once for the field 
work. 
The general principle of the work is as 
follows. A certain number of points are fixed 
first by triangulation, and carefully rlotted to 


Bcale on the Held sheet, The distance between 
such points depenùs on the scale. a conyenicnt 
rule being: that they should bp about -! in, 
apart on 
the field sheet. If the plane-table 
be now set up and leyelled at any fixed point 
A on the ground, the sight rule laid along the 
line AB (where B is another fixed point 
visible from A), and the table turned till the 
distant station B is intersected by the sights, 
the table is said to be oriented, and if the 
sight rule be laid along the line joining A t3 
any other fixed point, that point should be 
intersected by the sights. Similarly the Hne 
giving the direction of any other point from 
A can be drawn in; two such lines to any 
point from two different settings up of the 
table fix its poátion, and any subsequent [nes 
serve as a check. Stations so fixed and 
checked are termed intersected points, and 
can be used in fixing further points. If the 
di.stance of any point be known, or estimated, 
this distance can be laid off along the line 
and the point fixed. Detail in the neighbour- 
hood of any fixed and occupied point can thus 
be drawn in, The accuracy of measurement 
or estimation required depends on the scale, 
as nothing is gained by an accuracy of measure- 
ment greater than the accuracy of plotting. 
It is always desirable, \\ hen the table is first 
oriented, to mark the magnetic north b)' 
means of the compass, as the plane-table can 
then always be oriented approximately by 
compass. 
If the table be set up at any unknown point 
from which three fixed points A, B, and C can 
be seen, the position can be determined by 
" interpolation" or " resection." 1 There are 
various ways of doing this, but the simplest 
is as follows. The table is approximately 
oriented by compass, and rays are drawn from 
the three points; if the orientation is correct 
these rays \\in meet ill a point, which is the 
required position. 'If (as is probable) they do 
not meet they will form a slllall triangle, 
known as the triangle of error, and the true 
position can be determined by the follO\\ing 
rules: (1) If the triangle of error lies \\ ithin 
the triangle formed by the three points, the 
position is within the triangle of error; (2) If 
the triangle of error falls outside the triangle 
formed by the three points, the position is 
either to the left of all the rays \\ hen facing 
the fixed points, or to the right 
f all; (3) The 
distance of the point from any ray is pro- 
portional to the length of the ray. :From 
these rules the position of the point is estimated 
and marked, the sight rule is placed along the 
line joining this position to th.1t of the most 
distant of the fixed points, and directed on 
1 In -\mNica the tf'rm re
p('tion is al
o nppIit'rl 
where one my has nef'n dmwn to tht' point from a 
previou
ly occupied point. a nct t11<' fixing is complptf'd 
hy rays drawn at t11P unknown point from thcù 
points. 
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the point hy revolving the table, and the 
orientation is then checked on the other point
, 
or on any further points visible. If there is 
still an error the process must be repeated, 
This method fails if the position of the station 
lies on a circle passing through the points A, 
B, and C, and is inaccurate if it lie near such 
a po:-:ition. 
In small-scale work the st<1tions at which 
the table is set up are fixed by intersection or 
resection, and the ùetail sketched in round 
them. Fixings should always be made from 
trigonometrical points if possible, and if not, 
from points that have been carefully inter- 
sected or resected and checked. By this means 
errors are prevented from accumulating. 
(i.) A Plane-table Traverse.-The plane-table 
is not suitable for use in forest country, where 
sights to distant objects can seldom be ob- 
tained for fixing the positions, but it may be 
necessary, even in generally open country, to 
follow a stream or path where ordinary fixings 
cannot be made; in such a Case it may be 
necessary to carry out a plane-table traverse. 
The plane-table is set up and oriented at the 
start of the traverse, and a ray drawn in the 
direction of the first leg (all legs should be as 
long as possible); the distance to the first 
station is measured and its position marked. 
The table is then set up at this station and 
oriented by the back ray, and the direction of 
the second leg drawn, and so on. As soon as 
a position is reached which can be fixed by 
ordinary methods the traverse should be ad- 
justed as follows: if 1, 2, 3, . . . 6 are the 
stations of the traverse and the true position 
of 6 be found to be f, draw lines 2b, 3c, . . . 
through 2, 3, . . . llarallel to 6f so that their 
lengths bear the same proportion to 6f as the 
lengths 1-2, 1-3, . . . bear to 1-6, then b, c, d, 
. . . are the adjusted positions of the traverse 
points. If the legs are necessarily very short 
and the traverse long, errõrs in direction may 
accumulate 'tapidly, and it may be better to 
make a compass traverse and plot it afterwards 
(see" Traverses," ante 
 (II)). 
(ii.) Graphic Trianqulation.-A graphic tri- 
angulation can be carricd out if nece
sary, but 
this should be avoided if possible except for 
such special purposes as a prf'liminary recon- 
naissance for theoùolite triangulation, etC'. 
For such purposes a telescopic alidade should 
be used. R pecial care should be taken to get 
well conditioned triangles, and if pm;sible 
the graphic triangulation should be tied in 
to a theodolite triangulation and adjusted 
to it. 
The above method of using the plane-table 
is the usual British 1 practice. 


1 {'. F. ('Jose, Te.rt-hook of Topographical and am- 
grn.phical ......'url'f'.IIillq (2nd ('d., 1 !)}3): Rr}Jort on fli" 
Topo(/rrtphicrtl 8/(7('('.11 (
r tltp Orange Frer State, }005- 
1911, l'uulished by the War Office, HH3. 


(iii.) Americatl and Continental Practire.- 
This ha.s heen to use the plane-table for larger 
scale work, and to proyide it "ith more 
ela.borate adjm;tments for leyelling and orient- 
ing. Telescopic alidades are used, and detail 
fixed by means of stadia readings, taken either 
from a separate instrument or by mean::; of 
stadia hairs in the alidade telescope. This 
method 2 giyes the position and height of all 
points at which the stadia rod is held up to 
a distance of about 1 mile from each station 
occupied by the plan;-table. 

 (17) PLAKE-TABLES AKD ACCESSORIES.- 
The British Army pattern of plane-table is 
the simplest form and consists of a drawing- 
board 18 x 24. in. attachable to a simple 
tri pod by a screw, The leyelling is done 
entirely by suitably placing the legs. \Yhen 
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:FIG. 3. 


the screw holding the top is slacked off, the 
top can be turned horizontally. Fig. 3 
shows three simple patterns of plane-tables; 
the centre one has a "J ohnso11" ball-and. 
socket. levelling head. In this case the upper 
clampinf[ screw clamps the top so that it 
cannot tilt but can rotate in azimuth until the 
lower screw is tightened, Smaller patterns 
and stands with folding legs are also used, 
but folding legs, though more portable, are 
apt to be less rigid. It is convenient on steep 
ground to have one leg whose length can he 
adjusted. The paper is usually mounted on 
linen, and then damped and stretched over 
the hoard, the pdges turned over and glued 
to the hack, 'Yhen dry this forms a good 
smooth working surface \\ hieh doe::; not cockle, 
but suffers from the disaclvantage that the 


2 .T. 1\. ,Tohn
on, Theory olld ]'rartirr of Slln'('l/illg 
(1 ïth ed., l!H4); ('omit and Geodct1"c Surrey Report, 
1905, Appendix 7, 
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paper distorts considerably on being removed, 
and it is impossible to remount the paper when 
once it has been taken from the board. As a 
result the trigonometrical points can only be 
plotted after the paper is mounted, and if 
the field sheet has to be sent for further points 
to be plotted, or for revision or amplirication, 
the whole plane-table top must be sent, and 
no such work can usefully be done when the 
paper has once been dismounted. Even if 
the paper is kept mounted a certain amount of 
distortion occurs, as the table top itself expands 
and contracts" ith varying moisture, and does 
so unevenly, expanding more across than 
along the grain of the wood. A method 
tried "ith some success in India consists in 
pasting the field sheet (preferably of Bristol 
board) firmly along one long edge of the 
plane - table by means of a strip of cloth. 
The other three sides are cut so as to leave 
a i-in. margin of plane-table top. Strips of 
cloth are then pasted along the upper surface 
of the field sheet and the under surface of the 
plane-table. The cloth is pulled tight but 
the paper is not wetted. If the wood now 
shrinks the cloth will get slack but the sheet 
will not cockle. 
In any case of paper, Bristol board, or paper 
mounted on wood, more or less expansion, etc., 
will take place; and although uniform expan- 
sion or contraction can be remedied by 
photography for final reproduction, it compli- 
cates the comparison of edges of adjacent 
sheets and the plotting of trigonometrical 
points, and if the expansion is not uniform 
it necessitates re-dra" ing for the final map. A 
method 1 which appears to overcome all these 
difliculties is to mount the paper on linen, 
and then paste or glue this down to an 
aluminium sheet. The aluminium is grained 
to take the glue and is the same size as the 
top of the table; the linen extends about 3 in. 
oyer the sides and ends of the aluminium 
sheet; these extensiuns provide oyerhanging 
flaps which are stiffened by aluminium strips. 
The flaps are turned under the table top, and 
spring hooks engage in holes in the strips and 
keep the whole firmly attached to the board 
(see Fig. 4). The plane-table top itself need 
only be a framework, and the whole arrange- 
ment is lighter than the ordinary pattern. 
The field sheets form a permanent record 
which can be attached to or detached from 
the plane-table as often as may be required. 
American surveyors usually clip the paper 
to the board, or clamp it down by countersunk 
screws; the use of celluloid sheets "ith such 
clamping sere" s is satisfactory, but even this 
is liable to cockle. 
For large-scale "ork, particularly when a 
telescopic alidade is used, it is desirable 
1 H. 
t. ,J. L. Winterbotham, Royal Engineers' 
Journal, 1919, xxx. 233. 


to have arrangements for more accurate 
levelling, and both ball and socket heads and 
levelling scre" s are used for this purpose. 
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FIG. 4. 


A slow-motion tra\ersing screw is also desir- 
able. These attachments add considerably 
to the weight of the outfit. Fig..) illustrates 
Euch an outfit. 
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 (18) AUDADE.-The alirlade or sight-rule 
should be a bout as long as the short side of 
the table. The simplest form consists of a 
wood rule "ith folding sights, the back sight 
having a yertical slit and the fore 
Ü!ht carry- 
I ing a stretched vertical thread. The precise 
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parallelism of the sight line and the edge of 
the rule is of no importance proyided the 
same edge of the rule is always used. It is 
a great convenience, and "ith telescopic 
alidades almo
t essential, to have the actual 
edge used for ruling on an arm mo
ng parallel 
to the rule; this makes it unnecessary to pivot 
the alidade on the point, the arm being moved 
up as required after the alignment has been 
made. For ordinary small-scale topographiC' 
work based on an adequate triangulation a 
simple sight-rule is the best. 
The telescope, when used, should be similar 
to that on small theodolites, and be providcd 
with stadia hairs, and with a vertical arc 


&a 


-, 


FIG. ß. 


and spirit-level for reading angles of elevation 
and depression. No iron or steel should enter 
into any part of the alidade or plane-table. 
Fig. 6 shows a telescopic alidade with parallel 
motion and "Beaman Are" (see also 
 (21), 
(v.)). 

 (19) ACCESSORIEs.-The most suitable 
type of compass is a simple trough compass, 
4 to 6 in. long, preferably fitted with a lid to 
protect the glass, and "ith a catch which lifts 
the needle from its pivot when the lid is closed 
(see Fig. 6). 
For small-scale work no plumb-bob or special 
centring device is needed; a foot or two in the 
position of setting up will make no rlifference, 
but in large. scale work the table should be set 
up so that the plot of the point is vertically 
over the station mark. Apium hing bar is 
URcf111 .fQr this purpose, The ilhlHtration 
(Fig. 5) is self-explanatory. 


YI. TACHEO
IETRIC OR STADIA SURVEYS 

 (20) GENERAL :METHODS. - Tacheometry 
means literally "quick surveying," and thl.} 
general principle is illustrated in Fig. 7. 
o is the observer, AB a rod of known length, 
o being the mid-point of AB, and 00 per- 
pendicular to AB, Then if a. is the angle 
AOE, 


OC AB a. 
= 2 cot 2' 
If the rod be not perpendicular to 00, but 
takes a position A'B', making an angle ß with 
AB, then the formula becomes 
OC AB a. ß 
= 2- cot 2 cos . 
If 00 is inclined to the horizontal by an 
angle "/, then the horizontal distance of C 
from 0 is OC cos ,,/, and the height of C 
above 0 is OC sin "/. If the direction of OC 
is known, then the position of C with respect 
to 0 can be determined at once from measure- 


\Á A 


o 


FIG. 7. 


ments taken at U. This method is in many 
cases more rapid than chaining and levelling, 
and especially useful where it is difficult to 
measure the distanC'e OC directly. 
The practical methods of applying this fall 
into two cases: (1) where a is a fixed angle 
and AB is a graduated rod, the intercept 
AB being observed from 0; this is generally 
called stadia surveying; (2) where AB is a 
known length and t.he angle a is measnred; 
this is generally called the subtense method, 
though this term is used differently by different 
writers. In subtense work the angle a may 
either be measured by the arc of a theodolite, 
or by a micrometer eyepiece in the telescope. 

 (21) STADIA 'YORK. - The angle a is 
determined by t\VO cross hairs in the focus of 
the telescope, and the portion of the graduated 
staff (stadia rod) intercepted by these two 
cross hairs is read off. The stadia rod is 
either an ordinary levelling rod, or a similar 
rod with rather larger divisions for use at 
long ranges. Stadia methods are chiefly of 
use in filling in the detail in large-scale topo- 
gra phic work. 
(i.) General llctllOds.-In Fig. 8 0 is the 
object-glass of an ordinary telescope of focal 
length J, S is the rod, the imagf' of AB (length 
1) heing formC'd at ab where ([ and b are the 
stadia hairs of the telescope at a fixed distance 
p apart. V is the vertical axis of the telescope, 
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c is the distance VÜ, e the distance FS, where 
F is the first focal point of the object-glass. 
A ray of light from A which passes through 
F will meet the object-glass in a' and be 
refracted parallel to the optical axis to the 
cross hair a, similarly "ith a ray from B. 
The figure shows at once that ell = flp, and 
R=e+f+c=(llp)f+f+c, irrespective of the 
distance the cross hairs ab have been racked 
out in order to focus the staff. Here p, f, 
and c are all constants, so we can write simply 
R=kl+11l, where k and m are constants. The 
A 
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cross hairs are usually placed so that k = 100, 
but sometimes k =66 (in which case l in feet 
gh-es e in chains), or k = 200 (for long-distance 
work). The value of m=f+c can be obtained 
'" ith sufficient accuracy by measuring the 
distance (f) from the centre of the object-glass 
to the diaphragm when the telescope is focussed 
on a distant object, and from the centre of the 
object-glass to the vertical axis (c). 
It is usual in stadia work to hold the 
rod vertical, as being more convenient than 
holding it horizontal and perpendicular to 
the line of sight, or perpendicular to the line 
of sight in a vertical plane. This results in a 
rather more complicated formula. In Fig. 9 


FIG. 9. 


T is the instrument, S the foot of thf' rod. 
e the mid-point between A and B (the points 
read on the staff), P the projection of S on the 
horizontal plane through T; then the distance 
TC is kl cos a + In, the horizontal distance 
TP is kl cos 2 a + m cos a, and the difference in 
height PC is kl cos a sin a + m sin a, If the 
difference in hc>ight of the ground at Sand 
T i
 required, the height of the instrument 
must be added to PC and the distance CS 
su btracted. 


"
hen the stadia method is used for plotting 
detail and fixing points which "ill not be 
used for fixing further points by calculation, 
there is no object in measuring the distance 
to a greater degree of accuracy than it is 
possible to plot. A point cannot be plotted 
"ith a greater accuracy than about rAlr in., 
consequently on a scale of !!"!jl lr1J an error up 
to 2 feet in the length is of no importance, 
and "ith smaller scales still larger errors 
have no effect. For such purposes, therefore, 
the constant m can be neglected. In the same 
way the reduction to the horizontal can always 
be neglected when the slope is less than 2 0 
and generally up to 6 0 . If stadia traverses 
are being run, and the co-ordinates of the 
stations calculated, then greater accuracy is 
required, and In should be allowed for. Tables 
of cos 2 a and cos a sin a are gi,-en in most 
text- books dealing "ith stadia surve)ing. 
It is alwa,-s desirable to check the interval 
between the "stadia hairs, and to check whether 
they are equidistant from the centre cross 
hair, and for accurate work this should 
always be done. Ho" eyer accurately the 
maker
 have spaced the cross hairs, the value 
of k "ill vary O\\Ìng to atmospheric refraction. 
The rays of light from the staff to the telescope 
are not straight lines, but are almost invariably 
concaye down"ards; and the amount of this 
bending not only yaries "ith the state of the 
atmosphere, but also depends on the height of 
the ray above the ground, consequently both 
readings of the staff" ill be too low, and the 
lower reading "ill have a greater error than 
the upper. The result is that the value of k 
depends on the atmospheric conditions, so it is 
desirable to determine k for the average condi- 
tions actually met with. The determination 
can be made by setting up the rod at known 
distances from the iru;trument, "hen each 
reading will giye a value of k if the yalue of 1n 
has already been determined by measurement. 
The conditions should be as nearly as possible 
these that will be met with in the work in 
hand, and specially favourable conditions 
should not be chosen; the mean value of k 
found should be adopted in calculating the 
work. An incorrect value of k "ill affect 
the scale of the resulting map, so if traverses 
are being run between trigonometrical points, 
a comparison of the distance between two such 
points as determined by the traverse ,,'ith that 
determined by the triangulation "ill give a 
value for /... which is a good avera,!!e yalue for 
the conditions of the work in question. If 
the value of l..' to be used is not a round number 
it is best to constnlct 
 table connecting the 
stadia readings with distance, and if this he 
done the correction m can he allowed for in 
the table. Some makers proyidp instrum('nts 
with adjustable stadia hairs, but these are 
not to be recommended as they arc more 
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liable to accidental change in the yalue of k, 
and the sa\'ing in labour in reducing the 
results is yery smalL 
(ii.) ....lnallatic Te1escope,-"Tith a view to 
obviating the necessity for the constant In 
Porro proposed in 1823 the use of a second 
lens (termed the anallatic If'ns) arranged as 
in Fig. 10, where C is the second (convex) 
A 
. t 
I 
I 
I 
I 
I 
I 


t 
a' I I 
I I 
I 
 I 
l.,,-f-,-
 

 _ L d :X:- : 
I 

----
------R-------- 


]fIG. 10. 


lens, whose first focal point is at .F'. A ray 
of light from A, striking U at a" and then 
pa:s
ing through F', will be refracted at a' to 
a, aa' being parallel to the axis. The distance 
d is fixed, and focussing is carried out by 
moving the crO::iS hairs ab. This being the 
ease a"b" = p' is constant, and if the lines Aa", 
Bb" produced meet in X it is seen from the 
figure that RIl =xlp' = constant, and that 
H. =lk. Abo p' == (d - f'lf')p, and as X is the 
virtual image of F', 


I 1 1 or x = f( d -lJ 
d -I' - x - f' 1 + l' - d' 
hence 
fed - 1') l ff' 1 
R=f+J
d' p'= J
-1' -d . p' 


If the values of f, f', and d be so chosen that 
X falls on the vertical axis of the instrument, 
the constant In of the original formula is 
eliminated. The formula al:so shows that if 
the cross hairs are not quite correctly spaced, 
a small adjustment in the distance apart of the 
two lenses will enablp the constant to be 
corrected; while this adjustment" ill displace 
the point X from the vertical axis, the error 
introduced will be so small as to })p negligible.] 
This construction involves not only an extra 
lens, but either a more hulky telescope or a 
falling off in its optical qualities, and it is 
generally considered that these disadvantages 
are not compensated for by the fact that no 
additive constant is required. It has already 
been pointed out that for accuratp work it is 
desirable to use tables connecting the distance 
with the stadia readings, and if this be done 


I ,J. Porro, 
(t Trtchéométril), Pari
, 18;;8 ; 
ec al<;o 
Zpjt.
. lmfrumentfnk., 1882, pp. 117 and 1;)7, amI 
1
8.), p. 4J3; and A. E. Young, lnst. CÜ'. Eng. Proc. 
cxxxix. Pt. 1. 


t.he constant tntails no inconrenience, while 
for rough work it can be ignored. 
(iü,) 8tadia If ork 'lcith Internal Focussing 
Telescope. - A telescope with a negatire 
internal focussing lens has lllany advantages 
(see 
 (:30), (i. )), and it must be consiùered how 
far this is suitable for stadia work. Such a 
telescope is illustrated diagrammatically in 
Fig. 11. 0 and N are the object-glass and 
- ve lens, "ith their first focal points at F and 
F', and focal lengths f and 1'. In the absence 
of the lens .N, an image ab of the staff" ould 
be formed at I, distant /.1. from 0, where 
IlL + I1f2 = Ilf, and the size of the imagc 
p would be such that L = (1lp)l + f. If 
the lens X be now inserted, tlH' ray which 
previously passed along AFa"'a will lIe 
refracted by .N at a" towards a', and F' a" a' 
will be a straight line; also a ray from A 
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FIG. 11. 


passing through the centre of N ,dll not be 
refracted by N but will pass through a and 
a', and an image will be formed a'Cb'. 
Then, from the figure, 


p' _ n'b' _ CF' _f' + A - ]) 
p -a"b"-XF-j'-- , 


where A is the distance of the crO
;8 hairs 
from the object-glass, hence 


L -J(f' + A- D) 1 f 
l' p' - + . 


H ere A is a constant, and D increases as L 
decreases. Call DOC) the value of D when L 
is very large, so that D = Doo + d, then 


L _ I(!' + A - D oo1 l _l ld f 
- 1'1/ f'p'+ . 


As DOC! is constant put 
fU' + A - Doo) =k, 
f'p' 


whence 


I..d 
L=kl- f' +A - f\; .7+f. 


This shm\ s that L varies with d as well as 
with l, and that no simple aC'Cl1l'ate formuh 
of the form R = kl + m holds. It is simplest 
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to consider k as a constant and ascertain . 
how In varies. 


\Ye hayc 


A-D _p' _ f'+A-D 
f2 - D -P- l' 


hence 


- D
+D.A 
-f'A 
f2=j'+A-=D-. 


Put D;n =11.A, (n < I), then 


A(I-n)(f-nA) 
.\-1 
A2(1- n)2 
f'+A-Doo=-A _f . 
-d 2 (A- J>+.Ad(J - 
n)(A -f)+A7(1- nr
 
f2= - A'!.(l-;,f'
--d(A-fJ ' 


f= .A 2 n(1- n)+j'A f' 
J' + A(l- n \ ' 


- d 2 (A - f) +Ad(l- 
n)(.A - f) +A 2(1- nf'f 
L=f. --=-d'!.(A - f )-L d {.A 2 (1 = 
n) +f(
;A= f)} 


(L-f).A 2 (1- n?_ 
kl A'!.(1-n)2-d(A -f) 


J2 A 2( 1- n )2 
- d 2 (A- f) +d{A2(1- 
n) +f(2nA- f):. 


The error in assuming that L=kl 
E=L- kl, hence 
f :A(I- 2n)- d} 
E= - :;---. 
A(I- 2n) +}- d 


is E, where 


If we put n=! as indicated in British Patent 
25û22 of 1910, then E reduces to - df/(f- d), which 
is zero when the telescope is at stellar focus. The 
apex of the tacheometric angle (point X of Fig. 10), 
from which the distance given by L=kl is measured, 
is therefore in the object-glass for long distances, and 
mOye3 slowly back\\ ards as the range diminishes. 
Taking a telescope with .A=I ft., n=t, f=0'9 ft., 
then l' = 2 ft" and E does not reach 0-1 ft, until L 
i:;; reduced to about 25 ft., hence" ith such a telescope 
the error caused by taking R=kl (R is measured 
from the vertical axis) will be about 6 in. at long 
ranges nnd reducing to about 5 in. nt 25 ft. For 
detail work this is quite negligibl.->; even for accurate I 
trayel'Re work it is genprally negligible. as the errors 
due to reading the staff, and refraction errors, will 
be greater than [his correction unless the lengths I 
of the sights a yerage less than, say, 100 ft. In such 
a case the correction to be applied is best obtained 
bv direct trial. 
. If n be increased the ap{'x of the tacheometric 
anale is thrown back, and the error in assuming that 
th; telescope i
 anallatic is still further reduced, but 
for this a rather short-tocm, negatiyC" lens is necessary, 
and the optical qualities of the telescope suffer. (
e{' 
the Tmnsactions of the Optical Societ!I, xxii. 20.) 


(iv.) Acrurary of Stadia Trork.-'Yith suit- 
able instruments and rods an accuracy of from 
1 
UO to ] ',")00 is ohtained in individual sights. 
This error is not systematic, and, therefore. a 
traverse of, say. Hi kgs should have an errur I 
of from 1/800 to 1/:2000. About 1- mile is the 
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limiting length of sight for ordinary" ork, but 
up to 
 mile can be used. An ordinary tele- 
scope, such as is used on a 3-in. theodulite, will 
read ordinary Ie yelling rods up to auuut -tou ft. ; 
for longer distances the ill-ft. diyisions only 
can be read, and for 0\ er 100U ft. the ruds 
should be graduated in yards or metres and 
tenths, or in links. The error due to refraction 
increases as the square of the distance, con- 
sequently lung sights should not be used when 
the line of sight is close to the ground; such 
conditions are favourahle for rapid and accu- 
rate work with the chain or graduated tape, 
but unfavourable for stadia \\ ork. On the 
other hand, uneven, 
teep, or hroken ground is 
more favourable to stadia work, which, under 
such conditions, will give quicker and more 
accurate results than chaining. 
If the stadia rod be held horizontally the 
refraction errors are eliminated, 80 far as they 
affect the horizontal distances, but it is neces- 
sary to proyide a stand to support the rod, 
and to fit it "ith a sight to ensure its being 
held perpendicular to the line of sight. This 
is generally not considered \\ orth \\ hile. 
(v.) :1peciaZ Instrument<:; for Stadia Trork.- 
'-arious special instruments ha\-e been made 
for stadia" ork, but they have little advantage 
over an ordinary theodolite, provided the latter 
has a suitable telescope. Greater magnifica- 
tion and resolution are required to read a 
graduated staff then to bisect a suitable target 
\\ ith equal accuracy. 


An adjunct to enable the reduction to the horizontal 
etc., to be made rapidly, designed by .Mr. \\-. ::\I. 
Beaman. C.S. Geological Survey, is useful" hen a tele- 
scopic alidade is used for stadia working with a plane- 
table (see 
 OS)}. In Fig, 9. if the nngle of elevation 
Q. is such that C'P = nl, and ignoring the additi, e 
constant m, we have nl=kl cos Q. sin a=!J..l sin 20, 
or if k = 100, sin 20. = '02n. The value,.: of a ('orr(:- 

ponding to 11-= I, 2, 3 , . . are marked on a sup- 
plementary scale (kno\\n as the Y scale) on tlw 
vertical arc. In use the tcles('ope is sct so that thc 
index corresponds "ith a marl (n) on the V scale, 
and a full stadia interval can be read on the rod. 
Tf t lw centre cross hair thpll read c( =C8), and the 
difference between the stadia readings be l. "e ha ve 
the height of S above the in:-trument is P
, and 
PS =pÔ- SC=nl- c. A second (or H) scale is 
graduated on the vertical arc so that any reading 
m on this scale indicates that the horizontnl distance 
I i., m per cent less than the distance giH'n by kl. 
From Fig. 9, TP=kl cos 2 a=kl(I-11l/lOU), hence 
I sin 2 a =rn/k. In practice the Y scale is set e
actly 
to a mark, in which case the H scale" ill generally not 
be on a mark, but by interpolation the percmtag{' to 
be deducted on account of the slope can Uf' e
timated 
,,,ith sufficient accuracv. The alidade s110\\ n in 
Fig. û i" fitted with a " Deaman " arc. 



 (:2
) HLBTE
SE )IFTIIODS.-.\ .. Subtel1:':e ., 
uar, 10 or 20 ft. Ion:!, has hl'en u:-:('d \\ith good 
results \\ ith an ordinary theodolite. The 2o-ft. 
bar has discs 12 in. in diameter at it::; end:-:, 
3 G 
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and is supported horizontally on a stand. A 
sight attached to the bar enables it to be set 
perpendicular to the line of sight. The angle 
is observed by the repetition method on the 
horizontal arc of tll{
 theodolite, some ten 
repetitions being taken. A 20-ft. bar can be 
used up to three miles with reasonable accu- 
racy. The angle can also be measured very 
conveniently by an eyepiece micrometer, a 
number of readings can be taken very rapidly, 
and the mean of, say, 10 :::;hould give a good 
result. A table should be prepared giving the 
distance in terms of the micrometer reading, 
and this table should be prepared from the 
results of actual trial. If D is the distance 
from the vertical axis of the instrument to the 
bar, L the length of the bar, M the micrometer 
reading, and f the focal length of the 0 bject- 
glass, and c the distance of the object-glass in 
front of the vertical axis, we have D =A,)I + B, 
where .A and B are constants, as in stadia 
working. B = f + c and A depends on the 
graduation of the micrometer and on the focal 
length of the object-glass. This method is 
neither so convenient nor so rapid as stadia 
working, but as a suitable target can be bisected 
with greater accuracy than a graduated staff 
can be read, it may be mom accurate, and it 
can be used for longer distances. 
Another method, sometimes used, is to hold 
the rod vertical and read the angles of eleva- 
tion or depression to the two targetg. In this 
case (see Fig. 12), if the angles AOP, BOP are 
o and ø respectively, OP=AB/(tan 6 -tan rþ) 


" 


and BP =op tan ø. If a suitably graduated 
horizontal scale be fitted on the theodolite at 
a fixed distance below the horizontal axis, the 
values of tan 6 and tan cþ can be read directly 
by means of a microscope attached to the 
telescope and perpendicular to it, the divisions 
of the scale are uniform, and the fraetions of a 
division can be read on a micrometer which 
moves the scale longitudinally. An alterna- 
ti ve arrangement is to elevate the telescope 
by a screw acting directly on an arm attached 
to the telescope so that the travel of the screw 
is proportiunal to the tangent uf the angle of 
elevation. Various other arrangements have 
been mad(' for giving more or less direct read- 
ings of t.he ùistance and height of the roù, hut 


they are little used; their advantages fOf the 
special work are small, and they reduce the 
convenience of the instrument for use as an 
ordinary theodolite. 
A variation of the subtense method is some- 
times useful for executing traverses where 
triangulation or tape traverses are impossible. 
In this case signal8 are put up by an advanced 
party, and the angle subtended by these is 
measured as in the case of ordinary subtense 
,vork. The signals must be carcfully plumbed, 
or else arranged so that their intersection 
with the ground can be observed. The 
distance between the signals should sub- 
tend some eight to twelve minutes, and they 
should be placed in a line perpendicular to the 
line of sight. A third signal for the actual 
traverse station is sometimes desirable in 
additiun, 'Yhen the observer rC'aches the 
position he must measure the distance between 
the signals ,vith a tape. 


\TII. ASTRONO
lICAL DETERMINATION 
9 (23) GENERAL. I-Astronomical determina- 
tions are used in survey work for determining 
latitude, local time (hence, if Greenwich time 
be known, longitude), and azimuth, or true 
north. For survey work on land the instru- 
ment usually employed is the transit theodolite. 
\Vhere possible observations are made on stars, 
but the sun can he used. It must be remem- 
bered that latitudes, etc., thus obtained are 
astronomical latitudes and differ from the 
geographical values by an amount depending 
on the deviation of the plumb-line. Astro- 
nomical observations of position give, there- 
fore, no check on traverse work, etc. t unless 
the error of the traverse is likely to be greater 
than that due to the deviation of the plumb- 
line, as well as those ùue to the astronomical 
observations themselves. 
9 (24) LATITFDE.-The usual method of de- 
termining latitude for survey purposes is by 
"circum-meridian altitudes." The altitude of 
a star when crossing the meridian, together with 
the known declination of the star, gives the 
latitude. Single ohservations "ith a theodolite 
suffer from errors of collimation, etc. (sce art.icle 
on "Theodolite "), and are of little valne; hence 
pairs should ahvays be taken, The usual field 
practice is to start obscnTing dght to ten 
minutes before the star reaches the meridian, 
and to take as many observations as possible 
before transit, and an equal n um her after- 
wards. The observed altitude and time of 
each ohservation are booked, and the" faC'e " 
of the telescope is changC'd after the first, third, 
fifth, etc., observation. The intf'rval in time 
bf'twcf'n each ohservation, and the moment 
of transit. being known, a correction can be 
1 For a
tfonolllieal (lPtrfmination!; for gf'oclptic 
purposes HCC artidc un " (;faxit
. :-iur\"cy," Vol. Ill. 
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applied to the observed altitude to " reduce" 
it to the true meridian altitude. A correction 
must also be made for atmospheric refraction. 1 
This correction is always rather uncertain, but 
can be largely eliminated by observing one 
star that transits to the north, and another 
that transits to an approximately equal 
altitude to the south; the mean of the pair 
"ill be largely free from refraction errors. As 
refraction is more variable for low than high 
altitudes, it is inadvisable to observe stars 
at a less altitude than 40 0 . rsing a 6-in. 
micrometer theodolite, and taking the mean of 
several pairs of north and south stars, there 
should be no difficulty in obtaining a probable 
error of ! to -k second in the latitude. 
9 (2,:>) OBSERVATIO
S FOR TnIE.-Local time 
is obtained directly from the moment any 
astronomical body, whose right ascension is 
known, crosses the meridian, and this is the 
method employed in fh.ed observatOIies and 
for geodetic purposes in the field; it is not, 
however, generally possible for survey pur- 
poses. If the latitude be knO\\ n, and the 
altitude of a star be observed when it is 
some distance from the meridian, the local 
time of the observation can be calculated. 
The star is moving most rapidly in altitude 
when on the prime vertical (i.e. due east or 
west of the observer), and this is the mGst 
favourable position for observation, The 
latitude need not be known with any great 
accuracy provided the star be observed near 
the pri
e vertic
l. Observations should be 
paired, as in the case of latitude observations, 
both for change of faee of the theodolite and 
for east and west stars. 'Yith a 6-in, theo- 
dulite there should be no difficulty in getting 
a probable error of ! to ! second in the 
result. 
Other methods for determining latitude and 
time are : 

 (26) EQI.TAL ALTITUDE )IETHOD.-This has 
come into favour recently. The simplest form 
of the method is to observe the moment a star 
reaches a given altitude before crossing the 
meridian, and the moment it reaches the same 
altitude after crossing. Half - way between 
these two times the star must be on the 
meridian, hence the time of transit is known 
and hence local time. This method is very 
simple and is independent of any knowledge 
of latitude and of such instrumental errors as 
graduation or collimation errors, and is largely 
free from refraction errors. The disadvanta
e 
is that the pair of observations must be taken 
at a considerable interval of time. If the sun 
is used a correction mu
t he made for the 
change in declination in the interval. If a 
succession of ohservations i
 made on differ- 
ent stars, noting the time each reaches the 
1 
e(' artid(' on .. }Ïel(l htronomy and .Hmo- 
spheric R
fra('tion," Y 01. III. 


fixed altitude, eaeh observation gives an 
equation connecting time (h
nce chronometer 
error) "ith altitude, latitude, and declination. 
The declination is known in each case, and 
the altitude and latitude are the same in every 
case, so three such observations give values 
for time, latitude, and the e'-act altitude 
observed. Further observations give a chech.. 
Gauss' original solution entailed working out 
by least sq uares those corrections to the 
assumed chronometer error and latitude that 
make the observations best fit the condition 
that all the altitudes are equal. )1:\1. Claude 
and Driencourt have iound an extremely simple 
and accurate graphical solution, which enables 
the results to be obtained with great speed. 
The preparation of a programme from the 
data given in the Xautical Almanac entails 
considerable work, as a suitable number of 
stars reaching the desired altitude sufficiently 
close together must be found and their azi- 
muths calculated. This work can, ho" ever, 
be done once for all for any range of latitude, 
and )Iessrs. Ball and Knox Shaw have tabu- 
lated sidereal times and azimuths of some 
17,000 star passages for an elevation of GOo, 
including only Salltical Almanac stars.of fourth 
magnitude and up" ards and latitudes from 
5.)0 S. to 55 0 K., based on the star places given 
in the Kautical Almanac for 1918. The tables 
will in time go out of date o"ing to change in 
declina tion, but they should serve for topo- 
graphical sun-ey work for some fifteen years. 
The advantage of the method lies in the fact 
that an exact knowledge of the altitude is not 
necessary, hence changes of face are not re- 
quired "ith the theodolite, nor determinations 
of the index error with a sextant. The method 
can be used "ith an ordinary theodolite or sex- 
tant, but is simplest "ith the prismatic astrolabe 
(see article on .. Gravity Survey," Yo!. III.). 

 (27) TALCOTT'S 
lETHOD (see article on 
"Gravity Survey," Y 01. III, ).-Talcott'smethod 
is another excellent method for determining 
latitude, and can be used "ith a theodolite 
provided it be fitted "ith stops to enable it 
to be turned exactly 180 0 in azimuth, and 
with a micrometer e;-epiece. 2 '''ith such an 
instrument the probable error of a single pair 
of observations should be about 0,; second. 

 (28) DETER)n:XATIOS OF AZDIGTH.-The 
azimuth of a heavenly body is the angle 
bet" een the meridian plane of the observer 
and the vertical plane passing throu
h the 
bod v . thus in astronomical work the azimuth 
i'i 
h
-ays measured the shortest way from 
the elevated pole. In triangulation work 3 the 
azimuth of a terrestrial object is always 
I 
l'e .. J)rscrÍption, Adju
tnlf'nt." and )Iethods 
of rse of the ()-Ín('h 11i('romf'tf'r TIU'odo1itl', 1912 
Pattrr
, etr.," Bul/ditl 34. of the Canadian Topo- 
graphic Surrey. 
3 
f'r C. F. Close, Text-book of TopographimZ alld 
Ger(11ltphical Surz'eyillfj. 
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reckoned from the south by the \\ est. If the 
latitude be knmvn, and also the declination of 
a heavenly body and its elevation at any 
moment, its azimuth at that moment can be 
calculated. To determine the azimuth of a 
terrestrial object, i.e. to determine the direc- 
tion of the meridian, some reference object 
(R.O.) is required; this must be a lamp by 
night, and in any case must be at such a 
distance that it can be observed to with the 
telescope at stellar focus. In observing on a 
star the R. O. is first intersected, and the hori- 
zontal circle read, the bottom plate being kept 
clamped, the telescope is swung on the star, 
and the horizontal hair set slightly in advance 
of the star, while the vertical hair is kept on 
the star by the slow-motion screw. At the 
moment the star passes the intersection of the 
cross hairs the slow motion screw is stopped 
and both vertical and horizontal circles read. 
It is desirable also to read both the micrometer 
arm, and the striding, levels. Face is then 
changed and the star and R.O. again inter- 
sected. This completes one set of observations 
on one star. Observations should always be 
paired as in other astronomical work. It is 
ahso desirable that the star should not be 
moving rapidly in azimuth, or a small error 
in the observed altitude will produce a large 
error in the result. The best time for observing 
is when the body is in the prime vertical or 
when a circum-polar star is at elongation. 
If local time be known, the azimuth of the 
star can be calculated if the instant of observa- 
tion be observed instead of the altitude. The 
observation in this case is somewhat easier, 
In all cases of astronomical observations for 
azimuth the levelling vf the instrument is of 
great importance, and it is very desirable 
that the striding level should be used and any 
dislevelment of the horizontal axis allowed for. 


VIII. LEVELLI
G AND LEV ELLING 
INSTRU::\IENTS 



 (29) LEVELLING,-Levelling is the art of 
determining the heights of points on the 
earth's surface, and the term is generally 
restricted to the method by which the 
difference in height between neighbouring 
points is directly determined by reading 
with a horizontal line of sight on graduated 
staves held vertically at the points. If a 
graduated staff be held vertically at a point 
A, and read by means of a horizontal line of 
sight from a point P, the rpading gives the 
difference of height hetween points A and P. 
If the staff he now held on any other point B, 
and again read by a horizontal sight from P, 
the he>ight of B over A is given hy a - b, where 
a and b are the readings on thc staves at A 
and B rpspcctively. The reading a Ü; generally 
called the "back sight," and the reading b 


the> "fore sight." It is obvious that the 
points A and Ln must be comparatively close 
together, and that the difference in height 
obtained is with reference to the horizontal 
plane through P. As the surface of the earth 
approximates to a sphere ratllf'r than to a 
plane, the reading a is subject to a small 
correction due to the earth's curvature, and 
Rimilarly with b. If the distances from P to 
...\. and B are equal these corrections ,vill also 
be equal in magnitude and sign, and conse- 
quently the difference a-b "ill also give the 
correct difference in height when r('ferred to 
a spherical level surface. The error introduced 
by the assumption that the earth is a sphere 
is quite negligible in levelling operations. 
If the points whose diffcrence in height is 
required are so situated that the staves held 
on them cannot both be read from one po::;ition, 
a series of intermediate points is used, anù 
their heights determined successively, 

 (30) LEVELLING INSTRUl\IEXT,-The level- 
ling instrument consists essentially of some 
form of sighting apparatus, the line of sight 
of which can be set in a horizontal plane. 
Thf' simplest form consists of a water-level. 
This is illustrated in Fig. 13, and consists of 


FIG. 13. 


two verticai glass tubes A and B connected 
by horizontal tubes, and mounted on a stand. 
The tubes are partially filled with coloured 
water so that the surface of the water is 
visible in the glass tubes. A line of sight 
taken across the water surfaces is necessarily 
level. The instrument is very simple and 
cannot get out of adjustment. On the other 
hand, it is impossible to take long or accurate 
sigh ts. 
(i,) The Ordinary Le?'elling Instrument.- 
This ('onsists of a sighting telescope> \\ ith a 
spirit - level atta('hed so that the collimation 
line ('an be set horizontal. The important 
points are that the line of sight of the telescope 
shall be horizontal when the huhbl(' is in 
some known position in its tube, and that 
the telcscnpe can be tUflwd in any direction 
without altf'ring its height, 
The telescope is g('neral1y of the astro- 
nomical type giving an invprt('d image, and 
using an eyepiece of the Hamsden type. 
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Cross hairs arc proyided at the focus of the 
object-glass to define a definite line of sight 
or collimation line. In order that the line 
thus determined may not varv as the distance 
between the object-
gla
.., and the cross hairs 
is altered in the process of focussing, it is 
necessary that the cross hairs should be 
accurately on the optical axis of the object 
glass, and that the mechanical guiding of the 
moving portion should be true. 
Telescopes "ith an internal focussing lens 
have been introduced lately. These have the 
, cross hairs rigidly fixed in the tube carrying 
the object.glass, while the focussing is carried 
out by means of a negative lens moving 
between the two. In Fig. 14, A is the object 
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glass, C the negative lens, and S the diaphragm 
carrying the cross hairs. The focal length of 
C is j, and its axis is supposed parallel to that I 
of Â but distant e from it. A ray passing 
along the axis of A will then be deflected by 
C and meet the diaphragm at a distance x 
above the axis. It is seen at once from the I 
figure that x=ye/f, where y is the distance 
between C and S; as in practice f is three or 
four times y, a given eccentricity in C produces 
only one-third to one-fourth the change in 
collimation that would be produced by an equal 
movement in A or S. K ot only is the effect 
of variable eccentricity reduced by this means, 
but it is easier nll
chanically to provide true I 
guides for an internal lens than for the object- 
glass or diaphragm and eyepiece. A further 
advantagf' of this arrangement is that when a 
glass diaphragm is used. the telescope can be I 
made air - tight, and consequently dust- and 
damp-proof. An internal positive lens could 
be used in the same manner, but at the 
e
 pense of compactness. 1 
Although it is possible to reduce the change 
in collimatioIl, of an instrument to a very 
small amount by suitable design and good 
workmanship, it is impossible to eliminate 
it entirely. For the most accurate work it is 
possible 
 and necessary so to arrange the 
observations that errors due to this cause will 
cancel out. 
(ii.) The Dumpy lerel is the type most 
generally used, and is the simplest type. It 
consists of a telescope with a spirit - level 
1 S('e ZeÏlf!. lnstfumentenk., 1909, p. 329. 


attached on the top or side, the support of 
the spirit - level being sometimes cast in O'le 
piece with the telescope tube. The whole is 
mo
nted on a vertical axis and provided with 
the usual levelling sere" s. A clamp and slow 
motion in azimuth is generally provided for 
convenience in directing the telescope on the 
staff. 'Yhen the instrument is in adjustment 
the axis of the bubhle tube is parallel to that 
of the telescope and perpendicular to the 
vertical axis. In use the instrument is set 
up and focussed and the vertical axis set 
vertical by means of the levelling screws 
and bubble in the usual way. If the instru- 
ment is in adjustment the collimation line is 
then horizontal in whatever direction the 
telescope is turned. The adjustment::; can be 
checked and corrected as follows: 
(a) Coincidence of Collimation Line and 
Axis öj Telescope.-Drive in three pegs A, B, 
and C (Fig. 15) so that AB=BC=about 
200 feet. Set up the instrument half-way 
between A and B and ascertain the difference 
in level between A and B. If the instrument 
is equidistant from A and B any errors in 
adjustment will affect the t\\ 0 readings 
equally, so that the true difference in level 
will be found. Similarly. find the true differ- 
ence in level between Band C. Then set up 
at e as close to A a
 it is po::>sible to focus the 
staff, read the staff on pegs A, B, and C. 



 
cAB 
FIG. 15. 
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From the known correct differences of level 
compute the correct readings on Band C 
corresponding to the new reading on A. If 
the cross hairs are on the telescope a ,-is the 
error at C nill be twice that at B, or more 
correctly in the ratio cCleB. If the cross 
hairs are adjustable any error found can be 
corrected. If the instrument has been well 
made and adj usted by the maker no correc- 
tion should be necessary. As the screws for 
adjusting the cro
.; hairs (if provided at all) 
are necessarily small, the less they are used 
the better, as if they become loose or worn the 
instrument cannot hold its adjustment. 
(b) Parallelism of Bubble ...lxis and rollima- 
tion Line.-'Yith the instrument at point e 
(as in above), set the cross hairs at the correct 
reading on staff at B and then bring the 
bubble to the centre of its run by means of its 
adjusting screws, Check the reading on the 
staff at A, and jf this has not altered the 
adjustment is correct. If a considerahle 
alteration has been made to the bu bble scre\\ s 
the reading on ...-\ will have been altered, and 
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the operation must be repeated until the 
adj ustment is correct. 
(c) Bubble Axis Perpendic/flar to tlte Vertical 
Axis.-Place the telescope parallel to two of 
the levelling screws of the instrument, and 
bring the bubble to the centre of its run, 
then turn the telescope through 180 0 so as to 
reverse it end for end. If the bubble is still 
in the centre of its run the adjustment is 
correct; if not, correc.t half the error by the 
foot screws and half by the screws und
r the 
tele::;cope supports, if such be provided. If 
no arrangement is made for this adj ustment 
the buhble axis must be made perpendicular 
to the vertical axis, and the collimation line 
made parallel to the bubble axis by means of 
test (b) and moving the cross hairs. If 
this introduces any serious error in test (a), 
whi
h is unlikely, the necessary adjustment 
can only be made by an instrument-maker. 
\Yith modern methods of manufacture, and 
with a machined telescope tube, there is no 
difficulty in making the axis of the telescope 
perpendicular to the vertical axis with suffi- 
cient accuracy for ordinary purposes and 
without any special adjustment for the pur- 
pose. The cross hairs can then be fixed in their 
correct po
itions, and the only adjustment 
that should ever be required to be made by 
the user is to make the buhble axis perpen- 
dicular to the vertical axis. 
It should be noted that for ordinary levelling 
an error of a few seconds of arc in the adjust- 
ment is of no importance. For precise 
levelling it is necessary for a variety of reasons 
to make the fore and back sights of equal 
length; and if this be done any adjustment 
errors cancel out, provided that there is 
no chan
e of adjustment between the two 
readings; as in this case it is not necessary 
to refocus between the readings, the exact 
collimation is also not necessary. It is seen, 
therefore, that for precise work also an ex- 
tremely good adjustment of the instrument is 
not f('q uired. 
(iii.) " Y" Levels. - In this type of level 
the telescope is provided with two cylindrical 
collars; the two collars should form parts of 
the same cylinder, with the same axis as the 
telescope. The collars rest in Y's, and the 
bubble tube is attached to the telescope. 
The telpscope can be rotated in the Y's and 
also reversed end for end after opening the 
clips which hold it in position. The adjust- 
ments are carried out without the use of a 
staff as follows: (1) The telescope is directed 
on to some distant object, "hich is bisected by 
the horizontal cross hair. The tdescope is then 
rotated in the Y's through 180 0 . If the object 
is still bisected, the collimation line is co- 
incident with the axis of rotation of the 
telescope; if not, half the apparent error is 
corrected by the diaphragm screws. This 


brings the collimation line coincident \\ ith the 
axis of rotation. (2) The bubble is then 
brought to the centre of its run by means of 
the foot screws. It is then lifted out of the 
Y's and reversed end for end. If the bubble 
remains in the centre of its run it is in adjust- 
ment; if not, half the error is corrected bv the 
bubble adjusting screws, and half by the
 foot 
scre" s. This brings the bubble axis parallel 
to the axis of rotation of the telescope in the 
Y's. (3) The vertical axis is then made vertical 
in the usual way (see article on "Spirit-levf'ls," 

 (5)), and if the bubble is not then in the centre 
of its run it is brought there by means of the 
screw provided for raising or lowering one of 
the pillars supporting the Y's. 
The above adjustments assume that the axis 
of the collars coincides with the optical axis 
of the object-glass. This can be tested by 
repeating test (1) above on a near object. 
If the adjustment is correct for a distant 
object, but not for a near one, the object-glass 
itself must be moved, and it is not as a rule 
possible to do this in the field. The adjust- 
ment (2) assumes that the collars are of equal 
diameter. This can be tested by means of a 
striding level. The striding level is placed on 
the collars, and the bubble brought to the 
centre of its run by means of the foot screws. 
The telescope is then reversed end for end, hut 
the striding level is replaced in its original 
position. If the bubble is no longer at the 
centre of its run the collars are of unequal 
diameters. 
The Y level suffers from the disadvantage of 
a large number of adjusting screws, anyone of 
which is liable to work loose. If the collars 
become worn or damaged in any way, or if 
dust or dirt get3 between the collars and the \'"'s, 
they cannot be used with safety for adjusting 
purposes, and the instrument i8 no better than 
a Dumpy level as regards ease of adjustment, 
and is more liable to get out of adjustment. 
(iv.) Cooke's Reversible .Level.-This is on the 
same principle as the Y level; but instead of the 
telescope collars being supported on Y's they 
are supported in closely fitting rings from which 
the telescope can be withdrawn lonf!itudinally. 
The bubble tube is fixed to the rings and not 
to the telescope direct, 

 (31) PRECISE LEVELS. - Levelling instru- 
ments for precise work are designed on much 
the same lines. They are provided with more 
sensitive bubbles and more powerful tele- 
scopes, but the chief diffprence is that they are 
provided with a screw for tilting the telescope 
with the bubble attached, independently of the 
levelling screws of the instrument, and no 
attempt is made to set up the vertical axis 
truly vertical. The bubble is brought to the 
centre of its run after the telescope has been 
directed on tllf' staff. A mirror or prism 
arrangement is }Jrovided so that the observer 
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can see that the buhble is set correctly at 
the moment the observation is taken. Thi::; 
arrangement is very convenient to use, and is 
to be recommended for all If'velling work, 
except possibly where a large number of staff 
readings are made from each position of the 
instrument, as when running cross-sections or 
when contouring. 
(i.) French Pattern.l-This pattern is of the 
Y type, and the bubble i<;; fitted as a: striding 
level. Two readings are taken on each staff- 
(1) with the telescope and bubble in their 
normal position, and (2) with the telescope 
rotated through 180 0 in the Y's and ,,,ith the 
bubble reversed end for end. 
(ii.) Coast and Geodetic Survey ( U.S.A.) 
Pattern. - This pattern consists of a large 
Dumpy level \\ith the addition of a tilting 
screw. The telescope tube is of invar, and the 
bubble tube is sunk into the telescope tube so 
as to be as near the telescope axis and as well 
protected from temperature changes as pos- 
sible. The bubble is viewed by a system of 
nlÍrrors and prisms. The telescope is of high 
power and the bubble ver) sensitive: in conse- 
quence the instrument is heavy. There are 
only two adjustments, viz. a screw for adjusting 
the bubble tube parallel to the collimation line, 
and an adjustment for the cross hairs. It is 
very suit:tble for use on level ground where 
long sights can be taken. 2 
(iii.) Zeiss Pattern.-This was designed by 
Dr. 'Yild, and has a telescope of special con- 
struction. There is no draw tube, and an 
.object-glass is fixed at each end of a rigid tube. 
The object-glasses are of equal focal length, and 
each has a set of cross hairs engraved on it. 
The eyepiece can be attached at either end. 
The focussing is carried out by an internal lens. 
The bubble is attached to the telescope tube at 
the side, and is viewed by the special prism 3 
arrangement. The telescope is capable of rota- 
tion round its aÀis through an angle of 180>, and 
carries the bubble with it. The bubble being 
ground to a barrel shape can be used in either 
position. The adjustment is carried out in a 
-special manner. A staff is set up at a con- 
venient distance, and four readings are taken 
as follows: 
(1) Kormal working position, bubble to left, 
prism box up. 
(2) Bubble to right, prism box down. 
The eyepiece is then placed at the other end 
of the telescope, which is rotated 180 0 in 
azimuth. 
3) Bubble to left, prism box down. 
(4) Bubble to right, prism box up. 


1 S('e Ch. Lall('manrl, "XiwIlel11('nt <1(' hante 
précÏ:-Üon," bein
 th(' third part of .. Lewr des 
plan
 et nh;ellement" of the En('./If
lúpérfie des 
Tr((l'fl.u:c Publics. 
2 For fnll description see C. and G. S. Report, 1900, 
p. 5
1; 1903, p. 200. 
S ::;ee .. Spirit-levels," 
 (10). 


The huh hie is brought to the centre of its 
run hy means of the tilting screw, hefore each 
reading is taken. The mean of the four 
readings is correct, and if the mean is the same 
as reading (1) the instrument is in adjustment; 
if not, the telescope is tilted until it reads 
correct in po
ition (1) and the bubble tube 
adjusted as necessary. It will be observed 
that in these four readings two collimation 
lines are used, the first in positions (1) and (2) 
and the second in positions (3) and (4). The 
mean readings (1) and (2), and also the mean of 
(3) and (4), are free from collimation error. 
There are also in effect two bubble tubes, the 
first used in positions (1) and (4) and the 
second in (2) and (3). The mean of readings 
(1) and (4) and the mean of (2) and (3) are each 
free from any error due to the bubble tube not 
being parallel to the collimation line, hence the 
mean of all four readings is free from collima- 
tion and bubble errors. The method is simple 
in use, and the instrument holds its adjust- 
ment remarkably well O\\Íng to the absence of 
any delicate adjusting screws It is doubtful, 
however, whether the complication of the 
second object - glass is really justified. A 
simple Dumpy level with a tilting screw, and 
the bubble mounted and viewed as in this 
pattern, would appear to be all that is required. 
The instrument requires adjusting so seldom 
that the slightly increased labour involved in 
adjusting by the ordinary method will hardly 
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be noticed. Fig. 16 illustrates such an instru- 
ment. 
(iv,) Plate Jlicrometer.-It is more accurate 
to bisect a division on the staff than to estimate 
the reading of the cross hair when it falls 
between two divisions. This can be done most 
readily by mounting a thick plate of glass" ith 
parallel sides in front of the object-glass. If 
the plate be perpendicular to the axis of the 
telescope it has no effect on the reading, but 
if it be tilted about a horizontal axis the rays 
of light are displaced vertically by an amount 
depending on the thickness and refractive 
index of the glass and the angle of tilt, hence 
by tilting the plate the staff can be apparently 
raised or 10\\ ered till the cro
s hair intersects a 
mark on the staff. The displacement can be 
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i'ead off on a suitably graduated drum con- 
nected with the plate. The displacement is 
read direct, and no calculation iny.olving the 
distance of the staff b required as is the ease 
when a mark is bisected by tilting the tele- 
scope. \Vith a 30-pO\ver 
telescope, and a suitable 
a rrangemen t of cross 
hairs, the third place of 
decimals uf a foot can be 
read accurately up to a 
range of 100 yards and 
the fourth place estimated. 
FIG. 17. The form of cross hair 
shown in Fig. 17 is con- 
venient for this purpose, the > being placed 
over the line on the staff. 

 (32) LEVELLISO HT.\VEs,-The usual level- 
ling staff is made of wood, with the graduations 
painted on. The divisions are either feet and 
hundredths (sometimes fiftieths), or metres and 
centimetres or half centimetres. The gradua- 
tions are usually of the same thickness as the 
intervals between them, giving a checker 
pattern. l\Iany different patterns have been 
devised with a view to ease of reading and 
avoiding mistakes. The most suitable staff 
for precise work is probably one "\vith simple 
line divisions, the divisions just thick enough 
to be read at the longest range re<luired. This 
applies especially when a plate micrometer is 
used, in which case divisions of 
ìi foot or 

 ccnt.imetre are most convenient. As the 
telebcope::; generally used are inverting, it is 
convenient to have the figuring on the staff 
also inverted. For ordinary work folding or 
telescopic staves 1.t. or 13 feet long are con- 
venient, but for precise work they should be 
in one rigid piece, and 10 feet is long enough. 
" Target rods" are sometimes used, having a 
movable target on the face. This is adjusted 
by the staff holder hy signal from the observer 
at the instrument, so that it is bisected by 
the cross hair, and the reading is taken by 
means of a fine scale and vernier on the 
staff. This method has proved to he neither 
so convenicnt nor so accurate as a staff 
read di
'ect from the instrument, but may 
be useful where an occasional extr3. long 
sight is required. 
\rooden staves are liahle to chancre their 
length with varying humidity; a vari
tion of 
3 to .) parts in 10,000 may be expected from 
this cause. This is seriom; in precise work in 
hilly country. If fmch staves be used tJ1Pir 
length must he checked at regular intervals 
either hy a stan(lard har or otherwise. A 
mC'thod due to Colonel Ooulier, of the Commis- 
sion du nÌ\ T ellel1lent g{'nf
'ra1 de la France, is as 
follows: Two hars of iron and brass respec- 
tively an' run up the centre of the staff, hping 
secured at the foot of the staff and free to 
lide 
elsewhere. They carry at their upper ends 


marks which are read against a scale fastened 
to the wood of the staff. The combination of 
the two rods forms a metallic thermometer, so 
that from the readings their true lengths and 
also that of the staff can be found. Since the 
introduction of invar one bar of this material 
has been substituted for the two of iron and 
brass. Staves graduated direct em invar 
have been used by the 
Ordnance Survey; there 
was considerable diffi- 
culty in 0 htaining these, 
hut the Cambridge 
Scientific Instrument Co. 
finally provided some of 
such accuracy that the 
staff readings could be 
used direct without cor- 
rection for temperature 
or graduation errors. 
H the staff be not 
held vertical when the 
reading is taken the 
reading will always bp. 
too high. A common 
method of dealing '" ith 
this is to swing the staff 
anù estimate the lowest 
reading of the crOH
 hair: 
this, however, decreases 
the precision of the read- 
ing. I t is equally quick 
and much more accurate 
to hold the staff vertical 
with the assistance of a FIG. ]8. 
small circular spirit-level. 
In this case some means of holding the staff 
steady must be employed; that illustrated. m 
Fig. 18 is convenient. 

 (33) STAFF SUPPoRTS.-The stability uf 
the support on which the staff rests is of great 
importance; it is obvious that if this change'
 
its height bet"\veen the forward reading to the 
staff from one position vf the instrument and 
the back reading from the next position, an 
error will be introduced, For ordinary "\vork 
it is convenient to use a small l1leta( tripod 
pressed into the ground; for precise work a peg 
(either wood or metal) driven in is generally 
used, but the actual support used must 
depend on the nature of the ground. The 
error caused hy the instability of the staff 
supports is one of the most important in long 
lines of precise levelling. 

 (34) BE
CH 
rARKs.-The ordinary hench 
mark of the Ordnance Ru rvey consists of a 
horizontal line cut in some ve;tical face, with 
the Government" broad arrow" cut below it, 
thus /f\. I n the new precise levelling the 
marks are of two kinds. The" funùamental " 
marlu
, which average 30 milcR apart, are 
illustrated in Fif}. 19: they arp confined to 
sites where the reference points can be either 
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fixed in the living rock or in concrete founded 
on the rock There are three actual reference 
points-one a gun-metal bolt for general use, 
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and the other two buried for the future use 
of the survey, The secondary marks, generally 
about a mile apart, are gun-metal plates as 
shown in Fig. 
U, cemented into a vertical 
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face; a detachable bracket serves to suppûrt 
the staff. 

 (3.3) ERRORS I
 LEVELLIXG.-Some of the 
causes of errors have already been touched on. 
Error::. due to lack of adjustment of the 
instrument are eliminated if the instrument is 



 


equidistant from the two stan:s, provided the 
adjustment does nut alter bet" een the t" 0 
readings. Such change lllay be due to tem- 
perature effects or change of focus. The 
former acts slo\\ ly, provided the instrument is 
shielded from the direct rays of the sun: the 
latter doeð not come in if the instrument is 
equidistant from the staves. If there is any 
tendency for the staff supports to move always 
in the same direction a systematic error \\ ill be 
introduced, which in long lines may easily 
become the predominant error. The only way 
to eliminate this is to relevel the line in the 
reverse direction, keeping all other conditions 
as unaltered as possible; this is invariably 
done in all l>recise work, and a systematic 
difference between the two levellings has 
almost alwa vs been found. Another cause 
of error is 
due to atmospheric refraction: 
the stJ.tement in lllany text-Looks that this 
error cancels out when the instrument is 
equidistant from the two stayes is only true 
on the assumption (generally incorrect) that 
the atmospheric condition8 along the paths of 
the two rays are the same. See article on 
,. Trigonometrical Heights and Atmospheric 
Refraction, .. Vol. III. 

 (36) ÐEFIXITIOX OF HEIGHT.-Th
 obvious 
definition of the height of a point is the di:;tance 
of the point above the reference surface 
measured along the vertical through the point. 
TIns is called the " orthometric" height. As 
the surface of the earth approximates to a 
spheroid rather than to a sphere, this definition 
leads to the result that two points at the same 
height are not. necessarily at the same grayi- 
tational putential, and water might fIo" from 
one point to the other, or even from a lower 
point to a higher. An altenlative definition is 
based on the assumptiun that all points ,\ Inch 
are at the same .. height" are on the same 
equipotential surface, and measuring the actual 
height of each such surface at some fixed point. 
For this purpose the earth is generally assumed 
to be a spheroid, and the fixed point is taken 
in latitude 4.3:>. This is called the .. dynamic" 
height. In practice the distinction only 
becomes of importance when large areas are 
covered with a neÌ\\ ork of precise levelling, and 
especially when the area covers a tract of hilly 
country extending north and south. The 
difference of height as determined by spirit- 
levelling does not conform to either of the above 
definitions. The height is first measured on a 
vertical staff (orthomctric) and then carried 
horizontally to a second staff (dynamic), and so 
on, The result is that a circuit of levelling 
carried out "ithout any error, and closing on 
the starting - point, will, in general, show a 
difference in height between the starting- point 
and the (same) finishin!! - point, The magni- 
tude of this apparent error can be calculated 
on the assumption that the vertical as indicated 
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hy the level at each setting up of the ill
tru- 1 
ment is a normal to the spheroid of reference. 
In practice it is the normal to the geoid, and 
the true correction to be applied to the levelled 
heights to give either orthometric .01' dynamic 
heights cannot be calculated unless the devia- 
tion of the plumb-line, or the true variation in 
the force of gravity, be known for each station 
occupied. F, R. Helmert 1 has calculated the 
theoretical closing error of a circuit in the Tirol 
(a) assuming the usual formula, (b) based on 
the actual values of gravity measured by 
R. v. Stein
ck; the results were 7 illill. and 
24 illill. respectively. 2 


IX. CO
TOURING 

 (37) CO
TOURI
G.-A contour is a line of 
eq ual height above sea - level, and contours 
drawn on a map at equal vertical intervals 
form the best method of showing the vertical 
relief of the ground. The vertical interval 
depends on the scale of the mJ,p and the steep- 
ness of the ground. On small-scale maps the 
contours are necessarily generalised and 
become "form lines." Accurate contouring 
must be controlled by spirit - levelling. In 
large-scale work the contours are established 
on the ground by means of a spirit- or water- 
level, and surveyed. The survey may be done 
either simultaneou
ly with the marking of the 
contour, or later, and may be done by chain 
survey, stadia traverse, or plane-tabling, or by 
a combination of the above. 
In contouring with a plane-table on small 
scales the Indian pattern clinometer is a 
u
eful instrument. It is 9 in. long, and has 
two vanes which are upright when in use. 
The rear vane has a sight - hole, and the 
front vane a vertical slit with a scale of 
degrees on one side of the slit and of natural 
tangents on the other. The sight - hole is 
brought level with the zero of the scales by 
meanH of a screw, a level on the horizontal arm 
indicating the position. The adjustment must 
be checked by comparison with the reaùings of 
a theodolite or by means of reciprocal observa- 
tions. I t is used standing on the plane- ta ble, 
and by its means the height of the table can be 
found by measuring the vertical angle to any 
point whose height is known. The slope of 
the ground and hence the spacing of the con- 
tours on the map can also be found, Sights 
can be taken up to a distance of about 3 miles. 
By fixing the height of ruling points, and the 
slope down spurs and valleys, etc., the contours 
can be drawn in with sufficient accuracy for 
small-scale work. 


1 Die Schlt'erl.:rr
ft in lIorhr/pv1'rr/p, p. 19. 
2 ('h. I.allemand, Jl,ï/"ellnnent de "aute préci.r;ion; 
Cort.';t and Geodetw Sun'ell RplJOrt.r;, [!)()O, A pp. 6, 1 no:
, 
ApI). 3; Account of the Operations of tlte G, rp. SUr/-ey 
of l,q,dia, xix.; Eo O. Henrici, Proc. I nst. Cil'il En- 
gineers, ccix. Pt, 1. 
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 (38) GE.NERAL.-Before a triangulation can 
be computed, it is nece8
ary to know the 
length of one of the sides of one of the triangle8, 
and this must be measured directly. This 
measured side is called the base, and thus 
forms the starting - puint of any sy
tem of 
triangulation required to determine the hori- 
zontaJ co-ordinates of its points. These co- 
ordinates are measured dn the spheroid of 
reference, consequently the length of the base 
(as required for purposes of calculation) is the 
distance, measured along the spheroid, bet"een 
the points on the spheroid vertically below thf' 
ends of the actual base. Thus if A, B (Fig. 21) 
are the terminal points of 
the base, AXB being the 
ground surface, the dis- 
tance required is A'B' 
( measured along the 
curve) where A'B' lie on 
the spheroid of reference FIG. 2l. 
and AA', BB' are the 
verticalB through A anù B. The actual line 
followed by the base may be either in the 
plane through AA'B or that through ABB, 
or it may be such that if P be any point in 
the base anù PP' the vertical through it, 
ABI)P' all lie in one plane. These cases re- 
present respectively the result of the line 
being laid out by a theodolite at A, or at B, 
or by a transit theodolite at each consecutive 
point P. The three lines are not strictly the 
same when the spheroidal shape of the earth 
is taken into account, but the differences are 
negligible for base-line measurements, which 
only extend for a few miles, hence any of 
these three methods may be used for laying 
down the base on the ground. The base' is 
necessarily measured in small sections such as 
PQ, representing the length of a single bar or 
tape. As these are short compared with the 
radius of curvature of the spheroid, the straight 
line distance PQ can be taken as equal to the 
are, provided the length of PQ is horizontal. 
If PQ be not horizontal it must be multipliNI 
by cos i, where i is the inclination of PQ to the 
horizontal. Unless the base is being measured 
at sea-level, a further reduction must be made. 
If R is the radius of curvature of the spheroid 
at P' 
md h the height of P above P', we get 
I )' Q '- R PQ . 
- R+h . cos
, 
whence L, the length of the base
 is given by 
L = 
(P'Q') =
(PQ cos i) - 
 (PQ. 
) , 


or if i is small, as it is when rods are used, 


L = 
(PQ) - !
(PQ. i 2 ) - 
 ( PQ. 
) . 
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These two corrections are 1.no\\ n as the re- 
duction to horizontal and reduction to sea- 
leyel respectively. It is not necessary in 
practice to correct each length PQ separately 
for reduction to sea -level, and the whole 
correction can be put in the form L(Hm/Ro} 
where Hm is the mean height of the base 
above sea-level, and Ro the mean radius of 
curvature of the spheroid from A' to B'. 

 (39) HISTORICAL.-The earlier bases 'Were 
frequently measured by means of deal rod
 
shod with metal at their ends. Such rods do 
not vary greatly in length with change of 
temperature, but alter their length consider- 
ably with varying moisture. This variation 
can be largely reduced by boiling the rods in 
paraffin wax. 'V ooden rods were used in the 
classic measurements undertaken by the 
French in Lapland and Peru in 1735-43. They 
have been used successfully in Germany,1 and 
more recently in Egypt, 2 where a probable 
error of about fiye parts in a million was 
obtained by this method. 
The earliest base in this country (Hounslow 
Heath,3 1784) was measured with deal rods 
with bell-metal ends, and with glass rods. In 
the case of the deal rods it was noticed during 
the work that their length was much affected 
by changes in the humidity of the atmosphere. 
No attempt appears to have been made to 
avoid this by varnishing or otherwise treating 
the rods. The temperature of the glass rods 
was found by two thermometers in contact 
with each rod, and the expansion due to 
_ temperature was allowed for. The discrepancy 
between the two measurements was 1.8 ft. in 
27,.-100 ft., or 66,u (,u in this section represents 
one-millionth of the total length). In 1791 this 
base was remeasured "ith a steel chain, made 
by Ramsden, of 100 ft. length (40 links of 
2.5 ft. each); the discrepancy of the result 
compared \\ ith the glass-rud measurement was 
0.23 ft., or 8,u. The Ramsden chain was used 
for four other bases in England, and is now 
deposited in the Science :\Iuseum at South 
Kensington. 
During the nineteenth century accurate bases 
were almost in\yariably measured \\ ith metal 
bars, a probable error of 1 to 2p. being obtained. 
In 1885 E. Jåderin 4 suggested the use of metal 
tapes or 'wires suspended free in catenary for 
base measurements, and the introduction of 
"Inyar," due to the researches of eh. Ed. 
GuilJaume, of the International Bureau of 
'Yeights and :\Ieasures, has enabled Jäderin's 
apparatus to be so improved that it now forms 


1 Reinhertz, Zrit. rermess" lS!)fJ. Pt. 7. 
2 Lyon
, Car/astral Sur/'ey of Egypt, C'airo, 1908. 
3 Roy. So('. Phil. Trans., 17

; also Account of the 
Principal Triangulation of the Ordnance Sun'ey, 
1838. p. 206. 
.. JÜderin, GeodiitÜ
rhp Liin[1f'nme!>l.<:1.lng mit Stahl- 
hiintlern u1!ll Jletrtldrähten. :-itockholm, 1883. An 
En!!lish translation appears in the C, and G, S. 
Report for 1893, Pt. II. App. 5. 


a method of base-line measurement which is 
not only fully as accurate but much quicler 
and cheaper than the older methods. 
The measurement of the Salisbury Plain 
base (length 6,9 miles) in 1849 "ith Colby's 
apparatus took a large part} nearly six months 
in the field, \\ hill' the LO
8iemouth base of 4.5 
miles was measured in 1909, using invar tapes, 
by a much smaller party in about a month, 
and with a higher degree of accuracy. 

 (40) BASE :\lEAS"LRE)lE
T ix THE XIXE- 
TEEXTH CEXT"LRY.-The great trouble in all 
base line measurements has been the change 
in length of the apparatus due to humidity 
(in the case of wood bars) or temperature. A 
metal rod needs time to take up the tempera- 
ture of its surroundings, and in the field the 
conditions are such that the true mean tern. 
perature of the rods cannot be obtained satis- 
factorily by the use of thennometers in contact 
\,;"ith them. To overcome this difficulty Borda 5 
introduced the principle of the bimetallic 
thermometer. His apparatus consisted of two 
strips of metal in contact. The low
r strip of 
platinum (either 2 toises or 4 metres long) 
rested on a stout beam of wood; lying im- 
mediately on it, and fastened to it at one end, 
was a strip of copper about 6 inches shorter. 
A scale on the free end of the copper, read by 
a vernier on the platinum, indicated the 
relati\ye e
pansions of the two bars, whence 
the temperature, and therefore the true length 
of the platinum strip, could be inferred. 
Another apparatus designed to the same end 
was Colby's 6 compensated bar apparatus, 
which consi
ted of two lO-ft. bars, one of iron 
and one of brass, firmly connected at their 
centres. At either end was a metal tongue 
a bout 6 inches long pi voted to both bars so 
that, while free from shake, they did not 
impede the free expansion of the bars. At the 
outer end of each tongue was a small dot, and 
the distance between the dots determines the 
length. If aa' and bb' (Fig. 22) are the bars, 



 c
 



 . 
: :: 


I I 


FIG. 2
. 


having a temperature coefficient of a and ß 
respectively, and if abc, a'b'c' are the tongues, 
the lengths ab, bc, etc., are so chosen that 
ac/bc=a/ß; if, therefore, owing to a change of 
temperature, a 1ll0\geS a distance ad, b will 
move ßd, and c will not mm-e. If the e
- 
pansion can be considered as proportional to 
the change of temperature, and if both hars 
are at the same nlean temperature, the distance 


· nt'lambre, Rm:e du syst
me métrique, etc., Pari8, 
] 80(;-10, ii. 1 and ilL 311. 
5 H. Yolbnd. JIcasurement afthe Lough Foyle Base, 
etc., London, 1847. 
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ee' will remain conðtant. This apparatus was 
used for the two chief bases of the Onlnancp 
Survev of the United Kingdom, for ten bases 
in In
lia, and also in So
th Africa. It has 
not been used since 1870, as it was found that 
the temperatures uf the two bars did not 
remain equal, and it was found necessary in 
India to use thermometers, and not to rPly 
entirely on the automatic compensation. l The 
probable error of measuremcnt with this 
apparatus was about 1.,>,:1.. 
In most of the earlier bases the rods were 
used as end measures, and were laid touching 
end to end. Borda introduced a graduated 
slider moving in a groove at 
the free and uncovered end of 
the platinum strip, for the pur- 
pose of measuring the small gap 
left between successive bars. 
This was improved later by 
the addition of a spring and 
contact screw. Struve,2 for 
the Russian bases, used a 
wrought-iron bar (who:::ie temperature was 
determined by two thermometers) fitted with 
a contact lever (Fig. 23) for measuring tllP 
small interval between the bars, the lever 
being held in contact by a spring. Bessel 3 
used bimetallic bars of iron and zinc. The 
upper (zinc) tpnninated in horizontal knife- 
edges, while at the free end a small piece with 
two vertical knife-edges was attached to the 
iron bar (Fig. 24). The distance between the 
knife-edges was measured by a glass wedge, 
and gave the temperature correction, and the 
cli'3tance between successive bars was measured 


equal a1H.;orbing surfaces, their masses are 
invel'sPly proportional to their speeinc hpats, 
alluwance being made for their differcnce of 
conducting power. Lever C is a compensation 
lpver so arranged (as in Colby's apparatus) 
that the position of the upper knife - edge 
remains constant irrespectÏ\Te of the expansiun 
of the hal's. A eollar on a sliding rod d is 
pressed back against the l..nife - edge by a 
spring, and the sliding rod terminates in an 
agate plate for contact with the next bar. A 
scale and vernier attached to the free ends of 
a and b enahle the relative expansion of the 
bars to be measured if desired. At the other 
end, where the bars are fixed 
togetllPr, is another sliding 
rod e terminating in a blunt 
knife-edge for making contact 
with d; the inner end of e 
abuts on a contact lev
r f 
pivoted below, which in its 
turn comes in contact with 
the short tail of the lever g, 
mounted on trunnions, but not balanccd, and 
carrying a spirit-leveL :For a certain position 
of the rod e the bubble becomes central, and 
this po
ition determines the standard length 
of the bar. This arrangement is very delicate, 
and ensures that the pressure of contact is 
always the same. 
All the bars so far considered (except Culby's) 
are end measures. Colby set the bars so that 
the dots of two successive bars were exactly 
6 inches apart, by means of t\\O microscopes. 
The two microscopes were connected by two 


FIG, 23. 
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in the same way. The bases measured with 
this apparatus had an error of about 2fL. 
Bache in 184.3 designed an apparatus which 
was used by the Coast Survey uf the United 
States, and which combines several of the 
abov
-mentioned arrangements. aa', bb' of 
Pig. 25 are iron and brass rods respectively, 
forming a Borda hi metallic thermometer. 
They are separated hy rollers so that they 
can expand freely. The cross-scctions of the 
bars are so arranged that, while they ha.ve 
1 G. T. SUn'C.II of Indirt, Dehra Dun, 1
7U, i. 
\I 11'. G, 'V. struve, ATC du J1énm"en de 25 0 20' 
entre le Danube rt In mrr "!f(cÙllr mp.<!uTé ([{'puis ]8ll; 
jusqu'en 18;;!í, sous la direction de TennCT, Selanr/n, 
Hanstepn, et .F. G. W. StrUl'e, st. .Petersburg, 
18:>7-üO. 
3 F, W. B('ssel and J. J. Raeyer, GTadmessung in 
Ostpreusscn, etc., llerlin, 1838. 


bars of brass and iron respectively in such a 
manner that the focal points of the microscopes 
were exactly (3 inches apart, the temperature 
compensation being on the same principle as 
that of the bars. A third microscope passed 
through the centre of the bars, and was con- 
structed to focus a puint at ground-level. 
The microscopes were provided with levelling 
screws, and screws for giying motion in lon!Ü. 
tudinal and transverse directions, The whule 
compensated micru:::icupe set rest cd on a bracket 
attached to one end of the case enclosing the 
bars. The measurement of the ü-inch intcl'\rals 
was effected by bringing one of the outer 
microscopes to intersect the dot on the bar 
laRt placed, and then moving t he next bar 11 p 
by its sluw-motiun screws so that its dot was 
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bisected by the other microscope. The end 
of each section of six bar lengths was trans- 
ferred to the ground by the centre microscope, 
a suitable reference point being adjustably 
mounted on a heavy cast-iron plate resting on 
the ground. The Salis bury Plain base, \\ hich 
was measured in 1794 with the Ramsden 
chain, was remeasured in 1849 with the Colby 
apparatus, and a discrepancy of 1.03 ft., or 
2Sp., was found between the two measurements. 
Some of the orif!inal Colby apparatus is now 
in the Science )luseum at South Kensington. 
Boscovitch in Italy in 1751 used bars \\Ìth 
the length defined by line marks on the bars, 
measuring the distances between successive 
bars by dividers and scale, and other early 
work was done with marks on the sides of the 
bars. 
All the above - described methods used a 
succession of bars, either actually or nearly 
touching. J. Porro and others used a single 
bar to measure the distance between successive 
microscopes mounted on tripods, and carefully 
aligned and levelled. Porro used a bimetallic 
bar for temperature correction. His apparatus 
was improved by Ibañez 1 and used in Spain 
and Switzerland. 
In 1871 R. S. 'Yoodward,2 of the Coast and 
Geodetic Survey, overcame the temperature 
difficulty by using a single iron bar carried in 
a V -shaped trough filled with melting ice. 
An error of 0'2.3p. is claimed for this apparatus, 
and it is probably the most accurate method 
that has been adopted. It is slow and ex- 
pensive to use, and its greatest utility is 
perhaps for laying down a field standard for 
standardising wires or tapes. 
Any method, such as those described above, 
which involves the use of metal measuring 
bars in the field entails the provision of heavy 
trestles for their support. These trestles 
must be carefully aligned and levelled, and 
in order to do this the ground must be fairly 
level and smooth, and in many cases much 
clearing and preparation of the ground are 
required. Such methods arc therefore neces- 
sarily slow and expensive. 
For fnrthf'r particulars of the oldf'r method:,; see 
A. We:-itphal. Zl'Ít.
. 11l.
tnmu}lItpllk.. 1b8:J, Y. 2:J;, 333, 
3;3, -l
O. and 1888, yiii. 189, 

:J, and 337. r'Of 
fullf'r df'tail
 reference mu:'\t be made to the oriainal 
accounts mentionNl, or to the official reports of the 
sun-eys cOll
erlled. 



 eH) 
IoDER
 BASE )rF.AS"(TRE:.\lE
TS. (i.) 
In .Amerira.-The American "Duplex" bar 
apparatus has been used \\ ith success in modern 
work. It consists 3 of two measuring tubes 


1 C. ThaÎÍez et Saa-H'dra, E.rpéri p llces lait{'.<; al'ec 
l'apparril à mrS1lrrr 11:'.<; ha.
e.<; app((rteuont it 10 com- 
mi.<;Rion de 1(( corte d'E,'i)lagnc (Traduction par A. 
Lau

ec1at. Paris, lSliO). 
:! H.:-). "'oodwanl, " On the 'rf':1surf'mf'nt of tllf' 
Holton Hf'ath Base, dc," Rf'pnrt (If the Curt.'it ((lIrl 
Gl'udetic Survey fOT IS!/!, J't. 2, \pp. 8. 
a Con.'it and GCOfll>tic Suuey Be }Jort, 1897> A pp. 2. 


.3 metres long, each containing two hollow 
cylindrical bars, one of steel and one of bras::;. 
The outer tube is mounted on two wooden 
tripods, with fine adjustments for levelling 
and aligning. The measuring bars project 
at both ends from the outer tube, and are 
brought into end contact, steel to steel and 
brass to brass, by means of screws which 
move them bodily in the outer tube. The 
contacts are agate knife-edges. The process 
results in two simultaneous, but independent, 
measurements, one \\ ith the steel bar and one 
with the brass bar. If, owing to temperature, 
one bar gain too much on the other, it can be 
set back a knO\vn amount bv means of a vernier 
on the steel bar read against a scale on the 
brass. Thermol!1eter readings give the tem- 
peratures of the bars. The difference between 
the total lengths of the base as obtained from 
the brass and steel, uncorrected for tempera- 
ture, gives the mean temperature of the bars, 
and thus the temperature correction to be 
applied. The thermometers give the correc- 
tions to be applied to each indi,'idual bar 
length, which provides a check. The bars are 
actually tubes of comparatively thin metal, 
the thicknes::;es being calculated to compensate 
for relative specific heats and conductivities; 
I they are both nickel-plated, and enclosed in a 
double tubular covering; the result is that 
they nlaintain very closely the same tempera- 
ture. 
(ii.) TClpes.-If wires or tapes be used for 
the actual field measurements, they can be 
much longer than the bars, consequently 
there are fewer points requiring accurate 
alignment, and fewer measurements or settings 
at the end of each unit length; tIllS tends to 
both speed and accuracy. At the measure- 
ment of the Holton Heath base 4 a comparison 
of various methods was made and the practical 
use of tapes tested in the field. Steel tapes 
graduated every 20 metres over a length of 100 
m. \\ere employed, the total length being about 
101 m. ; the cross-section was 6.34 by 0.47 mm., 
and the weight 22.3 gramg per metre. The tape 
was strained to a constant tension of 2,) Ibs. 9 oz. 
by means of a spring balance. The tensioning 
apparatus consisted of a lever of steel tubing, 
with a wooden eÀtension as handle, hinged 
by a Ulllversal joint to a platform on which the 
operator stood. The tu he was threaded, and 
a \\ heel nut carried a gim hal- jointed support, 
to which was attached the spring balance. 
The halance was used at one end only. The 
tape was supportcd every 20 m. on "ire nails 
driven into posts. At the end of every 100 m. 
length a properly ranged l'.arkinf! - post was 
cut off. or driw'n do" n, to the proper }wight, 
and capped by a plate of zinc. The supporting 


4 R. 
. "-oollward," On tllf' :\[(o:Hmrf'ml'nt of tllf' 
II olton ]I (';l t h Ba
(', etc.," Rr pnrl (If the Co.-: ,<;t ol/(l 
Gcodetir 8ltrl'ey for is!/!, Pt. 
, .\ pp. B. 
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nails were carefully adjusted as to heigh 4 J by 
a telCt:ìcope, so that they lay in a line joining 
the two marking - posts. The tape being 
placed in position, the rear mark was brought 
to coincide with a mark on the zinc top of 
the marking-post, and the strain taken at the 
front end by the spring balance; the tape was 
then lifted clear of the nails, and dropped un 
to them so as to avoid friction and any lack 
of alignment in the tape itself. \Vhen all 
was correct, a scratch corresponding with the 
forward end of the tape was made on the zinc 
of the forward marking-post with a fine 
bradawl, the thermometers were read, and 
the tape moved forward to the next section. 
If temperature effects, or inaccurate spacing 
of the marh.ing-posts, caused the tape ends to 
get too near the edges of the zinc plates, the 
tape was set forward or back an even number 
of centimetres by means of a scale. The tapes 
were standardised in the field on a special 
100 m. comparator by means of the.) m. iced 
bar. A special section of the base 1 km. long 
was measured by the iced bar, by 5 m. contact 
rods, and by the 100 m. tape. The tape 
measurements were taken both by day and 
by night. Two or more measurements went 
to a set; the sets taken at night varied :t 3 mm. 
from the mean, those by day up to 10 mm. 
The mean of the night sets (21 measurements) 
differed from the iced bar measurement by 
only 0.2 mm. The greater accuracy at night 
is due to the better temperature conditions. 
The rate of working with the iced bar was 
100 m. an hour, and the probable error of one 
such measurement of 100 m. was about :t 
0,034 nUll. The probable error of the 1 km. 
section (mean of 4 measurements with the 
iced bar) was :t 0.26 mm. The rate of working 
with the tap
s at night was about 2 km. per 
huur. Thf> probable errors given are those 
of measurement only, and do not include the 
error of the iced bar itself. The final results 
for the kilometer section were: 


l\Iean of G measurements with 
steel rods , 1000 m. - 4'9 wm. 
:\Ican of 21 measurements with 
steel tapf's 1000 m. - 3.6 mm. 
:\Ican of 4 measurements with 
iced bar 1000 m. - 3.4 nlm. 
These results showed the possibility of using 
steel tapes for work of first-class accuracy. 
In 1900 the Coast and Geodetic Survey 1 
considered that, in view of the speed with 
which base measurements could be made with 
tapes, it would be advantageous to measure 
frequent check bases. An accuracy of 2 fJ- was 
laid down, and no time was to he spent in 
trying for more accurate results than this. 
Fifty and 100 m. tapes We're used, supported 
every 2,} m.-2 x 4 in. stakps for inte'rmediate 
1 Coast anrl Geodrlic Rf'porl, 1901, .\Pl'. 3, p. 2
!). 


su pports, and 4 x 4 in, stakes for the marking- 
posts, topped with copper instead of zinc. 
A kilometer of each base was measured with 
the duplex bar apparatus, and tapes and bars 
were standardised again:::;t the iced bar at the 
beginning and end of the seaRon. The methods 
for using the tapes were generally the same as 
those employed at the Holtun Heath base. 
In the result, 9 bases with a total length of 
69 Inn. were measureù by one field party 
between July 16 and January 18; including 
the standardisation work, the worst probable 
error obtained was 1,4 fJ- and the average 0.8 fJ.. 
Later on invar tapes were used,2 which enabled 
work to be done in the daytime with less 
danger of temperature errors and greater 
ease and accuracy, as compared with steel 
tapes by night. In 1907 a party of from seven 
to thirteen men prepared and measured 3 bases, 
and measured 3 more (prepared by another 
party), in all 6 bases with a total length of 
LOO kIll., in four mQnths. The worst probable 
error was O.4ß fJ- and the a\Terage 0,36 fJ.. 
Both steel and invar tapes were used, the 
latter proving 7 per cent faster and 70 l>er cent 
more accurate. 
(iii.) Tapes or Wires in Catenary.-'Vhen 
tapes are used as above described, .with the 
tapes supported at short intervals, and always 
supported in the same way both when being 
standardised and when in use, and when only 
small inclinations are used, no allowance need 
be made for sag, etc. The method, however, 
while much quicker than the use of bars, and 
not necesRitating quite such a smooth stretch 
of ground, still requires a fairly smooth anù 
level site for the base. The latest base ap- 
paratus, a development of Jãderin's,3 uses the 
tapes hanging free in catenary throughout 
their length. By this method fewer suprorts 
are necessary, and bases can be accmately 
measured over more uneven ground and on 
steeper slopes. 
The method and apparatus used have heen 
described in ùetail by Benoit and Guillaume. 4 
The tapes are not graduated throughout their 
length, but carry smaH scales at e'ither end, 
reading + or - from the zero graduation. 
The scales are a few inches long and are gradu- 
ated in millimetres, or some similar divisions 
such as 
o in, The nominal length of the 
tape is the straight line di.stance between the 
zero graduations when they are at the same 
level, with the tape hanging free at Rtandard 
tension. There is some differf'nce of opinion 


2 C'odst and Geodetic Surl.ey Report, H 1 07, App. 4, 
p.107. 
3 ,J iidcrin, Geod(ïtis('he Liin(lenmel
S1mg mit Stnlll- 
hiinr!prn Wlft Jfpfnldriihtrn, Stockholm, 1885. 

 fi('noit and nuillanm(', Ln mr,<;llre TnpÙ1r des 
bn.<;e8 fléodhiqlle.<I (lst. ('d., Pari
. 190;): ;jth <,d., 1917). 
Sf'(' also Orrlnr!1l(,p SI'7 1 'P./l Prnf(J.'
.</iollnl Po per,<:, :x ('w 
S('ri('s, No.1, 1!1I2. and .lff'fl.'mrrm('1/t (
f nil Arc 
of Jf erid irul in C yanda (Colonial Suryey Conunitt<'e 
j{,pport), Hn
. 
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as to the relative merits of tapes or wires. 
If tapes are used, the scales can be marked 
direct on the tapes themselves, and it is easy 
to ensure that there is no twist in the tape. 
'Vith wires the scale has to be attached to the 
wire, and a twist is not so easily detected. On 
the other hand, wires are probably less affected 
by wind. The tension is applied to the tape 
by means of a cord or wire, passing over a 
pulley, with a weight attached. The measure- 
ment is carried out as folluws: A number of 
trestles are aligned along the base and spaced 
at intervals of one tape-length. The trestles 
ha,-e heads somewhat as shown in Fig. 26, 
the heads being movable hori- 
zontally on the trestles for 
accurate alignment. The tape 
is then placed alongside the 
trestles, just not touching the 
tops, and strained by means 
of the straining trestles to the 
standard tension. Simultaneous 
readings are taken by observers 
at the two ends, the scale on the 
tape being read against the mark 
on the trestle. Eight or ten such 
readings are taken, the tape 
being moved slightly in a longitudinal direction 
between each reading. The tape is then moved 
to the next span and the process repeated. 
After every six spans or so the observers 
change ends, in order to eliminate personal 
errors. Each section of a convenient number 
of spans is measured two or more times, the 
direction of measurement being changed 
between each. It is preferable to use more 
than one tape. At the end of each d
y's 
work the point on the ground directly under 
the terminal trestle head is marked on the 
ground, and checked before recommencing 
\york to ensure that the trestle has not shifted. 
The difference in height between the trestle 
heads must be ascert;ined by levelling, or by 
observing the slope between them. This is 
req uired both for the ordinary reduction to 
the horizontal and to allow for the change 
in shape of the catenary when the ends of 
the tape are no longer at the same le\el. 
The temperature of the tapes must also be 
noted: but as the coefficient of expansion of 
invar is so small (about 5 x 10- 7 per 1 0 C., 
or less), no great accuracy is necessary. 
The temperature can be observed either by 
means of a s\\ing thermometer or by thermo- 
meters attached to the tape beyond the 
terminal marks; the former is probably the 
preferable method, at any rate in temperate 
climates. 
The apparatus as Oliginally designed had 
weights and pulle
's at both ends for applying 
the tension; but if the tape is on anyappreci- 
able slope the tension for equilihrium is not 
the same at the two ends, and the tape will 


ID 
o 


:FIG. 2(;. 


run downhill, or, if it does not, the e},.cess 
tension at the luwer end must be absorbed by 
friction, and in such a case an uncertainty as 
to the true ten::;ion at once arises. A prefer
ble 
method is to attach une end direct to the 
straining trestle by means of a screw, and to 
move the tape by its means between the 
readings, half the readings being taken after 
a screwing-up motion and half after a screwing. 
out motion; if a fine" ire or steel tape be used 
for connecting the weight,. there is practically 
nothing lost by friction (which is not neces- 
sarily the case when a cord is used), and the 
mean ten
ion applied at the weighted end is 
the standard tension as determined by the 
weight. 
.so elaboratf" apparatus is required. The 
straining trestles for the tapes consist of one 
long leg carrying the pulley, which is placed 
in the alignment of the base, and t\\ 0 shorter 
legs supporting it, one on each side. If the 
long leg be continued beyond the point of 
attachment of the supporting legs, so as to 
form a handle, it can be placed in its correct 
position \\ it.hout much difficulty. In the 
simplest form the pulley is mounted in a slot 
in the leg, but some users prefer having it 
mounted in a frame, the frame being pivoted 
so that the pulley automatically places itself 
in the plane of the tape, being capable of 
movement up or down, and sideways, relative 
to the trestle, by means of screws. In any 
case it is essential that the pulley should 
be true on its axis, and as frictionless as 
posgi ble. 
The trestles for marking the ends of the tape 
lengths are easily aligned by a theodolite. 
The difference of height between successive 
trestles is best determined by an ordinary 
telescopic level, using a special short levelling 
staff resting on the trestle heads. It is 
sufficient in the field to read the scales on the 
tapes with the aid of a reading-glass"; micro- 
scopes are not necessary. 
Great care must be taken in handling the 
tapes or wires. It must be remem b('red that 
the whole accuracy depends on the constancy 
of their lengths; they must therefore on no 
account be strained beyond t.heir elastic limit, 
or bent or kinked. To ensure this, great care 
is necessary in winding and unwinding the 
tapes on the drums used for storage or trans- 
port, and they should never be dragged along 
t.he ground. The follo\\ing points must be 
kept in mind in the design and use of the 
drums: (1) The diameter of the drum mu
t 
be such that no sharp bend is gi\'"en to the 
tape or \\ ire; a diam('ter of about ! metre 
iR suitable. (2) In the case of a wire, which 
has a stiff scale attaell('rl. the end must be 
attacherl to a projecting hook on the drum of 
such length that the scale forms a tangent to 
the drum, touching the drum \\ ell beyond the 
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scale, so that the wire is not bpnt at the pomt 
of its attachment to the scale. (3) \Yires 
should be wound helically on the chum with- 
out overriding. (4) Tapes should be wound 
on a narrow drum with cheeks, the distance 
between the cheeks being only slightly greater 
than the width of the tape to avoid any pos- 
sibility of the tape catching in itself when 
being unwound, (5) The tape or \\Íre must 
not be wound so tightly that any expansion 
of the drum with temperature can possihly 
strain the wire beyond its elastic limit. There 
is no difficulty in the case of a tape, but if a 
\vire is not rolled tightly the turns may over- 
ride, and it is safer to insert a spring between 
one end of the wire and its hook on the 
drum, and thus ensure a sufficient but not 
excessive tension. Provision must be made 
for mounting the drum, either on the strain- 
ing trestle or in its carrying Lox, so that 
it can be easily turned for winding and 
unwinding. 
It is desirable to keep one or more tapes as 
standards, and to use one or more working 
tapes for the actual base measurement. A 
pair of marks similar to those on the trestles 
should be set up one tape-length apart on 
firm-fixed pedestals somewhere near'the base, 
for use as a comparator for comparing the 
working tapes with the field standards, and 
such comparison should always be made before 
and after the base measurement, even if inter- 
mediate comparisons are not made. By this 
means any variation in the length of the work- 
ing t.apes can be detected. These latter can- 
not be so effectively guarded against accidental 
damage as the standards. 

 (42) THEORY OF TAPES I
 rATE
ARY. -If a 
heavy, uniform, and inextensihle string is stretched 
between two points the equation,,> of the curve 
assumed are 


x=cu, 
( U2 u 4 
y=c ('osh u=c 1+ 2 ! + 4! + 


...), 


( U3 u 5 ) 
8=C sinh u=c U+.>I +r.t + . .. , 
,.). u. 


where 8 is the length measured along the curvC' from 
the lowest point, c is the length of string whose wpight 
is equal to the tcnf;ion at the 100\c<>t pojnt, and u 
is an independent variabl('; also the t(,I1Hion at any 
point on the curve is ('qual to the wdght of a pi('ce 
of string equal in length to tllf' Y of that point. 
Hence if w is the" eight per unit length, To the tension 
at the lowe!"t point, 1\ and 1'2 th(' t('m:;ion
 lit points 
(x 1 Yl)' (x2Y2) respectively, then c=To/w, !h =T 1 !w, 
Y2=T2/W. 
If 1 is the l('ngth of thc string (=8 2 - 81)' 
X thc horizontal di:;;tance (=.1"2- Xl)' 
h tlw difference in height betwc(,11 the ends 
(=Y2- Yl)' 


01C probl('m is to find X in terms of Xo (the yalut 
of X when h=Ü) and h. 
X=.r 2 -x 1 =C(u 2 - u 1 ). 
1=8 2 - 8 1 =c (sinh lt 2 - sinh u 1 ) 
U..+U 1 , UI)- '111 
=:2c cosh -=-- - smh _w_ . 
2 '2 


Similarly 
It='2c :;;inh u 2 +11 1 f;inh 11 2 - 11 1 
2 
 


and 


r h') X 
- - - . I 2 U 2 - U 1 . 11 ,.-'- 
---:;- = SIn) - - = SIn - 
4c- '2 2c' 


can 


1 2 - h 2 
4c
 =Z. 


Then 
X=2c sinh- 1 ,'z, 


=2c ,/
1- 
z+ i'loZ2- T

Z3 + . . . ) 


_ I l 
- h 2 (1 1 :; 2 õ 3 ) 
-, - - GZ+:[oz - l1:J Z + . .. . 


Also y2_ 82=c 2 (cosh 2 u- sinh 2 u)=c 2 , 


hence Y2 2 - YI 2 =8 2 2 - 8 1 2 , 


and 1(82+81)=822- 8 1 2 =Y2 2 - y/'=h(Y'2+Yl)' 


hence 


1(8 2 -8 1 )=1 2 , 
218 1 = 11(Y2 + Yl) - t., 
218 2 =h(Y2 + Yl) +t\ 


and :!.12(822 +812) =h 2 (Y2 + Yl)2 +l-l; 
but 2C2=(Y22+YI2)_(822+812), 


hence 4t
c2 = '2l'1.(yz 2 + Y1 2 ) - It 2(Y2 + Yl)2 - [I 


=t
(Y2+Yl)2 +12h 2 _ 1t2(Y2 +Yl)2 -It 


=(l2_ h 2 ) {(Yz+YJV- l2 ;, 


therefore 


[2- h'!. Z2 
z= -=-- 
4c 2 (Y2+Yl)2_p. 


If, therefore, the mean tension at the two ends of 
the tape is kept constant, i.e. if (Y2 + Yl) is constant, 
then Z is constant, and 
X o =1(I-lz+-l 6 z 2 - . . . ), 


whence 


X I l 2-- h 2 Xo X j--P 
=, - . 1 = 
 0 \ 1- l:!. . 


To find 1, put l=Xo+À, \\-here ;\ is uhat is some- 
times call('d the" sag," then 


( U 3 U5 1(,7 
À =l-X o =2(s-x)=2c 3 + r: +-+ 
! u! 7! 


.) 


( x2 x 4 x 6 ) 
= 2x I), -2 + r;:, -l + 7 I -6 -I- . .. ; 
,").c u.C .c 


Lnt 


I) I) I) 4T2 1 1) 
4c-=(!I" +Y I )--l-= '. - -, 
w 11'- 
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where T is the standard tension applied to the ends, 
hence if T is n timeS the \\-eight of the tape, 


T=n1w, 


and 


T2 ( 1 ) 
c 2 =- 1-- , 
w 2 4n 2 


and 
( w 2 ( 1 ) -1 
X="X) l X 2- 1- - 
- \."6 T2 4n 2 
w 4 ( 1 ) -2 
+T
oX4T" 1- 4n 2 + 


). 
. . . J 


it is desirable that n should be large, ne\-er less 
than 10 and generally about 20. If n= 10, the second 
term of the equation for X is 
Xo 5 1 ( 4n 2 ) 2 
1h . 25- . n 4 1" 4
i _ 1 . 


This is less than Xu/IS. 10- 6 , similarly it is less than 
Xo/30ö. 10- 6 , when n = :!O. In such circumstances 
this can be neglected and \\ e have 
X o 3 w 2 ( 1 ) -1 
X= 24 · 1.'2 1- 4n2 
Xo 3 w 2 ( 1 1 
= 24 . T2 1
 4n2 + 16n4 + 


. . .). 


Thf' second term of this is less than Xo/24.n 2 . 1/4n 2 , 
t.e. less than Xo/9ön 4 , and can frequently be neglected. 
The formula X=Xo,, /I-h2 /12 is not in a con- 
. venient form for calculation, as the actual value of 1 
will vary for each span measured. Call L the actual 
length of the tape between its zero marks at standard 
temperature and tension, S the nominal length of 
the tape, and L' the actual length at temperature t 
above the standard temperature, then Xo=8+a o , 
where a o is the error of the tape found when it is 
standardised. If a. is the coefficient of expansion 
of the tape, we have 
L' =L(I +at)=(X o +")(1 +at)=(8+X+a o )(1 + at), 
In the field we actually measure the difference a 1 
between 1 and L', hence 
1=(8+ \+a o +a 1 )(1 + at). 
Here a o depends on the accuracy with which the 
tape is marked, a 1 on the accuracy "ith which the 
trestles are spaced, and at on the temperature. 
'Yith care there should be no difficulty in keeping 
(a o +a 1 ) less than 10 mm., and with n = 10, X \\ ill 
be about Xo/2-l00, at will never be more than 10- 4 , 
consequently (^-+a O +a 1 ) should never be more than 
Xu/ 1 :!'OO, anù (X+a o +fl 1 )(at) \,ill ne\-er be more than 
X o .10- 7 and usually much leRs. It can therefore 
be neglected. 'Yc may therefore put l=S+A+X. 
where A=aO-+a l +8at, and aL"o Xo=8+A. 
The formula for X now becomes 



 _ f k 2 } i. 
X-(S+A) ll- (S+A+X)2 ' 
expanding we get 


{ h2 ( A + \ ) -2 
X=(S+A) 1-1S2 1+---s 
h 4 ( A+" ) 4 
-:\- 1 + - 
"S" S 


, 
-'.'J. 


VOL. IV 


As shov.n above, A+^- can without trouble be made 
less than 10- 3 8, hence if "e neglect terms involving 
(A +X)2/8
 v.e are neglecting a quantity less than 
1\810- 6 even "hen h/
= 1/3, anù generally very 
much less. }
or practical purposes, therefore, 


( h 2 ( A+X ) h4 ( A+X ) 
X=(S+A)\ 1-I S2 1-2-S -1 84 1-4-& 


1 kG ( ,A + X ) } 
-.nr 86 l-ùS- -... 


( h2 h 4 kG h 8 ) 
=8 1-! 82-1- 84 - TlìJ 8 6 - rl-s S8 - . . . 


A+X ( k2 k4 h 6 k 8 ) 
+S8- S2+!
+isó+//JS
+. . . 


( h'J h. 4 h 6 h P ) 
+A l-i S2 -i S 4 -1\- S6 -rls SS -... 


A+^- ( h2 h4 h 6 h 8 ) 
+AS- S2 +t S4 +iSfi+lt; S8 +'" . 


As A(A +")/8 is less than 1810- 6 , it is negligibJe 
even on slopes of 1 in 2. so, neglecting this, 


( h2 k 4 kG k 8 ) 
X=S- S 18"2+-1- 84 +llf S6+:r
s 88+. . . 


A ...L ( 1 
 3 
 _5 7!! 3_5 h 8 + . . . ) 
+ . A 'IS'J+SS4+1tTS6+T28S8 


( h2 h4 h G h 8 ) 
+X S2+t
+jSG+I"6 S8 +... · 


anù we can \\ rite simply 


X=S+A- P+Q+R, 


where 
( 1
2 h 4 h G h S ) 
P=S 
S2+tS4+itT86+rl8SS+... · 


\\hich can be tabulated once for all in terms of h 
for any standard tape length; 


( k2 h 4 kG k 8 ) 
Q=A -
-S2+
S4+/
S6+ll"B"SS+... , 


which can be tabulated for any standard tape length 
in terms of k and A ; 


( h2 h4 h 6 k 8 ) 
R=X S2+ t S..+ i S6+ llr Sã+... ; 


this is always small and can be tabulated in term::; 
of h fpr any given tape. 
Strictly speaking, ^- depends on :X O ' but as Xo will 
differ very slightly from ::-;, R call be calculated on the 
assumption that Xo=S, and no apprl'Ciablc error 
\\ ill be introduced. 


3n 
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Table!:: I., II., and III. for P, Q, and R "ill give an 
idea. of the value of the correction!::. They are 
calculated for S=2! m., T=lO kgm., 'W=0'Olï32 
kgm., whence À= 1'728 nun, P is the usual correc- 
tion for slope; it is always to be subtracted 
from the measured length of the base, and is 
always important. Q will vary in sign with A. 
and only becomes of importance on steep slopes 
and when the trestles are badly spaced. It is 
the correction for the cnange in sha pe of the 
catenary on a slope; it is only of importance on 


steep slopes, or when a low tension is being used; 
it is always to be added to the meao;urcd length of 
the bas('. 
So far it has been assumed that the tape is in- 
extensible, but proddf'd that the mean tension is 
kept constant, and the tape is not stretched beyond 
its clastic limit, this as
mmption "ill produce no 
error. The formula developed above as!"umes that 
the mean tC'llsion at the ends is kept constant; if 
this bc so, it can be shown that the true mean tension 
is sufficiently constant to make no appreciable error. 


TABLE I 


VALUES OF "P" Di :\IILLIl\IETRES FOR S = 24 METRES, h I
 METRES 


h. 


,00. 


.01. 


0.002 
0.2I>2 
0.9HJ 
2.002 
3.502 


5.419 
7.752 
10.504 
13.G72 
17.238 


21. 2G I 
25.G8:? 
30.521 
35.779 
41.455 


47.549 
54.0(i:
 
()0.9!)G 
fi8.349 
7G.123 


84.317 
92.932 
10 1.!)f)!) 
lll.428 
121.308 


,02. 


0.008 
0.300 
1.003 
2.13-1 
3.G75 


5.634 
8.009 
10.802 
14.012 
17.640 


21.G85 
26.147 
31.028 
36.328 
42.045 


48.181 
54.737 
61.71:
 
(i9-108 
7U.923 


85.lGO 
93.817 
102.895 
ll2.397 
122.319 


.03. 


0.019 
0.352 
1.102 
2.269 
3.853 


5.852 
8.270 
ll.105 
14.3,36 
18.02.3 


22.ll2 
2G.G17 
31..339 
3G.881 
42.G40 


48.818 
55.4lß 
62.433 
G9 -870 
77.728 


8().007 
94.70G 
103.826 
ll3.370 
123.335 


'04. 


0.033 
0.408 
1.200 
2.409 
4.034: 


6.075 
8.535 
ll.4ll 
14.704 
18.415 


22.544 
27.090 
32.055 
37.438 
43.239 


49.4!)!) 
56.099 
()3.158 
70.(j37 
78.537 


86.858 
95.599 
104'762 
Il4.348 
124.355 


'0;;. 


0.052 
0.4(;8 
0.302 
2.552 
4.219 


6.303 
8.803 
ll.721 
15.0.36 
18.809 


22.980 
27.5G7 
32.574 
37.999 
43.842 


50.104 
56.786 
63.887 
71.408 
79.350 


87.713 
!)fi .496 
105.701 
ll5.329 
125.379 


06. 


0.07 I> 
0,533 
1.408 
2.700 
4.409 


6.534 
9-076 
12.036 
15.413 
19.208 


23.420 
28.049 
33'OD8 
38.565 
44.449 


50.753 
57.477 
()4.G20 
72.183 
80.W7 


88.572 
97.398 
lOG .G45 
Il6.31;') 
126.407 


.07. 


0.102 
0.G02 
1.519 
2.853 
4.G03 


G.770 
9.353 
12.355 
15.774 
19.GIO 


23.8G4 
28-;33;") 
33.62ü 
39.134 
45 .Ot) 1 


51.407 
58.173 
6;j .358 
72.963 
80.988 


89.43G 
98.303 
107.593 
Il7.30:; 
12"7 .440 


.08. 


0.133 
0.675 
1.634 
3.009 
4.801 


7.009 
9,6:
5 
12.G78 
lß.138 
20.017 


24.313 
29.025 
34.158 
39.708 
45.U77 


52.0G5 
58.872 
()f) .09!) 
73.747 
81-814 


90.304 
99.213 
108.545 
118.:JOO 
128.477 


,Of). 


0.lß9 
0.752 
1.7:32 
3.lß9 
5.00:J 


7.253 
9.921 
13.005 
lG .507 
20.428 


24.7G5 
29.520 
34.694 
40.286 
1G.297 


!)2.727 
59.576 
66.845 
74.;,34 
82.G44 


9l.17G 
100.128 
109.501 
Il9.
99 
129.518 


2.5 130';')03 131.G13 132'007 133.724 134.787 13;'.8:>3 13(ì.924 137.99H 139.078 140.lGl 
.6 141.249 l4
.:Hl 14-3.4:17 144.537 14:").641 14G.750 I 147.8G3 148.f)80 H)O'lO
 l.jl.
28 
.7 1;')2.3;")9 1;'34f)3 If>4.():n 155.771 15G.921 158.072 1159.228 HiO.38x Hil.5I>2 W2.7
O 
.8 Ifi:
'HfJ3 11);').070 lWÎ.2;,1 lü7.43fi Hi8.(i:W lfi9.820 171.018 172.220 17:J.42fi 174.fi:n 
.9 175.852 177.072 178.296 179.524 180.57U 181.992 183.233 184.478 185.727 186.980 


0.0 
.1 
.2 
.3 
.4 


0.000 
0.208 
0.833 
1.875 
3.334 


0.5 
.6 
,7 
.8 
.9 


5.209 
7.501 
10.210 
13 337 
16.881 


1.0 
.1 
.2 
.3 
.4 


20.842 
25.222 
30.019 
35.234 
4O.8U8 


1.5 
,6 
.7 
.8 
.n 


46.921 
53.393 
GO'284 
U7.fi9.") 
75.32U 


2.0 
.1 
.2 
.3 
.4 


83.478 
92.0,32 
10 1.04(j 
1l0'4G3 
120.302 


3.0 
.1 
.2 
.3 
.4 


188.238 
201.0;,0 
211.290 
227.9:>8 
24
.0'")4 


3.5 
.6 
.7 
.8 
,9 


2!5G.579 
271'I>:
0 
280.923 
302.743 
:n8.995 


4.0 


I 33,).681 


189'500 
202.3;'4 
215. fÎ:
8 
229.348 
243.487 


2:>8.055 
273.0.35 
288,486 
304-.34-9 
3:W. fj44 


190.767 
'203.()fi3 
216.989 
230.743 
244.924 


259.530 
274.579 
290.053 
30I> .9;'9 
322.297 


192.037 
204.977 
218.:
4f) 
232.141 
24(;.366 


2ßl.021 
27fi.107 
291 .G24 
307 .573 
32:J.955 


193.3Il 194.590 19!).874 
20ß.294 207.olG 208.942 
219.70G 221.070 222.43B 
23:J.544 234.952123().3fi4. 
247.812 249.2G3 250.717 
202.filO 2ß4.00312G5.501 
277.()3B 279.17(i 1280'717 
293.199 I 2f)4.7ï9 296.363 
309.192 :nO.81;' 312.442 
32
'
lï i 327:
84132

5 


197.lf)1 
210.272 
223.81:3 
237.780 
2;'2.176 


267.003 
282.2ß2 
297'f)I>2 
:n-t-.074 
:
:J( ).f i30 


I f)8 .4:;3 
211.()(J8 
22;).1 no 
239.19!) 
2:;3.G40 


2ß8.51O 
2S:J.812 
299.fi44 
31;'.710 
:
:
2 .309 


19f).749 
212,f)47 
22ß.fiï2 
240.G25 
2.")5.107 


270.021 
2H5.36fi 
301.142 
317.35ù 
3:J3.
m:
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TABLE II 


Y -\LUES OF "Q" N )IILLr.lETRES FOR S = 24 :\IETREs. h J
 )lETRES AND A IX 
IILLnIETRES 


A. 1. 2. 3. 4. 5. 6. 7_ B. 9. 10. 20. 
- - -- - - - - - - - 
h. 
0.1 0.000 0.000 0.000 0.000 0.000 0-000 0.000 0.000 0.000 0-000 0-000 
-2 .000 -000 -000 .000 .000 .000 -000 .000 .000 ,000 -001 
.3 .000 -000 -000 -000 .000 .000 -001 .(\01 -001 .001 -002 
-4, .000 .000 .000 -001 .001 .001 -001 .001 -001 . ()() 1 .()()3 
0-5 0.000 0,000 0.001 0.001 0.001 0.001 0.002 0-002 0.002 0.002 0.004 
.6 .000 -001 -001 -001 .002 -002 -002 -002 .003 .003 .006 
.7 -000 -001 -001 .002 -002 -003 .003 .003 .004 .004 .009 
-8 -001 .001 .002 .002 -003 .003 .004 -004 -005 .006 .0Il 
-9 -001 -001 .002 .003 .004 .004 .005 -006 .006 -007 .014 
1.0 0.001 0.002 0.003 0.003 0.004 0-005 0.006 0.007 0.008 0.009 0.017 
-I .001 .002 -00:3 .004 .005 .006 ,007 -008 .009 .011 .021 
.2 -001 -003 -004 ,005 .006 .008 .009 .010 -011 '013 .025 
.3 -001 -003 .004 -006 -007 .009 .010 -012 .013 -015 -029 
.4 .002 .003 ,005 .007 -009 .010 .012 .014 .015 .017 -034 
1-5 0.002 0.004 0.006 0.008 0.010 0-012 0.014 0.016 0.018 0.020 0-039 
.6 .002 .004 .007 .009 .011 -013 .015 .018 -O:!O .022 -045 
-7 -003 -005 -008 -010 -013 .015 .018 '020 .023 -025 .050 
.8 -003 -006 -008 .on -014 -017 .020 '023 -025 -028 .056 
-9 '003 -006 .009 ,013 .OW -019 .022 .025 -028 .031 .063 
2.0 0.003 0.007 0.010 0.014 0.017 0.021 0.024 0.027 0-031 0.035 0-070 
.1 -004 .008 -012 -013 .019 -023 .027 -031 .035 -039 -077 
.2 .004 -008 .013 .017 .021 -(125 -030 -034 -038 -042 .085 
,3 .005 .009 .014 .018 -023 ,028 .032 -037 -042 -04t3 .092 
.4 .005 -010 .015 .020 .025 .030 .035 -040 .045 .050 .101 
2.5 0-003 0.011 0.016 0.022 0.027 0.033 0.038 0-041 0-049 0-054 0-109 
-6 .006 -012 -018 .024 .030 -036 -041 -047 '033 .059 ,118 
-7 .006 .013 -019 -026 -032 -038 '045 -051 '057 -064 .128 
.8 .007 -014 -021 .0:!7 -034 .(141 -048 .053 .062 -069 -138 
-9 -007 .015 .022 .030 .037 .044 -052 -059 -066 .074 -148 
3-0 0.008 0.016 0.024 0.032 0.039 0.047 0-055 0.063 0.071 0-079 0.158 
.1 -008 '017 .025 .034 -042 -051 -059 .068 .076 -084 'lü9 
2 -009 .018 .027 -03'-) .045 .034 .063 .072 .081 -090 -180 
.3 ,010 .019 .O:W .038 -048 -058 .067 -077 .086 -096 -192 
-4 .010 .020 .031 .041 -051 .061 -071 ,081 .092 -102 .204 
3-5 0.011 0.022 0.033 0.043 0.054 0-065 0.076 0.086 0.097 0.108 0-2lü 
.6 .on .023 .O:H -046 .057 -069 .080 -092 '103 .Il4 .229 
.7 -012 -024 .036 -048 .060 .073 -085 .0
7 -109 .121 -242 
-8 -013 .026 -038 -O.')} .064 -077 -089 .102 -Il5 .128 .256 
,9 -013 .027 .040 .054 .067 .081 -094 .108 .121 .135 -269 
4-0 0.014 0.028 0-043 0.057 0.071 0-085 0.099 0.113 0,128 0.142 0,284 


TABLE III 
VALUES OF .. R" 
 :\IILLDIETRES FOR S = 24 )IETRES, ,,= 1'728 !'1m., h IN :METRES 


h. ,0. ,1. -2. ,3. .4_ ..). ,6. ,7. ,8. ,9, 
0 0,000 0.000 0.000 O.O()() o .O()O 0.001 0.001 0.001 0.002 0.002 
1 .003 .004 .004 . ()().; -OOíi .007 '008 .009 -010 .011 
2 -012 .013 -014 .OW ,017 .019 -020 .022 .024 -023 
3 '027 .029 ,031 -033 '03,3 .037 .039 .042 .0-14 -046 
4 .049 . . . . . . . . . . . . . . . . . . 
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Iii practice the standard tension is applied at one end 
of the tape, and it makes a difference whether this 
is the higher or 10\\ er end of the tape. The error 
caused is made up of two parts, (I) the ela:;;tie exten- 
sion of the tape, and (2) the change in the shape of 
the catenary. The change is small in any case, 
but not negligible on steep slopes. If each span 
is measured once with the stanflard ten
ion applied 
at the upp('r end and once with the tension applied 
at the 100\er t"nd, error (I) \\ill obviously cancel out 
in the mean, and it can be shown that error (2) will 
also cancel out almost entirely so that the re&idual 
error is quite negligible. These errors can thus be 
easily a voided. 
It remains to consider the R0curacy attainable 
with this method of base measurement. The errors 
can be divided as follows: 
(i.) Errors in Standardising the Tapes. - This is 
most important, as a proportional error in the 
standardisation of the tape gives the same propol'- 
tional error in the final result. A probable error of 
about 0.5p. should be attainable. 
(ii.) Errors in the Readings.-In taking readings 
on the millimetre scales an error greater than 0.2 mm. 
should be very rare. This "ill give a probable 
error of about 0.06 mm. for one reading of one scale. 
If twenty readings are taken in all, the probable 
error for one tape length will be about 0.02 mm. 
As this error is in no way systematic, the error for 
the whole base will only increase as the square root 
of the number of- tape lengths, so the error for a 
5 km. base measured with 24-m, tapes would only 
be about 0'07fJ.. 
(iii.) Errors due to Temperature. - In reasonable 
conditions the temperature of the tape should be 
known to within 1 0 C., which would give a maximum 
error of 0.5p. for anyone span. The error in the mean 
should be much less than this, probably not more 
than a tenth. 
(iv.) Errors due to Change in the Tension.-If the 
ten:3ion is applied during the measurement by an 
apparatus different from that used when the tape 
is standardised, a constant error may be introduced, 
which may be serious. An increase in tension acts 
in two ways-(a) by flattening the catenary, (b) by 
stretching the tape, the error caused by a change in 
tension ôT being 


ôT 
2
 T +vlôT, 
where I/v is the cross-section multiplied by Young's 
modulus. If òT/T=O'OI the error due to (a) "ill 
be about 1.5p., and that due to (b) about3'0.u, v being 
about 0.0007. The standard tension should there- 
fore be kept constant to within Tuth }Jpr cent to 
ensurc an error not greater than 0'5p.. 
(v.) Errurs due ÚJ Change in IV eight due to Dirt, etc. 
-A change in w will produce a change in the shape of 
the catenary, and will alter X by an amount 2Xôw/w, 
and \\ ith the standard wire when 
 = 1.72 mm., 
w= 17 .32 gm., a change of 1 pcr cent in w will cause 
an error of 0.035 mm., or 1.5p.. 
(vi.) Errors dll,e to AS8uming Incorrect Values for 
'1' and w.-Su('h ineorrret assumptions will lead to 
an incorrect value for X. [f the tape has b(>('n 
standardisçd on th(' flat, and th('n used in catenary, 
it is necessary to know X \\ ith the same accuracy as 
A, and any errom in the valu('s assumed for T and 
w will produce the errors given above (iv. and v.) 


for a change in '1' and w. If the tape has been 
standardis('d in catenary the correction R is the only 
one affected, and the error introduc('d \\ ill ah\ ays 
be l('l;;s tban ôÀ, and generally very much less. "ïtb 
h!S=O'5, ðR is about 0.3ôX. 
ðT ôw 
ôX - 2:\ '1'- +2X-;;, 
henee ôR is less than 
ôT ôw 
0'61:' +O'ß-;-, 


hence an uncertainty of 1 per ceut in T or 'LV will only 
produce an error of about O.2fJ., even on very ::;tcep 
dopes, when using the ordinary 24-m. wire. 
(vii.) E1"1"Ors due to Inaccurate .Meas'urement of I,.- 
An error in h affects all three corrections P, Q, and R, 
but P is the most important. 
h h 3 
ôP=Sðh+l 83 ðh+ . , . , 


which increases rapidly 8.8 h increases. A probable 
error of 1.5 mm. in h is easily obtained, in this 
ca
e ôP=O.GOCOöh, if h=2 m. for every span the 
probable error of P per .span is 0.12 mm" or 5p.. 
This error, however, will largely cam'el out, and for 
a base of 200 spans the probable error "ill only 
be 5/ '/ 200 , or 0.35p.; e
;en with h=4 it "ill still be 
under 0.7p.. With care the probable error of h 
can be reduced to 0.5 mm., in which case Rlopes of 
} can be measured, still keeping the final probable 
error below ll-t. 
(viii.) EJJect of Change of Gravity.--If t.he tape is 
standardised in one place, and used at anotlwr, the 
'Ðffeet of change of g must be considered. An increase 
in the value of g will increase T and 1.0, both in the 
proportion ég/g. The increase in '1' will increase l 
by an amount 1ilTég/g, and this can, if necessary, be 
allowed for. As 10/'1' remains constant X \\ill not be 
appreciably affected. If the tension be applied by 
a spring and not by a weight, T will r('main constant, 
but w will aUH. In this cas(' l "ill remain constant 
but 
 ,\ill be slightly inC'reased, and this can also be 
allowed for. 
REFERE
CES FOR 
 (42) 
For fuller rletail!'; of the above theory see Professional 
Papers of the Ordnance Surl'P,IJ, Ke\\" Series, Ko. 1, 1D02. 
.. 
sc of Invar Wires;" llenoit and Guillaume 
(loc. eit.). 
(The tables for correction dlW to change in shape 
of thC' catenary on a slope are incorrect, being a bout 
donhle the correct amount.) 
Report oj V,S. Coast and Geodetic Surrey, 1802, 
App.8. 
A. E. Young. Phil. May. xxix. 96 (considers the 
effect of the rigidity of tllf' tape). 
A pap('r hy- G. H. Knibbs (Journal of O,(' Royal 
Society of 
Vew South Wales, xix. 29) on .. A System of 
Accurate Measurement by .l\[eam
 of Lon
 :o;tepl 
Hibands," gÏ\'eH formulas which apply more espN'ially 
to the method by which the sag corr('(.tion i!'; 
eHminated hy a!tC'ring tlw tC'n
ion. 
C. W. Adams, in a paper on .. The 1\T('asurcment of 
J)istaneeH with Long StC'el Tapes," read hcfore tll(' 
Victorian Institut(' of :O;urveyors in 1888, gives taùks 
for the sag (,ofl't'(.tions for a number of ca
eR. 
The last thrC'C' pa})('rs apply more to accurate 
traverse work than to ba
e measurement, 
E. O. H. 
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TACHO:\IETRIC OR STADIA SURVEYS, general 
methods. See" Surveying and Surveying 
Instruments," 
 (20). 
T -\.LBOT'S LAW, concerns the apparent bright- 
ness of intermittent lights, See "Eye," 

 (I8). 
TAKK FURKACES FOR l\IELTITG GLASS. See 
" Glass," 
 (15) (ii.). 
T APES IX CATENARY, THEORY OF. See" Sur- 
veying and Surveying Instruments," 
 (42). 
TAPES OR 'YIRES IN CATEXARY FOR BASE 
::\IEASUREMEXTS. See "Surveying and 
Surveying Instruments," 
 (41) (ü.) and 
(iii. ). 
In traverses. See 
'bid. 
 (12). 


TARTARIC ACID, 
OPTICAL ROTATORY PO'YER OF 

 (I) HISTORICAL.-The optical rotatory power 
of tartaric acid was discovered in 1832 by 
Biot, l who devoted one of his longest memoirs 2 
to a detailed account of its properties when 
mixed with water, with alcohol, and "ith 
wood-spirit. Biot found that tartaric acid, 
when "dissolved in different fluid media, 
exercises on the planes of polarisation of 
light a special power, which distinguishes it 
from all other substances studied hitherto. " 
These had agreed "ith quartz in obeying, at 
least approximately, Biot's law of inverse 
squares, according to which the rotation is 
proportional to the reciprocal of the square 
of the wave-length of the light. 3 This agree- 
ment had been verified in the case of turpentine, 
alone and mixed with ether, and of cane- 
sugar dissolved in "atf'r, (i.) by comparing 
the tints "ith those produced by equivalent 
plates of quartz, and (ü.) by eliminating the 
efff'cts of rotatory polarisation with the help 
of a quartz plate of opposite sign acting as a 
compensator. \Yhen. however, tartaric acid 
was compared with quartz, no such parallelion 
1 JIérn. A cad. Sri.. 1835, xiii., Table (1, p. 168; 
paper read Kov. 5, 183
. 
a Ibid., 1838, xv. 93-279 ; paper read January 11, 
1836. 
3 See" Quartz, Rotatory Powpr of," fi (3) (i.). 
· :ðlém. Acad. Sci., 1838, xv, 236. 


similar publications 
houhl be referred to for details 
of actual large surveys. 
General rèports and summarie
 of progre<;<; appe
r 
in the ícrhandlulIrJ dlT allgemeine l\.oJlference der 
ellropiii'Sclten Gradmessull(J, after If\86 deT Inter- 
nationalen. El'dmessunrJ (Berlin, 1865-1912). 


SYMMETRY, ELE
IEXTS OF, BELOXGIXG TO A 
CRYSTAL: axis of symmetry. See 
" Crystallography," 
 (6) (ü.). 
Plane of s
ymmetry. See 
"bid. 
 (6) (i.). 
SY:\UIETRY OF CRYSTALS, CLASSES OF. See 
" Crystallography," 
 (8). 


was observed, the rotations of the common 
dextro-rotatory acid for the chief colours being 
as follows : 4 


Quartz. Tartaric Acid. 
- 
Red 18.99:' 38 0 ..., 
I 
Orange 21.40 40 29 
Yellow. 23-99 4
 51 
Green 2ï .8ô 46 II 
Blue 32.31 44 40 
Indigo . 3ô .13 42 9 
Violet I 40.88 39 38 


Similar phenomena were observed when 
tartaric acid "as dissolved in alcohol, 5 but 
Biot found that" when it combines with basic 
substances in the same media, it loses its 
special action and imprints on the products 
the properties common to all bodies endowed 
with rotatory power." 6 

 (2) I
FLUEXCE OF 'YATER.-Biot dis- 
covered that" in aqueous solutions of tartaric 
acid at a given temperature, the rotatory power 
of the acid calculated for each simple ray is 
always of the form A + Be, "here e represents 
the proportion by "eight of "ater in the 
solution." i This law was illustrated by 
plotting a against e for a series of "ave- 
lengths, in a diagram (Fig. I) which resembles 
the "Characteristic diagram" of Armstrong 
and 'Valker. 8 Biot's linear law is only an 
approximation, but it enabled him to predict 
that the rotatory power A of the anhydrous 
acid, for the red light transmitted by glass 
coloured with cuprous oxide, would change 
sign at 23 0 C., being positive above this 
temperature and negatÏ\ye below it. 9 This 
prediction was verified, after an interval of 
over ten years, when Laurent 10 in 1849 dis- 
covered a 'method by which moistened tartaric 
acid could be fusf:'d and cooled to a trans- 
parent gla<;:s in thicknesses up to 76 mm.; 
a column 70 mm. in thickness at 3.5 0 C. then 
5 JfPm. Acad. Sri., If\38. xv. 245. 
II Ibit/., 1838, xvi. 229; paper read :Sov. 2i, 183i. 
7 Ibid. xv. 216: Compt.es Renrllu;, 183;), i. 459. 
8 Proc. Roy. 80c., Hn
. A. 88. 
8R-403. 
11 
l1ém. .Ira". Sd.. 18


. xxi. 2öH. 
10 Ann. C/tim, Pltys., 18jO, xxviii. 353. 
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gave La lred = - 2.787 0 , where Riot's calculations I turos ranging from 1.3 0 to 18.3 0 C., and for 
gave the value - 2.752 0 . Quite recently these colours ranging from w.l. 430,u,u to ü
I,u,u; 
experiments havo been extended by Bruhat,l these rotation::; are then'fore available as 



' 
S 

 


who has measured the rotatory powers I limiting values to check the formulae uFec] 
of the fused or glassy a(.id at tempera- to expre!':s the influence of dilution \\ ith water 
1 Trans. Faraday Soc., HH4, x. 89, on the rotatory !)ower of tho acid. Thus 
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"Tin ther 1 made use of a para bolic formula 
to expreS8 his measun'ment
, which were not 
covered by the linear law; but this parabolic 
formula gives larger errors for the anhydrous 
acid than does the linear formula. The most 
recent in\Testigations have shown that an 
equation with five arbitrary constants would 
probably be required to express accurately 
the relationship between rotatory power and 
concentration; apart from this, a linear law 
is probably the best approximation, e.g. the 
following formulae are correct at e =0.53 and 
0.83, and do not differ very \\ idely from the 
observed values even at e =Ò. 
 


TABLE I 
SPECIFIC ROTATIm
.s OF TARTARIC ACID IX AQUEOITS 
SOLUTIOXS AT 
O 


"a ve-lengt h. 


Rotation. 


Cd 6438 
Xa 3893 
Hg 5780 
Hg 546] 
Cd 5086 
Cd -!
uo 
Cd '!üïS 
Hg 4358 


[a] = 0.7733 + I2.08û7e 
[a]= O,l1ûO-i-I4.7433c 
[a]= - 0.1416+15.4IS3e 
[a] = - I.0350+17.600ûe 
[a] = - 2.6736 20.62
Oe 
[a]= - 4.95
8+23.8233e 
[a]= - 6.3217 +
5.50ö7e 
[a] = - 11.1982 +30.2167e 



 (3) ROT.-\TORY DISPERSIOX IS TARTA.RIC 
ACID AXD ITS ESTERS.-Although the rotatory 
dispersion of tartaric acid and many of its 
derivatin"s is highly anomalous, it has been 
found that the rotatory powers of methyl and 
ethyl tartrate (Fig. 2), both as homogeneous 
liquids and in a wide range of solutions, can 
be expressed by formulae of the t:n)e 2 
1.'1 1: 2 
a= À
-\12 - À2_^22 . 
In this formula the positive and the negative 
t('rm arc each of the type that serves to exprf'ss 
the rotatory power of the large array of 
substances which exhibit "simple" rotatory 
dispersion, as expressed in the formula 
k 
a- 3 
-À2 - À02' 
This result is in accordance with the view of 
Biot. subsequently elaborated by Arndtfo;en,4 
that anomalous rotatory disp('rsion can be 
produced by, and is commonly due to, the 
incomplete compensation of the rotations of 
two compounds, opposite in sign but of un- 
equal dispersÏ\
e pO\\er, so that complete com- 
pensation is only possible for one wavc-Iength 
at a time. 
The dispersion curves for tartaric acid 
resemble those for the esters very closely, 
} Zeif.<;chr. phy,<âkal. Chem., Ifl(ì2, xli. 186. 
2 }.owry and I>iek
on. Trans. Chern. Soc., 191:>, 
eviL 1173: Lowry and \hram, ibid. p. Il
7_ 
3 LOWf\" anti Dickson. iMd., 1913. cHi. 1067. 
4 Ann: Chim. Phys., I8j8, Ii\'. 421. 


e.g. Bruhat's curve for the specific rotatory 
power of glassy tartaric ac:d at 4-1.6 0 is 
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identical with, and can be superposed on, 
'Yinther's curve for methyl tartrate at 80 0 ; 
there can, therefore, be no doubt that the 
glassy acid behaves as a 10\\ er homologue 
of the esters. The dispersion-curves for 
aq ueous solutions of the acid, which are shown 
graphically in Fig. 3, can also be represented 
bv the same formula as in the case of the esters, 
the values for the constants in a few typical 
cases being as follows: 
TABLE II 
ROTATORY DI:"PERSIOX I
 .dQUEors SOLUTIO",S OF 
T-\.RT-\.RIC ACID \T 
o 


1..- 1 1..- 2 
a="22_ A}2 - A2_A 2 " . 
A}2. A/. 1..- 1 . 1.- 2 . 
0.45 0-030 0.074 17.1 
7 I 
 . (!f13 
O.
O " ., I 7 -.f
.") J
.043 
0.:;5 " ,. I7.(iS6 11-877 
O-liO .. ., 18.0,")3 II.b6.3 
O-li.") ,. " 18':
lJÎ lI.SI
 
0.70 ., " 18.709 11. ïfl9 
0.7.3 " " I R .
I:
G 11.ï14 
O-
O ,. " 19. 160 I Hi:! t 
u-
.") .. " 19.483 II .(iO.3 
(I.!}O .. " J9.G.")7 1I.-!7,") 
0.9,') .. .. I9.;)9:! B.I0S 
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 (4) OTHER DERIVATIVES OF TARTARIC 
ACID.-In the case of the tartrates of the 
alkali metals, the principal anomalies noted 
in the acid disappear, as Biot recorded in 


smaller, so that the rotations are positive 
throughout the \Tisible and part of the ultra- 
violet spectrum. The most interesting of 
the derivatives of tartaric acid are boro- 
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Molecular Rotations in Aqueous Solutions 
of Tartaric Acid at 20 0 c. 
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1837; thus the solutions are consistently 
dextrorotatory and the rot.ations increas
 
progressively with diminishing wave-length 
(Fig. 4), in some cases in close approximation 
to the law of inverse squares. A careful study 


tartaric acid and tartar emetic, since these 
alone amongst the substances hitherto in- 
vestigated give dextrorotations obeying the 
"simple" dispersion law. In the case of tartar 
emetic the rotations become negative when 
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of these rotations 1 has shown, however, that 
they cannot be expressed by the one-term 
equation which applies to cases of "simple" 
rotatory dispersion, but require a formula 
with two terms, just as in the case of the acid; 
the negative term is, however, very much 
I Lowry and Austin, Bakcrian Lecture, 1021. 


the salt is dissolved in concentrated potassium 
hydroxide, but these solutions, like those 
of the original salt, exhibit simple rotatory 
dispC'rsion. 

 (5) ORIGIN OF A:SOMALOUS ROTATORY 
DISPERSIOl-;.-The vast majority of opticalIy- 
active compounds, including the secondary 
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alcohols, and the sugars, exhibit simple rotatory 
di
persion, although they may contain a 
considerable number of asymmetric carbon 
atoms, often in close association "ith the 
unsaturated linkages to which so many 
optif'al anomalies are due. The structural 
formula HO . CO . CHOH . CHOH . CO . OH 
commonly assigned to tartaric acid gives no 
hint as to why this acid and its esters should 
give anomalOl;s rotatory dispersion, when the 
closely related sugars do not. It is there- 
fore probable that this formula is not a 
complete replesentation of the molecular 
structure of the acid as it exists in the fused 
state or in solution, although it may perhaps 
provide a correct picture of the structure 
of the solid crystalline acid. In the case 
of nitrocamphOl 1 it has been proved that the 
solutions contain a labile isomeride of opposite 
rotatory power, which is recon"\erted into the 
original compound when the solutions are 
allowed to crvstallise. This labile isomeride 
has not been isolated, although several of its 
derivatives are known; these possess a high 
dextrorotation, whereas the parent substance 
is laevorotatory in most solvents. A satis- 
factory explanation of all the obser"\ations is 
given by assuming that in solution a reversible 
isomeric change takes place, as represented 
bJY the scheme 
< CH.X0 2 /C:XO'OH 
C S H 14 I 
 C s H 14< I 
CO "CO 
Xitrocamphor. Pseudonitrocamphor. 


This phenomenon is usually described as 
" dynamic isomerism." 
I
 the case of tartaric acid the evidence 
for the existence of a labile isomeride in solu- 
tion is less complete, since it is not possible 
to follow the progress of the isomeric change 
by means of the changing rotatory power or 
" mutarotation" of the freshly dissolved 
material; but the solutions h
ve all the 
optical properties of a mixture of isomerides 
of opposite rotatory power and unequal 
dispersion, and there are no observations 
which contradict the view that the hypothesis 
of Riot and A.rndtsen as to the origin of the 
anomalous dispersion can be applied. 
The structure to be assigned to the labile 
form of tartaric acid has not yet been deter- 
mined, although derivatives of b
th forms 
are now known (see 
 (-1) abo\-e) whbh exhibit 
simple rotatory dispersions of opposite sign 
and unequal magnitude. 

 (6) DEXTRO- ASD L-\.EYO-T-\.RTARIC AnD. 
-In virtue of the two asymmetric carbon 
atoms "hich it contains, tartaric acid can 
exist in four modification
, of which two are 
optically active and two inactive. These may 
1 Lowr
', Trans. Chern. Soc., 18tH), Lxxv. 211. 
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be represented conventionally thus: 


RO . CH . CO OR 
I 
HOOe . CH . OH 
d- Tartaric acid. 


Hooe . CH . OH 
I 
RO . CH . COOH 
l- Tartaric acid. 


'-- 


--,,------' 
Racemic acid (inactive). 


HO . CR . COOR 
I 
RO . CH . COOR 
meso-Tartaric acid (inactive). 


Racemic acid was discovered bv Kestner 
in 1822, and regarded as an "isom
r" of the 
common tartaric acid, which Scheele had 
described in 1769; but it was not until 
18-18-53 that Pasteur, by carefullJ7 sorting 
out the crystals of sodium ammonium racemate, 
proved that racemic acid is a mixture of the 
common dextrorotatory tartaric acid with an 


Dextro-tartaric Acid. L
evo-tartaric Acid. 
FIG. 5. 


equal" amount of an enantiomorphous laevo- 
rotatory acid. The properties of this acid' 
are an exact replica of those of the dextro- 
acid except as regards rotatory power, 
crystalline form, etc., where a reversal of 
sign is possible. All the phenomena of 
anomalous rotatory dispersion, which ha ve 
been described in the previous paragraphs 
for dextro-tartaric acid, 
are therefore repeated in 
laevo-tartaric acid, but 
"ith the sign of the 
rotations reversed. 
The relationship be- 
twoon rotatory power 
and cry'stalline for:m 
which exists in the case 
of quartz (q.t'.) is found 
again in tartaric acid and 
the tartrates. Thus the 
crystalline forms of d- 
a
d i-tartaric acid, as 
shown in Fig. 5, are 
enantiomorphous just like de
tro- and laevo- 
quartz. On mixing these two aciùs, how- 
ever, they unite to form a racemic acid 
(Fig. 6) which cl'ystalliscs in a form in "hich 
enantiomorphism does not occur, All the 
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metallic tartrates unito in a similar manner 
with their isomorides, giving rise to inactive 
double-salts or "rae-emates" in which no 
enantiolllorphism exists. In one solitary 
instance, ho-wever, namely, in the ease of 
sodium ammonium tartrate, the racemate 
breaks up, at temperatures below 2G o , into 
the two component tartrates, which therefore 
separate from cold solutions in enantio- 
morphous crystals of equal and opposite 
rotatory power; it was by the study of this 
unique case that Pasteur was led to the 
discovery of the relationship between optical 
activity and crystalline structure and to the 
experiments which culminated in the isolation 
of laevo-tartaric acid. T. 1\1, L, 


TAYLOR, H. DEN:NIS, details of triple astro- 
nomical objective by. See "Telescope," 

 (5). 


TEETH-CUTTING FOR DIVIDED CIRCLES. See 
" Divided Circles," 
 (8). 
TELEl\IETER, STEREOSCOPIC. See "Range- 
finder, Short-base," 
 (2). 
TELEPHONE AS SOUND REPRODUCER. See 
" Sound," 
 (38). 
TELEPHOTO:\IETER: an instrument for measur- 
ing the brightness of a distant surface. See 
" Photometry and Illumination," 
 (lI8). 


TELESCOPE, THE 
. THE aim of this article is to describe the 
telescope as a physical instrument, defined 
by the limitations which are imposed upon it 
by the purposes to which it is directed. by 
the construction of its optical parts, and by 
the geometrical features of its support or 
mounting. This will exclude the description 
of some forms, the interest in the construc- 
tion of which is purely astronomical or which 
are otherwise restricted to special technical 
application. It will limit the theory to those 
geometrical cases that su bserve th
e purpose 
of rendering visible inaccessible and distant 
objects. In essence, the method of making 
a distant object accpssible is to replace it by 
the image of it which a converging kns or 
mirror forms near its principal focus. This 
image may then be impressed upon a photo- 
graphic platp, or examined visually with a 
second Jpns. In the Ia,tter case the spcond 
lens or eyepiece is treated as part of the 
telescope. This diffprence RPparates the two 
cases so widely, as problems of optics, that they 
"ill require in largp measurp separate thcoreti- 
cal treatment, diff<:'rpnt fpatures rising into 
im portance or dropping out of it, in the one 
casp or the other. 



 (1) GEO)IETRICAL THEORY. - "Te shan 
begin by rehearsing the result
 of geometrieal 
optics as far as they apply to the visual 
telescope con
isting of an objective and 
eyepiece. The standard case-to which any 
other actual ones are approximate-for an 
object given "at infinity," places the image 
also "at infinity," since the normal eye at 
rest brings a parallel beam to a focus on the 
retina. Hence, regarded as a general optical 
instrument, the telescope is a degenerate 
case, with all the cardinal points at infinity 
and the focal length infinite also. Only 
one case need be considered, namely, that in 
which objective amI eyepiece both act like 
converging lenses. The Galilean combination, 
in which the eyepiece is a negative lenG, is 
now obsolete even as a field glass, though 
it has found application elsewhere in the tele- 
photo lenses of cameras. In regard to eye- 
pieces it is customary to distinguish one of 
the two standard forms, the Ramsden, as 
positive, and the other, the Huyghens, as 
negative. But in theory both are of the same 
type, acting like a single converging lens, in 
which the anterior principal focus precedcs 
the anterior unit point, the essential diffcr- 
ence being that for the Huyghens eyepiece 
this principal focus lies between the two 
lenses and is therefore inaccessible for spider 
threads or the apparatus of measurement. 
In fact the Huyghens eyepiece, turned round, 
is used as a magnifying lens under the 
name of 'Vollaston's doublet. See below, 

 (6). 
:l\Ioreover, as far as simple point-to-point 
correspondence goes, any combination of 
lenses used as objective or as eyppiece differs 
from the ideal "thin lens" only in separat- 
ing the two unit points. Suppressing this 
difference, we may summarise all the cases 
under a single model. 
Let A, a (Fig. 1) be the positions of the 
objective and eye lenses respedivcly, or of 


p A r-=:,
 a 

 j'Q 
F p ; 
q 
FIG. 1. 


the (united) unit points of the objective- 
and eye-combinations, the lenses being treated 
as thin; F, F', f, l' the anterior and 
posterior principal foci of t}wse, In the pr<:,- 
sent case F' andfcoincide. Let <Þ=FA=AF', 
(þ=fa=af'. Now any ray entering parallel 
to the axis will emerge paraIJe! to the axis, 
its distance from the axit! being reduepd 
by the factor af/AF' = - rþ/(Þ = - 11m, say. It 
follows that if Qq is the image of any ohj<:'ct 
Pp, the JÎ1war magnitieation is - 11m, the' 
same for all distances. To find the relative 
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positions of P, Q, call R the intermediate 
focus. Then! 


<1>2 1>2 
FP =RF =Rf= f'Q' 
or FP= m 2 .f'Q. 
If P is to the left of F, Q is to the left of 1'. 
Equally, if PI' P 2 be any two objects and 
Ql' Q2 their images, 
P 1 P 2 = m,2. QIQ2' 
It is to be noted that F, l' are themselves a 
pair of conjugate points, So also are points 
at infinity. 
If )1 be the object which gives an image 
at a, and N the image of an object at A, 
we have 


l\I.A= m. Aa= m 2 . a
, 
and the object space and image space are 
divided up into corresponding regions as 
follows (Fig. 2) : 
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FIG. 2. 


For rays not parallel to the axis, the con- 
struction is obvious. If y, y' are the relative 
breadths of object and image, and ,3, t3' the 
angles between original rays 1, 2 and the 
corresponding emergent rays 1', 2', we have 
(Fig. 3) 


P, ß 1 
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FIG. 3. 


but 


y = ß . PIP 2' y' = ß' . Ql Q2 ; 
P 1 P 2= m 2 . QIQ2 


and 
so that 


y= -In, y', 
ß'= -m.ß, 


anrl the magnification of angle between any 
t\\ 0 rays is the same for all positions, as, 
of course, follows from the general theorem 
that the angular magnification is the re'CÍprocal 
of the linear magnification. The apparent 
distance for any object is simply 11m times the 
actual dIStance. 


1 ðt'C .. Len::;es, Theory of Simple," 
 (3). 


The field of vie,,," is governed b
,. the aper- 
tures 2b, 2B of the eye glass and objective. 
The object glass gives as image (Fig. 4) a 
ring of radius XN' =Blm, \\hich i
 the" exit- 
pupil," through which all rays meeting the 
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object glass pass on emergence, Similarly, the 
eye glass is the image of a rmg 1\1' =bm, and 
this ring is the "entrance-pupil," through 
which, again, all incident rays must pass. 
It follows that the field of view which re- 
ceives full illumination is of angular radius 
(bm - B)l)'IA=(b- BJ11l)/Aa, while the radius 
of partial illumination e
tends to (b+ BI11l)/Aa. 
It will be remarked as evident that, apart 
from considerations of full and partial illu- 
mination by the object glass, the field com- 
manded by the eyepiece is simply blAa, and if 
bIB =1n =1>ICÞ, no beams except those parallel 
to the axis will pass completely through the 
instrument. 
By an increase of the aperture the fully 
illuminated field is diminished, while the 
partially illuminated field is increased. 
Any beam of light filling the object glass of 
radius B, and emerging through the exit- 
pupil of radius, say, Po' is thereby intensified 
in the ratio (BlPo)2, or m 2 . But if the beam 
issues from an object of finite area, it will be 
spread on emergence m
er an image increased 
in angular area in the same ratio, and the 
" brightness of the image" ill be equal to the 
brightness of the object," except for loss by 
a bsorption and reflection of light in the tele- 
scope. To see the significance of this state- 
ment clearly, the part plaJTed by the eJTe must 
be considered. 
In Fig, 5 Pp is an object; two rays PA, pA 
meeting the object glass at A emerge as QX, qN. 
If the eye be placed so that N is its ante-nodnl 
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point, these rays proceed in parallel directions 
through X' the post-nodal point, and the area 
of the retina covered by the ima
e is seen to 
be m 2 x that which "ould have been covered 
had the tele
cope hef'n rf'llloved and the eye 
placed at A. Two qualifications, however, fall 
to be noticed. The retina is not continuous, 
and fnils to recognise stimuli as distinct which 
fall, it is supposed, on the same ('lcment of it
 
structure. Th('s(' dements subtend angles of 
about 1 minute of arc at N'. Hence, if Qq 



8-!-! 


TELESCOPE, THE 


subtends less than this angle at N, thc in- 
tensification of the beam which the objcct 
glass effects will not be dissipated in its effect 
on the retina, and the brightness of a " point- 
source" \\ ill be increased by a telescope in 
the ratio m 2 . Or, rather, in comparing the 
light gathered by the telescope with what the 
eye unaided would acquire, \\e have the ratio 
B 2 1 p 2, \\ here p is the radius of the pupil of 
the eve, and not m 2 , which is equal to B2/pr/. 
Henc
, for a tclescope appJied to a point- 
source, the intcnsification of light is constant 
and not dependent on the magnification em- 
ployed, apart from changes in the pupil of 
the eve; but if applied to a finite arca the 
Í11ten
ity is never increased, and when the 
magnification is sufficiently high it is dimin- 
ished in the ratio (Polp)2. Thus, for example, 
taking the diameter of the pupil of the eye as 
one-fifth of an inch, with a five-inch telescope 
the intensification of the light of a star would 
be about 2.')2 times, equal to 7 magnitudes, 
while the background of the sky would be 
progressively darkened, if the eyepiece em- 
ployed gave a magnification above 25 times; 
a power of 100 would darken it 16-fold.1 

 (2) DEFECTS OF THE SIMPLE THEORY.- 
This is the primitive theory of the telescope. 
'Ye must now indicate how it is modified by 
actual circumstances, namely, (1) aberrations, 
or faults in the theory of strict linear corre- 
spondence 2 in the object and image space; 
(2) diffraction phenomena; and (3) chromatic 
qualities of the glass employed, and other 
considerations. 
In dealing with these points we may now 
pass also from the visual telescope to the 
photographic instrument and direct attention 
to the faults of the field produced by the 
objective at its principal focal plane, treating 
the eyepiece briefly afterwards from the point 
of view of its capacity to correct some of the 
fa u Us. 
The telescope is distinguished from other 
image-forming systems as an instrument in 
which t.he ratio of semi-aperture to focal length 
is small, seldom reaching the value 1/10. The 
anO'ular radius of the field considered is of the 
sal
e order. These are the elements upon 
which the geometrical aberrations depend, with 
numerical factors arising from the curvatures 
of the refracting or r('ftecting surfaces, their 
separations, refractive indices, etc. In such a 
case the aberrations can be expressed in a 
series proceed ing by ascending odd powers of 
the aperture ratio and the angular radius of 
the field. 
Thus, if the exact expression for size and 
position were worked out, for the image corre- 


1 On t.he use of night. glas
es, for t.errestrial objects, 
cf. Raylf'igh, ('olir'cted Jr orks, ii., Art. 82, 06. 
2 For further details see "Optical Calculations," 

 (2). 


spondin.
 to any giycn ohjec
, if we rC'tain 
only terms of the first order of the angular 
radius, we have the exact linear correspondence 
of object and image field sketghed above; but 
if we retain the third order of hoth the vari- 
ables jointly, we have a treatment of aberr3,- 
tions sufficient for the telescope. 

 (3) VON SEIDEL'S FIVE ABERRATIONS.- 
Under t.he above limitation the independent 
aberrations are five in number only, for all 
pairs of conjugate foci, as was shown by 
Seidel. 3 Supposing only one is present at a 
time, they permit of simple description. Using 
B, <Þ as above, so that 2Bj(Þ is the aperture ratio, 
let ß be the angular distance of the object point 
from the axis of the telescope. Let o}G, etc., 
represent the aberrational coefficients expressed 
in terms of the curvatures and refractive 
indices of the lenses. 4 Then we can describe 
the matter as follows: 
(i.) Spherical Aberrations.-Rays which are 
originally parallel to the axis, from different 
zones of the obiect glass, strike the axis at 
different points (Pig, 6). It follows that the 
whole beam is collected within a "least circle 


FIG. 6. 


of aberration " at a certain distance from the 
principal focus. The angular radius of t.his 
circle can be shown to be kB3!<þ. o}G, and 
it comes after the principal focus by a dis- 
tance 
B2cþ. o}G. The extreme aberration is 

B2q> . o}G. 
(ii.) Coma.-For an oblique ray, for the same 
zone, different points do not bring to co- 
incidence parallel rays impinging on them. 
Rays from diamctrically opposite points of 
the zone intersect, but the intersections are 
distributed round a circle (Fig. 7), the centre of 
which is displaced, by an amount equal to its 
diameter, from the focus corresponding to the 
middle of the object glass; in consequence 
the light from a point is distributed in a 
flare or fan. of GOo opening, with its tip at 
the linear focus. The "comatic radius" is 
!.B. B2/4>. 02G. The condit.ion 02G =0, implying 
equality of magnification for different zones, 
is sometimes known as the 
'raunhofer condi- 
tion, and sometimes as Abbe's sine condition, 
from the form it takes for ,vide angle systems, 


3 Ast. Nach., 1853, xxxvii. 
· l\f ('thod
 of ra1culating th{'se coefIicirnts will be 
found in " Ol>tkal Calculations." 
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for" hich naturally it is of supreme importance. 
It is of hardly less importance for astronomical 
photography, and in the .Kewtonian reflector 
"ith the high aperture-ratios employed, the 
presence of coma spoils the images and scatters 
the light most seriously when the field is wide. 
(iii.) and (iv.) Astigmatism and Curvature of 
a,e Field.-These are faults depending upon 
the square of angular radius of the fiE:'ld. Rays 
from different points of the objective are not 


03R =0, "here e measures the departure of the figure 
from a spherical shape, e = 1 corresponding to a 
parabolic section. The distortion is zero. The 
comatic displacement i:;; 2,3. B! R I, directed out- 
wards; for example, "ith an aperture <Þ 5, this 
reaches 10" at a distance of 34' from the centre of the 
field; for the same figure the radius of the least 
circle of a berra tion is (1 - e) > 6" .4. 
For a system of two thin. lenses in contact, 
the values of the coefficients may be written 
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brought to anyone focus, TheJ9 do, however, 
all meet two ,. focal lines," a secondary focal 
line in the plane of the axis, and a prima
y per- 
pendicular to it (Fig. 8), "hile midway between 
the t\\ 0 lines they all pass within a certain 
" focal circle," which gives the best approach 
to stigmatic representation. The curvature of 
the field may be considered to be that of the 
surlace upo
 which the focal circles lie. The 
!'ßdius of the focal circle is 
32. Bf<Þ . è 2 H, and 


F' Axis 


FIG. 8. 


the curvature of the field 1/<Þ. (03G+ 02H),- 
two independent quantities. The condition 
which is some\\ hat erroneously known as 
Petzval's "condition for flatness of field" 
implies 03G = 02H, and only gives a flat field 
if 02H = 0 or if the system is otherwise made 
stigmatic. 
(v.) Di8tortion.-Thi
 is a representation of 
the object field on thE:' im
ge fie!d stigmatically, I 
but on a scale that vanes "\nth the angular 
radius,3. The angular measure of distortional 
displacement is denoted by ß3/F , 03R.l 
A5 a simple example we may writ.e dO\m the values 
of the..:(' coefficientß for the concave mirror of 
radim n, and therefore focal len
th R 2. 'Ye have 
ol"i-=-(l-e)!R
, 02G=-] R, 0 3 (1=0, 02 H =-1. 


1 For further })artirul<lN on the!';e coefficients of 
nberration see :;ampson, Phil, Trans., 1912, cc
di. 149 ; 
1913, ccxili. 27. 


FIG. 7. 


down in terms of curvatures and refractive 
indices, and furnish a good guide to the 
actual case of an ordinary objecti,-e, since the 
aberrations are not greatly altered by small 
separations between. the surlaces. Denote by 
C l , C 2 the curvatures of the anterior and 
posterior faces of the first lens, reckoned 
positive when convex to the ray, l/n its re- 
fractive index, and write k=(I-l/n)(C l - C 2 ), 
p=l:n, q=(l + l/n)(C l +C:!), so that k is the 
reciprocal of the focal length, " is Petzval'R 
expression, and q measurps the distribution of 
curvature between the faces for given focal 
length, and distinguish the like quantities for 
the second lens by an accent; then, ùmitting 
olG, the expression for which is too complicated 
to be of much service, we have 
k+k' =K= _!, 
<Þ 
K0 2 G= - !(nl-q+n'k'q') 
- !nk2- n'kk' - !n'k'2- (k+k')2 
= -!(nkq+n'k'q') 
-l(n- n')k2- (I +In')(k+k'r
, 
0 3 (;=- (I+
) '.p=p+p' 
02H= -1, 
03H =0. 
Hence for a pair of thin lense
 in contact 
the distortioa is zero, the radius of the focal 
circle depends only on the aperture ratio ElF, 
and not at all upon the curvatures of the 
faces; the same is approximately true of the 
curvature of the field. The comatic displace- 
ment, 23. B2!F . 02G = 23B2K0 2 G, gives an out- 
ward directed fan when positin>, and inward 
when negative. Examining the e
prE:'ssion we 
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see -that it cannot be zero unless one at least 
of the quantities kq, k'q' is negative, correspond- 
ing to C\ 2 < C 2 2, Ct'2 < C 2 '2, or the anterior 
faces flatter. Roundly speaking, a lens bulged 
outward towards the incident light gives coma 
directed towards the axis, and conversely. 
Since little or nothing can be done .with 
astigmatism and curvature of the field, these 
are usually passed over, and the faults of the 
ohjective considered 1 under the heads: (1) the 
difference of points of concurrence of rays 
originally parallel to the axis, according as 
they strike the object glass centrally or at the 
rim, i.e. a measure of the extreme spherical 
aberration; and (2) the difference of focal 
lengths for rays falling in these manners; this 
is equivalent to a determination of the comatic 
displacement as a difference of magnification, 
zone by zone. There are further considerations 
of the chromatic changes in these aberrations, 
namely, in the position of the principal focus 
for paraxial rays, in the principal focal length, 
and the chromatic difference of spherical aber- 
ration. The correction of this last fault is 
known as Gauss's Condition. The questions of 
chromatic correction are considered below. 

 (4) PRACTICAL TREATl\lENT OF THE ABERRA- 
TIO
s.-For visual work and for photographic 
work confined to the centre of the field, the 
presence of a moderate degree of coma would 
matter little, did it not make the definition 
sensitive to small faults in " squaring-on" the 
objective. For small cemented objectives a 
more common and often a gross fault is error 
of centring. Each lens surface possesses a 
definite axis and "centre," being the line 
joining the centres of the anterior and posterior 
spherical surfaces and the point
 where this 
line meets the surfaces respectively. For the 
two constituents of a doublet the centres of 
contiguous faces must be set in coincidence. 
The further condition that the directions of 
the axes must also coincide "ill then provide 
for itself if the inner surfaces are of equal 
radius and in contact. If such a fault is pre- 
sent the definition is deteriorated generally, 
the Lest being located off the axis, and if the 
objective is rotated in its cell, thp image 
usuallv despribes a circle in the fipld. For 
larger" glassps. in which proper care has been 
exercised in the manufacture, this fault is not 
so much to be feared. 
It must be re('ognised that refined optical 
theory has not played a large part in the de- 
velopment of the great astronomical object 
ghtsses. The doublet, with small ratio of 
aperture to focal length, is the simplest optical 
combination. :\Iathematical optics makes its 
pprformance and possihilities intelligible, but 
their most appropriate field of application lies 


1 Rteinhf'il and Voit, HmullJUrh d. angru'mulfrn 
Optik, i., Le:psk, 18
n. (Translation by J. W. 
French. lllackie & Son, 1918.) 


in the complicated, \\ ide-ang'le systems re- 
quired in the camera and the microscope. The 
most celebrated makers of lenses have been 
men not much versed in theory, or have openly 
said it was of little use to them. Fraunhofer 
may be admitted as an exception. His suc- 
cessor l\Terz was the greatest maker of object 
glasses in the middle of last century. In par- 
ticular he made a 15-inch lens for Harvard 
College Observatory. \Yilliam Simms was 
engaged to examine this lens for purchase, and 
has left an interesting report 2 upon it, in 
which he says: ")11'. l\lerz's means of proving 
his object glasses are not such as appear to 
me best qualified to lead to a correct result. 
. . . It is merely the examination of a printed 
paper, not by directing them to the heavens, 
which in all cases, where it is practicahle, is 
certainly the most desirable." Neither Alvan 
Clark nor Thomas Cooke ,vas a man of theo- 
retical training; they were rather consummate 
artists and craftsmen, G. CalveI' is of the 
same type. An account by Grubb 3 of the 
making and testing of objectives must be read 
in relation to its date, but it expresses the 
view referred to with great emphasis: 
Object glasses cannot be 'made on paper. .Whcn 
I tell you that a sensible difference in correction for 
spherical aberration can be made by half an hour's 
polishing, . . . you will sce that it is practically not 
necessary to enter upon any calculation for spherical 
aberration. 'Ve know about what form gives an 
approximate correction; we adhere nearly to that, 
and the rest is done by figuring of the surface. To 
illustrate what I mean. I would be quite willing to 
undertake to alter the crown or flint lens of any of 
my objectives by a very large quantity, increasing 
one and decreasing the otl'er so as to stiil satisfy 
the conditions of achromatism, but introducing 
theoretically a large amount of positive or negative 
spherical aberration. and yet to make out of the 
altered lens an object glass perfectly corrected for 
spherical aberration. 
It would be idle to disregard these exam pIes, 
though it may he thought that they are bad 
models to follow, and that theory must finally 
justify itself. In fact it ha
 already done so, in 
the case of the two objectives of II. D, Taylor 
referred to in 
 (5) (iv.). The much simpler 
case of making a mirror, \\ ith its proper para- 
bolic figure, used to be in the same position; 
in consequence the older mirrors are system- 
atically deeply over-corrected; but the de- 
velopment of the knife-edge method of measur- 
ing the figure in different zones 4 has made the 
realisation of geometrical correctness of form 
a certainty. 
The great difficulty in tp
ting a lens arises 
from its convex surfaces. Thf" sphC'rometer is 


2 HarlYlrd Annal,,?, 18-tf" i. p. ex. 
3 Royal Ino;;titntion, 1
8(i. 
· ('f. C. D. P. D:n ies, Mon. Not. Jxix. 35:', anlI 
below, 
 (11). See also U Objectives, Testing of Com- 
pound," 9 (3) (H.). 
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in the first place not delicate t'nough for optical 
work, and in the second, occupying a great 
deal of time, only compares with one another 
a number of separate points of the surface. 
The lens is therefore put together and ex- 
amined as a whole, an artificial star near the 
eye end sending its light through the lens to 
a plane mirror which reflects it back again 
through the lens, forming an image that is 
examined close to the principal focus. The 
error in performance of any spot of the 0 bject- 
ive is here doubled, and may be examined with 
some facility, and though it is not possible to 
say which of the convex surfaces contributes 
the fault, it is immaterial, si,nce the fault can 
be removed by figuring the anterior surface as 
the most convenient, If local variations of 
refractive index of the glasses occur, they 
might equally be dealt with by local figuring. 
Given sufficient skill, with the aid of these 
tests, lenses can be made to perform up to the 
theoretical limit of resolution imposed by the 
wave structure of light (see 
 (7) below). 
S (5) DETAILS OF LEXSES. (i.) Alvan Clark. 
-Perhaps owing to the tentative character of 
the work of the great artists, there are not 
many numerical particulars available of the 
most celebrated lenses. Alvan Clark's two 
greatest lenses, the Lick telescope (3(; inches) 
and the Yerkes telescope (JO inches), are 
similar in character. The curves of the former 
are given in the Lick Observatory Publications, 
i. 61, as follows (adjusting the signs to the 
usual convention, + for a surface convex to 
the incident ray) : 
Ro= + 2.39.5 inches = -R 2 . 
R4 = - 239.6 inches, R6 = + 40,000 inches. 
The surfaces Rt, R6 are separated by 6.5 
inches. The refractive indices are not stated. 
The glass was by Feil of Paris. These curves 
are in general agreement "ith those given 
by Steinheil and Y oit 1 as representative of 
the great American objectives, except that 
these authors make Rl somewhat greater than 
R;þ and the concavity of the fourth surface 
more pronounced; the calculated aberrations 
they give show a fine performance, a minute 
residual coma and minute difference of focal 
length for colour being the only faults that 
remain. The separation of the lenses helps 
to satisfy the Gauss condition. 
(ii.) Thoma8 Cooke.-Thomas Cooke worked 
from curves in which, approximately, for re- 
fractive indices for the Dray 1.518 and l.û20 
respectin"ly, 
Ro=2'OOO, R 2 = -3.000, double convex. 
R4 = - 2,815, R6 large, double concave. 
The second and third surfacp are contigu- 
pus. Theí'e ]eave a certain amount of residual 
1 Angm'U1
dtc Op!ik, p, 179. Case 8a.. 


inward directed coma, but are found so sound 
and convenient in practice that the firm he 
founded still adheres to them. The correction 
for spherical aberration is made by the 
anterior surface of the flint lens almost whoJly, 
lea ving the fourth surface to be modified at 
will to meet faults of achromatism. 
(iii.) Fraunlwfer.-The correction for coma 
requires the crown lens to be somewhat flatter 
in its anterior surface, and the flint lens to be 
a meniscus. The associated condition, known 
usually as the Sine Condition, Seidel called by 
Fraunhofer's name, because it is nearly satisfied 
in a celebrated Königsberg objective of 6.2 
inches, by Fraunhofer. The radii for this lens 
are, to an arbitrary unit, 
Ro=+.838, R?=- .33-1, P-l=1'.329. 
R.t= -.3-11, R 6 = -1'173, ,u3=1.639. 
These leave a residuum of outward directed 
coma. To satisfy completely the conditions 
for freedom from spherical a berra tion and 
coma, Steinheil 2 showed they should run 


Ro= + '696, 
R.J = - .372, 


R 2 = - '363. 
R 6 = -1,6.30. 


Comparison bet" een the numbers indicates 
clearly enough how correct was Fraunhofer's 
appreciation of what was required. 
(iv.) Taylor's Triple Objecth'e.-The diffi- 
culties of constructing a large objective are so 
great that simplicity of design is the domi- 
nating consideration. But there are two triple 
combinations, both due to H. D. Taylor, that 
have established themselves in astronomical 
work in spite of this. The first (Fig. 9) is the 
photo-visual object glass. By using three lenses 
and choosing suitahle 
glasses the com bina- 
tion i'J rendered per- 
fectly achromatic, and 
is referred to further 
below, on the question 
of achromatism. But 
the extra surfaces 
permit more choice 
in the curves, whil0 
securing absence of spherical aberration and 
coma, Thus the third, fourth, and last 
surfaces are concave and may be tested by 
reflection; the second radius is e
a('tly equal 
to the third, and the fifth to the fourth, 
permitting their truth to bp tested also one 
by one. Only the first surface remains to be 
tested in the combined system, The utmost 
skill and preJaution are 
f course required in 
centring such a s
?st('m. It has been found 
practicahle to make them with an aperture 
F / 18, without introducing un(l(,í'irahly large 
angles of incidence on th(' inn('r surfac('s. The 
other triple system i:-, the well-known Taylor 
! Sitzungsber, k, Baller, A/iUd" I88n. xix. 413. 
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FIG, 9. 
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photographic lens (Fig. 10). A description is I is that particles of dust upon the field lens are 
given of one of 10 inches aperture and 4.3 inches visible ,vith the eye lens, as bJurs and sllludges 
focal length, constructed for l\Ir. Franklin badly out of focus. A much bettcr form, 
Adams, in J10ntltly X otices, lxiv. \ though it sacrifices breadth of the 
613, but one has been constructed ., field of view somewhat, is a single 
recently for l\Iount "Tilson Observa- triple cemented achromatic lens, as 
tory to work up to an aperture FJ2. recommended by Steinheil (Fig. 13), 
The objective consists of three which besides gives a flatter field 
separated lenses, the first and third and ample clearance from the micro- 
of dense barium cruwn glass and meter wires. Owing to the fact 
the middle one of flint glass. The that in visual work the object is 
crown lenses are double convex, invariably examined in the middle 
their outer surfaces being the more of the field, lateral aberrational or 
curved; the first lens is of lower chromatic faults are of minor im- 
power than the third, and the dis- portance. But it is possiblc in 
tance from the first lens to the some measure to compensate the 
second is about half as great again FIG. 10. inevita ble curvature of field and 
as from the second to the third. astigmatism of the objective with 
Separation of the lenses permits astigmatism those of the eyepiece, especially with the Stein- 
and curvature of the field to be corrected, coma heil form, which leaves some liberty in con- 
is also corrected, and for a sufficient range of struction. The same is true of colour, but as 
colour
 spherical aberration is corrected for the the eye itself is not strictly achromatic, the 
neighbourhood of the ordinary photographic discussion is rather academic than useful, 
region of the spectrum, so that the images because eyepiece and eye together should be 
of stars are truly regarded as a 
stigmatic up to sf.f t f. united combina- 
a radius of 7!o:: : tion for convey- 
from the axis. a ing to the retina 
S (6) THE EYE- the image furmcd 
PIECE. (i.) Buy- - -- - -- --- - - in the focal plane 
glzens.-In con- of the objective, 
junction with the L----2f----J .....---.E.f ____
 and in practice 
optical perform- I I : 3 I the eye is used 
ance of the : : :
--tf---
 in such a way 
objective should AI 3 : F : A' 3 : H F; A: :H :A' as to minimise 
be considered, :--2f--
--: "2/-i i-- -
-
/---.
: faults that are 
for visual use, I : : :.. - _.!.. 1-- -
 present. 
the e y e J }iece. A: :H' 3 Å' :F' I H': 2 A' IF' 
 ( 7 ) DIFFRAC- 

 - -1- - 
 - -- 1 - - +t A ... - - - - 3 1 - - - 
 
 
The traditional . ,2 I '"4' TION.-A further 
Huyghenian is FIG. 11. FIG. 12. consideration, 
still made, with- limiting the use 
out much variation, and proves quite satis- of geometrical optical theory, is the bearing of 
factory for cases ,vhere micrometer wires or diffraction 1 upon the conclusions. A parallel 
other focal scale is not required (see Fig, 11). beam of light emerging from a star to which the 
The principal focus correspon(ling to an axis of a telescope is directed, is not brought to 
emergent parallel beam lies within the com- a ,point focus upon the axis, even if spherical 
bination, throe-fourths of the way from the aberration is correctcd for all colours. It is dis- 
field lens to the eye lens, and tributed in a certain ring pattern 
the power is twice that of the 3D over the "hole focal plane, the 
field lens and two-thirds that - F L _ _ _ _ _ _ _ _ _ ' . _ _ _ _ _ _ _ _ _ central fact b{'ing t.hat the dia- 
of the eye lens. The term . meters of the rings depend upon 
" negative " applied to this eye- the ratio of the wave-length of 
piece is a misnomer, as re- the light to the aperture of the 
marked already, the order of FIG. 13. telescope, Thus F and B, dpnot- 
the cardinal points bcing the ing as before the focal length and 
samf' as for a converging lens. In fapt, re- semi-aperture of the telescope, À the wave- 
versed, the combination is known as a length, and r distance from the a)..is, so that rJF 
mw.mifying lens, under the name of the is the circular measure of th(' angular radius of 
\Vollaston Doublet, an object at <Þ' being in- the ring in question, it is found that if we put 
spccted by an eye placed beyollfl A. 
(ii.) Ram8den,-\Vith less reason the tradi- ;,= (2
) . w, 
tional Ramsden eyepiece is also prescrved for 
micrometer work (Fig. 12). Itsprominentdcfert 1 
ec" Diffra.l'tioll Gratings, Theory," S (4). 
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where w is a numerical factor, we ha,e zeroes 
of illumination for the values 
w = 1.220, 2,233, 3,238, J'2..H, 5,243, ' . , 
and wi
hin these rings respectively is comprised 
a fractIOll of the total illumination amounting to 
.839, '071, '028, '015, '009, . . . 
while the maximum brightness occurs for the 
val ues 


W='OûO, 1'63.3,2.679,3'699,4'710,5,717, . . . 
and at these points the relative intensities are 
1'()()lJO, .0175, '0042, .0016, ,ooU8, '0004, . . . 
The only. telescopic feature permitting 
contr?l .of. tlns phenomenon is the aperture. 
If thlS IS mcrea
ed the anO'ular diameters of 

he r
gs are all diminished o in proportion. It 
IS of mterest to note that if the objective is 
r
duced to an annulus by a central stop, the 
rmgs are somewhat diminished in diameter 
but at the expense of much less favourabl
 
distribution of the proportions of the light 
between them, the shares of the outer rinO's 
being increased. .x umericallv considerin
 

 , 0' 
say, a 10-inch object glass and the D-rav the 
diameter of the spurious disc of a star" ÌYina 
,vi thin the first dark ring would be 0""9& 
Hence the images of the members of a close 
p
ir would be more or less superposed if their 
dIstance was less than 1"; but much within 
this a good eye would detect the elon(fation 
of the united image, as indeed was fo;nd in 
practice by S, "T. Burnham, who discovered 
when using a 6-inch objecti,e by AI,an Clark 
many double stars the separation of which 
lay be.yond this theoretical " resolving power." 
Owmg to the shorter wa,-e-lenO'th of actinic 
. 0 
rays It might seem that photography was 
better circumstanced than the eye for receiving 
small images, but it is well knmYll that this is 
not the case. From a variety of reasons, the 
photographic image spreads; and indeed the 
diameters can be used as measures of the star's 
magnitude. If the smallest recorded images 
are of less diameter than 2" or 3", t,he results 
would as a rule be considered very favourable 

 (8) OPTICAL GL..-\.SS. - So lar we ha,
 
spoken of the geometrical modification of thp 
beam of light; we shall now consider briefly 
the characteristics of the glasses lout of "hich 
the lenses are constructed. Apart from the 
limitations which technical difficulties of glass 
manufacture impose, geometrical discussions 
are merely mathematical exercises. The 
earliest telescopes were made "ith a sinale 
lens as objective, and in consequence suffe
d 
severely from di
persion, the images for 
different colours being ranged along the axis. 
The focal length was made as great as possible. 


1 :;ee also article" Glass." 
\ OL. IV 


and, for example, D, G. Cassini discovered two 
of the satellites of Saturn, Tethys and Dione, 
with te!escopes of 100 ft. and 136 ft. in length 
respectIvely. But since the separation as well 
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FIG. 14. 


as the size of the .images corresponding to, say, 
t
e rays C, .F (FlY. 14) would increase propor- 
tIOnately "Ith the focal length, it is an error 
to suppose that increase of focal length \\ as 
any cure for chromatic faults, except in so 
far as thp narr?w.beam does not allow spreading 
of any descrIptIon. Achromatism was dis- 
co,ered and the principles published by John 
Dollond about 1760,:l though achromatic 
lenses had been made before him by Chester 

Ioor Hall, a private gentleman, as early as 
1733. )laking the con verging lens of c;own 
glas
, the 
rinciple was to annul wholly the dis- 
persIOn "hIle only partly annulling the de,-iation 
by a
sociating "ith the crown lens a divergent, 
len
 of greater proportionate dispersive power. 
This was found in "flint" glass or " English 
crystal," a dense and brilliant glass, which 
contained as base a silicate oi lead. To 
obtain large homogeneous pieces of flint glass, 
free from striae, for negati,e lenses, pro,ed 
a very difficult technical problem. It was 
solved by P. L. Guinaud of Xeuchatel, about 
1800, whose secret was to stir the pot of 
melted glass with a fireclav rod to the last 
possible moment, and, an
winO' it to cool 
. b 
by Itself, to take its natural fractures as 
marking off lumps of homogeneous constitu- 
tion. ,"rhen a large one was found this was 
softened again and mmùded into the form of 
a disc. This secret he taught to Fraunhofer's 
firm in Bavaria and to Fraunhofer's successors 
::\Ierz and ::\Iahler, by whom it wa::, jealousl; 
guarded, so that in the middle of the nineteenth 
century they were the only people who could 
produce an objective of e,en so moderate a 
size as 8 inches diameter. Guilland however 
returned to .Keuchatel, and his method pasS{'cÌ 
to his son H. Guinand, and in succession to 
Feil, :\Iantois, and Parra in Paris, and through 
one of H. Guinand's collaborators, G. BO;l- 
temps, who took refuge in this country in 
the political disturbances of 1848, to ::\Icssrs. 
Chance in Birmingham. All the greatest lenses 
in 
he world, so far produced, excepting the 
32-mch at Potsdam,3 came from one or other 
of thesp firms. Their productions "ere, 
however, conservative, and a spparate revolu- 
tion in glass-ma1..ing came from the researches 
I Phil. Trans., 1;j8, p. ;33. 
I Even these glasses, by :-;<.'hott (\: ('0., are of the 
olll types. 
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of Abbe, Zl'iss and Schott in collaboration 
at Jena, about 1&:;0, investigating the effects 
of different con8tituents in glasses, with a 
view to fin(ling stricter proportionality of 
dispersion over the \\ hole spectrum, and 
generally to providing the greatest possible 
range and variety of refractive index and 
(lispersion. In consequence of this the old 
terms flint and crown, though still employed, 
no longer imply the composition of the glass, 
nor its density, nor mean refractive index. The 
former term is reserved for glasses of high dispC'r- 
sion and the latter for glasses of low dispersion. 
In spite of great technical improvements 
thus recently effected, defects in homogeneity 
of optical glass intrude themselves on the 
optician's calculations. Turrière states 1 that 
local anomalies of two or three units in the 
third decimal place are often found to affect 
refractive indices, whereas the calculations 
have been made assuming the constancy of the 
indices up to the fifth place. )Ioreover, it has 
not heen found possible to avoid leaving some 
trace of mechanical strain from the process of 
annealing. This fault, which may be detected 
with the polariscope, will impair the definition 
with some traces of double refraction, which 
presumably would alter with the temperature. 
'Ve may take as representative of the glasses, 
out of which the great majority, at any rate, of 
the existing large refractors are constructed, 
Hard Crown (No. 605 of Chance's list) and 
Dense Flint (No. 3(1); the specifications of 
these glasses are the following, given as adhered 
to with considerable accuracy from one melting 
to another: 


I 
Hard Crown, Dense Flint. 
Refr. indcx nc 1.51fiO l'ûlû5 
n D 1.5175 1.(j
14 
nF 1.5233 1.(j337 
nc; 1.5284 I. G44
 
Dispersivc pO\\cr 
(nD -I)/(nc-ny) GO.5 3(j.1 
(n(.- nD)/(n C - n.) .294 .285 
(n D - n..)/(n c - n..) .jOG .715 
(n.,,- nlo)/(n c - n y ) .554 .G08 


Glasses hav(' been discovered in which the 
proportionality of dispprsion is closer than for 
this pair, indC'ed practically compkte, hut they 
have proved liable to tarnish with exposure 
and age. 

 (9) ACllRO:\IATIS:\I, (i.) For T'isual Use.- 
In making the colour corrections there is onp 
element in the construction which is disposable, 
the distrihution of power },ptwepn the crown 
and flint lense
, or two, if we add a Rmall per- 
missible separation of the lense>s. The actual 


1 Optiquc in,zu,.,trielle, lÐ20, p. 25, a most useful 
work. 


rpsults att.ained are investigated hy a mf'thod 
devised by Y ogel, who set :1 dire>ct yi:Ûon 
spectroscope of small dispersion to rece>ive the 
cone of rays from a hright star, say Yega or 
Arcturus. If the rays were brought to a focus 
the spectrum sC'en would bc no broader than 
the star disc, and in fact for any setting of the 
spectroscope along the axis constrictions are 
seen which correspond to the wave-lengths in 
focus at that setting. The results-which 
agree precisely with what pould be forecastC'd 
theoretically, as shown by H. l), Taylor 2- arc 
f'xhibited in the following taùle from measures 
of the Yienna 27 -in. (Grubb, glass by Chance), 
the l}ulkowa 30-in. (Alvan Clark, glass hy Feil), 
and the Lick 36-in. (Alvan Clark, glass by Feil). 
The Vienna and Lick tdescopes may be said 
to be ide>ntical, while the Pulkowa inst.rumpnt 
can daim some supe>riority, but f'ven for this 
it is to be note>d that the image> formed by the 
F -ray ,,,ill be spread over a spurious disc 5" 
in diameter, when the D light is brought to a 


A.V. 
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point focus. :Fine detail of varying colour, 
for example planetary surfacf's, cannot be 
brought to a single satisfactory focus, anù 
would suffe>l' in definition accordingly. 
In thc table on following pêtge, elf measures 
thp sett.ing required to bring into focus tlH" 
line refe>rrpù to, and h If is the angular dia- 
meter of thp circle in which the conp of rays 
for that wave-length would meet the fo
al 
plane for thf' D-ray. Ree also Fig. };"), 
The comme>nt cannot be avoiclpd that any- 
thing approaching true ae>hromatism is im- 
possible of attainment "ith the traditional 
obje>ctive of two lC'nses- failin,g UlP production 
of types of glass that are> quite unknown at 
present. The greater tllC' t(>le>scope>, with itf' 
increase>d light-grasp and "i(le>r Re>paration of 
the foe>i, thp more prominpnt the> fault hpCOJ1lPs. 
The optician has not enough scope allO\H'd to 
produce> his pffpcts. As alrpacly re>marl"pd, 
H. n. Taylor haR Rhown that a pprfectly achro- 
matic ohject glass can be> made with thrpe 
lensps, and has madp such ohjectives up to 
any size' for which the' disC's of glass wcre 
availahle>, Se>c Pig. 9. 
2 lIon. 
ftut. liv. G7. 
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COLOtJR CURVES OF GRE-\.T OBJECTIYES * 


Yienna. Pulkowa. Lick. 
Aperture 26.6 in. (67.5 em.) 30.0 in. (76.:? em.) 3tì.0 in. (91.4 em.) 
Fooallength 408 in. (103(j em.) 539 in. (1368 em.) 674 in. (1712 em.) 
Line, dl, h.f. dl. h.f. di. hJ. 
mm. mm. mm. 
C 6563 A.V. 2.7 . ססoo 170 3.0 . ססoo 115 5.3 . ססoo 162 
D 3893 A,V. 0.0 . ס0ooooo 0.0 . ס0ooooo 0.0 . ס0ooooo 
F 481j2 A,V. 6.0 . ססoo 378 6.-1 .OOOU245 11.4 , ססoo 349 
Hy 43-11 A.V. . 23.5 .0001478 32.9 .ûOuI258 48.3 ,OOOJ 471 


* Cf. Keeler, Ast. Soc. Pacific, ii. 258. 


The lenses are made of three of )Iessrs. 
Schott's glasses, Ll of Baryta Light Flint 
(0. 5--13, nD = 1'564), L3 of Light Silicate Crown 
(0.374, nD=I..311), and L;! of a Boro-Si1icate 
Flint (0. 6.3S, nD = 1.547). 'Yith this arrange- 
ment, very simple compared to photographic 
combinations for camera lenses, faults of colour 
can be 1 and are completely corrected, and at 
the same time a field given which is free from 
coma and spherical aberration. The separa- 
tion of the second and third lenses assists 
the correction of the chromatic difference of 
spherical aberration (Gauss's condition). 
(ii.) Photographic Lenses. - The correction 
of a lens for photographic purposes is a simpler 
problem than one designed for visual use, since 
for ordinary plates the effective rays are con- 
fined to a much narrower region of the spec- 
trum. The problem is otherwise similar. Of 
more complicated constructions the only one 
that has been made with the large apertures 
peculiar to astronomical work is the Taylor 
lens referred to above, p, 8-17, made of three 
separated units 2 (see Fig. 10, p. 848). The 
ori
inal of this lens has the following descrip- 
tion : 3 
Aperture, 6.5 inches; focal length, 43 inches. 
J Ro= + 10.6-1 
LI l _ _'1 =0.83 nD=I.5180 
R 2 = - 12.4" 
'3 =4.39 
fR i = -14'54 
L2
 t-=0.33 n D =I.6035 
t R6 = + 10.3,') a 
'7 =6.85 
J 'Rs= +67.35 

- '9=0.49 n D =I.5180 
lRlO= -13.00 
The refra('ti\-e indices are those of a silicate 
crown for the first and third lens, and a light 
flint for the middle lens. But the desi
n 
po
sesses great flexibility. It has been made 
up to apertures of 10 incheF:, and to focal 
1 For the calculation see H. D. Taylor, 
lIon. Sot. 
Ii\". 3

. 
I II. D. Taylor, .lInn. Sot lxiv. GH. 
I Ii. D, Ta
'lor, Applied Optics, lU06, p. 182. 


lengths as small as t"wice the aperture; further, 
it has given rise to an eÀtensive series of 
df'rived forms. The lens is intended for photo- 
graphy, and visual distinctness is not demanded 
from the design. 

 (10) REFLECTIXG TELEscoPEs.-The re- 
flecting telescope claims three great advantages 
over the refractor: it deviates alike ra vs of 
every wave-length; its performance depends 
upon its surface only and not upon the interior 
constitution of its glass. nor on the chromatic 
balance of two separate glasses, nor diminishes 
in effectiveness as the scale increases 0"" ing to 
absorption; and the objective consists of only 
one surface, the correctness of which is assured 
by an easy and very sensitive laboratory test. 
Accordingly, as might be expected, in respect 
to dimensions and aperture ratio, refle.ctors 
have completely outrun refractors. 'Yhile the 
greatest refractor is of 40 inches aperture with 
a ratio of aperture to focal length of 1 : 19, and 
is not likely at present to be superseded, there 
are in use reflectors of 60 inches plount 'Yilson), 
73 inches (Yictoria), and 100 inches plount 
'Yilson), in each case"" ith an aperture ratio of 
1 : 5, and with accessory appliances which 
permit the same mirror to be used when 
required at enormous effective focal lengths of 
100 feet, 134 feet, and even higher. If greater 
ones are desired there is no reason to suppose 
we have reached the limit in gain of power, 
or in possibility of construction, though the 
difficulties of temperature control become very 
formida ble in these large size
. The question 
then presents itself, why the refractor holds its 
own so well as it does. A few sentences will 
be de\?oted to this question later on, 
Speculum metal (" Turner's )Ietal " copper, 
4 atoms=68.2 per cent, to tin, 1 atom=31.8 
per cent, as used by the Earl of Ro
se, Row- 
land, and Brashear) has virtually gone out of 
use except for small pieces, because once it is 
tarni
hed the mirror must be remade. It is 
he
ide8 a worse reflector than sih-er. And it 
is hea\?y, and difficult to make and \\ ork. 
On the other hand, it is remarkably durable, 
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Some old mirrors, dating certainly from 
Herschel's day, are still in pc>rfect 01'(1<'1'. But 
silver deposited on !!lass is the standard con- 
struction. The problem of figuring the glass 
correctly is simplified by the fact that there 
are no elements of construct.ion to dispose of 
at will. In order to correct spherical aberra- 
tion at the principal focus, the figure must be 
a paraboloid; distortion is absent, but coma 
cannot be removed, and astigmatism and 
curvature of the field are present as in the 
refractor. 
In recrard to the two aberrational features that are 
necessa
i1y present both in the mirror and in usual 
objective doublet, we see from the particulars given 
above, 
 (3), that for the same aperture and focal 
length the radius of the focal circle, or the separation 
of the focal lines. is the same for both, "hile the 
radius of curvature of the field is equal to F for the 
mirror, while it is about three-eighths of this amount 
for the lens. As regards the coefficient of coma, it 
is no more than occurs in the Fraunhofcr lens re- 
ferred to in 
 (5) (iii.) (oli = - O'500,'F, compared to 
02G = - O.4fi7 IF). An impression of a limited field 
of good definition attaches usually to reflectors, but 
this is derived solely from the large aperture ratio 
which is allowed to them. 
The reflector is used in three forms: first, 
for direct photography without any second 
minor, the platf' holder being placed at the 
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FIG, 16. 


principal focus (F2'g. 16); second, for visual 
and general work in the Newtonian form with 
a fiat mirror placed at 4.3 0 to the beam, throw- 
ing the principal focus out to one side at the 
upper end of the tube (Fig. 17); and third, 
'W hen very large s
ale and long focus are 


' 
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FIG, 17. 


required, as a Cassegrain, with a convex mirror 
placeù on the axis with its principal focus 
beyond the principal focus of the great mirror, 
so as to reduce the convergence of the beam. 
Tllf' great mirror is usually pierced with a 
central hole and the beam receive(J on a plate 
holder or spectroRcope behind it (Fig, 18), 
If FI' }<'2 are the foci of the two mirrors AI' 
A 2 , and If thp emergent focu:;" the focallcn
th 
of the combination is increaseù by the factor 


A 2 FfA 2 F p An ordinary value of this magni- 
fication might be fourfold. "ïth this value 
the coma of the comhination would be no more 
than belong'i to a simple mirror of the same 
fncallength. The curvature of the fidd would 
be increased, being about four times as great 
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FIG. 18. 


as for the original mirror; to correct for 
spherical aberration, if the mirror Al is para- 
bolic, the section of A 2 requires to be an hyper- 
hola, its measure e being about 3 where e =0 
gives the circle and e=1 the parabola. l 

 (11) TESTING A l\lmRon.-The possibilit.y 
of producing truly paraboloidal or other figures 
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FIG. 19. 


in mirrors of large size depends upon having 
a sensitive and easy means of measurmg a 
fault. This is found in Foucault's knife edge 
method (Fig. 19). 
If C is the centre of curvature for A, L a 
point source or "artificial star " closf:' to C, 
i the point of the beam reflected from any 
spot of the mirror, received by the eye at E 
beyond 1, tllf:'n if the beam is cut off gradually 
by a knife eclge moving across from lpft to 
right at K 1 within the focus i, the spot of 
light on the mirror will seem to the eye to be 
obscured from right to left, hut if it moYes at 
K 2 the movement of shadow will be from ldt 
to right. Hence the position of the actual 
focus for any spot of the mirror can be deter- 
mined precisely. A very good idea of the 
figure and faults of the whole mirror can be 
gained at a single glance, and if a series of 
diaphragms are prepared exposing the surface 
in Succf:'ssive zones, with "cry little preparation 
and with surprising certainty the centres of 
curvatures of the different zones can be laid 
down. 2 If the mirror is parabolic, thpse "i1l 
not give the same point C, hut will move 
towards the surface from C by an amount 
l-B2/R, suppo
ing the source L is kept fb,ed 
(luring the ohseryations. 
I For a llis('u
sion of tll(' ('()ff('dion of th(' ('ass('- 
grain see 
ampson, Phil. 'l'rrtJl,<:. ('('xiii. :!7. 
2 For an (''.('('IIC'nt. 
H'('Ollllt of the cldail of this 
methud s('c C. ]). P. Davies, J[u/t, f."ut. l)"ix. 3jG. 
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A convincin!! test of the df'licacv of the 
method is furn:ished if an assistant l;laces his 
hand in the Wë:\Y of the beam near the miIT,)r, 
'" hen the unduÌations caused by the ascending 
currents of air its warmth produces will be 
seen immediately. 
.:\Iorem-er, the method is not restricted to visual 
application. Photographic records of the appear- 
ance-'S have been obtained bv J, Hartmann for the 
Pot
dam 3:!-inch refractor.l.and by P. Fox for the 
40-inch Yerkes telescope, 1 "hich sho\\ upon examina- 
tion much minute detail that would escape the eye; 
as, for example, cpicycloidal traces of the motion 
of the polishing tool. The::>e "focograms" have 
be...ides the invaluable quality that they can be 
compared. with similar records of other im,trumcnts 
taken at other time;;:. 
A convex mirror, or a flat, or one of very small 
conca vitv cannot be te
ted directly bv this method, 
But it 
' usually possible to devï:e 
 combination 
with some converging system, the character of which 
is already proved, so as to test their performance. 
Or a fiat may be tested "ith another 1.nown flat, 
by examining the formation of Xl''' ton's rings 
between them. 

 (12) Loss OF LIGHT IX A TELEscoPE.-,",'e 
must now consider the whole loss of light, and 
tlH
 modification of its character in passing 
through a telescope. 
(i.) RefrartinfJ Telescope.s.- In transmitting 
light through glass surfaces, there is a loss at 
each surface bv reflection. 1'"'01' direct inci- 
dence, theory U;dicates that the proportion so 
lost is (,u-l)2f(,u+ lr
, where,u is the refractive 
index for the ray concerned; and for freshly 
polished glass this accords closelJ '" ith experi- 
ment. 2 It may be taken, therefore, as between 
.0-1 and ,0.3 per surface. In the case of object- 
ives with separated lenses there," ill be four 
such occa8ions for loss; for small objectives the 
inner cemented surfaces do not gi\ye rise to any 
sensible loss, and therefore transmit some 10 
per cent more of the light. The losses by 
absorption have been investigated by H. C. 
Voael S for anum bel' of glasses. including 
or<Íi.narv Silicate Crown and ordinary Light 
Flint (Ò. 203 and 0 340 of Schott's list), which 
are suitable for lar:re telescopes. For the visual 
spectrum these gla
ses are very transparent, 
but O. 340 with a thickness of 10 em. to 15 Clll. 
transmits no light at all of '" ave-length less 
than 3760 A.D., and shows a sharply defined 
absorption band at 4186 ..c\,P., and a weaker and 
diffuse one about -!37tJ A.D. The crown glass 
O. 203 also shows the former band. Other- 
'" ise the pro
re
sion of absorption was regular 
and not strikin o lv different for the two glasses 
Yogel gives a t
 ble from which the folio," ing is 
an extract, showing the amount of light trans- 
mitted by objectives of different thickne
ses 
In calculating for reflection, four surfaces 
ARtroph-"Ricf/l Journal, 
:\.,ii. 2:>8 and 24ts, 
Cf. Rayleigh, CollertNl Jr ork.r;, ii. 5
2, 
Astrophys, JOll71l., 1897, V. ij. 


of separation are allO\\ed for. The aperture 
would, as a rule, be about six times the total 
thickness. 


I Thick- 
ness of 
Objecti\e 
ill CIJ1. 


Intensity of Trn.nsmitted in terms of Illcident Light. 


With alJowance for 
A bqorption only. 


With allowance for 
Absorption alld Reflection 


\ïSll."\1 Actinic Yisual Actillic 
Rays. Ray, Rays. Rays. 
4 0.93 0.84 0.;7 0'G9 
ü .90 ' I I .75 'ü3 
8 8- .71 .i:! ,58 
. I 
10 .84 'ü5 ,70 .53 
12 -82 ,GO .6ì .49 
14 .79 .55 .ô5 .45 
lü -76 .50 .(j3 .41 
18 .74 .4G 'IH .38 
:!O .il .43 .59 .33 


It will be noticed that the balance that may 
exist between visual and actinic rays in different 
sources of light will be transfo;
led, and in 
different manners, by different objectives, so as 
to give, for example, inconsistent results in 
such research as that of the effective \Va\ e- 
lengths of stellar images. 
(ü.) Reflectors.-)Ieasurements of the relative 
intensity of light of different wave-lengths are 
acquiring great and growing importance, and 
it should be noted that reflectors of all types 
also exercisE" selective treatment of different 
rays. The following table (Hagen and Rubens) 
shows the percentage of light reflected from 
silver and a few other metallic surfaces. It 
will be noticed that silver deposited on the 
front of a glass plate is distinctly more effective 
than when deposited on the back, apart from 
absorption by the glass. 


PERCE"STAGE OF LIGHT REFLECTED FRü:\I ::\IET-\.LS 
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4200 86.û 51.8 29 5li - . . - 
4300 {to.5 54.7 33 GO 
::? 73 
5000 91.3 ,3f;'4 47 li3 84 ,I 
5.300 92.7 lil.1 74 G4 85 ,I 
liOoO 9:?ô li4.2 84 li4 
j 70 
r,;')OO 93.;) I lili.3 8!1 lilt sG il 
7000 94.ô G9 9:? G7 s7 'j ;
 
BOOO 9(;.3 iO'3 93 71 . . . , 
I 11 )()() 9G.(ì 73.5 I H7 74 - , . . 
. 
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A silv("r surface, therefore, cannot be ap- 
proached by any other, so long as it remains in 
good order, both for the vi.
ual and the actinic 
region of the spectrum. But in the ultra- 
violet, about À31ùO, for a short range, it 
becomes almost tran<:;parent, the percentage of 
light reflected bÓng hardly more than from 
clear glass, This limits its application, for 
example, in some photo-electric researches. 
But in the same region an ordinary large object 
glass is completely opaque. 
S (13) GE
ERAL CCNSIDERATIONS.-It will be 
realised that some of the defects of a telescope 
considered in the foregoing pages are irremov- 
able with the means allowed, and some of the 
requirements are mutually incompatible. But 
mmally in each observation one or another 
consideration will be predominant. 
So long as coma is not aggressive, a wide 
field may be dispensed with in a large number 
of observations: for example, in transit work, 
where a good field of 15' radius gives ample 
time to take the observation, or in double star 
measures and micrometer work generally; 
and in all other classes of direct visual work 
where the object is brought to the centre of the 
field for examination; and in work with a slit- 
spectroscope, whether visual or photographic. 
Equally in these cases curvature of the field 
and astigmatism play no part. 
In some classes of photometric work no 
good image at all is wanted; the star is de- 
liberately thrown out of focus, preparatory to 
estimating its total light, 
Again, photographic work, where a correct 
delineation of a field of stars is required, may 
be divided into different classes according to 
the scale or focal length. \Vith a focal length 
of 20 feet, a field 1 0 across covers a circle 5 
inches in diameter. It would be easy to secure 
a correct field of so small a diameter, and more 
would not be asked of such an instrument, if 
only because the plates would be inconveniently 
large. If we want large fields we go to the 
other extreme and employ, as, for example, 
for the Franklin-Adams chart, a Cooke lens of 
aperture 10 inches and focal length 45 inches, 
which gives sensibly correct pictures of 15 0 
diameter, with a flat field. There would be some 
distortion in such a picture, and the scale would 
be comparatively smalL But the plate is not 
used for measurement but for enumeration; 
or it is used for photography of nebulae or 
comets, where increase of scale without increase 
of aperture loses the detail by diffusing it. 
:l\Iidway between these extremes we have 
the teles
opes of the Astrographic Catalogue; 
these are each, as near as may bp, of 3438 mm, 
focal length, so that on the image 1 mm. 
represents 1 minute of arc; a field 2 0 square 
is photographed, which allowing for margin 
gives a plate about 6 in. x ü in. On this scale 
over ten thousand plates are required to cover 


the sky-the mere difficulties of numbprs \\ ill 
speak for themselves. The object glasses. 340 
mm. = 13.5 in. diameter, "ere specifipd to be 
free from coma, but astigmatism and curva- 
ture of the extreme images are easily marked, 
the former by the images taking the form of 
two short crossed lines, and the latter by the 
lower density of stars recorded, owing to 
fainter stars failing to impre:ss themselves when 
their light is a little diffused. Such a plate 
can be measured right up to its limits for the 
relative co-ordinates of the stars, but iH quite 
unsuited for work of the highest accuracy, for 
instance for stellar parallax. 
The reflector is well suited for all classes of 
visual observation, except transit work; and 
particularly suited for the sppctroscopc, owing 
to its light-gathering power. It is unapproach- 
able for photographs of nebulap, but has been 
but little used for fields of stars designed for 
measurement, owing to the irremovable comft 
which vitiates its field, and which becomes 
prominent in the large aperture ratio::; with 
which the reflector is usually made. In some- 
what the same way methods and instruments 
must be selected so as to avoid the intrusion 
of residual chromatic faults, A gl'f:'at refractor 
is usually applied to faint objects; if applied 
to bright ones, there is a blue glare in the field 
of disturbing intensity. This may be removed 
by using for such observations à colour screen 
which shuts out the blue rays, In the same 
way, by excluding rays that are not want("d, 
very perfect photographs have been obtained 
with the Yerkes 40-in. refractor, which is 
corrected visually, by interposing a yellow 
colour screen and using yellow sensitive plates. 
The loss of speed is of course very gre3-t. 
Again, a telescope corrected visuaHy can be 
applied to photography, or conversply, by 
interposing a lens in the beam which collects 
to a focus the rejected rays. All the field 
except the centre is thereby sacrificed, but this 
does not matter if the 'purpose Ü
 to employ a 
slit-spectrosco pe. 
As remarked above, a region of investigation 
which promises to occupy growing importance 
is the distribution of light in different parts of 
the spectrum. This is a matter that has 
hardly been c0l18idered, in view .If its import- 
ance. All telescopes in use modifv the dis- 
tribution they rec
rd, eaùh in a diff
rent way, 
and reflectors in a way that changes with the 
condition of the silvered surface. 

 (14) :l\IOUNTING OF TELESCOPES: THE 
TRANSIT INSTRUME
T.-'Ve shall now describe 
hricfly the principles of mounting telescopps, 
hut, as eXplained in the bqrinning of this 
artide, we shall avoid as far as possihle 
astronomical detail, and direct attention to 
the geometrical and mechanical prohlem. 
The Transit Instrunwnt is de
ign('ù for 
measuring relative position of points on the 
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sky, or, given these, the orientation of the 
observer in latitude and hour angle "ith 
resppct to them, The t\\ 0 problems are 
logically interlocked, but by a process of sift- 
ing, familiar in astronomy, they are graduallJ 
and effectively separated from one another, 
The necessity for the measuring instrument is 
the greatest fixity, subject to commanding the 
whole sky. The ordinary standard form aims 
at sweeping the meridian with the optic axis. 
This requires (1) two pillars built up from the 
ground, carrying" y "s at the same level and 
standing E. and 'V. with respect to one another; 
(2) a mas:jive axis, with its ends resting on 
the " y "s as bearings : 
(3) a telescope fastened 
at right angles to this 
axis; this telescope is 
made in two sym- 
metrical pieces. the 
object glass and eye 
end being interchange- 
able if desired, and 
bolted to the" cube" 
which forms the 
middle of the axis, 
and which is per- 
forated to allow the 
beam of light to travel 
through. General 
stability and constancy 
is sought by making 
all the supports mas::;- 
i\-e, anel relieving by 
counterpoises on ad- 
justable springs the 
greatest part of the 
pressure on the " y "s. 
There are, however, 
temperature or other 
seasonal changes to 
allow for. The former 
are dealt with as far 
as possible by con- 
sidering symmetry as a rigorous requirement of 
the design. In the Cape Transit Cirde as well. 
to guard against local differences, the telescope 
proper is completely enclosed in a copper 
sheath, and the instrument house moves bodily 
away from it in two halves, But finally it is 
assumed in the resulting observation that the 
telescope shows t,races of complete maladjust- 
ment, i.e. three degreC's of freedom, the coeffi- 
cients of which can only be derived by special 
check observations. Particulars of the pro- 
cesses would carry us too far into astronomical 
details. The print (Fig. 20), derived from 
:Messrs. Troughton & Simms's Catalogue, 
shows the Cape Transit Circle (6-in. objective), 
and examination of it will i'how how the 
principles are put into practice. 

 (1.3) EQL" ATORIAL. -For the examination 
of an individual object, or for photographing 
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r or measuring a particular field, a certain time 
up to an hour or several hours is required, 
and the tC'lC'scope must be endowed with motion 
which cancels the earth's rotation. That is 
to say, it must rotate east to west about an 
axis parallel to the earth's poles, at a rate 
which would give one Ie\'oJution per day. The 
construction, then, is that of a massiye axis 
pivoted so as to lie parallel to the earth's axis 
and geared by a clamp when desired to clock- 
work which gives it the necessary motion. 
This polar axis carries perpendicular to itself 
the declination axis, about which the telescope 
itself is capable of rotating. If the telescope 
is turned about the 
declination axis, and 
the polar axis turned 
until a desired object 
is in the field of view, 
and then clamped, the 
clockwork will keep it 
pointed on the object. 
There is a variety of 
ways in which these 
purposes may be 
carried out. 
(1) The polar axis 
may be prolonged be- 
yond its bearings and 
terminate in a pair of 
journals in which the 
declination a-x:is 
swings; (2) the polar 
axis may be pivoted at 
its extremities and be 
built up in the form 
of a frame or cage in 
the midst of which 
the telescope s\\ i!lgs 
upon its declination 
axis; (3) the declina- 
tion axis may be 
attached in two 
separate pieces to 
opposite sides of the telescope and, broken 
itself, support th(" telescope symmetrically; 
(4) the declination axis may be prolongC'd on 
both side" of the polar axis, carrying the tE'le- 
scope attached by bands to a cradlE' upon one 
side, with a counterpoise upon the other. 
\ll 
these forms are made and are illustrated in 
Fif}s, 21, 22, and 23 on p. 856, 
TIH'se illustrations show the constructions of 
the three great reflectors made in recent years. 
The weights of the moving parts of thC'gp 
instruments are very great. For the Canadian 
telescope (73") at Victoria, Y ancou vel' Island, 
the polar axis weighs 10 tons, the declination 
axis ,3. the mirror, cell. and tube togC'ther 12 
tons, and the whole instrument ,),j tons. To 
hring pipct's of such size \\ ithin the range and 
aC'curacy of " fine" mechanical \\ ork is a grC'at 
feat of e
act engineering. In the case of the 
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two .:\Iount 'Yil
on tp)e>se>ope>s the we>i
ht. is 
carric,l chiefly by large> dise>s plunged in Laths 
of llwrcury; the Yictoria telescope rf'lies upon 
ball bparing
, and the counte>rpoising is so per- 
fect and the movement so frictionle
s that a 
pressurp of 3 lbs, weight applied at the end of 


FIG. 21.-Fork,60". 


the declination axis suffices to turn it. In these 
great telescopes, designed for grasping very 
faint objects, it is essential that the clockwork 
driying should be as perfect as the optical 
work, othenYÍse the image on the photo- 
graphic plate is diffused and the advantage of 
size is lost. Driving differs from the optical 


FIG. 22.--Cage, }(IO". 


work in this, that it is suhject to control. A 
star is kept under visual observation, bisected 
by a pair of cross-\\ ires; when a bright star is 
available it is a good plan to form a disc by 
throwing it out of focus and hringing this ùisc to 
bisection by two heavy wires which are visihle 
without illuminating the field. This visual 
Fmpervision is usually made with an accessory 
" guiding" telescope fixed to the same frame, 


but the most. pe>rfe>ct way is t.o have> t.lw plate 
hoMer constructed wit.h an e>yppie('e att.aehed 
to it so that tI1P actual se>t of the plat.e may 
be observed directly. "Then the elock dri;e 
requires to be accelerated or retarded, it is 
essential that this should be done with no jar 
whatever. Differential gear thrown in and 
out of action accomplishes it. If the clock 
carries an arbor making one revolution per 
second, the standard clock may he made to 
exercis{' automatic control in applying the 
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FIG. 23.-Counterpoisc,73". 


gear, though this does not dispense with per- 
sonal watching. For automatic cont{'ol, a 
simple gpar, which is said to work well, is 
a sector of soft iron, attached on the onp- 
second arbor, and rpvolving so as to pass npar 
the poles of an plectromagnet which a signal 
from the clock makes live once evpry second. 
But most of the methods of automatic control 
are prejudicial to smooth running. 
The mounting of a refractor is ne>arly always 
made by prolonging the declination axis 
beyond its journals and attaching the dpdina- 
tion axis as a cross-hpad, carrying tht' te>lpscope 
at one end and a counte>rpoise at the other. 
1 1 '01' this form thp{'û are two, revprspd, spttings 
for any objPct, like> the" changps of face" of 
a theoùolitp, and, generally spP(tking, one or 
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the other ::;ctting may he inacl'essihle. The 
cruss-head should not be too short, utherwise in 
some po::;itions the eye enù will fuul the sup- 
porting pillar and cut short an observation hy 
necessitating change of face iJl the middle of it. 
F'ig, 2-1 shows a good example of modern 
construction, an is-inch visual telescope for 
the observatory of Rio de Janeiro, by T. 
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will accuunt for a certain amount of just prefer- 
ence for the refractor. A third consideration is 
lcss reasonahle hut is prohahly pre:-;f'nt. Hiffi- 
cult as the optical problem of making the 
object glass of a telescope i", in comparison" ith 
the mechanical problem of mounting it, the 
most expensive part of a telescope arises in 
building its dome, mount, and clockwork. A 
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FIG, 2-!.-Rio, IS"'. 


Cooke & Sons. Beside the great telescope 
are two cameras, each of 70 inches focal length 
and furnished "ith 10-inch Cooke lenses. For 
the use of these cameras a lO-inch follower is 
provided, or the great telescope itself could 
serve as a visual guider. 
Consideration of these designs" ill show that 
the refractor permits a more symmetrical, com- 
pact, and stronp:er mounting than the reflector, 
the tube being closed at both ends. Its optical 
condition is also not liable to variation. Buth 
these are very important considerations, and 


mirror is very much easier and cheaper to make 
than an object glass of the same power, and 
when so much is spent upon accessories there 
is perhaps sóme inclination to complete them 
with the more costly optical prm"ision. Gener- 
ally, one would say that a reflector deserves to 
ha 
e an e'"en greater proportion of use in large 
opt.ical work than it gets at presC'nt, 

 (16) THE COELosT.-\T.-ln place of follow- 
ing the daily rotation "ith the tf'JC'scope, 
there is an alternatin' of kC'C'ping thp telescope 
fi
ed and reflecting the rays into it. This is 
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,",ometimes followed in the- ea
;(' of th(' sun, 
where there is ample light, because the- use of 
lung focus lenses and spp('trosC'upes presents 
fewer difficultie:;; if they are kept ill a hori- 
zontal (or a vertical) plane. It is accomplished 
by one of two methods. The simplest device 
is the coelostat (Fig. 25). 
If S is any point. upon 
the sky, and N gives 
the direction of the 
normal to a plane mirror, 
then if S
S' is a great 
circle and S
 =
S', S' 
gives the directiun of the 
reflected ray which 
arrives from S. Hence 
.FIG. ;!j. it is plain that if 
 is 
made to move alung t.he 
equator with half the speed of the daily 
rotation, the ray S may be reflected to any 
1ìxed point S' lying on the small circle of 
south pulaI' distance equal to the north pulaI' 
distance of S; in particular it may be sent 
horizontally to one or other of the two points 
So' in which this circle cuts the horizon. And 
the image of the field round S will remain 
stationary and not rutate as S moves across 
the sky. On t.he other hand, the horizontal 
direction in which the ray is sent is not open 
to choice. To send it in a prescribed direction 
a second, fixed, plane mirror would be required. 
9 (17) THE HELlosTAT.-Foucault's Helio- 
stat, on the other hand, will send the beam con- 
:3tantly in any chosen direction (Fig. 2G). AB is 
directed to the pole, T
 
is the normal t.o the 
mirror; then if T B = B
, 
a ray arriving in the 
direction D
 is reflected 
from the- mirror in the 
direction BT. Hence if 
there is a universal joint 
FIG. zo. at T, and the rod TN 
slides through a well- 
fitting sleeve at N, and BX is clamped to AB 
so as to point at the polar distance of the 
sun, then giving the united piece A ß + B
 a 
movement equal to the apparent daily rota- 
tion, the mirror will send the beam out in the 
direction liT, which may he any dcsired dif(
c- 
tion. The universal joint at T is made by 
furnishing the cell of the mirror with a pair (;f 
horizontal pivots which rest on the two arms 
of a large solid fork, whiC'h itself is capahle of 
free rotation about a vertical axis. A di
- 
advantage attending the Heliostat is that the 
image of the sun which is formed rotates, the 
north polar point of the sun passing from one 
siùe of the vertical to the other. R. A. S. 
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 (I) GENERAL PROPERTIEs.-Teleseopes are 
optical instruments designed to enahle com- 
paratively distant objects to be observed on 
a uniform magnified s('ale-. The image formed 
on the retina is thus increased in a ratio 
independent of the distance of the ohject, 
and the value of this ratio is called th(' magnifv- 
ing power of the instruU1e-ut. Parado:xi
a,} 
s 
it may seem, this result is achieved hy pr('scnt- 
ing for inspection to the eye a diminished 
'Tirtual image of the object, the ratio of the 
size of this image to that of the objed hping 
the reciprocal of the magnifying puwer. The 
explanation of this paradox whereby the 
image on the ret.ina. varies inversely as thf' 
size of the immediate object viewed directly 
by the eye is vit.al to a proper understanding 
of the telescope, 
It follows from the ordinary theory of re- 
fraction through a lens 1 that if x is the 
separation parallel to the axis of t\\ 0 0 hject 
planes ,vhieh have images magnified in the 
ratios G 1 and G 2 respectively, and if x' is the 
corresponding separation between the images, 


x' =x. 0 1 . G z , 


provided the refractive indices of the object 
and image spaces are equal. If, now, the case 
of a telescope of magnifying powe-r r is con- 
sidered, the- image of every transverse obje-ct 
is diminished r times, so that G I =0 2 = Ill', 
and if y is the length of a transverse object 
the image is of length y' where y' =ylT'. 
Among the ohjects in the object space is the 
first lens of the telescope, and in nearly all 
cases the eye is placed as nearly as possihle 
at the image of this lens. The distance of 
any particular ohject from this lens may be 
identified with x in the above formula, and 
x' is then the distance of the image from the 
eye. The relation betwee-n them is 


, x 
x = r 2 ' 


that is to say, the apparent distance of the 
object from the eye has been diminished as 
the square of thp reduction in the linear 
dimensions of the object. Thus, although the 
image is less than the ohject, it is so much 
nearer the eye that the final result is that 
the tf'leRcopic image appears to have been 
enlarged in the ratio in which, in fê1l't, it has 
be('n dimini:;;hed. Put in another way this 
is a particular illustration of the well-known 
law that the angular magnification varies 
inversely as the linear magnification. 
The relation between x and x' shows that 
the range uf ucular ac('ommodation requirecl 
1 
f'C " T,f'n<::p
. Theory of Simple," 
 (7); also" Op- 
tical Calculations," 
 (7). 
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in viewing a perfect image in a telescope is 
equal to that called into play when the same 
objects are viewed by the eye from a nearer 
point, such t.hat the retinal images are equal 
to tho
e seen from the further view point 
through the telescupe. The only difference, 
in fact, apart from any due to imperfections 
in the incstrument, is the incorrect perspectÏ\Te 
in the telescopic view for an image of the 
apparent size obtained by the use of the 
telescope. O"ing to instrumental defects a 
much greater range of accommodation is, in 
fact, required, and special provision is made 
for this purpose in the telescope focussing 
adju::5tment. 
It will be gathered from what has already 
been said that the tE:'lcscope is peculiar among 
optical instruments in forming: images of all 
real objects at a finite distance from the 
instrurnent. Thus it is only when celestial 
bodies are under examination that the enH"r- 
gent beams of light are parallel with all 
instrument in normal adjustment. Kot"ith- 
standing this, it is permissible, in dealing" ith 
the construction of the telescope, to consider 
only the light emanating from infinitely 
distant objects. The image of an infiniteJy 
distant object being itself at infinity, the con- 
dition characteristic of telescopes in the 
notation used in "Optical Calculations" is 
evidently 


K=O, 


itnd equations (31) of that article then show 
that the magnification is independent of the 
distance of the object, and since the magnify- 
ing power is the reciprocal of the Jinear mag- 
nification, t.he desirable conditions for all rays 
in terms of the magnifying power rare 



 KI,n - r 
éK. - , 


êK1,n _ 1 
- è1(n - -r' 


From equations (33) it is seen that the 
reJations bet" een the incident and emergent 
direction cosines of the ray are 
l\!' N' 

t= 
 =r, 


and not the tangent law which is usually 
as:mmed to hold, viz, 
)1' :t\"' L' 
Kf= X = L r . 


A further quantity of importance is thf' mag- 
nitude of é 2 KI,nlêK.rKn, or D; this is of the 
dimensiuns of a length, and may be interpreted 
in terms of the distance of the centre of rota- 
tion of the eve from the last surface of the teJe- 
scope "hen v the eye is in its most favourable 
po..:ition. The value of this eye distance is 
Dlr, and simiJarly the ima
e of the last snrfacp 
of the telescope in the rest of the system lies 


in the ubject space at a distance Dr from the 
first lens. D may be gi\-en any finite \-alne 
that is desired by changing tlu' scale of the 
whule instrument, so it is necessary in con- 
sidering its value to consider the length of 
the complete instrument, or alternati\Tely the 
focal length of a selected component lens. 
The value of D in comparison with the 
apertures of the lenses determines the field of 
view of the telescope. 

 (2) GALILEAN TELESCOPE,-The simplest 
telescope consists of two lensps, the essE:'ntial 
relations being in terms of paraxial quantities 


r-I 
K. =-W' 


so that 


I-r 
K 2 = -, 
, t 
D= -t, 
I 1 
- + - - = t. 
K. K2 


If r is positive, so that the telescope presents 
erect ima
cs to the eye, one lens is positive and 
one negative, the image of either lens formed 
by the other being virtual. This is the con- 
struction used in the Ga1ilean telescope (Fig. I). 
The chief merits of the instrument, apart from 


- 


FIG. I.-Galilean Telescope. 


its cheapness, are the brightnes8 of the fieJd 
due to the smaH absorption of light. The 
chief defects are the smaH fipld of vie\\ result- 
ing from the negati\
e \yalue of D. The chief 
use of this telescope is for low magnifications 
-say 2 to 5-and for night observation at 
sea. L In an average instrument the" apparent 
field," measured by the angles corresponding 
to the extreme values of 
1' when N' = 0, 
is about 16", the value in practice being 
nearly independent of the magnification. In 
theory it should be possible to obtain apparent 
fields which increase as the magnification falls. 
The real field, which corresponds to the e
treme 
values of )1 \\ith X =0, is e,idently obtainable 
with sufficient accuracy by the relation 
Apparent field = Rea.l field x )[agnifying power. 

 (3) ASTROXO:\[JCAL TELEscoPE.-If the 
image presented to the eye is in\yerted. cnrre- 
RpondinO' to a nC'O'ati\Te \yaluC' of 1', ùoth 
lenRes a
 po:;;itive, l"'and the desira hIp position 
for the eye is e
.ternal to the instrulllC'nt. 
{\msiderablc advantagC's, howc\yer, result in 
this case by utilising three separate len;:;es, <1:3 
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described helow. An ordinary form is shown 
in Fig. 2. It \\ ill bc uh!:;cn'cd from the pre- 
ceding formulac that 
K;/.= - Klr, 


and this result may be extended to telescopes 
generally, hO\vever complicated their structure. 



 ----.
 
FIG. 2. 


In fact, the equations already referred to give 
at once for all values of À 
r _ KÀ+l,91 _ dKÀ,n j ÒKl'À 
- -- 1(1,"- - ôKÀ óK ;-. 
\Yhen there are three lenses the two separa- 
tions, t l and t 2 , and D may be given arbitrary 
values. The powers of the lenses are then 
given by 


1 1 t 2 
Kl=t;+ Dr + Dt/ 


I D I 
K2 =
 + t;t 2 + t 2 ' 
1 r '. 
K3=
 + j) + Dt;:' 
For comfortable use D should not be numeri- 
cally less than 25r mm., its sign agreeing with 
that of r. If the apertures of the lenses are 
denoted by aI, a 2 , a 3 respectively, the maxi- 
mum usdul aperture under normal conditions 
i::; determined by 
al=elrl, 
where e is the largest diameter of the pupil of 
the observer's eye when using the instrument. 
Under ordinary conditions a value for e of 
about 6 mm. may be adopted. This deter- 
mines the aperture of the objective, and a 
knowledge of the performance of objectives 
of various relative apertures enables an upper 
limit to be assigned to the value of Kl' In 
good instruments values of alK l as high as 
0.3 or o.:{.) may be found. The remaining 
quantities follow readily on considering the 
field of view. The useful rays are effectually 
limited hy two stops in the object space, the 
images in the front part of the instrument of 
the second and third lens apertures. The 
image of the third lens, as has been seen, is of 
diametcr a3 I r :, and is a distance Dr in front 
of the first lens. The image of the second lens 
is of diameter 


I a
D[1 I 
t l + t 2 I' ' 
and is situated a distance 
tlDr 
t l + t 2 r 


in front of the first lens. 
\s II + tX tends to 
be small it is simpler to con
ider the latter 
limit as a COlle through the first lells aperhu'f' 
of semi-angle tan- l (a
!2tl)' The effect of the 
t.wo apertures is to enahle the whule aperture 
of the objective to transmit useful light for 
an angular field determined by the smaller of 
the two ratios a 2 /t l and I a 3 /D I-I al/r I, with an 
outer zone of the field corresponding to the 
space between this limit and the smaller of 
the twu ratios a 2 /t l and I a 3 jD I + I al/r!. In 
this zone the brightness of the image con- 
tinuously dimini::;hes from the inner to the 
outer limit because only a dimini::;hing portion 
of the area of the objeetive receives light 
which is eventually transmitted to the image 
space. It is customary to include about one- 
half uf this outer zone in the field of view, and 
a metal diaphragm is placed where the real 
image of distant objects at the limiting angle 
is formed to give a sharI) edge to the field. 
The case of practical importance is "hen Loth 
D and r are negative and the powers of all 
the lenses are pusitive. A telescope of this 
kind is the foundation of t,he well- known 
prismatic telescopes usually combined in pairs 
for binocular vision. A positive value is 
always secured for t l + t 2 r, and this has a 
direct influence on the correctiun of thc cum- 
ponent lenses for colonr. The system will he 
automatically maint.ained in telescopic adjust- 
ment for another colour if t 1 and t 2 remain 
unchanged in the expressions for Ku K2, K3 
while D and r are changed. Suppose that D 
and r become D(l +d) and 1'(1 +)') where 
d and)' are smalL If the new value of each K 
is obtained by introducing a factor (1 + II,,), 
evidently the first approximations are 
Kl d+)' t"loci 
= 
"1 - Dr - Dt/ 


K 2 _ Dd 
;; - .t l t 2 ' 


Ka 


r(d - 'Y) tld 
D - - Dt
' 


= 


"3 


Now small variations in D ,vith the colour am 
not of serious importance, so that the second 
lens need not be corrected for colour. If this 
lens is of a crown glass the variation of D ovpr 
the visible spectrum may be of the order of 
4 mm. If the value of d in terms of "2 is :mh- 
stituted in the other equations, it is found that 
Kl 
I (t l + t 2 r)K 2 t 2 
VI - DI' --D 2 l'''2 ' 


K3 _ r)' ( i l + t 2 r)K 2 t l 
;;- D D 2 v Z ' 


Obviously the imagp will be viHihly impC'rfeet 
unless)' is very sma,H. anù the proper principle 
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fOf the correction of the external lenses is 
shown by making it zero. Since r is negative 
and all the other terms positive, PI should be 
positive and V3 negative, that is, the objective 
should be undef-corrected for colour and the 
eye lens over-corrected. If the sign of t l + t 2 r 
were reversed, so that the eyepiece were of 
the Huygenian rather than the Ramsden type, 
the requirements as regards these two lenses 
would be reversed also. The determination 
of the precise dat.a for the construction of 
these lenses can follow the lines described 
under " Optical Calculations." 'Yhen prisms 
are inserted for the erection of the image 
between the lenses the effect of the t!lickness 
of the glass--equivalent to a variation in t 1 - 
must be taken into account. It is worth 
noting that when the second and third lenses 
which form the eyepiece are regarded as a 
separate instrument, the conditions for the 
chromatic correction which follow from the 
above equations when both these lenses are 
of the same glass are inconsistent with that 
usually given, viz. 
2t z =! +!. 
K2 Ka 


The correct condition in this case is 


2t 2 =! ( 1 +- t t2 ) +!., 
K2 1 K8 


and this approximates to the usual form when 
t;/. is small compared with t l . The desirable 
separation on this theory is always greater 
than that given by the ordinary rule, and 
reaches a value twice as great when the first 
principal focus of the field lens is situated at 
the objective. 
9 (4) TERRESTRJ.\.L TELEscoPE,-TE'lescopes 
having four or more separated lenses may he 
discussed in a similar way. The principal aim 
in introducing additional lenses is usually to 
present an erect instead of an inverted image 
to the eye, so that a form with positive values 
for D and r is desired. It will suffice, by 
way of example, to consider a system of five 
separated lenses. 
L-et trtr-1Kr - t r - t r - l =k r , 


and regard k J and k
 ji,S independent variables. 
Then the po\vers of the odd lenses are deter- 
mined from 
1 I t z k
 
KI =t; + Dr + t-;k2 + Dk 2 ' 
k tlt3 t
t
 Dt 2 t 3 

3=- +- Z + k -, 
k 2 .;
 '2k
 


I r t 3 1..''.1 
K5 =f.a + D + t}..'-I +b
' 
In practice there are limitations to the extent. 
to " hich I.:;/. and k
 may be varied independently 
')f one another, and a restriction it appears 


natural to adopt is that ].'3 "ill be Rmall, so 
that the even lens63, \\ lúch are likely to be 
ficld lenses, "ill be approximately in con- 
jugate planes "ith respect to the third lens. 
As D Ì3 to be positive this implies that k J and 
k
 "ill differ in sign, A further limitation the 
designer "ill "ish to bear in mind is the value 
of the sum of the powers of all the lenses. 
If this is too large the curvature and astigmat- 
ism "ill tend to be inconveniently great. The 
value of this sum is 



 . _ (D - k 2 - k
)J {I - r)1 t1t'.1K21 t 3 t..K 1 1 
_1\ - - D kJJ..... + -1>1;- + 
 +-r;-, 
two terms being positive and two negative. 
In special cases these expressions are unsuit- 
ahle, for k 2 or kt may be zero. Am biguity in 
these instances may be avoided by treating 
k3 as an independent variable, and the formulae 
become 


I I k3k
 - t;/.t.. 
KI =t; + Dr + Dttt a ' 


1 r k2ka - t l t 3 
K6=
+D +-r>i2
' 

 _ (1 +r)1 

K- Dr 
I 
+ Dt,t2t3t
 {k 3 (kl.tJ.t 3 + k
t2t
) - (t l t 3 + t 2 t..)I} 
k 2 k3 k
 2 2 2 2 
+-+-+-+-+-+-+- 
t 1 t 2 t J t 3 t 3 t, t l t2, t 3 t,. 
If k 2 =0, 


k _ _ Dt z 
..- t 1 ' 
and similarly, if k-l =0, 
. _ _ Dt 3 
k" - . 
- t.. 
To determine the character of the chromatic 
correction necessary in the components, it "ill 
be observed that if latitude is allowed in D 
control of the two external lenses alone is 
necessary to ensure that the system remains 
a telescope of magnif)ing power r as the 
colour changes. It may, in the first place, be 
assumed that the even len
es are of a sin
le 
glass of the same melting. In the particular 
case 


k 2 =k 3 =0, V 2 =V..=P, 



K = (! _
Ir + 2(t, + (2)(
 +t 3 ) _ (Dt 2 - t 1 t 3 + tl.t-l)! 
Dr t 1 tl.t 3 Dt 1 t 2 t 3 t..' 


Dtl.tAI - vd) =(t, +t2)t2t
 +('3 +t
)tlt3' 


indicatin
 a nef!'ative value for pd. Also 


( 
+d )( l+ 1- _ t6- ) =
__Î'__ t2(t2 +(') 
VI t! DI' Dt 1 t 3 t, Dr tlltaP a ' 


and 


( 1 d ) ( 1 r ' It 3 ) d rÎ' 
PG + t.. + D - Dt 2 !.. = t.. + -D . 
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Thus if r =tlt3/t
t
, the fifth lens requires t
 be 
achromatic, and either the first and third 
}uust be separately achromatised or one must 
be under- and the other over-corrected, the 
relation between the amounts being 
(l2 + tJ)v 1 +rt
v3 =0. 
It is preferabJe to depart somewhat from this 
condition, so avoiding having lenses in sharp 
focus with the image. If the real images 
])recede the second and fourth lenseR, the fifth 
lens must be over-corrected for colour but the 
first and third lenses must 
form an under-corrected 
combination. If the images 
follow the second and fourth 
lenses the fifth will be under-correded, and 
the first and third together will be over- 
corrected. The modifi
ations involved when 
k3 is not zero are easily traced, and on 
the principles already illustrated lead readily 
to the justification uf the form adopted for 
the terrestrial eyepiece when the last four 
lenses are of a single glass. 'Yhen large fields 
of view are desired the third lens should be 
built from more than one glass to enable the 
spherical aberrations to be properly controlled. 
Telescopes consisting of five separated lenses 
are largely used as gun-sights. In this case 
one of the real images lies in a plane in which 
cross lines are placed, either fine metal wires 
or lines etched on a flat glass surface. Pro- 
vision is made for the illumination of the lines 
for night use, the light falling on the ,vires 
from the eyepiece side, or in the case of etched 
lines, entering the glass plate through a polished 
edge. 
S (ó3) PRISMATIC TELESCOPES AND BIN- 
ocm_ARs.-The three-lens inverting telescope 
is usua.lly converted iuto an erecting telescope 
by the insertion of erecting prisms. :l\Iany 
different forms have been f'mployed, in some 
of which the prisms lie hetween the lenses, 
while in others they prC'cede them. In a 
few military instruments the prisms are also 
utilised to change the direction of sif!ht, as 
in gun-sights to he used against aircraft. In 
the most usual form (Fig. 3) two isosceles right- 
angled prisms are uspd, with their principal 
plctnes at right angles, the light entering and 
leaving each prism by the hypotenuse and 
bcing rcflC'cted at each of the equal faces. The 
effect of each prism is to reverse thf' direction 
in which the light traVf'IR and to invert the 
image in the principal plane of the prism, but 
not in the perpendicular plane. The two 
priRms together thus produce the invf'rsion 
requirC'd while the light emC'rges travelling in 
it:i original direction, though the emergent 
axis is of course displaced relativC'ly to the 
incidC'nt axis. Advantage is taken of this 
displacement in binocular tekscopes to s('cure 
as large a separation as possible bet,veen the 


centres of the objectiw"s while' obtaining the 
eyepiece separation necessary for comfortable 
use with both eyes. The effect is to increaRf" 
greatly the stereo:;;copic power of the instru- 
ment, tha.t is, thf" extent to which the varying 
distances of ubjects from the obseryer is made 
evident by the slight eye adjustments necessary 
to bring their images on correRponding retinal 
areas. It. is easily seen that, referrf"d to the 
unaided eye as a standard in which this pm\ er 
i:;; represented by unity the stereoscopic power 
is equal to 


:l\Iagnifying powe r of telescope x Se p aration of objective centre s 
Separation of eyepiece cent.res 


The action of the prism is very easily deter- 
mined geometrically in simple cases, and in 
complex examples a polar dia.gram enables 
the effects of any number of reflections to be 


To 
Eyepieces 


FIG. 3. 


traced without difficulty. 'Vhen there are 
two plane reflecting surfaces inclined to one 
another at an angle a, as in Fig. 4, the figure 
illustrates that any ray incident in a principal 
plane is deviated through an angle 2a. 'Yhen 
the ray does not lie in a principal plane of 
the figure its projec- 
tion on the principal 
plane follows the 
ahove law, and its 
COlnpOnf"nt paralJel 
to the reflecting 
planes is unaffected. 
If, then, a is a right 
angle and the paths 
considered are por- 
tions of a ray inside 
a prism, the angles 
made with the third 
face by the ray be- 
fore and after the 
double reflection are 
equal, and the inci- 
dent anù emergent 
angles in air are 
also equal. The essential conùition is there- 
fore that the large angle of the priRm 
should be a right anple, the equality of the 
other angle:;; heing tll1irnpmtant.. The fact 
that in considering changes of d:rcdiun only 
the projection in a principal plane I1ppd he 
consiùered enables a simple geometrical con- 


FIG. 4. 
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struction to be used, in which the path of a 
ray is represented by a straight line. I..et 
ARC (Fig. J) represent a principal section of 
a prism, and PQ a portion of the path of a 
ray "ithin the prism which meets the sides 
ill the order AC, AB, BC, AC. Let ABC' be 
a triangle on AB, such that AB diyides AC'BCA 


FIG. 5. 


into two symmetrical triangles with AC' = AC, 
BC' = BC. Similarly on BC' let A'BC' be 
constructed symmetrically with ABC'. It is 
then easy to see that the actual ray path 
PQR'S' corresponds to the extended straight 
line PQRS. The prism "ill produce no dis- 
persion if C'
\' is parallel to AC, that is, if 
2A+2C=7r, or if B is a right angle, and the 
prism is exactly equivalent to a plane parallel 
block of glass whose thickness is equal to the 
hypotenuse AC of the prism. 
The prism is mounted in such a way that 
incident rays can only enter the face AC in the 
half nearer to A, and only rays which emerge 
in th
 half nearer C can proceed further through 
the mstrument. Evidently, in addition to 
such a ray as PQRS, it is pos::;ible for a ray 
like ,JKL
\IX, which meets the sides in the 
order A.C, AB, AC, BC, _-\C, to emerge, and 
the final direction may be parallel to that of 
R'S', though the incident rays made angles of 
opposite si.!lns with the normal to AC. Such 
rays evidently cause a laterally inverted 
image 1 to be superposed upon that previously 
considered, and steps must be taken to pre- 
vent this. If the angle made by the ray "ith 
the normal to AC is not small, the ray "ill 
meet AB and B'C' at small inclination
, and 
the light which e,-entually reaches A"C' win be 
too faint to he troublesome. The ravs which 
make a small angle "ith the norma( may be 
stopped by cutti
g a slit symmetrically a
ross 
AC' parallel to the line of intersection of AB 
and BC'. From the images of this Rlit in the 
diagram it is e,-ident th
t this simple device 
is adeqm
te to prevent this "gho
t" image, 
and that its only direct effect iR to neceRsitate 
a somewhat larger pIism to tran
mit the useful 
light than \\ould otherwise be the case. 
1 It may he notf'd that the rharart('f of the image 
in thi-; respect d('pend::; upou the number of reflections 
being even or odd. 


Thp size of the prism is evidently important. 
!he larger the prism the longer the ray path 
m the prism, so that variation in the size 
involves variation in the image position, and 
for a manufactured instrument the variation 
in size must be confined "ithin narrow limits. 
The shaping of the base to fit in it;, seatinO' 
. . I::> 
IS qUIte a distinct question, There will, in 
practice, be a limit to the permissible difference 

n the base angles, as a large inequality" ould 
mvolve a loss tJf light owing to the vertex of 
the prism. which is truncated, intruding into 
the region in which rays travel. These con- 
siderations, together" ith the fact that varia- 
tions from a right amde in the vertical angle 
are only important. on account. of the pris- 
matic effect of an error, lead to the conclusion 
that very great accuracy in the angles is not 
essential. Errors of the order of a minute 
of angle will be permissible: 2 this value may 
be contrasted with an accuracv of about a 
second necessar y in a riaht anr;le when liO'ht 
I::> 0 I::> 
may be iñcident first on either of the planes 
forming the angle. 
If one of the prisms of a pair, situated in the 
way necessary to convert an inverting into 
an erecting telescope, is rotated so that its 
principal plane is brought into parallelism 
",ith that of the other prism, there is in one 
direetion no inversion at all, and that in the 
other direction is a reinversion of the first 
in ,-ersion; in ot.her word
, no in ,-ersion has 
been effected. It may be inferred that the 
image rotatps through twice the angle described 
by the prism. If, then, the principal planes of 
the two prisms are nut at right angles to one 
another, the image of a vertical object "iU be 
inclined to the vertical. It is therefore neces- 
sary for the ridge of each prism to be very 
closely perpendiclùar to the longer axis of the 
base. The ::lame prineiple shows that pyra- 
midal error in one prism produces the same 
effect as an error in the right angle of the 
other Plism. Advantage is sometimes taken 
of this effect to combine together a pair of 
prisms which tend to compensate one another's 
defects when these are too great to allow of 
the use of one of them "ith a normal prism. 
It has already been seen that the prisms 
must be mounted in a way which prevents an 
alteration in the direction of their principal 
planes. "?hen the prisms are placed between 
the objective and eyepiece it is equally im- 
portant to prevent a translation of a Juism 
in the direction of its lenO'th. The fifl'ure 
(Fig. 6) sho\\ s that the effect of slwh a 
mo\-ement is to (lÜ
place the emergent ra
'R 
through twice the di<.;tance throu!!h \\ hich tlIP 
prism is moypcl. As a conseq up';ce of such a 
! Toleran('('
 of thr('(\ minutes for the right angk. 
five minut('s for th(' 4;) > anglf'
. and t hrf'f' minut{'
 for 
thf' p
 ramidal ('fror hav(' bl'eu propo
f'II for sl
r\"ke 
in
trum('nt
. :-\('e Rrporf of the ('om m ittce on the 
Stlllldllrdiçation of Opticf111Ilstmments, II )I.
.o. 
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displacement, rays from a point on the axis of 
the objective, which should emerge parallel 
to the axis, "ill form an image off the axis of 
the eyepiece, and the emergent rays will be 


FIG. 6. 


deviated. Thus rays through the two tele- 
scopes of a binocular, which should emerge in 
parallel directions, ,vill he inclined to one 
another, and unless this inclination is small 
the instrument cannot be used, particularly 
for continuous observation, without causing 
discomfort to the observer. One of the most 
important details in a prismatic binocular is 
thus the means taken to ensure that the 
prisms are held immovable in their seatings. 
The method must not involve local strain in 
the prism, as this is liable to cause fracture, 
in addition to deterioration in the image. 
To secure correct adjustment "ithin suitable 
limits the objective is usually mounted in a 
cell carried by two eccentric rings, which can 
be locked in any required azimuths. This 
device is illust.rated in 
Fig. 7, where the small 
circle represents the 
area to any point of 
which the centre of 
the objective can be 
brought, as is desired. 
The error resulting 
from inaccurate ad- 
justment of the instru- 
FIG. 7. ment is of the same 
kind as would be 
produced by the use of a direct vision 
binocular in which th
 axes of the two 
telescopes were inclined to one another. It 
has thus been common to descrihe the error 
as "inclination of the axes," though this 
explanation is not strictly correct. The toler- 
able bmits of error naturally refer to the 
inC'linations of the two emergent bpams, and 
are independent of the magnifying power. 
As would he expected, a much greatpr error 
can he allowed when the beams diverge on 
leaving the instrument, so that the eycs are 
required to converge, than when the heamg 
converge, or have a relative' inclination in 
the vertical plane. If the pf'rmis
ihle errors of 
the emerginr, heam are translatcd into inclina- 
tion of the axes, the amount of error all<nvahle 
deppnds upon the power. but helow a POWPf 
of H it is cuo;;tomary to have fixpd limits of 
error for the axes, as the attainmcnt of the 


more stringent standard for 10" powers offers 
no difficulty. These axis errors may reach 
three minutes in the vertical plane and six 
minutes in the horizontal without causing 
discomfort to the observer. 
Prismatic binoculars are generally mounted 
so that the two telespopes may rotate about 
an intermediate hinge, thus permitting the 
separa tion of the eyepieces to be varied from 
about 5.3 to 70 mm. If the optical axes of 
the telescopes are not parallel to the axis of 
the hinge, the inclination of the telescope axes 
wiJI vary "ith the intC'rocular distance. In 
testing binoculars it is accordingly customary 
to measure the errors of want of parallelism 
for three distinct interocular values. 
A further adjustment of import.ance in any 
instrument in which the two eyes are used 
simultaneously is a means of focussing each 
telescope independently, The most satis- 
factory method is the direct one of mounting 
each eyepiece in a cell which may be 
moved in or out by a screw of very coarse 
pitch. 
This very brief description of the principal 
adjustments which are neccs
ar
T in a pris- 
matic hinocular suffices to indicate the COlli- 
plexity of the instrument in assembling its 


A 


R 


B 


FIG. 8. 


parts. In many dcsigns attempts are made 
to avoid this by the use of external prisms. 
Other forms are ilhi:;trated in the artiele' 
on German telescopes. l Another design is 
shmvn in the accompanying figure (Fig. 8), 
taken from a paper by H. Dcnnis Taylor. 2 
The lower portion of the prism is of the 
" roof" type. The ('hief advantages of this 
pri
m are its compactness and the need for a 
single prism only. From the figures of its 
development (Fig. 9) it is readily seen that the 
roof an,gle B must be very closely a right 
angle, since parallel rays of the same beam III ust 
continue parallel whetIlC'r their final positions 
are dctcrmined by de'veloping the prism about 
RB and S'B or about RB and R'B. The 
development in the' perpendicular plane shows 
that t.he biscctor of the angle 
\. must be }>er- 
pe1!dicular to the roof ridge. 


1 Spc .. Tclcs('opcs of (1prman Dp
ign." 
2 Transactions of the Optical Society, xxii. G3. 
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If, as in the illustration (Fig. 8), the prism is 
so enlarged to give increased stereoscopic power 
that the projections of the entrance and e""{it 
pupils do not overlap, the roof prism is used 
as an ordinary right-angled prism, and the 
accuracy necesRary is not greater than in the 


FIG. 9. 


nght angles of the prisms of the ordinary type 
of binocular. 

 (6) AXASTIG
'L\.TIC TELEscoPEs.-In the 
paper just mentioneu, Taylor describes a tele- 
scope in which the curvature and astigmatism 
of the image are corrected simultaneously. 
This implies the satisfaction of the Petzval 
condition, and therefore the presence of 
negati ve lenses in the instrument other than 
those used to remove chromatic aberration. 
The accompanying figure (Fig. 10) shows a 
section of the instrument taken from the 
paper. The objective is of approximately 
normal type. In front of the real image is 
placed a v"ery powerftù system of negative 
lenses X of fluor crown glass, achromatised 
"ith an extra dense flint. 
This lens is essential for the 0 
attainment of the desired cor- 
rection, and forms an image 
of distant objects appro
i- 
mately in the plane of the fi
ld 
stop dd. The use of the nega- 
tive lens in this position causes 
a large real image to be 
formed, corresponding to a 
focal length appreciably greater than the 
distance of the objecti,
e 0 from dd. The 
field lens F is necessarily a powerful lens 
to deviate to the eve lenses El and E., the 
diverging beams which form the real i
age. 
F is made of dense harium crown glass to 
secure a high refractive inde""{ with a low dis- 
persion. El and E 2 are placed close together, 
separate lenses being necessary to attain the 
desired aperture ratio. The positive com- 
ponents are of light baryta flint glass and the 
negatives of extra dense flint. The corrections 
obtained resemble those of the most perle('t 
photographic lenses, and the apparent field 
reaches 5() degrees. The telescope iIluRtrated 
i
 of magnif}ing po" er 10, but systems of 
lower powers have been constructed. Two 
VOL. IV 


such telescopes may be mounted as a bin- 
ocular by the addition of t" 0 of the prisms 
illustrated in F'ig. 8, in front of the t" 0 
objectives. 
The chief difficulty in the construction of 
telescopes having their fields corrected in 
this way lies in the limited range of glasses. 
which necessitates the use of decidedly large 
curvatures in the component lenses, unIes8 
the number of lenses is much larger than is 
usual in normal designs. In theory there is 
no difficulty, as may be shown by considering 
a particular type of construction. As is well 
known, achromatic lenses can be made to yield 
images corrected for spherical aberration
 and 
coma for an object occupying a definite posi- 
tion. If in a train of lenses corrected in this 
manner the image formed by each lens occupies 
for the next succeeding glass the position of 
the object for which the latter is corrected, 
it is evident that the image produced by the 
entire instrument "ill be free from spherical 
aberration and coma. Lnder these condi- 
tions the curvature of the primary and second- 
ary images produced by each indiyidual lens 
will be less than that of the corresponding 
objects by the amounts K(3 + w) and ,,(1 + w) 
respectively, where K is the paraxial power of 
the component and w is its Petzyal coefficient. 
It follows that the conditions for the simul- 
taneous removal of curvature and astigmatism 
are 



K=O and 
Kw=O, 


the sums being extended to include every 
component lens. I
 practice these conditions 


E 1 E 2 


FIG. 10. 


"ill need slight modification owing to the 
presence of higher order aberrations which 
must be partially compensated by those of 
lower order. The important feature of this 
particular solution is that the position in 
which the negathye lenses occur in the system 
is immaterial. so it is at once eyident that a 
solution is possible in which they are plaeed 
near the real image, the one position in "hich 
the di,yergence they tend to produce "ill 
not be an insuperable obstacle in the "ay 
of controlling the positions of the rays on 
emergence. 

 (7) XOIERICAL REsLLTs.-The following 
table gh-es the If'ading dinlPm:ion!õ! and pro- 
perties of some of the beRt-kno" n patterns of 
telescopes and binoculars. 


3K 
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r Diameter Diameter of Angular Apparmt 
Type. .Magnifying of Angular Length 
Power. Objprtive EnH'rgcnt :Fielù 
Pencil in mm. Degrees. .Field in ('m. 
inmm, Degrees. 
Galilean hinocular 1 50 ]2 4 16 ]0 
Prismat-ic binocular 6 :JO 5 8 50 to 
Prismatic binocular 8 ')- 3 6 50 10 
-,) 
Terrestrial tclescope .,I,) 7,3 1.7 0.8 35 llO 
Terrestrial telescope 13 30 2 2.3 33 60 
GUll-sighting telescope 8 50 6 5 40 60 
Variable power gUll- 
sighting telescope 5 to 2] 50 1u to 2.5 8 to 2 40 7.) 


T. S. 


TELESCOPES OF GER)'IA
 DESIGN 
THE general features of the optical systems 
employed in German telescopes are very 
similar to those which are to be found in 
British instruments. l The German designer, 
however, seems to make more use of specially 
designed prism systems to replace separated 
lenses for erecting the field of view. This 
characteristic, which leads to greater compact- 
ness, may be illustrated by a brief description 
of two German telescopic systems which the 
writer h&.d occasion to dissect during the war. 2 
The two instruments in question are naval 
gun-sighting telescopes, manufactured by Carl 
Zeiss, J ena. 
9 (1) PERISCOPIC SIGHT.-A yertical section 
of the optical system is shown in Fig. I. 
The special feature of the system is the prism 
D, which is also 8ho.wn in perspective in 


light from one half of the field i
 next reflected 
from the face d to the face e, that from the 
other half of the field being reflected from e 
to d. The light then passes out of thf' prism 
at the face c. The 
path of the central 
ray is indicated in 
Fig. IA by means of 
arrow-heads. In order 
to prevent overlap- 
ping or separation of 
the two halves of the 
field the angle be- 
tween the faces d and 
e, ,vhich form the 
" roof" portion of the 
prism, must not differ 
from 90 0 by more FIG. lA. 
than a few seconds. 
The angles between the other faces of the 
prism are approximately as follow: 


Window 
A ar- ObjectiU6 Fi
er 
8 1 2 
.. ., . - -
 


Colour 


Angle between a and b, 60 0 
band c, ]20 0 
c and d, 52 0 45' 
d and e, 52 0 45' 


Faces a and c are paralleL This type of prism 
is also empioyed in many British 
, 00- instruments, particularly in dial 
E 
 F Ð H 11 K sights, but the Germans seem to 
_ 
 60 CL
2 d a 
 (a.6 use it much more frequently. 
D 9 (2) RIGHT A
GLE SIGHT.-A 
vertical section t)f the O p tical 
Graticu1e 
Eye- system is given in Fig. 2. The 
Piece instrument is designed to deflect 
the light through a right angle, and is 
evidently intended for use in a position 
where the optical axis of the eyepiece makes 
an angle of 45 0 with the vertical, the eyepiece 
heing directed upwards. The prism Ð ' in this 
instrument is of rather an unusual type. 
It is shown in perspectÏ\Te in Fig. 2.\. The 
light enters at the face a', is reflected internally 
1 See article on .. TelescopeH." at b ' , and then at c ' , and passes out of th'e 
Z For a complete dCHf'ri ption of the instrnm<:'nts' h f I 
!'\('c .T. H. AndersoIl and A. n. Dale, Opt. Soc. Trans., pnsm at t e a('e d, The path of the central 
1919, xx. 315. ray is indicqted by means of arrowheads. 


FIG.L 


Fig. IA. It is of the "roof" prism type, 
and is designed to displace the optical axis of 
the instrument parallel to itself through a dis- 
tance of 5.5 cm. and to reverse the field. The 
light enters at the face a (Fig. IA), and is totally 
reflected internally at b and then at c. The 
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The angle
 bet\\een the faces of the prism are 
appro
imately ao:; follow: 


Angle bet" ccn a' and b', 4.3 0 
b' and c', 7:5 0 
a' and c', 90 0 
c' and d', Gï o 30' 
a' and d', 90 0 
These instruments also serve to illustrate 
a rather novel method of illuminating the 
cross-lines for night work. The cross-lines 
are engraved on the flat surface a of thp 
graticule lens (F in Fig. 1 and F' in Fig. 2), 
the edge of which is polished. On the outside 
of this lens there is mounted a cell, in a 
groove of which are two small glass tu bes of 
circular cross-section and bent round in the 


'. K' 
CD, 
e:J:1J= H2 
/j , 

 H; Eye-Piece 
I c 
: 

8-. 
 Graticule 
c::=

 F; 
E 


Pri 8m 


D' Obje!1tiue 
Colour Filter B 1tf B' 
, 2 1 
-f---- - dc' · - 


form of rings. These tu bes are filled with a 
fine powder which consists of a luminous 
compound having approximately the same 
luminosity as that given by the British .2 mg. 
radium bromide per gr. compound. The 
light from this compound serves to illuminate 
the cross-lines when the instruments are being 
used in the dark. If the light should proye 
to have a disturbing effect in finding an object 
at night the illumination can be screened off by 
moving the cell, which contains the tubes, 
a short distance along the axis. This is 
accomp1ished by meanR of a worm - gear 
arrangement. 
For more detailed descriptions of German 
telescopic systems reference may be made to 
The Theory of J[odern Optical In.struments, 
by Dr. .Alexander Gleichcn, translated by 
H. H. Emsley, B.Sc., and 'V. Swaine, B.Sc. 
J. s. -A. 


TE1IPER.UIEXT: a term uRed in music to 
denote a system of musical notes in which 


certain intervals are purpo
ely modified in 
order to meet the requirements of practical 
convenience and allow of free modulation 
"ith fe"er notes. See ,. Sound," 

 (4), (5). 
TEl\IPERAMEXT, EQ"CAL: the musical tempera- 
ment most commonly used, in which the 
semitones, whether diatonic or chrom
tic, 
are exactly half the tones. See" Sound," 

 (6) (iv.). 
Attained on wind-instruments "ith special 
val ves. See 
'bid, * (40). 
TEMPERAMEXTS, CHIEF :\IUSICAL, ASD JUST 
IXTOXATIO
, tabulated. See" Sound," 
 (6) 
(v,). Table I. 
TEST OF ::\IIRROR OF REFLECTIXG TELESCOPE. 
See" Telescope," 
 (11). 
TEST-C-\.SE OF TRIAL TÆXSES: a series of the 
lenses forming the various possible com bina- 
tions of spectac1e lenses, used in testing a 


c' 


a! 


Window 
El 
-D 


FIG.2A. 


FIG. 2. 


patient's vision. See" Ophthalmic Optical 
Apparatus," 9 (9). 
TEST PLATE: an a ppliance of the practical 
optician ha'\ing a very perfect optical 
smface, either flat or curyed. See" Op- 
tical Parts, The "
orking of," 
 (4); also 
"Interferometers, Technical Applications 
of. " 
TETRA - IODO FLUORESCEIX: a reagent for 
testing optical glass, See" Glass, Chemical 
Decomposition of," 
 (3) (i.). 


THEODOLITE. THE 

 (1) THF theodolite is not only the most 
important of sun-eying instruments, but one 
of the oldest. Leonard Digge8 in 1571 1 
describes a "Theodelitus" consÜ:;ting of a 
graduated horizontal circle, with an '" Alidade " 
or sight pivoted on a vertical a"'{is through the 


1 r ponarù Dig
('s, A Geometrical Practical Treatise, 
etc., 1;)ï1. # 
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centre of the circle. Thf" theodolite was 
therefore primarily an instrument for measur- 
ing horizontal angles, i.e. the angles between 
planes containin
 the vertical axis of the 
instrument and the various objects observed 
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.FIG. 1. 


to. Digges also shows how a "quadrant" 
can be added so as to observe angles of eleva- 
tion or depression at the same time as the 
horizontal angles. The theodolite as now 
made is generally provided with a vertical 
arc, and most modern instruments are made 
so that the sighting telescope will "transit" 
on its horizontal axis, i.e, so that it can bf' 
reversed end for end without removing it 
from its bearings; in this case the vertical 
arc (if provided) is generally a complete circle. 
Such instruments are known as "transit 
theodolites," or shortly (especially in the 
U.S.A,) as "transits." The instrument was 
first developed as an accurate portahle instru- 
ment by English makers in the latter part 
of the eighteenth century. The 3 ft. theodolitf' 
by Ramsden made in 1787 for the Royal Society 
was the first which was sufficiently accurate 


to detect the spherical eXce
s of terrestrial 
triangles. For the history of tllf' theodolite, 
see Laussedat. 1 
Instruments are now made "ith circles 
ranging from 3 in. in diameter (for e
 plorel's) 
to 12 in, (for geodetic work). 

 (2) DESCRIPTION. - Fig. 1 iHustrates a 
6-in. micrometer transit theodolite by Trough- 
ton & Simms, and Fig. 2 a 5-in. example 
by E. R. 'Yatts & Sons. In both cases the 
circJes are read by micrometer microscopes to 
10 seconds, and to single seconds by estimation. 
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FIG. 2. 


The telescope A is an ordinary aRtronomical 
telescope provided with cross hairs, and 
mounted on a horizontal axis B. \Yhen the 
instrument is in perfect adjustment, the 
collimation line of the telescope intersects 
the horizontal axis at right angles. The 
rliaphragm can be adjusted by the scre'ws 


1 ,.\, Laussedat, RI'('hl'Tches sur le8 instruments, lc8 
méthodes, et Ie dessin topograp//ÎfJ/(cs, 18H8. 
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shm\n in Fig. 1 (in Fig. 2 they are concealed 
by a screw-on cap). The axis B is carried by 
arms attached to the upper plate of the in- 
strument. The upper plate is shaped to 
protect the divided circle, and carries the 
microscopes for reading the circle. The whole 
instrument is supported on a trybrach D, 
with three le,-elIing scre\\s E, The upper 
plate and the lower plate (carrying the divided 
circle) are capable of rotation independentl
 
on concentric ,-ertical axes. A clamping 
screw .F clamps the lo\\er plate to the try- 
brach in such a manner that a small relative 
motion can be given by the slow motion tan- 
gent screw H, Similarly clam ping screw J 
and tangent screw K connect the upper and 
lower plates. The vertical axes should inter- 
sect the horizontal axis at right angles, and 
at the same point in "hich the collimation 
line intersects it. ....\n adjustment is provided 
for raising or lowering one end of axis B so 
as to make it perpendicular to the vertical 
axis. The vertical circle is rigidly attached 
to the telescope. In Fig. 1 the microscopes 
for the vertical circle are attached to an arm 
which also carries the sensith-e spirit le,-el L, 
and which is mounted rotatably on the hori- 
zontal axis, and prevented from turning "ith 
the telescope by the clip scre" s:\1. In this 
instrument the vertical circle \\ ith its micro- 
scopes and level b lifted out of its bearings for 
packing in its transport case; the vertical 
circle is unprotected. In the instrument 
shown in Fig. 2, the axis B revolves in seg- 
mental bearings, and is not intended to be 
removed trom them, the microscopes and 
bubble L are fixed to the arms supporting 
the axis B, the bubble is viewed by means of 
a mirror, and the vertical circle i" completely 
enclosed. 'Yhen the vertical circle is read 
by ven1Ïers, these are always carried on an 
arm, as are the microscopes in Fig. 1. A 
clamping screw (not visible in either photo- 
graph, but visible in Fig. 3) clamps the tele- 
scope axis to the arm X, while a tangent screw 
. 0 provides a slo\\ motion. "-hen in proper 
adjustment, the microscopes should read 
zero when the bubble L is levelled and the 
telescope is horizontal. One or two levels P 
on the upper plate provide for levelling the 
vertical axis. A striding level Q rests on the 
ends of a 
is B to ensure its being horizontal; 
this lifts off for packin
, or "hen not required. 
A diagonal eyepiece is provided for taking 
sights at high angles of elevation. Some 
instruments have a circular compass on the 
upper plate, while others have a trough com- 
pass that can be attached to one of the arms 
(R, Fig. 1). In 
ome cases the main spirit 
level ið attached to the telescope instead of 
to the microscope arm: this is more convenient I 
if the instrument is to be used a
 a level, but 
less so for reading accurate vertical angles. I 



 (3) DETAILS OF COXSTRL"CTIo:x.-These 
vary considerably in different instruments, 
Fig. 3 shows detail
 of an instrument similar 
to Fig. 1. The upper plate is fi
ed to a coned 
spindle S, which revolves in the hollow spindle 
T carr)ing the circle, which again revoh-es in 
a bearing fixed in D. _\ nut fixed to the bottom 
of S prevents the "ithdrawal of the spindles. 
In small instruments the weight is sometimes 
taken by the coned bearings, but ill larger 
instruments only sufficient "eight should be 
so taken to prevent shake. Fig. 4 shows one 
method of arranging this. In order to prevent 
shake and take up wear in the le,-elling screws 
E, the ends of the trybrach arms are often split 
vertically and the sides pulled together against 
the screw E by the scre\\ U (Fig. 3). In older 
instruments the thread of screws E was 
generally left e
 posed, and the wear due to 
dust was often considerable; in Figs. 1 and 
3 they are shown covered in. Fig. 5 shows 
another method of arranging this; a nut Y is 
screwed and fixed into D, and the footscrew 
works inside Y. The upper portion of Y is 
split, and its outer surface is coned; a dust 
cap 'Y is coned inside, so that when sere" ed 
do\\ n it grips the top of Y and pre
es it on 
to E. 
Fig. 6 shows the construction of the lower 
part of Fig. 2. In this case, S is a hollow 
cylinder of hardened steel, which revol,es in 
a fixed bearing Y, while the circle is carried 
by a hollow bearing T, which revoh-es round 
S. The whole weight is taken by two ball- 
bearings. This makes a very easy movement, 
and" ear of the main axes is practically elimin- 
ated; a further advantage of this construction 
is that there is no difficulty in making the two 
vertical axes coincident. The hollow spindle 
enables the telescope to be used for centring 
the instrument over the station mark. A nut 
X prevents the spindle from being" ithdra\\ n. 
The whole support Y of the upper portion of 
the instrument has a small horizontal move- 
ment with respect to D for fine adjustment of 
the centring, being clamped h
' the serew Z : 
Fig. 3 shows a similar movement below the 
levellinQ' screws. 
In ì
nre instruments the double-coned 
bearing is'-- not used; the 10\\ er plate is fixed 
direct to the base of the instnllnent, and, 
though capable of rotation, it is not prodded 
with any slow motion. 
The c
nstruction is simplified and cheapened 
if verniers are fmhstituted for microscopes, 
but at the expense of the accuracy of reading 
the anQ'les. and verniers may often be used 
"ith advantage on the vertic;l circles. Great 
accuracy of reading vertical an!!les is seldom 
required, except for certain astronomical 
observations, and if the theodolite is fitted 
\\ith arrangements for using Talcott's method, 
all necessary astronomical observations for 
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survey work can be carried out without any I 
accurate readings on the vertical circle. See 
"
uf\'e'ying," 
 (27). 

 (4) )IETHOD OF TAKIXG OBSERVATIOXS.- 
The im
trument must be set up and carefully 
centred over the station mark by means of 2, 


FIG. J. 


plumb-bob, or by a nadiral telescope, and the 
vertical axis brought truly yertical; for 
accurate work the most sensitive bubble avail- 
able should be used for the final levelling. The 
eyepiece is focussed on the crOSR hairs and then 
the telescope focussed on the distant object. 
It should be noted that the eyepiece focussing 
depends on the sight of the observer and the 
telescope focussing on the distance of the 
object; the image furmed 
by the object glass must 
be in the plane of the 
cross hairs, or the cross 
hairs will appear to 
move relative tl..) the 
distant object if the 
observer's eye moves. 
(i.) Observing Hori- 
zontal A ngles.-The 
usual method is known 
as the direction method. 
The lower plate is 
clamped, and the tele- 
.FIG. 5. scope is turned on the 
first object, the object 
being intersected by the vertical cross hair by 
means of the slow motion screw. The hori- 
zontal circle is then read. The upper plate is 
then un clamped and the telescope swung to the 
right till the next object appears in the field 
of view, the plate is clamped and the final 
intersection carried out by the slow motiun 
screw, and the circle again read. All stations 
are intersected in the same manner, S\\ inging 
to the right, and closing on the original mark 
as a check. The telescope is then transited 
and a similar round taken swinging left. 
Observations taken with the vertical circle 
.on the left and right of the telescope are 


kno\\ n as ,. face left" and "face right" 
respectively. In all accurate work an equal 
number of rounds should be taken .. swing 
right" and ,. swing left" and an equal 
number "face right" and "face left." By 
taking sets of rounds on different zeros, i.e. 
with different l'eadings on the circle for the 
pointing on the first mark, the errors o{ 
graduation are averaged. In geodetic ",,'ork 
at least 6 zeros are used, with two "faces" 
on each zero and two " swings" on each face. 
In tertiary work 2 zeros, 2 faces, and 1 swing 
on each face may suffice. The number of 
rounds taken depends on the accuracy 
required, and the accuracy attained should 
be judged by the closing errors of the 
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triangles rather than by the agreement of the 
individual measurements of the angles. 
A method sometimes used is the "repeti- 
tion" method, when each angle is measured 
separately. The one object is intersected as 
before and the circie read, the upper plate 
is then unclamped, the telescope turned on 
the second object, which is then intersected; 
lea,
ing the upper plate clamped the lower is 
unclamped and the telescope turned on the 
first object, which is then intersected with 
the lower tangent screw: the whole process is 
repeated several times: the final angle read, 
divided by the number of repetitions. gives the 
actual angle. A similar set should then be 
taken on the other face. This method reduces 
the error due to reading the circle, and is 
sometimes of use, but with modem instru- 
ments the errors due to the circle readings are 
likely to be les
 than the errors due to move- 
ment of the clamps, and the method is seldom 
used, It is never used for geodetic work, and 
large theodolites arc seldom provided \dth 
the necessary slow motion on the 10\\ er 
plate. 
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Some large instruments are provided with a 
" watch" telescope attached to the lower plate. 
A reference object is intersected by this and 
observed at intervals, with the result that any 
movement of the lower plate, or 1\\ ist of the 
stand, can be observed and allowed for. 
Horizontal angles are best observed \\ it h 
the horizontal axis unelamped. 
(ii.) Observing "Vertical _tngles. - Yertical 
angles are best observed with the upper plate 
unclamped. The instrument must be very 
carefully levelled, The position of the bubble 
on the microscope arm should be noted at the 
time of observation, and a correction made if 
it is not in the centre of its run. A second 
reading should be made on the opposite face; 
this is even more important in the case of 
vertical angles than in the case of horizontal 
angles, and a reading on a single face is of 
little value owing to collimation errors. 

 (5) ERRORS A:XD ADJUSTMENTS. (i,) Ec- 
centricity of Circle.-It is easily shown that if 
there are two or more verniers (or micro- 
scopes) evenly spaced round the circle the error 
due to any eccentricity of the circle with 
respect to its axis cancels out if the mean 
reading of the verniers is taken, and that the 
same applies for all practical purposes if the 
verniers are not quite exactly spaced. A 
small adjustment can be made if necessary 
in the spacing of microscopes by moving the 
drum and the comb, but the spacing of the 
verniers and the eccentricity of the circle are 
matters for the makers. 
(ii,) Horizontal Circle not in Plane Perpen- 
dicular to the Axis.-The maximum error 
introduced is about !a 2 , where a is the (small) 
angle uf tilt; this error is negligible, as if a 
were large enough to produce any appreciable 
error the verniers or microscopes would be 
noticeably untrue on the circle. 
(iii.) Vertical Axis Vertical, but Horizontal 
Axis not IIorizontal,-If the horizontal axis 
make an angle JI with the horizontal the 
error introduced is JI tan h, where h is the angle 
of elevation of the angle observed. This error 
is especially important when horizontal angles 
are mea
mred to points at a considerable 
elevation, as in astronomical observations for 
azimuth, Tho error will cancel out in the 
mean if observations are made on both faces, 
or the striding level can be used and a correc- 
tion made for any dislevelment found at the 
moment of observation, 
(iv,) r'ertical A.xi8 not Vertical, but llon'zontal 
Axis Perpendirular to Vertical Axis.-The 
error depends on the angle a between the 
direction observed and the plane in which the 
axis is tilted, the angle of tilt ß, and the 
elevation of the object observed h, and 
amounts to ß sin a tan h. As ß sin a will 
represent the actual tilt of the horizontal 
axis its amount can be ascertained by the 


striding level and a correction made if 
necessary. 
It will be noticed that this error due to 
dislevelment cannot be eliminated by any 
method of observation, but that they only 
become uf importance when points arp 
being observed to at a considerable angle of 
elevation. 
(v.) Collimation Line not Perpendicular to 
the Horizontal _!xis.-In this case the line of 
sight traces out a small cirele parallel io the 
great circle through the zenith. If u is the 
angle the collimation line makes with the 
perpendicular to the horizontal axis, and h 
the angle of elevation, then the error is 
u sec h. If a second observation be taken 
after changing face the error will remain the 
same in magnitude but will be of opposite 
sign, hence the mean of the two observations 
will be free from this error. The collimation 
error can be ascertained in several ways; the 
two commonest are: (a) Intersect a distant 
object, nearly at the same level as the instru- 
ment, leave the hurizontal circle clamped, 
lift the telescope out of its pivots and replace 
after turning through 180" about its length; 
if the object be still intersected the instrument 
is correctly collimated in azimuth, but if not 
the actual error is half the apparent error, 
and can be corrected by moving the cross 
hairs. This method is only possible when the 
telescope can be lifted out and reversed. 
(b) Intersect an object as before, transit the 
telescope, and revolve the upper plate till the 
object is again intersected. If the difference 
of the two readings on the horizontal circle 
is exactly Hsu') the instrument is in collimation, 
if not half the difference is the collimation 
error. 
(vi.) CollÙnation Line Perpendicular to the 
Horizontal Axis, but Distant d from the r ertical 
Axis.-In this case the error is 
, where 
sin 
 =djl, 1 being the distance of the object 
from the instrument. This error also eancels 
out in the mean of two observations on differ- 
ent faces, and in any case can only be appreci- 
able on short sights. 
(vii.) Vertical Cross Hair not Vertiral.-This 
is tested by intersecting an object, and moving 
the telescope in al
itude, when the object 
should remain interRected over the whole 
length of the hair. If it does not, the 
diaphragm must be rotated till it does. Any 
residual error can be avoided by always 
intersecting on the same portion of the cross 
hair. 
The above refer to horizontal angles, hut 
errors (i.), (ii.), (vi.), and (vii.) apply 1J/utatis 
mutand.is to vertical angles, and are eliminated 
in the same way. 
(viii.) r ertirnl Conimation. - All vertical 
angles are read with reference to a spirit-Ievl>l, 
and when the instrullwnt is in adjustment 
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and with the vernier (or micrometer) arm 
bubble in the centre of its run, and the verniers 
reading zero, the collimation line should be 
horizontal. This is tested by reading the 
elevation of any distant object on both faces, 
making any necessary correction for any move- 
ment of the bubble between the two obserya- 
tions. The elevations read should be the 
same; if not, the true elevation is the mean 
of the two readings, and the error is half 
the difference. The error can be removed 
by adjusting the bubble, by adjusting the 
verniers (or microscopes), or by altering the 
cross hairs. The last method is not good, as 
the cross hairs should be on the axis of the 
object glass; the choice between the other 
two methods depends on the- construction of 
the instrument. In instruments such as 
those illustrated in Figs. 1 and 3, where the 
bubble is attached to the arm carrying the 
verniers, the true elevation of a point is found 
by readings on two faces. The verniers are then 
set to the correct reading by means of the 
clip screws; and, lastly, the bubble is brought 
back to the centre of its run by means of its 
adjusting screws. In instruments such as 
that illustrated in Fig. 2, where the bubble is 
attached to the upper plate, it must be set 
with reference to the vertical axis, and in 
this case the micrometers must be made to 
read correct by altering the drum, and (if 
necessary) the comb, or even by moving the 
whole microscope. 
All the errors considered above, except 
the levelling errors, can be eliminated by 
suitable means of observation, but it is still 
desirable that the errors themselves should 
be small. It is sometimes only possible to 
observe on one face, and it is sometimes desired 
to pick up an indistinct object, or faint star, 
by setting the known angles on the circles, 
There remain four important errors: 
(ix.) Errors of I ntersection.-These depend on 
the skill of the observer, the power and optical 
qualities of the telescope, the character and 
illumination of the object intersected, the 
suitability of the graticule, and the steadiness 
and clearness of the atmosphere. In any given 
circumstances the error can only be reduced by 
takin a the mean of a number of observations. 
It is 
ometimes advantageous to use a micro- 
meter eyepiece, and obtain extra intersections 
bv its means. 

 (x,) Errors of Graduation. - These depend 
on the maker of the instrument, and the best 
modern instruments should have no error 
greater than a few seconds, and in the larger 
instruments the maximum error should not 
exceed two or three seconds. The resulting 
errors can be reduced by taking a number of 
readings on different portions of the circle, 
i.e. by taking rounds of angles on different 
zeros. 


(J\.Ï.) Errors of Reading the Circles. - This 
depends on the method of reading adopted 
(see article "Divided Circles "), the micro- 
meter microscope being the most accurate. 
In the case of micrometer microscopes the 
error depends very largely on the illumination 
of the circle. The error can be reduced by 
taking a number of readings. 
(xii.) Atmospheric Refraction. - Horizontal 
refraction 1 is seldom appreciable, unless the 
conditions are obviously unsuited for observa- 
tions, or unless the line of sight grazes a build- 
ing or the side of a hill; a rather noticeable 
case is given in the Professional Papers of 
the Ordnance Sun"ey, Xo. 2, p. 11. Vertical 
refraction is always important. E. o. H. 


THERMAL E
DURAXCE OF GLASS. See 
" Glass," 
 (31). 
THERMOELECTRIC 'IETHOD OF SPECTRO- 
PHOTOMETRY: the method depending on 
the use of a thermopile and galvanometer, 
See" Spectrophotometry," 
 (16). 
THERMOPILE AS A PHYSICAL PHOTOMETER. See 
" Photometry and Illumination," 
 (35). 
THOMPSOY - STARLIXG PHOTOMETER. See 
" Photometry and Illumination," 
 (27). 
THORIUM ACTIVE DEPOSIT, DECAY OF. See 
" Radioactivity," 
 (20) (i.). 
THORIUM X: the first product of the radio- 
active disintegration of thorium. See 
" Radioactivity," 
 (3). 
THRESHOLD: door, entrance, the place or point 
of entering; used in connection "ith the 
senses to indicate phenomena associated with 
very feeble stimuli just sufficient to produce 
a sensory response. See" Eye," 

 (4) and 
(14), 
TIME, ÛBSERV ATIO
 FOR, for survey purposes. 
See "Surveying and Surveying Instru- 
ments," 
 (2,3), 
TIl\IE EFFECTS, rISU -\.L. See" Eye," 
 (17). 
TRAXSFORMATIOXS OF RADIO -\.CTIVE SVB- 
STA
CFS, THEORY OF SUCCESSIVE. See 
" Radioactivity," 
 (20). 
TRAXSFORl\IER: an applianC'e for converting 
alternating C'urrent at low voltage to 
current at high voltage, or t'Ïce rersa. See 
" Radiology," 
 (16). 
TRAXSIT 
IOU
TIXO FOR TELESCOPES. Sep 
" Tdescope," 
 (14). 
TRANS:\IISSION, SPECTRAL. SC'e "Spectra 
photometry," 
 (14). 


1 :-'ee article" Tri!.!onometrical HeÏl:zht.:; anù Terres- 
trial Atmospheric Refraction, .. Vol. III. 
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TRANS:\IlSSION LOSSES with carbon arc as 
source c.tnnot be less than 40 per cent. See 
" Projection Apparatus," 
 (8). 


TRA
SPAREXT SUBSTANCES, TESTS 
}'OR HO
10GEXEITY OF 


IN making use of transparent substances, such 
as glass, quartz, fluorite, etc" for optical 
purposes it is essential to know the degree of 
homogeneity of the pieces of material em- 
ployed. The main defects met with take the 
form of bubbles and striae or veins due to the 
presence of layers having differpnt refractive 
indices, Bubbles can usually be detected by 
the naked eye or with the help of a microscope. 
'Vant of homogeneity may be revealed by 
using either of the two following methods. 

 (1) SHADOW METHOD.-This can con- 
veniently be carried out on an ordinary 
spectroscope. The telescope is moved into 
the position in which its axis is collinear with 
that of the collimator. Thc eyepiece is 
remQved and a fine wire is mounted so as to 
coincide exactly with the image of the slit. 
H the slit is illuminated and one's eye is 
placed behind the "ire, the field of view will 
appear dark. If a parallel- sided block of 
glass i8 inserted between the collimator and 
telescope objectives the presence of striae will 
be revealed by light streaks. If the specimen 
is in the form of a prism the telescope must 
be moved round until the refracted image of 
the slit coincides ,vith the "ire; in this case 
monochromatic light should be used. If the 
specimen has an irregular shape or has no 
polished surfaces it may be immersed in a 
liquid of the same refractive index (for a 
given wave-length) and examined as in the 
case of a parallel-sided block. A lens may be 
tested without using a spectroscope: an 
illuminated pin-hole is set up at some distance 
from the lens, and if one's eye is placed at 
the conjugate point, any striae that may be 
present "ill appear as more or less dark streaks 
on a bright background. The visibility of 
the striae is usually improved by obscuring 
the image of the pin-hole either partially or 
almost entirely with a diaphragm; in the 
latter case the striae will appear bright on a 
dark backgroÜnd. 

 (2) INTERFERO.:\lETER l\IETHOD,-A com- 
plete discussion of this method is given in the 
article on " Interferometers: Technical Appli- 
cations," 
 (3). 

 (3) TEST FOR STRAIN IN OPTICAL GLASS.- 
The presence of strain in optical glass is 
usually due to imperfect annealing, and it may 
be detected by means of the double refraction 
which is caused hy the strained condition. 
If a specimen is placed between crossed Kicol 
prisms the presence of internal strains will he 
revealed by the appearance of more or less 


bright patches in the field, A convenient 
arrangement for obtaining a large field of view 
is to allow a beam of light, diyerging from an 
illuminated pin-hole, to pass through the 
polarising Xicol and fall on a piece of ground 
glass. The specimen is then examined against 
the ground glass background 1 by means of the 
analysing Sicol. In order to increase the 
sensitivity of the test a wave-plate may be 
inserted in front of the analyseI' and orientated 
so as to give the sensitive first order violet 
colour between crossed Nicols, when no speci. 
men is present. The presence of double 
refraction in a specimen "ill then be revealed 
by a change of the violet colour to a tint of 
a lower or higher order. 2 J. s. A. 


TRAVERSES: Computing and Plotting of. See 
" Surveying and Surveying Instruments," 

 (14). 
General. See 
'bid. 
 (11). 
Use of tapes in. See ibid. 
 (12), 
TRAVERSING. See" Surveying and Surveying 
Instruments," 
 (9) (ii,). 
TRIAL-FRAME: a frame used to mount lenses 
when testing a patient's VISIOn. See 
" Ophthalmic Optical Apparatus," 
 (8) (iv.). 
TRIANGULATION, l\IETHOD OF. See" Survey- 
ing and Surveying Instruments," 

 (9) (i.), 
(l0). 
TRICHROMATIC THEORY: a theory of colour 
vision. See" Eye," 
 (9). 
TRIGONOMETRICAL :l\1ETHODS applied to the 
tracing of rays through a series of coaxial 
spherical refracting surfaces. See" Optical 
Calculations," 
 (1). 
TROMBONE: a brass wind-instrument, in 
which no restriction is placf'd on the intona- 
tion possible, the mechanism for the scale 
consisting of a U-slide, which may be drawn 
out so as to flatten the pitch continuously 
by any desired amount to six Rcmitonps. 
See" Sound," 
 (43). 
TROTTER ILLUMINATION PHOTOMETER. See 
" Photometry and Illumination," 
 (.56). 
TROTTER PHOTOMETER. See "Photometry 
and Illumination," 
 (2S). 
TRUMPET, BACH: a brass wind-instrument 
with a tone of great nobility and brilliance. 
See" Sound," S (41). 
TRUMPETS IN R", F, ETC, See" Sound," 
 (42). 
TUBING: manufacture of Glass Tubing. Hf'e 
" Glass," 
 (18) (ii.). 


1 A ('(>rtain amount of (\epolariRation takeR plaec 
at the Arouß(l surfacp, but for qualitative examination 
this is not. appreciable. 
3 (;f. Opt. Soc. Trans., 1917, xviii. ð8. 
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TUXG
TEX ARC LA)IP 
THIS lamp, which was developed by Giming- 
ham and :\Iullard,l forms a very convenient 
source of radiation for many purposes. It 
consists essentially of an arc between 
tungsten electrodes, enclospd in a neutral 
atmosphere of nitrogen or argon, together 
with an auxiliary gear for striking the 
arc. Its simplest form is illustrated in 
Fig. 1. The ends of a tungsten filament BB 


n
'v-:
 


FIG. 1. 


are connected through the push switch S 
and the resistance Rl to a voltage supply. 
A bead of tungsten E, supportpd on a tungsten 
stalk, i::; also connected through the additional 
resistance R 2 to thp positive pole of the supply. 
On pressing the switch S the filament BB is 
raised to incandescence and ionises the gas. 
\Yhen the switch is released, this enables the 
arc to strike between E and B. The arc is 
usuaHy run with E at a temperature of the 
order of :WOO::> to 3000 0 abs., but it may be 
run up to the melting point of tungsten or, 
by reducing the pressure of the surrounding 
gas and increasing the size of the anode, at 
a dull red heat. In the latest form of lamp, 
the ioni
er B B consists of tungsten wire 
partly ::;traight and pm11y wound into a short 
spiral. On the strai!Zht portion is threaded a 
tube composed of a mi
ture of tungsten and 
certain refractory oxides, such as zirconia. 
yttl'ia, or thoria. The arc first :strikes on 
the uncmrered spiral of tungsten wire and. 
when the electrodes warm u p. pa
ses on to 
the tubular portion "hich presents a shorter 
path (see Fig. 1). As the tube of refractory 
1 Journ. Inst, .Elt'ct. .EIIO., 191:;, Iiv. 1:;, 


material is less liable to disintegration under 
the action of the arc than the tungsten "ire, 
this device increases considerably the life of 
the lamp. Lamps of this type are made for 
candle- pm' ers from 30 to 300 and for voltages 
of 100 and upwards. 
For higher candle-powers a modified form of 
lamp has been evoh-ed with an additional 
plectrode of tungsten which is in the form 
of a square platp. The lamp has an ioniser 
and a bead of tungsten which arp arranged 
exactly as in BB and E of Fig. 1. The addi- 
tional plate of tungsten is fi},.ed close to the 
bead and is connected to a double change- 
over switch, one position of "hich connects 
the yolt supply to the ioniser and bead and 
the (lther po
ition to the bead and plate. In 
the first position the polarity of the bead is 
positive and in the second negative, The 
arc is first struck between the ioniser and the 
bead by means of a pres::; switch as de
cribed 
above, the change-over switch being in the 
first position, "'hen the bead has become 
incandescent; the switch is thro\\ n to the 
second position which enables the arc to strike 
between the bead and the plate. By the use 
of substantial electrodes, candle-powers up to 
10,OUO have been obtained, the size of anode 
for this value being 1 inch square. 
The characteristics of the tungsten arc 
lamp are illustrated in Fig. 2, The normal 
working efficiency is taken as 0.5 watt per 
candle- power, and the percentage of normal 
voltage and candle-power as well as the watts 
per candle-power are shown for the lamp 
when run at efficiencies higher and 10\\ er than 
the normal. Cur"Ç"e A is similar to that of 
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FIG. 2. 


the ordinary carbon arc, but e
hibib, less 
instability. The vult drop across the arc 
steadily decreases "ith increase of current 
until the sputtering point is reached, when the 
pressure suddenly falls. The efficiency steadily 
rises with increasing current, reaching 0.3 
watt per candle-power at the sputtering 
point. It should be mentioned that the 
figures for efficienc
' rc{er only to the energy 
dis8ipated in the lamp itself and take no 
account of that dissipated in the necessary 
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ballast resistance. The intrinsic brilliancy at 
the normal working curre'nt is stated to be 
generally about 12,000 candle-power per 
sq uare inch. 
The distribution of the energy radiated 
from the tungsten arc in the visible spectrum 
does not differ appreciably from that of the 


tungsten rilament lamp at the same te'mpcra- 
ture,l 
The tungsten arc finds a number of 
useful applications where a source of light 
is required of small size and high intrinsic 
brilliancy. F. H. S. 
1 
ee "Incandescence Lamps," 
 (8), Yol. II. 


-u- 


ULBRICHT GLOBE: a form of integrating 
photometer. See "Photometry and Illu- 
mination," 
 (47). 


ULTRA)IICROSCOPE, THE, AND ITS 
APPLICATIONS 

 (1) THEULTRAMICROSCOPE.-The term" ultra- 
microscope" is apt to be rather misleading, 
as it may convey the idea that it is the name 
of an instrument with which one is able to 
see greater detail in an object than with an 
ordinary microscope. This, however, is not 
the case; the term should really be looked 
upon as applying to an instrument which 
reveals the presence of very minute particles 
of matter. The limit of resolution of a micro- 
scope-that is, the smallest distance between 
two points which can just be seen to be 
separated-has been theoretically deduced by 
Helmholtz, Abbe, and others, 1 who have 
shown that it depends on diffraction pheno- 
mena. The value of this smallest distance f 
is given by 


^ 
E = 2a' 


where À is the wave-length of the light em- 
ployed and a is the numerical aperture of 
the microscope. Now there are practical 
limits to the value of the numerical aperture, 
the maximum value obtainable with present- 
day objectives being about 1.53; it is not 
likely that this will be increased appreciably 
in the future, The other factor which deter- 
mines the limit of resolution is the wave- 
length of the light used. By employing ultra- 
violet radiations one can reduce the value 
of E; this has been done with success in 
processes of microphotography. One can see, 
however, that there are practical limits to 
the minuteness of detail that can be revealed 
by the microscope. On the other hand, there 
is theoretically no limit to the smallness of 
objects the presence of which can be revealed. 
If a sufficiently high intensity of illumination 
could be obtained, it should be possible to 
see a molecule, or rather to see the light 
scattered by a molecule, although it is quitp 
1 Cf. E. Abbe, Roy. Mic. Soc. Journ., 1881. p. 3R8 ; 
I,orù Rayleigh, Phil. llft!/., HmO (5), xlii. 167; 
Roy. Jlic. Soc. Journ., 1903, p. 447. 


impossible to differentiate molecules unless 
their separation is at least as great as the 
limiting value of E. Faraday 2 was the first 
to look for an effect exerted on light by very 
fine metal particles suspended in liq uid or 
solid media. Shortly afterwar
s Tyndall 3 
showed how such particles could be seen by 
causing a beam of light to pass through the 
solution, the particles scattering the light in 
all directions. No ad vance was made in the 
systematic investigation of very minute par- 
ticles until Zsigmondy turned his attention to 
the problem at the beginning of the present 
century. Together with Siedentopf, he im- 
proved the methods of observing such par- 
ticles; they invented what they termed an 
"ultramicroscope," with which it is pOl:)sible 
to render individual particles visihle.4. All 
that Faraday had been ablp to do was to 
reveal the presence of groups of particles. 
The important subject of colloidal chemistry, 
which deals with the study of colloidal par- 
ticles-that is, very minute material partides 
in liquid or solid solution-has been developed 
largely as the result of Zsigmondy's pioneer 
work. 
Since the invention of the ultramicroscope 
by Zsigmondy and Siedentopf a number of 
other forms of the instrument have been 
devised. The underlying principle of all 
types of ultramicroscope is the utilisation of 
dark - ground illumination. This method of 
illumination has long-been employed in ordinary 
microscopy in connection with the study of 
such objects as diatoms. It consists essen- 
tially in illuminating an object in such a way 
that only the light which is scattered or 
diffused by the object enters the microscope, 
no direct light from the beam being allowed to 
enter the observer's eye. The different types 
of dark-ground illumination which are used in 
ultramicroscopy may be classed as follows: 
(i.) Orthogonal Illumination. - This is the' 
system utilÍBecl in the Zsigmondy and Sieden- 


2 1\1. Faraday
 Roy. Inst. Proc., 1854-58, ii. 31ü, 
4H; Phil. Mag., 1857 (4), xiv. 401, 512; Ruy. Sor. 
Phil. Trans., 1837, p. Uf). 
3 J. TyndaJI, PJdl. JIag., 1809 (4), xxxvii. 384. 
I It. J';sigmonùy, Z'll1' Erkenntnis der Kolloirle, 
Jena, 1905; Colloids and the rltramicroscopp, trans. 
ùy J. AlexandC'r, New York, 1mm; H. SiC'dC'ntopf, 
Phlls. Zeits., 190[), vi. 85;); 1n07, viii. fI;;; Zeit,"!.!. u'Ù;s, 
AlikroskopiR, 1907, xxiv. 13. 
cc also" l\1icroscope, 
Optics of the." 
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topf ultramicroscope, which is sometimes 
known as the "
lit ultramicroscope." The 
optical s) stem of the instrument is sho"\\ n 
diagrammatically in Fig, 1. .A. beam of light 
from the sun or an arc lamp is focussed by 
means of an objecth-e O} (focal length about 
10 mIll.) on a fine adjustable horizontal slit 
S. A reduced image of the 
lit is formed at 
F} by a second objecth-e O 2 (focal length about 
80 mm.). .A. narrow conical beam of light is 
formed at F 2 by a microscope objective )1} 
actiuf! as a condenser. If now 
a colloidal solution, such as a 
I 
O 2 
, F 2 - - - - - - - - -- - -- 


D 


solution of colloidal gold particles, or a 
piece of ruby glass, which contains colloidal 
golù in suspension, be placed at F 2' the light 
scattered by the particles can be observed 
with a microscope 
I2' whose optical axis :is 
at right angles to the axis of the illuminating 
beam. 'Vhat one obsen-es is not, of course, 
the individual particles, but the diffraction 
discs formed by the light scattered from them, 
the general bac1..ground being dark. In order 
to screen off any light that may be reflected 
from the edges of the slits an iris diaphragm I 
is placed between Sand O 2 , If desired, a 
polariser may be inserted be. 
tween S and I. 'Yhen an im- 
mersion objectiye is used in the 
obsen-ing microscope )1 2 , it is 
necessary to place a cbisel- 
shaped diaphragm at D so as to 
cut off one-half of the illuminat- 
ing beam and thus prevent 
objectionable reflection from the 
mount of the front lens, due to 
the closeness of the objective. 
In the slit ultramicroscope 
manufactured by Zeiss the optical parts of the 
illuminating system, together with the slit and 
diaphragms, are mounted on stands fitted to 
an optical bench. 
An improved form of this type of ultra- 
microscope" as introduced some years ago by 
Zsigmondy,l who suggested as its designation 
the" immersion ultramicroscope." The salient 
feature of the new instrument is the employ- 
ment of an immersion objectivc at 
Il in the 
illuminating system as "elJ as in the observing 
system. In order to make this possible, por- 
tions of the front and meniscus lenses and of 
the mounts of the two immersion objectives are 
ground away at an angle of 4,.3 0 , so that the 
1 R. Zsigmond
-, Phys. Zeits., 1913, 
iy. 975. 


objectives can be brought close enough together, 
The objectives have a focal length of 6 mm. 
and numerical aperture 1.0,3, the front lenses 
being constructed of fused quartz. The chief 
advantage of the new design is the greater 
obtainable intensity of the diffraction images, 
for the intensity under similar circumstances is 
proportional to the product of the numerical 
apertures of the illuminating and observing 
objectives, For the examination of colloidal 
solutions the instrument has the further 
ad,-antage of requiring the use of only a 
single drop of the liquid. 
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FIG. 1. 


(ü.) Oblique Illumination - (a) Son - axial 
Beam It'ithollt Central Stop.-This method of 
illumination has been employed in different 
forms by microscopi::;ts for increasing the 
resolving power of an objecth
e. It was first 
adapted for ultramicroscopic work by Cotton 
and )louton ; 2 the arrangement they used is 
illustrated diagrammatically in Fig. 2, A 
drop of the solution under examination is 
placed under a cover-glass on a microscope 
slide S, which is laid on a special block of glass 
G, optical contact between Sand G being 
obtained by inserting a thin layer of cedar 
oil. An oblique beam of light 
is reflected internally from the 
base of G and then totally re- 
flected at the cover-glass, so that 
no direct light enters the object- 
ive of the observing microscope 

L The beam of light is brought 
to a focus in the drop of the 
solution by means of a condens- 
ing lens L, so that any small 
particles in the solution which 
come into the path of the beam 
I are strongly illuminated and in consequence 
scat
r light in all directions. Thus the 
particles appear as bright specks on a 
dark background, as in the previous case. 
A Fresnel rhomb may be used instead of the 
block G illustrated in 
 the diagram. 
(b) Axial Beam 1t'ith Central Stop in Sub- 
stage Condenser. - This is another form of 
oblique illumination which has the advantage 
over the method (ii.) (a) of being more compact, 
the i1lllluinating system forming a component 
part of the observing microscope. The 
principle of the method is illustrated in Fig, 3. 


I 
I 


FIG. 2. 


I A. Cotton and H. 
routon, Les rltrami
ro8rop('s d 
l'objets ultramicro.<ll'opiques: Comptes Rendus, 1903, 
cx}"xvi. ]657; Bull. Soc. Fr. Phys., 1903, p. 54, 
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which represents three types of sub-stage 
condenscr specially adapted for dark-ground 
illumination. Fig. 3 (a) shows a ,crtical 
section of the 'Venham paraboloid con(knscr 
as applicd by Siedcntopf. 1 It consists essen- 
tially of a truncated paraboloid of glass G, 
with the top of which a microscope slide S 
makes optical contact, a drop of the solution 
to be examined being placed under a cover- 
glass C. A central stop A below the condenser 
scnTes to cut out the central portion of tl'e 
illuminating beam which is reflected upwards 
from a plane microscope mirror. The rays 
which enter the paraboloid are internally 
reflected at its surface and brought to a focus in 
the drop of solution, where they are totally 
reflected at almost grazing incidence. Only 
the light which is scattered by the particles in 
the solution can then enter the objective of 
the observing microscope. The paths of two 
rays X, Y of the illuminating beam are 


c 


The Ignatowski condenser,3 which resembles 
the cardioid system, is shown in F'ig. 3 (c). It 
also consists of two glass portions G t , G 2 
cemented together. In all these forms of 
condenscr thc numerical aperture of the 
illuminating rays is of the order of }.o to 1.4. 
(c) Axial Illumination with Central Stop 
behind Qbjectiæ.-In this method the direct 
rays of the illuminating heam are stopped 
by a central diaphragm at the baek of the 
microscope objective or by a stop formed by 
grinding flat and blackening a small central 
portion of the curved surface of the front lens 
of the objective. The method has the adnm- 
tage of being free from centering troubles, but 
it suffers from the fact that the central stop 
alters the brightness distribution in the 
diffraction fringes. 
S (2) PHYSICAL ApPLICATIOXS OF THE PLTRA- 
MICROSCOPE.-Although the chief applications 
of ultramicroscopy have been in the realms of 
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illustrated in the diagram, the directions being 
shown by means of arrow-heads. 
A similar type of illuminating system is 
obtained with the cardioid condenser which 
Sieden tcpf 2 applied to the so -called " cardioid 
ultramicroscope." It depends on the principle 
that the image formation obtained by com- 
bining a spherical reflecting surface with a 
cardioid surface is aplanatic-that is, spherical 
aberration is eliminated, as is the case with the 
paraboloid condenser, and in addition the sine 
condition is fulfilled. Approximate aplanatism 
is attained if the cardioid surface be replaced 
by a spherical surface. The cardioid con- 
denser is illustrated diagrammatically in F.ig. 
3 (b); it consists essentially of two glass por- 
tions G þ G 2 cemented together, the surface 
of separation a being spherical. The rays of 
the illuminating beam are reflected outwards 
at the spherical surface b, and then inwards at 
the spherical surface c, coming to a focus at 
the object as in the previous case, An annular 
diaphragm is provided at B in addition to the 
one at A. 


1 H Sicùentopf, Zeits, j. wiss. Mikroskopie, }f)Oi, 
xxiv. 10-1. 
I H. Sieùentopf, Ber. d. D. Phys. Ges., 1910, xii. 6. 


colloidal chemistry, there are a number of 
important physical problems which have been 
developed as the result of ultramicroscopical 
research. For example, the study of the so- 
called Brownian movement has confirmed the 
fundamental hypotheses of the kinetic theory 
of liquids and gases, and contributed eyidence 
of the existence of the moleculc. The term 
"Brownian movement." derives its name 
from the work of the hotanist Brown, who 
observed that small partieles of solid matter, 
when 8usp<,ndcd in liquid solution, exhibit 
rapid to - and - fro motiops.4 The complete 
investigation and explanation of this move- 
ment has been almost entirely due to the work 
that has been made possible by the inyention 
of the ultramicroscope. "'hen a colloidal 
solution, of gold for example, is ex:tmined by 
means of an ultramicroscope, the particles nre 
seen to move about in all directions, the 
motion of the bright specks of light exhibiting 
a beautiful scintillating effect. It is impossible 
in the scope of this article to discuss all the 
details and consequcnces of the theories that 


8 w. v. Ignatowski, Zelts. j. u'iss. J.llikroskopie, 
lUOR, xxiv. 2li, fi-t-; HUI!), 38ï. 
· R. Brown, Phil. ..11a!/., 18i8, iv. 161. 
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have been put forward to explain the Brownian 
movement, but it may be stated that it has 
practically been proved, both theoretically 
and by observation, that it is mainly, if not 
entirely, due to the collisions with the mole- 
cules of the medium in which the particles 
are suspended. 
Smoluchowski,l basing his calculations on the 
kinetic theory, and making use of Stokes' law, 
worked out theoretically that the mean distance Dx, 
tra versed in time t by a small sphere of radius a, 
moving in a liquid whose coefficient of viscosity is 
1], is given by 
D 2_32 _c 2 mt _3
 
 T. t 
x -:2" I . 37r1Ja -
, 'X. 37r1Ja' 
where c=mean velocity of the molecules of the 
medium, 
m = mass of each molecule of the medium, 
R=gas constant, 
T=absolute temperature, 
N = number of molecules in one gram- 
molecular weight of any substance. 
Einstein, 2 by applying the laws of osmotic pressure 
to the motion of small particles in a liquirl medium, 
developed the formula 
D 2_
 -
 
x -X ' ð7r1Ja' 


which differs from Smolucho\\ski's formula in not 
having the factor 32, :n. 
Langevin,3 from a consideration of the equation 
of motion of a particle moving under the action of 
a force due to molecular shocks, obtained the same 
re::mlt as Einstein. 
The results of the ultramicroscopic measurement 
of Dx by different observers, for a large variety of 
particles of different sizes, have been sho\\ n to agree 
very closely \\ ith the values obtained from the 
formulae thus developed, Furthermore, observa- 
tions by Perrin 4 on the time of rotation of compara- 
tively large grains of mastic have been found to fit 
in "ith the formula, developed by Einstein, for the 
mean square of the angle of rotation d, in time t, 
namely, 


d 2 = R.T _L 
:K . 47r1Ja 3 . 
Perrin 5 also made observations on the relative 
distribution of colloidal particles of gamboge and 
mastic at different hE'ights in vertical columns of 
their solutions, the results again agrE'eing "ith the 
theoretical values obtained from the kinetic theory. 
The remarkable agreement that has been found be- 
t\\een observation and theory may be looked upon 
as a proof of the reality of the molecular and kinetic 
hJPotheses. 
A number of interesting experiments have 
been made in connection with the motion of 


1 )1. Smolurhowski, Bull. Intern. Acad. d. Sci. 
Cracol'ie. 1906, vii. 5ii; Ann. d. Physik, 1906 (4), xxi. 
756. 
2 A, Einstein, Ann. d. Physik, 1905, xvii. 549; 
1906. xix. 371. 
3 P. Langevin. Comptl's Rendlls, 1908, {'xlvi. 530. 
f, J, Perrin, Comptes Rendlls, 1909. ('xlix. 349. 
i Ibid., 1908, cxlvii. 530, 594; Zeits. j. Elektro- 
chemie, 1909, xv. 269. 


ultramicroscopic particles (smoke, silver, gold, 
mercury, etc,) in gases. 6 Such particles have 
been found to be electrically charged, and by 
measuring the rates with which they fall in 
the field of gravity and in an electrical field 
of known intensity it has been possible to 
determine the charges carried by the particles. 
It has been found that the charge on each 
particle is the elementary electrical charge 
(that is, the charge of an electron) or a multiple 
of this quantity, the values obtained agreeing 
,-ery closely with those deri,-ed from radio- 
active and electronic measurements. 
Another important application of the ultra- 
microscope to physical problems is the study 
of the optical effects exhibited by colloidal 
solutions. The Jate Lord Rayleigh 7 has shuwn 
theoretically that the intensity I of the light 
scattered by particles, whose size is small in 
comparison with the wave-length of the light 
em ployed, is given by 
Io::lo (Dl
 2 D)2 (1 + cos2 ß)m
;
 
where 10 =intensity of incident light, 
D' = optical density of particles (pro- 
portional to square of refractive 
index ), 
D =optical density of medium, 
m =number of particles per unit volume, 
T = volume of a particle, 
X =wave-Iength of scattered light, 
ß =angle between lbe of sight and 
direction of incident light. 
It follows that for a given distribution of 
small particles the percentage of violet light 
scattered is very much greater than that of 
red light. 
The ultramicroscopic examination of the 
light scattered by the particles in colloidal 
solutions has confirmed the validity of Ray- 
leigh's law. The scattered light is, in general, 
partially polarised, and often completely 
polarised in a certain plane. The whole 
problem is a very complex one and has engaged 
the attention of a large number of workers. 
One of the most important contributions to the 
subject is that oi Garnett,S who investigated, 
both theoretically and experimentally, the 
absorption of various colloidal solutions, metal 
glasses, and metallic films, his mathematical 
treatment being based on the electromagnetic 
theory. His experimental results were found 
to be in good agreement with theory. The 
II Cf. :\[. de "Broglie, Comptes RP11dllS. ] 908, ('"\:1\ i. 
G2.t., 1010: 1909, ('xlviii. 1163, 1315: F. Ehrenhaft. 
Jrien. SitzbfT. ....\"(1t1lr - Wissen., 1907, cxvi. 1139; 
Ph !IS, Zeit,,?, 1914, xv. 952; 1913, xvi. 2
7; R. Â. 

Iillikan, Phil. Jlag., HHO (6), xix. 
09; Phys. Rev.. 
1911, xxxii. 350: 1913, ii. 2nd Ser. 109; Ph!ls. 
ZeUs., 1913. xiv. ï9G. 
7 I
ord !:!U:lylcih, Phil. ..lIag., 1871 (4), xli. 107, 
44ï: 1899 (5), xlvii. 375. 
8 J. C. )1. GarnE'tt, Roy. Soc, Phil. Trans, (A), 190.t., 
cciii. 38;>; 190G, ccv. 237, 
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problem of t.he scattering of light by small 
particles is yery important in connection with 
the theory of the colour of the sky. 
From the above brief sketch of some of the 
problems involyed in the examination of 
ultramicroscopical solutions it ma y be seen 
that the in\Tention of the ultramicroscope has 
opened up a wide field of physical research 
which has already yielded important results 
in connection with molecular phenomena. 
J. S. A. 


UNIAXIAL CRYSTAL: a crystal having one 
optic axis. See" Polarised I..ight and its 
Applications," 

 (5), (ß), and (18). 
UNIT POIXTS AND PLANES OF A LENS. See 
" Objectives, Testing of Compound," 
 (1) ; 
also" Lens SystemR. Aberrations of." 
URANIUM X: the first product of the radio- 
active disintegration of uranium, discovery 
and properties of. See "Radioactivity," 

 (2). 


_'T_ 


V ALVE
 OF BRASS \YI:XD - INSTRUMENTS, 
FA rLTY INTOX ATION OF ORDIY ARYo See 
" Sound," 
 (39). 
Y ALVES ON CORNET, tabulated. See" Sound," 

 (39), Table IX. 
VARIABLE POWER EYEPIECES. See "Eye- 
pieces," 
 (9). 
VECTOR l\IETIIOD OF DEDUCING PROPERTIES 
OF DIFFRACTION SPECTRA. See" Diffrac- 
tion Gratings, Theory," 
 (5). 
VERYIER. See" DhTided Circles," 
 (11). 
VERNON-HARCOURT PEXTANE LAMP: a flame 
standard of light of 10 candle-power. See 
" Photometry and Illumination," 
 (ü), 


VIBRATIONS OF AIR IN A TUBE 


IN Acoustics and some other problems it is 
necessary to in\Testigate t.he small vibrations 
of a compressible fluid such as air in a, cylin- 
drical tu be. \" e assume that the motion of 
each particle is paraJIel to the axis of the 
tube, so that particles which were originally 
in a plane at right angles to the axis remain 
always in such a plane. 
Let 
 be the displacement at time t of the 
particles originaH,v in a plane at a distance x 
from the origin. Let PU' Po be the undisturbed 
pressure and density of the air, p. P the values 
of these quantities at time t. The matter 
which was originally between two planes at 
distances x and dx from the origin lies at 
time t between planes at distances x + 
 and 
x + 
 + (1 + d
jdx)dx. Its density was Po' it is 
now p; hence if A be the area of the cross- 
section of the tube, 
( d
 ) 
Apodx = Ap 1 + dx d.c, 


'_ Po 
. . p - ff+(d
 j(lx)} . 


The force acting on this matter on the face 
near the origin is Ap, while on the opposit.e 


face it is - A {p + (dpjdx)dx}. Thus the equa- 
tion of motion is 
A d d2
 dp 
Po x dt2 = -Adxdx 


or 


.. 
d2
 rl P 
POliti = - dx . 


(2) 


To complete the solution we need to know the 
relation between p and p. 
If the temperature is constant, we have 


Po 
p = - . p. 
Po 


(:3) 


If, as is the case with sound waves, the com- 
pressions and rarefactions of the air take place 
so rapidly that there is no loss or gain of heat, 
we have 1 


p = lop y = Po (
) y. . 
Com bining (1) and (4) then we get 
Po 
{I + (d
jdx): y 


(4) 


(5) 


p 


and 


dp 
dx= 


-YPo d2
 
{I + (dVdx)} y+1 dx 2 0 


Thus the equation of motion is 


d2
 -YPo d2
 
PO dt2 = {I +(d
jd,'t)} y+l dx 2 ' 
and remembering that we are dealing only 
with small motions we may neglect d
jdx 
in the denominator and obtain 


(6) 


d2
 _ -YPo d
 
dt 2 - P;; dx 2 . 


(7) 


(1) 


Had we assumed isothermal conditions we 
should clearly have found 
d2
 _Po d2
 
dt 2 -- Po dx 2 ' 
These can be put into a slightly different 
form thus: The elasticity E of a gas is 


(8) 


1 See article .. Thermod
.nalllic!'," 
 (15), Vol. I. 
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measured by the ratio of the small change 
of pressure required to produce a changE" of 
volume to the ehange per unit volume: thus 
if - dl' is the decrement of a volume v produced 
by an increment of pressure dp, 
dp 
E = - v dv. (9) 


Let )1 be the mass, p the density of the 
volume 
', 
'o and Po being initial values. 


Then 


vp = 1\1 = t'opo 


or 


'L' 0 
v-
. 
- p , 


hence 


du = - voPo dp 
p2 
E= _1:oPo 
E_ dp 
p du -Pap 
=pk'Ypy-l 
=k'Y. pY ='YP, 


and 


since 


p = kpY. 


Or, denoting by Eo the elasticity in the un- 
disturbed state. we have 


Eo ='YPo; (10) 
hence d2
 _ ( Eo ) d2
 
dt 2 - Po dx 2 . 
If "e put c 2 =Eo/Po, this takes the form 


d2
 _ 2d2
 
dt2 -c dx ' 


and is the same equation as is discussed in 
the article -, Strings, Vibration of." The 
ge:leral solution is 



=f(ct-x)+F(ct+x), . (12) 


as can readily be verified, and represents, as 
there shown, wa,res travelling in the positive 
and negative directions "ith the velocity c or 
,/ (Ecdpo) , i,e. the !'Iquare root of the ratio of 
the elasticity to the density. 
The statement in this form can be extended 
to other cases of sound motion, the term 
elasticity being defined with regard to the 
circumstances of each case. 1 


VIBR
\TIOXS OF .A ROD 


hl-\GIXE a straight rod of uniform section A 
in a state of motion in "hich every part is 
mo.ving parallel to the axis so that all points 
in any plane at right angles to the a:\is always 
remain in such a plane. Let 
 be the displace- 
ment at time t of a plane initially at a distance 


1 St>e articles" Yibration'i of a Rod" and" :sound" 

 (12). 


VOL, IV 


x from one end of the rod, and consider the 
motion of the particles in the section between 
this plane and one initially at a distance 
x + dx; they will at time t lie between the 
planes x+
 and x+
+(I+(d
/dx))dx. 
The extension or "stretch" of the short 
length dx is d
/dx, and if q represents Young's 
modulus for the rod (see article "Elasticity," 

 (4: ), Vol. I.), the force on the face of the section 
nearest the origin is - q.A(d
/dx), that on the 
opposite face is qA( dUdx) + (d fdx)( qA( dUdx) )dx. 
Thus the resultant force on the section is 


d2
 
qA dx2 dx. 


Hence, if P be the density, the equation of 
motion of the section is 
d2t d 2t 
p.A afi,dx = qA dx
 dx 


or 


d2
 _q d2
 
dt 2 - P dx 2 . 


(1) 


If we put q/p=c 2 , this, it can be shown, is 
satisfied by 



=f(ct-x) +F(ct+x), 


(2) 


and represents 2 wave motion travelling with 
velocity c. The value of c is ,I q / p , or, as 
in other cases, the speed of the wa,Tes is 
determined by the square root of the ratio of 
the elasticity to the density, the elasticity in 
this case being measured by Young's modulus. 3 


(11) 


'
IERORDT SPECTROPHOTO!tIETER. See" Spec- 
trophotometry," 
 (12). 
'
IOLJX F.UIILY OF STRIXGED IXSTR"C":\IEXTS. 
See " 
ound/' 
 (30). 
YIOLLE STAXDARD: an incandescence stan- 
dard of light. See .. Photometry and 
Illumination," 
 (9). 
VISCOSITY OF GLASS. See" Glass," 
 (33). 
'
ISIBILITY. See" Eye," 
 (6). 
VISUAL )1ETHODS OF OBSERVATIOX, used in 
microscopy "ith ultra-,
iolet light, (If 
animal tissues and other substances "hich 
fluoresce. See" .:\licroscop'y "ith Cltra- 
violet Light," 
 (7). 
'
ITREO"LS H"LMO"LR: one of the fluids con- 
tained in the eyeball. See" Eye," 
 (2). 
VOICE, HmL-\Y. See" Sound," 
 (4.3). 
Compared with other musical instruments. 
See 1'bid, 
 (46). 


I 
ee artid(' .. :-;trinf!
, Yihratiom; of." 
3 
ee articles .. 
ound" 
 (12), and .. VilJc:\tions 
of Air in a Tube." 


31. 
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\VAT(1H-POCKET SPHERO)IETER-'VAVE-LEXGTHS 


__ "T _ 


\V ATCH-POCKET SPHEROMETER. See" Sphero- 
metry," 
 (6). 
\y ATER, ACTIO
 O
 GLASS. See" Glass, 
Chemical Decomposition of," 
 (I). 
''''AVE FORM OF POTE
TIAL EXCITI
G X-RAYS. 
See" Radiology," 
 (26), 
'YAvE-LE
GTn, VARIATIO
S OF, due to-(l) 
the pressure of gas in the luminous source; 
(2) the pole effect; (3) the presence of 
isotopes; (4) the presence of a strong electric 
field. See" Spectroscopy, l\lodern," 
 (8). 
lV A VE-LENGTH A
D REFRACTIVE INDEX. See 
" Optical Glass," 
 (3). 


\V A VE-LENGTHR, THE 
IEASURE- 
:\IE
T OF 

 (I) I
TRODUCTIO
. - The phenomena of 
coloured rings, commonly known as" :Newton's 
Rings," were describerl in his Opticks, publishetl 
in 1704, but were not explained on the basis of 
the undulatory theory of light unti1 ] 802, when 
Thomas Young (1) put forth the theory of 
interference of light waves, and was thereby led 
to make the first determinations of wave- 
lengths of light corresponding to the different 
colours. :l\Ieasurements of wave-lengths corre- 
sponding to narrow spectl'allines Wf're not made 
until somewhat later, after the discovery of 
the dark lines in t.he solar spectrum. Newton 
showed by means of a glass prism that sun- 
light was made up of various colours, and to 
all observers the solar spf'ctrum appeared to 
be a continuous graduation of colours nntil 
\Vollaston (2) in 1802 observed distinct dark 
lines, which he regarded as boundaries to 
intervals of colour. 'V ol1aston's discovery wa
 
forgotten until 1814, when Fraunhofer (3) re- 
peated it and recognised that the dark lines 
represented definite wave-lengths in the solar 
spect.rum. In his investigations, Fraunhofer 
mapped about 700 of these lines, a:::)signin
 
letters of the alphabet. to the most prominent 
ones, beginning with A in the red and pnding 
with H in the violct. These lines, still called 
the FraunhoÎer lines, are familiar t.o every one 
who has any knowledge wha tpver of speetro- 
scopy. Investigation into t.he possibilitips of 
measuring the actual lengths of light wavps 
led Fraunhofer to develop the theory of inter- 
ference of light and invent thC' first. diffraction 
gratings
 with which he made wave-length 
measurements of considerable accuracy. H i
 
method (4) for mea
tlring the wave-Icn
thH of 
light by means of a grating is indef"d the same 
as that. of the present day. It is basC'd upon 
the interference of rays which are diffracted 


upon passing t.hrough a set of equal and equi- 
cli
tant apertures or slits constitutin tY the 
. 0 
gmtmg. 
It wa
 not until 18:)9 that the physical 
significance of the Fraunhofer lines became 
known. Kirchhoff Dnd Bunsen then explained 
that "the dark lines of the 
mlar spectrum, 
which are not causpd by the terrestrial atmo- 
sphere, ari
e from the pre!'enee in the glowing 
solar atmosphere of those Sll bstances which 
in a flame produce bright lines in the same 
position." Inasmuch as these two scientists 
proved the existencp of many terrestrial 
e]ements in the sun, it was a naturnl eonse- 
quence that the solfÆ spectrum itself should 
become the standard of reference for wave- 
length" of light. 
,rith the aid of gratings ruled on gla
R, 
Angström made, as accurately as possiblp
 a 
map of the Kormal Solar Spectrum, which he 
published in 186ft The wave-Icngth measure- 
ments covered the vi'3iblf" sppdrum between 
the Fraunhofer lines A and H, and Wf're 
expressed in ten-millionths of a mil1imetre to 
2 decimal places. This unit of length, ] x 10- 10 
metre, sometimes called the "t.enth metre," 
but more commonly known a'S the" .Angström 
Pnit" (symboliscd simply by A), is now 
almm;;f. universally uspd in 1UeaSUremf'nts of 
wave-lengths of light. 
Àngström's map was fmpPTseded by Row- 
land's Normal .Map of the Solar Spectrum, 
published in] 888. and based upon his invention 
of the ('oncavf' grating. This photographic 
map was about 20 metres long, the maximum 
error in any part of the scale of wave-lengths 
being est.imated as le
s than 0.01 A. Row- 
land'A Prpliminary Table of Solar Spectrum 
,y a Vf
-lengths, representing over 20,000 lines, 
was based upon determinations of the absolute 
wave-length of one of the D lines of sodium. 
The wp_ve-lengthR were given to :1 decimah;; in 
A, Rowland helieving that the absolute values 
were eorreet to 1 part in 100,OUO, and that 
the errors in relative y:-tlue were not greater 
than a millionth. For a ppriod of twenty 
years practically all spectroscopic measure- 
mpntfoJ were b:1.sed on t.hese values, and eycn 
at. the present t.ime they are widely used. 
9 (2) THEORY AND USE OF DIFFRACTION 
GRATlliGS IN 'Y AVE-LENGTH :\fEASUREJ\1ENTS. 
-The simple theory 1 of t.hf' planp diffraction 
grating give
 the wave-length of light as a 
fnnction of tllP grating spal
e and of the anglp
 
of incidpnc(> and diffraction (or reflèct.io:1) of 
t.he light rays. Fig. I represents the cro:,>s- 
section of an elpment of a tran
mission grating 
1 R('(' "Diffr:wtion nrating
, ThC'ory of": al
o 
" Diffraction Gratings, Manufacture and Testing of." 
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in which A. B' is to Ì'e regarded as the grating 
spac
 b, If light from an illuminated slit S 
falls as a para!lel beam on the grating at an 
angle of incidence 'i with the normal. a larcre 
portion passes directly through the grati
g 
apertures, but a part. of it is diffracted in the 
direction AC, making the angle B \\ith the 
normal. By 
awing the perpendiculars BB' 
and CB', it is seen that the difference in path 
tra.velled by corresponding rays from adjacent 
aperture3, or the retardation as it is called. is 
given by the sum of the lengths RA anrl AC. 
and therefore \\ hen this path difference is 
equal to some integral number of whole wa"Ve- 
lengths nÀ bright images of S in colour 


FIG. 1. 


corresponding to À are pr0duced when the 
diffracted rays are brought to a focus. This 
condition is easily seen to be giT"en hy 
BA+ AC =nÀ =b{sin i+ sin On), in which n re- 
presents th
 order number of the spectrum, 
Reflection gratings have b
en more success- 
fully made than transmission gratings, and 
ha"Ve, therefore, been more extensi\""ely used 
for wave-length measurements, but the law 
of the gratin

 ruleJ on polished plane metal 
surfaces is quite similar to that of gratmgs 
ruled on glass. A beam of light falls on the 
grating G, Fig. 2, making an angle of incirlence 
i ,\ ith the normal, and p
ut of the light is 
diffracted at an angle B. The perpEndicularð 
BB' and ec' are drawn to show that B'C and 
BC' are the retardations. In this case the 
total retardation is seen to be determined 
by B'C - BC' =b(sin i-sin B). 'Yherever this 
equals one or more "hole wave-lengths, n\. a 
bright image is seen in colour corresponding 
to A, and we ha V"e the 1:.1 w of the grating 
n\=b(sin i-sinOn). 
Ii the diffracted rays are on the same side of 
the normal as thf' incident rays, then the two 
retardations are added, so that the Ileneral 
equation for all the spectra must be written 
n \ = b(
in it sin On), 
the positive or neg:ati,
e 
ig'J1 bf'ing u<::ed "hen 
th
 incident and diffr::tcted rays are on 
the same or opposite sides of the normal 
re<::pecti\ply. 
Depending: on the position of the grating in 
relation to the collimating and obser\""ing 


telescope, there are fi\""e different methods of 
making wa\""e-len!!th measurements \\ ith plane 
gratings, To sketch thesp the wave-length 
equation or grating law may be "ritten 
nÀ=b{sin i+sin(õ-i)}, 
in which õ is the angle of deviation or 
õ =1 + O. (1) The plane of the grating is 
placed perpendicular to the collimator, 80 that 

. =0 and nÀ =b sin õ. This method" as used 
by Fraunhofer \\ ith the first diffraction 
gratings for the first absolute measurements 
on wave-lengths of light. (2) The grating is 
normal to the telescopf', so that () =0 and 
n\ =b sin õ as befnrf'. (3) Both i and () are 
gi\""en values, so that nA =b{sin i + sin B). 
This wa<; the method adopted by Ângström. 
(-!) The de"Viation õ is a minimum. 'Yriting 
the abo\""e equation in thf' form 
. (i+B) (i-B ) 
n ^ =:!b sm 
 cos ---:-) -, 
.... - 


it is seen that cos (i - B)j:! is a maximum 
when i =(), "hich is the condition for minimum 


c 


B 


FIG. 2. 


deviation õ. Then the "ave-length is found 
from 


_ " b . õ 
n\-... sm Õ. 


(.3) The telescope and collimator are clamped 
I at an angle G, and the grating rotated through 
t he measured :mgle 8, whence it can be shown 
that 


- '> b . 
 
n\-.:. sm t3 cos 2. 


I In this case oh
('rvatinns are made hyadjusting 
the required spectral line upon the cro
s-\\ ire 
in the e} epiece, and then rotatin!! the Ilrating 
until the reflected image is brought upon the 
cro:-:s-wire. 
All of these method
 require the mf'asure- 
ment (If the gratinf! space b; {l), (2), and (4) 
. r
quire the measurement of one angle; while 
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(3) and (f>) require the measurement of two 
angles. 
Bell (3), whose determinat.ions of the wave- 
length corresponding to Dl received greatest 
weight in establishing Howland's standards, 
used the second method with two glass trans. 
mission gratings and the fifth with two reflec- 
tion gratings ruled on spE"culum met.al. 
All plane gratings req Ulre the use of lenses 
to focus the diffracted wavf's. ThesE" introduce 
chromatic difficulties in focussing, and further 
limitati()fis due to absorption, so Rowland, 
in l
ð], invented gratings ruled on spherical 
mirrors, so that the concave grating should 
focus spectra without. the use of a lens. The 
most important characteristic of the concavE" 
grating is the simplicity with which it can be 
focussed. If the slit of the spectroscope and 
the grating be placed on the circumference of 
a circlE" 1 whose diameter eq uals the radius of 
curvature of t.he grating, the spE"etra are all 
in focus on this circle, illustrated by Fig. 3, 


8 


c 


1.'lG. 3. 


DE being the diameter of the circle and equal 
to the radius of curvature of the concave 
grating. If the slit he placed on the circum- 
ference of this circle, e.g. at A; the spectra ar0 
all in focus on the circumference, as at E. 
'Vith. both plane and concave gratings there 
i:::; great advantage obtained by forming the 
spectra on the normal to the reflecting surlace, 
for t.his gives the Ro-callerI normal spectrum, 
that iR, distances measurE"d eithE"r way from 
the grating normal are proportional to the 
chan
e in wave-length oLserved. Rowland 
devised a mounting for his concave grating 
which automatically kppt tllf' ohserving 
apparatus (eyepiece or camera) on the normal 
to the grating surface, The grating and 
camera, Fig. 
, are mounted on carriages 
rigidly separated by thc beam DE, ,,,-hose 
ends are com.;trained to mnve along the rails 
1\.13 and AC. These rails are adjusted at right 
angles to caeh other, and have the slit at their 
intersection A. Everv circle having the 
shifting heam DE as 
 diameter must pass 
through A, and if the grating is fixed normal 
to DE, its centre of curvature coincjdes exactly 
1 See "Diffraction Gratings, Theory of," 
 (11), 
Vol. IV. 


with E, giving a normal spectrum at that 
point. 
Rowland's method of de'termining relative 
\va;ve-Iengths is based on a simple feature of 
this grating mounting in that the wave-length 
equation i
 reducerl to nA =b sin i, when ob- 
servations are made npar the pcrpendicular 
to the grating. Then for a giyen angle i and 
differcnt spectral orders, 1. 2, 3, de" 
Al = b sin 1. in the speC'tnun of tile first order, 
2\2 = b sin i in t.he spectrum of thp second order, 
3\3 = b Rin 1: in t.he spectrum of the third order, 
etc., 
whef(
 AI' A 2 , A 3 , etc., arc the wave-lengths in 
the 1st, 2nd, 3rd, etc., or
lcrs. It foHows 
that Al =2A2 = 3A:J' etc., which means that 
various orders of spectra arc superpnsed, and 
the wa\Te-lengths of each are in,'ersely propor- 
tional to the order Hum bel' of the spectrnm. 
For example, a wave-length of ()OOO A in the 
first ordcr spect.rum ,vill have sup(,Il)O
ed on 
it 3000 A in the second order and 2000 A in 
the third order. By mcasuring the lines in 
'
arious orders nearly Imperposed on the sodium 
line (Dl =5896'}.J(j A), Howland first compared 
] -
 solar wave-lengths with this standard as 
accurately as possible, and in a similar v.-ay 
obtained from these the wave-lengths of prin- 
cipallines throughout the solar spectrum (ü). 
Another type of concave gr3.ting múllllting 
which has been adopted by many lahoratories 
is due to Runge and Paschen (ï). This u'Se8 
a lens or concave mirror to illuminate the 
grating with parallel light from the slit, and 
reduces the dispersion or scale of speetrum 
to about half that in the Rowlan(l mounting, 
with the result that the intcnsit.y of the 
Rpectrum is theoretically quadruplpd. ThlJ 
astigmatism in spectra given by the Rowland 
mounting is practically eliminated by mounting 
the grating in parallel light. 'These stigmatic 
slit images permit (1) the use of diaphragms 
in front of the slit to photograph different 
spectra in juxtaposition; (2) the projection cl 
different parts of sources, of interferometer 
fringes, etc., on thp slit for speetral analysis. 
The complete theory of diffraction gratings, 
hoth plane and eon cave, together ,
ith de. 
tailed directions on mounting, ad.iusting:, and 
using gratings for wave'-length me:lF:urpment:;;;, 
may be found in vol. i. Hnndúu('h apr 8ppctro- 
scopie, by H. Kayser, or in Sperlros('oPJI, hy 
E. C. C, Baly. Limitations of space will not 
permit more on this suhjpct here, exeppt 
to call attention to a r('cent controvprsy on 
the validity of the' fundamental law of the 
grating, and <p.l('<;;jtioning the usp of gratingR 
for accurate Jnpasurpment;:\ of wTH\-I('ngth
. 
\Yhpn in ]!)Ü] RIm lnncl's Rtandards .w('re 
f(.\Uncl to ('ontain relati,re ('frors of neêuly 
1 part in 100,000, th('se errors" pre attrihuted 
to the erratic hehayiour of diffraction gratings. 
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Kayser (8), in I HO"", ma.de Rome e),..periment
 
which led him to the conclusion that the 
coincidence between orders of spectra is not 
to be depended upon. It has since been 
shmyn (9), however, that the fundamentalla" 
of diffraction gratings is true, so that the 
error:': in Rowland's values as well as the 
e),..perienC'e of Kayser require other explana- 
tions. AcC'ording to Jewell (10), the relative 
errors in Rowland's Table are due to disturbed 
apparatus and failure to recognise that 
corrections were necessary for the Doppler- 
Fizeau effeC't or for air-pressures and tem- 
peratures, while GOOH (II) has sho" n that the 
discrepancies observed by Kayser may be 
explained by slight defects in the adjustment 
of the grating and perh<tps to inattention to 
con.:;tant conditions in operating the sources of 
light. If accurate measurements of WRve- 
lengths are to be made with gratings, stability 
of mounting and correctness in adjustment 
must be insuf('d and temperature fluctuations 
guarded against. The change in the refrac- 
tive index and di
persion of air (12) will cause 
overlapping spectrum orders ob:3erved as co- 
incidencps at one temperature to be shifted 
at other temperatures. 
Another matter which deserves attention 
in connection "ith the use of gratings for 
wave-length observations is the presence of 
spurious lines or "ghosts," due to periodic 
errors in the ruling, These false lines are 
present in all gratiñ'g spectra, and cannot be 
di::;tillguished from reallinps e
cept by testing 
their relationship to parent lines by means of 
numerical ratios. Two general types of such 
spurious lines are known: (1) Ghosts located 
near the f.;pectral line, and symmetrically 
placed on both sides of it; and (2) spurious 
lines, whose positions in the spectrum are far 
removed from the parent Jine. 
False lines of the first type, generally knO\\ n 
as the Rowland ghosts, arise from errors of 
ruling repeated "ith successive revolutions 
of the screw. For example, Rowland gratings 
ruled 20.000 lines per inch mth a screw of 
1/20 inch pitch have an interval of ] 000 
lines in which errors recur. The position of 
these ghosts "ith respect to parent lines is 
that of additional spectra from a grating 
having 1000 times the grating space 
 their 
apparent ,vave-lengths differ from that of the 
parent line by njJOOO times the wave-length 
of the corresponding line if 11 represents the 
order of the false spectrum. Anderson ruled 
gratings with 7,30 lines per revolution of a 
screw havin
 1/20 inch pitch, thus making 
15,000 lines per inch, while the use of every 
other or every third tooth uf the wheel 
produced gratings of 7,:>00 and .:>0u0 lines per 
inch. These gratings give ghosts at distances 
n\/7,"jO, n"X/37':>, and n\':2.")O respectively, from 
the parent line of ,\ ave-length "X. 


Except in complicated spectra, the Rowland 
ghosts are u::;ualJy easy to dt:tect on account 
of their symmetry and proximity to the real 
lines, but it is much more difficult to eliminate 
spurious lines of the second type. Lyman (13) 
found spurious doublets occurring at po:-;itions 
correspondin
 roughly to "X/3 and 2\/3 in 
spectra produced by Rowland gratings ha,ing 
14,438 lines per inch. An Anderson grating 
"ith 7.300 lines per inch has been found at the 
Bureau of Standards to give false reproductions 
of a given line of "ave-length "7\ in positions 
near 2\/5, 3"7\/3, 4\/3, 6\/5, 7\/5, 8\/:5, and 
9"7\/5, Similar false spectra have been detected 
in the 5000 lines per inch gratings ruled by 
using every third tooth in the wheel. Although 
these secondary lines are usually of relatively 
low intensity, they may, nevertheless, be very 
trou ble:::)ome and embarrassing "hen recorded 
by the long exposures necessary to photograph 
the infra-red and extreme ultra-violet spectra. 

 (3) STASDARD 'YAVE-LFXGTHS BY I5TER- 
FERO.!UETER )IETHODs. - .An extraordinary 
degree of accuracy in wave-length measure- 
ments was made possible with the invention 
of the interferometer apparatus, in "hich a 
beam of light coming from a single source is 
first separated into two portions which are 
retarded relative to each other by passing 
over unequal optical paths, and then reunited, 
producing interference fringes. The inter- 
ferometer method of wave-length measurement 
has several ad,?antages over the grating 
method: the distance between two parallel 
interferometer plates is easily and accurately 
determined; it eliminates the precise measure- 
ment of angles; it permits the production 
of various lengths which are exact multiples 
of some unit; and less labour is required to 
make accurate comparisons of wave-lengths. 
The first absolute measurement 1 of a light 
wave by the interferometer method was made 
in 1
93 by ::\lichelson (14), who determined 
the number of "aves of three radiations from 
cadmium vapour which were equal in length 


M 2 


FIG. 4, 


to the standard metre. Xinc intermediate 
standards. the lengths of '" hich were repre- 
sented by the distances bet" een the })lanes 
of two mirrors )1 1 and 1\1 2 , Fig. 4, were 
constructed. The lengths of th('
e inter- 
mediate standards were hi em.. 10 x 2- 1 em., 
IOx2- 2 em. . . . the smallest being IOx2- 8 


1 See also" Line 
tanùarlls." 
 (ï), Y 01. II. 
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cm., or about 0.39 millimetre. The optical 
system and two of the standards A and B 
are shown in the diagram, Fig. 5, in which C 
is the mirror of reference. An observer at 0 
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:FIG. 5, 


sees by reflection at the half-silvered surface E, 
the image of C, superposed on the four 
mirrors on A and B, two of which lie side by 
side below, and another pair above. Band C 
are mounted on carriages which can be moved 
back or forth by mf"ans of parallel screws. 
The length of the shortest standard was first 
determined in terms of the wave-length of 
cadmium red light. The front surface of B 
was adjusted to the same optical distance as 
C, and the reference plane C was then blowly 


light as a source and turning the mirrors 
::,iightly about a yertical axis gaye vertical 
fringes, and the dark central fringe which marks 
zero difference of path appeared on adjacent 
edges of the front mirror of A and B. Then 
C was moyed back until the dark fringes" cre 
seen in the upper mirror of B. Xuw when C 
was moved back through its own length the 
dark fringes again appeared in the lower 
mirror of B, and moving C back a distance 
equal to the length of B brought the fringes 
onee more into yiew on the uppf'r mirror of B. 
If A was exactly twice the length of B, fringes 
were also seen in the upper mirror on A. 
If A was not exactly twice B the central fringe 
was displaced, and the difference, in wavc- 
lengths, between A anù 2B was easily ohtained 
from a slight tilt of the compen
ator D. In 
this way the lengths of sueeessively larger 
intermediate standards were obtained in terms 
of wave-lengths of light. Finally the 10 CIU. 
standard was compared "ith the metre Ly 
moving It through its own length 10 times. 
Michelson found at 1.')0 C. and 760 mID. 
pressure 
1 m. = 15531G3.5 red waves from whieh À=(j438.4,
2 A. 
" = 1900249.7 green " " " = j085.8240 A. 
" =2083372.1 ùlue " " ,,=-1,99.9107 A. 


An absolute aecuracy of 1 part in 2,000,000 
was claimed, while the relative accuracy might 
be 1 in 20,000,000. 
An independent measurement of the wave- 
length of cadmium red radiation, in terms of 
the metre, was made in 1907 by :l\Iessrs. 
Benoit, Fabry, and Perot (1.")). Compared with 
Michelson's, their apparatus was simplified 
and arranged so as to reduce the dangers from 
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moved back to coincidence with the second 
surface of B, during which shift the number 
of circular fringes was counted as thpy flowed 
out from the centre of the interfprence figure. 
The next operation ""as to compare twice 
the length of this standard B "ith the next 
longer one A. These were first adjusted so 
that their front lower mirrors were the same 
optical distance from E as C. Using white 


FIG. G. 


temperature changes in the stand:1fds by 
shortening the time necessary to pcrform the 
experiment. Five standards ,\ ere made by 
separating half-silvered glass plates at distances 
of 6.25, 12.[), 2,'}, 50, and 100 cm., and these 
were so placed that the comparisons could be 
made without moving any of them. The 
.trrangement is sho" n diagrammatirally in 
Fig. 6. As in 
Iichelson's method, the 
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difference in length between one standard and 
the double length of the pre,'iuu8 one had 
to be measured accurately. To compare A 
"ith B, for example, white light coming from 
S was reflected by mirrors 1 and 2, passed 
through A and B, mirror 3 being muved out uf 
the way. This light was reflected by mirror 3 
through a compensating "edge of air between 
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two silvered glass plates F and into a micro- 
scope L. If A was very nearly 2B, a ray of 
light traversing A and t\\ice reflected in B 
eovercd a path nearly equal to that of another 
ray crossing A twice and passing through B. 
Interference bands resulted, and from the 
position of the central fringe on the wedge 
compensator the rliffcrencf' between A and 
2B was accurately determined in wave-lengths. 
Similarly, the other standards were compared, 
and finally the 6.23 em. standard was measured 
in wave-lengths of the 
cadmium red radia- 
tion. The number 
of these waves in 1 
metre was found to 
be 1,533,164:'13, or 
^ = 6438"469ti A in dry 
air at 13 0 C. and 7üO 
mm. pre8sure. The 
probable error" as one 
part in 10,000.000; 
this absolute deter- 
mination of wave- 
length ha ,-ing the same 
accuracy as it is pos- 
sible to obtain in the 
comparison of two 
metre bars, Their 
value differs from 
)Iichelson's b} 1 part 
in 2,300,000, becau-;e it refers to dry air. I 
An apprm
imatc reduction of )Iichelson's 
value to dry air gives À = 6438"4700 A 
which checks the later value to 1 part in 
16,000,000. The original memoirs should be 
referred to for further detail::; concerning 
these heautiful experiments, "hich estahlish 
with extreme prf'cision a wave-length of light 
a.'ì a unit of length probably more invariable, re- 
producible, and important than any other unit. 
In 1907 the International Cnion for Co- 
operation in Solar Research made certain I 


l' 


recommenrlations for the final establishment 
of a system of satisfactory li!!ht wave stan- 
danis. The absolute value
of tÌ1f' red radiation 
of cadmium as redetermined by Renoit, Fabr) , 
and Perot was chosen as a primary or funda- 
mental spectroscopic standard. It was further 
recommended that secondary standards be 
determined at intervals of abo
t 50 A through- 


FIG. 7. 


out the spectrum of the iron arc by comparison 
with the primary standard, using the inter- 
ferometer method as devised by Fahry and 
Perot (16). This method is as foIlows : The red 
light from a cadmium lamp and the light from 
an iron arc are sel}t simultaneously through 
a Fabry and Perot interferometer, I, and the 
circular fringes thus formed are focussed "ith 
their centre on the slit S of a 
pectroscope, 
F1"g. 7. The prism (or grating) separates the 
numerous spectral lines and permits, at P, 
an independent deter- 
mination of the dia- 
meters of the circular 
fringe system produced 
by each line or radia- 
tion. The order of 
in terference at the 
centr"e of a system of 
rings is determined for 
the two radiations 
whose wave - lengths 
are to be compared. 
Let À be the wave- 
length of the cadmium 
red ray, and let P be 
the order of interfer- 
ence producing the first 
ring from the centre. 
The order at the centre 
is then p = p + p', where 
p' is the fractional order, lying between zero 
and 1, to be determined from the diameter of 
the ring P. The \\ hole number P is readily 
found from the di-;tan<,e between the }>late;. 
This results from trying various values of this 
distance \\ith three or four wave-lengths until 
the computed fractional order of each agrees 
with its measurerl value (1 i). The order of 
interference at the centre (i = 0) i
 P = '2e/
, 
\\ here e is the distance heÌ\\een the plates, 
Fig. 8. In a direction making an angle i 
\\ ith the normal it is 2e cos ifÀ = P cos i. 


FIG. 8. 



888 


'VAVE-LEXGTHS, THE l\fEASUREl\IEKT OF 


Xow if x is the angular diameter of the 
ring P, 


. ,t: dP :r 

=2 an =p cos 2' 


But 


x X x 2 
cos = 1 - - = 1 - - - 
2 2 8 


approximately, so that 


( X2 ) 
P = P 1 -"8 ' or 


p=P (1 + 

) 


and 


x 2 
p'=p-p=p_. 
8 


Similarly with a radiation of wave-length Al 
we have 


,_ X l 2 
PI -P I - 8 -. 


The thickness of the air layer between the 
plates is assumed to be the same for all radia- 
tions, whence 


or 


A(P + p') = AI(P 1 + P'l) 
Al = A ( P + P--' L, ( = ^ p P I ) . 
(PI + P'l) 


Substituting the above values of p' and p't, 


p ( X2 Xt 2 ) 
Al = ^p 1 1 +"8 - -8 . 


If d represents the linear diameter of the ring 
and R the focal length of the lens which 
focusses the rings on the slit of the spectro- 
scope, x = dlR and 


]..p ( d2 d 2 ) 
]..t = .f> 1- 1 + 8R 2 - 8
2 . 


Slight corrections are necessary for the 
dispersion of the atmosphere and refractive 
index of air (18) at temperatures other than 
15 0 C. and 7GO mm" and for the reflection 
phase-change (19), which is a function of the 
wave-length. This method of wave-length 
comparisons can be applied only to waves 
whose lengths are already known accurately 
enough to allow P, the order of interference 
producing the first ring, to be determined 
without ambiguity. For this purpose an 
accuracy of one part in 20,000 or 30,000 is 
sufficient if the preliminary measurements 
are made with an air- platp thickness not 
exceeding 5 mm. The final accuracy of the 
comparison can be made to reach 1 .rart in 
5,000,000. 

 (4) STANDARDS OF \V AVE-LE:NGTII.-That a 
train of wavps emitted by a source of homo- 
geneous light furnishes for lcn!!th measure- 
menb; a scale of extraordinary preeÜ;Ïon and 
constancy is now more or less familiar to 


everyone, and the importance of such 
fundamental standards to speetroscopy, 
metrology, and precision optics generally '.is 
fully appreciated. For practical use very 
narrow (homogeneous) spectral lines must 
be used, and their wave-lengths should be 
carefully defined with respect to the conditions 
producing or influencing them. Several suc- 
cessive attempts have been made to define 
such a system of Standard "Tave-Iengths, each 
aiming at higher precision by making use of 
more refined methods of measurement or of 
more satisfactory light source
, The Solar 
Spectrum Standards first determined by 
Ángström in 18G8, improved and extended 
by Rowland in 1888, have already been 
mentioned. The absolute measurements made 
by :l\Iichelson in 1
93 on cadmium lines in 
terms of the standard metre at Paris sho\\ ed 
that Rowland's wave-lengths were too large 
by 1/30,OuO, but spectroscopists paid little 
attention to this fact since there was Rtill 
no reason to doubt the correctness in relati\Te 
value of Rowland's numbers. In 1901, Fabry 
and Perot measured about 30 lines in the 
solar spectrum between 4643 and ö4-71 A hy 
means of their interferometer, and their work 
revealed the fact that systematic errors 
existed in Rowland's Table, making the errors 
in relative magnitudes nearly 1 part in 
100,000. The probahle sources of tlwse 
errors are discussed under the theory and 
use of diffraction gratings for wave -length 
measurements. 
The question of standard wave-ìengths was 
discussed at the first meeting of the Intl'r- 
nation
l Uninn for Co-operation in Solar 
Research (21), and the necessity fur estahli
hing 
a new system of standard wave-lengths from 
artificial sources was agreed upon, At the 
se('ond meeting of th1:l rnion in 1
)O.), the 
following decisions (22) were reached: (1) The 
wave-length of a properly chosen radiation 
shall be taken as a primary standard of waye- 
lengths. The number which represents this 
wa ve-Iength shall be fixed one time for all ; 
it shall definc the unit of wave-Iengt.h, \\ hich 
mU!"lt differ as little as possible from 10- 10 
metre, and shall be called Ångström. (2) There 
is reason to choose secondary standards 
separatf'd by not more than 50 Ån
strüms, 
These secondary standards shall he referred 
to the primary standard by a method of 
interference. Thc luminous source shall be 
an electric arc of () to 10 aTn peres, 
In 1907 a report of the measurement hy 
Bpnoit, Fabry, and Perot. (22) of t.he wave- 
length of the red radiation from cadmium was 
presented at the third meeting of the Inter- 
national "Gnion, and the following resolution 
was adopted (loc. cit. p. 20): "The wave- 
length of the red ray of light from cadmium, 
produced by a tube with electrodes, is 
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6-138,t69ß Âng'ltröm in dry air at 15
 C. on 
thp hydro
en thermollleter, at a pressnre of 
760 mm. of mercury, the \
alue of g heing 
9
l
'67 (4-30). This number will be the defini- 
tion of the unit of wave-length," 
The first determinations of secondary 
stanòárds were reported in 1907 hy Fabry 
and Buis.,on (loc. cit. p. 1
8), who measured 
the wav('.lengths uf 115 lines in the iron arc 
from 2:H3 to 6-i9! A bv their interferometer 
method. Similar measu;ements were made by 
Eversheim (2-1) and hy Pfund (25), and the mean 
values of the three independent determinations 
were adopted as :;:econdary standards by the 
International Uniun in 1910, cornpri:;:ing 5-1 
lines between 4282 and 64-9-1 A. 
The agrpement between interferometer 
measurements of the:;:e wave-lengths is re- 
markably good (-002 or 'OU3 _\), and there is 
reason to believe that the accepted secondary 
standards haye a precision of 0.001 A, i.e. 
they are correct and reproducible to part 1 in 
several millions. This B the extreme limit 
which it is possible to obtain, since the most 
homogpneous lines of iron have a width of 
about 0.060 A, and a precision of 0.001 A 
corresponds therpfore to ]/60 of the "idth of 
the line. Some of the differences bet\\ een 
values of different observers can probably be 
accounted for by different arc conditions 
Plllployed in different laboratories, and special 
investigations on the effect of arc conditions 
show that the wave-lengths of certain iron 
lines which are sensitive to pressure are also 
affected by current strength, length of are, 
and portion of arc used, Recognition of these 
influences led, in 1913, to the adoption of more 
precise specifications of the iron arc in air as 
a source of international standards (26) as fol- 
lows :-(1) Length of arc 6 mIll. (2) Current of 
6 amperes for \\ave-Iengths greater than 4000A, 
and -1 amperes or less for wave-lengths less 
than 4000 Â. (3) U Sf' direct current with 
positive pole above the negati\
e and a potential 
of 220 volts; iron rods of 7 mm. diameter. 
(4:) As a source of light use an axial part of 
about 2 mm. in the middle of the arc. (5) 
Use only iron lines of groups a, b, c, d pit. 
\Vilson Classification). 
It was also proposed, in 1910, that "the 
measurement of st[}ndards of thf' second order 
shall be extended to shorter and longer wa Ye. 
lengths, and the arithmetical mean of three 
independent determinations shall be adopted 
as secondary standards." In the past ten 
years very little progrec;;s has been made in 
extending this system of secondary standards. 
The 1l10ðt extensive measurements were made 
by Burns, who compared directly \\ ith the 
cadmium primary standard the. wa ve- 
len
ths of 12.) ircn lines (27) from 54:U to 
8S24 A and 100 lines (2S) from 28.31 to 
3701 A. 


The wa\-p-Ipngths \\ hich haye been adoptf:d 
as International 
econdary Standards are 
collected in the following table: 


l
TERXATIOXAL SECOXDARY STAXDARDS. 


3370.789 4375.934 5405.780 
:;399.337 4-1
7 .314 5434' 5
7 
34-45.154 4466.556 5455.614 
3485.345 449-1.572 5497 .522 
3513.8
1 4531'155 550lF784 
3556.8h1 4547.853 55l>9.b33 
3fjOf) 'f)ð2 4592.(j38 558li.772 
3G40.392 4ü02 .947 5ül5.G61 
3676.313 41';4 7 -4:
9 5G58 83G 
3G77.629 4691.4lì 5709.39ü 
3724.380 4707.288 57Ü3'013 
3753.615 4736.7bü 5857.759 Xi 
3805.346 4789.657 5892.882 Xi 
3843.261 4859.758 6027.059 
3850.820 4878.225 6065.492 
3865.527 4903.325 6137.701 
3906 .482 4919-007 6191.568 
3907.937 496G.104 6230.734 
3935.818 5001.8'31 6
G5.145 
3977 .746 5012.073 6318 'O
8 
4021.872 5049 827 (,33.3.341 
4076.642 5083.344 (;393.612 
4118'55
 5110'415 6430.859 
4134,685 5167.492 f)494.993 
4147.676 5192.363 654G.250 
4191.443 5232.957 6592.928 
4233.615 5266.569 6G78.004 
4:.!S2.408 5302.315 6750.W3 
4315.089 5324.196 
4352.741 5371.495 


In addition to the above determinations of 
secondary standRrds, many other measure- 
ments of wa \
p-Iengths in the iron arc spectrum 
havp been made, some with interferompters 
and others \\ith diffraction gratings, partly to 
set up a t:;ystem of tertiary standards and 
partly to investigate furthpr the effect of the 
operating condition
 of the arc upon its wan'. 
lpn
ths. Among such investigations the most 
important in some re
pect
 appears to be that 
of the so-called "polp effect" on arc lines. 
This has been studied in sump detail at thf' 
.:\1t. 'Yilson Ohsen
atory (29), where it is found 
that certain iron lines which are also sensitive 
to pre:o:sure give wave-lengths in the centre 
of the arc sli
htly different from those near 
the ne
atin' pole (one or Ì\\ 0 millionths), and 
a.150 that this effect is somewhat reduced 
\\ hen, instead of using h\ 0 iron electrodes, 
a carbon electrode and an iron one are 
used (30), 
Corrections to wave-lengths measured in air 
al
o deserve mf'ntion in connection \\ ith the 
exact measur('ment
, The Rowland system 
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of ::;tandards was definpd in air at :W o C, and 
760 mm. uf mercury, and correction tablps 
to reduce such wave-lengths or oscillation 
frequencies to vacuum vãlnes arp given in 
Kayser'
 llandbllclt, ii. 514. Sincp the new 
International System specifying wave-lengths 
at 13 0 C. has come into general use, there has 
been no uniformitv in such corrections. Thp re- 
sulting confusion has been pointed out by Birge 
(31), who recommends that the recent work 
of the Bureau of Standards (18) on the index of 
refraction of air for wave-lengths from 2218 
to 9000 A be referred to for these corrections 
in all future work. International adoption 
and use of the new tables will pxclmle all 
further possibility of ambiguity or question 
about the conversion of wave-lengths to stan- 
dard ail' conditions or to vacuum wlwn such 
wave-lengths arc not actually obsprved under 
these conditions. 
International C0 - operation cpased during 
the war, but a new International A
tronomical 
"Cnion, representing spveral of the allied 
countries, was organised in Bru::;sels in July 
1919, A new committee on Standard \Yave- 
lengths and Solar Spectrum Tables wa
 
appointed, and this committee will, no doubt, 
consider the possibilities of still further im- 
proving the precision of standards and methodE 
of measuring wave-lengths. 
9 (5) \V A VE-L}jNGTH l\IEASUREl\IENTS WITH 
PRIS:\I SPECTROGRAPHS. ---Diffraction gratings 
and intprferometers are very wasteful of light, 
so that the prism spectrugraph must be 
employed for spectral analysis of faint sources 
such as the stars, planets, low voltage arcs, 
etc. 'Vave-Iength measurements with prism 
spectrographs are generaJIy obtained by 
methuds of interpolation after the positions 
of the unknown lines are measured relative 
to the positions of certain well-hnown lines 
whose wave -lengths have already been 
accurately determined. Either graphical 
interpolation or an interpolation formula may 
be used. The graphical method requires 
dra wing the dispersion curve of the sppctro- 
scope, i.e, the curve Rhowing the relation 
between wave - length and corresponding 
deviation, This curve is obtained by measur- 
ing the deviations of well-known lines in 
different parts of the 
pectrum and then 
plotting these numbers against the wave- 
lengths on cross - ruled paper. A smooth 
curve traced through these prints is the 
calibration curve of the instrument. To 
determine the wave -length of an unknown 
line it is only necessary to measure its devia- 
tion, after which the wave-length can be rpad 
directly from the cnrve. 
Hartmann's interpolation formula is in 
common use, and very satisfactory for the 
purpose of determining wave-lengths of lines 
in prismatic spectra. It states the relation 


between wave-length ^ and rdractÏ\ e indpx 
I-'- as fol1ows : 


c 
^ = ^o + . 1/ ' 
(I-'- - po) 0 


where ^û' c, 1-'-0' and a are constants. For 
relatively Rhort ranges of wave-length, a, which 
has a value of about 1.2, may be l)laced equal 
to unit.y, and I-'- may he replaced by the linear 
distance n between lines along thp focal curve. 
Then - 


r 
^=^o+- , 
n -no 


Hartmann pointed out that ^o is a èonstant 
for any particular spectroscope and lllay be 
determined once for all, while 110 represents 
some definite point on the linear scale. The 
kno" n wave-lengths ^l' ^2' and ^3 and corre- 
sponding scale readings 11 1 ,11 2 , and n 3 for three 
lines are sufficient to calculate the three 
constants ^u' c and " 0 , as foìlows : 


, _, ^1'(1?1 - 11 2 ) 
"O-"3+ S( -, 
113 - n 2 ) + (111 - n 2 ) 


c= (^o'- ^3)(nO - 'tl 3 ), 


where 


'll = (^o - ^3)(n 3 - r1 2 ) + ^2'n 2 , 
o ^2' 


" , , " , , d 
 - _ AI' - ^ 2
. 
"I = ".1 - "3' "2 = "2 - "3' an...... ^ . 
2 


The accuracy obtainable in wave -length 
measurements from prism spectrograms de- 
pends principally on the dispersion, and 
undpr the best conditions the limit is about 
0.01 A. I::5p<.'ctroscopic work 'with prisms is, 
of course, limited to the range of wave-lengths 
for which transparent prism materials are 
available. The lower limit is set by fluorite, 
which transmits to 1200 A, and sylvine marks 
the upper limit at about 23 I-'- or 230000 A. 

 (6) \\1' AVE-LENGTH MEASUREl\IENTS IN THE 
SCHUMAKN REGION.--The most precise deter- 
minations of light waves exist for the range 
from about 2000 to 9000 A, that is, in the 
region of the spectrum which is most easily 
photographed, It is very difficult to work 
with shorter waves because of the strong 
absorption of their energy by the air and hy 
the gelatine of the photographic emulsions. 
F:chumann (32) first overcame these difficulties 
with a va<'uum spectrograph, fluorite prism, 
and special photographic plates. Conse- 
q llentIy, these short waves are commonly 
called Schumann waves, 
The first successful attempt at accuracy in 
length measurcments of Schumann ,vaves was 
made by Lyman (33). The wave-lengths of the 
hydrogen lines in this Schumann region w<.'re 
measured to serve as standards. The method 
used is briefly as follows: 
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1\\() illuminated slits 
 and S', placpd on a 
circle whose diameter is the grating's radiu
 
of curvature, "ill gi\-e im
gcs at I and 1'. 
and spectra corresponding to each (Fig. 9}. 
The two first-order 
pe('tra will be shiftpd with 
respect to each other by an amount deppndin2 
on the distance betwepn thp slits. At a given 
point on a photographic plate beh\een I and 
I' the light brought to a focus from S "ill he 
of shorter wave-Ipngth than that fnJffi W. 
The amount of this shift was determined hv 
comparing known lines of the aluminium an
1 
iron spectra at one end of the plate. Then 
the longer" ave portion of thp iron spectrum 
(3100 to 2-100 A) waoS superpospd on the Rhortf'r 
wave portion (1900 to 1200 A) of the hydrogen 
spectrum and the wave-lengths in thp former 
reduced bv the :-:hift. The accuracv in thi:, 
region doe
 not surpass 0.2 or 0.3 A. ' 
The shortest waves observed by Schumann 
himself were about 1200 A. Lyman extended 
the spectrum down to about 
6UU .\, and has collected 
the important tables of 
" a ve - lengths and other 
optical data relating to the 
Schumann region in a mono- 
graph entitled Spectroscopy 
of the Extreme [
ltra-t'iolel. 
Very recently :MiJlikan has 
pushed the wa;ve - length 
limit an octave lower, so 
that a gap of Ipss than five 
octaves remains between 
the shortest ultra - violet 
waves and the longest .x 
"aves thus far observed. 

 (7j \V A YE-LEXGTH l\IEASrREl\IESTS IX THE 
I
FRA.-RED.-Beyond the photographic limit, 
investigation of the infra-red spectrum by 
means of the heating effect of the rays has 
been carried on with the aid, chiefly, of ther- 
mopile, radiometer. radio - micrometer, and 
bolometer, The thermopile consi
ts of a 
number of junctions of di:;;similar metals, 
e.g. bisllluth and antimony. iron and con- 
stantin. If radiation falls on alternate 
junctions a galvanometer in the circuit will 
give a deflection proportional to the heating 
effe<'Ì. 
The radiometer is a modification of the 
instrument devised by ('rookes in which mica 
vanes, accuratf'ly mountf:'d on a ct'ntral spindle 
in t'ar'llO, rotate when placed in the path of 
radiant enprgy. The radio - micrometer 1 in- 
vented by Boy
 and d'Arson\-al simultaneously 
is a type of galvanometer. A single thermo- 
couple is suspended by a quartz fiLHe \\Ìth the 
plane of the couple in the line joining the 
poles of a magnet. 'Yhen radiation falls on 
a junction the current generated causes the 
1 :-\ee "Radio-mirrometcr and other Instruments," 
Vol. III. 
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couple to turn in the ma
metic field. In 1881 
Langley (3-1) announced his actinic balance or 
bolometer, 2 \\ hi(.h measures the temperature 
of a very fine strip of metal in terms of the 
change of electrical resistance. Two similar 
strips are placed in two of the arms of a 
'Yheatstone bridge. 'Yhen radiation falls on 
one of them th(' resistance changes and causes 
a dpflection of the galvanometer. 
In connection with this method of spectrum 
in\-estigation the name of Langley (35) became 
famou
. His bolometer was an exceedingly 
great advance upon any of the apparatus 
which had previously been constructed, 'Yith 
a bolometer strip 0,5 mm. broad and -002 nun 
thick he reached a sen8itiveness of ]0- 60 c. 
\Yith such instruments he investigated the heat 
spectrum of the sun and the ahsorption of 
the earth's atmosphere. In his final work on 
the solar spectrum Langley used a fixed-arm 
type of spectrometer, "ith lenses and prisms 
of rocksalt, and the spec- 
trum " as made tu pass 
over the bolometer strip by 
rotating the pri::;m. The 
galvanometer readings" ere 
recorded on ph&tographic- 
aUy sensitive paper whose 
motion was co - ordinated 
"ith that of the prism. 
From the known dispersion 
of the prism the wa ve- 
length of any spectrum 
line ahown upon the record 
could be found, and also, 
from the lengt h of the 
galvanometer throw, its 
intf'nsity estimated. L
ngley thus mapped 
the solar spectrum as far as 5.3 p., and 
observed 700 lines between .Å (.7604 p.) and 
this limit, 
For morc than a decade Langley was prac- 
tically the onlv worker in this field. In 1892 
Rub;ns (36) b
gan to measure the dispersion of 
Yariou
 substances for long "ave-lengths. 
'Yith a bolometer he measured the dispersion 
of cro" n and flint glas!':t's, "ater. and various 
liquid hydrocarbons to 3 p., and of quartz, 
rocksalt, and fluorite to 3.5 p.. Later he 
extend"d the work on fluorite to 6.48 p.. 
In 1894 Paschpn (37) went out to 9,3 p. by 
using a fluorite prism, and Rubens (38) and 
Trowbridge in 1897 prps::;ed forward to 23 p. 
by u
ing prisms of rocksalt and sylvine. The 
continuous spectrum was thus eÀtended to 
thirty-nine times the wave-length of sodium 
yellow, or five octaves into the infra-red. A 
further extension in this manner seemed impos- 
sible, because no substances were kno\\n which 
"ere more transparent than sylvine to the 
long waves. The extreme limit of prIsm 
I 
ee" Radiant Heat, In:,trumcnts for the )Ica
ure- 
ment oi," 
 (18), 


FIG. 9. 
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transmission is fixed by Ryh-ille at 23 fJ.. \Yiih 
rocksalt and fluorite the limits are aln'ady 
reached at l,j fJ. and 9 fJ. respectively. It is 
an interesting fact that the absorption which 
makes it impracticable to use these substances 
further as prism material furnished the key 
to stiU greater penetration into the infra-red 
region. 
The presence of these absorption bands is 
attributed to a resonance phenomenon \vhich 


FIG, 10. 


causes a large part of the incident radiation 
to be re-emitted, so that the particular sub- 
stance shows metallic (i.e. high) reflection at 
these points. This fact is the basis of the 
method of isolating long waves which was 
worked out by Rubens (39) and Nichols in I80!). 
If the radiation of a source falls upon a plate 
of rocksalt, for exampJe, all wave-lengths are 
transmitted except in absorption rf'gions; 
the wave-lengths corresponding to the maxi- 
mum absorption are almost wholly reflected. 
The diagram (Fig. 10) of Rubens' apparatus 
shows light from an incan- 
descent 'Yelsbach burner 
A passing throu
h a wire 
grating G and under- 
going several successive 
reflections before being 
focussed on thermopile 
T. The final radiations 
thus obtained by suc- 
cessive reflections from 
a substance were called 
" Reststrahlen " or residual rays, and possess 
the greatest energy for almost the same \Va ve- 
lengths as the maxima of the absorption bands 
for the substance. For example, the absorption 
bands computed by means of the Ketteler- 
Helmholtz disperf:ion formula are at 33 fJ. for 
fluorite, 56 fJ. for rocksalt, and ()7 fJ. for sylvine, 
Rubens and Nichols found e:xperimentally 
for fluorite 24 fJ. and 34 fJ., for rocksalt 52 fJ., 
and for sylvine (j3'4 fJ.; very good agreement 
if onf' considers that the dispersion formula. 
req uires the reflection ma:ximum at somewhat 
shorter wave-length than the absorption. It 
was suspected that for other substances, 
especially those with larger molecular wf'ight, 


still longer waves could be found. This" as 
('onfirmed hv Rubens, and is shown in the 
following tal
le : 


:-'uhstancc, 


l\Iean ^ of I M ol('CUh
: 
l{eststrahlen,I W dght, 


Ma 


Rocksalt (NaCI) . 
Sylvine (KCl) 
Silver chloride (AgO) 
Potassium bromide (KEr') 
Thallium chloride (TICl) 
Potassinm iodide (K I) . 
Silver bromide (Ag Br) . 
ThallIum bromide ('1'IHr) 
Thalli urn iodide ('l'lI) 


58.5 
74.(j 
14
'4 
119.0 
239.5 
l(j() .0 
]88.0 
284.0 
331.0 


52.0 fJ. 
(j:
.4 
81.5 
82.(j 
91.6 
94.1 
112,7 
IIï.O 
1,")1.8 


The infra-red spectrum was thus pus})f'cl to 
nearly 8 octaves above the visible. Because 
of the limited energy of sources, further 
exten
ion to longer waves by the Reststrahlen 
method is difficult in spite of the rf'finement 
of modern apparatus. 
A still further improvement .in the method 
of isolating very long waves was made hy 
Rubens (40) anfl 'Yood in 19] L The method is 
based on the selective refraction and selective 
absorption of quartz. Quartz has an absorp- 
tion hand beginning at 4.5 fJ. which reaches 
far out into the infra-red, but for wa ve-Iengths 
longer than 70 fJ. it becomes transparent. 
At the same time. in conseq uenee of its 
anomalous dispersion, quartz has a very large 
index of refraction for 70 fJ.; at 63 fJ., n = 2.10 
and approaches 2.14 with longer wav('-lengths. 
For visible and short heat waves its imlex of 
refraction ranges from 1.43 to 1.53, A quartz 
lens, therefore, has a much shorter focal 


I 


D 


FIG. 11. 


length for extrenlf'ly long waves than for the 
shorter ones. This principle was used hy 
Rubens and 'Vood in their apparatus, Fig.IJ, 
in which the long waves are selectf'd from the 
source S by means of the quartz lenses Ll and 
L 2 and opaque screens D which stop the short 
waves. The long waves pass through an 
interferometer I and are focussed on a thermo- 
pile T. The great advantage of this method 
of focal isolation is that large angular apprtuI'es 
can be used and the radiation i<; weakened only 
by reflection and absurption by the two quartz 
lenses. Its only disad\Tantage is that all thc 
radiations for which 11 approximates 2.14 pa!"s 
through. The wave -lengths are determillf'd 
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TABLE OF \\TAVE-LRXGTHS 


OC'ta' e Freq ueney "
ave- 
So, )t. lOU, length ^ IJ., 
-18 1,000,000 0.000003 
-17 I 49],520 I O.OOuwtJ 
I 
-16 245,7GO O'OOOOI
 
-15 122,880 0.000024 
-14 G, 1440 0.000048 
-13 30,720 0.000098 
-12 15,360 0.000195 
-II 7, G80 0.00039 
-10 3,840 0.00078 
--- 
- 9 1,920 0.00136 
- 8 9GO'0 0.0031 
- 7 480.0 o 'Wl) 
- l) 2-10.0 0.012 
- 5 ]20.0 0.025 
- 
- 4 GO'O 0.05 
- 3 ;
O.O 0.1 
- .) 15.0 0.2 
- 1 7.50 0.4 
l 0 I 3.75 0.8 
+ 1 I 1.873 1.6 
+ 2 0.940 3.2 
t I 6.! 
+ 3 I 0.470 I 


Remarks. 


- , 0ססoo 7 p.. Rutherford, 1914. 
 from radium B 


- . ססoo 292 X ß from Xeodymium 
- . ססoo 560 p.. Xa. from silver. :\Ioscley, 1914 


- .0001365 p.. 
 from radium B. Rutherford, 1914 


- 'OOO8364p.. Xa. from aluminium. Moscley,1914 
- .0012346 p.. Xa. from zinc. Friman, HHö 


- .036 p.. )Iillikan, 1920 


- 'OG ,a. Lyman, 1914 


- .12 p.. Lower limit of fluorite transparency. 

chumann, 1803 
- .18 p.. Lo" cr limit of air transparency, and of 
quartz, rock-salt. and photographic gelatine 


- ,35 p.. Lower limit of glass transparency 
.4 p.. Yisiblc limit in yiolet 


- .6438469Ij,u. Fundamental standard waYf.length 
.8 p., \ïsible limit in red 


- 1 p., rpper limit of photography 


- 3 p.. Upper limit of glass transparency 


- 5.3 p.. Langley, IS8G 
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'Yave
. 


( 
I 
I 
I 
Infra-red I 
(continued) I 
I 
I 
I 
I 
I 
I 
\, 
Unknown. J 
ì 
\ 
( 
I 
I 
I 
I 
I 
I 
I 
I 
I 
ì 
I 
I 
I 
I 
I 
I 
I 
I 
I 
, 


Electric 


TABLE OF \Y AVE-LFNGTHS (continued) 


Octa v(' Frequ('ncy 'Yave- 
.xü. x 10 14 . length ^ p._ 
I 
12.8 
+ 4 0-23,) 
+ 5 0.118 I 
,).f) 
--- 
+ 6 0.059 51.2 
- 
+ 7 o 'O
f) 1O
'4 
+ 8 0,014 204-8 
- 
+ {) 0,007 W9.6 
+10 u'OU;
.) 819.2 
+11 0,0018 Hì38.4 
--- 
+]2 0.0009 3276.8 
+13 0,00045 G533.G 
+14 0.00022 13107.2 
+lfí 0.00011 26
14'4 
+16 O' 0000,5 52428.8 
+17 0'00u03 1 O-!8!J7 .6 
+18 0.000015 209,715 
+19 0.000007 419,430 
+20 0.000003 838,8GO 
+21 0.0000016 ],677,720 
+22 0,0000008 3,355,440 
+23 0.0000004 G,710,880 
+24 O.()OOOOO2 13,421,76!) 
- 
+25 0.0000001 2G,R43,fí20 
+26 O.OUOOOOU,) fi3,mn ,040 
+27 I 0.00000002:> J07 ,37 4,ORO 


Uemarks. 


-I 


- 9!-,-. Cpper limit of fluorite transparency 


- 15 fJ-. Upper limit of rock-salt transparency 
- 23 fJ-' Upper limit of sylvine transp
rency 


- 52 fJ- NaCI ' 
-63 fJ- KO J 
- 82 fJ- KEr Reststrahlen. Rubens and co. 
- 113 fJ- AgEr workers, 1897-1914 
- 132 !-'- TI I 


_ 218 fJ. (Quartz-lens focal isolation of Hg arc 
- 342 fJ- 
 l emission bands. Rubens and von 
Baeycr, 1911 


- 2000 fJ-. O. von Baeyer, 1911 


- 4000!-,-, J
aIl!pa, h"\97 
- 6000 fJ-. Lebeùew, 1895 


- 100000 fJ-. Righi, 1893 


- 660,OCO fJ-. Hertz, 1888 


- Range of wave-length!=! used in radio com- I 
muniC'ation in 1920, 50 m. to fíO,OOO m, 
Longest electric wa""'! g<'ncra t crl a bout 1.000.000 km.1 
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from " "\isibility " curves obtained by plotting 
increasing separation of the interferometer 
plates as abscissae and corresponding energy 
readings as ordinates, In this way it was 
found that the radiation from a ,relsbach 
incandescent mantle contains waves over 
1.")0 fJ- long, the maximum radiation being 
about 100 fJ-. Rubens (41) and yon Baeyer in 
1911 investigated by this method the long 
waves from a quartz mercury lamp and found 
an emission region between 200 and 400 }J. 
with maxima at 218 fJ- and 3-12 ,u. Here is a 
light wave 1/3 mm. in length, or over .300 
times the length of the yellow sodium ray. 
This is the longest wave isolated to date, 
and is only 21 octaves from the shortest 
electric waves (^ = 2 mm.) obtained by O. von 
Baeyer. The rapid progress in the knowledge 
of the region between the visible spectrum 
and electric waves in the last 30 years justifies 
the hope that the remaining gap will soon be 
filled up. An effort in this direction was made 
in 191-1 by Rubens (42), and Schwarzschilô, who 
tried to find solar radiation between 400 and 
600 fJ- by the quartz lens method. Calcruation 
predicted that radiation could be measured if 
the sun were assumed a black body at 6000 0 (', 
and if the atmosphere "ere transparent. 
However, not a trace of deflection could be 
observed, The explanation is probably that 
the water-vapour in the earth's atmosphere, 
whosè absorption spectrum is complex and 
full of hands below 400 fJ-, also possesses strong 
absorption for sti1llonger waves. 
Standards of wave-length in the infra-red 
part of the spectrum have been determined 
with considerable accuracy by Paschen (43) and 
by Randall (-1J), using thermopiles with which 
to explore the normal spectrum of concave 
gratings. Their investigations cover the arc 
spectra of a large number of the chemical 
elements. The measurements extend to wave- 
lengths of 30 to 40 fJ-, and are Ero ba bly not 
more than a few tenths of an Angström in 
error. 

 (8) TABLE OF 'YAVE -LESGTHs,-The 
charts on pages 893-89-1 show the entire range 
of wa ve - lengths of electromagnetic wa '-es 
which are within the domain of scientific 
investigation at the present time. 
REFEREXCES 
1. Youn
, Roy. Soc. Phil. Trans., 180
. ii. 12-48. 
2. Wolla:,ton, Roy. Soc. Phil. Trans., If 02, ii. 
36;)-:380. 
3. Fmunhofer, Gilbert's Anll., 1817, lyi. 264-313. 
4. Fraunhofer, Dnlkschr. d.1\.. Almd. d. Hiss. 
MÜnchell, 18
1, \ iii. 1-76. 
;). Bell, Phil. JIag., 1887, xxiii. 2ß5, and 16
..'. 
xxv. :?5;), 360. 
6. Rowland. Phil. JIag., 1887, (5), xxiii. 257, and 
18
9, xxvii. 479. . _ . 
í. Run!:!e and Pa
('hen, Tr1ed. Ann., 189,. Ix!. 641. 
8. Kayser, A.'ltroph. .lOUTn , 1904, xix. 137. 
9. Howell. A.<:troph. .lollm., 1914, xxxi'\:. 230. 
10, Jewell, Tram;. I. CS. R., 1906, i. 4:? 
11. Goos, Zeit.
. WisR. Phot., Hill, ix. 173, 
12. Bir
e, Astroph. .loum., 1916, xliii. 81. 


13. Lyman, Pltys. Rei'., 1903, xvi. 257. 
14. )Iichel.:;on, Trm'. et Jlém., 1893. xi. 
lã. Benoit, Fabry, and Perot, Tr(ll'. et J1ém., 1913, 
xv. 
16. Fabry and Perot, Ann. dæ chimie et dæ physique, 
1902, xxv. 110. 
17. )IC'ggers, Bureau of Standards, Bull., 191;), 
ii. 
203. 
18. )Ieggers and Pete
, Bureau of ,Standard.
, Bull., 
1918, xiv. 697. 
19. )[eggers, Bureau of Standards, Bull., 1915, xii. 
199, 

O. Fabry and Perot, Astroph. .lO'llTn., 1902, x,'. 
73 and :?61 
21. Astroph, .loum., 1914, 
x, 313 

:? Trans. I. r.s. R., 1906, i. :?34. 

:3. Trans. I. CS. R., 1907. ii. 109, 
24. Ewr;:;heim, Ann. d. Physik, 1911, (4), xxxvi. 
1071. 
:?5, Pfund, Astroph. .loum., 1908, xxviii. 197. 
26. Trans. I. C.S. R., 1914, iv, 58. 
:?7. Burn..;, .lOUTl/. de physique, 1913, (;)), iii. 437. 
28. Burns, Bureau of Standards, Bull., 191:>, xii. 179. 
29. st. John and Babcock, Astroph. .lO'llrn., 1915, 
xlii. :?31. 
30. st. John amI Babcock, Astroph. .loom., 1917, 
xl vi. 138. 
31. Birge, Astroph. .lOllTll" 1918, 1. 7:?, 
32. 
chumann, Ber. H"ien. Akad., 1893, cii. II.a, 
415 and 6:?7. 
33. Lyman, Astroph. JOUTn., 1906, xxiii. 181. 
34. I.angiey, Am. Sei., 1881, (3), xxi. 187. 
3ã. Langley, Hied. Ann., 1884, x
ii. 59b; Phil. 
.lIag" 188h, (1), xxvi. ;)05. 
36. Rubens, Wii'd. .Ann., 1891, xlv. 238. 
37. Paschen, Tried. Ann., 1894, liii. 301. 
38. Rubens and Trowbridge, Hied. Ann., 1897, 
Ix. 724. 
39. Rubens and Xkhols, JrÚ'd. Ann., 1897, Ix. 418. 
40. Rubens and ""ood, Pre1.lss. Almd. ßïss. 
Berlin, Ber., 1910, 11
:? 
41. Rubens and yon Baeyer, Preuss. Akad. Wiss. 
Berlin, Ber., 1911, 339 and 666. 
4:? Rubens and Schwarzschild, Preuss. Akad. }fiss. 
Berlin, Ber., 1914, 70:? 
43. Paschen, .Ann. d. Physik (4), xxvii. 537 ; x
ix. 
62;): xxxiii. 71 ï . 
44. Randall, A stro-ph , Jo-llrn., 1911. xxxiv. 1, and 
UH9, xlix, 42 and 54. 


'YAVE-LE
GTHS OF LIGHT, first determinations 
of, corresponding to the different colours, 
made by Thomas Young. See" 'Yave- 
lengths, The )J easurement of," 
 (I). 
Table of. See ibid. 
 (8). 
''''AVE SURFACE, FRESXEL'S: the surface over 
which the energy emitted at a given instant 
from a point source in a hiaxial crystal is 
distributed after any given interval of 
time; it is the envelope of the series of 
planes obtained by drawing, at any time, 
the wave-fronts. See" Light, Double 
Refraction of"; also "Polarised Light 
and its Applications," 

 (ß) and (:!:!). 
'VEBER ILLL
n
ATIo
 PHOTOl\IETER. See 
. ,. Photometry and Illumination, " 
 (.38). 
'YmT::\L\S PHOTO)IETER: a form of flicker 
photometer. See" Photometry and Illu- 
mination," 
 (96). 
""lEX'S DISPLACEMEXT L\\\. Sep" Radia- 
tion Theory," 
 (5). 
,y ILD PHOTO:\IETER. See" Photometry and 
Illumination," 
 (99); alRo (spectrophoto- 
meter) " SpectrophoÌl'l1wtry:' 
 (12). 
'YILD'S POLARL"\IETER. 
ee ,. Polarimetry," 

 (8). 
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'YI
DOW EFFICIE
CY, synonymous with 
daylight factor. See .. Photometry and 
Illumination," 
g (74) and (7,,)). 
'YOLLASTON'S PRISM FOR PRODUCTIO
 OF 
DOUBLE 1l\IAGES. Sce "Polarised Light 
and its Applications," S (12). 


\YOOLHOUSE'S CYCLE OF 
INETEE
: a 
particular musical temperament in which 
the octave is dIvided into In steps, 
3 being allottpd to each tone and 2 to 
each diatonic semi tone. See" Sound," 

 (6) (iii.). 


-x- 


X-RAY BULB, efficiency of. See" Radiology," 

 (23). 
l\Iade of metal. ::5ee ibid. 
 (15), 
X-RAY CRYSTAL ANALYSIS A
D ATOMIC 
STRCCTURE. See" Crystallography," 
 (19). 
X-RAY CRYSTALLOGRAPHY. By" reflecting" 
monochromatic X-rays from the several 
faces of a crystal the arrangement of the 
atoms in the crystal can be found. See 
" Radiology," 
 (32). 
X-RAY PHOTOGRAPHY OF :\TETALS, AND OF 
\YELDS. See" Radiology," 
 (33). 
X-RAY PROTECTION: a representative com- 
mittee has dra
\"n up a report containing 
recommendations for the protection of those 
working "ith X-rays and radium. See 
" Radiology," 
 (31). 
X-RAY SPECTROMETER, developed by Sir 'V. 
and ,Yo L. Bragg, for the investigation of the 
structure of crystals and the absolute lengths 
of the edges of the space - cells. See 
" Crystallography," 
 (15). 


X-RAY SPECTRUM, produced on Aplitting up a 
heterogeneous he am of X-rays hy means of 
" reflection" at a crystal face. See" Radio- 
logy," 
 (17). 
X-RAY TUBES at National Physical Laboratory. 
See" Radiology," 9 (28). 
X-RAYS, thc detection of. See" Radiology," 

 (7). 
The discovery of, See ibid. 
 (6). 
The nature of. See 1.bid. 
 (1). 
X-RAYS AND AIRCRAFT. See "Radiology," 

 (:33). 
X-RAYS AND MATERIALS. See" Radiology," 

 (30). 


X-RAYS A
D I\IEDICI
E. See "Radiology," 
9 (29). 
X-RAYS AND OLD ::\IASTERS. See" Radiology," 

 (34). 
X-RAYS AND THE \V AR. See "Radiology," 

 (33). 
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Y OU1\O'S EXPERIMENT: the first experimental 
arrangement in which true interfprence of 
light was observed, described by Young in 
lectures published in 1807. See "Light, 
Interference of," 9 (3). 


YOUNG'S MODULUS FOR GLASS, See" Glass," 

 (26) (i.). 
YOUNG'S THEORY OF COLOUR VISIO
: the 
earlier form of the trichromatic theory. 
See" Eye," 
 (11). 


-z- 


ZEEMAN EFFECT: a phenomenon, observed by 
Zeeman in 189ü, occurring when a source 
of light is placed in a powerful magnetic 
field. The spectral lines are then resolved 
into components, which are polarised in 
certain directions, the simplest cases being 
theoretically accounted for by Lorentz 
theory. S('e" Spectroscopy, ::\Iodern," 
 (7), 
ZEISS RAXGE-F[
DER. See" Range-finder, 
Short- base." 
 (7). 
ZI
C. Prpsence in glass renders it resistant 
to water attack. See "Glass, Chemical 
Decomposition of," 
 (1) (ii.). 
ZINC SULPHIDE, ml'thods of preparat.ion of, 
with radium salt, to form a luminous com- 
pound. See" Luminous Compounds," 
 (3). 


ZONAL CANDLE-POWER: the average candle. 
power of a light source within a specified 
zone. See "Photometry and Illumina- 
tion," 9 (49). 
ZONAL SPHERICAL ABERRATION: an aberration 
of an optical system such that the focal 
length is alternately long and short for 
successive zones of the apf'rture. S('e 
" Microscope, Optics of the," 
 ((>); "Tele- 
scope," 
 (3). 
ZSCIIIMMER'S test for dfects of moist air 
on optical glass. See "Glass, ( 'h('m ical 
Decomposition of," 
 (3) (i.). 
ZSWMnSDY AND RIEDENTOPF's (TLTRA
HCRI)- 
SCOPE. S('e "UltramicroscGpe and its 
Applications," 
 (1). 
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Abady: (:Simmance and) flicker photometer, " Photo- 
metry and Illumination," 455 
Abbe, Eo: aplanatic refraction, .. Aplanatic Refrac- 
tion," 2, .. Photol,!raphk Len:;es," 4U8 n.: auto- 
collimating eyepiece. .. Goniollwtry," 114 ; opti- 
cal sine com!ition. "::\Iicro:;eope, Optics of the," 
223, ., Telescope, The," 8-H; metho.l of deter- 
mining total magnifieation, ")licroscope, Optics 
of the," 204; resolving' power oi lllicroscope, 
limit of resolution, ibid. 20.:), .. )Ikroscopy with 
l"ltra-violet Light," 2;
ï, 2:38, 239, .. Lltra- 
microscope, The," 8i6: the Xumerical Aperture 
an(l the Apertometer, .. )licroseope, Optics of 
the," 20;;; impro\ ement in objecth-es, ibifl. 206 ; 
apochromat objective systenls, ibid. 22
, .. ::\licro- 

cop
" with LUra-violet Light," 2:38; correction 
of chromatic difference of magnification, .. ::\1icro- 
scope. Optics oi the," 2:W; values oi optical tube 
lenf"rth and close combinations for compen<;ating 
eyepieces, ibid. 233; the illumination of n1Îero- 
scopic objects, ibid. 235, 231): test plate, .. Object- 
iws, the Testing of Compound," 2.4 It. 4, .. 
ilnred 
Mirrors and 
ilvering," 677; focometer method 
of measuring aberrations, "Objecth.es, The 
Testing of Compound," 2i" .. Optical Parts, The 
'Yorkimr of," 329; polarising prism, .. Polarised 
Light and its 
\pplkations," 49.3; adjusting 
apparatus for range-finders, .. Uange-tinder, 
:Short-base," (H8, 649, ü;)3: auto-collimation 
spectroscope, .. 
pectro<;copes and Refracto- 
meters, 772; refractometers, ibid. 774, 775; 
spectrometer, .. :Spectroscopy, )[odern," 779; 
spherometer. " Spherometry," 78., 788 
(Gauss and) first appro
imation theory, .. ::\licro- 
scope, Optics of the," 202 
(f:.chott and) new glasses manufacture r l by, .. Optical 
nlass," 31;), 316, " Photo
raphic Lem:es," 404 
(Zebs, :-:'chott. and) researches in glas:;-makin
, 
" Telescope, The," 8:>0 
Abbot: atmospheric tmn
mi

ion of sunli
ht, 
" 
cattering of Li
ht by Gases," 666 
(Lan
ley and) curye for refradiye indices of 
fluorite, " Radiation," :>60 
Abderhalden: arrangement of multiple polarimeter 
obsen-ation tuhes, .. Polarimetn.,.. 489 
Abney, :-;ir W.: colour \-i
ion detcnninations, .. Eye, 
The:' 62, 63, 69; sector di:;;c tor re
ulating 
degree of illumination, .. Photometry and 
Illumination," 4
1: I:ot.ating disc arran
emeDt 
for measuring shutter speed.., .. t'hntters. Testing 
of Photo
raphic," 670, 671; method of spectro- 
photometry, .C :-\pectrophotometry." ï 4;); e
- 
tension of sen"ihilit
. of photographic plates for 
spectroscopic purpo
es, .. Spectroscopy, )Iodern," 
7ï
1 
Adair: (Thrclfall and) e:xperiments on Rpeeds of 
sound-waves from explo
ions uIHler water, 
h 
ol1nd," 688, 691 
Adam:;: (Lewis amI) theoretical computation of 
coefficient of total radiation, .. Uadiation .. 
;);)3; thpory of ultimate rational units ibid. 56.1, 
Adams. ('. \Y.: paper on .. The 
[easurement of 
1>i..tance<; with Lon
 :-:.teel Ta}It'
," .. :,nn eyin
 
and :-;l1n"eying In
trumf'nts." 83fi 
Adam
, Franklin: Taylor photoaraphÎl' lens con- 
structed for, " Telescop(" The," 848 
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Adie : telemeter. .. Range-finder,
hort-base," 634, 653 
Ahrens: cutting of 
icol prisms, "Polarised Light 
and its Applications" 497; triple prism, ibid. 4U8 
AiQ-, Sir LT. B.: erecting eyepiece, .. 1-..) epieces," ï8 : 
intensity distribution produced by a perfect lens 
system, cc )!icroscope, Optics of the," 
13 : theory 
of the :;purious di:;c, .. )licroscope, Optics ot the," 

34, 
35; counteraction of ship's permanent 
magnetism. .. Xayigation and Xavigational 
Instruments," 
;)O; mathematical theory of 
double refraction of (Juartz, .. Polarised Light 
and its Applicatiom-," 511 
Aldis, )Iessrs.: unit klescopic sight, .. Graticules," 
123; composite graticules, ibid, 12;): lens, 
.. Photographic I.ense8," 4.06, 4U7; spherometer, 
.. t;pherometry," í
8 
Allen: (Zies anù) gas from glass, .. Glass," t)8 
Allen, H. S.: carbon arc standard, .. Photometry and 
Illumination," 415; sensith-ity of alkali cell, 
ibid. 427 
Alhnaar, D.e ::\Ieester van: radiograph of painting by, 
.. RadIOlogy," G23 
Alteneck, H. von: Hefner lamp, .. Photometry and 
Illumination," 4]2, U3, 414 
Amagat: compressibility of water, .. Sound," 68G 
Amhronn: conductiyity of glass, .. Glas
," 98 
Amid: triplet objectiw, "Microscope, Optics of the," 
:!06; immersion len:;;cs introduced by, .. )licro- 
scopy with lltra-\iolet Light," 237 
A nderson, Dr. J. _.\..: accurac
 of serews. ., Diffrac- 
tion Gratings, The )Ianufacture and Testing of," 
32: correction of Uowland ma('hine ibid. 32; 
grinding nut. ibid. 33 1/. 1; gratings rul('d by, 
" "-ave-lengths, The ::\Jeagurement of," 8
;) 
.-\ nderson, Dr. J. :S.: wa \ e-Iength method of refract{)- 
metry, .. Immersion Hefractometry," 13:3 : 
shadow method of testing objectiwg, .. Ohject- 
ives. The Testing of COIllI)Ouml," 279; method 
of measuring et1kiencit,s of sector shutters, 
.. 
huttf'rs. Tcsting of Photographic," Gï4; 
naval gun-sighting tele:,copes dis"ected by, 
" Telesl'opl'
 oi (;erIllan De
ign," SÛÛ 
Andrade: (Riehardson and) nature of 'Y rays, 
., Radioactivity," 5
4 
.Andrews: method of photometry of luminous com- 
pound in bulk, .. Photometry and lIlumination," 
4ü:3 
Ångstrlim: map of Kormal ;-;olar spectrum, .. Ång- 
ström," 2. .. "-ave-lengths, The )Iea,;urenlt'nt 
of," 882, 8
:3. 888: unit of wa\'e-Iength l1lea..ure- 
ment. .. Ángström," :!, .. Wave-Iength
, The 
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54;). ;)46, 548 
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Parts, The Working of," 334. 340 
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' power of quartz o1Ner\"{'(1 
by, ,. Polarimetr.\-," 474. .. Optical Hotation and 
the 
olàrimeter," 348. .. Quartz, Optical Rot.atory 
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" Polarimetry," 490 
(Fre
nel an(() laws of polari
ation. .. J,ight, I nter- 
ferenC'f' of." 190, .. Polarbcd Li
ht allli it
 
Applications," 4
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Armstrong: (Walk('r awn charactf'ristic dial.!ram of, 
.. Tartaric AcitL, Optical Rotatory Power of," 
837 
Arndtsen: anomalous rotatory dispersion of tartaric 
add and its esters, .. Tartaric Add, Optkal 
Uotatory Power of," R39, 841 
Aston, I'. 'V.: isotopism of neon, "Hadioactivity," 
59
 
(Thomson and) work on positive rays, "Radio- 
lo!.!\" .. 3!)3 
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Auerbach: hanlness experiment
, .. Glass," 97 
Austin: (I.owry and) dextrorotation
 of tartaric 
derivatives, .. Tartaric Add, Optical Itotatory 
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Babinet: eompensator, "Polarised Light anù its 
AI)plimtions," 30
, 30:J 
Bache: base measurement, apparatus, "Surveying 
and 
urveying Instruments," 82
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The," 4fif) 
Ba<!al: optometer, .. Ophthalmic Optical Apparatus," 

87 
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r, 
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